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Abstract. We consider the dichotomy conjecture for consistent query answering under
primary key constraints. It states that, for every fixed boolean conjunctive query q, testing
whether q is certain (i.e. whether it evaluates to true over all repairs of a given inconsistent
database) is either polynomial time or coNP-complete. This conjecture has been verified
for self-join-free and path queries.

We propose a simple inflationary fixpoint algorithm for consistent query answering
which, for a given database, naively computes a set ∆ of subsets of facts of the database of
size at most k, where k is the size of the query q. The algorithm runs in polynomial time
and can be formally defined as:
(1) Initialize ∆ with all sets S of at most k facts such that S |= q.
(2) Add any set S of at most k facts to ∆ if there exists a block B (i.e., a maximal set of

facts sharing the same key) such that for every fact a ∈ B there is a set S′ ⊆ S ∪ {a}
such that S′ ∈ ∆.

For an input database D, the algorithm answers “q is certain” iff ∆ eventually contains
the empty set. The algorithm correctly computes certainty when the query q falls in the
polynomial time cases of the known dichotomies for self-join-free queries and path queries.
For arbitrary boolean conjunctive queries, the algorithm is an under-approximation: the
query is guaranteed to be certain if the algorithm claims so. However, there are polynomial
time certain queries (with self-joins) which are not identified as such by the algorithm.
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1. Introduction

A database often comes with integrity constraints. Such constraints are helpful in many
ways, for instance in order to help optimizing query evaluation. When the database violates
its integrity constraints we are faced with several possibilities. A first possibility is to
clean the data until all integrity constraints are satisfied. This task is not easy as it is
inherently non-deterministic: there could be many equally good ways to “repair” a database.
A repair can be understood as a minimal way to change the database in order to satisfy the
constraints.

Another possibility is to keep the database in its inconsistent state, postponing the
problem until a query is issued. In order to evaluate the query on the inconsistent database
D, the classical solution is to consider all possible repairs of D and return all the answers
which are “certain”, i.e., the answers that are returned by the query when evaluated on every
repair of D [ABC99]. However, this method usually has an impact on the complexity of the
query evaluation problem. The impact will of course depend on the type of the integrity
constraints and on the definition of a repair, but most often the worst case complexity
increases at least by a factor which is exponential in the size of the database, since there
could be exponentially many ways to repair a database.

Depending on the type of integrity constraints, what should be considered as a “good”
notion of repair may be controversial. In this paper we consider primary key constraints,
which are arguably the most common kind of integrity constraints in databases. For primary
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keys, there is a unanimously accepted notion of repair. Primary key constraints identify,
for each relation, a set of attributes which are considered to be the key of this relation. An
inconsistent database is therefore a database that has distinct tuples sharing the same key
within a relation. For such constraints, the standard notion of a repair is any maximal subset
of the database satisfying all the primary key constraints. This amounts to keeping exactly
one tuple for each group of tuples having the same key, in each relation. A simple analysis
shows that there can be exponentially many repairs of a given database, and therefore a
naive evaluation algorithm would have to evaluate the query on each of these exponentially
many repairs.

As query language, we consider boolean conjunctive queries, which can be evaluated in
polynomial time in data complexity. With the certain answer semantics described above,
a query is “certain” on an inconsistent database if it is true on all its repairs. The data
complexity of certain answers for conjunctive queries over inconsistent databases in the
presence of primary key constraints is therefore in coNP. Indeed, in order to test whether
the query is not certain, it is enough to guess a subset of the database which is a repair
and which makes the query false. Further, it has been observed that for some conjunctive
queries the certain query answering problem is coNP-hard [FM07] while, for other queries,
it can be solved in polynomial time. The main conjecture for inconsistent databases in the
presence of primary key constraints is that there are no intermediate cases: for any boolean
conjunctive query, the certain answering problem is either solvable in polynomial time or it
is coNP-complete.

The conjecture has been proved for self-join-free boolean conjunctive queries [KW17] and
for path queries [KOW21]. However, the conjecture remains open for arbitrary conjunctive
queries (with self-joins). In this paper we revisit the two cases above where the conjecture is
known to hold: self-join-free queries and path queries.

1.1. Contributions. Our main contribution is the design of a simple fixpoint algorithm
for computing certain answers of boolean conjunctive queries over inconsistent databases in
the presence of primary key constraints. For every k ≥ 1, we describe a fixpoint algorithm
parameterized by k. The algorithm is always an under-approximation of the certain answers:
on boolean queries, if it outputs ‘yes’ then the query is certain, i.e. it is true on all repairs
of the database. But there could be “false negatives”, that is, queries which are certain but
on which the algorithm outputs ‘no’.

In this paper we investigate the expressive power of our fixpoint algorithm, trying to
understand when it solves the certain answering problem.

Our first result shows that in the case of self-join-free queries and path boolean queries,
we can characterize the cases when our fixpoint algorithm computes the certain answers
via a semantic condition. In other words, when the condition holds there exists k (namely,
the number of atoms of the query) such that the corresponding fixpoint algorithm correctly
computes the certain answer (taking k as parameter); and conversely when the condition
does not hold, for every k there exists a database instance D such that the fixpoint algorithm
parameterized by k outputs a false negative on D.

We then show that when our algorithm fails to compute the certain answers, i.e.
when our semantic condition fails, the certain answering problem is actually coNP-hard.
Hence, for self-join-free queries and path queries and assuming PTime 6= coNP, our simple
fixpoint algorithm solves the certain answering problem in all the cases where it is solvable in
polynomial time. The current approaches for PTime solvable queries for these two classes are
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mutually orthogonal and our result provides a uniform algorithm to solve all the polynomial
time solvable queries known in the literature.

A natural question is then to wonder whether our algorithm always correctly computes
the certain answering problem on all queries for which this problem is polynomial time
computable. Our second result answers negatively to this question. There is a simple
two-atom query, named q4 in the paper, with self-joins, whose certain answering problem is
equivalent to bipartite matching under LogSpace reductions, and cannot be solved with our
fixpoint algorithms. Recall that the bipartite matching problem can be solved in polynomial
time and is NL-hard. This shows that in the presence of self-joins, the classification of the
complexity of the certain answering problem is richer than in the self-join free case when it
is either in LogSpace or coNP-complete [KW21] .

Our fixpoint algorithm is based on a function that is expressible in first-order logic (FO).
Hence, when the fixpoint is bounded, the certain answering problem is expressible in FO.
Our last result shows that for self-join-free and path queries the converse is true: whenever
the certain answering problem is expressible in FO, the fixpoint algorithm is bounded and
the certain answering problem is expressible by some bounded unfolding of the fixpoint
algorithm.

Though our greedy fixpoint computation algorithm is simple, the proof of correctness
when the semantic condition holds is non-trivial. In the case of self-join-free queries satisfying
our semantic condition, to prove that the algorithm always computes the correct answer,
we proceed by contradiction: if the algorithm fails to give the correct answer, we use the
fixpoint definition of the algorithm in order to produce an infinite sequence of distinct facts
of the database, contradicting its finiteness.

The situation is a bit simpler in the case of path queries, where we show that our
fixpoint algorithm can simulate the polynomial time algorithm of [KOW21] for computing
certain answers for a path query q, assuming that certain answering for q is polynomial time
solvable.

For the lower bounds, we first show that our fixpoint algorithm fails to compute the
certain answering problem for q4 by constructing for every number k, a database such that
all its repairs satisfy q4 but the algorithm outputs ‘no’. In the second step we reduce this
query q4 to all queries that falsify the semantic condition: if the fixpoint algorithm would
work for such queries, it would also work for q4. The reduction relies on the (syntactic)
condition of [KW17] characterizing the class of queries having a coNP-complete certain
answering problem.

1.2. Related work. Our work is inspired by the results of Koutris and Wijsen [KW21,
KW17]. For self-join-free queries, the authors prove the polynomial-time case via a long
sequence of reductions eventually producing a simple query whose certain answers can
be solved efficiently. When unfolding the sequence of reductions this gives a complicated
polynomial time algorithm with a complex proof of correctness. We have basically simplified
the algorithm and pushed all the difficulty into the proof of correctness. Our algorithm
is simple, but the proof of correctness is arguably as complex as theirs. Further, our
algorithm does not give, a priori, the optimal LogSpace complexity result of [KW21]
as we know that some of the path queries that can be solved with our algorithm are
PTime complete [KOW21]. The semantic condition that we provide for characterizing the
polynomial case in the self-join-free case can be effectively tested, but not efficiently, unlike
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the simple syntactic characterization of [KW17] based on the so-called “attack graph” of
the query.

In the case of path queries, [KOW21] also provides a simple fixpoint algorithm for
solving the polynomial cases. Though it seems that their algorithm is different in spirit from
ours, the two algorithms have some similarities that we use in order to “simulate” their
fixpoint computation using ours.

For both self-join-free and path queries the cases where the certain answering problem is
expressible in FO is also characterized in [KOW21, KW17]. In fact, our boundedness results
use their characterizations.

Recently, the dichotomy conjecture has been proved for queries with two atoms [PSS24]
and for “rooted tree-queries” [KOW23]. Certain answers for two-atom queries in the
polynomial time cases is computed using a combination of our fixpoint algorithm and
bipartite matching. Bipartite matching hardness has also been obtained for the consistent
query answering problem in the presence of key constraints [KW20, Lemma 6.4] or in the
presence of negated atoms [KW18].

1.3. Conference paper. The current article is based on the conference paper [FPSS23].
While the main results are essentially the same, though with improved explanations and
figures, we have also added new material:

• We have added the complete characterization of the cases where our fixpoint algorithm
works (Section 5.4 and Section 6.2).
• We show the link between boundedness of our algorithm and expressibility in FO of the

certain answering problem (Section 7).

2. Preliminaries

A relational signature is a finite set of relation symbols associated with an arity. A finite
relational structure D over a relational signature σ is composed of: a finite set, the domain
adom(D) of D, and a function associating to each symbol R of σ a relation R(D) of the
appropriate arity over adom(D). A database is a finite relational structure.

An R-fact of a database D over a relational signature σ is a term of the form R(ā) where
R is a symbol of σ and ā a tuple in R(D). A fact u is an R-fact for some R if u = R(ā)
where R is the symbol associated to the fact u and ā the tuple associated to u. A database
can then be viewed as a finite collection of facts. The size of a database is the number of
facts it contains. Assuming σ is fixed (which we will implicitly do in this paper) this is
equivalent to the usual notion of size for a database, up to some polynomial function.

A key constraint over a relational signature σ specifies for every relation symbol R of σ
a certain set of indices (columns) of R as a key. A database satisfies the key constraint if
for every relation R over σ, whenever two R-facts agree on the key indices they must be
equal. A set of primary key constraints has, for each relation of σ, a unique key constraint.
Notice that if the primary key constraint associated to the relation symbol R contains all
the columns of R, then it induces no constraints on R. As all the sets of constraints we
consider are primary key constraints we will henceforth omit the ‘primary’ prefix. We use
the letter Γ to denote the corresponding set of key constraints.

Given two facts u and v and a set Γ of key constraints, we say that u and v are
Γ-equivalent, denoted by u ∼Γ v, if u and v have the same associated symbol R and agree on
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the key of R as specified by Γ. Γ-equivalence is an equivalence relation and the equivalence
classes are called Γ-blocks. We will omit Γ in our notations whenever it is clear from the
context. A database is then a finite collection of blocks, each block being a finite collection
of maximal equivalent facts. When writing a query q we will always underline in an atom
R(x̄) the positions that are part of the key of R as specified by Γ. This will avoid explicitly
describing Γ. For instance R(x y) says that the first position is the key for the binary
relational symbol R; and R′(yz y) says that the first two positions form the key for the

ternary relational symbol R′.
If a database D satisfies the key constraints Γ, denoted by D |= Γ, then each block of D

has size one. If not, then a repair of D is a subset of the facts of D such that each block of
D has exactly one representative in the repair. In particular a repair always satisfies the key
constraints. Notice that there could be exponentially many repairs of a given database D.

A boolean conjunctive query over a relational signature σ is a collection of atoms where
an atom is a term R(x̄) where R is a relation symbol from σ and x̄ is a tuple of variables
of the appropriate arity. The query being boolean, all variables are implicitly existentially
quantified. We will consider atoms of a conjunctive query to appear in an arbitrary but
fixed order. In this paper a “query” is always a boolean conjunctive query. A database D
satisfies a query q having atoms A1, . . . , Ak, denoted by D |= q, if there is a mapping µ from
the variables of q to the elements of the domain of D such that the fact µ(Ai) ∈ D for all i.
In this case the sequence (µ(A1), . . . , µ(Ak)) of (not necessarily distinct) facts of D is called
a solution to q in D. Different mappings yield different solutions. The set of solutions to q
in D is denoted by q(D). We will also write D |= q(ū) to denote that the sequence of facts
ū is a solution to q in D. If ū = (u1, . . . , uk) is a solution to q we also say that ui matches
Ai in this solution, and that any subsequence ui1 , . . . , uil matches Ai1 , . . . , Ail .

Let r be a repair of D. By |q(r)| we denote the number of solutions to q in r, i.e. the
cardinality of q(r). We say that a repair r is minimal if there is no repair s such that
|q(s)| < |q(r)|.

We say that a query q is certain for a database D if all repairs of D satisfy q. We study
the complexity of determining whether a query is certain for a database D. We adopt the
data complexity point of view. For each query q and set of key constraints Γ, we denote
by certainΓ(q) (or simply certain(q) when Γ is understood from the context) the problem
of determining, given a database D, whether q is certain for D. Clearly the problem is in
coNP as one can guess a (polynomial sized) repair and test whether it does not satisfy q. It
is known that for some queries q the problem certain(q) is coNP-complete [FM07]. However,
there are queries q for which certain(q) is in PTime or even expressible in first-order logic
(denoted by FO in the sequel) [KP12, Wij10]. In this context, the following dichotomy has
been conjectured (cf [FM07, AK09]):

Conjecture 2.1 (Dichotomy conjecture). For each boolean conjunctive query q, the problem
certain(q) is either in PTime or coNP-complete.

The conjecture has been proved in the case of self-join-free queries [KW17] and of path
queries [KOW21]; however, it remains open in the general case. A boolean conjunctive query
is self-join-free if all its atoms involve different relational symbols, otherwise, it is a self-join
query. A path query is a boolean conjunctive query with n+ 1 distinct variables x0, x1, · · ·xn
and n atoms A1 · · ·An such that each atom Ai = Ri(xi−1 xi) for some symbol Ri of σ of
arity two. The path query may contain self-joins, in other words it may be the case that
Ri = Rj for some i 6= j.
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Example 2.2. Consider the following example queries taken from [KP12, KOW21] (recall
that all variables are implicitly existentially quantified). For the self-join-free boolean query

q1 =̂ R1(x y) ∧R2(y z)

it is easy to see that the problem certain(q1) can be solved in polynomial time [KP12]. In

fact, the first-order formula φ := ∃xyz
(
R1(xy) ∧R2(yz) ∧ ∀y′

(
R1(xy′)→ ∃z′R2(y′z′)

))
is

such that for every database instance D, q1 is certain for D iff D |= φ.
For the self-join-free query and the path query

q2 =̂ R1(x y) ∧R2(y x)

q′2 =̂ R(x1 x2) ∧X(x2 x3) ∧R(x3 x4) ∧ Y (x4 x5) ∧R(x5 x6) ∧ Y (x6 x7)

it has been shown, in [Wij10] and [KOW21] respectively, that certain(q2) and certain(q2
′) can

be solved in polynomial time but cannot be expressed in first-order logic, unlike certain(q1).
The polynomial time algorithm described in the next section computes certain for q1, q2 and
q′2 (see also Example 3.4).

Finally, for the self-join-free query and the path query

q3 =̂ R1(x y) ∧R2(z y)

q′3 =̂ R(x1 x2) ∧X(x2 x3) ∧R(x3 x4) ∧X(x4 x5) ∧
R(x5 x6) ∧ Y (x6 x7) ∧R(x7 x8) ∧ Y (x8 x9)

both certain(q3) and certain(q′3) are known to be coNP-complete [FM07, KOW21]. 4

3. Polynomial-time algorithm

To solve certain(q), we describe a family of algorithms Certk(q), where k ≥ 1 is a parameter.
For a fixed k and query q, Certk(q) takes a database as input and runs in time polynomial
in the size of the database, in such a way that Certk(q) is always an under-approximation of
certain(q), i.e. whenever Certk(q) says ‘yes’ then q is certain for the input database. However,
Certk(q) could give false negative answers.

In Section 4 and Section 5 we will show that for self-join-free queries either Certk(q)
computes certain(q) (where k is the number of atoms occurring in q) or certain(q) is coNP-
complete in which case Certk(q) fails to compute certain(q) for every k ≥ 1. In Section 6 we
show an analogous result for path queries.

The algorithm inductively computes sets of facts maintaining the invariant that every
repair containing one of these sets makes the query true. The algorithm returns ‘yes’ if the
empty set is eventually derived (since all repairs contain the empty set).

We now describe the algorithm. Assume q,Γ and k are fixed. Let D be a database. A

k-set over D is a set S of facts of D of size at most k. We denote by Certk(q) the Algorithm 1
below. On a database input D, the algorithm Certk(q) inductively computes a set ∆k(q,D)
of k-sets over D while maintaining the following invariant:

For every repair r of D and every S ∈ ∆k(q,D), if S ⊆ r then r |= q. (Inv)

Initially ∆k(q,D) contains all k-sets S such that S |= q. In other words, we start with
all solutions to q in all repairs of D. Clearly, this satisfies the invariant (Inv). Now we
iteratively add a k-set S to ∆k(q,D) if there exists a block B of D such that for every fact
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Algorithm 1 Certk(q)

1: Input: database D
2: initialize ∆k(q,D) with all k-sets S of D such that S |= q
3: while there is a k-set S 6∈ ∆k(q,D) and a block B of D such that for every fact u ∈ B

there exists S′ ⊆ S ∪ {u} where S′ ∈ ∆k(q,D) do
4: update ∆k(q,D)← ∆k(q,D) ∪ {S}
5: end while
6: if ∅ ∈ ∆k(q,D) then
7: return YES

8: else
9: return NO

10: end if

u ∈ B there exists S′ ⊆ S ∪ {u} such that S′ ∈ ∆k(q,D). Again, it is immediate to verify
that the invariant (Inv) is maintained.

This is an inflationary fixpoint algorithm and notice that the initial and induction steps
can be expressed in FO (because all sets of facts S computed by the fixpoint have size at
most k and each set can be represented by a tuple of k elements. A relation of arity k can
then encode ∆k). The initial condition adds any k-set that contains a solution to q, and the
induction step again adds only k-sets. Thus, if n is the number of facts of D, the fixpoint
is reached in O(nk) steps. In the end, Certk(q) returns ‘yes’ iff the empty set belongs to
∆k(q,D). Equivalently, Certk(q) returns ‘yes’ if there is a block B of D such that for all
facts u of B the set {u} belongs to ∆k(q,D). We write D |= Certk(q) or D ∈ Certk(q) to
denote that Certk(q) returns ‘yes’ upon input D.

The following properties are now immediate.

Proposition 3.1. For all q,Γ, k, Certk(q) runs in time polynomial in the size of its input
database D and, if D |= Certk(q) then D |= certain(q).

Proposition 3.2. For all q,Γ, k, k′ if k′ ≥ k then for every database D, if D |= Certk(q)
then D |= Certk′(q).

In order to simplify the notations, as we will mostly consider the case where k is the
number of atoms in q, we write ∆(q,D) and Cert(q) to denote ∆k(q,D) and Certk(q)
respectively, where k is the number of atoms of q. Also, for a fact u, we sometimes write
u ∈ ∆k(q,D) instead of {u} ∈ ∆k(q,D). We denote ∆k(q,D, i) to be the set ith step of
the computation of ∆k(q,D). The following proposition is immediate from the definitions.

Proposition 3.3. For all q,Γ, k, i if S ∈ ∆k(q,Γ, i) and S′ ⊇ S such that |S′| ≤ k then
S′ ∈ ∆k(q,Γ, i).

Example 3.4. Consider again the query q2 : R1(x y) ∧ R2(y x) from Example 2.2. Let
k = 2 and consider the execution of Cert2(q2). For a given input database D, initially
∆(q2, D) contains all pairs of facts {R1(ab), R2(ba)} such that both R1(ab) and R2(ba) are
in D. The first iterative step adds to ∆(q2, D) (i) all singletons {R1(ab)} such that R2(ba)
is a fact of D whose block contains only R2(ba), and (ii) analogously all {R2(ab)} such that
the block of R1(ba) is a singleton.

In subsequent steps, the empty set is added to ∆(q2, D) if at some point, there is some
block B such that for every fact u ∈ B we have u ∈ ∆(q2, D). At this point the algorithm
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outputs ‘yes’ and if ∆(q2, D) saturates without the empty set as its member, then the
algorithm outputs ‘no’.

We show that Cert2(q2) computes certain(q2). In other words, D |= certain(q2) iff
D |= Cert2(q2).

Observe that, for every repair r and fact α therein, there is at most one other fact α′ in
r such that {α, α′} |= q2. This is because in any repair the first atom of q2 determines the
second atom and vice-versa. This “mutual determinacy” is, in fact, what makes Cert2(q2) a
complete procedure, as we shall see next.

In view of Proposition 3.3, it remains to show that if q2 is certain for D then ∆(q2, D)
contains the empty set. Towards this we use the following observation about q2.

Claim 3.5. If r is a minimal repair and both facts R1(ab) and R2(ba) are in r then
R1(ab) ∈ ∆(q2, D).

Assume that the claim is true. Now suppose q2 is certain for D, then for any minimal
repair r, we must have r |= q and this is witnessed by two facts R1(ab) and R2(ba) of r. Let
B be the block of R1(ab). Let us show that all facts of B are in ∆(q2, D) as singleton sets
and hence ∅ ∈ ∆(q2, D). Let R1(ab′) be such a fact and consider the repair r′ obtained by
replacing R1(ab) with R1(ab′). As r is minimal it follows immediately that r′ is minimal and
must contain R2(b′a) (again, this is ensured by the mutual determinacy of q2). From the
claim it follows that R1(ab′) ∈ ∆(q2, D), as desired. Thus it remains to prove the Claim 3.5.

Proof of Claim 3.5. Assume that r is a minimal repair containing both R1(ab) and R2(ba).
Towards a contradiction, suppose R1(ab) 6∈ ∆(q2, D) then we shall construct an infinite
sequence u1, u2, . . . of distinct facts of D, contradicting the finiteness of D. Towards this we
additionally construct an infinite sequence v1, v2, . . . of facts of D and an infinite sequence
of minimal repairs r1, r2, . . . maintaining the following invariants for every i:

(1) the ui’s are pairwise distinct;
(2) ui 6∈ ∆(q2, D);
(3) if ui = R1(cd) then vi = R2(dc) and if ui = R2(cd) then vi = R1(dc);
(4) ui+1 ∼ vi and ui+1 6= vi;
(5) ri is minimal and contains vi and each uj for all j ≤ i.

Initially r1 = r, u1 = R1(ab) and v1 = R2(ba) and all the invariant conditions are met:
(1) is trivial, (2) and (5) follow from the assumption, (3) is true by construction and (4)
does not apply.

Consider step i. Consider the block Bi of vi. As {ui} 6∈ ∆(q2, D) it means that we
cannot use any block B as a witness to add ui to ∆(q2, D) (i.e. for every block B there
is some fact w ∈ B such that {ui, w} 6∈ ∆(q2, D)). Hence, in particular, Bi must contain
an element ui+1 such that both ui+1 6∈ ∆(q2, D) and {ui, ui+1} 6∈ ∆(q2, D). In particular
ui+1 ∼ vi but ui+1 6= vi and items (2) and (4) of our induction hypothesis are met. Towards
the first item of our induction hypothesis, if ui+1 = uj for some j ≤ i then by item (5) the
repair ri would contain two equivalent facts, vi and ui+1 = uj , which is not possible since
we have already established that ui+1 6= vi.

Consider the repair ri+1 resulting from replacing vi with ui+1. Let vi+1 be the dual fact
of ui+1 as required by the third item of the invariant. As uivi forms a solution to q in ri
and ri is minimal, we must have vi+1 ∈ ri+1 (otherwise ri+1 has strictly fewer solutions than
ri). Finally, notice that ri+1 is minimal as its solutions to q are exactly the same as for ri
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except for uivi that has been removed and ui+1vi+1 that has been added (by the mutual
determinacy of the atoms of q2).

Here is a depiction of how the ui’s and vi’s are defined, where the full and hollow arrows
correspond to R1 and R2 respectively.

<latexit sha1_base64="iO7OS9gG2KmYVriLOhOQkUenNUU=">AAAB6HicbZC7SgNBFIbPxluMt3jpbAaDYhV2JaidAQstEzAXSJYwOzlJxsxemJkV4pLOzsZCEVsfwIexs/RNnFwKTfxh4OP/z2HOOV4kuNK2/WWlFhaXllfSq5m19Y3Nrez2TlWFsWRYYaEIZd2jCgUPsKK5FliPJFLfE1jz+pejvHaHUvEwuNGDCF2fdgPe4YxqY5VpK5uz8/ZYZB6cKeQuHu6/rz72klIr+9lshyz2MdBMUKUajh1pN6FScyZwmGnGCiPK+rSLDYMB9VG5yXjQITk0Tpt0QmleoMnY/d2RUF+pge+ZSp/qnprNRuZ/WSPWnXM34UEUawzY5KNOLIgOyWhr0uYSmRYDA5RJbmYlrEclZdrcJmOO4MyuPA/Vk7xzmi+UC7niEUyUhn04gGNw4AyKcA0lqAADhEd4hhfr1nqyXq23SWnKmvbswh9Z7z+h8JB0</latexit>

a
<latexit sha1_base64="KwZiepZD+LmRGetR/NeQHzzUhN4=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgUV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWzesWinbJnoosgzOH4s3nJNN7tVv46vQilgQYaiaoUm3HjrWbUqk5EzjOdxKFMWVD2se2wZAGqNx0OuiYnBqnR/xImhdqMnV/d6Q0UGoUeKYyoHqgFrPM/C9rJ9q/dlMexonGkM0+8hNBdESyrUmPS2RajAxQJrmZlbABlZRpc5u8OYKzuPIyNC5KzmWpXCsXK2cwUw6O4QTOwYErqMAdVKEODBCe4AVerQfr2XqzJrPSFWvecwR/ZH38AOE+kWI=</latexit>

b

<latexit sha1_base64="c5JBVie7nWWm6C8f1rhRVJCnT00=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0kPa9frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPEzLpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buq1u4vK/XzPI4inMApXIAH11CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAA/I2I</latexit>u1

<latexit sha1_base64="cd1bD4ZYqfap37P9xOS5/19EKA4=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4KkkR9Vjw4rGi/YA2lM120i7dbMLuplBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0N/NbY1Sax/LJTBL0IzqQPOSMGis9jnter1R2K+4cZJV4OSlDjnqv9NXtxyyNUBomqNYdz02Mn1FlOBM4LXZTjQllIzrAjqWSRqj9bH7qlJxbpU/CWNmShszV3xMZjbSeRIHtjKgZ6mVvJv7ndVIT3voZl0lqULLFojAVxMRk9jfpc4XMiIkllClubyVsSBVlxqZTtCF4yy+vkma14l1Xqg9X5dpFHkcBTuEMLsGDG6jBPdShAQwG8Ayv8OYI58V5dz4WrWtOPnMCf+B8/gACgo2J</latexit>v1
<latexit sha1_base64="vXmHqwjH7KgI6VP8ID/iOg/HSNo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbFU0mKqMeCF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh7Rf65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4Y2fCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Slq1qndVrd1fVurneRxFOIFTuAAPrqEOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AECgI2J</latexit>u2

<latexit sha1_base64="CrOCIDG4bOpKaMnwLnKnDX4jMyM=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4KkkR9Vjw4rGi/YA2lM120y7dbMLupFBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfGnNtRKyecJJwP6IDJULBKFrpcdyr9kplt+LOQVaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzyabGbGp5QNqID3rFU0YgbP5ufOiXnVumTMNa2FJK5+nsio5ExkyiwnRHFoVn2ZuJ/XifF8NbPhEpS5IotFoWpJBiT2d+kLzRnKCeWUKaFvZWwIdWUoU2naEPwll9eJc1qxbuuVB+uyrWLPI4CnMIZXIIHN1CDe6hDAxgM4Ble4c2Rzovz7nwsWtecfOYE/sD5/AEEBo2K</latexit>v2
<latexit sha1_base64="uJ6x1m+CdQu/zfZvijJsGBLbf3A=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4KkkV9Vjw4rGi/YA2lM120i7dbMLuRiihP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9pL2LXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPEzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxbuqVO8vy7WzPI4CHMMJnIMH11CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEEBI2K</latexit>u3

<latexit sha1_base64="qNm7Y1ssUE9zjFXrOpZqKqf/bn8=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4Irto1COJF48Y5ZHAhswOszBhdnYz00tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIJHCoOt+O7m19Y3Nrfx2YWd3b/+geHjUMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkM72Z+c8S1EbF6wnHC/Yj2lQgFo2ilx1H3slssuWV3DrJKvIyUIEOtW/zq9GKWRlwhk9SYtucm6E+oRsEknxY6qeEJZUPa521LFY248SfzU6fkzCo9EsbalkIyV39PTGhkzDgKbGdEcWCWvZn4n9dOMbz1J0IlKXLFFovCVBKMyexv0hOaM5RjSyjTwt5K2IBqytCmU7AheMsvr5JGpexdlysPV6XqeRZHHk7gFC7Agxuowj3UoA4M+vAMr/DmSOfFeXc+Fq05J5s5hj9wPn8ABYqNiw==</latexit>v3
<latexit sha1_base64="oir8yhRe+Fozc7z/kdL1LbZV6eo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxaJ4Kkkp6rHgxWNF+wFtKJvtpl262YTdiVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSQ9qv9Utlt+LOQVaJl5My5Gj0S1+9QczSiCtkkhrT9dwE/YxqFEzyabGXGp5QNqZD3rVU0YgbP5ufOiXnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8MbPhEpS5IotFoWpJBiT2d9kIDRnKCeWUKaFvZWwEdWUoU2naEPwll9eJa1qxbuqVO9r5fpFHkcBTuEMLsGDa6jDHTSgCQyG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gAFiI2L</latexit>u4

<latexit sha1_base64="6dpTBNYh8fhYsXO6Ru/R+Uta+Z4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IruEqEcSLx4xyiMBQmaHWZgwO7uZ6SUhGz7BiweN8eoXefNvHGAPClbSSaWqO91dfiyFQdf9dnIbm1vbO/ndwt7+weFR8fikaaJEM95gkYx026eGS6F4AwVK3o41p6Evecsf38391oRrIyL1hNOY90I6VCIQjKKVHif9ar9YcsvuAmSdeBkpQYZ6v/jVHUQsCblCJqkxHc+NsZdSjYJJPit0E8NjysZ0yDuWKhpy00sXp87IhVUGJIi0LYVkof6eSGlozDT0bWdIcWRWvbn4n9dJMLjtpULFCXLFlouCRBKMyPxvMhCaM5RTSyjTwt5K2IhqytCmU7AheKsvr5NmpexdlysP1VLtMosjD2dwDlfgwQ3U4B7q0AAGQ3iGV3hzpPPivDsfy9ack82cwh84nz8HDo2M</latexit>v4
<latexit sha1_base64="jcfd9+CqEiFSs6jwXp8ajKG0c44=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYFA8hd3g6xjw4jGieUCyhNlJbzJkdnaZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9pL3LXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPEzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxbuqVO8vyrWzPI4CHMMJnIMH11CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEHDI2M</latexit>u5

<latexit sha1_base64="PUUKpQFfCr/2PiEXIiAZcGqekX4=">AAAB6nicbVDLTgJBEOzFF+IL9ehlItF4IrvE15HEi0eM8khgQ2aHWZgwO7uZ6SUhhE/w4kFjvPpF3vwbB9iDgpV0UqnqTndXkEhh0HW/ndza+sbmVn67sLO7t39QPDxqmDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGdzO/OeLaiFg94TjhfkT7SoSCUbTS46h71S2W3LI7B1klXkZKkKHWLX51ejFLI66QSWpM23MT9CdUo2CSTwud1PCEsiHt87alikbc+JP5qVNyZpUeCWNtSyGZq78nJjQyZhwFtjOiODDL3kz8z2unGN76E6GSFLlii0VhKgnGZPY36QnNGcqxJZRpYW8lbEA1ZWjTKdgQvOWXV0mjUvauy5WHy1L1PIsjDydwChfgwQ1U4R5qUAcGfXiGV3hzpPPivDsfi9ack80cwx84nz8Iko2N</latexit>v5

<latexit sha1_base64="1uo2C1ZBGunPReO6jA1pQtyoiII=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIviqSRF1GPBi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcY3wYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJq1b1r6q1+8tK/TyPowgncAoX4MM11OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/ALX9jyM=</latexit>. . .

This concludes the construction of the infinite sequence, showing that R1(ab) ∈ ∆(q2, D)
for any minimal repair containing both R1(ab) and R2(ba) which proves claim. 4

This concludes our example. 4
Certk does not always compute the certain answers. For instance, the query q3 from

Example 2.2 is so that certain(q3) is coNP-complete, and hence Certk(q3) must have false
negatives for all k, under the hypothesis that coNP 6= PTime. Proving this without relying
on complexity theoretic assumptions is the goal of Section 5 for self-join-free queries and
Section 6.2 for path queries.

4. Tractable self-join-free queries

In this section we consider the case of self-join-free queries. We exhibit a condition named
PCond (for Polynomial-time Condition) and show that any self-join-free query q satisfying
PCond is such that Certk computes certain(q), where k is the number of atoms in q. When
PCond fails, we will see that for all values of k, Certk fails to compute certain(q) and
moreover, certain(q) is coNP-hard.

We start by defining PCond, which will require some extra definitions. Fix, for the rest
of this section, a set Γ of primary key constraints. Let D be a database and r a repair of D.
For a fact u of r, and for an equivalent fact v ∼ u from D, we denote by r[u→ v] the repair
obtained from r by replacing the fact u with v.

Consider a self-join-free query q with k atoms. Recall that we write D |= q(ū) when ū is
a solution to q in D. As q is self-join-free, for each fact a in a solution ū there is a unique
atom of q that a can match, namely the only fact of q having the same relation symbol as a.
Hence, the order on both ū and the atoms of q are not relevant. With some abuse of notation
we will therefore often treat a solution ū, or the sequence of atoms of q, as a set rather than
a sequence; we will often use different orders among the facts of a solution, placing up front
the most relevant facts. Also we shall write, for a tuple ū of facts, ū ∈ ∆k(q,D) to denote
that the set formed by the facts of ū is a k-set and belongs to ∆k(q,D).

Let A be an atom of q whose associated symbol is R. We denote by vars(A) the set
of variables of A and by key(A) the set of variables of A occurring in a position belonging
to the primary key of R. For instance key(R(x y)) is {x}, key(R′(yz x)) is {y, z} and

key(R′′(xzx y )) is {x, z}.
Given a set X of variables of q and a sequence A1 . . . An of atoms of q, we say that

X A1 . . . An is a Γ-derivation from X to An in q if for each 1 ≤ i ≤ n we have that

key(Ai) ⊆ X ∪
⋃

1≤j<i
vars(Aj).
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If X = vars(A0), for some atom A0 of q, we say that the Γ-derivation is from A0 to An,
and write it as A0A1 . . . An. We say that an atom A′ is Γ-determined by the atom A if there
exists a Γ-derivation from A to A′. Moreover, A and A′ are mutually Γ-determined if A′ is
Γ-determined by A and A is Γ-determined by A′. This is an equivalence relation among
atoms. A set S of atoms of q is called stable if every two distinct facts of S are mutually
Γ-determined. Note that if an atom A is in a stable set S then S need not contain all the
atoms that are mutually Γ-determined by A. So a partition of the atoms of into stable sets
is a refinement of the partition induced by mutual Γ-determinacy. Notice also that if two
atoms A and B are in a stable set S, we do not require that S contains the atoms witnessing
their mutual determinacy. As usual, we will omit Γ when it is clear from the context.

The main intuition on how we will use Γ-derivations is the following. Suppose there is a
query q with atoms A1, . . . , An which has solutions in two repairs r, r′ of a database, witnessed
by valuations µ, µ′. If there is a (one-step) derivation “X A1”, this means that key(A1) ⊆ X,
so if µ, µ′ agree on X, in particular they agree on key(A1) (that is, the corresponding atoms
µ(A1) and µ′(A1) are Γ-equivalent). Further, if µ(A1) ∈ r′, we can actually say that µ, µ′

agree on all the variables in vars(A1), since the repairs must necessarily have the same
A1-fact under the key µ(key(A1)) = µ′(key(A1)). Now if we were to add another step in
the derivation “X A1A2”, we further have key(A2) ⊆ X ∪ vars(A1). Since µ, µ′ agree on
X ∪ vars(A1), we now have µ(A2) and µ′(A2) are Γ-equivalent. This key property relating
Γ-derivations and query solutions (and extended to arbitrary length derivations) is formally
stated in the lemma below.

Lemma 4.1. Let q be a self-join-free query. Let D be a database instance and r, r′ be two
repairs of D. Let X be a set of variables of q and let X A1 . . . An be a Γ-derivation from
X to An in q. Let q(r) contain a solution witnessed by a valuation µ of variables of q, and
q(r′) contain a solution witnessed by a valuation µ′. If µ and µ′ agree on X and µ(Ai) ∈ r′
for all i < n, then:

1) µ(Ai) = µ′(Ai) for each i < n and
2) µ(An) ∼ µ′(An) (and therefore µ(An) = µ′(An) if moreover µ(An) ∈ r′).

Proof. The proof is by induction on n. For n = 1 the statement trivially holds since
key(A1) ⊆ X thus µ(A1) ∼ µ′(A1).

Now consider a sequence XA1 . . . An, n > 1 satisfying the hypotheses. The induction
hypothesis applied to the sequence XA1 . . . An−1 implies µ(Ai) = µ′(Ai), for all 1 ≤ i ≤ n−1.
Then µ and µ′ agree on vars(A1) ∪ · · · ∪ vars(An−1).

Since XA1 . . . An is a Γ-derivation sequence, we have key(An) ⊆ X ∪ vars(A1) ∪ · · · ∪
vars(An−1); hence µ and µ′ agree on key(An), or in other words µ(An) ∼ µ′(An).

Corollary 4.2. Let q be a self-join-free query and S be a stable set of atoms of q. Let D be
a database instance and r be a repair of D. Assume r |= q(ᾱāβ̄) and r |= q(ᾱ′ā′β̄′), where ā
and ā′ match S. If ā ∩ ā′ 6= ∅ then ā = ā′.

Proof. The statement follows directly from Lemma 4.1 using r = r′. Take a1 as any fact in
ā∩ā′, A1 being the atom matched by a1, X being vars(A1) and A1 . . . Ak being a Γ-derivation
sequence containing all S (which exists by stability).

We are now ready to define PCond. A Γ-sequence τ of q is a sequence τ = S1S2 · · ·Sn
where each Si is a stable set of atoms of q, and the Si’s form a partition of q. In this context,
we denote by S≤i the set

⋃
j≤i Sj . We define S0 to be the empty set.
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Let τ = S1S2 · · ·Sn be a Γ-sequence of q. Let 1 ≤ i < n and let A be an atom of Si+1.

We say that the query q satisfies PCondτ (A) and write q |= PCondτ (A) if the following is

true for all databases D, all repairs r of D and all solutions ᾱuβ̄ and ᾱ′u′β̄′ to q in D such
that ᾱ and ᾱ′ match S≤i and u and u′ match A:

If





r |= q(ᾱuβ̄),

u ∼ u′, and

r[u→ u′] |= q(ᾱ′u′β̄′)





then r |= q(ᾱ′uδ̄) for some sequence of facts δ̄.

Note that, by symmetry, we also have r[u→ u′] |= q(ᾱu′δ̄′) for some sequence of facts δ′.
We write q |= PCondτ (i) if q satisfies PCondτ (A) for all A of Si+1, and we write q |= PCondτ
if q satisfies PCondτ (i) for all 1 ≤ i < n. Since the condition is restricted to indices i < n,
PCondτ trivially holds for any τ having only one stable set. Finally, we write q |= PCond if
there is a Γ-sequence τ of q such that q |= PCondτ . Again, if q has only one Γ-determinacy
class (for instance the query q2 of Example 3.4) then q |= PCond in a trivial way.

We illustrate the definition of PCond with the following examples.

Example 4.3. We recall the three queries from Example 2.2. The query q2 = R1(x y) ∧
R2(y x) satisfies PCond since it has only one maximal stable set.

The query q1 = R1(x y) ∧R2(y z) has two stable sets: R1(x y) determines R2(y z) but
the converse is false. For τ = {R2(y z)}{R1(x y)} we have q 6|= PCondτ because we have

the solutions q1(R2(bc)R1(ab)) and q1(R2(b′c)R1(ab′)) but not q1(R2(bc)R1(ab′)). However
for τ = {R1(x y)}{R2(y z)} it is easy to verify that q1 |= PCondτ . Hence, q1 |= PCond.

The query q3 = R1(x y) ∧ R2(z y) has also two stable sets, but no possible sequence
τ makes PCondτ true. This is because (i) q3(R1(ab) R2(cb)) and q3(R1(a′b′) R2(cb′)) hold,
but not q3(R1(ab) R2(cb′)), and (ii) q3(R2(ab) R1(cb)) and q3(R2(a′b′) R1(cb′)) hold, but
not q3(R2(ab) R1(cb′)). Therefore, q3 6|= PCond. 4

Our goal for the remaining part of this section is to show that q |= PCond implies that
Cert(q) computes certain(q) (Recall that Cert(q) denotes Certk(q) where k is the number of
atoms in q) which is given by Theorem 4.4. In Section 5 we will see that when q 6|= PCond
then certain(q) cannot be computed by Certk for any choice of k and that certain(q) is
actually coNP-hard.

Theorem 4.4. Let q be a self-join-free query with k atoms. If q |= PCond, then Certk(q)
computes certain(q).

Suppose q has k atoms. Let τ = S1 · · ·Sn be a Γ-sequence of q such that q |= PCondτ .
We show that Certk(q) computes precisely certain(q).

If q has only one stable set (and thus it trivially satisfies PCond), the proof is similar
to the proof of Example 3.4, starting with a minimal repair and exploiting the mutual
determinacy of the atoms of q. If q has more stable sets, then the condition of minimality
needs to be more fine-grained and we proceed by induction on the index of the stable sets,
in the order described by τ .

We start with some extra notations. Recall that q(r) denotes the set of solutions to q in
a repair r; we additionally denote by q≤i(r) the projection of q(r) on the first i stable sets
of τ . More precisely

q≤i(r) = {v̄ | ∃ū ∈ q(r) s.t. v̄ is the subset of ū matching S≤i},
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and if v̄ ∈ q≤i(r) we write equivalently r |= q≤i(v̄). Let D be a database and r a repair of D.
We say that r is i-minimal if there is no repair r′ such that q≤i(r

′) ( q≤i(r). We say that a
fact u of a database D is i-compatible, if it matches some atom of Si. We will need the limit
case when i = 0. In that case both S0 as well as S≤0 are empty sets (and hence PCondτ (0)
is always true), q≤0(r) contains only the empty sequence ε for all r, and therefore all repairs
are 0-minimal. The proof of the theorem makes use of an induction based on the following
invariant property of the database, for each 0 ≤ i ≤ n:

Indi = For all i-minimal repairs s and facts ū s.t. s |= q≤i(ū), we have ū ∈ ∆k(q,D).

Lemma 4.5. Given q, D and a Γ-sequence τ for q, for every 0 ≤ i < n, if Indi+1 and
PCondτ (i), then Indi.

We first show how this statement already implies Theorem 4.4.

Proof of Theorem 4.4. From Proposition 3.3, we know that if D is a database such that
D |= Certk(q) then all repairs of D satisfy q. It remains to show the converse.

Assume all repairs satisfy q and that q |= PCondτ for some sequence τ of length n,
which means that PCondτ (i) holds for all i. Observe that Indn holds true by the base
case definition of ∆k(q,D). Hence by n repeated applications of Lemma 4.5 we obtain that
Ind0 holds true. Now take any repair r. By definition r is 0-minimal and by hypothesis it
satisfies the query q. By Ind0 it follows that the empty set (denoted by the empty tuple) is
in ∆k(q,D), and hence D |= Certk(q).

We are now left with the proof of Lemma 4.5, which is the main technical content of
the section. Towards this, we define a stronger version of i-minimality. For 1 ≤ i < n,
we say that an i-minimal repair s is strong i-minimal if there exists no repair s′ such that
q≤i(s

′) = q≤i(s) and |q≤i+1(s′)| < |q≤i+1(s)|. Note that if q≤i+1(s′) ( q≤i+1(s) then either
q≤i(s

′) ( q≤i(s) or q≤i(s
′) = q≤i(s) but |q≤i+1(s′)| < |q≤i+1(s)|. In particular, every strong

i-minimal repair is (i+ 1)-minimal.

Claim 4.6. If there exists an i-minimal repair s such that s |= q≤i(ū), then there exists a
strong i-minimal repair s′ such that s′ |= q≤i(ū).

Proof. Among all repairs s′′ having q≤i(s
′′) = q≤i(s), choose s′ as having minimal |q≤i+1(s′)|.

In other words, s′ is a repair having q≤i(s
′) = q≤i(s) and for every repair s′′ with q≤i(s

′′) =
q≤i(s) we have |q≤i+1(s′)| ≤ |q≤i+1(s′′)|. Hence, s′ is strong i-minimal.

For a given database D, for a repair r of D, we denote by r|i+1 the set of facts of r

which are not (i+ 1)-compatible. A sequence p̄ of facts of the database is connected with
respect to D′ ⊆ D if for every repair r containing p̄ and D′, and for every two consecutive
facts a b of p̄, if r |= q(ᾱaβ̄) for some ᾱ, β̄, then b ∈ ᾱβ̄. Note that if p̄ is the empty tuple
(or a tuple of size 1), then p̄ is trivially connected with respect to every D′ ⊆ D.

Proof of Lemma 4.5. By contradiction, suppose the statement of the lemma is false. Then,
there is some i such that Indi+1 and PCondτ (i) holds, but for some i-minimal repair s and
tuple ū we have

s |= q≤i(ū) but ū 6∈ ∆k(q,D). (h1)

From Claim 4.6, we can assume that s is strong i-minimal. We will build an infinite
sequence of pairwise distinct facts p1, p2, . . . from D, contradicting the finiteness of D. We
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also maintain another sequence of repairs r1, r2, . . . . We set r0 = s. For all l > 0, we define
p̄l = p1, . . . , pl with p̄0 as the empty fact sequence.

The sequence is constructed by induction with the following invariant for every l ≥ 0,
assuming p̄ = p̄l and r = rl:

(a) p̄ contains only (i+ 1)-compatible facts of D;
(b) the elements of p̄ are pairwise distinct;
(c) p̄ is connected with respect to r|i+1;
(d) r is strong i-minimal, r |= q≤i(ū) and, if p̄ is not empty and v is the last fact of p̄, then

r |= q(ūvδ̄), for some δ̄;
(e) ūc̄ 6∈ ∆k(q,D), where c̄ is the maximal suffix of p̄ satisfying r′ |= q(ūc̄β̄) for some β̄ and

strong i-minimal repair r′ containing p̄ and r|i+1.

Base case. When l = 0, we have r0 = s and p̄ is the empty sequence. Hence (a), (b) and (c)
are trivially true by emptiness of p̄; (d) holds since s |= q≤i(ū) (note that we have assumed
s to be strong i-minimal); finally (e) holds with empty c̄ since ū /∈ ∆k(q,D) by (h1).

Induction step. Assume we have r = rl−1 and p̄l−1 = p1, . . . , pl−1 (possibly empty) satisfying
the five properties above (for the rest of the proof we denote p̄l−1 as p̄ for brevity). Consider
the maximal suffix c̄ concerned by property (e). That is, for some β̄ and strong i-minimal
repair r′ containing p̄ and r|i+1 we have:

ūc̄ 6∈ ∆k(q,D) and r′ |= q(ūc̄β̄) (h2)

First let β̄ = d1d2, . . . dt. Since ūc̄ 6∈ ∆k(q,D), by definition of ∆k(q,D) there exists some
d′1 ∼ d1 such that ūc̄d′1 6∈ ∆k(q,D). This again implies that there exists some d′2 ∼ d2 such
that ūc̄d′1d

′
2 6∈ ∆k(q,D). Since k is the number of atoms in q, we can continue this to obtain

β̄′ = d′1d
′
2 . . . d

′
t where d′i ∼ di but ūc̄β̄′ contains no k-set in ∆k(q,D).

We now show that c̄ cannot match the entire set Si+1. Suppose, by means of contradiction,
that r′ |= q≤i+1(ūc̄). As r′ is strong i-minimal, it is (i+ 1)-minimal. Hence by (h1), since
Indi+1 holds by hypothesis, ūc̄ ∈ ∆k(q,D), which is in contradiction with (h2). Then,

r′ |= ¬q≤i+1(ūc̄). (h3)

This means that, since r′ |= q(ūc̄β̄) by (h2), and c̄ matches a subset of Si+1, there must
be an atom C of Si+1 that is not matched by any fact of c̄. Consider the atom A of Si+1

matching the last element of c̄. If instead c̄ is empty, choose A as an arbitrary atom of Si+1.
Since A and C are both in Si+1, which is stable, there exists a Γ-derivation σ from A to

C. (Notice that σ may contain atoms outside Si+1.) Consider the first atom B of σ which
is in Si+1 and which is not matched by any fact of c̄. The following depiction may help to
see the situation:

<latexit sha1_base64="inUFFAkEwJeluKkHrnIea+cI8/0=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LC2CIJRERD0WvHisaD+gDWWz3bRLN5uwOxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzgkQKg6777RTW1jc2t4rbpZ3dvf2D8uFRy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvp357SeujYjVI04S7kd0qEQoGEUrtR/6mTj3pv1y1a25c5BV4uWkCjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/m507JqVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbzxM6GSFLlii0VhKgnGZPY7GQjNGcqJJZRpYW8lbEQ1ZWgTKtkQvOWXV0nrouZd1bz7y2q9ksdRhBOowBl4cA11uIMGNIHBGJ7hFd6cxHlx3p2PRWvByWeO4Q+czx++Go8V</latexit>

Si+1

<latexit sha1_base64="JbI+jGsMoy+BDbe2ESMwaeCYREU=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LC2Cp5KIVC9CwYvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjf3O0+oNI/lo5km6Ed0JHnIGTVW6vQDqgi7HZSrbs1dgKwTLydVyNEclL/6w5ilEUrDBNW657mJ8TOqDGcCZ6V+qjGhbEJH2LNU0gi1ny3OnZFzqwxJGCtb0pCF+nsio5HW0yiwnRE1Y73qzcX/vF5qwhs/4zJJDUq2XBSmgpiYzH8nQ66QGTG1hDLF7a2EjamizNiESjYEb/XlddK+rHn1mvdwVW1U8jiKcAYVuAAPrqEB99CEFjCYwDO8wpuTOC/Ou/OxbC04+cwp/IHz+QOQto73</latexit>

c̄ =

<latexit sha1_base64="yZTuhs8l3Es5ns0Tdqsqmt8D6fo=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LC2ip5KIqBeh4MVjBfsBTSiT7aZdutmE3Y1QSv+GFw+KePXPePPfuG1z0NYHA4/3ZpiZF6aCa+O6305hbX1jc6u4XdrZ3ds/KB8etXSSKcqaNBGJ6oSomeCSNQ03gnVSxTAOBWuHo7uZ335iSvNEPppxyoIYB5JHnKKxku+HqIgfMoNnt71y1a25c5BV4uWkCjkavfKX309oFjNpqECtu56bmmCCynAq2LTkZ5qlSEc4YF1LJcZMB5P5zVNyapU+iRJlSxoyV39PTDDWehyHtjNGM9TL3kz8z+tmJroJJlymmWGSLhZFmSAmIbMASJ8rRo0YW4JUcXsroUNUSI2NqWRD8JZfXiWti5p3VfMeLqv1Sh5HEU6gAufgwTXU4R4a0AQKKTzDK7w5mfPivDsfi9aCk88cwx84nz/6lJDl</latexit>

�̄0 =
<latexit sha1_base64="uPHfoatuzKyBZlQT8EqVR3kWb1E=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LC2Cp5KIqBeh4MVjBfsBTSib7aZdutmE3YlQQn+GFw+KePXXePPfuG1z0OqDgcd7M8zMC1MpDLrul1NaW9/Y3CpvV3Z29/YPqodHHZNkmvE2S2SieyE1XArF2yhQ8l6qOY1Dybvh5Hbudx+5NiJRDzhNeRDTkRKRYBSt1PdDqokfcqQ3g2rdbbgLkL/EK0gdCrQG1U9/mLAs5gqZpMb0PTfFIKcaBZN8VvEzw1PKJnTE+5YqGnMT5IuTZ+TUKkMSJdqWQrJQf07kNDZmGoe2M6Y4NqveXPzP62cYXQe5UGmGXLHloiiTBBMy/58MheYM5dQSyrSwtxI2ppoytClVbAje6st/See84V02vPuLerNWxFGGE6jBGXhwBU24gxa0gUECT/ACrw46z86b875sLTnFzDH8gvPxDZawkLQ=</latexit>

�̄ =
<latexit sha1_base64="qHM6ZTpRpdEAsyGGTXn1BUY0Y28=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LC2Cp5KIqMeCF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQzKVbfmLkDWiZeTKuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IuVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX9a865rXvKrWK3kcRTiDClyABzdQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4AvTmMzA==</latexit>

b

<latexit sha1_base64="DRy5xqXbxs5qW7+FEWk1WZepPyg=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LC2ip5KIqMeCF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0EJz1y1W35s5BVomXkyrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyalVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhjZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV3UvKuad39ZrVfyOIpwAhU4Bw+uoQ530IAmMAjhGV7hzRk7L86787FoLTj5zDH8gfP5Ax2qjP0=</latexit>

b0

<latexit sha1_base64="jvg/mT9FOiGmxXWotAxLFddaI8A=">AAAB6HicbVBNS8NAEJ34WetX1aOXpUXwVBIR9Vjx4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq3PZLFbfqzkFWiZeTCuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVS9q6rXuKzUynkcBTiFMpyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBizWMqw==</latexit>

A
<latexit sha1_base64="yhrlTBXmjcTrq82WCeVNuJMG2JE=">AAAB6HicbVBNS8NAEJ34WetX1aOXpUXwVBIR9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZq3PZLFbfqzkFWiZeTCuSo90tfvUHM0gilYYJq3fXcxPgZVYYzgdNiL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNkUbgrf88ippXVS9q6rXuKzUynkcBTiFMpyDB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBjLmMrA==</latexit>

B
<latexit sha1_base64="wJjZgb1ed2LDC+oedrzaHyffwcs=">AAAB6HicbVBNS8NAEJ34WetX1aOXpUXwVBIR9VjoxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8GkPvc7T6g0j+WDmSboR3QkecgZNVZq1gelilt1FyDrxMtJBXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fkwipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDOz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20r6reTdVrXldq5TyOApxDGS7Bg1uowT00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ajj2MrQ==</latexit>

C

<latexit sha1_base64="kTdqQVeXo3MH6nTDuCHtblUZ9+Q=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LC2Cp5IUUS9CwYvHCvYD2lA220m7dLMJuxuhhP4ILx4U8erv8ea/cdvmoK0PBh7vzTAzL0gE18Z1v53CxubW9k5xt7S3f3B4VD4+aes4VQxbLBax6gZUo+ASW4Ybgd1EIY0CgZ1gcjf3O0+oNI/lo5km6Ed0JHnIGTVW6vQDqkh6OyhX3Zq7AFknXk6qkKM5KH/1hzFLI5SGCap1z3MT42dUGc4Ezkr9VGNC2YSOsGeppBFqP1ucOyPnVhmSMFa2pCEL9fdERiOtp1FgOyNqxnrVm4v/eb3UhDd+xmWSGpRsuShMBTExmf9OhlwhM2JqCWWK21sJG1NFmbEJlWwI3urL66Rdr3lXtfrDZbVRyeMowhlU4AI8uIYG3EMTWsBgAs/wCm9O4rw4787HsrXg5DOn8AfO5w+sYo8K</latexit>

ū =

<latexit sha1_base64="YbPXGvV36RCFl5NilHO2JQgSNtk=">AAAB6nicbVBNS8NAEJ34WetX1aOXpUXwVJIi6rHgxWOl9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsbm1vbObmGvuH9weHRcOjltmzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmd3O/88S1EbF6xGnC/YiOlAgFo2ilZnMgBqWKW3UXIOvEy0kFcjQGpa/+MGZpxBUySY3peW6CfkY1Cib5rNhPDU8om9AR71mqaMSNny1OnZELqwxJGGtbCslC/T2R0ciYaRTYzoji2Kx6c/E/r5dieOtnQiUpcsWWi8JUEozJ/G8yFJozlFNLKNPC3krYmGrK0KZTtCF4qy+vk3at6l1Xaw9XlXo5j6MA51CGS/DgBupwDw1oAYMRPMMrvDnSeXHenY9l64aTz5zBHzifPyDcjZo=</latexit>

Si

<latexit sha1_base64="1uBe4Mc9LxaRs+fuRKTpytMhiKM=">AAAB7nicbVBNS8NAEJ34WetX1aOXpUUQhJIUUY8FLx4r2g9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dtbWNza3tgs7xd29/YPD0tFxS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkKleSwfzSRBP6JDyUPOqLFS+6Gf8YvatF+quFV3DrJKvJxUIEejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/d0rOrDIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCW/8jMskNSjZYlGYCmJiMvudDLhCZsTEEsoUt7cSNqKKMmMTKtoQvOWXV0mrVvWuqrX7y0q9nMdRgFMowzl4cA11uIMGNIHBGJ7hFd6cxHlx3p2PReuak8+cwB84nz+/8Y8X</latexit>

Si+2
<latexit sha1_base64="mmMq4Nsa8eQxgO0s7IJ3+Uee0tc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LC2Cp5IUUY8FLx4rmrbQhrLZTtqlm03Y3Qgl9Dd48aCIV3+QN/+N24+Dtj4YeLw3w8y8MBVcG9f9dgobm1vbO8Xd0t7+weFR+fikpZNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SjmaQYxHQoecQZNVbyH/q5N+2Xq27NnYOsE29JqrBEs1/+6g0SlsUoDRNU667npibIqTKcCZyWepnGlLIxHWLXUklj1EE+P3ZKzq0yIFGibElD5urviZzGWk/i0HbG1Iz0qjcT//O6mYlugpzLNDMo2WJRlAliEjL7nAy4QmbExBLKFLe3EjaiijJj8ynZELzVl9dJq17zrmr1+8tqo7KMowhnUIEL8OAaGnAHTfCBAYdneIU3RzovzrvzsWgtOMuZU/gD5/MHkEiObg==</latexit>

S1

<latexit sha1_base64="zRniFZQGwlRuLWIZ1LxRUA4y7O8=">AAAB7XicbVDLSgMxFL1TX7W+qi7dhBbBVZkpoi4LblxWsA9oh5JJM21sJjMkd4Qy9B/cuFDErf/jzr8xbWehrQcCh3PuIfeeIJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFK7f4wRhMMylW35i5A1omXkyrkaA7KXzbI0ogrZJIa0/PcBP2MahRM8lmpnxqeUDahI96zVNGIGz9bbDsj51YZkjDW9ikkC/V3IqORMdMosJMRxbFZ9ebif14vxfDGz4RKUuSKLT8KU0kwJvPTyVBozlBOLaFMC7srYWOqKUNbUMmW4K2evE7a9Zp3VavfX1YblbyOIpxBBS7Ag2towB00oQUMHuEZXuHNiZ0X5935WI4WnDxzCn/gfP4ApauPFQ==</latexit>· · ·

<latexit sha1_base64="zRniFZQGwlRuLWIZ1LxRUA4y7O8=">AAAB7XicbVDLSgMxFL1TX7W+qi7dhBbBVZkpoi4LblxWsA9oh5JJM21sJjMkd4Qy9B/cuFDErf/jzr8xbWehrQcCh3PuIfeeIJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFK7f4wRhMMylW35i5A1omXkyrkaA7KXzbI0ogrZJIa0/PcBP2MahRM8lmpnxqeUDahI96zVNGIGz9bbDsj51YZkjDW9ikkC/V3IqORMdMosJMRxbFZ9ebif14vxfDGz4RKUuSKLT8KU0kwJvPTyVBozlBOLaFMC7srYWOqKUNbUMmW4K2evE7a9Zp3VavfX1YblbyOIpxBBS7Ag2towB00oQUMHuEZXuHNiZ0X5935WI4WnDxzCn/gfP4ApauPFQ==</latexit>· · · <latexit sha1_base64="zRniFZQGwlRuLWIZ1LxRUA4y7O8=">AAAB7XicbVDLSgMxFL1TX7W+qi7dhBbBVZkpoi4LblxWsA9oh5JJM21sJjMkd4Qy9B/cuFDErf/jzr8xbWehrQcCh3PuIfeeIJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFK7f4wRhMMylW35i5A1omXkyrkaA7KXzbI0ogrZJIa0/PcBP2MahRM8lmpnxqeUDahI96zVNGIGz9bbDsj51YZkjDW9ikkC/V3IqORMdMosJMRxbFZ9ebif14vxfDGz4RKUuSKLT8KU0kwJvPTyVBozlBOLaFMC7srYWOqKUNbUMmW4K2evE7a9Zp3VavfX1YblbyOIpxBBS7Ag2towB00oQUMHuEZXuHNiZ0X5935WI4WnDxzCn/gfP4ApauPFQ==</latexit>· · ·

<latexit sha1_base64="zRniFZQGwlRuLWIZ1LxRUA4y7O8=">AAAB7XicbVDLSgMxFL1TX7W+qi7dhBbBVZkpoi4LblxWsA9oh5JJM21sJjMkd4Qy9B/cuFDErf/jzr8xbWehrQcCh3PuIfeeIJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFK7f4wRhMMylW35i5A1omXkyrkaA7KXzbI0ogrZJIa0/PcBP2MahRM8lmpnxqeUDahI96zVNGIGz9bbDsj51YZkjDW9ikkC/V3IqORMdMosJMRxbFZ9ebif14vxfDGz4RKUuSKLT8KU0kwJvPTyVBozlBOLaFMC7srYWOqKUNbUMmW4K2evE7a9Zp3VavfX1YblbyOIpxBBS7Ag2towB00oQUMHuEZXuHNiZ0X5935WI4WnDxzCn/gfP4ApauPFQ==</latexit>· · ·

<latexit sha1_base64="zRniFZQGwlRuLWIZ1LxRUA4y7O8=">AAAB7XicbVDLSgMxFL1TX7W+qi7dhBbBVZkpoi4LblxWsA9oh5JJM21sJjMkd4Qy9B/cuFDErf/jzr8xbWehrQcCh3PuIfeeIJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFK7f4wRhMMylW35i5A1omXkyrkaA7KXzbI0ogrZJIa0/PcBP2MahRM8lmpnxqeUDahI96zVNGIGz9bbDsj51YZkjDW9ikkC/V3IqORMdMosJMRxbFZ9ebif14vxfDGz4RKUuSKLT8KU0kwJvPTyVBozlBOLaFMC7srYWOqKUNbUMmW4K2evE7a9Zp3VavfX1YblbyOIpxBBS7Ag2towB00oQUMHuEZXuHNiZ0X5935WI4WnDxzCn/gfP4ApauPFQ==</latexit>· · ·

<latexit sha1_base64="zRniFZQGwlRuLWIZ1LxRUA4y7O8=">AAAB7XicbVDLSgMxFL1TX7W+qi7dhBbBVZkpoi4LblxWsA9oh5JJM21sJjMkd4Qy9B/cuFDErf/jzr8xbWehrQcCh3PuIfeeIJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFK7f4wRhMMylW35i5A1omXkyrkaA7KXzbI0ogrZJIa0/PcBP2MahRM8lmpnxqeUDahI96zVNGIGz9bbDsj51YZkjDW9ikkC/V3IqORMdMosJMRxbFZ9ebif14vxfDGz4RKUuSKLT8KU0kwJvPTyVBozlBOLaFMC7srYWOqKUNbUMmW4K2evE7a9Zp3VavfX1YblbyOIpxBBS7Ag2towB00oQUMHuEZXuHNiZ0X5935WI4WnDxzCn/gfP4ApauPFQ==</latexit>· · ·<latexit sha1_base64="zRniFZQGwlRuLWIZ1LxRUA4y7O8=">AAAB7XicbVDLSgMxFL1TX7W+qi7dhBbBVZkpoi4LblxWsA9oh5JJM21sJjMkd4Qy9B/cuFDErf/jzr8xbWehrQcCh3PuIfeeIJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFK7f4wRhMMylW35i5A1omXkyrkaA7KXzbI0ogrZJIa0/PcBP2MahRM8lmpnxqeUDahI96zVNGIGz9bbDsj51YZkjDW9ikkC/V3IqORMdMosJMRxbFZ9ebif14vxfDGz4RKUuSKLT8KU0kwJvPTyVBozlBOLaFMC7srYWOqKUNbUMmW4K2evE7a9Zp3VavfX1YblbyOIpxBBS7Ag2towB00oQUMHuEZXuHNiZ0X5935WI4WnDxzCn/gfP4ApauPFQ==</latexit>· · · <latexit sha1_base64="zRniFZQGwlRuLWIZ1LxRUA4y7O8=">AAAB7XicbVDLSgMxFL1TX7W+qi7dhBbBVZkpoi4LblxWsA9oh5JJM21sJjMkd4Qy9B/cuFDErf/jzr8xbWehrQcCh3PuIfeeIJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1gNOE+xEdKREKRtFK7f4wRhMMylW35i5A1omXkyrkaA7KXzbI0ogrZJIa0/PcBP2MahRM8lmpnxqeUDahI96zVNGIGz9bbDsj51YZkjDW9ikkC/V3IqORMdMosJMRxbFZ9ebif14vxfDGz4RKUuSKLT8KU0kwJvPTyVBozlBOLaFMC7srYWOqKUNbUMmW4K2evE7a9Zp3VavfX1YblbyOIpxBBS7Ag2towB00oQUMHuEZXuHNiZ0X5935WI4WnDxzCn/gfP4ApauPFQ==</latexit>· · ·

In the picture directed edges connecting atoms of the query represent the successor
relation in the Γ-derivation from A to C.



A SIMPLE ALGORITHM FOR CONSISTENT QUERY ANSWERING UNDER PRIMARY KEYS 15

Let b be the fact of β̄ matching B and b′ ∼ b be the corresponding fact in β̄′. We show
that

b 6∈ p̄. (h4)

Suppose b is in p̄. By construction, b is not in c̄, thus it must occur before c̄ in p̄ and hence
the suffix b̄ of p̄ starting with b strictly contains c̄. By connectedness of p̄ with respect to
r|i+1, as b ∈ β̄ is part of the solution ūc̄β̄, we must have r′ |= q(ūb̄γ̄) for some γ̄. This
contradicts the maximality of c̄ imposed by (e), thus proving that (h4) holds. Note that this
also implies b′ 6∈ p̄, otherwise if b′ ∈ p̄, we have that b′ ∼ b are both in r′, thus b = b′ ∈ p̄,
contradicting (h4).

Assign pl = b′, so we have p̄′ = p̄ · pl and let rl = r′[b→ b′]. (To avoid many subscripts,
let rl = s′). Observe that

s′ contains p̄′ and r|i+1. (h5)

In fact s′ contains p̄, as observed earlier, and s′ contains b′ by construction; moreover s′

contains r′|i+1 which contains r|i+1 by (e). We now show that p̄′ and s′ have all the desired

properties.

(a) By construction b′ is (i+ 1)-compatible.

(b) The elements of p̄′ are pairwise distinct, as b′ 6∈ p̄.
(c) By our choice of b we show that p̄′ is connected with respect to s′|i+1. Without loss of

generality assume that p̄′ has at least size 2 (otherwise it is trivially connected). Therefore,
p̄ is not empty. Since s′|i+1 contains r|i+1 by (h5), the connectedness property of p̄ with

respect to r|i+1 implies that for every repair containing p̄′ and s′|i+1 and for every pair of

consecutive facts a b in p̄, every solution in s′ containing a also contains b.
It remains to show the same property for the last fact a of p̄. Consider a repair t

containing p̄′ and s′|i+1 and suppose t |= q(γ̄aδ̄) for some γ̄ and δ̄. We have to show b′ ∈ γ̄δ̄.
Let σAB be the prefix of the Γ-derivation σ going from A to B in the Γ-derivation from A
to C. (Notice that, since p̄ is not empty we have A 6= B.) By property (d) of p̄, since p̄
is not empty, a is the last fact in c̄. Recall that by (h2) r′ |= q(ūc̄β̄); thus in this solution
the atom A is matched by a. So we can apply Lemma 4.1 to r′ and t with solutions (ūc̄β̄)
and (γ̄aδ̄) respectively, and Γ-derivation vars(A) σAB. The hypotheses of Lemma 4.1 are
satisfied since:

• in both solutions A is matched by a;
• by construction of B, for each atom D strictly preceding B in σAB, the fact matching
D in (ūc̄β̄) is either in c̄ or in r′|i+1, both contained in t (in fact t ⊇ p̄′ ⊇ p̄ ⊇ c̄ and

t ⊇ s′|i+1 ⊇ r′|i+1).

We conclude, by Lemma 4.1, that the facts matching B in the two solutions are equivalent,
i.e., the fact matching B in (γ̄aδ̄) is equivalent to b (which is the fact matching B in ūc̄β̄).

In t the unique fact equivalent to b is b′ (since b′ ∈ p̄′ ⊆ t), thus the fact matching B in
(γ̄aδ̄) is b′. We have thus proved that any solution in t containing the last fact a of p also
contains b′.
(d) The following claim, together with strong i-minimality of r′ and r′ |= q(ūbγ̄) for some

γ̄, shows that

(I) s′ is also strong i-minimal,
(II) s′ |= q≤i(ū), and
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(III) s′ |= q(ūb′δ̄) for some δ̄.

Claim 4.7. Assume PCondτ (i). Let s be a strong i-minimal repair such that s |= q(ᾱaβ̄)
where ᾱ matches S≤i and a is (i + 1)-compatible. Then for any a′ ∼ a we have that
s′ = s[a 7→ a′] is strong i-minimal and s′ |= q(ᾱa′δ̄) for some δ̄.

Proof. Notice that s and s′ agree on all their solutions to q that contain neither a nor
a′. Hence, if a′ is in no solution for q in s′, we have q≤i+1(s′) ( q≤i+1(s) and therefore
|q≤i+1(s′)| < |q≤i+1(s)| and q≤i(s

′) ⊆ q≤i(s). The latter implies q≤i(s
′) = q≤i(s) by i-

minimality of s. This contradicts strong i-minimality of s. Hence s′ |= q(ᾱ′a′β̄′), for some
ᾱ′, β̄′. By PCondτ (i) this implies that s′ |= q(ᾱa′δ̄) for some δ̄.

It remains to prove that s′ is strong i-minimal. To this end, we exhibit a bijection from
q≤i+1(s) to q≤i+1(s′) preserving the (S1 ∪ · · · ∪Si)-projection of the solutions. The existence
of such bijection implies q≤i(s) = q≤i(s

′) and |q≤i+1(s)| = |q≤i+1(s′)|, thus showing that s′

is strong i-minimal, provided s is too.
The mapping is the identity for the solutions that do not contain the fact a.
It remains to map bijectively solutions in s containing the fact a to solutions in s′

containing the fact a′. Let ā (resp. ā′) be the facts matching Si+1 in ᾱaβ̄ (resp. ᾱ′a′β̄′).
By Corollary 4.2 in all solutions of s containing a, Si+1 is matched by ā. Similarly in all
solutions of s′ containing a′, Si+1 is matched by ā′.

Moreover, by PCondτ (i) for each ū, ūā ∈ q≤i+1(s) iff ūā′ ∈ q≤i+1(s′). Hence mapping
each ūā ∈ q≤i+1(s) to ūā′ ∈ q≤i+1(s′) forms a bijection.

(e) Let ē be the maximal suffix of p̄′ such that, for a strong i-minimal repair t containing p̄′

and s′|i+1 we have t |= q(ūēδ̄) for some δ̄. Since s′ |= q(ūb′δ̄′) for some δ̄′ by Item (III) above,

ē cannot be empty. Then let ē = d̄b′, where d̄ is a suffix of p̄.
Since s′|i+1 contains r|i+1 by (h5), in particular t is a strong i-minimal repair containing

p̄ and r|i+1. Then, by maximality of c̄, d̄ must be a suffix of c̄, implying that ūd̄b′ is a

subset of ūc̄β̄′. Since by definition ūc̄β̄′ does not contain any k-set in ∆k(q,D), we have
ūd̄b′ 6∈ ∆k(q,D) as needed.

This completes the proof of Lemma 4.5.

5. Lower bounds

Now we turn to the lower bounds. In particular, we consider the self-join-free queries q not
satisfying PCond and show that for such queries, certain(q) is coNP-hard. Towards proving
this we also obtain other results of independent interest. The results can be summarized as
follows.

(1) We first consider the query with self-join

q4 =̂ R(x yz) ∧R(z xy).

We first show, in Theorem 5.1, via a combinatorial argument, that there is no k such
that certain(q4) can be computed using Certk(q4) (i.e. for every k there exists a database
D such that D |= certain(q) but Certk(q4) ouputs a false negative for D).
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On the other hand we prove, in Theorem 5.9, that certain(q4) is equivalent (modulo
LogSpace reductions) to a matching problem whose precise complexity is a long-
standing open problem. This confirms the difficulty to obtain a complete complexity
classification of certain(q) for self-join queries q even on two atoms.2

(2) In Section 5.2 we show that for the self-join-free query

q5 =̂ R1(x y) ∧ S1(yz x),

certain(q5) cannot be computed using Certk(q5) for any choice of k. This is shown by
reducing the case of q5 to the case of q4.

(3) In Section 5.3 we describe some of the techniques developed in [KW17] and show that
they imply that for self-join-free queries q, certain(q) is coNP-hard when PCond fails
for q. In particular, assuming PTime 6= coNP, this implies that when q |= ¬PCond,
certain(q) cannot be solved using Certk(q), for any choice of k.

(4) Finally, in Section 5.4 we prove, without any complexity theoretic hypothesis, that for
any self-join-free query q such that q |= ¬PCond, that certain(q) cannot be computed
using Certk(q) for any choice of k by reducing the case of q5 to such query q.

5.1. The case of q4. Note that the query q4 is not a self-join-free query. In particular, we
can have D |= q4(aa) for some fact a ∈ D. We call such solutions self-loops.

To prove that Certk(q4) does not compute certain(q4) for any choice of k, we actually
prove a stronger statement: not even an extension “Cert+k(q4)” of Certk(q4) can capture
certain(q4). This stronger form will be needed later for reducing q5 to q4.

Let us first explain the extension, which is tailored to two-atom queries (thus, strictly
speaking, it ‘extends’ Certk(q4) only in this context). Recall that the definition of Certk(q)
iteratively adds a k-set S to ∆k(q,D) if there exists a block B of D such that for every fact
u ∈ B there exists S′ ⊆ S ∪ {u} such that S′ ∈ ∆k(q,D). This rule is henceforth called the

first derivation rule.

The algorithm Cert+k (q) initializes the set ∆+
k (q,D) of k-sets as in Certk(q), and inherits

the aforementioned derivation rule of Certk(q), but it also contains the following second

derivation rule. A k-set S is also added to ∆+
k(q,D) if there exists a fact a of D which is

not a self-loop and for every fact u ∈ {b ∈ D : D |= q(ab) ∨ q(ba) ∨ a = b} there exists
S′ ⊆ S ∪ {u} such that S′ ∈ ∆+

k (q,D). As before, we define Cert+k (q) to accept if the empty

set is eventually derived and denote it by D ∈ Cert+k(q).

Note that, like Certk(q), Cert+k (q) also runs in polynomial time but it no longer satisfies
the inductive property (Inv) and may therefore give false positive answers. However, since
the first derivation rule is present in both Certk(q) and Cert+k (q), whenever ∅ ∈ Certk(q) we

also have ∅ ∈ Cert+k(q) i.e.if D ∈ Cert+k(q) then D ∈ Certk(q). We now formally state the
first result of this subsection:

Theorem 5.1. For every choice of k, there exists a database D such that D |= certain(q4)

but D 6∈ Cert+k(q4) (and hence D 6∈ Certk(q4)).

Before proving Theorem 5.1 we discuss some special properties of the query q4. Note
that q4 is a self-join two-atom query. We define the solution graph of D, denoted by GD,
to be an undirected graph whose vertices are the facts of D and it contains an edge {a, b}

2The dichotomy for two-atom queries has recently been proved in [PSS24]. Remarkably, the polynomial
cases are solved via a combination of the Certk algorithm and the bipartite matching algorithm.
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<latexit sha1_base64="Ock96GzSURcCYgs8rQItxz2kWME=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgFV2VGirqz6MZlRXuBdiiZNNOGZpIhyQhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBTZY3HqnSTIoHM4ypH+GeYCEj2Fjr/rrjdQpFt+ROhBbBm0Hx6nOc6a3aKXy1u5IkERWGcKx1y3Nj46dYGUY4HeXbiaYxJgPcoy2LAkdU++lk1BE6sU4XhVLZJwyauL87UhxpPYwCWxlh09fzWWb+l7USE176KRNxYqgg04/ChCMjUbY36jJFieFDC5goZmdFpI8VJsZeJ2+P4M2vvAj1s5J3XirflYuVY5gqB4dwBKfgwQVU4BaqUAMCPXiCF3h1uPPsjJ33aemSM+s5gD9yPn4A1SCR5A==</latexit>

B1

<latexit sha1_base64="+qBImYMYvDDUjE3nL3KUf8gODQY=">AAAB6nicbZDLSsNAFIZP6q3WW9Slm8EquCpJKerOohuXFe0F2lAm00k7dDIJMxOhhD6CGxdKdetL+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8CbLm49UKhaJBz2KqRfivmABI1gb6/66W+7aRafkTIWWwZ1D8epzkumt1rW/Or2IJCEVmnCsVNt1Yu2lWGpGOB0XOomiMSZD3KdtgwKHVHnpdNQxOjVODwWRNE9oNHV/d6Q4VGoU+qYyxHqgFrPM/C9rJzq49FIm4kRTQWYfBQlHOkLZ3qjHJCWajwxgIpmZFZEBlphoc52COYK7uPIyNMol97xUuasUqycwUx6O4BjOwIULqMIt1KAOBPrwBC/wanHr2ZpY77PSnDXvOYQ/sj5+ANakkeU=</latexit>

B2

<latexit sha1_base64="4VEGWlEG1X6TNTbIf1XozHVii64=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaIgMVUJVMBGBQtjEfQitVHluE5r1XEi20Gqoj4CCwOosPISvAYbb4PTdoCWX7L06f/Pkc85fsyZ0o7zbeWWlldW1/LrhY3Nre0de3evrqJEElojEY9k08eKciZoTTPNaTOWFIc+pw1/cJPljUcqFYvEgx7G1AtxT7CAEayNdX/dOevYRafkTIQWwZ1B8epznOmt2rG/2t2IJCEVmnCsVMt1Yu2lWGpGOB0V2omiMSYD3KMtgwKHVHnpZNQROjZOFwWRNE9oNHF/d6Q4VGoY+qYyxLqv5rPM/C9rJTq49FIm4kRTQaYfBQlHOkLZ3qjLJCWaDw1gIpmZFZE+lphoc52COYI7v/Ii1E9L7nmpfFcuVo5gqjwcwCGcgAsXUIFbqEINCPTgCV7g1eLWszW23qelOWvWsw9/ZH38ANgokeY=</latexit>

B3

<latexit sha1_base64="MwXhCYCUAJiswf/f8yTq5UyXjbE=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgFV2VGirqz6MZlRXuBdiiZNNOGJpkhyQhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XdZQoQmsk4pFqBlhTziStGWY4bcaKYhFw2ggGN1neeKRKs0g+mGFMfYF7koWMYGOt++tOuVMouiV3IrQI3gyKV5/jTG/VTuGr3Y1IIqg0hGOtW54bGz/FyjDC6SjfTjSNMRngHm1ZlFhQ7aeTUUfoxDpdFEbKPmnQxP3dkWKh9VAEtlJg09fzWWb+l7USE176KZNxYqgk04/ChCMToWxv1GWKEsOHFjBRzM6KSB8rTIy9Tt4ewZtfeRHqZyXvvFS+KxcrxzBVDg7hCE7BgwuowC1UoQYEevAEL/DqcOfZGTvv09IlZ9ZzAH/kfPwA2ayR5w==</latexit>

B4

<latexit sha1_base64="R8ROOUhtd992UZlSItIXHSkxxMM=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgFV2VGirqz6MZlRXuBdiiZNNOGZpIhyQhl6CO4caFUt76Er+HOtzHTdqGtPwQ+/v8ccs4JYs60cd1vZ2l5ZXVtPbeR39za3tkt7O3XtUwUoTUiuVTNAGvKmaA1wwynzVhRHAWcNoLBTZY3HqnSTIoHM4ypH+GeYCEj2Fjr/rojOoWiW3InQovgzaB49TnO9FbtFL7aXUmSiApDONa65bmx8VOsDCOcjvLtRNMYkwHu0ZZFgSOq/XQy6gidWKeLQqnsEwZN3N8dKY60HkaBrYyw6ev5LDP/y1qJCS/9lIk4MVSQ6UdhwpGRKNsbdZmixPChBUwUs7Mi0scKE2Ovk7dH8OZXXoT6Wck7L5XvysXKMUyVg0M4glPw4AIqcAtVqAGBHjzBC7w63Hl2xs77tHTJmfUcwB85Hz8xo5Ih</latexit>

Bn

<latexit sha1_base64="1Vf2BVSOKlOjqUme3uIBPy+VA84=">AAAB7nicbZDLSgMxFIbPeK31VnXpJlgFN5YZKerOohuXFewF2qFk0kwbmkmGJCOUoQ/hRrAibn0FX8Odb2Om7UJbfwh8/P855JwTxJxp47rfztLyyuraem4jv7m1vbNb2Nuva5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSD2yxvPFKlmRQPZhhTP8I9wUJGsLFW46aTijNv1CkU3ZI7EVoEbwbF68+XTONqp/DV7kqSRFQYwrHWLc+NjZ9iZRjhdJRvJ5rGmAxwj7YsChxR7aeTcUfoxDpdFEplnzBo4v7uSHGk9TAKbGWETV/PZ5n5X9ZKTHjlp0zEiaGCTD8KE46MRNnuqMsUJYYPLWCimJ0VkT5WmBh7obw9gje/8iLUz0veRal8Xy5WjmGqHBzCEZyCB5dQgTuoQg0IDOAJxvDqxM6z8+a8T0uXnFnPAfyR8/ED0gqTnw==</latexit>

Bn�1

<latexit sha1_base64="OTE4BzU97xIJvyBAHZ2qvtDrwXo=">AAAB7nicbZDLSsNAFIZP6q3WW9Slm8EquLEkpag7i25cVrAXaEOZTCft0MkkzEyEEvoQbgQr4tZX8DXc+TZO2i609YeBj/8/hznn+DFnSjvOt5VbWV1b38hvFra2d3b37P2DhooSSWidRDySLR8rypmgdc00p61YUhz6nDb94W2WNx+pVCwSD3oUUy/EfcECRrA2VvOmm4rz8rhrF52SMxVaBncOxevPl0yTWtf+6vQikoRUaMKxUm3XibWXYqkZ4XRc6CSKxpgMcZ+2DQocUuWl03HH6NQ4PRRE0jyh0dT93ZHiUKlR6JvKEOuBWswy87+snejgykuZiBNNBZl9FCQc6Qhlu6Mek5RoPjKAiWRmVkQGWGKizYUK5gju4srL0CiX3ItS5b5SrJ7ATHk4gmM4AxcuoQp3UIM6EBjCE0zg1YqtZ+vNep+V5qx5zyH8kfXxA9OPk6A=</latexit>

Bn�2

<latexit sha1_base64="QeRUV/9RunJIUioabpA+V6PAzv4=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgar4KokUqo7CyK4rGDaQhvLZDpph04mYWYilNBncOPCKm59B1/DnW/jpO1CWw8MfJxzL3Pv9WPOlLbtbyu3srq2vpHfLGxt7+zuFfcPGipKJKEuiXgkWz5WlDNBXc00p61YUhz6nDb94XWWNx+pVCwS93oUUy/EfcECRrA2lnvz4HSdbrFkl+2p0DI4cyhdfU4yvda7xa9OLyJJSIUmHCvVduxYeymWmhFOx4VOomiMyRD3adugwCFVXjoddoxOjdNDQSTNExpN3d8dKQ6VGoW+qQyxHqjFLDP/y9qJDi69lIk40VSQ2UdBwpGOULY56jFJieYjA5hIZmZFZIAlJtrcp2CO4CyuvAyN87JTLVfuKqXaCcyUhyM4hjNw4AJqcAt1cIEAgyd4gYklrGfrzXqfleasec8h/JH18QP+VZKK</latexit>

E1
1

<latexit sha1_base64="dw3JscUnyc5hE3ZZLcfCy2wqmUM=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgar4Kokpag7CyK4rGDaQhvLZDpph04mYWYilNBncOPCKm59B1/DnW/jpO1CWw8MfJxzL3Pv9WPOlLbtbyu3srq2vpHfLGxt7+zuFfcPGipKJKEuiXgkWz5WlDNBXc00p61YUhz6nDb94XWWNx+pVCwS93oUUy/EfcECRrA2lnvz4HQr3WLJLttToWVw5lC6+pxkeq13i1+dXkSSkApNOFaq7dix9lIsNSOcjgudRNEYkyHu07ZBgUOqvHQ67BidGqeHgkiaJzSaur87UhwqNQp9UxliPVCLWWb+l7UTHVx6KRNxoqkgs4+ChCMdoWxz1GOSEs1HBjCRzMyKyABLTLS5T8EcwVlceRkalbJzXq7eVUu1E5gpD0dwDGfgwAXU4Bbq4AIBBk/wAhNLWM/Wm/U+K81Z855D+CPr4wf/2ZKL</latexit>

E1
2

<latexit sha1_base64="zeP4JLyhmy+fp2t0zQeY7aycsuM=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgar4KokWtSdBRFcVjBtoY1lMp20QyeTMDMRSugzuHFhFbe+g6/hzrdx0nahrQcGPs65l7n3+jFnStv2t5VbWl5ZXcuvFzY2t7Z3irt7dRUlklCXRDySTR8rypmgrmaa02YsKQ59Thv+4DrLG49UKhaJez2MqRfinmABI1gby715cDpnnWLJLtsToUVwZlC6+hxneq11il/tbkSSkApNOFaq5dix9lIsNSOcjgrtRNEYkwHu0ZZBgUOqvHQy7AgdG6eLgkiaJzSauL87UhwqNQx9Uxli3VfzWWb+l7USHVx6KRNxoqkg04+ChCMdoWxz1GWSEs2HBjCRzMyKSB9LTLS5T8EcwZlfeRHqp2XnvFy5q5SqRzBVHg7gEE7AgQuowi3UwAUCDJ7gBcaWsJ6tN+t9WpqzZj378EfWxw8BbJKM</latexit>

E1
3

<latexit sha1_base64="L2W9kilW3t72TawkdJ75SfEQUD4=">AAAB8HicbZDLSgMxFIbPeK31VnXpJlgFN5YZKerOggguK9iLtGPJpGkbmmSGJCOUoU/hRkURt76Br+HOtzHTdqGtPwQ+/v8ccs4JIs60cd1vZ25+YXFpObOSXV1b39jMbW1XdRgrQisk5KGqB1hTziStGGY4rUeKYhFwWgv6F2leu6dKs1DemEFEfYG7knUYwcZat5d3XiuRR8VhK5d3C+5IaBa8CeTPP59SPZdbua9mOySxoNIQjrVueG5k/AQrwwinw2wz1jTCpI+7tGFRYkG1n4wGHqID67RRJ1T2SYNG7u+OBAutByKwlQKbnp7OUvO/rBGbzpmfMBnFhkoy/qgTc2RClG6P2kxRYvjAAiaK2VkR6WGFibE3ytojeNMrz0L1uOCdFIrXxXxpH8bKwC7swSF4cAoluIIyVICAgAd4gVdHOY/Om/M+Lp1zJj078EfOxw8CNZRI</latexit>

E1
n�4

<latexit sha1_base64="5NBS8tYMEmvHe9vebgzxiYr6hEM=">AAAB8HicbZDLSgMxFIbP1Futt6pLN4NVcGOZ0aLuLIjgsoK9SDuWTJppQ5PMkGSEMvQp3Kgo4tY38DXc+TZm2i609YfAx/+fQ845fsSo0o7zbWXm5hcWl7LLuZXVtfWN/OZWTYWxxKSKQxbKho8UYVSQqqaakUYkCeI+I3W/f5Hm9XsiFQ3FjR5ExOOoK2hAMdLGur28c9uJODwetvMFp+iMZM+CO4HC+edTqudKO//V6oQ45kRozJBSTdeJtJcgqSlmZJhrxYpECPdRlzQNCsSJ8pLRwEN73zgdOwileULbI/d3R4K4UgPum0qOdE9NZ6n5X9aMdXDmJVREsSYCjz8KYmbr0E63tztUEqzZwADCkppZbdxDEmFtbpQzR3CnV56F2lHRPSmWrkuF8h6MlYUd2IUDcOEUynAFFagCBg4P8AKvlrQerTfrfVyasSY92/BH1scPALCURw==</latexit>

E1
n�3

<latexit sha1_base64="hdxi86DRDul27CFlz37XRf/Gy4c=">AAAB8HicbZDLSgMxFIbP1Futt6pLN4NVcGOZqUXdWRDBZQV7kXYsmTTThiaZIckIZehTuFFRxK1v4Gu4823MtF1o9YfAx/+fQ845fsSo0o7zZWXm5hcWl7LLuZXVtfWN/OZWXYWxxKSGQxbKpo8UYVSQmqaakWYkCeI+Iw1/cJ7mjTsiFQ3FtR5GxOOoJ2hAMdLGurm4LXUScXg06uQLTtEZy/4L7hQKZx+PqZ6qnfxnuxvimBOhMUNKtVwn0l6CpKaYkVGuHSsSITxAPdIyKBAnykvGA4/sfeN07SCU5gltj92fHQniSg25byo50n01m6Xmf1kr1sGpl1ARxZoIPPkoiJmtQzvd3u5SSbBmQwMIS2pmtXEfSYS1uVHOHMGdXfkv1EtF97hYvioXKnswURZ2YBcOwIUTqMAlVKEGGDjcwzO8WNJ6sF6tt0lpxpr2bMMvWe/fAjqUSA==</latexit>

E2
n�3

<latexit sha1_base64="yK/2aJogzoONKg7whjmMOSSa4QE=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EquLHMlKLuLIjgsoK9SDuWTJppQzOZIckIZehTuFFRxK1v4Gu4823MtF1o6w+Bj/8/h5xzvIgzpW3728osLC4tr2RXc2vrG5tb+e2dugpjSWiNhDyUTQ8rypmgNc00p81IUhx4nDa8wUWaN+6pVCwUN3oYUTfAPcF8RrA21u3lXamTiOPyqJMv2EV7LDQPzhQK559PqZ6rnfxXuxuSOKBCE46Vajl2pN0ES80Ip6NcO1Y0wmSAe7RlUOCAKjcZDzxCh8bpIj+U5gmNxu7vjgQHSg0Dz1QGWPfVbJaa/2WtWPtnbsJEFGsqyOQjP+ZIhyjdHnWZpETzoQFMJDOzItLHEhNtbpQzR3BmV56HeqnonBTL1+VC5QAmysIe7MMROHAKFbiCKtSAQAAP8AKvlrQerTfrfVKasaY9u/BH1scPA7+USQ==</latexit>

E2
n�4

<latexit sha1_base64="lKX0WRj34Her5YN85iUjHXhpQ3Y=">AAAB7nicbZDLSgMxFIbP1Futt6pLN8EquCozbVF3FkRwWcFeoB1LJs20oZnMkGSEMvQh3AhWxK2v4Gu4823MtF1o6w+Bj/8/h5xzvIgzpW3728qsrK6tb2Q3c1vbO7t7+f2DhgpjSWidhDyULQ8rypmgdc00p61IUhx4nDa94XWaNx+pVCwU93oUUTfAfcF8RrA2VvPmodRNyuNuvmAX7anQMjhzKFx9vqSa1Lr5r04vJHFAhSYcK9V27Ei7CZaaEU7HuU6saITJEPdp26DAAVVuMh13jE6N00N+KM0TGk3d3x0JDpQaBZ6pDLAeqMUsNf/L2rH2L92EiSjWVJDZR37MkQ5RujvqMUmJ5iMDmEhmZkVkgCUm2lwoZ47gLK68DI1S0TkvVu4qheoJzJSFIziGM3DgAqpwCzWoA4EhPMEEXq3IerberPdZacaa9xzCH1kfP8hMk5k=</latexit>

E2
3

<latexit sha1_base64="YXxvrjfspMhUi/xFv1Z50buWfl8=">AAAB7nicbZDLSsNAFIZP6q3WW9Slm8EquCpJKerOggguK9gLtLFMppN26GQSZiZCCX0IN4IVcesr+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLm49UKhaJez2KqRfivmABI1gbq3nzUO6m5XHXLjolZyq0DO4cilefL5kmta791elFJAmp0IRjpdquE2svxVIzwum40EkUjTEZ4j5tGxQ4pMpLp+OO0alxeiiIpHlCo6n7uyPFoVKj0DeVIdYDtZhl5n9ZO9HBpZcyESeaCjL7KEg40hHKdkc9JinRfGQAE8nMrIgMsMREmwsVzBHcxZWXoVEuueelyl2lWD2BmfJwBMdwBi5cQBVuoQZ1IDCEJ5jAqxVbz9ab9T4rzVnznkP4I+vjB8bHk5g=</latexit>

E2
2

<latexit sha1_base64="AsM196nSB7dBteyA89ODlupKi7s=">AAAB7nicbZDLSsNAFIZP6q3WW9Slm8EquCpJKerOggguK9gLtLFMppN26GQSZiZCCX0IN4IVcesr+BrufBsnbRfa+sPAx/+fw5xz/JgzpR3n28qtrK6tb+Q3C1vbO7t79v5BQ0WJJLROIh7Jlo8V5UzQumaa01YsKQ59Tpv+8DrLm49UKhaJez2KqRfivmABI1gbq3nzUO6m7rhrF52SMxVaBncOxavPl0yTWtf+6vQikoRUaMKxUm3XibWXYqkZ4XRc6CSKxpgMcZ+2DQocUuWl03HH6NQ4PRRE0jyh0dT93ZHiUKlR6JvKEOuBWswy87+snejg0kuZiBNNBZl9FCQc6Qhlu6Mek5RoPjKAiWRmVkQGWGKizYUK5gju4srL0CiX3PNS5a5SrJ7ATHk4gmM4AxcuoAq3UIM6EBjCE0zg1YqtZ+vNep+V5qx5zyH8kfXxA8VCk5c=</latexit>

E2
1

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>. . .

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>. . .

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>. . .

<latexit sha1_base64="ylNqoy4oLBqGnSH9jy4/T4h5ccE=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgar4KokUqq4saALlxVMW2hDmUwn7dDJJMxMhBL6DG5cWMWt7+BruPNtnLRdaOuBgY9z7mXuvX7MmdK2/W3lVlbX1jfym4Wt7Z3dveL+QUNFiSTUJRGPZMvHinImqKuZ5rQVS4pDn9OmP7zJ8uYjlYpF4kGPYuqFuC9YwAjWxnJvuwJddYslu2xPhZbBmUPp+nOS6bXeLX51ehFJQio04ViptmPH2kux1IxwOi50EkVjTIa4T9sGBQ6p8tLpsGN0apweCiJpntBo6v7uSHGo1Cj0TWWI9UAtZpn5X9ZOdHDppUzEiaaCzD4KEo50hLLNUY9JSjQfGcBEMjMrIgMsMdHmPgVzBGdx5WVonJedarlyXynVTmCmPBzBMZyBAxdQgzuogwsEGDzBC0wsYT1bb9b7rDRnzXsO4Y+sjx8JOpKR</latexit>

Dn :

Figure 1. Solution graph for database Dn. Black dots denote facts, rectan-
gles denote blocks, and three-pointed edges denote triangles (i.e., 3-cliques)
in the solution graph of Dn. There are n− 1 facts in each block Bi and two

facts in each block Ejk.

whenever D |= q4(ab) holds. In the context of solution graphs, a triangle is just a clique on
three vertices (without self-loops).

Remark 5.2. We first state some key properties of q4 for any database D and facts
a, b, c ∈ D, which are easy to verify:

(1) if D |= q4(ab) ∧ q4(ac) then b = c,
(2) if D |= q4(ba) ∧ q4(ca) then b = c,
(3) if D |= q4(ab) ∧ q4(bc) then D |= q4(ca),
(4) hence, every connected component of GD is either a triangle, a 2-clique (without self-

loops), or a single vertex (with or without a self-loop).

Towards proving Theorem 5.1, for every n ≥ 4 we exhibit a database Dn such that

• Dn |= certain(q4) (Proposition 5.3), and
• Dn 6∈ Cert+n−2(q4) (Proposition 5.4).

Intuitively, the database Dn has two kinds of blocks. The first kind has n blocks denoted by
B1, · · · , Bn where each Bi consists of n− 1 facts denoted b1i , · · · , bn−1

i . The second kind has

(n− 1)(n− 3) blocks denoted by Ejl for every 1 ≤ j ≤ n− 1 and 1 ≤ l ≤ n− 3, where each

Ejl has two facts denoted by ujl and vjl . The solution graph of Dn is depicted in Figure 1.

Definition of Dn. We now formally define the facts of the database Dn. Fix some n ≥ 4.
Define n blocks of the form B1, · · · , Bn in Dn where each Bi consists of n− 1 facts denoted

b1i , · · · , bn−1
i and (n − 1)(n − 3) blocks of the form Ejl for 1 ≤ j ≤ n − 1, 1 ≤ l ≤ n − 3,

where each Ejl have two facts denoted by ujl and vjl . All facts in Dn are R-facts, and for
this reason we shall henceforth drop the R from facts R(c̄) and simply write c̄.

Let a1, · · · , an and eji where 1 ≤ j ≤ n−1, 1 ≤ i ≤ n−3 be fresh active domain elements.
The facts of Dn are defined as follows.

• bj1 = (a1 a2e
j
1), bj2 = (a2 e

j
1a1);

• for every 3 ≤ i ≤ n− 2: bji = (ai e
j
i−2e

j
i−1);

• bjn−1 = (an−1 e
j
n−3an) and bjn = (an an−1e

j
n−3);

• uj1 = (ej1 a1a2) and vjn−3 = (ejn−3 anan−1);
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<latexit sha1_base64="DQx84OqenIGWk18nmPUIUWsR3MA=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgar4KokUtSdBRFcVjBtoY1lMp20YyeTMDMRSugzuHFhFbe+g6/hzrdx0nahrQcGPs65l7n3+jFnStv2t5VbWl5ZXcuvFzY2t7Z3irt7dRUlklCXRDySTR8rypmgrmaa02YsKQ59Thv+4CrLG49UKhaJOz2MqRfinmABI1gby72+f+jwTrFkl+2J0CI4Myhdfo4zvdY6xa92NyJJSIUmHCvVcuxYeymWmhFOR4V2omiMyQD3aMugwCFVXjoZdoSOjdNFQSTNExpN3N8dKQ6VGoa+qQyx7qv5LDP/y1qJDi68lIk40VSQ6UdBwpGOULY56jJJieZDA5hIZmZFpI8lJtrcp2CO4MyvvAj107JzVq7cVkrVI5gqDwdwCCfgwDlU4QZq4AIBBk/wAmNLWM/Wm/U+Lc1Zs559+CPr4weuppL+</latexit>

Ej
l

<latexit sha1_base64="op59Yx0vgdjOPqQgXx7eZ3uW1no=">AAAB8HicbZDLSgMxFIbP1Futt6pLN8EqCEKZkaLuLIjgsoK9SDuWTJppY5OZIckIZehTuFFRxK1v4Gu4823MtF1o6w+Bj/8/h5xzvIgzpW3728rMzS8sLmWXcyura+sb+c2tmgpjSWiVhDyUDQ8ryllAq5ppThuRpFh4nNa9/nma1++pVCwMrvUgoq7A3YD5jGBtrJuL27t2wg+dYTtfsIv2SGgWnAkUzj6fUj1X2vmvVicksaCBJhwr1XTsSLsJlpoRToe5VqxohEkfd2nTYIAFVW4yGniI9o3TQX4ozQs0Grm/OxIslBoIz1QKrHtqOkvN/7JmrP1TN2FBFGsakPFHfsyRDlG6PeowSYnmAwOYSGZmRaSHJSba3ChnjuBMrzwLtaOic1wsXZUK5T0YKws7sAsH4MAJlOESKlAFAgIe4AVeLWk9Wm/W+7g0Y016tuGPrI8fT0aUeg==</latexit>

Ej
l+1

<latexit sha1_base64="mHtLn9muNHVCIhfg4Kb/Jm6AtLs=">AAAB7nicbZDLSsNAFIZP6q3WW9Slm8EqCEJJSlF3Ft24rGAv0IYymU7aoZNJmJkIJfQh3AhWxK2v4Gu4822ctF1o6w8DH/9/DnPO8WPOlHacbyu3srq2vpHfLGxt7+zu2fsHDRUlktA6iXgkWz5WlDNB65ppTluxpDj0OW36w9ssbz5SqVgkHvQopl6I+4IFjGBtrOZNN+Xn5XHXLjolZyq0DO4citefL5kmta791elFJAmp0IRjpdquE2svxVIzwum40EkUjTEZ4j5tGxQ4pMpLp+OO0alxeiiIpHlCo6n7uyPFoVKj0DeVIdYDtZhl5n9ZO9HBlZcyESeaCjL7KEg40hHKdkc9JinRfGQAE8nMrIgMsMREmwsVzBHcxZWXoVEuuRelyn2lWD2BmfJwBMdwBi5cQhXuoAZ1IDCEJ5jAqxVbz9ab9T4rzVnznkP4I+vjB811k5w=</latexit>

Bl+2
<latexit sha1_base64="1Vf2BVSOKlOjqUme3uIBPy+VA84=">AAAB7nicbZDLSgMxFIbPeK31VnXpJlgFN5YZKerOohuXFewF2qFk0kwbmkmGJCOUoQ/hRrAibn0FX8Odb2Om7UJbfwh8/P855JwTxJxp47rfztLyyuraem4jv7m1vbNb2Nuva5koQmtEcqmaAdaUM0FrhhlOm7GiOAo4bQSD2yxvPFKlmRQPZhhTP8I9wUJGsLFW46aTijNv1CkU3ZI7EVoEbwbF68+XTONqp/DV7kqSRFQYwrHWLc+NjZ9iZRjhdJRvJ5rGmAxwj7YsChxR7aeTcUfoxDpdFEplnzBo4v7uSHGk9TAKbGWETV/PZ5n5X9ZKTHjlp0zEiaGCTD8KE46MRNnuqMsUJYYPLWCimJ0VkT5WmBh7obw9gje/8iLUz0veRal8Xy5WjmGqHBzCEZyCB5dQgTuoQg0IDOAJxvDqxM6z8+a8T0uXnFnPAfyR8/ED0gqTnw==</latexit>

Bn�1

<latexit sha1_base64="s6EbWFWSIlJQb9I5dfh+MZUoQbc=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgar4KokUtSdRTcuK5i20IYymU7aoZNJmJkIIfQZ3Liwilvfwddw59s4abvQ1gMDH+fcy9x7/ZgzpW372yqsrK6tbxQ3S1vbO7t75f2DpooSSahLIh7Jto8V5UxQVzPNaTuWFIc+py1/dJvnrUcqFYvEg05j6oV4IFjACNbGcm96mRj3yhW7ak+FlsGZQ+X6c5LrtdErf3X7EUlCKjThWKmOY8fay7DUjHA6LnUTRWNMRnhAOwYFDqnysumwY3RqnD4KImme0Gjq/u7IcKhUGvqmMsR6qBaz3Pwv6yQ6uPIyJuJEU0FmHwUJRzpC+eaozyQlmqcGMJHMzIrIEEtMtLlPyRzBWVx5GZrnVeeiWruvVeonMFMRjuAYzsCBS6jDHTTABQIMnuAFJpawnq03631WWrDmPYfwR9bHD/YKky0=</latexit>

Bn

<latexit sha1_base64="1LQUSfKos80CsQpIa4muAZoKRwg=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgar4KokUtSdRTcuK5i20IYymU7aoZNJmJkIIfQZ3Liwilvfwddw59s4abvQ1gMDH+fcy9x7/ZgzpW372yqsrK6tbxQ3S1vbO7t75f2DpooSSahLIh7Jto8V5UxQVzPNaTuWFIc+py1/dJvnrUcqFYvEg05j6oV4IFjACNbGcm96mTPulSt21Z4KLYMzh8r15yTXa6NX/ur2I5KEVGjCsVIdx461l2GpGeF0XOomisaYjPCAdgwKHFLlZdNhx+jUOH0URNI8odHU/d2R4VCpNPRNZYj1UC1muflf1kl0cOVlTMSJpoLMPgoSjnSE8s1Rn0lKNE8NYCKZmRWRIZaYaHOfkjmCs7jyMjTPq85FtXZfq9RPYKYiHMExnIEDl1CHO2iACwQYPMELTCxhPVtv1vustGDNew7hj6yPH5lZkvA=</latexit>

B1
<latexit sha1_base64="5U3KWRAzhRt9BinYl1wLRue2lRQ=">AAAB7HicbZDNTsJAFIVv8Q/xD3XpZiKauCItIehOohuXmFgggYZMhylMmE6bmakJaXgGNy5E49Z38DXc+TZOgYWCJ5nkyzn3Zu69fsyZ0rb9beXW1jc2t/LbhZ3dvf2D4uFRU0WJJNQlEY9k28eKciaoq5nmtB1LikOf05Y/us3y1iOVikXiQY9j6oV4IFjACNbGcm96aWXSK5bssj0TWgVnAaXrz2mm10av+NXtRyQJqdCEY6U6jh1rL8VSM8LppNBNFI0xGeEB7RgUOKTKS2fDTtC5cfooiKR5QqOZ+7sjxaFS49A3lSHWQ7WcZeZ/WSfRwZWXMhEnmgoy/yhIONIRyjZHfSYp0XxsABPJzKyIDLHERJv7FMwRnOWVV6FZKTu1cvW+WqqfwVx5OIFTuAAHLqEOd9AAFwgweIIXmFrCerberPd5ac5a9BzDH1kfP5rekvE=</latexit>
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<latexit sha1_base64="9lp6hpQASBtXrzLcREIo9SXJYug=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgar4KokUtSdBRFcVjBtoY1lMp20YyeTMDMRSugzuHFhFbe+g6/hzrdx0nahrQcGPs65l7n3+jFnStv2t5VbWl5ZXcuvFzY2t7Z3irt7dRUlklCXRDySTR8rypmgrmaa02YsKQ59Thv+4CrLG49UKhaJOz2MqRfinmABI1gby72+f+g4nWLJLtsToUVwZlC6/Bxneq11il/tbkSSkApNOFaq5dix9lIsNSOcjgrtRNEYkwHu0ZZBgUOqvHQy7AgdG6eLgkiaJzSauL87UhwqNQx9Uxli3VfzWWb+l7USHVx4KRNxoqkg04+ChCMdoWxz1GWSEs2HBjCRzMyKSB9LTLS5T8EcwZlfeRHqp2XnrFy5rZSqRzBVHg7gEE7AgXOowg3UwAUCDJ7gBcaWsJ6tN+t9WpqzZj378EfWxw9VOpLD</latexit>

Ej
1

<latexit sha1_base64="psl0DkaMr0SYuQLN5SmxIwcyPcE=">AAAB8HicbZDLSgMxFIbPeK31VnXpJlgFN5YZLerOggguK9iLtGPJpJk2NpMZkoxQhj6FGxVF3PoGvoY738ZM24W2/hD4+P9zyDnHizhT2ra/rZnZufmFxcxSdnlldW09t7FZVWEsCa2QkIey7mFFORO0opnmtB5JigOP05rXO0/z2j2VioXiWvcj6ga4I5jPCNbGurm4vWsl4uBo0Mrl7YI9FJoGZwz5s8+nVM/lVu6r2Q5JHFChCcdKNRw70m6CpWaE00G2GSsaYdLDHdowKHBAlZsMBx6gPeO0kR9K84RGQ/d3R4IDpfqBZyoDrLtqMkvN/7JGrP1TN2EiijUVZPSRH3OkQ5Ruj9pMUqJ53wAmkplZEeliiYk2N8qaIziTK09D9bDgHBeKV8V8aRdGysA27MA+OHACJbiEMlSAQAAP8AKvlrQerTfrfVQ6Y417tuCPrI8fWGqUgA==</latexit>

Ej
n�3

Figure 2. Triangles in the database Dn.

• for every 1 ≤ l < n− 3: vjl = (ejl e
j
l+1al+2) and ujl+1 = (ejl+1 al+2e

j
l ).

As shown in Figure 2, it can be verified that for every 1 ≤ j ≤ n − 1 we have the

triangles {bj1, bj2, uj1} and {bjn−1, b
j
n, v

j
n−3} and for every 1 ≤ l < n − 3 we have a triangle

{vjl , u
j
l+1, b

j
l+2}. Thus we get the solution graph described in Figure 1. Notice that Dn is

defined in such a way that every fact of Dn is part of a triangle.

Proposition 5.3. For every n ≥ 4, Dn |= certain(q4).

Proof. Fix some n ≥ 4 and consider the database Dn. Let B1, . . . Bn be the blocks of Dn.
Now for every 1 ≤ j ≤ n − 1 if a repair r contains two indices i, i′ such that i 6= i′ and

bji , b
j
i′ ∈ r then it is easy to verify that r |= q (cf. Figure 1).

Now since each Bi contains exactly n−1 facts of the form b1i , . . . , b
n−1
i , by the pigeonhole

principle, every repair r must contain two i, i′ such that i 6= i′ and bji , b
j
i′ ∈ r. Hence, every

repair r of Dn verifies r |= q.

It remains to prove the following:

Proposition 5.4. Let k ≥ 2. Dk+2 6∈ Cert+k(q4).

For showing this, we first need to set up some definitions and prove some useful properties.
When Dn is clear from the context, we denote B =̂ {B1, . . . Bn} and, for every 1 ≤ j ≤ n−1,

we denote Ej =̂ {Ejl | 1 ≤ l ≤ n− 3} where the Bi’s and Ejl ’s are the blocks of Dn defined
above.

If X = {X1, . . . , Xk} is a set of blocks of Dn, a set of facts W = {w1, . . . wk} is called a

partial repair of X if wi ∈ Xi for every 1 ≤ i ≤ k. We denote by W [Ej ] to be the set of facts

from W in the blocks X∩Ej (for 1 ≤ j ≤ n− 1), and W [B] to be the set of facts from W in
the blocks X ∩ B.

Recall that for every 3 ≤ l ≤ n− 2 and every 1 ≤ j ≤ n− 1 we have bjl ∈ Bl and the

triangle {bjl , u
j
l−1, v

j
l−2}. For each such j and l we define U(j, l) =̂ {ujk | 1 ≤ k ≤ l − 2} and

V (j, l) =̂ {vjk | l − 1 ≤ k ≤ n− 3}, which are depicted in Figure 3.

Intuitively, U(j, l) and V (j, l) represent the facts that need to be picked in blocks of Ej
if one wants to construct a repair of Dn containing bjl and having no query solutions. In

fact note that U(j, l) ∪ V (j, l) picks exactly one fact for every block in Ej . But ujl−1, v
j
l−2 6∈

U(j, l)∪V (j, l). Consequently, there are no solutions in the set of facts U(j, l)∪V (j, l)∪{bjl }
(Figure 3).

In the same spirit, recall that for every 1 ≤ j ≤ n − 1, Dn contains the triangle

{bj1, bj2, uj1}, so if a repair contains either bj1 or bj2 and contains no solution to q4, this repair
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<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>. . .

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>. . .

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>. . .
<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>. . .

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>. . .

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>. . .

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="4SxW2zXAv7j1Q8+c2kiO1rgVmNI=">AAAB6HicbZDLSgNBEEVrfMb4irp00xgUV2FGgroz4MZlAuYByRB6OjVJm54H3T1CGPIFblwoEpf+hb/hzr+xJ8lCEy80HO6toqvKiwVX2ra/rZXVtfWNzdxWfntnd2+/cHDYUFEiGdZZJCLZ8qhCwUOsa64FtmKJNPAENr3hbZY3H1EqHoX3ehSjG9B+yH3OqDZWTXQLRbtkT0WWwZlD8eZzkum92i18dXoRSwIMNRNUqbZjx9pNqdScCRznO4nCmLIh7WPbYEgDVG46HXRMTo3TI34kzQs1mbq/O1IaKDUKPFMZUD1Qi1lm/pe1E+1fuykP40RjyGYf+YkgOiLZ1qTHJTItRgYok9zMStiASsq0uU3eHMFZXHkZGhcl57JUrpWLlTOYKQfHcALn4MAVVOAOqlAHBghP8AKv1oP1bL1Zk1npijXvOYI/sj5+APBmkWw=</latexit>

l

<latexit sha1_base64="tfMdsLUz3YCAmaLQjKGCfyUJ9fQ=">AAAB6HicbZDLTsJAFIZP8YZ4Q126aSQaV6Q1RN1J4sYlJHJJoCHT4QAD02kzMzUhDU/gxoXG4NK38DXc+TZOgYWCfzLJl/8/J3PO8SPOlHacbyuztr6xuZXdzu3s7u0f5A+P6iqMJcUaDXkomz5RyJnAmmaaYzOSSAKfY8Mf3aV54xGlYqF40OMIvYD0BesxSrSxqsNOvuAUnZnsVXAXULj9nKZ6r3TyX+1uSOMAhaacKNVynUh7CZGaUY6TXDtWGBE6In1sGRQkQOUls0En9plxunYvlOYJbc/c3x0JCZQaB76pDIgeqOUsNf/LWrHu3XgJE1GsUdD5R72Y2zq0063tLpNINR8bIFQyM6tNB0QSqs1tcuYI7vLKq1C/LLpXxVK1VCifw1xZOIFTuAAXrqEM91CBGlBAeIIXeLWG1rP1Zk3npRlr0XMMf2R9/ADtXpFq</latexit>

j

<latexit sha1_base64="su74s7rEhckeVYFnGJFEuzWSiMY=">AAACLXiclVDLSsNAFJ34rPUVdelmsCgVpCRS1J0FXbisYNpCG8tkOm3HTjJhZiKUEP9DP8GNa/9CBBcVcetvOGm70NaNBy4czrmXe+/xQkalsqyBMTM7N7+wmFnKLq+srq2bG5sVySOBiYM546LmIUkYDYijqGKkFgqCfI+Rqtc7S/3qLRGS8uBK9UPi+qgT0DbFSGmpaZ43uLY9gTCJ7/6H5Dp28jcHbD9pmjmrYA0Bp4k9JrnT5/sUD+Wm+dpocRz5JFCYISnrthUqN0ZCUcxIkm1EkoQI91CH1DUNkE+kGw+/TeCuVlqwzYWuQMGh+nMiRr6Ufd/TnT5SXTnppeJfXj1S7RM3pkEYKRLg0aJ2xKDiMI0OtqggWLG+JggLqm+FuIt0dEoHnNUh2JMvT5PKYcE+KhQvi7nSHhghA7bBDsgDGxyDErgAZeAADB7BCxiAd+PJeDM+jM9R64wxntkCv2B8fQPuRLL8</latexit>

U(j,l)z }| {
<latexit sha1_base64="7oDR04sWAvFhGfMPhBriNbCWTWQ=">AAACO3icpVDLSsNAFJ34rPUVdelmsCgVpCRS1J0FNy6r2Ae0sUymk3bsZBJmJkIJ8T/0S3ThT7hz48aFIm7dO2m70NadBy4czrmXe+9xQ0alsqxnY2p6ZnZuPrOQXVxaXlk119arMogEJhUcsEDUXSQJo5xUFFWM1ENBkO8yUnN7J6lfuyZC0oBfqH5IHB91OPUoRkpLLfO8GWjbFQiT+OY/SC7jav5qj+0mLTNnFawB4CSxRyR3/HCb4q7cMp+a7QBHPuEKMyRlw7ZC5cRIKIoZSbLNSJIQ4R7qkIamHPlEOvHg9wRua6UNvUDo4goO1J8TMfKl7Puu7vSR6spxLxX/8hqR8o6cmPIwUoTj4SIvYlAFMA0StqkgWLG+JggLqm+FuIt0kErHndUh2OMvT5LqfsE+KBTPirnSDhgiAzbBFsgDGxyCEjgFZVABGNyDF/AG3o1H49X4MD6HrVPGaGYD/ILx9Q1l4bpt</latexit>

V (j,l)z }| {

Figure 3. Depiction of U(j, l) as green solid discs, and V (j, l) as blue solid discs.

must pick no uji fact in the blocks of Ej . Thus, we define U(j, 1) = U(j, 2) = ∅ and

V (j, 1) = V (j, 2) = {vjk | 1 ≤ k ≤ n− 3}, so that there are no solutions in the set of facts

U(j, l) ∪ V (j, l) ∪ {bjl }, for l ∈ {1, 2}.
Dually, {bjn−1, b

j
n, v

j
n−3} forms a triangle, so define U(j, n) = U(j, n − 1) = {ujk | 1 ≤

k ≤ n− 3} and V (j, n) = V (j, n− 1) = ∅. Again there are no solutions in the set of facts

U(j, l) ∪ V (j, l) ∪ {bjl }, for l ∈ {n− 1, n}.
Overall, for every 1 ≤ l ≤ n and every 1 ≤ j ≤ n− 1 we have:

U(j, l) ∪ V (j, l) ∪ {bjl } forms a partial repair over the blocks {Bj} ∪ Ej , and

U(j, l) ∪ V (j, l) ∪ {bjl } contains no solution.

A set of facts W of size k is called a k-obstruction set if W is a partial repair of some

X = {X1, . . . Xk} and if X∩B = {Bi1 , Bi2 . . . Bil} for some l ≤ k with W [B] = {bj1i1 , b
j2
i2
. . . bjlil},

then the following conditions hold:

(1) j1, j2, . . . jl are pairwise distinct.
(Informally: elements of W in B are in different ‘rows’ in Figure 1.)

(2) For every 1 ≤ m ≤ l we have W [Ejm ] ⊆ U(jm, im) ∪ V (jm, im).
(Informally: if W contains an element at row jm connected to the block Bim then it
must be painted green or blue in Figure 3, under the renaming j 7→ jm and l 7→ im.)

(3) For every 1 ≤ j ≤ n− 1 there exists 1 ≤ l ≤ n such that W [Ej ] ⊆ U(j, l) ∪ V (j, l).
(Informally: all the elements of W at a row j must be painted green or blue in Figure 3,
for some choice of indices.)

Lemma 5.5. If b is a fact in Dk+2 then there always exists a k-obstruction set that contains b.

Proof. Let B be the block such that b ∈ B. Now if B is of the form Bi then let b = bji and

we can choose the k − 1 other blocks of the form Bi′ and pick bji from Bi and pick bj
′

i′ from
each chosen Bi′ such that Item 1 is satisfied which forms a k-obstruction set (this is always
possible since each Bl has k + 1 facts).

Suppose B is of the form Eji then if b = uji then we can pick V (j, l−1)∪U(j, l−1)∪{bjl−1}
that forms an obstruction set for {Bj} ∪ Ej . If b = vji then we can pick V (j, l + 1) ∪ U(j, l +

1) ∪ {bjl+1} that again forms an obstruction set for {Bj} ∪ Ej .

Lemma 5.6. If W is a k-obstruction set, then there are no solutions to the query q4 within
W .
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Proof. Let W be a partial repair of X = {X1, . . . Xk}. By Condition (3), for every 1 ≤ j ≤
n− 1 there are no solutions within W [Ej ]. By construction, it is also not possible to have

solutions involving one fact from W [Ej ] and another from W [Ej′ ] for j 6= j′ (cf. Figure 1).

So if a solution exists, it has to involve some fact of the form bjl ∈W [B]. By construction

of Dn this solution must involve either ujl−1 or vjl−2. But by Condition (2) none of them are
in W .

We are now in shape to prove Proposition 5.4, which is a consequence of the following
two claims.

Claim 5.7. For every set of k blocks X = {X1, . . . Xk} of Dk+2, there exists a partial repair
W of X such that W is a k-obstruction set.

Claim 5.8. For every set of facts W , if W is a k-obstruction set, then W 6∈ ∆+
k (q4, Dk+2).

Proof of Proposition 5.4. Assuming that the two claims are true, they together imply that
for every set of blocks {X1, . . . , Xk} of Dk+2 there exists a partial repair W for {X1, . . . , Xk}
such that W 6∈ ∆+

k(q4, Dk+2).

Suppose ∅ ∈ ∆+
k(q4, Dk+2) was obtained by using the first derivation rule. Then, there

is some block B such that for every fact a ∈ B we have {a} ∈ ∆+
k(q4, Dk+2). Let X be an

arbitrary set of blocks of size k such that B ∈ X (such X can always be picked since Dk+2

has sufficiently many blocks). By Claim 5.7 there exists a k-obstruction set W which is a
partial repair of X and by Claim 5.8 W 6∈ ∆+

k (q4, Dk+2). This is a contradiction for the fact

a ∈ B ∩W . Thus, Dk+2 6|= Cert+k(q4).

If, on the other hand, ∅ ∈ ∆+
k (q4, Dk+2) was obtained by using the second derivation rule,

then there is a fact a such that for every a′ ∈ A = {b ∈ Dk+2 : Dk+2 |= q(ab)∨ q(ba)∨a = b}
we have {a′} ∈ ∆+

k(q4, Dk+2). But from Lemma 5.5 there is a k-obstruction set W such

that a ∈W . Moreover, from the two rules to compute ∆+
k(q4, Dk+2), it follows that if S ∈

∆+
k (q4, Dk+2) and S ⊆ S′ where |S′| ≤ k then S′ ∈ ∆+

k (q4, Dk+2). Hence, W ∈ ∆+
k (q4, Dk+2)

which contradicts Claim 5.8.

Hence, we are only left with the proofs of Claims 5.7 and 5.8.

Proof of Claim 5.7. Recall that Dk+2 has k+ 2 blocks of the form Bi and each Bi has k+ 1

facts. Further, for every 1 ≤ j ≤ k + 1 we have the sets of blocks of the from Ej1 . . . E
j
k−1.

First let X ∩ B = {Bi1 , . . . Bim} for some m ≤ k and i1, i2 . . . im ≤ k + 2. We let W to
contain {b1i1 , b2i2 , . . . bmim}. Moreover for every 1 ≤ j ≤ m we add to W the partial repair
induced by U(j, ij) ∪ V (j, ij). Formally, we add (U(j, ij) ∪ V (j, ij)) ∩

⋃
X to W (i.e., all

facts of U(j, ij) ∪ V (j, ij) that are in a block of X). This ensures that conditions (1) and (2)
are satisfied.

Now for all m < j ≤ k + 1 we add to W the partial repair induced by V (j, 1) (i.e.,
V (j, 1) ∩⋃X). Hence, condition (3) is also satisfied and W is a k-obstruction set.

Proof of Claim 5.8. Let ∆+
k (q4, Dk+2, i) be the set computed by the algorithm of Cert+k (q4)

at step i of the fixpoint computation.
Suppose the claim is false, and let n be the least index such that W ∈ ∆+

k(q4, Dk+2, n)
for some k-obstruction set W over the blocks X = {X1, . . . , Xk}.

Note that n = 0 is not possible since W does not contain any solution (cf. Lemma 5.6);
hence n > 0. By definition of ∆+

k (q4, Dk+2, n), this implies that there exists a set of facts A
such that either
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<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...
<latexit sha1_base64="DrBigyEyJ5O5+eAoSwoyHbuAI6A=">AAAB7XicbZDLSgMxFIYz9VbrrerSTbAKrsqMFHVnwY3LCvYC7VAymUwbm0mG5IxQhr6DGxct4tZn8DXc+Taml4W2/hD4+P9zyDknSAQ34LrfTm5tfWNzK79d2Nnd2z8oHh41jEo1ZXWqhNKtgBgmuGR14CBYK9GMxIFgzWBwN82bz0wbruQjDBPmx6QnecQpAWs1OiJUYLrFklt2Z8Kr4C2gdPs5nmpS6xa/OqGiacwkUEGMaXtuAn5GNHAq2KjQSQ1LCB2QHmtblCRmxs9m047wuXVCHCltnwQ8c393ZCQ2ZhgHtjIm0DfL2dT8L2unEN34GZdJCkzS+UdRKjAoPF0dh1wzCmJogVDN7ayY9okmFOyBCvYI3vLKq9C4LHtX5cpDpVQ9Q3Pl0Qk6RRfIQ9eoiu5RDdURRU/oBY3RxFHOq/PmvM9Lc86i5xj9kfPxA9fik7I=</latexit>

...

<latexit sha1_base64="gp4XbjsJSjrMvCmZAxVRazHNGG0=">AAAB8HicdVDLSgNBEJz1GeMr6tHLYBT0sszGjSYnA148RjAPSUKYnUySIbMPZnrFsOQrvKgo4tU/8De8+TdOEgUVLWgoqrrp6vYiKTQQ8m7NzM7NLyymltLLK6tr65mNzaoOY8V4hYUyVHWPai5FwCsgQPJ6pDj1Pclr3uB07NeuuNIiDC5gGPGWT3uB6ApGwUiXTeDXkNCDUTuTJXaxSFy3gImdJ7mcmzeEHOYKBQc7Npkge/J6N8Z9uZ15a3ZCFvs8ACap1g2HRNBKqALBJB+lm7HmEWUD2uMNQwPqc91KJoFHeM8oHdwNlakA8ET9PpFQX+uh75lOn0Jf//bG4l9eI4ZuoZWIIIqBB2y6qBtLDCEeX487QnEGcmgIZUqYrJj1qaIMzI/S5glfl+L/STVnO0e2e+5mS7toihTaRjtoHznoGJXQGSqjCmLIRzfoAT1ayrq1nqznaeuM9TmzhX7AevkAcVGVOw==</latexit>

a)

<latexit sha1_base64="1nwriNcJjQoXfTtgB/Dq5+8ShwM=">AAAB8HicdVDLSgNBEJz1GeMr6tHLYBT0sszGjSYnA148RjAPSUKYnUySIbMPZnrFsOQrvKgo4tU/8De8+TdOEgUVLWgoqrrp6vYiKTQQ8m7NzM7NLyymltLLK6tr65mNzaoOY8V4hYUyVHWPai5FwCsgQPJ6pDj1Pclr3uB07NeuuNIiDC5gGPGWT3uB6ApGwUiXTeDXkHgHo3YmS+xikbhuARM7T3I5N28IOcwVCg52bDJB9uT1boz7cjvz1uyELPZ5AExSrRsOiaCVUAWCST5KN2PNI8oGtMcbhgbU57qVTAKP8J5ROrgbKlMB4In6fSKhvtZD3zOdPoW+/u2Nxb+8RgzdQisRQRQDD9h0UTeWGEI8vh53hOIM5NAQypQwWTHrU0UZmB+lzRO+LsX/k2rOdo5s99zNlnbRFCm0jXbQPnLQMSqhM1RGFcSQj27QA3q0lHVrPVnP09YZ63NmC/2A9fIBcteVPA==</latexit>

b)

<latexit sha1_base64="/mtam1q4Tj6PPe9tksqNhBz9Vto=">AAAB8HicdVDLSgNBEJz1GeMr6tHLYBT0sszGjSYnA148RjAPSUKYnUySIbMPZnrFsOQrvKgo4tU/8De8+TdOEgUVLWgoqrrp6vYiKTQQ8m7NzM7NLyymltLLK6tr65mNzaoOY8V4hYUyVHWPai5FwCsgQPJ6pDj1Pclr3uB07NeuuNIiDC5gGPGWT3uB6ApGwUiXTeDXkLCDUTuTJXaxSFy3gImdJ7mcmzeEHOYKBQc7Npkge/J6N8Z9uZ15a3ZCFvs8ACap1g2HRNBKqALBJB+lm7HmEWUD2uMNQwPqc91KJoFHeM8oHdwNlakA8ET9PpFQX+uh75lOn0Jf//bG4l9eI4ZuoZWIIIqBB2y6qBtLDCEeX487QnEGcmgIZUqYrJj1qaIMzI/S5glfl+L/STVnO0e2e+5mS7toihTaRjtoHznoGJXQGSqjCmLIRzfoAT1ayrq1nqznaeuM9TmzhX7AevkAdF2VPQ==</latexit>

c)

<latexit sha1_base64="LKCnSwM+Lc2RsLo+bn52itWlIFI=">AAACB3icbVDLSgNBEJz1GeNr1aMgg4ngKexKUPFiwIvHCOYBSQizk9lkyOzOMtMrhiU3L36CfoIXD4ro0V/w5t84m+SgiQUNRVU33V1eJLgGx/m25uYXFpeWMyvZ1bX1jU17a7uqZawoq1AppKp7RDPBQ1YBDoLVI8VI4AlW8/oXqV+7YUpzGV7DIGKtgHRD7nNKwEhte68J7BaSM+wJSfsaSx/nmwGBnufhen7YtnNOwRkBzxJ3QnLnHw8pHstt+6vZkTQOWAhUEK0brhNBKyEKOBVsmG3GmkWE9kmXNQwNScB0Kxn9McQHRulgXypTIeCR+nsiIYHWg8AznemJetpLxf+8Rgz+aSvhYRQDC+l4kR8LDBKnoeAOV4yCGBhCqOLmVkx7RBEKJrqsCcGdfnmWVI8K7nGheFXMlfJojAzaRfvoELnoBJXQJSqjCqLoDj2hF/Rq3VvP1pv1Pm6dsyYzO+gPrM8fmb2c4Q==</latexit>

: blocks of X
<latexit sha1_base64="EbpLcvcInPOKP7d/7TyjLb0Y/Q0=">AAACAXicbVA9SwNBEN3z2/gVtRFsFhPBKtyJqNgYsLGMYEwgCWFvMxcX9/aO3TkxHLHxV2htY6GInfgv7Pw37iUWmvhg4PHezO7M82MpDLrulzMxOTU9Mzs3n1tYXFpeya+uXZgo0RyqPJKRrvvMgBQKqihQQj3WwEJfQs2/Osn82jVoIyJ1jr0YWiHrKhEIztBK7fxGE+EG0yMKEkJQaGgU0GKt2G/nC27JHYCOE++HFI7f7zM8VNr5z2Yn4kn2CJfMmIbnxthKmUbBJfRzzcRAzPgV60LDUsVCMK10cEGfblulQ4NI21JIB+rviZSFxvRC33aGDC/NqJeJ/3mNBIPDVipUnCAoPvwoSCTFiGZx0I7QwFH2LGFcC7sr5ZdMM442tJwNwRs9eZxc7Ja8/dLe2V6hXCRDzJFNskV2iEcOSJmckgqpEk5uySN5Ji/OnfPkvDpvw9YJ52dmnfyB8/ENaQOamQ==</latexit>

: elements of W
<latexit sha1_base64="GpXaLVQDLzN0DW07E7uR2PZLy18=">AAAB+nicbVBNS0JBFJ3Xp9nXs5ZthjQwCHkvpKJNQpuWBj0VVGTeOOrkvA9m7qvk5Q8paNOiiLZt+hvt+jfNUxelHbhwOOde7r3HDQVXYFnfxtz8wuLScmolvbq2vrFpZrYqKogkZQ4NRCBrLlFMcJ85wEGwWigZ8VzBqm7/PPGrN0wqHvhXMAhZ0yNdn3c4JaCllplpALuD+BTnnPz1gdjPDVtm1ipYI+BZYk9I9uzzIcFjuWV+NdoBjTzmAxVEqbpthdCMiQROBRumG5FiIaF90mV1TX3iMdWMR6cP8Z5W2rgTSF0+4JH6eyImnlIDz9WdHoGemvYS8T+vHkHnpBlzP4yA+XS8qBMJDAFOcsBtLhkFMdCEUMn1rZj2iCQUdFppHYI9/fIsqRwW7KNC8bKYLeXQGCm0g3ZRHtnoGJXQBSojB1F0i57QC3o17o1n4814H7fOGZOZbfQHxscPbRaXMg==</latexit>

: U(j, l)
<latexit sha1_base64="xviGaUfcUguRgarjIlkM+Sas/NQ=">AAAB+nicbVDLSgNBEJz1GeNro0cvg4kQQcKuBBUvBrx4jGAekCxhdjJJxsw+mOlVw5oPUfDiQRGvXvwNb/6Ns0kOmljQUFR1093lhoIrsKxvY25+YXFpObWSXl1b39g0M1tVFUSSsgoNRCDrLlFMcJ9VgINg9VAy4rmC1dz+eeLXbphUPPCvYBAyxyNdn3c4JaCllplpAruD+BTnqvnrA7GfG7bMrFWwRsCzxJ6Q7NnnQ4LHcsv8arYDGnnMByqIUg3bCsGJiQROBRumm5FiIaF90mUNTX3iMeXEo9OHeE8rbdwJpC4f8Ej9PRETT6mB5+pOj0BPTXuJ+J/XiKBz4sTcDyNgPh0v6kQCQ4CTHHCbS0ZBDDQhVHJ9K6Y9IgkFnVZah2BPvzxLqocF+6hQvCxmSzk0RgrtoF2URzY6RiV0gcqogii6RU/oBb0a98az8Wa8j1vnjMnMNvoD4+MHbqGXMw==</latexit>

: V (j, l)
<latexit sha1_base64="ah0IcQ7D/VVITzngDwj932CS2FQ=">AAAB+3icbVC7SgNBFJ31GeNrjaXNYCJYhV0JKjZGbCwjmAckS5idzCZDZh/M3JWEZT9ECxsLRWwt/A07/8bZJIUmHrhwOOde7r3HjQRXYFnfxtLyyuraem4jv7m1vbNr7hUaKowlZXUailC2XKKY4AGrAwfBWpFkxHcFa7rD68xv3jOpeBjcwThijk/6Afc4JaClrlnoABtBcoFdEdIhLl2V0q5ZtMrWBHiR2DNSvPx8yPBY65pfnV5IY58FQAVRqm1bETgJkcCpYGm+EysWETokfdbWNCA+U04yuT3FR1rpYS+UugLAE/X3REJ8pca+qzt9AgM172Xif147Bu/cSXgQxcACOl3kxQJDiLMgcI9LRkGMNSFUcn0rpgMiCQUdV16HYM+/vEgaJ2X7tFy5rRSrJTRFDh2gQ3SMbHSGqugG1VAdUTRCT+gFvRqp8Wy8Ge/T1iVjNrOP/sD4+AHFRZgA</latexit>

: block A

Figure 4. Database Dk+2 in the proof of Claim 5.8, with k-obstruction set
W over blocks X. Dotted-line boxes depict the block A in cases a) b) and c)
of the proof.

• (first derivation rule) A is a block in Dk+2, or
• (second derivation rule) for some fact a we have D 6|= q(aa) and A = {a} ∪ {b | D |=
q(ab) ∪ a(ba)},

and for all a′ ∈ A there is a subset W ′ ⊆ W ∪ {a′} of size at most k such that W ′ ∈
∆+
k(q4, Dk+2, n− 1) and further W ′ is not a k-obstruction set, nor a subset thereof.

Let X ∩ B = {Bi1 , . . . Bim} for some m ≤ k and W [B] = {bj1i1 , b
j2
i2
, . . . bjmim}. So there

exists k + 1−m many distinct indices j that are not in {j1, . . . , jm}. Let jm+1, . . . , jk, jk+1

be those indices. Since X is of size k, among those indices there can be at most k − m
many indices s such that X ∩ Es 6= ∅. Thus, there exists at least one index s such that
s 6∈ {j1, . . . jm} and X ∩ Es = ∅.

Now we consider various candidates for A and show that each case leads to a contradic-
tion.

• If A = Bl for some 1 ≤ l ≤ k + 2 then consider bsl ∈ Bl. Observe that every k-set of size k
over W ∪ {bsl } forms a k-obstruction set since condition (2) holds vacuously for s. Hence,

there must exist a k-obstruction set inside ∆+
k(q4, Dk+2, n− 1), which is in contradiction

with the minimality of n.
• If, otherwise, A = Eλl for some 1 ≤ λ ≤ k + 1 and 1 ≤ l ≤ k − 1, there are three cases to

consider depending on where A lies in relation to X (see Figure 4):
a) If λ ∈ {j1, . . . jm}, say λ = jt, then by condition (2) W [Eλ] ⊆ U(jt, it)∪V (jt, it). Let w

be the fact in Eλl picked by U(jt, it)∪V (jt, it). Then every k-sized subset of W ∪{w} is
a k-obstruction set (all conditions follow since W is already a k-obstruction set). This
is in contradiction with the minimality of n.

b) If λ 6∈ {j1, . . . jm} but X ∩ Er 6= ∅ then by condition (3), W [Eλ] ⊆ U(λ, λ′) ∪ V (λ, λ′)
for some 1 ≤ λ′ ≤ k + 2. Let w be the fact in Eλl picked by U(λ, λ′) ∪ V (λ, λ′). Then,
again every k-size subset of W ∪ {w} is a k-obstruction set (all conditions follow since
W is already a k-obstruction set). This is a contradiction.
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c) Otherwise, λ 6∈ {j1, . . . jm} and X∩Eλ = ∅. In this case, pick vλl ∈ Eλl for some arbitrary

l. We have {vλl } ⊆ U(λ, 1) ∪ V (λ, 1). Hence, it can be verified that every k-sized subset

of W ∪ {vλl } is a k-obstruction set, which again is a contradiction.
• Otherwise A = {b ∈ D : D |= q(ab) ∨ q(ba) ∨ a = b} for some fact a ∈ Dk+2 which implies

that A is of the form {bλl , uλl−1, v
λ
l−2} or {bλ1 , bλ2 , uλ1} or {bλn−1, b

λ
n, v

λ
n−3}. We only prove the

case where A = {bλl , uλl−1, v
λ
l−2} and the other two cases are analogous. The argument is

similar to the previous case.
a) If λ ∈ {j1, . . . jm}, say λ = jt, then by condition (2) W [Eλ] ⊆ U(jt, it)∪V (jt, it). Let w

be the fact in A picked by U(jt, it) ∪ V (jt, it). Then every k-sized subset of W ∪ {w} is
a k-obstruction set (all conditions follow since W is already a k-obstruction set). This
is in contradiction with the minimality of n.

b) If λ 6∈ {j1, . . . jm} but X ∩ Er 6= ∅ then by condition (3), W [Eλ] ⊆ U(λ, λ′) ∪ V (λ, λ′)
for some 1 ≤ λ′ ≤ k + 2. Let w be the fact in A picked by U(λ, λ′) ∪ V (λ, λ′). Then,
again every k-size subset of W ∪ {w} is a k-obstruction set (all conditions follow since
W is already a k-obstruction set). This is a contradiction.

c) Otherwise, λ 6∈ {j1, . . . jm} and X ∩ Eλ = ∅. In this case, pick vλl−2 ∈ A. We have

{vλl−2} ⊆ U(λ, 1) ∪ V (λ, 1). Hence, it can be verified that every k-sized subset of

W ∪ {vλl } is a k-obstruction set, which again is a contradiction.

As we have seen, certain(q4) cannot be computed using our fixpoint algorithm. We will
next show that certain(q4) is complete for the Saturating Bipartite Matching problem (or
SBM problem for short). This is the problem of, given bipartite graph (V1 ∪ V2, E), whether
there is an injective function f : V1 → V2 such that (v, f(v)) ∈ E for every v ∈ V1. The SBM
problem3 is known to be in PTime [HK73], hence certain(q4) can be solved in polynomial
time, although its precise complexity class is open.

Theorem 5.9. certain(q4) is complete for the (complement of the) SBM problem under
LogSpace-reductions. In particular certain(q4) is in PTime.

Proof. First we prove that there is a LogSpace-reduction from certain(q4) to the (comple-
ment of the) SBM problem. Fix an input database D. We reduce certain(q4, D) to the SBM
problem.

First we check for self-loops in D. If there is a fact a ∈ D such that D |= q(aa) then we
first check if a is a singleton block. If so, then D |= certain(q4). Otherwise, D |= certain(q4)
iff D \ {a} |= certain(q4), so we can consider a smaller database and repeat the argument.
Moreover this pre-processing can be performed in LogSpace. So assume that there is no
fact a ∈ D such that D |= q4(aa).

Now consider the bipartite graph G = (V1 ∪ V2, E) where V1 is the set of all blocks of D
and V2 is the set of all maximal cliques in the solution graph GD. Note that, by property (4)
(in page 18), V2 forms a partition of D, namely the set of all maximal connected components
of GD. Let (v1, v2) ∈ E if the block v1 contains a fact which is in the clique v2.

Suppose that there is a V1-saturating matching, that is, an injective function f : V1 → V2

such that (v1, f(v1)) ∈ E for every v1 ∈ V1. We construct a repair r where for every block B
of D, we pick the fact (or one of the facts, if there are more than one) which is in f(B). In
this way, no two chosen facts will be in the same clique, and also since there is no solution
of the form q4(aa) in D, no two chosen facts will form a solution to q4. Thus, r 6|= q4.

3In turn, the SBM problem is equivalent to the Bipartite Perfect Matching problem under LogSpace
reductions, which corresponds to the restriction to instances in which |V1| = |V2|.
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Conversely, if q4 is not certain in D, let r be a repair such that r 6|= q4. For each block
B of D let r(B) be the fact of B belonging to r. Note that, since V2 is a partition of D,
each r(B) belongs to a unique clique in V2. Define f : V1 → V2 such that each block B ∈ V1

is mapped to the clique in V2 where r(B) lies. To verify that f is a witness function of a
V1-saturating matching for G, note that for every B ∈ V1 we have (B, f(B)) ∈ E, as B and
f(B) both contain r(B). Moreover, f is injective, otherwise if f maps two distinct blocks to
the same clique, this clique must contain at least two facts a, b from r. These two facts are
neighbors in GD, and then r |= q4(ab) or r |= q4(ba), contradicting the hypothesis r 6|= q4.

Thus, to check if D ∈ certain(q4), it is sufficient to check if there is a V1-saturating
matching for GD.

For the other direction, given a bipartite graph G = (V1 ∪ V2, E), let V1 = {s1, . . . sn}
and V2 = {t1, . . . tm}. We will define a database DG such that there exists a V1-saturating
matching in G iff q4 is not certain in DG.

For all sj ∈ V1 let N(sj) ⊆ V2 denote the neighbours of sj and similarly for all ti ∈ V2

let N(ti) ⊆ V1 denote the neighbours of tj .
First note that if there is some sj ∈ V1 such that N(sj) = ∅, then clearly there cannot

be a V1-saturating matching. Similarly, if there is some ti ∈ V2 such that N(ti) = ∅, then ti
does not contribute to any matching and hence can be removed from the input. Further,
suppose there is some ti ∈ V2 such that |N(ti)| = 1, let sj be the single neighbour of ti. In
this case, in every V1-saturating matching maps sj to ti. So we can remove the vertices
sj and ti from the input graph and conside a smaller instance. Note that all these checks
can be done in LogSpace. Hence we assume that for every u ∈ V1 ∪ V2, N(u) 6= ∅ and
|N(sj)| ≥ 1 for all sj ∈ V1 and |N(ti)| ≥ 2 for all ti ∈ V2.

Now we define the database DG. Note that this construction is very similar to the
construction of Dn that we used to prove Theorem 5.1.

• For every vertex in sj ∈ V1 create a block Bj in DG.
• For every sj ∈ V1 and ti ∈ V2, if ti ∈ N(sj) then there is a fact denoted by bij in the block

Bj . By assumption N(sj) ≥ 1 and hence every block Bj is non-empty.
• For every ti ∈ V2 if |N(ti)| = l then let si1 , . . . sil ∈ V1 be the neighbours of t. By the

above construction, for every j ≤ l, there is a fact of the form biij in Bij that corresponds

to the vertex ti.
Now if l = 2 then define bii1 and bii2 such that they form a solution to q4. Otherwise, if

l = 3 then define bii1 , b
i
i2

and bii3 such that they pair-wise form a solution to q4 (the three
facts form a triangle).

If l ≥ 4 then create l − 3 new blocks denoted by Ei1, . . . E
i
l−3 where each Eij contains

exactly two facts uij and vij . Moreover, in the same way as described in the definition of

Dn earlier (cf. Figures 1 and 2), define the facts appropriately such that {bii1 , bii2 , ui1} and

{biil−1
, biil , v

i
l−3} form triangles and for every 1 ≤ j < l−3 we have a triangle {vij , uij+1, b

i
j+2}.

The reader can verify that this is exactly the construction used to define Dn. Again, this

construction is in LogSpace. For each such j and l define the analogous U(i, l) =̂ {uik | 1 ≤
k ≤ l − 2} and V (i, l) =̂ {vik | l − 1 ≤ k ≤ l − 3}.

Now suppose there is a V1-saturating matching then let us show that q4 is not certain
for DG. Consider the repair r where for each block Bj we pick bij if sj is matched with ti.

Further, pick U(i, l) ∪ V (i, l) which gives a partial repair over Ei1 . . . E
i
l .
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If some ti ∈ V2 is not matched with any vertex in V1 then pick U(i, 1) ∪ V (i, 1) which
gives a partial repair over Ei1 . . . E

i
l . It can be verified that the obtained repair does not

contain any solution.
Conversely, suppose there is a repair r of DG that falsifies q4, and let us show that there

is a V1-saturating matching in G. For any such repair r, note that if bij is picked in block Bj
then for all other blocks Bj′ , the fact bij′ cannot be in r since that would make q4 true. Also

bij ∈ Bj only if there is an edge between sj and ti. Hence, we can define the V1-saturating

matching that maps every sj ∈ V1 to ti ∈ V2, where bij is the fact in r from the block Bj .

5.2. The case of q5.
We now show that certain(q5) cannot be computed by Certk(q5). This is shown by

reduction to the case of q4 based on the following construction:

Proposition 5.10. For every database D over the signature of q4 we can construct a
database D′ over the signature of q5 such that:

(1) if D |= certain(q4) then D′ |= certain(q5);

(2) for every k ≥ 2, if D′ |= Certk(q5) then D |= Cert+k(q4).

Proof. Let D be a database over the signature of q4. Consider the solution graph GD of D.
Recall that by property (4), every connected component in GD is always a clique of size at
most 3. Thus, every fact of D can be part of exactly one maximal clique.

Let B1, B2 . . . Bm be the set of all blocks of D and C1, C2 . . . Cl be the set of cliques in
GD. Let e1, e2 . . . em, f1, f2 . . . fl be fresh and pairwise distinct domain elements. Define D′

as follows:

• For every fact u occurring in a block Bi of D and in the clique Cn add the fact uR1 =
R1(ei fn) to D′. Notice that there could be two distinct facts occurring in the same block
of D and in the same clique. They are then both associated to the same fact of D′.
• For every two facts u, v from a clique Cn such that D |= q4(uv) and u, v are in two distinct

blocks Bi and Bj , create two new facts in D′ as uvS1
= S1(fng ei) and vuS1

= S1(fng ej),
where g is a fresh element depending only on u and v.
• For every fact u from a clique Cn and a block Bi such that D |= q4(uu) add a fact in D′

as uuS1
= S1(fng ei), where g is a fresh element depending only on u.

See Figure 5 for an example.
Notice that for any two facts u, v ∈ D if D |= q4(uv) and u, v are in two distinct

blocks, then uvS1
∼ vuS1

, D′ |= q5(uR1u
v
S1

) ∧ q5(vR1v
u
S1

), and the block containing uvS1
, vuS1

in D′ does not contain any other fact. Moreover if for some fact u ∈ D, D |= q4(uu) then
D′ |= q5(uR1u

u
S1

) and the block containing uuS1
in D′ does not contain any other fact. Finally,

the only solutions in D′ for q5 are of the form q5(uR1u
v
S1

) for some facts u, v ∈ D such that
D |= q4(uv) and u 6∼ v or u = v. Now we prove both claims of the statement.

(1) Suppose D |= certain(q4). To verify that D′ |= certain(q5), pick any repair r′ of D′. By

construction, every R1-fact a of r′ is of the form uR1 for some fact u in D. Recall that there
could be two such facts u. We arbitrarily select one of them that we denote by fR(a), and
we consider the set r = {u | ∃a ∈ r′ u = fR(a)}.

First, we prove that r is a repair of D, that is: (i) it contains no two distinct facts u ∼ v,
and (ii) it contains at least one fact for each block Bi.
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<latexit sha1_base64="gOZiXvpLRpa+71hO0IVb6c1lwys=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGvO0sunFZ0V6gHUomzbShSWZIMkIZ+ghuXCjVrS/ha7jzbcy0XWjrD4GP/z+HnHOCmDNtXPfbWVhcWl5Zza3l1zc2t7YLO7s1HSWK0CqJeKQaAdaUM0mrhhlOG7GiWASc1oP+TZbXH6nSLJIPZhBTX+CuZCEj2Fjr/rrttQtFt+SOhebBm0Lx6nOU6a3SLny1OhFJBJWGcKx103Nj46dYGUY4HeZbiaYxJn3cpU2LEguq/XQ86hAdWqeDwkjZJw0au787Uiy0HojAVgpseno2y8z/smZiwks/ZTJODJVk8lGYcGQilO2NOkxRYvjAAiaK2VkR6WGFibHXydsjeLMrz0PtpOSdl87uTovlI5goB/twAMfgwQWU4RYqUAUCXXiCF3h1uPPsjJz3SemCM+3Zgz9yPn4A1gyR5w==</latexit>

B1

<latexit sha1_base64="M3iDasGUWtlXgfHv8a9C/j14PcQ=">AAAB6nicbZDLTsJAFIZP8YZ4Q126mUg0rkhLvO0kunGJ0QIJNGQ6TGHCdNrMTE1IwyO4caFBt76Er+HOt3EKLBT8k0m+/P85mXOOH3OmtG1/W7ml5ZXVtfx6YWNza3unuLtXV1EiCXVJxCPZ9LGinAnqaqY5bcaS4tDntOEPbrK88UilYpF40MOYeiHuCRYwgrWx7q87lU6xZJftidAiODMoXX2OM73VOsWvdjciSUiFJhwr1XLsWHsplpoRTkeFdqJojMkA92jLoMAhVV46GXWEjozTRUEkzRMaTdzfHSkOlRqGvqkMse6r+Swz/8taiQ4uvZSJONFUkOlHQcKRjlC2N+oySYnmQwOYSGZmRaSPJSbaXKdgjuDMr7wI9UrZOS+f3Z2WqscwVR4O4BBOwIELqMIt1MAFAj14ghd4tbj1bI2t92lpzpr17MMfWR8/15CR6A==</latexit>

B2

<latexit sha1_base64="qLfr/sWpWG53G/wHlWK7/86J2k4=">AAAB6nicbZC7TsMwFIZPyq2UW4GRxaICMVUJ940KFsYi6EVqo8pxndaq40S2g1RFfQQWBlBh5SV4DTbeBiftAC2/ZOnT/58jn3O8iDOlbfvbyi0sLi2v5FcLa+sbm1vF7Z26CmNJaI2EPJRNDyvKmaA1zTSnzUhSHHicNrzBTZo3HqlULBQPehhRN8A9wXxGsDbW/XXnpFMs2WU7E5oHZwqlq89xqrdqp/jV7oYkDqjQhGOlWo4daTfBUjPC6ajQjhWNMBngHm0ZFDigyk2yUUfowDhd5IfSPKFR5v7uSHCg1DDwTGWAdV/NZqn5X9aKtX/pJkxEsaaCTD7yY450iNK9UZdJSjQfGsBEMjMrIn0sMdHmOgVzBGd25XmoH5ed8/LZ3WmpcggT5WEP9uEIHLiACtxCFWpAoAdP8AKvFreerbH1PinNWdOeXfgj6+MH2RSR6Q==</latexit>

B3

<latexit sha1_base64="8+VAL2X/Ixx4VeiEnxEOKgxROqs=">AAAB6nicbZC7TsMwFIZPyq2UW4CRxaICMVUJKpeNChbGIuhFaqPKcZ3WquNEtoNURX0EFgZQYeUleA023gan7QAtv2Tp0/+fI59z/JgzpR3n28otLa+sruXXCxubW9s79u5eXUWJJLRGIh7Jpo8V5UzQmmaa02YsKQ59Thv+4CbLG49UKhaJBz2MqRfinmABI1gb6/66U+7YRafkTIQWwZ1B8epznOmt2rG/2t2IJCEVmnCsVMt1Yu2lWGpGOB0V2omiMSYD3KMtgwKHVHnpZNQROjJOFwWRNE9oNHF/d6Q4VGoY+qYyxLqv5rPM/C9rJTq49FIm4kRTQaYfBQlHOkLZ3qjLJCWaDw1gIpmZFZE+lphoc52COYI7v/Ii1E9L7nnp7K5crBzDVHk4gEM4ARcuoAK3UIUaEOjBE7zAq8WtZ2tsvU9Lc9asZx/+yPr4AdqYkeo=</latexit>

B4

<latexit sha1_base64="CStZO6jlwGK3E1ExSd2JhUfQxlc=">AAAB63icbZDLSgMxFIbPeK31VnXpJlgUV2VGvOHGghuXVewF2qFk0kwbmmSGJCOUoa/gxoVa3PoQvoY738ZM24W2/hD4+P9zyDkniDnTxnW/nYXFpeWV1dxafn1jc2u7sLNb01GiCK2SiEeqEWBNOZO0apjhtBErikXAaT3o32R5/ZEqzSL5YAYx9QXuShYygk1m3be9q3ah6JbcsdA8eFMoXn++ZRpV2oWvViciiaDSEI61bnpubPwUK8MIp8N8K9E0xqSPu7RpUWJBtZ+OZx2iQ+t0UBgp+6RBY/d3R4qF1gMR2EqBTU/PZpn5X9ZMTHjpp0zGiaGSTD4KE45MhLLFUYcpSgwfWMBEMTsrIj2sMDH2PHl7BG925XmonZS889LZ3WmxfAQT5WAfDuAYPLiAMtxCBapAoAdP8AKvjnCenZHzPildcKY9e/BHzscPbC2SOw==</latexit>

R1 :

<latexit sha1_base64="YdgnJY2z6QEwP17dgq8N/nvw/AY=">AAAB63icdZDLSgMxFIYz9VbrrerSTbAorkqmaG3dWHDjsqK9QDuUTJppQ5PMkGSEMvQV3LhQi1sfwtdw59uYaRVU9IfAx/+fQ845fsSZNgi9O5mFxaXllexqbm19Y3Mrv73T1GGsCG2QkIeq7WNNOZO0YZjhtB0pioXPacsfXaR565YqzUJ5Y8YR9QQeSBYwgk1qXffcs16+gIrIqlyGKbgV5FqoViulUhW6swihwvnrU6ppvZd/6/ZDEgsqDeFY646LIuMlWBlGOJ3kurGmESYjPKAdixILqr1kNusEHlinD4NQ2ScNnLnfOxIstB4L31YKbIb6d5aaf2Wd2AQVL2Eyig2VZP5REHNoQpguDvtMUWL42AImitlZIRlihYmx58nZI3xtCv+HZqnolosnV8eF2iGYKwv2wD44Ai44BTVwCeqgAQgYgjvwAB4d4dw7U+d5XppxPnt2wQ85Lx/E+ZJ5</latexit>

S1 :

<latexit sha1_base64="CK9MXp0+B8mmZySG06jvfoUlpdY=">AAAB6nicdZDLSgMxFIbP1Futt6pLN8GiuCozRWu7stCNy4r2Au1QMmmmDc1khiQjlKGP4MaFUt36Er6GO9/GTKugoj8EPv7/HHLO8SLOlLbtdyuztLyyupZdz21sbm3v5Hf3WiqMJaFNEvJQdjysKGeCNjXTnHYiSXHgcdr2xvU0b99SqVgobvQkom6Ah4L5jGBtrOt63+nnC3bRNiqXUQpOxXYMVKuVUqmKnHlk24WL11mqp0Y//9YbhCQOqNCEY6W6jh1pN8FSM8LpNNeLFY0wGeMh7RoUOKDKTeajTtGRcQbID6V5QqO5+70jwYFSk8AzlQHWI/U7S82/sm6s/YqbMBHFmgqy+MiPOdIhSvdGAyYp0XxiABPJzKyIjLDERJvr5MwRvjZF/0OrVHTKxbOr00LtGBbKwgEcwgk4cA41uIQGNIHAEO7gAR4tbt1bM+t5UZqxPnv24Yeslw8u5pIl</latexit>

C1

<latexit sha1_base64="zjjR2U/8nUEhXIREiekjZAzCE+o=">AAAB6nicdZDLSgMxFIbP1Futt6pLN8GiuCqZorVdWejGZUV7gXYomTTThmYuJBmhDH0ENy6U6taX8DXc+TZmWgUV/SHw8f/nkHOOGwmuNMbvVmZpeWV1Lbue29jc2t7J7+61VBhLypo0FKHsuEQxwQPW1FwL1okkI74rWNsd19O8fcuk4mFwoycRc3wyDLjHKdHGuq73S/18ARexUbmMUrAr2DZQrVZKpSqy5xHGhYvXWaqnRj//1huENPZZoKkgSnVtHGknIVJzKtg014sViwgdkyHrGgyIz5STzEedoiPjDJAXSvMCjebu946E+EpNfNdU+kSP1O8sNf/KurH2Kk7CgyjWLKCLj7xYIB2idG804JJRLSYGCJXczIroiEhCtblOzhzha1P0P7RKRbtcPLs6LdSOYaEsHMAhnIAN51CDS2hAEygM4Q4e4NES1r01s54XpRnrs2cffsh6+QAwapIm</latexit>

C2

<latexit sha1_base64="CV0GD827aLlMofbsWKQ4kKPQ7zw=">AAAB6nicdZDNTgIxFIXv4B/iH+rSTSPRuCIzqAgrSdi4xChgAhPSKR1o6HQmbceETHgENy406NaX8DXc+TZ2QBM1epImX865N733ehFnStv2u5VZWFxaXsmu5tbWNza38ts7LRXGktAmCXkobzysKGeCNjXTnN5EkuLA47Ttjepp3r6lUrFQXOtxRN0ADwTzGcHaWFf13nEvX7CLtlG5jFJwKrZjoFqtlEpV5Mwi2y6cv05TPTV6+bduPyRxQIUmHCvVcexIuwmWmhFOJ7lurGiEyQgPaMegwAFVbjIbdYIOjNNHfijNExrN3O8dCQ6UGgeeqQywHqrfWWr+lXVi7VfchIko1lSQ+Ud+zJEOUbo36jNJieZjA5hIZmZFZIglJtpcJ2eO8LUp+h9apaJTLp5enhRqhzBXFvZgH47AgTOowQU0oAkEBnAHD/BocevemlrP89KM9dmzCz9kvXwAMe6SJw==</latexit>

C3 <latexit sha1_base64="LZn8+zb79vNV8+3eSpE97mGD9GQ=">AAAB6nicdZDNTgIxFIXv4B/iH+rSTSPRuCIzBBFWkrBxiVHABCakUzrQ0OlM2o4JmfAIblxo0K0v4Wu4823sgCZq9CRNvpxzb3rv9SLOlLbtdyuztLyyupZdz21sbm3v5Hf32iqMJaEtEvJQ3nhYUc4EbWmmOb2JJMWBx2nHGzfSvHNLpWKhuNaTiLoBHgrmM4K1sa4a/XI/X7CLtlGlglJwqrZjoFarlko15Mwj2y6cv85SPTX7+bfeICRxQIUmHCvVdexIuwmWmhFOp7lerGiEyRgPadegwAFVbjIfdYqOjDNAfijNExrN3e8dCQ6UmgSeqQywHqnfWWr+lXVj7VfdhIko1lSQxUd+zJEOUbo3GjBJieYTA5hIZmZFZIQlJtpcJ2eO8LUp+h/apaJTKZ5elgv1Y1goCwdwCCfgwBnU4QKa0AICQ7iDB3i0uHVvzaznRWnG+uzZhx+yXj4AM3KSKA==</latexit>

C4

<latexit sha1_base64="8ha2Di+S2Rhx4ACf8n6z+Nm2lqc=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgUF1Jmiq+dBTcuK9gHtGXIpHfa0ExmSDJCGQr+hu7cuFDErf6GO//GTNuFVg8EDufcw705fsyZ0o7zZeXm5hcWl/LLhZXVtfUNe3OrrqJEUqjRiEey6RMFnAmoaaY5NGMJJPQ5NPzBZeY3bkEqFokbPYyhE5KeYAGjRBvJs3faieiCzOIpeOVR+wgHnuvZRafkjIH/EndKihcf9xkeqp792e5GNAlBaMqJUi3XiXUnJVIzymFUaCcKYkIHpActQwUJQXXS8fkjvG+ULg4iaZ7QeKz+TKQkVGoY+mYyJLqvZr1M/M9rJTo476RMxIkGQSeLgoRjHeGsC9xlEqjmQ0MIlczcimmfSEK1aaxgSnBnv/yX1Msl97R0cn1crBygCfJoF+2hQ+SiM1RBV6iKaoiiFD2iZ/Ri3VlP1qv1NhnNWdPMNvoF6/0boPuZqA==</latexit>

e2 f1
<latexit sha1_base64="LuYJMz5GlAW3SFGUxk4vmJXIWmU=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgUF1Jmiq+dBTcuK9gHtGXIpHfa0ExmSDJCGQr+hu7cuFDErf6GO//GTNuFVg8EDufcw705fsyZ0o7zZeXm5hcWl/LLhZXVtfUNe3OrrqJEUqjRiEey6RMFnAmoaaY5NGMJJPQ5NPzBZeY3bkEqFokbPYyhE5KeYAGjRBvJs3faieiCzOIpeOVR+wgHXtmzi07JGQP/Je6UFC8+7jM8VD37s92NaBKC0JQTpVquE+tOSqRmlMOo0E4UxIQOSA9ahgoSguqk4/NHeN8oXRxE0jyh8Vj9mUhJqNQw9M1kSHRfzXqZ+J/XSnRw3kmZiBMNgk4WBQnHOsJZF7jLJFDNh4YQKpm5FdM+kYRq01jBlODOfvkvqZdL7mnp5Pq4WDlAE+TRLtpDh8hFZ6iCrlAV1RBFKXpEz+jFurOerFfrbTKas6aZbfQL1vs3on+ZqQ==</latexit>

e2 f2

<latexit sha1_base64="MZPp9MsddJIDjzNtlKnlc2TnuOA=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgUF1JmpD52Fty4rGAf0JYhk95pQzOZIckIZSj4G7pz40IRt/ob7vwbM20XWj0QOJxzD/fm+DFnSjvOl5Wbm19YXMovF1ZW19Y37M2tuooSSaFGIx7Jpk8UcCagppnm0IwlkNDn0PAHl5nfuAWpWCRu9DCGTkh6ggWMEm0kz95pJ6ILMoun4JVH7SMceK5nF52SMwb+S9wpKV583Gd4qHr2Z7sb0SQEoSknSrVcJ9adlEjNKIdRoZ0oiAkdkB60DBUkBNVJx+eP8L5RujiIpHlC47H6M5GSUKlh6JvJkOi+mvUy8T+vlejgvJMyEScaBJ0sChKOdYSzLnCXSaCaDw0hVDJzK6Z9IgnVprGCKcGd/fJfUj8uuaelk+tysXKAJsijXbSHDpGLzlAFXaEqqiGKUvSIntGLdWc9Wa/W22Q0Z00z2+gXrPdvpBGZqg==</latexit>

e4 f1
<latexit sha1_base64="drARB4nfKcqRVy4Z8GFYmHUH4fE=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgUF1JmpD52Fty4rGAf0JYhk95pQzOZIckIZSj4G7pz40IRt/ob7vwbM20XWj0QOJxzD/fm+DFnSjvOl5Wbm19YXMovF1ZW19Y37M2tuooSSaFGIx7Jpk8UcCagppnm0IwlkNDn0PAHl5nfuAWpWCRu9DCGTkh6ggWMEm0kz95pJ6ILMoun4JVH7SMceGXPLjolZwz8l7hTUrz4uM/wUPXsz3Y3okkIQlNOlGq5Tqw7KZGaUQ6jQjtREBM6ID1oGSpICKqTjs8f4X2jdHEQSfOExmP1ZyIloVLD0DeTIdF9Netl4n9eK9HBeSdlIk40CDpZFCQc6whnXeAuk0A1HxpCqGTmVkz7RBKqTWMFU4I7++W/pH5cck9LJ9flYuUATZBHu2gPHSIXnaEKukJVVEMUpegRPaMX6856sl6tt8lozppmttEvWO/fqJ2ZrQ==</latexit>

e4 f4

<latexit sha1_base64="dk9Kc8+pW+i+gDnBGhnuNAjGWTk=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgUF1JmxNfOghuXFewD2jJk0jttaCYzJBmhDAV/Q3duXCjiVn/DnX9jpu1CWw8EDufcw705fsyZ0o7zbeXm5hcWl/LLhZXVtfUNe3OrpqJEUqjSiEey4RMFnAmoaqY5NGIJJPQ51P3+VebX70AqFolbPYihHZKuYAGjRBvJs3daieiAzOIpeO6wdYQDz/XsolNyRsCzxJ2Q4uXnQ4bHimd/tToRTUIQmnKiVNN1Yt1OidSMchgWWomCmNA+6ULTUEFCUO10dP4Q7xulg4NImic0Hqm/EykJlRqEvpkMie6paS8T//OaiQ4u2ikTcaJB0PGiIOFYRzjrAneYBKr5wBBCJTO3YtojklBtGiuYEtzpL8+S2nHJPSud3pwUywdojDzaRXvoELnoHJXRNaqgKqIoRU/oBb1a99az9Wa9j0dz1iSzjf7A+vgBn3CZpw==</latexit>

e1 f1
<latexit sha1_base64="BMukM64/Gphhc0qF1HXJOcRSsnk=">AAAB/nicbVDLSgMxFM3UV62vUXHlJlgUF1JmfO8suHFZwT6gLUMmvdOGZjJDkhHKUPA3dOfGhSJu9Tfc+Tdm2i60eiBwOOce7s3xY86UdpwvKzczOze/kF8sLC2vrK7Z6xs1FSWSQpVGPJINnyjgTEBVM82hEUsgoc+h7vcvM79+C1KxSNzoQQztkHQFCxgl2kievdVKRAdkFk/Bc4etAxx4R55ddErOCPgvcSekePFxn+Gh4tmfrU5EkxCEppwo1XSdWLdTIjWjHIaFVqIgJrRPutA0VJAQVDsdnT/Eu0bp4CCS5gmNR+rPREpCpQahbyZDontq2svE/7xmooPzdspEnGgQdLwoSDjWEc66wB0mgWo+MIRQycytmPaIJFSbxgqmBHf6y39J7bDknpZOro+L5T00Rh5tox20j1x0hsroClVQFVGUokf0jF6sO+vJerXexqM5a5LZRL9gvX8DoniZqQ==</latexit>

e1 f3

<latexit sha1_base64="ZGdfeHXCLgmBYKeAQHzNQ78LJl0=">AAAB6nicdZDNTgIxFIXv4B/iH+rSTSPRuCIzRBBWkrBxiVHABCakUzrQ0OlM2o4JmfAIblxo0K0v4Wu4823sgCZq9CRNvpxzb3rv9SLOlLbtdyuztLyyupZdz21sbm3v5Hf32iqMJaEtEvJQ3nhYUc4EbWmmOb2JJMWBx2nHGzfSvHNLpWKhuNaTiLoBHgrmM4K1sa4a/XI/X7CLtlGlglJwqrZjoFarlko15Mwj2y6cv85SPTX7+bfeICRxQIUmHCvVdexIuwmWmhFOp7lerGiEyRgPadegwAFVbjIfdYqOjDNAfijNExrN3e8dCQ6UmgSeqQywHqnfWWr+lXVj7VfdhIko1lSQxUd+zJEOUbo3GjBJieYTA5hIZmZFZIQlJtpcJ2eO8LUp+h/apaJTKZYvTwv1Y1goCwdwCCfgwBnU4QKa0AICQ7iDB3i0uHVvzaznRWnG+uzZhx+yXj4ANPaSKQ==</latexit>

C5

<latexit sha1_base64="53cLKFs4tt+NS8OdRN3ORWnujoY=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyKCykz1tfOghuXFewD2jJk0jttaCYzJBmhDAV/Q3duXCjiVn/DnX9jpu1CWw8EDufcw705XsSZ0rb9bWXm5hcWl7LLuZXVtfWN/OZWTYWxpFClIQ9lwyMKOBNQ1UxzaEQSSOBxqHv9q9Sv34FULBS3ehBBOyBdwXxGiTaSm99pxaIDMo0n4JaGrSPsuyU3X7CL9gh4ljgTUrj8fEjxWHHzX61OSOMAhKacKNV07Ei3EyI1oxyGuVasICK0T7rQNFSQAFQ7GZ0/xPtG6WA/lOYJjUfq70RCAqUGgWcmA6J7atpLxf+8Zqz9i3bCRBRrEHS8yI851iFOu8AdJoFqPjCEUMnMrZj2iCRUm8ZypgRn+suzpHZcdM6KpzcnhfIBGiOLdtEeOkQOOkdldI0qqIooStATekGv1r31bL1Z7+PRjDXJbKM/sD5+AKWOmas=</latexit>

e3 f3
<latexit sha1_base64="WDq/z8Lv5aoZGIkHZpU0BEzDMMU=">AAAB/nicbVDLSgMxFM3UV62vqrhyEyyKCykzatWdBTcuK9gHtGXIpHfa0ExmSDJCGQr+hu7cuFDErf6GO//GTNuFth4IHM65h3tzvIgzpW3728rMzS8sLmWXcyura+sb+c2tmgpjSaFKQx7KhkcUcCagqpnm0IgkkMDjUPf6V6lfvwOpWChu9SCCdkC6gvmMEm0kN7/TikUHZBpPwD0Zto6w75bcfMEu2iPgWeJMSOHy8yHFY8XNf7U6IY0DEJpyolTTsSPdTojUjHIY5lqxgojQPulC01BBAlDtZHT+EO8bpYP9UJonNB6pvxMJCZQaBJ6ZDIjuqWkvFf/zmrH2L9oJE1GsQdDxIj/mWIc47QJ3mASq+cAQQiUzt2LaI5JQbRrLmRKc6S/Pktpx0Tkrlm5OC+UDNEYW7aI9dIgcdI7K6BpVUBVRlKAn9IJerXvr2Xqz3sejGWuS2UZ/YH38AKiWma0=</latexit>

e3 f5

<latexit sha1_base64="2Wl5gnFz+70HISS74vO6midEhYo=">AAACAXicbVDLSgMxFM3UV62vqhvBTbAoIlJmxNfOghuXFewD2jJk0jttaCYzJBmhDHXjV+jajQtF3Il/4c6/MdN2oa0HAodz7uHmHi/iTGnb/rYyM7Nz8wvZxdzS8srqWn59o6rCWFKo0JCHsu4RBZwJqGimOdQjCSTwONS83mXq125BKhaKG92PoBWQjmA+o0Qbyc1vNWPRBpnGE9918AEeNA8xuI6bL9hFewg8TZwxKVx8PKR4LLv5r2Y7pHEAQlNOlGo4dqRbCZGaUQ6DXDNWEBHaIx1oGCpIAKqVDC8Y4F2jtLEfSvOExkP1dyIhgVL9wDOTAdFdNeml4n9eI9b+eSthIoo1CDpa5Mcc6xCndeA2k0A17xtCqGTmr5h2iSRUm9JypgRn8uRpUj0qOqfFk+vjQmkPjZBF22gH7SMHnaESukJlVEEU3aEn9IJerXvr2Xqz3kejGWuc2UR/YH3+AMO+mi8=</latexit>

f1⇤ e1
<latexit sha1_base64="sOp50FWUtZdCG/27G37fxlIhhx0=">AAACAXicbVDLSgMxFM3UV62vqhvBTbAoIlJmiq+dBTcuK9gHtGXIpHdqaCYzJBmhDHXjV+jajQtF3Il/4c6/MdN2oa0HAodz7uHmHi/iTGnb/rYyM7Nz8wvZxdzS8srqWn59o6bCWFKo0pCHsuERBZwJqGqmOTQiCSTwONS93kXq129BKhaKa92PoB2QrmA+o0Qbyc1vtWLRAZnGE9918AEetA4xuCU3X7CL9hB4mjhjUjj/eEjxWHHzX61OSOMAhKacKNV07Ei3EyI1oxwGuVasICK0R7rQNFSQAFQ7GV4wwLtG6WA/lOYJjYfq70RCAqX6gWcmA6Jv1KSXiv95zVj7Z+2EiSjWIOhokR9zrEOc1oE7TALVvG8IoZKZv2J6QySh2pSWMyU4kydPk1qp6JwUj6+OCuU9NEIWbaMdtI8cdIrK6BJVUBVRdIee0At6te6tZ+vNeh+NZqxxZhP9gfX5A8VCmjA=</latexit>

f1⇤ e2

<latexit sha1_base64="let0RVDcQR8p458L1bFClgvM4W8=">AAACAXicbVDLSsNAFJ3UV62vqhvBzWBRRKQkvncW3LisYK3QhDCZ3ujgZBJmJkIJdeNX6NqNC0XciX/hzr9x0nahrQcGDufcw517goQzpW372yqMjU9MThWnSzOzc/ML5cWlCxWnkkKDxjyWlwFRwJmAhmaaw2UigUQBh2Zwc5L7zVuQisXiXHcS8CJyJVjIKNFG8ssrbiraIPN4Fvr7eAt33W0M/q5frthVuwc8SpwBqRx/POR4rPvlL7cd0zQCoSknSrUcO9FeRqRmlEO35KYKEkJvyBW0DBUkAuVlvQu6eN0obRzG0jyhcU/9nchIpFQnCsxkRPS1GvZy8T+vlerwyMuYSFINgvYXhSnHOsZ5HbjNJFDNO4YQKpn5K6bXRBKqTWklU4IzfPIoudipOgfV/bO9Sm0D9VFEq2gNbSIHHaIaOkV11EAU3aEn9IJerXvr2Xqz3vujBWuQWUZ/YH3+AMz+mjU=</latexit>

f5⇤ e3

<latexit sha1_base64="rXhdWllhDhOsm/60qf66abGDR4E=">AAACAXicbVDLSsNAFJ3Ud31F3QhuBosiIiWxvnYKblwqWCs0IUymNzp0MgkzE6GEuvErdO3GhSLuxL9w5984aV1o64GBwzn3cOeeMOVMacf5skojo2PjE5NT5emZ2bl5e2HxQiWZpFCnCU/kZUgUcCagrpnmcJlKIHHIoRG2jwu/cQNSsUSc604KfkyuBIsYJdpIgb3sZaIFsojnUVDDm7jrbWEIaoFdcapOD3iYuD+kcvh+X+DhNLA/vVZCsxiEppwo1XSdVPs5kZpRDt2ylylICW2TK2gaKkgMys97F3TxmlFaOEqkeULjnvo7kZNYqU4cmsmY6Gs16BXif14z09GBnzORZhoE7S+KMo51gos6cItJoJp3DCFUMvNXTK+JJFSb0sqmBHfw5GFysV1196q7ZzuVo3XUxyRaQatoA7loHx2hE3SK6oiiW/SIntGLdWc9Wa/WW3+0ZP1kltAfWB/fyeKaMw==</latexit>

f3⇤ e3
<latexit sha1_base64="ftkWCV2eu7zU+Mfs3UcQNlWrVuM=">AAACAXicbVDLSgMxFM3UV62vqhvBTbAoIlJmfO8suHFZwT6gLUMmvVNDM5khyQhlqBu/QtduXCjiTvwLd/6NmbYLbT0QOJxzDzf3eBFnStv2t5WZmp6ZncvO5xYWl5ZX8qtrVRXGkkKFhjyUdY8o4ExARTPNoR5JIIHHoeZ1L1K/dgtSsVBc614ErYB0BPMZJdpIbn6jGYs2yDSe+O4h3sP95j4G13HzBbtoD4AniTMihfOPhxSPZTf/1WyHNA5AaMqJUg3HjnQrIVIzyqGfa8YKIkK7pAMNQwUJQLWSwQV9vG2UNvZDaZ7QeKD+TiQkUKoXeGYyIPpGjXup+J/XiLV/1kqYiGINgg4X+THHOsRpHbjNJFDNe4YQKpn5K6Y3RBKqTWk5U4IzfvIkqR4UnZPi8dVRobSDhsiiTbSFdpGDTlEJXaIyqiCK7tATekGv1r31bL1Z78PRjDXKrKM/sD5/AMbamjE=</latexit>

f3⇤ e1

<latexit sha1_base64="sOp50FWUtZdCG/27G37fxlIhhx0=">AAACAXicbVDLSgMxFM3UV62vqhvBTbAoIlJmiq+dBTcuK9gHtGXIpHdqaCYzJBmhDHXjV+jajQtF3Il/4c6/MdN2oa0HAodz7uHmHi/iTGnb/rYyM7Nz8wvZxdzS8srqWn59o6bCWFKo0pCHsuERBZwJqGqmOTQiCSTwONS93kXq129BKhaKa92PoB2QrmA+o0Qbyc1vtWLRAZnGE9918AEetA4xuCU3X7CL9hB4mjhjUjj/eEjxWHHzX61OSOMAhKacKNV07Ei3EyI1oxwGuVasICK0R7rQNFSQAFQ7GV4wwLtG6WA/lOYJjYfq70RCAqX6gWcmA6Jv1KSXiv95zVj7Z+2EiSjWIOhokR9zrEOc1oE7TALVvG8IoZKZv2J6QySh2pSWMyU4kydPk1qp6JwUj6+OCuU9NEIWbaMdtI8cdIrK6BJVUBVRdIee0At6te6tZ+vNeh+NZqxxZhP9gfX5A8VCmjA=</latexit>

f1⇤ e2
<latexit sha1_base64="zArebp0Ln0xhIIRfD61Jh1CRyrs=">AAACAXicbVDLSgMxFM3UV62vqhvBTbAoIlJmpD52Fty4rGAf0JYhk96poZnMkGSEMtSNX6FrNy4UcSf+hTv/xkzbhbYeCBzOuYebe7yIM6Vt+9vKzMzOzS9kF3NLyyura/n1jZoKY0mhSkMeyoZHFHAmoKqZ5tCIJJDA41D3ehepX78FqVgornU/gnZAuoL5jBJtJDe/1YpFB2QaT3zXwQd40DrE4JbcfMEu2kPgaeKMSeH84yHFY8XNf7U6IY0DEJpyolTTsSPdTojUjHIY5FqxgojQHulC01BBAlDtZHjBAO8apYP9UJonNB6qvxMJCZTqB56ZDIi+UZNeKv7nNWPtn7UTJqJYg6CjRX7MsQ5xWgfuMAlU874hhEpm/orpDZGEalNazpTgTJ48TWpHReekeHxVKpT30AhZtI120D5y0Ckqo0tUQVVE0R16Qi/o1bq3nq036300mrHGmU30B9bnD8hKmjI=</latexit>

f1⇤ e4

<latexit sha1_base64="zArebp0Ln0xhIIRfD61Jh1CRyrs=">AAACAXicbVDLSgMxFM3UV62vqhvBTbAoIlJmpD52Fty4rGAf0JYhk96poZnMkGSEMtSNX6FrNy4UcSf+hTv/xkzbhbYeCBzOuYebe7yIM6Vt+9vKzMzOzS9kF3NLyyura/n1jZoKY0mhSkMeyoZHFHAmoKqZ5tCIJJDA41D3ehepX78FqVgornU/gnZAuoL5jBJtJDe/1YpFB2QaT3zXwQd40DrE4JbcfMEu2kPgaeKMSeH84yHFY8XNf7U6IY0DEJpyolTTsSPdTojUjHIY5FqxgojQHulC01BBAlDtZHjBAO8apYP9UJonNB6qvxMJCZTqB56ZDIi+UZNeKv7nNWPtn7UTJqJYg6CjRX7MsQ5xWgfuMAlU874hhEpm/orpDZGEalNazpTgTJ48TWpHReekeHxVKpT30AhZtI120D5y0Ckqo0tUQVVE0R16Qi/o1bq3nq036300mrHGmU30B9bnD8hKmjI=</latexit>

f1⇤ e4

<latexit sha1_base64="2Wl5gnFz+70HISS74vO6midEhYo=">AAACAXicbVDLSgMxFM3UV62vqhvBTbAoIlJmxNfOghuXFewD2jJk0jttaCYzJBmhDHXjV+jajQtF3Il/4c6/MdN2oa0HAodz7uHmHi/iTGnb/rYyM7Nz8wvZxdzS8srqWn59o6rCWFKo0JCHsu4RBZwJqGimOdQjCSTwONS83mXq125BKhaKG92PoBWQjmA+o0Qbyc1vNWPRBpnGE9918AEeNA8xuI6bL9hFewg8TZwxKVx8PKR4LLv5r2Y7pHEAQlNOlGo4dqRbCZGaUQ6DXDNWEBHaIx1oGCpIAKqVDC8Y4F2jtLEfSvOExkP1dyIhgVL9wDOTAdFdNeml4n9eI9b+eSthIoo1CDpa5Mcc6xCndeA2k0A17xtCqGTmr5h2iSRUm9JypgRn8uRpUj0qOqfFk+vjQmkPjZBF22gH7SMHnaESukJlVEEU3aEn9IJerXvr2Xqz3kejGWuc2UR/YH3+AMO+mi8=</latexit>

f1⇤ e1

<latexit sha1_base64="mt3BfV9kfQY8M24eHjIzsUGhyA0=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYFA8hV3xhRcDCnqMYB6QLGF2MpsMmZ1dZ3qDYcl3iOJBEa/e/Q1v/o2zSQ6aWNBQVHXT3eVFgmuw7W9rZnZufmExs5RdXlldW89tbFZ0GCvKyjQUoap5RDPBJSsDB8FqkWIk8ASret2L1K/2mNI8lLfQj5gbkLbkPqcEjOQ2gN2D9pOrQfPyrJnL2wV7CDxNnDHJn38+pngqNXNfjVZI44BJoIJoXXfsCNyEKOBUsEG2EWsWEdolbVY3VJKAaTcZHj3Au0ZpYT9UpiTgofp7IiGB1v3AM50BgY6e9FLxP68eg3/qJlxGMTBJR4v8WGAIcZoAbnHFKIi+IYQqbm7FtEMUoWByypoQnMmXp0nloOAcF45uDvPFPTRCBm2jHbSPHHSCiugalVAZUXSHHtALerV61rP1Zr2PWmes8cwW+gPr4wfetpaP</latexit>

GD :

<latexit sha1_base64="7hToaXU2/3RkHgzXjbs5uz5T2WY=">AAAB6XicbZDJTsMwEIYnZStlK3DkYlGxnKoEsd2oBAeOBdFFaqPKcZzWquNEtoNURX0DLhxA0CtPwWtw421w2h6g5Zcsffr/GXlmvJgzpW3728otLC4tr+RXC2vrG5tbxe2duooSSWiNRDySTQ8rypmgNc00p81YUhx6nDa8/nWWNx6pVCwSD3oQUzfEXcECRrA21v3NUadYssv2WGgenCmUrj7fM42qneJX249IElKhCcdKtRw71m6KpWaE02GhnSgaY9LHXdoyKHBIlZuOJx2iA+P4KIikeUKjsfu7I8WhUoPQM5Uh1j01m2Xmf1kr0cGlmzIRJ5oKMvkoSDjSEcrWRj6TlGg+MICJZGZWRHpYYqLNcQrmCM7syvNQPyk75+Wzu9NS5RAmysMe7MMxOHABFbiFKtSAQABP8AKvVt96tt6s0aQ0Z017duGPrI8fFGuRdg==</latexit>

D0

<latexit sha1_base64="S6FS4x6Tq99vT2OeYFDXMZaUSOo=">AAACD3icdVDLSsNAFJ3UV62vqEs3wWJxVRLxtbPgxmUF+4A2lMnkph06mYSZiVBC/QI3LvUz3Igo4tatO//GSduFtnrgwuGce7n3Hi9mVCrb/jJyc/MLi0v55cLK6tr6hrm5VZdRIgjUSMQi0fSwBEY51BRVDJqxABx6DBpe/zzzG9cgJI34lRrE4Ia4y2lACVZa6pildsJ9EJ7ABNKb/zDsmEW7bI9gzRJnQopnz/cZHqod87PtRyQJgSvCsJQtx46Vm2KhKGEwLLQTCTEmfdyFlqYchyDddPTP0NrTim8FkdDFlTVSf06kOJRyEHq6M8SqJ6e9TPzLayUqOHVTyuNEASfjRUHCLBVZWTiWTwUQxQaaYCKovtUiPayzUTrCgg7BmX55ltQPys5x+ejysFgpoTHyaAfton3koBNUQReoimqIoFv0iF7Qq3FnPBlvxvu4NWdMZrbRLxgf30GdpGE=</latexit>|
{z

}

Figure 5. Example of construction of D′ from D in the proof of Proposi-
tion 5.10. The symbols “∗” stand for the necessary constants “g” used in
order to obtain the depicted blocks. D has 4 blocks and 5 cliques. Observe
that neither the edge-less singleton clique C2 nor the clique C4 —which is
internal to the block B4— intervene in the relation S1. Light gray edges
depict the pairs of facts from D′ which form a solution to q5.

(i) By means of contradiction, suppose r contains two facts u, v ∈ r such that u ∼ v. By
definition of r, u = fR(a) and v = fR(b) for some facts a, b of r′. By construction of
D′, it follows from u ∼ v that a ∼ b and therefore a = b since we assumed r to be a
repair. Hence, u = v.

(ii) Further, for every block Bi in D there is a R1-block in D′ whose facts have primary
key ei and one of those facts is selected in r′, which gives rise (via fR) to a fact of Bi.

Since D |= certain(q4) by hypothesis, there are u, v ∈ r such that D |= q4(uv), let us
show that this implies r′ |= q5:

• If u = v then, by definition of r, we have uR1 ∈ r′. Since uuS1
belongs to a singleton

S1-block of D′, it is in every repair of D′, and thus r′ |= q5(uR1u
u
S1

) as desired.

• If u 6= v then, by definition of r, we have uR1 , vR1 ∈ r′, and {uvS1
, vuS1
} form a S1-block of

D′. Hence, r′ contains one of {uvS1
, vuS1
}. If uvS1

∈ r′ we have r′ |= q5(uR1u
v
S1

); otherwise,

if vuS1
∈ r′, we have r′ |= q5(vR1v

u
S1

).

This concludes the proof for item (1).

(2) Fix some k ≥ 2. Let ∆+
k(q4, D, i) and ∆k(q5, D

′, i) be the sets computed at step i of

Cert+k(q4) and Certk(q5) respectively. First we prove the following claim.

Claim 5.11. Let u, v, w be facts of D in the same clique of the solution graph GD. Possibly
v ∼ w or v = w but we assume u 6∼ v and u 6∼ w. In particular D |= q4(uv) ∨ q4(vu). Then
for every k-set S over D′ if S ∪ {uvS1

} ∈ ∆k(q5, D
′, i) then S ∪ {vR1} ∈ ∆k(q5, D

′, i+ 1) and

S ∪ {wR1} ∈ ∆k(q5, D
′, i+ 1).
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<latexit sha1_base64="UwhjDFd6FynFww2G9DO1P48QGo4=">AAAB7nicbVDLSgNBEOyNrxg1Rj16GQyKp7Ar+DgGvHiMYh4Yl2V2MpsMmZ0dZmbFsOQjvAgq4tWb/+LNr9HJ46CJBQ1FVTfdXaHkTBvX/XJyC4tLyyv51cLa+kZxs7S13dBJqgitk4QnqhViTTkTtG6Y4bQlFcVxyGkz7J+P/OYdVZol4toMJPVj3BUsYgQbKzXTILsKvGFQKrsVdww0T7wpKVeL8unm4/67FpQ+bzsJSWMqDOFY67bnSuNnWBlGOB0WblNNJSZ93KVtSwWOqfaz8blDtG+VDooSZUsYNFZ/T2Q41noQh7YzxqanZ72R+J/XTk105mdMyNRQQSaLopQjk6DR76jDFCWGDyzBRDF7KyI9rDAxNqGCDcGbfXmeNI4q3knl+NKmcQAT5GEX9uAQPDiFKlxADepAoA8P8AwvjnQenVfnbdKac6YzO/AHzvsPRwqTLw==</latexit>

uR1

<latexit sha1_base64="DGL5u0N9GDvvXIdso45B407bDzI=">AAAB7nicbVDLSgNBEOyNrxg1Rj16GQyKp7Ar+DgGvHiMYh6YLMvsZJIMmZ0dZmaDYclHeBFUxKs3/8WbX6OTx0ETCxqKqm66u0LJmTau++VklpZXVtey67mNza38dmFnt6bjRBFaJTGPVSPEmnImaNUww2lDKoqjkNN62L8c+/UBVZrF4tYMJfUj3BWswwg2VqoPgvQm8EZBoeiW3AnQIvFmpFjOy6e7j/vvSlD4bLVjkkRUGMKx1k3PlcZPsTKMcDrKtRJNJSZ93KVNSwWOqPbTybkjdGiVNurEypYwaKL+nkhxpPUwCm1nhE1Pz3tj8T+vmZjOhZ8yIRNDBZku6iQcmRiNf0dtpigxfGgJJorZWxHpYYWJsQnlbAje/MuLpHZS8s5Kp9c2jSOYIgv7cADH4ME5lOEKKlAFAn14gGd4caTz6Lw6b9PWjDOb2YM/cN5/AEiUkzA=</latexit>

vR1

<latexit sha1_base64="7pbsou5FOT/JQ4b4F2R1H+x+u+4=">AAAB7nicbVDLSgNBEOyNrxg1Rj16GQyKp7Ar+DgGvHiMYh6YLMvsZJIMmZ0dZmbVsOQjvAgq4tWb/+LNr9HJ46CJBQ1FVTfdXaHkTBvX/XIyC4tLyyvZ1dza+kZ+s7C1XdNxogitkpjHqhFiTTkTtGqY4bQhFcVRyGk97J+P/PotVZrF4toMJPUj3BWswwg2VqrfBelV4A2DQtEtuWOgeeJNSbGcl083H/fflaDw2WrHJImoMIRjrZueK42fYmUY4XSYayWaSkz6uEublgocUe2n43OHaN8qbdSJlS1h0Fj9PZHiSOtBFNrOCJuenvVG4n9eMzGdMz9lQiaGCjJZ1Ek4MjEa/Y7aTFFi+MASTBSztyLSwwoTYxPK2RC82ZfnSe2o5J2Uji9tGgcwQRZ2YQ8OwYNTKMMFVKAKBPrwAM/w4kjn0Xl13iatGWc6swN/4Lz/AEoekzE=</latexit>

wR1

<latexit sha1_base64="8rtnl9TYqhutahM0essMP8f6M8c=">AAAB8HicbVDLSsNAFL2pr1pf1S7dDBbFVUkEH8uCG5cV7UPaGCbTSTt0Mgkzk0IJwY9w40IRty5c+iHu/Bunj4W2HrhwOOde7r3HjzlT2ra/rdzS8srqWn69sLG5tb1T3N1rqCiRhNZJxCPZ8rGinAla10xz2oolxaHPadMfXI795pBKxSJxq0cxdUPcEyxgBGsj3SX3Qy+98ZzMK5btij0BWiTOjJSrpQf/8yNr1LziV6cbkSSkQhOOlWo7dqzdFEvNCKdZoZMoGmMywD3aNlTgkCo3nRycoUOjdFEQSVNCo4n6eyLFoVKj0DedIdZ9Ne+Nxf+8dqKDCzdlIk40FWS6KEg40hEaf4+6TFKi+cgQTCQztyLSxxITbTIqmBCc+ZcXSeOk4pxVTq9NGkcwRR724QCOwYFzqMIV1KAOBEJ4hGd4saT1ZL1ab9PWnDWbKcEfWO8/StqTrA==</latexit>

uv
S1

<latexit sha1_base64="PlLsYCYj8H8ZbBDY2h84DG8y1rE=">AAAB8HicbVDLSsNAFL2pr1pf1S7dDBbFVUkEH8uCG5cV7UPaGCbTSTt0Mgkzk0IJwY9w40IRty5c+iHu/Bunj4W2HrhwOOde7r3HjzlT2ra/rdzS8srqWn69sLG5tb1T3N1rqCiRhNZJxCPZ8rGinAla10xz2oolxaHPadMfXI795pBKxSJxq0cxdUPcEyxgBGsj3Q3vEy+98ZzMK5btij0BWiTOjJSrpQf/8yNr1LziV6cbkSSkQhOOlWo7dqzdFEvNCKdZoZMoGmMywD3aNlTgkCo3nRycoUOjdFEQSVNCo4n6eyLFoVKj0DedIdZ9Ne+Nxf+8dqKDCzdlIk40FWS6KEg40hEaf4+6TFKi+cgQTCQztyLSxxITbTIqmBCc+ZcXSeOk4pxVTq9NGkcwRR724QCOwYFzqMIV1KAOBEJ4hGd4saT1ZL1ab9PWnDWbKcEfWO8/StyTrA==</latexit>

vu
S1

<latexit sha1_base64="iD3qOQUYDLmSJ+oTA/TCRvIuMno=">AAAB8HicbVC5TsNAEB1zhnAFUtKsiEBUkY3EUUaioQyCHCgx1nqzTlZZr63ddVBkWXwEDQUI0VJQ8iF0/A2bo4CEJ4309N6MZub5MWdK2/a3tbC4tLyymlvLr29sbm0XdnbrKkokoTUS8Ug2fawoZ4LWNNOcNmNJcehz2vD7FyO/MaBSsUjc6GFM3RB3BQsYwdpIt4O7ey+99pzMK5Tssj0GmifOlJQqxQf/8yOrV73CV7sTkSSkQhOOlWo5dqzdFEvNCKdZvp0oGmPSx13aMlTgkCo3HR+coQOjdFAQSVNCo7H6eyLFoVLD0DedIdY9NeuNxP+8VqKDczdlIk40FWSyKEg40hEafY86TFKi+dAQTCQztyLSwxITbTLKmxCc2ZfnSf247JyWT65MGocwQQ72YB+OwIEzqMAlVKEGBEJ4hGd4saT1ZL1ab5PWBWs6U4Q/sN5/AE3wk64=</latexit>

vw
S1

<latexit sha1_base64="aowY6nmVXtetNeCqYAimZIXOVBo=">AAAB8HicbVC5TsNAEB1zhnAFUtKsiEBUkY3EUUaioQyCHCgx1nqzTlZZr63ddVBkWXwEDQUI0VJQ8iF0/A2bo4CEJ4309N6MZub5MWdK2/a3tbC4tLyymlvLr29sbm0XdnbrKkokoTUS8Ug2fawoZ4LWNNOcNmNJcehz2vD7FyO/MaBSsUjc6GFM3RB3BQsYwdpIt/d3Ay+99pzMK5Tssj0GmifOlJQqxQf/8yOrV73CV7sTkSSkQhOOlWo5dqzdFEvNCKdZvp0oGmPSx13aMlTgkCo3HR+coQOjdFAQSVNCo7H6eyLFoVLD0DedIdY9NeuNxP+8VqKDczdlIk40FWSyKEg40hEafY86TFKi+dAQTCQztyLSwxITbTLKmxCc2ZfnSf247JyWT65MGocwQQ72YB+OwIEzqMAlVKEGBEJ4hGd4saT1ZL1ab5PWBWs6U4Q/sN5/AE3yk64=</latexit>

wv
S1

<latexit sha1_base64="B66Und2uDsfxYUH+/3a1ebKcRxU=">AAAB8HicbVC5TsNAEB2HK4QrkJLGIgJRRTYSRxmJhjIIcqDEWOvNOllld23trkGRZfERNBQgREtByYfQ8TdsjgISnjTS03szmpkXxIwq7TjfVm5hcWl5Jb9aWFvf2Nwqbu80VJRITOo4YpFsBUgRRgWpa6oZacWSIB4w0gwG5yO/eUekopG41sOYeBz1BA0pRtpIN/e3iZ9e+W7mF8tOxRnDnifulJSrpYfg8yNr1PziV6cb4YQToTFDSrVdJ9ZeiqSmmJGs0EkUiREeoB5pGyoQJ8pLxwdn9r5RunYYSVNC22P190SKuFJDHphOjnRfzXoj8T+vnejwzEupiBNNBJ4sChNm68gefW93qSRYs6EhCEtqbrVxH0mEtcmoYEJwZ1+eJ42jintSOb40aRzABHnYhT04BBdOoQoXUIM6YODwCM/wYknryXq13iatOWs6U4I/sN5/AExok60=</latexit>

wu
S1

<latexit sha1_base64="VxoF9rSjRMQloyGkjz20alTPFI8=">AAAB8HicbVC5TsNAEB2HK4QrkJLGIgJRRTYSRxmJhjIIcqDEWOvNOllld23trkGRZfERNBQgREtByYfQ8TdsjgISnjTS03szmpkXxIwq7TjfVm5hcWl5Jb9aWFvf2Nwqbu80VJRITOo4YpFsBUgRRgWpa6oZacWSIB4w0gwG5yO/eUekopG41sOYeBz1BA0pRtpIN8ntvZ9e+W7mF8tOxRnDnifulJSrpYfg8yNr1PziV6cb4YQToTFDSrVdJ9ZeiqSmmJGs0EkUiREeoB5pGyoQJ8pLxwdn9r5RunYYSVNC22P190SKuFJDHphOjnRfzXoj8T+vnejwzEupiBNNBJ4sChNm68gefW93qSRYs6EhCEtqbrVxH0mEtcmoYEJwZ1+eJ42jintSOb40aRzABHnYhT04BBdOoQoXUIM6YODwCM/wYknryXq13iatOWs6U4I/sN5/AExkk60=</latexit>

uw
S1

<latexit sha1_base64="he2EeqNyfGEm/TwLES0VtzR9QVY=">AAAB7XicbZDLSgMxFIYzXmu91cvOTbAorsqM4GVnwYUuK9gLtEPJZDJtbCYZkjNCLX0HNy4UcevOh3Hnsm/gI5heFtr6Q+Dj/88h55wgEdyA6345c/MLi0vLmZXs6tr6xmZua7tiVKopK1MllK4FxDDBJSsDB8FqiWYkDgSrBp3LYV69Z9pwJW+hmzA/Ji3JI04JWKvSEKEC08zl3YI7Ep4FbwL5i+/B1cfuw6DUzH02QkXTmEmgghhT99wE/B7RwKlg/WwjNSwhtENarG5RkpgZvzeato8PrBPiSGn7JOCR+7ujR2JjunFgK2MCbTOdDc3/snoK0bnf4zJJgUk6/ihKBQaFh6vjkGtGQXQtEKq5nRXTNtGEgj1Q1h7Bm155FirHBe+0cHLj5ouHaKwM2kP76Ah56AwV0TUqoTKi6A49omf04ijnyXl13salc86kZwf9kfP+A7QXk5Y=</latexit>. . . <latexit sha1_base64="he2EeqNyfGEm/TwLES0VtzR9QVY=">AAAB7XicbZDLSgMxFIYzXmu91cvOTbAorsqM4GVnwYUuK9gLtEPJZDJtbCYZkjNCLX0HNy4UcevOh3Hnsm/gI5heFtr6Q+Dj/88h55wgEdyA6345c/MLi0vLmZXs6tr6xmZua7tiVKopK1MllK4FxDDBJSsDB8FqiWYkDgSrBp3LYV69Z9pwJW+hmzA/Ji3JI04JWKvSEKEC08zl3YI7Ep4FbwL5i+/B1cfuw6DUzH02QkXTmEmgghhT99wE/B7RwKlg/WwjNSwhtENarG5RkpgZvzeato8PrBPiSGn7JOCR+7ujR2JjunFgK2MCbTOdDc3/snoK0bnf4zJJgUk6/ihKBQaFh6vjkGtGQXQtEKq5nRXTNtGEgj1Q1h7Bm155FirHBe+0cHLj5ouHaKwM2kP76Ah56AwV0TUqoTKi6A49omf04ijnyXl13salc86kZwf9kfP+A7QXk5Y=</latexit>. . .

<latexit sha1_base64="he2EeqNyfGEm/TwLES0VtzR9QVY=">AAAB7XicbZDLSgMxFIYzXmu91cvOTbAorsqM4GVnwYUuK9gLtEPJZDJtbCYZkjNCLX0HNy4UcevOh3Hnsm/gI5heFtr6Q+Dj/88h55wgEdyA6345c/MLi0vLmZXs6tr6xmZua7tiVKopK1MllK4FxDDBJSsDB8FqiWYkDgSrBp3LYV69Z9pwJW+hmzA/Ji3JI04JWKvSEKEC08zl3YI7Ep4FbwL5i+/B1cfuw6DUzH02QkXTmEmgghhT99wE/B7RwKlg/WwjNSwhtENarG5RkpgZvzeato8PrBPiSGn7JOCR+7ujR2JjunFgK2MCbTOdDc3/snoK0bnf4zJJgUk6/ihKBQaFh6vjkGtGQXQtEKq5nRXTNtGEgj1Q1h7Bm155FirHBe+0cHLj5ouHaKwM2kP76Ah56AwV0TUqoTKi6A49omf04ijnyXl13salc86kZwf9kfP+A7QXk5Y=</latexit>. . .

<latexit sha1_base64="86ytEAtqfYtkEnikKd8Re1inZrs=">AAAB6HicbZDJTgJBEIZrcEPcUI9eOhKNJzJj3G6SePEIiSwJTEhPUwMtPUu6ezSE8ARePGgMHn0LX8Obb2MPcFDwTzr58v9V6aryYsGVtu1vK7O0vLK6ll3PbWxube/kd/dqKkokwyqLRCQbHlUoeIhVzbXARiyRBp7Aute/SfP6A0rFo/BOD2J0A9oNuc8Z1caqPLbzBbtoT0QWwZlB4fpznOq93M5/tToRSwIMNRNUqaZjx9odUqk5EzjKtRKFMWV92sWmwZAGqNzhZNAROTJOh/iRNC/UZOL+7hjSQKlB4JnKgOqems9S87+smWj/yh3yME40hmz6kZ8IoiOSbk06XCLTYmCAMsnNrIT1qKRMm9vkzBGc+ZUXoXZadC6K55WzQukYpsrCARzCCThwCSW4hTJUgQHCE7zAq3VvPVtv1nhamrFmPfvwR9bHDwFzkXg=</latexit>

w

<latexit sha1_base64="UwhjDFd6FynFww2G9DO1P48QGo4=">AAAB7nicbVDLSgNBEOyNrxg1Rj16GQyKp7Ar+DgGvHiMYh4Yl2V2MpsMmZ0dZmbFsOQjvAgq4tWb/+LNr9HJ46CJBQ1FVTfdXaHkTBvX/XJyC4tLyyv51cLa+kZxs7S13dBJqgitk4QnqhViTTkTtG6Y4bQlFcVxyGkz7J+P/OYdVZol4toMJPVj3BUsYgQbKzXTILsKvGFQKrsVdww0T7wpKVeL8unm4/67FpQ+bzsJSWMqDOFY67bnSuNnWBlGOB0WblNNJSZ93KVtSwWOqfaz8blDtG+VDooSZUsYNFZ/T2Q41noQh7YzxqanZ72R+J/XTk105mdMyNRQQSaLopQjk6DR76jDFCWGDyzBRDF7KyI9rDAxNqGCDcGbfXmeNI4q3knl+NKmcQAT5GEX9uAQPDiFKlxADepAoA8P8AwvjnQenVfnbdKac6YzO/AHzvsPRwqTLw==</latexit>

uR1

<latexit sha1_base64="DGL5u0N9GDvvXIdso45B407bDzI=">AAAB7nicbVDLSgNBEOyNrxg1Rj16GQyKp7Ar+DgGvHiMYh6YLMvsZJIMmZ0dZmaDYclHeBFUxKs3/8WbX6OTx0ETCxqKqm66u0LJmTau++VklpZXVtey67mNza38dmFnt6bjRBFaJTGPVSPEmnImaNUww2lDKoqjkNN62L8c+/UBVZrF4tYMJfUj3BWswwg2VqoPgvQm8EZBoeiW3AnQIvFmpFjOy6e7j/vvSlD4bLVjkkRUGMKx1k3PlcZPsTKMcDrKtRJNJSZ93KVNSwWOqPbTybkjdGiVNurEypYwaKL+nkhxpPUwCm1nhE1Pz3tj8T+vmZjOhZ8yIRNDBZku6iQcmRiNf0dtpigxfGgJJorZWxHpYYWJsQnlbAje/MuLpHZS8s5Kp9c2jSOYIgv7cADH4ME5lOEKKlAFAn14gGd4caTz6Lw6b9PWjDOb2YM/cN5/AEiUkzA=</latexit>

vR1

<latexit sha1_base64="7pbsou5FOT/JQ4b4F2R1H+x+u+4=">AAAB7nicbVDLSgNBEOyNrxg1Rj16GQyKp7Ar+DgGvHiMYh6YLMvsZJIMmZ0dZmbVsOQjvAgq4tWb/+LNr9HJ46CJBQ1FVTfdXaHkTBvX/XIyC4tLyyvZ1dza+kZ+s7C1XdNxogitkpjHqhFiTTkTtGqY4bQhFcVRyGk97J+P/PotVZrF4toMJPUj3BWswwg2VqrfBelV4A2DQtEtuWOgeeJNSbGcl083H/fflaDw2WrHJImoMIRjrZueK42fYmUY4XSYayWaSkz6uEublgocUe2n43OHaN8qbdSJlS1h0Fj9PZHiSOtBFNrOCJuenvVG4n9eMzGdMz9lQiaGCjJZ1Ek4MjEa/Y7aTFFi+MASTBSztyLSwwoTYxPK2RC82ZfnSe2o5J2Uji9tGgcwQRZ2YQ8OwYNTKMMFVKAKBPrwAM/w4kjn0Xl13iatGWc6swN/4Lz/AEoekzE=</latexit>

wR1

<latexit sha1_base64="8rtnl9TYqhutahM0essMP8f6M8c=">AAAB8HicbVDLSsNAFL2pr1pf1S7dDBbFVUkEH8uCG5cV7UPaGCbTSTt0Mgkzk0IJwY9w40IRty5c+iHu/Bunj4W2HrhwOOde7r3HjzlT2ra/rdzS8srqWn69sLG5tb1T3N1rqCiRhNZJxCPZ8rGinAla10xz2oolxaHPadMfXI795pBKxSJxq0cxdUPcEyxgBGsj3SX3Qy+98ZzMK5btij0BWiTOjJSrpQf/8yNr1LziV6cbkSSkQhOOlWo7dqzdFEvNCKdZoZMoGmMywD3aNlTgkCo3nRycoUOjdFEQSVNCo4n6eyLFoVKj0DedIdZ9Ne+Nxf+8dqKDCzdlIk40FWS6KEg40hEaf4+6TFKi+cgQTCQztyLSxxITbTIqmBCc+ZcXSeOk4pxVTq9NGkcwRR724QCOwYFzqMIV1KAOBEJ4hGd4saT1ZL1ab9PWnDWbKcEfWO8/StqTrA==</latexit>

uv
S1

<latexit sha1_base64="PlLsYCYj8H8ZbBDY2h84DG8y1rE=">AAAB8HicbVDLSsNAFL2pr1pf1S7dDBbFVUkEH8uCG5cV7UPaGCbTSTt0Mgkzk0IJwY9w40IRty5c+iHu/Bunj4W2HrhwOOde7r3HjzlT2ra/rdzS8srqWn69sLG5tb1T3N1rqCiRhNZJxCPZ8rGinAla10xz2oolxaHPadMfXI795pBKxSJxq0cxdUPcEyxgBGsj3Q3vEy+98ZzMK5btij0BWiTOjJSrpQf/8yNr1LziV6cbkSSkQhOOlWo7dqzdFEvNCKdZoZMoGmMywD3aNlTgkCo3nRycoUOjdFEQSVNCo4n6eyLFoVKj0DedIdZ9Ne+Nxf+8dqKDCzdlIk40FWS6KEg40hEaf4+6TFKi+cgQTCQztyLSxxITbTIqmBCc+ZcXSeOk4pxVTq9NGkcwRR724QCOwYFzqMIV1KAOBEJ4hGd4saT1ZL1ab9PWnDWbKcEfWO8/StyTrA==</latexit>

vu
S1

<latexit sha1_base64="B66Und2uDsfxYUH+/3a1ebKcRxU=">AAAB8HicbVC5TsNAEB2HK4QrkJLGIgJRRTYSRxmJhjIIcqDEWOvNOllld23trkGRZfERNBQgREtByYfQ8TdsjgISnjTS03szmpkXxIwq7TjfVm5hcWl5Jb9aWFvf2Nwqbu80VJRITOo4YpFsBUgRRgWpa6oZacWSIB4w0gwG5yO/eUekopG41sOYeBz1BA0pRtpIN/e3iZ9e+W7mF8tOxRnDnifulJSrpYfg8yNr1PziV6cb4YQToTFDSrVdJ9ZeiqSmmJGs0EkUiREeoB5pGyoQJ8pLxwdn9r5RunYYSVNC22P190SKuFJDHphOjnRfzXoj8T+vnejwzEupiBNNBJ4sChNm68gefW93qSRYs6EhCEtqbrVxH0mEtcmoYEJwZ1+eJ42jintSOb40aRzABHnYhT04BBdOoQoXUIM6YODwCM/wYknryXq13iatOWs6U4I/sN5/AExok60=</latexit>

wu
S1

<latexit sha1_base64="VxoF9rSjRMQloyGkjz20alTPFI8=">AAAB8HicbVC5TsNAEB2HK4QrkJLGIgJRRTYSRxmJhjIIcqDEWOvNOllld23trkGRZfERNBQgREtByYfQ8TdsjgISnjTS03szmpkXxIwq7TjfVm5hcWl5Jb9aWFvf2Nwqbu80VJRITOo4YpFsBUgRRgWpa6oZacWSIB4w0gwG5yO/eUekopG41sOYeBz1BA0pRtpIN8ntvZ9e+W7mF8tOxRnDnifulJSrpYfg8yNr1PziV6cb4YQToTFDSrVdJ9ZeiqSmmJGs0EkUiREeoB5pGyoQJ8pLxwdn9r5RunYYSVNC22P190SKuFJDHphOjnRfzXoj8T+vnejwzEupiBNNBJ4sChNm68gefW93qSRYs6EhCEtqbrVxH0mEtcmoYEJwZ1+eJ42jintSOb40aRzABHnYhT04BBdOoQoXUIM6YODwCM/wYknryXq13iatOWs6U4I/sN5/AExkk60=</latexit>

uw
S1

<latexit sha1_base64="he2EeqNyfGEm/TwLES0VtzR9QVY=">AAAB7XicbZDLSgMxFIYzXmu91cvOTbAorsqM4GVnwYUuK9gLtEPJZDJtbCYZkjNCLX0HNy4UcevOh3Hnsm/gI5heFtr6Q+Dj/88h55wgEdyA6345c/MLi0vLmZXs6tr6xmZua7tiVKopK1MllK4FxDDBJSsDB8FqiWYkDgSrBp3LYV69Z9pwJW+hmzA/Ji3JI04JWKvSEKEC08zl3YI7Ep4FbwL5i+/B1cfuw6DUzH02QkXTmEmgghhT99wE/B7RwKlg/WwjNSwhtENarG5RkpgZvzeato8PrBPiSGn7JOCR+7ujR2JjunFgK2MCbTOdDc3/snoK0bnf4zJJgUk6/ihKBQaFh6vjkGtGQXQtEKq5nRXTNtGEgj1Q1h7Bm155FirHBe+0cHLj5ouHaKwM2kP76Ah56AwV0TUqoTKi6A49omf04ijnyXl13salc86kZwf9kfP+A7QXk5Y=</latexit>. . . <latexit sha1_base64="he2EeqNyfGEm/TwLES0VtzR9QVY=">AAAB7XicbZDLSgMxFIYzXmu91cvOTbAorsqM4GVnwYUuK9gLtEPJZDJtbCYZkjNCLX0HNy4UcevOh3Hnsm/gI5heFtr6Q+Dj/88h55wgEdyA6345c/MLi0vLmZXs6tr6xmZua7tiVKopK1MllK4FxDDBJSsDB8FqiWYkDgSrBp3LYV69Z9pwJW+hmzA/Ji3JI04JWKvSEKEC08zl3YI7Ep4FbwL5i+/B1cfuw6DUzH02QkXTmEmgghhT99wE/B7RwKlg/WwjNSwhtENarG5RkpgZvzeato8PrBPiSGn7JOCR+7ujR2JjunFgK2MCbTOdDc3/snoK0bnf4zJJgUk6/ihKBQaFh6vjkGtGQXQtEKq5nRXTNtGEgj1Q1h7Bm155FirHBe+0cHLj5ouHaKwM2kP76Ah56AwV0TUqoTKi6A49omf04ijnyXl13salc86kZwf9kfP+A7QXk5Y=</latexit>. . .

<latexit sha1_base64="ZBr+UErLT2e/V6XHG6TQENZFE5o=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2BRXJVEvO0suHHZgr1AG8pketKOnUzCzEQooU/gxoUidelb+BrufBsnrQtt/WHg4//PYc45fsyZ0o7zZeWWlldW1/LrhY3Nre2d4u5eQ0WJpFinEY9kyycKORNY10xzbMUSSehzbPrDmyxvPqBULBJ3ehSjF5K+YAGjRBurlnSLJafsTGUvgvsDpeuPSaa3arf42elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsHxmnZweRNE9oe+r+7khJqNQo9E1lSPRAzWeZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHc+ZUXoXFadi/K57WzUuUYZsrDARzCCbhwCRW4hSrUgQLCIzzDi3VvPVmv1mRWmrN+evbhj6z3b/5ckXY=</latexit>

u
<latexit sha1_base64="ARqU0ZKx4M7N1rYZoZnA/kWu1u8=">AAAB6HicbZDJTgJBEIZrcEPcUI9eOhKNJzJj3G6SePEIiSwJTEhPUwMtPUu6e0gI4Qm8eNAYPPoWvoY338Ye4KDgn3Ty5f+r0lXlxYIrbdvfVmZldW19I7uZ29re2d3L7x/UVJRIhlUWiUg2PKpQ8BCrmmuBjVgiDTyBda9/l+b1AUrFo/BBD2N0A9oNuc8Z1caqDNr5gl20pyLL4MyhcPs5SfVebue/Wp2IJQGGmgmqVNOxY+2OqNScCRznWonCmLI+7WLTYEgDVO5oOuiYnBinQ/xImhdqMnV/d4xooNQw8ExlQHVPLWap+V/WTLR/4454GCcaQzb7yE8E0RFJtyYdLpFpMTRAmeRmVsJ6VFKmzW1y5gjO4srLUDsvOlfFy8pFoXQKM2XhCI7hDBy4hhLcQxmqwADhCV7g1Xq0nq03azIrzVjznkP4I+vjB//gkXc=</latexit>

v

<latexit sha1_base64="ZBr+UErLT2e/V6XHG6TQENZFE5o=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2BRXJVEvO0suHHZgr1AG8pketKOnUzCzEQooU/gxoUidelb+BrufBsnrQtt/WHg4//PYc45fsyZ0o7zZeWWlldW1/LrhY3Nre2d4u5eQ0WJpFinEY9kyycKORNY10xzbMUSSehzbPrDmyxvPqBULBJ3ehSjF5K+YAGjRBurlnSLJafsTGUvgvsDpeuPSaa3arf42elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsHxmnZweRNE9oe+r+7khJqNQo9E1lSPRAzWeZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHc+ZUXoXFadi/K57WzUuUYZsrDARzCCbhwCRW4hSrUgQLCIzzDi3VvPVmv1mRWmrN+evbhj6z3b/5ckXY=</latexit>

u
<latexit sha1_base64="/huARia+UH0KQneywuA71VAG5SA=">AAAB6nicbZDLTgIxFIbP4A3xhrp000g0rsiMwcvGSOLGJUa5JDAhndKBhk5n0nYwZMIjuHGhQbe+hK/hzrexAywU/JMmX/7/nPSc40WcKW3b31ZmaXlldS27ntvY3Nreye/u1VQYS0KrJOShbHhYUc4ErWqmOW1EkuLA47Tu9W/SvD6gUrFQPOhhRN0AdwXzGcHaWPeDq8d2vmAX7YnQIjgzKFx/jlO9Vdr5r1YnJHFAhSYcK9V07Ei7CZaaEU5HuVasaIRJH3dp06DAAVVuMhl1hI6M00F+KM0TGk3c3x0JDpQaBp6pDLDuqfksNf/LmrH2L92EiSjWVJDpR37MkQ5RujfqMEmJ5kMDmEhmZkWkhyUm2lwnZ47gzK+8CLXTonNePLsrFcrHMFUWDuAQTsCBCyjDLVSgCgS68AQv8Gpx69kaW+/T0ow169mHP7I+fgBbwZI/</latexit>

v = w

<latexit sha1_base64="86ytEAtqfYtkEnikKd8Re1inZrs=">AAAB6HicbZDJTgJBEIZrcEPcUI9eOhKNJzJj3G6SePEIiSwJTEhPUwMtPUu6ezSE8ARePGgMHn0LX8Obb2MPcFDwTzr58v9V6aryYsGVtu1vK7O0vLK6ll3PbWxube/kd/dqKkokwyqLRCQbHlUoeIhVzbXARiyRBp7Aute/SfP6A0rFo/BOD2J0A9oNuc8Z1caqPLbzBbtoT0QWwZlB4fpznOq93M5/tToRSwIMNRNUqaZjx9odUqk5EzjKtRKFMWV92sWmwZAGqNzhZNAROTJOh/iRNC/UZOL+7hjSQKlB4JnKgOqems9S87+smWj/yh3yME40hmz6kZ8IoiOSbk06XCLTYmCAMsnNrIT1qKRMm9vkzBGc+ZUXoXZadC6K55WzQukYpsrCARzCCThwCSW4hTJUgQHCE7zAq3VvPVtv1nhamrFmPfvwR9bHDwFzkXg=</latexit>

w
<latexit sha1_base64="ZBr+UErLT2e/V6XHG6TQENZFE5o=">AAAB6HicbZDLSsNAFIZP6q3WW9Wlm2BRXJVEvO0suHHZgr1AG8pketKOnUzCzEQooU/gxoUidelb+BrufBsnrQtt/WHg4//PYc45fsyZ0o7zZeWWlldW1/LrhY3Nre2d4u5eQ0WJpFinEY9kyycKORNY10xzbMUSSehzbPrDmyxvPqBULBJ3ehSjF5K+YAGjRBurlnSLJafsTGUvgvsDpeuPSaa3arf42elFNAlRaMqJUm3XibWXEqkZ5TgudBKFMaFD0se2QUFCVF46HXRsHxmnZweRNE9oe+r+7khJqNQo9E1lSPRAzWeZ+V/WTnRw5aVMxIlGQWcfBQm3dWRnW9s9JpFqPjJAqGRmVpsOiCRUm9sUzBHc+ZUXoXFadi/K57WzUuUYZsrDARzCCbhwCRW4hSrUgQLCIzzDi3VvPVmv1mRWmrN+evbhj6z3b/5ckXY=</latexit>

u
<latexit sha1_base64="ARqU0ZKx4M7N1rYZoZnA/kWu1u8=">AAAB6HicbZDJTgJBEIZrcEPcUI9eOhKNJzJj3G6SePEIiSwJTEhPUwMtPUu6e0gI4Qm8eNAYPPoWvoY338Ye4KDgn3Ty5f+r0lXlxYIrbdvfVmZldW19I7uZ29re2d3L7x/UVJRIhlUWiUg2PKpQ8BCrmmuBjVgiDTyBda9/l+b1AUrFo/BBD2N0A9oNuc8Z1caqDNr5gl20pyLL4MyhcPs5SfVebue/Wp2IJQGGmgmqVNOxY+2OqNScCRznWonCmLI+7WLTYEgDVO5oOuiYnBinQ/xImhdqMnV/d4xooNQw8ExlQHVPLWap+V/WTLR/4454GCcaQzb7yE8E0RFJtyYdLpFpMTRAmeRmVsJ6VFKmzW1y5gjO4srLUDsvOlfFy8pFoXQKM2XhCI7hDBy4hhLcQxmqwADhCV7g1Xq0nq03azIrzVjznkP4I+vjB//gkXc=</latexit>

v

<latexit sha1_base64="iOif5HASYk4ldGyAlLo0EQlEq5Q=">AAAB6HicbZDJSgNBEIZr4hbjFvXopTEonsKMuF3EgBePCZgFkiH0dGqSNj0L3T1CCHkCLx4UiUffwtfw5tvYk+SgiT80fPx/FV1VXiy40rb9bWWWlldW17LruY3Nre2d/O5eTUWJZFhlkYhkw6MKBQ+xqrkW2Igl0sATWPf6t2lef0SpeBTe60GMbkC7Ifc5o9pYlet2vmAX7YnIIjgzKNx8jlO9l9v5r1YnYkmAoWaCKtV07Fi7Qyo1ZwJHuVaiMKasT7vYNBjSAJU7nAw6IkfG6RA/kuaFmkzc3x1DGig1CDxTGVDdU/NZav6XNRPtX7lDHsaJxpBNP/ITQXRE0q1Jh0tkWgwMUCa5mZWwHpWUaXObnDmCM7/yItROi85F8bxyVigdw1RZOIBDOAEHLqEEd1CGKjBAeIIXeLUerGfrzRpPSzPWrGcf/sj6+AGpfJE+</latexit>= <latexit sha1_base64="iOif5HASYk4ldGyAlLo0EQlEq5Q=">AAAB6HicbZDJSgNBEIZr4hbjFvXopTEonsKMuF3EgBePCZgFkiH0dGqSNj0L3T1CCHkCLx4UiUffwtfw5tvYk+SgiT80fPx/FV1VXiy40rb9bWWWlldW17LruY3Nre2d/O5eTUWJZFhlkYhkw6MKBQ+xqrkW2Igl0sATWPf6t2lef0SpeBTe60GMbkC7Ifc5o9pYlet2vmAX7YnIIjgzKNx8jlO9l9v5r1YnYkmAoWaCKtV07Fi7Qyo1ZwJHuVaiMKasT7vYNBjSAJU7nAw6IkfG6RA/kuaFmkzc3x1DGig1CDxTGVDdU/NZav6XNRPtX7lDHsaJxpBNP/ITQXRE0q1Jh0tkWgwMUCa5mZWwHpWUaXObnDmCM7/yItROi85F8bxyVigdw1RZOIBDOAEHLqEEd1CGKjBAeIIXeLUerGfrzRpPSzPWrGcf/sj6+AGpfJE+</latexit>= <latexit sha1_base64="iOif5HASYk4ldGyAlLo0EQlEq5Q=">AAAB6HicbZDJSgNBEIZr4hbjFvXopTEonsKMuF3EgBePCZgFkiH0dGqSNj0L3T1CCHkCLx4UiUffwtfw5tvYk+SgiT80fPx/FV1VXiy40rb9bWWWlldW17LruY3Nre2d/O5eTUWJZFhlkYhkw6MKBQ+xqrkW2Igl0sATWPf6t2lef0SpeBTe60GMbkC7Ifc5o9pYlet2vmAX7YnIIjgzKNx8jlO9l9v5r1YnYkmAoWaCKtV07Fi7Qyo1ZwJHuVaiMKasT7vYNBjSAJU7nAw6IkfG6RA/kuaFmkzc3x1DGig1CDxTGVDdU/NZav6XNRPtX7lDHsaJxpBNP/ITQXRE0q1Jh0tkWgwMUCa5mZWwHpWUaXObnDmCM7/yItROi85F8bxyVigdw1RZOIBDOAEHLqEEd1CGKjBAeIIXeLUerGfrzRpPSzPWrGcf/sj6+AGpfJE+</latexit>=

<latexit sha1_base64="UwhjDFd6FynFww2G9DO1P48QGo4=">AAAB7nicbVDLSgNBEOyNrxg1Rj16GQyKp7Ar+DgGvHiMYh4Yl2V2MpsMmZ0dZmbFsOQjvAgq4tWb/+LNr9HJ46CJBQ1FVTfdXaHkTBvX/XJyC4tLyyv51cLa+kZxs7S13dBJqgitk4QnqhViTTkTtG6Y4bQlFcVxyGkz7J+P/OYdVZol4toMJPVj3BUsYgQbKzXTILsKvGFQKrsVdww0T7wpKVeL8unm4/67FpQ+bzsJSWMqDOFY67bnSuNnWBlGOB0WblNNJSZ93KVtSwWOqfaz8blDtG+VDooSZUsYNFZ/T2Q41noQh7YzxqanZ72R+J/XTk105mdMyNRQQSaLopQjk6DR76jDFCWGDyzBRDF7KyI9rDAxNqGCDcGbfXmeNI4q3knl+NKmcQAT5GEX9uAQPDiFKlxADepAoA8P8AwvjnQenVfnbdKac6YzO/AHzvsPRwqTLw==</latexit>

uR1

<latexit sha1_base64="DGL5u0N9GDvvXIdso45B407bDzI=">AAAB7nicbVDLSgNBEOyNrxg1Rj16GQyKp7Ar+DgGvHiMYh6YLMvsZJIMmZ0dZmaDYclHeBFUxKs3/8WbX6OTx0ETCxqKqm66u0LJmTau++VklpZXVtey67mNza38dmFnt6bjRBFaJTGPVSPEmnImaNUww2lDKoqjkNN62L8c+/UBVZrF4tYMJfUj3BWswwg2VqoPgvQm8EZBoeiW3AnQIvFmpFjOy6e7j/vvSlD4bLVjkkRUGMKx1k3PlcZPsTKMcDrKtRJNJSZ93KVNSwWOqPbTybkjdGiVNurEypYwaKL+nkhxpPUwCm1nhE1Pz3tj8T+vmZjOhZ8yIRNDBZku6iQcmRiNf0dtpigxfGgJJorZWxHpYYWJsQnlbAje/MuLpHZS8s5Kp9c2jSOYIgv7cADH4ME5lOEKKlAFAn14gGd4caTz6Lw6b9PWjDOb2YM/cN5/AEiUkzA=</latexit>

vR1

<latexit sha1_base64="7pbsou5FOT/JQ4b4F2R1H+x+u+4=">AAAB7nicbVDLSgNBEOyNrxg1Rj16GQyKp7Ar+DgGvHiMYh6YLMvsZJIMmZ0dZmbVsOQjvAgq4tWb/+LNr9HJ46CJBQ1FVTfdXaHkTBvX/XIyC4tLyyvZ1dza+kZ+s7C1XdNxogitkpjHqhFiTTkTtGqY4bQhFcVRyGk97J+P/PotVZrF4toMJPUj3BWswwg2VqrfBelV4A2DQtEtuWOgeeJNSbGcl083H/fflaDw2WrHJImoMIRjrZueK42fYmUY4XSYayWaSkz6uEublgocUe2n43OHaN8qbdSJlS1h0Fj9PZHiSOtBFNrOCJuenvVG4n9eMzGdMz9lQiaGCjJZ1Ek4MjEa/Y7aTFFi+MASTBSztyLSwwoTYxPK2RC82ZfnSe2o5J2Uji9tGgcwQRZ2YQ8OwYNTKMMFVKAKBPrwAM/w4kjn0Xl13iatGWc6swN/4Lz/AEoekzE=</latexit>

wR1

<latexit sha1_base64="8rtnl9TYqhutahM0essMP8f6M8c=">AAAB8HicbVDLSsNAFL2pr1pf1S7dDBbFVUkEH8uCG5cV7UPaGCbTSTt0Mgkzk0IJwY9w40IRty5c+iHu/Bunj4W2HrhwOOde7r3HjzlT2ra/rdzS8srqWn69sLG5tb1T3N1rqCiRhNZJxCPZ8rGinAla10xz2oolxaHPadMfXI795pBKxSJxq0cxdUPcEyxgBGsj3SX3Qy+98ZzMK5btij0BWiTOjJSrpQf/8yNr1LziV6cbkSSkQhOOlWo7dqzdFEvNCKdZoZMoGmMywD3aNlTgkCo3nRycoUOjdFEQSVNCo4n6eyLFoVKj0DedIdZ9Ne+Nxf+8dqKDCzdlIk40FWS6KEg40hEaf4+6TFKi+cgQTCQztyLSxxITbTIqmBCc+ZcXSeOk4pxVTq9NGkcwRR724QCOwYFzqMIV1KAOBEJ4hGd4saT1ZL1ab9PWnDWbKcEfWO8/StqTrA==</latexit>

uv
S1

<latexit sha1_base64="PlLsYCYj8H8ZbBDY2h84DG8y1rE=">AAAB8HicbVDLSsNAFL2pr1pf1S7dDBbFVUkEH8uCG5cV7UPaGCbTSTt0Mgkzk0IJwY9w40IRty5c+iHu/Bunj4W2HrhwOOde7r3HjzlT2ra/rdzS8srqWn69sLG5tb1T3N1rqCiRhNZJxCPZ8rGinAla10xz2oolxaHPadMfXI795pBKxSJxq0cxdUPcEyxgBGsj3Q3vEy+98ZzMK5btij0BWiTOjJSrpQf/8yNr1LziV6cbkSSkQhOOlWo7dqzdFEvNCKdZoZMoGmMywD3aNlTgkCo3nRycoUOjdFEQSVNCo4n6eyLFoVKj0DedIdZ9Ne+Nxf+8dqKDCzdlIk40FWS6KEg40hEaf4+6TFKi+cgQTCQztyLSxxITbTIqmBCc+ZcXSeOk4pxVTq9NGkcwRR724QCOwYFzqMIV1KAOBEJ4hGd4saT1ZL1ab9PWnDWbKcEfWO8/StyTrA==</latexit>

vu
S1

<latexit sha1_base64="B66Und2uDsfxYUH+/3a1ebKcRxU=">AAAB8HicbVC5TsNAEB2HK4QrkJLGIgJRRTYSRxmJhjIIcqDEWOvNOllld23trkGRZfERNBQgREtByYfQ8TdsjgISnjTS03szmpkXxIwq7TjfVm5hcWl5Jb9aWFvf2Nwqbu80VJRITOo4YpFsBUgRRgWpa6oZacWSIB4w0gwG5yO/eUekopG41sOYeBz1BA0pRtpIN/e3iZ9e+W7mF8tOxRnDnifulJSrpYfg8yNr1PziV6cb4YQToTFDSrVdJ9ZeiqSmmJGs0EkUiREeoB5pGyoQJ8pLxwdn9r5RunYYSVNC22P190SKuFJDHphOjnRfzXoj8T+vnejwzEupiBNNBJ4sChNm68gefW93qSRYs6EhCEtqbrVxH0mEtcmoYEJwZ1+eJ42jintSOb40aRzABHnYhT04BBdOoQoXUIM6YODwCM/wYknryXq13iatOWs6U4I/sN5/AExok60=</latexit>

wu
S1

<latexit sha1_base64="VxoF9rSjRMQloyGkjz20alTPFI8=">AAAB8HicbVC5TsNAEB2HK4QrkJLGIgJRRTYSRxmJhjIIcqDEWOvNOllld23trkGRZfERNBQgREtByYfQ8TdsjgISnjTS03szmpkXxIwq7TjfVm5hcWl5Jb9aWFvf2Nwqbu80VJRITOo4YpFsBUgRRgWpa6oZacWSIB4w0gwG5yO/eUekopG41sOYeBz1BA0pRtpIN8ntvZ9e+W7mF8tOxRnDnifulJSrpYfg8yNr1PziV6cb4YQToTFDSrVdJ9ZeiqSmmJGs0EkUiREeoB5pGyoQJ8pLxwdn9r5RunYYSVNC22P190SKuFJDHphOjnRfzXoj8T+vnejwzEupiBNNBJ4sChNm68gefW93qSRYs6EhCEtqbrVxH0mEtcmoYEJwZ1+eJ42jintSOb40aRzABHnYhT04BBdOoQoXUIM6YODwCM/wYknryXq13iatOWs6U4I/sN5/AExkk60=</latexit>

uw
S1

<latexit sha1_base64="he2EeqNyfGEm/TwLES0VtzR9QVY=">AAAB7XicbZDLSgMxFIYzXmu91cvOTbAorsqM4GVnwYUuK9gLtEPJZDJtbCYZkjNCLX0HNy4UcevOh3Hnsm/gI5heFtr6Q+Dj/88h55wgEdyA6345c/MLi0vLmZXs6tr6xmZua7tiVKopK1MllK4FxDDBJSsDB8FqiWYkDgSrBp3LYV69Z9pwJW+hmzA/Ji3JI04JWKvSEKEC08zl3YI7Ep4FbwL5i+/B1cfuw6DUzH02QkXTmEmgghhT99wE/B7RwKlg/WwjNSwhtENarG5RkpgZvzeato8PrBPiSGn7JOCR+7ujR2JjunFgK2MCbTOdDc3/snoK0bnf4zJJgUk6/ihKBQaFh6vjkGtGQXQtEKq5nRXTNtGEgj1Q1h7Bm155FirHBe+0cHLj5ouHaKwM2kP76Ah56AwV0TUqoTKi6A49omf04ijnyXl13salc86kZwf9kfP+A7QXk5Y=</latexit>. . . <latexit sha1_base64="he2EeqNyfGEm/TwLES0VtzR9QVY=">AAAB7XicbZDLSgMxFIYzXmu91cvOTbAorsqM4GVnwYUuK9gLtEPJZDJtbCYZkjNCLX0HNy4UcevOh3Hnsm/gI5heFtr6Q+Dj/88h55wgEdyA6345c/MLi0vLmZXs6tr6xmZua7tiVKopK1MllK4FxDDBJSsDB8FqiWYkDgSrBp3LYV69Z9pwJW+hmzA/Ji3JI04JWKvSEKEC08zl3YI7Ep4FbwL5i+/B1cfuw6DUzH02QkXTmEmgghhT99wE/B7RwKlg/WwjNSwhtENarG5RkpgZvzeato8PrBPiSGn7JOCR+7ujR2JjunFgK2MCbTOdDc3/snoK0bnf4zJJgUk6/ihKBQaFh6vjkGtGQXQtEKq5nRXTNtGEgj1Q1h7Bm155FirHBe+0cHLj5ouHaKwM2kP76Ah56AwV0TUqoTKi6A49omf04ijnyXl13salc86kZwf9kfP+A7QXk5Y=</latexit>. . .

<latexit sha1_base64="he2EeqNyfGEm/TwLES0VtzR9QVY=">AAAB7XicbZDLSgMxFIYzXmu91cvOTbAorsqM4GVnwYUuK9gLtEPJZDJtbCYZkjNCLX0HNy4UcevOh3Hnsm/gI5heFtr6Q+Dj/88h55wgEdyA6345c/MLi0vLmZXs6tr6xmZua7tiVKopK1MllK4FxDDBJSsDB8FqiWYkDgSrBp3LYV69Z9pwJW+hmzA/Ji3JI04JWKvSEKEC08zl3YI7Ep4FbwL5i+/B1cfuw6DUzH02QkXTmEmgghhT99wE/B7RwKlg/WwjNSwhtENarG5RkpgZvzeato8PrBPiSGn7JOCR+7ujR2JjunFgK2MCbTOdDc3/snoK0bnf4zJJgUk6/ihKBQaFh6vjkGtGQXQtEKq5nRXTNtGEgj1Q1h7Bm155FirHBe+0cHLj5ouHaKwM2kP76Ah56AwV0TUqoTKi6A49omf04ijnyXl13salc86kZwf9kfP+A7QXk5Y=</latexit>. . .

<latexit sha1_base64="LqqicZfTXa9EWqyFKBgSQ5yo9Cc=">AAAB8nicbVDLSgMxFM3UV62vqks3waK4KjPia2fBjcsK9gHtUDJppg3NJENyRyxDP8OFXSji1h/wN9z5N2baLrT1wIXDOfdwH0EsuAHX/XZyS8srq2v59cLG5tb2TnF3r25UoimrUSWUbgbEMMElqwEHwZqxZiQKBGsEg5vMbzwwbbiS9zCMmR+RnuQhpwSs1GoDe7SpVOlRp1hyy+4EeJF4M1K6/nzOMK52il/trqJJxCRQQYxpeW4Mfko0cCrYqNBODIsJHZAea1kqScSMn05WHuEjq3RxqLQtCXii/k6kJDJmGAW2MyLQN/NeJv7ntRIIr/yUyzgBJul0UJgIDApn9+Mu14yCGFpCqOZ2V0z7RBMK9ksF+wRv/uRFUj8texfl87uzUuUYTZFHB+gQnSAPXaIKukVVVEMUKfSEXtCrA87YeXPep605Z5bZR3/gfPwALB+WPA==</latexit>

or

<latexit sha1_base64="LqqicZfTXa9EWqyFKBgSQ5yo9Cc=">AAAB8nicbVDLSgMxFM3UV62vqks3waK4KjPia2fBjcsK9gHtUDJppg3NJENyRyxDP8OFXSji1h/wN9z5N2baLrT1wIXDOfdwH0EsuAHX/XZyS8srq2v59cLG5tb2TnF3r25UoimrUSWUbgbEMMElqwEHwZqxZiQKBGsEg5vMbzwwbbiS9zCMmR+RnuQhpwSs1GoDe7SpVOlRp1hyy+4EeJF4M1K6/nzOMK52il/trqJJxCRQQYxpeW4Mfko0cCrYqNBODIsJHZAea1kqScSMn05WHuEjq3RxqLQtCXii/k6kJDJmGAW2MyLQN/NeJv7ntRIIr/yUyzgBJul0UJgIDApn9+Mu14yCGFpCqOZ2V0z7RBMK9ksF+wRv/uRFUj8texfl87uzUuUYTZFHB+gQnSAPXaIKukVVVEMUKfSEXtCrA87YeXPep605Z5bZR3/gfPwALB+WPA==</latexit>

or

Figure 6. Schema for proof of Claim 5.11.

Note that in the case where vR1 ∈ S the claim implies S ∈ ∆k(q5, D
′, i+ 1). Similarly

for wR1 .

Proof of Claim 5.11. We assume that D |= q4(uv), since the case where D |= q4(vu) is
symmetric. To facilitate the understanding of the following proof, refer to Figure 6.

Assume S ∪ {uvS1
} ∈ ∆k(q5, D

′, i). If S ∈ ∆k(q5, D
′, i) then the conclusion is immediate

since S ∪ {u} ∈ ∆k(q5, D
′, i) for every fact u such that S ∪ {u} is a k-set. So, let us assume

S 6∈ ∆k(q5, D
′, i).

• The base case i = 0 implies S∪{uvS1
} ∈ ∆k(q5, D

′, 0) and S 6∈ ∆k(q5, D
′, 0). This can only

happen if uR1 ∈ S, since {uvS1
, uR1} is the only q5-solution of D′ involving uvS1

. Let B be
the block B = {uvS1

, vuS1
}. Since {uR1 , u

v
S1
} and {vuS1

, vR1} are q5-solutions (cf. Figure 6), a

simple analysis shows that the block B is a witness for S∪{vR1} ∈ ∆k(q5, D
′, 1). Similarly

the block B′ = {uwS1
, wuS1

} witnesses the fact that S ∪ {wR1} ∈ ∆k(q5, D
′, 1).

• For the induction step, suppose S ∪ {uvS1
} ∈ ∆k(q5, D

′, i) and i > 0. As i > 0, let B be

the block of D′ used as the witness. By definition, for all fact b ∈ B, there is a subset Sb of
S such that Sb ∪ {uvS1

, b} ∈ ∆k(q5, D
′, i− 1). By induction this implies that for all b ∈ B,



28 D. FIGUEIRA, A. PADMANABHA, L. SEGOUFIN, AND C. SIRANGELO

Sb∪{vR1 , b} ∈ ∆k(q5, D
′, i). Hence B witnesses the fact that S∪{vR1} ∈ ∆k(q5, D

′, i+1),
as desired. The proof that S ∪ {wR1} ∈ ∆k(q5, D

′, i+ 1) is similar.

With Claim 5.11 in place, assume that D′ |= Certk(q5) and let us show D |= Cert+k (q4).

Let S be a k-set of D′. Let S̃ be any k-set of D containing every fact u such that either
uR1 ∈ S or vuS1

∈ S for some fact v.

We will prove, by induction on i, that if S ∈ ∆k(q5, D
′, i) then S̃ ∈ ∆+

k(q4, d, i + 1)

(hence, in particular, D′ |= Certk(q5) implies D |= Cert+k(q4), concluding the proof of (2)).

• For the base case i = 0, if S ∈ ∆k(q5, D
′, 0) then it contains a solution to q5 of the

form uR1u
v
S1

for some facts u, v of D. By construction D |= q4(uv) and u, v ∈ S̃. Hence

S̃ ∈ ∆+
k(q4, d, 0).

• For the induction step, assume S ∈ ∆k(q5, D
′, i) as witnessed by a block B′ of D′.

– If B′ is an R1-block then the block B̃ = {u | uR1 ∈ B′} is a witness for S̃ ∈ ∆+
k (q4, D, i).

– If B′ is an S1-block of the form {uvS1
, vuS1
}. Set w to the third fact in the clique of u, v

in the solution graph GD (set w = v if the clique has size two). From Claim 5.11 we
get that each of S ∪ {uR1}, S ∪ {vR1}, S ∪ {wR1} contains a k-set in ∆k(q5, D

′, i− 1).

Hence, by induction each of S̃ ∪ {u}, S̃ ∪ {v}, S̃ ∪ {w} contains a k-set in ∆+
k (q4, D, i).

Hence, by ∆+
k ’s second derivation rule on the fact u, S̃ ∈ ∆+

k(q4, D, i+ 1).
– It remains to consider the case where B′ is an S1-block of the form {uuS1

}. But then u

is a self-loop and is contained in S̃. By definition we then have S̃ ∈ ∆+
k(q4, D, 0).

Theorem 5.12. certain(q5) cannot be computed by Certk(q5), for any choice of k.

Proof. By means of contradiction, assume that certain(q5) is equivalent to Certk(q5) for some
k ≥ 2. We show that this implies that certain(q4) is equivalent to Cert+k(q4), contradicting
Theorem 5.1.

It is enough to show that if a database D is such that D |= certain(q4) then D |=
Cert+k(q4). To this end, assume D is a database such that D |= certain(q4). Let D′

be the database constructed from D given by Proposition 5.10. As D |= certain(q4), we
get from Proposition 5.10-(1) that D′ |= certain(q5). From our hypothesis it follows that
D′ |= Certk(q5). By Proposition 5.10-(2) this implies that D |= Cert+k(q4) as desired.

5.3. The case of all self-join-free queries not satisfying PCond: coNP-hardness.
We describe in this section techniques from [KW17], together with their immediate

consequence: certain(q) is coNP-hard as soon as q |= ¬PCond. We build on the dichotomy
result of [KW17] based on their notion of an “attack graph”. First we recall this notion
using our notation.

Let q be a query, let Γ be a set of primary key constraints. Given an atom A of q let

A+ =̂ {B atom of q | there exists a Γ-derivation X B1 . . . Bn

where X = key(A), Bn = B, and for all i, Bi 6= A}
Let vars(A+) =

⋃
B∈A+ vars(B). Given two atoms A and B of q we say that A attacks

B if there exists a sequence F0, F1, . . . , Fn of atoms of q and x1, x2, . . . , xn of variables not
in vars(A+) such that A = F0, B = Fn and for all i > 0, xi is a variable occurring both in
Fi−1 and Fi. The attack from A to B is said to be weak if B is Γ-determined by A. The
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attack graph of q and Γ is the graph whose vertices are the atoms of q and whose edges are
the attacks. A cycle in this graph is weak if all the attacks involved are weak, otherwise it is
a strong cycle.

The dichotomy result of [KW17] can be stated as:

Theorem 5.13. [KW17, Theorem 3.2] Let q be a self-join-free query and Γ a set of primary
key constraints. If every cycle in the attack graph of q and Γ is weak, then certain(q) can be
computed in polynomial time; otherwise certain(q) is coNP-complete.

We prove that if the attack graph of q and Γ contains only weak cycles, then PCond
holds. It then follows from Theorem 5.13 then whenever q |= ¬PCond then certain(q) is
coNP-hard as desired:

Theorem 5.14. Assume q is a self-join-free query and Γ a set of primary key constraints.
If q |= ¬PCond, then certain(q) is coNP-hard.

In view of Theorem 5.13, the proof of Theorem 5.14 is an immediate consequence of the
following lemma.

Lemma 5.15. Assume q is a self-join-free query and Γ a set of primary key constraints. If
the attack graph of q and Γ contains only weak cycles then q |= PCond.

Proof. Let X be the set of all the strongly connected components of the attack graph of q
and Γ. We define the core graph of q and Γ as the directed graph whose vertices are the
elements of X and there is an edge from S to S′ if S contains an atom A attacking an atom
B of S′. Note that, by definition, a core graph is always acyclic. Let τ be any topological
ordering of this graph, that is, τ = S1, . . . , Sn is an ordering on X , and for every i, j, if
there is an edge from Si to Sj in the core graph, then i < j. Note that since the attack
graph contains only weak cycles, any two facts belonging to the same strongly connected
component are mutually Γ-determined. Hence, every S ∈ X is a stable set. In particular τ
is a Γ-sequence. We claim that q |= PCondτ .

To prove q |= PCondτ , we need to show that q |= PCondτ (i) for every i < n. So, fix
some i and consider an arbitrary atom A of Si+1. Let D be some database with repair r
such that r |= q(ᾱaβ̄), where a matches A and ᾱ matches S≤i. Let µ be the valuation of
the variables of q witnessing the solution ᾱaβ̄. By abuse of notation, for each atom B of q,
we write µ(B) to denote the fact of the database witnessing the solution for the relation
symbol of B. In particular, a = µ(A).

Let a′ ∼ a, r′ = r[a→ a′], and assume that r′ |= q(ᾱ′a′β̄′) as witnessed by the valuation
µ′. We need to show that r′ |= q(ᾱa′δ̄) for some δ̄. Notice that the hypotheses of Lemma 4.1
are satisfied by r, r′, µ, µ′ and there is a Γ-derivation from X = key(A) to every atom in
A+. Hence, from Lemma 4.1 it follows that

for any variable x ∈ vars(A+) we have µ(x) = µ′(x). (†)
To show r′ |= q(ᾱa′δ̄), we define a satisfying valuation ν as follows: If x is a variable
occurring in an atom B 6= A that is not attacked by A, then set ν(x) = µ(x); otherwise, set
ν(x) = µ′(x). We show that ν witnesses the solution ᾱa′δ̄ in r′.

For this it suffices to show that for all atom B of q, ν(B) is a fact of r′. If B is different
from A and not attacked by A then this is clear as ν(B) = µ(B) and µ(B) belongs to both
r and r′. If B is A or attacked by A then we show that ν(B) = µ′(B). To see this consider
a variable x occurring in B such that ν(x) = µ(x). By definition of ν, this is because x
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also belongs to some atom C that is not attacked by A. Hence, by definition of attack, this
implies that x ∈ vars(A+). By (†) this implies that µ(x) = µ′(x) as desired.

5.4. The case of all self-join-free queries not satisfying PCond: Certk fails.
We finally reduce the case of q5 to any arbitrary query not verifying PCond. Let q be a

self-join-free query such that q |= ¬PCond. We show that for all k, if certain(q) is equivalent
to Certk(q) then certain(q5) is equivalent to Certk(q5), a contradiction with Theorem 5.12.
The following is the analog of Proposition 5.10.

Proposition 5.16. For every database D over the signature of q5 we can construct a
database D′ over the signature of q such that:

(1) if D |= certain(q5) then D′ |= certain(q);

(2) For every k ≥ 2, if D′ |= Certk(q) then D |= Certk(q5).

Proof. The construction of D′ from D is actually taken from [KW17, proof of Theorem 6.1].
Since q |= ¬PCond, it follows from Theorem 5.14 that the attack graph of q contains a
strong cycle. Then the following result follows from [KW17, proof of Theorem 6.1].

Claim 5.17. [KW17, proof of Theorem 6.1] Let q be a self-join-free query such that the
attack graph of q contains a strong cycle. Then q contains two atoms A1 and A2 such that
for every database D over the signature of q5 there is a database D′ over the signature of q
and functions f and g such that:

(i) If D |= certain(q5), then D′ |= certain(q).
(ii) f is a bijection from the R1-facts of D to the A1-facts of D′ such that u ∼ v iff

f(u) ∼ f(v).
(iii) g is a function that maps a pair of the form (C, u) where C is an atom of q such that

C 6= A1 and u is an S1-fact of D to a C-fact of D′ such that:
(a) {u 7→ v | g(A2, u) = v} is a bijection from S1-facts to A2-facts such that u ∼ v iff

g(A2, u) ∼ g(A2, v);
(b) for every atom C 6∈ {A1, A2} and S1-fact u in D the block of g(C, u) contains

only one fact in D′.
(iv) If f(u) and g(A2, v) are part of a solution to q in D′ then D |= q5(uv).

Given a database D over the signature of q5, let D′ be the database constructed in
Claim 5.17. Note that Claim 5.17-(i) already proves our first item (1). It remains to show
that if D′ |= Certk(q) then D |= Certk(q5).

For any k-set S, let Ŝ = {u | f(u) ∈ S} ∪ {v | g(A2, v) ∈ S}. We show that if

S ∈ ∆k(q,D
′, i) then Ŝ ∈ ∆k(q5, D, i), by induction on i.

For i = 0, S contains necessarily a solution to q and therefore an A1-fact u′ and an
A2-fact v′. Let u and v be such that v′ = g(A2, v) and u′ = f(u). By construction of Ŝ,

both u and v are in Ŝ. By Claim 5.17-(iv) this implies that D |= q5(uv) and therefore

Ŝ ∈ ∆k(q5, D, 0).
For the induction step, let B′ be the block witnessing the membership of S into

∆k(q,D
′, i).

• Assume first that B′ is a A1-block. Let B = {u | f(u) ∈ B′}. By Claim 5.17-(ii) B

is a block of D. Moreover, it witnesses the membership of Ŝ in ∆k(q5, D, i). Indeed,
consider an element b ∈ B. Let b′ = f(b). By hypothesis, S ∪ {b′} contains a k-set T
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in ∆k(q,D
′, i− 1). By induction T̂ ∈ ∆k(q5, D, i− 1) and T̂ is a subset of Ŝ ∪ {b}. The

result follows.
• Assume now that B′ is a A2-block. We conclude as above using B = {v | g(A2, v) ∈ B′}

and Claim 5.17-(iii)-(a).
• Finally, if B′ is a C-block for some atom C 6∈ {A1, A2}, then B′ contains only one element

by Claim 5.17-(iii)-(b). Therefore, S was actually in ∆k(q,D′, i− 1) and we can conclude
by induction hypothesis.

Theorem 5.18. Let q be a self-join-free query such that q |= ¬PCond. Then certain(q)
cannot be computed by Certk(q), for any choice of k.

The proof of Theorem 5.18 is identical to the proof of Theorem 5.12 using Proposition 5.16
instead of Proposition 5.10.

6. Path queries

The dichotomy conjecture has also been shown to hold for path queries [KOW21]. In this
section we show that the Certk algorithm works for PTime solvable path queries and if
Certk does not compute certain(q) for k = |q| then the problem is coNP-hard.

For this section, assume that the relational signature σ contains only symbols of arity
two and that the set Γ of constraints assigns to each symbol R of σ its first component
as the primary key. Recall that a path query is a Boolean conjunctive query of the form
R1(x1 x2)∧R2(x2 x3)∧R3(x3 x4)∧ · · · ∧Rn(xnxn+1) that may contain self-join i.e. Ri = Rj
for some i 6= j. Note that a path query can be described by a word over the alphabet
of relation names of σ (e.g., the word describing q as R1 · · ·Rn). For simplicity, we will
henceforth blur the distinction between path queries and words over σ.

Following [KOW21] we define the language L#(q) as the regular language defined by

the following finite state automaton Aq with ε-transitions4 (we use s, t, . . . to denote words
over σ). The set of states of Aq is the set of all prefixes of q, including the empty prefix ε,
which is the initial state. There is only one accepting state, which is q. There is a transition
reading R from state s to the state sR. Moreover, there is an ε-transition in Aq from any
state sR to any state tR such that tR is a prefix of s.

We say that the query q satisfies FactorCond and write q |= FactorCond if q is a factor
of all the words in the language L#(q).

The dichotomy result of [KOW21] can be formulated as follows5:

Theorem 6.1. [KOW21, Theorem 3.2] Let q be a path query. If q |= FactorCond, then
certain(q) can be evaluated in PTime; otherwise, certain(q) is coNP-complete.

Thus, certain(q′2) and certain(q′3) for the queries described in Example 2.2 are in PTime
and coNP-complete respectively (refer to [KOW21] for detailed explanation). As in the
self-join-free case we will show that, for path queries, there is some k such that Certk(q)
captures certain(q) iff q |= FactorCond. In view of Theorem 6.1 this implies that when
Certk(q) fails to capture certain(q), then certain(q) is coNP-complete.

4An ε-transition in an automata makes a transition from one state to the other without reading any
symbol.

5[KOW21] provides a much finer ‘tetrachotomy’ between FO, NL-complete, PTime-complete and coNP-
complete. In this section we restrict our attention to the dichotomy between PTime and coNP-complete.
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6.1. Tractable path queries. In this section we show the first part of our result: if the
path query q satisfies FactorCond, then certain(q) can be computed via Certk.

Theorem 6.2. Let q be a path query of length k. If q |= FactorCond, then certain(q) =
Certk(q).

The rest of this section is devoted to the proof of Theorem 6.2. We will make use of the
following fixpoint computation introduced by [KOW21, Fig. 5]. For a fixed path query q
and database D, let N(q,D) be the set of pairs of the form 〈c, s〉, where c ∈ adom(D) and s
is a prefix of q, computed via the following fixpoint algorithm.

Initialization Step: N(q,D)← {〈c, q〉 | c ∈ adom(D)}
Iterative Step: If s is a prefix of q, add 〈c, s〉 to N(q,D) if one of the following holds:

(1) sR is a prefix of q and there is a fact R(c a) of D such that for every fact R(c b)
of D we have 〈b, sR〉 ∈ N(q,D);

(2) There is an ε-transition from s to t in Aq and there is a fact R(c a) of D such
that for every fact R(c b) of D we have 〈b, tR〉 ∈ N(q,D).

Let N(q) be the set of all databases D such that there exists c ∈ adom(D) with
〈c, ε〉 ∈ N(q,D).

Lemma 6.3. [KOW21, (proof of) Lemma 6.4] For every path query q, if q |= FactorCond,
then certain(q) = N(q).

In view of Lemma 6.3, Theorem 6.2 is a direct consequence of the following proposition.

Proposition 6.4. For every path query q of length k such that q |= FactorCond, we have
N(q) = Certk(q).

Note that Certk(q) ⊆ N(q) follows from Certk(q) ⊆ certain(q) (Proposition 3.3) combined
with certain(q) = N(q) (Lemma 6.3). So we are left with proving N(q) ⊆ Certk(q). Let
D ∈ N(q). We will prove that D ∈ Certk(q).

For all l ≥ 0 let sl be the prefix of q of length l (i.e., s0 = ε and sk = q). For
every database D and fact u = R(a b) in D, let us define trace(u) =̂ R, key(u) = a, and
last(u) = b. For a sequence of (possibly repeating) facts Π = u1, . . . , ul of a database D, we
define trace(Π) =̂ trace(u1) · · · trace(ul) ∈ σ∗ and, if Π is not the empty sequence, we define
last(Π) =̂ last(ul). Also we let SΠ = {u1, . . . , ul} be the set of facts in the sequence. Further,
Π is called a valid path if the following conditions hold:

(i) SΠ is a partial repair of D,
(ii) for all i < l we have last(ui) = key(ui+1), and
(iii) trace(Π) is a prefix of q.

In particular, for any valid path Π of length l, we have trace(Π) = sl. Moreover, for any
prefix sL of q we write trace(Π) ≈ sL if there exists a run of the automaton Aq on trace(Π)
ending in state sL.

For any D ∈ N(q), let N(q,D, i) and ∆k(q,D, i) be the fixpoint computations of N(q,D)
and ∆k(q,D) at step i respectively. To prove that D ∈ Certk(q), we will use the following
claim:

Claim 6.5. For all i ≥ 0, For c ∈ adom(D) and for all non-empty prefix sl of q if
〈c, sl〉 ∈ N(q,D, i) then for all non-empty valid path Π where last(Π) = c and trace(Π) ≈ sl,
we have SΠ ∈ ∆k(q,D, i).
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Let us show that the claim implies D ∈ Certk(q). As D ∈ N(q), there exists c ∈ adom(D)
such that 〈c, ε〉 ∈ N(q,D,m) for some step m. But note that 〈c, ε〉 ∈ N(q,D,m) can only
be produced by application of Rule 1 in the Iteration step (Rule 2 is not possible since
ε-transitions do not start at the state ε). This implies that if R is the first relation occurring
in q then there exists a fact of the form R(c a) and for all facts of the form R(c b) in D we
have 〈b, R〉 ∈ N(q,D,m− 1). For each such b we can apply the claim with the valid path
Π = R(c b), obtaining R(c b) ∈ ∆k(q,D,m − 1) for every R(c b). Hence, ∅ ∈ ∆k(q,D,m)
which implies D ∈ Certk(q).

The proof of the claim will make use of the following consequence of q |= FactorCond.

Lemma 6.6. Let q be a path query such that q |= FactorCond. Then for any prefix of
q of the form s1PRs2PR

′ where s1, s2 ∈ σ∗ and R 6= R′, we have that s1P is a suffix of
s1PRs2P .

Proof. Assume q = s1PRs2PR
′t and consider the word w = s1PRs2PRs2PR

′t. A simple
observation shows that w ∈ L#(q). Hence, by hypothesis, w contains q as factor. Let w(i)
denote the symbol of σ occurring at the i-th position of w, for any 1 ≤ i ≤ |w|. Note that
by definition of w, for all positions l such that |s1| < l ≤ |s1|+ |s2|+ 3 we have:

w(l) = w(l + |s2|+ 2) (?)

Let w(i), w(i + 1), . . . , w(i + n − 1) be the factor of w that matches q, and observe that
1 ≤ i ≤ |w|−|q|+1 = |s2|+3. If q is a suffix of w, it follows that s1P is a suffix of s1PRs2P and
we are done. If q is not a suffix of w, then i < |s2|+ 3. Observe that w((i− 1) + |s1PR|) = R
and w((i− 1) + |s1PRs2PR

′|) = R′. Hence, setting l = (i− 1) + |s1PR| ≤ |s1|+ |s2|+ 3,
we have w(l) = R and w(l+ |s2|+ 2) = R′. But then by (?) we would obtain R = R′, which
is in contradiction with our hypothesis.

Proof of Claim 6.5. The proof is by induction on i. For the base case i = 0, we have
N(q,D, 0) = {〈c, q〉 : c ∈ adom(D)}. Note that Aq has no ε-transitions from a prefix of q to
q. Hence, for any valid path Π = u1, . . . , ul such that trace(Π) ≈ q we must have k = l and
trace(Π) = q. In this case (u1, . . . , ul) forms a solution to q and hence SΠ ∈ ∆k(q,D, 0).

For the induction step, let Π = u1, . . . , ul be any valid path such that trace(Π) ≈ sL
and last(ul) = c. Assuming 〈c, sL〉 ∈ N(q,D, i+ 1), we will prove SΠ ∈ ∆k(q,D, i+ 1). If
〈c, sL〉 ∈ N(q,D, i) then by induction hypothesis we have SΠ ∈ ∆k(q,D, i) and we are done
since ∆k(q,D, i) ⊆ ∆k(q,D, i+ 1). So assume that 〈c, sL〉 is newly added into N(q,D, i+ 1).

By definition of the iterative step (regardless of which rule is applied), there is a state
s′, a partial run of Aq from state sL to state s′ reading R ∈ σ, and a fact R(c a) of D such
that for every fact R(c b) of D we have 〈b, s′〉 ∈ N(q,D, i).

Let sl = trace(Π). Since Π ≈ sL, there is a run of Aq on trace(Π) that ends at sL. We
consider three cases depending on the successor of sl in q.

(1) Case sl = q. This case is similar to the base case. Since (u1, . . . , ul) forms a solution to
q, we have SΠ ∈ ∆k(q,D, 0) ⊆ ∆k(q,D, i+ 1).

(2) Case sl+1 = slR.
Note that if there is already a fact of the form ui = R(c b) in Π then the new path

Π′ = u1, u2, . . . , ul, ui is also a valid path where last(Π′) = b. Otherwise, for every fact
ui in Π if trace(ui) = R then key(ui) 6= c. Take any arbitrary fact of the form v = R(c b)
of D. The new path Π′ = u1, u2, . . . , ul, v is also a valid path.

So in both cases we have last(Π′) = b. Also, since there is a run of Aq on trace(Π)
that ends at sL, there is a run of Aq on trace(Π′) that ends at s′. Hence, trace(Π′) ≈ s′.
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Thus, by induction hypothesis, if there is already a fact of the form ui = R(c b) in Π
then SΠ′ ∈ ∆k(q,D, i). But since ui is already present in Π, we obtain SΠ = SΠ′ , and
therefore SΠ ∈ ∆k(q,D, i) ⊆ ∆k(q,D, i+ 1).

Otherwise, by induction hypothesis we have SΠ′ = SΠ ∪ {R(c b)} ∈ ∆k(q,D, i). Since
this holds for any fact of the form R(c b) we obtain, by definition of ∆k(q,D), that
SΠ ∈ ∆k(q,D, i+ 1).

(3) Case sl+1 = slR
′ for some R′ 6= R.

Since trace(Π) = sl, there is a run of Aq on sl that ends in state sL. Let P be the last
symbol of sL (since sL is non-empty by assumption). Observe that, by definition of Aq,
a run on a word cannot end at sL unless the word also ends with P ; therefore, sl has to

end with P . Altogether we have sl+1 =

sl︷ ︸︸ ︷
wP︸︷︷︸
sL

Rw′P R′ for some w,w′ ∈ σ∗ and R 6= R′.

Applying Lemma 6.6, we obtain that sL is a suffix of sl. Let Π′ = ul−L+1, . . . , ul be the
suffix of Π such that trace(Π′) = sL. Note that Π′ is a valid path and SΠ′ ⊆ SΠ. Hence,
it is sufficient to prove that SΠ′ ∈ ∆k(q,D, i+ 1). We are then in the situation of the
already treated Case 2 above, since sL+1 = sLR. Hence, SΠ′ ∈ ∆k(q,D, i+ 1).

6.2. Inexpressiblity results for path queries. In this section we show our second main
result for path queries: if there exists a word w ∈ L#(q) such that q is not a factor of w,
then for all k, Certk fails to capture certain(q).

Together with Theorem 6.2 this gives a complete characterization of when our fixpoint
algorithm computes certain(q) for path queries q. Note that from Theorem 6.1 we already
know that for such queries, certain(q) is coNP-complete. So assuming PTime 6= coNP no
polynomial time algorithm can compute certain(q). Our result is unconditional but only
applies for the Certk algorithm.

Theorem 6.7. Let q be a path query such that q 6|= FactorCond. Then for all k, certain(q)
is not computed by Certk(q).

From the existence of a word in L#(q) that does not have q as a factor, it follows that q
is of the form uTvTw but q is not a factor of uTvTvTw [KOW21, Lemma 5.4]. The proof
of Theorem 6.7 is again a reduction to the case of the query q4 (refer to Theorem 5.1) using
the following proposition.

Proposition 6.8. Let q be a path query of the form uTvTw and q is not a factor of
uTvTvTw. For every database D over the signature of q4 we can construct a database D′

over the signature of q such that:

(1) If D |= certain(q4) then D′ |= certain(q).
(2) For every k ≥ 2, if D′ |= Certk(q) then D |= Cert+k(q4).

Before we prove the proposition we show why it implies Theorem 6.7.

Proof of Theorem 6.7. Recall that, since q is not a factor of every word in L#(q), we have
that q is of the form uTvTw but q is not a factor of uTvTvTw [KOW21, Lemma 5.4].

Assume towards a contradiction that there is a k such that certain(q) = Certk(q). We
then show that certain(q4) = Cert+k(q4), contradicting Theorem 5.1. To prove this it is

enough to show that if a database D is such that D |= certain(q4) then D |= Cert+k(q4).
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Consider such a database D and let D′ be the database constructed by Proposition 6.8.
From our hypothesis on D and the first item of Proposition 6.8, it follows that D′ |=
certain(q). From our hypothesis on q it follows that D′ |= Certk(q). From the second item
of Proposition 6.8, it follows that D |= Cert+k(q4), and the desired contradiction.

We now turn to the proof of Proposition 6.8.

Proof of Proposition 6.8. From the hypotheses we have that u 6= ε (otherwise q = TvTw is
a factor of TvTvTw). So let u = A0u

′ and let us denote q as

A0(x x1) u′ T (y y0) v T (z z0) w, where





u′ = A1(x1 x2) . . . Ai(xi y),

v = A′0(y0 y1)A′1(y1 y2) . . . A′j(yj z),

w = A′′0(z0 z1)A′′1(z1 z2) . . . A′′k(zk zk+1),

and u′, v, w are possibly empty. Note that if v = ε then y0 = z.

Let D be a database for q4. Consider the solution graph GD of D. Recall that every
connected component in GD is always a clique of size less than or equal to 3 and that every
fact of D can be part of exactly one maximal clique (cf. Remark 5.2).

Let B1, B2 . . . Bm be the set of all blocks of D and C1, C2 . . . Cl be the set of maximal
cliques in the solution graph GD. Notice that a clique may contain two facts in the same
block. For instance the facts R(a ba) and R(a ab) form a solution to q4. Recall that a clique
Ct is called self-loop if it contains only one fact h such that D |= q4(hh).

Define D′ as follows:
If the block Bs of D contains a fact in a non-self-loop clique Ct then we add the following

facts to D′, (all domain elements are fresh):

A0(αs αst1 ) A1(αst1 αst2 ) . . . Ai(α
st
i βst)

︸ ︷︷ ︸
u′

T (βst βst0 )A′0(βst0 βst1 )A′1(βst1 βst2 ) . . . A′j(β
st
j γst)

︸ ︷︷ ︸
v

T (γst δst0 )A′0(δst0 δst1 )A′1(δst1 δst2 ) . . . A′j(δ
st
j ηst)

︸ ︷︷ ︸
v

T (ηst ηst0 )A′′0(ηst0 ηst1 )A′′1(ηst1 ηst2 ) . . . A′′k(η
st
k ηstk+1)

︸ ︷︷ ︸
w

If the block Bs of D contains a fact in the self-loop clique Ct then then we add the
following facts to D′.

A0(αs αst1 ) A1(αst1 αst2 ) . . . Ai(α
st
i βst)

︸ ︷︷ ︸
u′

T (βst βst0 )A′0(βst0 βst1 )A′1(βst1 βst2 ) . . . A′j(β
st
j γst)

︸ ︷︷ ︸
v

T (γst γst0 )A′′0(γst0 γst1 )A′′1(γst1 γst2 ) . . . A′′k(γ
st
k γstk+1)

︸ ︷︷ ︸
w

Further, for every maximal clique Ct containing at least two facts in different blocks, and
for every facts h, g ∈ Ct where h, g are in blocks Bs1 , Bs2 , with s1 6= s2, add the following
facts to D′:
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<latexit sha1_base64="CK9MXp0+B8mmZySG06jvfoUlpdY=">AAAB6nicdZDLSgMxFIbP1Futt6pLN8GiuCozRWu7stCNy4r2Au1QMmmmDc1khiQjlKGP4MaFUt36Er6GO9/GTKugoj8EPv7/HHLO8SLOlLbtdyuztLyyupZdz21sbm3v5Hf3WiqMJaFNEvJQdjysKGeCNjXTnHYiSXHgcdr2xvU0b99SqVgobvQkom6Ah4L5jGBtrOt63+nnC3bRNiqXUQpOxXYMVKuVUqmKnHlk24WL11mqp0Y//9YbhCQOqNCEY6W6jh1pN8FSM8LpNNeLFY0wGeMh7RoUOKDKTeajTtGRcQbID6V5QqO5+70jwYFSk8AzlQHWI/U7S82/sm6s/YqbMBHFmgqy+MiPOdIhSvdGAyYp0XxiABPJzKyIjLDERJvr5MwRvjZF/0OrVHTKxbOr00LtGBbKwgEcwgk4cA41uIQGNIHAEO7gAR4tbt1bM+t5UZqxPnv24Yeslw8u5pIl</latexit>

C1

<latexit sha1_base64="zjjR2U/8nUEhXIREiekjZAzCE+o=">AAAB6nicdZDLSgMxFIbP1Futt6pLN8GiuCqZorVdWejGZUV7gXYomTTThmYuJBmhDH0ENy6U6taX8DXc+TZmWgUV/SHw8f/nkHOOGwmuNMbvVmZpeWV1Lbue29jc2t7J7+61VBhLypo0FKHsuEQxwQPW1FwL1okkI74rWNsd19O8fcuk4mFwoycRc3wyDLjHKdHGuq73S/18ARexUbmMUrAr2DZQrVZKpSqy5xHGhYvXWaqnRj//1huENPZZoKkgSnVtHGknIVJzKtg014sViwgdkyHrGgyIz5STzEedoiPjDJAXSvMCjebu946E+EpNfNdU+kSP1O8sNf/KurH2Kk7CgyjWLKCLj7xYIB2idG804JJRLSYGCJXczIroiEhCtblOzhzha1P0P7RKRbtcPLs6LdSOYaEsHMAhnIAN51CDS2hAEygM4Q4e4NES1r01s54XpRnrs2cffsh6+QAwapIm</latexit>

C2

<latexit sha1_base64="eIvzBnFGZZsKhdUxfM3YDy829kI=">AAAB+3icbVC7SgNBFJ2NrxhfayxtBoNiIWFXfHUGbCwjmAdkQ5id3CRDZmeXmVkxLPshWthYKGJr4W/Y+TfOJik08cDA4Zx7uHeOH3GmtON8W7mFxaXllfxqYW19Y3PL3i7WVRhLCjUa8lA2faKAMwE1zTSHZiSBBD6Hhj+8yvzGHUjFQnGrRxG0A9IXrMco0Ubq2EUvFl2QWTwhqXeEfdqxS07ZGQPPE3dKSpefDxkeqx37y+uGNA5AaMqJUi3XiXQ7IVIzyiEteLGCiNAh6UPLUEECUO1kfHuK943Sxb1Qmic0Hqu/EwkJlBoFvpkMiB6oWS8T//Nase5dtBMmoliDoJNFvZhjHeKsCNxlEqjmI0MIlczciumASEK1qatgSnBnvzxP6sdl96x8enNSqhygCfJoF+2hQ+Sic1RB16iKaoiie/SEXtCrlVrP1pv1PhnNWdPMDvoD6+MH7+6YxA==</latexit>

a bc

<latexit sha1_base64="iQ2VgNFwcN1MyFaDo4SOPU3SKBY=">AAAB+3icbVC7SgNBFJ2NrxhfMZY2g0GxkLArvjoDNpYRzAOyS5idvUmGzM4uM7NiWPIhWthYKGJr4W/Y+TfOJik08cDA4Zx7uHeOH3OmtG1/W7mFxaXllfxqYW19Y3OruF1qqCiRFOo04pFs+UQBZwLqmmkOrVgCCX0OTX9wlfnNO5CKReJWD2PwQtITrMso0UbqFEtuIgKQWTwlI/cI+0GnWLYr9hh4njhTUr78fMjwWOsUv9wgokkIQlNOlGo7dqy9lEjNKIdRwU0UxIQOSA/ahgoSgvLS8e0jvG+UAHcjaZ7QeKz+TqQkVGoY+mYyJLqvZr1M/M9rJ7p74aVMxIkGQSeLugnHOsJZEThgEqjmQ0MIlczcimmfSEK1qatgSnBmvzxPGscV56xyenNSrh6gCfJoF+2hQ+Sgc1RF16iG6oiie/SEXtCrNbKerTfrfTKas6aZHfQH1scP8XKYxQ==</latexit>

a bd
<latexit sha1_base64="MgcEELvUwVbJAdowABLiqb4ENIc=">AAAB+3icbVC7SgNBFJ2NrxhfMZY2g0GxkLArvjoDNpYRzAOyS5idvUmGzM4uM7NiWPIhWthYKGJr4W/Y+TfOJik08cDA4Zx7uHeOH3OmtG1/W7mFxaXllfxqYW19Y3OruF1qqCiRFOo04pFs+UQBZwLqmmkOrVgCCX0OTX9wlfnNO5CKReJWD2PwQtITrMso0UbqFEtuIgKQWTz1R+4RDkinWLYr9hh4njhTUr78fMjwWOsUv9wgokkIQlNOlGo7dqy9lEjNKIdRwU0UxIQOSA/ahgoSgvLS8e0jvG+UAHcjaZ7QeKz+TqQkVGoY+mYyJLqvZr1M/M9rJ7p74aVMxIkGQSeLugnHOsJZEThgEqjmQ0MIlczcimmfSEK1qatgSnBmvzxPGscV56xyenNSrh6gCfJoF+2hQ+Sgc1RF16iG6oiie/SEXtCrNbKerTfrfTKas6aZHfQH1scP8XqYxQ==</latexit>

b da
<latexit sha1_base64="obZChuYepuCRPU6K/J1k5Q0fRfs=">AAAB+3icbVC7SgNBFJ2NrxhfayxtBoNiIWFXfHUGbCwjmAdkQ5id3CRDZmeXmVkxLPshWthYKGJr4W/Y+TfOJik08cDA4Zx7uHeOH3GmtON8W7mFxaXllfxqYW19Y3PL3i7WVRhLCjUa8lA2faKAMwE1zTSHZiSBBD6Hhj+8yvzGHUjFQnGrRxG0A9IXrMco0Ubq2EUvFl2QWTzxU+8IU9KxS07ZGQPPE3dKSpefDxkeqx37y+uGNA5AaMqJUi3XiXQ7IVIzyiEteLGCiNAh6UPLUEECUO1kfHuK943Sxb1Qmic0Hqu/EwkJlBoFvpkMiB6oWS8T//Nase5dtBMmoliDoJNFvZhjHeKsCNxlEqjmI0MIlczciumASEK1qatgSnBnvzxP6sdl96x8enNSqhygCfJoF+2hQ+Sic1RB16iKaoiie/SEXtCrlVrP1pv1PhnNWdPMDvoD6+MH7/WYxA==</latexit>

b ca

<latexit sha1_base64="muhWZAuYHY9vG9qwSv8+cFPy3QE=">AAAB+3icbVC7SgNBFJ2NrxhfayxtBoNiIWFXfHUGbCwjmAdkQ5id3CRDZmeXmVkxLPshWthYKGJr4W/Y+TfOJik08cDA4Zx7uHeOH3GmtON8W7mFxaXllfxqYW19Y3PL3i7WVRhLCjUa8lA2faKAMwE1zTSHZiSBBD6Hhj+8yvzGHUjFQnGrRxG0A9IXrMco0Ubq2EUvFl2QWTyhqXeEid+xS07ZGQPPE3dKSpefDxkeqx37y+uGNA5AaMqJUi3XiXQ7IVIzyiEteLGCiNAh6UPLUEECUO1kfHuK943Sxb1Qmic0Hqu/EwkJlBoFvpkMiB6oWS8T//Nase5dtBMmoliDoJNFvZhjHeKsCNxlEqjmI0MIlczciumASEK1qatgSnBnvzxP6sdl96x8enNSqhygCfJoF+2hQ+Sic1RB16iKaoiie/SEXtCrlVrP1pv1PhnNWdPMDvoD6+MH7/mYxA==</latexit>

c ab

<latexit sha1_base64="gOZiXvpLRpa+71hO0IVb6c1lwys=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGvO0sunFZ0V6gHUomzbShSWZIMkIZ+ghuXCjVrS/ha7jzbcy0XWjrD4GP/z+HnHOCmDNtXPfbWVhcWl5Zza3l1zc2t7YLO7s1HSWK0CqJeKQaAdaUM0mrhhlOG7GiWASc1oP+TZbXH6nSLJIPZhBTX+CuZCEj2Fjr/rrttQtFt+SOhebBm0Lx6nOU6a3SLny1OhFJBJWGcKx103Nj46dYGUY4HeZbiaYxJn3cpU2LEguq/XQ86hAdWqeDwkjZJw0au787Uiy0HojAVgpseno2y8z/smZiwks/ZTJODJVk8lGYcGQilO2NOkxRYvjAAiaK2VkR6WGFibHXydsjeLMrz0PtpOSdl87uTovlI5goB/twAMfgwQWU4RYqUAUCXXiCF3h1uPPsjJz3SemCM+3Zgz9yPn4A1gyR5w==</latexit>

B1

<latexit sha1_base64="M3iDasGUWtlXgfHv8a9C/j14PcQ=">AAAB6nicbZDLTsJAFIZP8YZ4Q126mUg0rkhLvO0kunGJ0QIJNGQ6TGHCdNrMTE1IwyO4caFBt76Er+HOt3EKLBT8k0m+/P85mXOOH3OmtG1/W7ml5ZXVtfx6YWNza3unuLtXV1EiCXVJxCPZ9LGinAnqaqY5bcaS4tDntOEPbrK88UilYpF40MOYeiHuCRYwgrWx7q87lU6xZJftidAiODMoXX2OM73VOsWvdjciSUiFJhwr1XLsWHsplpoRTkeFdqJojMkA92jLoMAhVV46GXWEjozTRUEkzRMaTdzfHSkOlRqGvqkMse6r+Swz/8taiQ4uvZSJONFUkOlHQcKRjlC2N+oySYnmQwOYSGZmRaSPJSbaXKdgjuDMr7wI9UrZOS+f3Z2WqscwVR4O4BBOwIELqMIt1MAFAj14ghd4tbj1bI2t92lpzpr17MMfWR8/15CR6A==</latexit>

B2

<latexit sha1_base64="qLfr/sWpWG53G/wHlWK7/86J2k4=">AAAB6nicbZC7TsMwFIZPyq2UW4GRxaICMVUJ940KFsYi6EVqo8pxndaq40S2g1RFfQQWBlBh5SV4DTbeBiftAC2/ZOnT/58jn3O8iDOlbfvbyi0sLi2v5FcLa+sbm1vF7Z26CmNJaI2EPJRNDyvKmaA1zTSnzUhSHHicNrzBTZo3HqlULBQPehhRN8A9wXxGsDbW/XXnpFMs2WU7E5oHZwqlq89xqrdqp/jV7oYkDqjQhGOlWo4daTfBUjPC6ajQjhWNMBngHm0ZFDigyk2yUUfowDhd5IfSPKFR5v7uSHCg1DDwTGWAdV/NZqn5X9aKtX/pJkxEsaaCTD7yY450iNK9UZdJSjQfGsBEMjMrIn0sMdHmOgVzBGd25XmoH5ed8/LZ3WmpcggT5WEP9uEIHLiACtxCFWpAoAdP8AKvFreerbH1PinNWdOeXfgj6+MH2RSR6Q==</latexit>

B3

<latexit sha1_base64="yoBqo+MdgDtP1/RJgtheCD5a/9Y=">AAAB73icbZDJSgNBEIZrXGPcoh69NAbFU5gRt5sBLx4jmAWSMdR0epImPYvdPUIY8hJexAXx6iP4Gt58G3uSHDTxh4aP/6+iq8qLBVfatr+tufmFxaXl3Ep+dW19Y7OwtV1TUSIpq9JIRLLhoWKCh6yquRasEUuGgSdY3etfZnn9nknFo/BGD2LmBtgNuc8pamM1WijiHt467ULRLtkjkVlwJlC8+HzK9FxpF75anYgmAQs1FahU07Fj7aYoNaeCDfOtRLEYaR+7rGkwxIApNx3NOyT7xukQP5LmhZqM3N8dKQZKDQLPVAaoe2o6y8z/smai/XM35WGcaBbS8Ud+IoiOSLY86XDJqBYDA0glN7MS2kOJVJsT5c0RnOmVZ6F2VHJOSyfXx8XyAYyVg13Yg0Nw4AzKcAUVqAIFAQ/wAq/WnfVovVnv49I5a9KzA39kffwAz/uUOA==</latexit>

↵1

<latexit sha1_base64="9rM/NEnW5g/2x6Ht1uul6rkAx9o=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VxISUjvnYW3LisYB/QxDCZTtqhk0mYmQg19EPUjQtF3PoXbt35N07aLrT1wIXDOfdy7z1BwpnSjvNtzc0vLC4tF1aKq2vrGyV7c6uh4lQSWicxj2UrwIpyJmhdM81pK5EURwGnzaB/mfvNOyoVi8WNHiTUi3BXsJARrI3k2yUX86SHfXSbIfcQDX277FScEeAsQRNSvvh8yPFY8+0vtxOTNKJCE46VaiMn0V6GpWaE02HRTRVNMOnjLm0bKnBElZeNDh/CPaN0YBhLU0LDkfp7IsORUoMoMJ0R1j017eXif1471eG5lzGRpJoKMl4UphzqGOYpwA6TlGg+MAQTycytkPSwxESbrIomBDT98ixpHFXQaeXk+rhc3QdjFMAO2AUHAIEzUAVXoAbqgIAUPIEX8GrdW8/Wm/U+bp2zJjPb4A+sjx/mkpcA</latexit>

↵1 1
1

<latexit sha1_base64="IUKw6/mEwV14kbQavjhI62BDzWM=">AAAB+HicbVDLSsNAFL2pr1ofjbp0EyyKCylJ8bWz4MZlBfuANobJdNIOnUzCzESooR+iblwo4ta/cOvOv3HSdqGtBy4czrmXe+/xY0alsu1vI7ewuLS8kl8trK1vbBbNre2GjBKBSR1HLBItH0nCKCd1RRUjrVgQFPqMNP3BZeY374iQNOI3ahgTN0Q9TgOKkdKSZxY7iMV95Dm3qdM5qow8s2SX7TGseeJMSeni8yHDY80zvzrdCCch4QozJGXbsWPlpkgoihkZFTqJJDHCA9QjbU05Col00/HhI2tfK10riIQurqyx+nsiRaGUw9DXnSFSfTnrZeJ/XjtRwbmbUh4ninA8WRQkzFKRlaVgdakgWLGhJggLqm+1cB8JhJXOqqBDcGZfnieNStk5LZ9cH5eqBzBBHnZhDw7BgTOowhXUoA4YEniCF3g17o1n4814n7TmjOnMDvyB8fED6BeXAQ==</latexit>

↵1 2
1

<latexit sha1_base64="Co4/ITWXbgxq//cNjAeb1+gK1Vg=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGvO2suHFZ0V6gHUomzbShSWZIMkIZ+ghuXCjVrS/ha7jzbcy0XWjrD4GP/z+HnHOCmDNtXPfbWVhcWl5Zza3l1zc2t7YLO7s1HSWK0CqJeKQaAdaUM0mrhhlOG7GiWASc1oP+TZbXH6nSLJIPZhBTX+CuZCEj2Fjr/rrttgtFt+SOhebBm0Lx6nOU6a3SLny1OhFJBJWGcKx103Nj46dYGUY4HeZbiaYxJn3cpU2LEguq/XQ86hAdWqeDwkjZJw0au787Uiy0HojAVgpseno2y8z/smZiwks/ZTJODJVk8lGYcGQilO2NOkxRYvjAAiaK2VkR6WGFibHXydsjeLMrz0PtpOSdl87uTovlI5goB/twAMfgwQWU4RYqUAUCXXiCF3h1uPPsjJz3SemCM+3Zgz9yPn4A0wKR5Q==</latexit>

A0

<latexit sha1_base64="9vDKlSgw/VsvW38AUYwnXpc7dMA=">AAAB73icbZDJSgNBEIZr4hbjFvXopTEonsJMcLsZ8OIxglkgGUNNp5M06Vns7hHCkJfwIi6IVx/B1/Dm29iT5KCJPzR8/H8VXVVeJLjStv1tZRYWl5ZXsqu5tfWNza389k5NhbGkrEpDEcqGh4oJHrCq5lqwRiQZ+p5gdW9wmeb1eyYVD4MbPYyY62Mv4F1OURur0UIR9fG21M4X7KI9FpkHZwqFi8+nVM+Vdv6r1Qlp7LNAU4FKNR070m6CUnMq2CjXihWLkA6wx5oGA/SZcpPxvCNyYJwO6YbSvECTsfu7I0FfqaHvmUofdV/NZqn5X9aMdffcTXgQxZoFdPJRNxZEhyRdnnS4ZFSLoQGkkptZCe2jRKrNiXLmCM7syvNQKxWd0+LJ9XGhfAgTZWEP9uEIHDiDMlxBBapAQcADvMCrdWc9Wm/W+6Q0Y017duGPrI8f0X+UOQ==</latexit>

↵2

<latexit sha1_base64="jVmyxdjo6zHs5lkuLbj3lXVI4Zc=">AAAB+XicbVDLSsNAFL3xWesr6tLNYFFcSEmKr50FNy4r2Ac0MUymk3bo5MHMpFBCP0Rx40IRt36FW3f+jZO2C209cOFwzr3ce4+fcCaVZX0bC4tLyyurhbXi+sbm1ra5s9uQcSoIrZOYx6LlY0k5i2hdMcVpKxEUhz6nTb9/nfvNARWSxdGdGibUDXE3YgEjWGnJM00H86SHPfs+qzgnyB55ZskqW2OgeWJPSenq8yHHY80zv5xOTNKQRopwLGXbthLlZlgoRjgdFZ1U0gSTPu7StqYRDql0s/HlI3SolQ4KYqErUmis/p7IcCjlMPR1Z4hVT856ufif105VcOlmLEpSRSMyWRSkHKkY5TGgDhOUKD7UBBPB9K2I9LDAROmwijoEe/bledKolO3z8tntaal6BBMUYB8O4BhsuIAq3EAN6kBgAE/wAq9GZjwbb8b7pHXBmM7swR8YHz9CjZcr</latexit>

↵2 1
1

<latexit sha1_base64="zPGejlj0y4MPTVj1NoIWjelf40c=">AAAB+XicbVDLSsNAFJ34rPUVdelmsCgupCTF186CG5cV7AOaGG6mk3bo5MHMpFBCP0Rx40IRt36FW3f+jZO2C209cOFwzr3ce4+fcCaVZX0bC4tLyyurhbXi+sbm1ra5s9uQcSoIrZOYx6Llg6ScRbSumOK0lQgKoc9p0+9f535zQIVkcXSnhgl1Q+hGLGAElJY803SAJz3w7Pus4pzgysgzS1bZGgPPE3tKSlefDzkea5755XRikoY0UoSDlG3bSpSbgVCMcDoqOqmkCZA+dGlb0whCKt1sfPkIH2qlg4NY6IoUHqu/JzIIpRyGvu4MQfXkrJeL/3ntVAWXbsaiJFU0IpNFQcqxinEeA+4wQYniQ02ACKZvxaQHAojSYRV1CPbsy/OkUSnb5+Wz29NS9QhNUED76AAdIxtdoCq6QTVURwQN0BN6Qa9GZjwbb8b7pHXBmM7soT8wPn4ARBKXLA==</latexit>

↵2 2
1

<latexit sha1_base64="1OtwlKUJRBoqCgAIZnw/8xsjDoQ=">AAAB73icbZDJSgNBEIZr4hbjFvXopTEonsKM+82AF48RzALJGGo6naRJz2J3jxCGvIQXcUG8+gi+hjffxp4kB038oeHj/6voqvIiwZW27W8rMze/sLiUXc6trK6tb+Q3t6oqjCVlFRqKUNY9VEzwgFU014LVI8nQ9wSref3LNK/dM6l4GNzoQcRcH7sB73CK2lj1Joqoh7dHrXzBLtojkVlwJlC4+HxK9Vxu5b+a7ZDGPgs0FahUw7Ej7SYoNaeCDXPNWLEIaR+7rGEwQJ8pNxnNOyR7xmmTTijNCzQZub87EvSVGvieqfRR99R0lpr/ZY1Yd87dhAdRrFlAxx91YkF0SNLlSZtLRrUYGEAquZmV0B5KpNqcKGeO4EyvPAvVw6JzWjy5Pi6U9mGsLOzALhyAA2dQgisoQwUoCHiAF3i17qxH6816H5dmrEnPNvyR9fED0wOUOg==</latexit>

↵3

<latexit sha1_base64="xkBY7DHfDw9vE30YYFQrA5Mpn0E=">AAAB+XicbVDLSsNAFJ34rPUVdelmsCgupCS+dxbcuKxgH9DEcDOdtEMnD2YmhRL6IYobF4q49SvcuvNvnLRdaOuBC4dz7uXee/yEM6ks69uYm19YXFourBRX19Y3Ns2t7bqMU0FojcQ8Fk0fJOUsojXFFKfNRFAIfU4bfu869xt9KiSLozs1SKgbQidiASOgtOSZpgM86YJn32cnzhG2h55ZssrWCHiW2BNSuvp8yPFY9cwvpx2TNKSRIhykbNlWotwMhGKE02HRSSVNgPSgQ1uaRhBS6Wajy4d4XyttHMRCV6TwSP09kUEo5SD0dWcIqiunvVz8z2ulKrh0MxYlqaIRGS8KUo5VjPMYcJsJShQfaAJEMH0rJl0QQJQOq6hDsKdfniX147J9Xj67PS1VDtAYBbSL9tAhstEFqqAbVEU1RFAfPaEX9GpkxrPxZryPW+eMycwO+gPj4wdEFpcs</latexit>

↵3 1
1

<latexit sha1_base64="fdZn+wgtIt111QMudSUxassBllI=">AAAB+HicbVDLSsNAFJ34rPXRqEs3g0VxISURXzsLblxWsA9oY7mZTtqhM0mYmQg19EPUjQtF3LrzN9z5N07aLrT1wIXDOfdy7z1+zJnSjvNtzc0vLC4t51byq2vrGwV7c6umokQSWiURj2TDB0U5C2lVM81pI5YUhM9p3e9fZn79jkrFovBGD2LqCeiGLGAEtJHadqHVBSHgNnVx6xC7w7ZddErOCHiWuBNSvPh8yPBYadtfrU5EEkFDTTgo1XSdWHspSM0Ip8N8K1E0BtKHLm0aGoKgyktHhw/xnlE6OIikqVDjkfp7IgWh1ED4plOA7qlpLxP/85qJDs69lIVxomlIxouChGMd4SwF3GGSEs0HhgCRzNyKSQ8kEG2yypsQ3OmXZ0ntqOSelk6uj4vlfTRGDu2gXXSAXHSGyugKVVAVEZSgJ/SCXq1769l6s97HrXPWZGYb/YH18QNSHpad</latexit>

�1 1

<latexit sha1_base64="kzjLht9PppnEdPSPjzRZE4PyfxY=">AAAB+HicbVDLSgMxFM3UV62Pjrp0EyyKCykzxdfOghuXFewDOmPJpJk2NMkMSUaoQz9E3bhQxK07f8Odf2Om7UJbD1w4nHMv994TxIwq7TjfVm5hcWl5Jb9aWFvf2CzaW9sNFSUSkzqOWCRbAVKEUUHqmmpGWrEkiAeMNIPBZeY374hUNBI3ehgTn6OeoCHFSBupYxe9HuIc3aYu9I5gZdSxS07ZGQPOE3dKShefDxkeax37y+tGOOFEaMyQUm3XibWfIqkpZmRU8BJFYoQHqEfahgrEifLT8eEjuG+ULgwjaUpoOFZ/T6SIKzXkgenkSPfVrJeJ/3ntRIfnfkpFnGgi8GRRmDCoI5ilALtUEqzZ0BCEJTW3QtxHEmFtsiqYENzZl+dJo1J2T8sn18el6gGYIA92wR44BC44A1VwBWqgDjBIwBN4Aa/WvfVsvVnvk9acNZ3ZAX9gffwAU6OWng==</latexit>

�1 2

<latexit sha1_base64="JXarG4BsP5+dGY3Mxp9ujqAnIhk=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPiQcJu8HUz4MVjBPOAZBN6J7PJkJndZWZWCUv+QwUPinj17G9482+cTXLQxIKGoqqb7i4v4kxp2/62MguLS8sr2dXc2vrG5lZ+e6emwlgSWiUhD2XDA0U5C2hVM81pI5IUhMdp3RtcpX79jkrFwuBWDyPqCugFzGcEtJHarR4IAe2k1DrGzqiTL9hFeww8T5wpKVx+PqZ4qnTyX61uSGJBA004KNV07Ei7CUjNCKejXCtWNAIygB5tGhqAoMpNxleP8IFRutgPpalA47H6eyIBodRQeKZTgO6rWS8V//OasfYv3IQFUaxpQCaL/JhjHeI0AtxlkhLNh4YAkczcikkfJBBtgsqZEJzZl+dJrVR0zoqnNyeF8iGaIIv20D46Qg46R2V0jSqoigiS6AG9oFfr3nq23qz3SWvGms7soj+wPn4AglyWQw==</latexit>

�2 1

<latexit sha1_base64="vewOfrpSlPJFGIKjYXnQLt1xrho=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPiQcJu8HUz4MVjBPOAZBN6J7PJkJndZWZWCUv+QwUPinj17G9482+cTXLQxIKGoqqb7i4v4kxp2/62MguLS8sr2dXc2vrG5lZ+e6emwlgSWiUhD2XDA0U5C2hVM81pI5IUhMdp3RtcpX79jkrFwuBWDyPqCugFzGcEtJHarR4IAe2k1DrGpVEnX7CL9hh4njhTUrj8fEzxVOnkv1rdkMSCBppwUKrp2JF2E5CaEU5HuVasaARkAD3aNDQAQZWbjK8e4QOjdLEfSlOBxmP190QCQqmh8EynAN1Xs14q/uc1Y+1fuAkLoljTgEwW+THHOsRpBLjLJCWaDw0BIpm5FZM+SCDaBJUzITizL8+TWqnonBVPb04K5UM0QRbtoX10hBx0jsroGlVQFREk0QN6Qa/WvfVsvVnvk9aMNZ3ZRX9gffwAg+GWRA==</latexit>

�2 2

<latexit sha1_base64="OcHKpp/FSMVza50eh2xz8s7tfTU=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPiQcKu75sBLx4jmAdkN6F3MkmGzOwuM7NKWPIfKnhQxKtnf8Obf+NskoMmFjQUVd10d/kRZ0rb9reVmZtfWFzKLudWVtfWN/KbW1UVxpLQCgl5KOs+KMpZQCuaaU7rkaQgfE5rfv8q9Wt3VCoWBrd6EFFPQDdgHUZAG6npdkEIaCbH7iF2hq18wS7aI+BZ4kxI4fLzMcVTuZX/ctshiQUNNOGgVMOxI+0lIDUjnA5zbqxoBKQPXdowNABBlZeMrh7iPaO0cSeUpgKNR+rviQSEUgPhm04BuqemvVT8z2vEunPhJSyIYk0DMl7UiTnWIU4jwG0mKdF8YAgQycytmPRAAtEmqJwJwZl+eZZUj4rOWfH05qRQ2kdjZNEO2kUHyEHnqISuURlVEEESPaAX9GrdW8/Wm/U+bs1Yk5lt9AfWxw+D5ZZE</latexit>

�3 1

<latexit sha1_base64="0uzEUQJ+phodgOHwttUpMgBTcG8=">AAAB6XicdZDLSgMxFIYz9VbrrerSTbB4WQ2Zamu7suDGZRV7gXYomTTThmYyQ5IRytA3cONC0W59Cl/DnW9jplVQ0R8CH/9/DjnneBFnSiP0bmUWFpeWV7KrubX1jc2t/PZOU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48Tlve6CLNW7dUKhaKGz2OqBvggWA+I1gb6zo+6uULyEblUhVVIbJLyKnMAKFypXgCHQOpCuevz6mm9V7+rdsPSRxQoQnHSnUcFGk3wVIzwukk140VjTAZ4QHtGBQ4oMpNZpNO4IFx+tAPpXlCw5n7vSPBgVLjwDOVAdZD9TtLzb+yTqz9ipswEcWaCjL/yI851CFM14Z9JinRfGwAE8nMrJAMscREm+PkzBG+NoX/Q7NoO2W7dHVaqB2CubJgD+yDY+CAM1ADl6AOGoAAH9yBB/Bojax768mazksz1mfPLvgh6+UDxdOR7g==</latexit>

u0

<latexit sha1_base64="iAJiPvpDya2pDQ92aGq9n93CbYs=">AAAB+nicdVBNS0JBFL3Pvu1La9lmSIoWIfM0TVcFbVoWZAVqMm8cdXDeBzP3FfLyp7RpUUTbfkm7/kU/oVELKurAhcM593LvPV6kpEFK35zU1PTM7Nz8QnpxaXllNZNdOzdhrLmo8VCF+tJjRigZiBpKVOIy0oL5nhIXXv9o5F9cC21kGJzhIBJNn3UD2ZGcoZVamWwDewJZy71KiqSxS9xhK5OjeVouVWmV0HyJupUxobRcKRSJa8kIuYN3GOOklXlttEMe+yJArpgxdZdG2EyYRsmVGKYbsRER433WFXVLA+YL00zGpw/JllXapBNqWwGSsfp9ImG+MQPfs50+w5757Y3Ev7x6jJ1KM5FBFKMI+GRRJ1YEQzLKgbSlFhzVwBLGtbS3Et5jmnG0aaVtCF+fkv/JeSHvlvOl073c4fYkDZiHDdiEHXBhHw7hGE6gBhxu4A4e4NG5de6dJ+d50ppyPmfW4Qeclw+B9ZQ9</latexit>

✓3 1
1

<latexit sha1_base64="obRM7hPQWBoXztx4qWfyernihXM=">AAAB/XicdVDLSgMxFM34rPVVHzs3waK4kJKptrYrC25cVrAPaGvJpGkbmnmQ3BHqUPwOXblxoYhbv8GtO//GTKugogfu5XDOveTmOIEUGgh5t6amZ2bn5hMLycWl5ZXV1Np6VfuhYrzCfOmrukM1l8LjFRAgeT1QnLqO5DVncBL7tUuutPC9cxgGvOXSnie6glEwUju12YQ+B3oR2bi5j7Nxs0ftVJpkSD5XJEVMMjliF8aEkHwhe4BtQ2Kkj19vYtyW26m3Zsdnocs9YJJq3bBJAK2IKhBM8lGyGWoeUDagPd4w1KMu161ofP0I7xilg7u+MuUBHqvfNyLqaj10HTPpUujr314s/uU1QugWWpHwghC4xyYPdUOJwcdxFLgjFGcgh4ZQpoS5FbM+VZSBCSxpQvj6Kf6fVLMZO5/JnR2mS7toggTaQttoD9noCJXQKSqjCmLoCt2hB/RoXVv31pP1PBmdsj53NtAPWC8fOpCYMw==</latexit>

✓1 2 1

<latexit sha1_base64="TP1LYkAH3x1t8DrYTQH6LUjo7zs=">AAAB/XicdVDLSgMxFM34tr7Gx85NsCgupGTU1nZlwY1LBWsLnbFk0tQGMw+SO0Idit+hKzcuFHHrN7h159+YaRVU9MC9HM65l9wcP5ZCAyHv1sjo2PjE5NR0bmZ2bn7BXlw61VGiGK+xSEaq4VPNpQh5DQRI3ogVp4Eved2/OMj8+iVXWkThCfRi7gX0PBQdwSgYqWWvuNDlQM9SB7tbeCdrTr9l50mBlIoVUsGkUCROeUAIKZW3d7BjSIb8/utNhtujlv3mtiOWBDwEJqnWTYfE4KVUgWCS93NuonlM2QU9501DQxpw7aWD6/t43Sht3ImUqRDwQP2+kdJA617gm8mAQlf/9jLxL6+ZQKfspSKME+AhGz7USSSGCGdR4LZQnIHsGUKZEuZWzLpUUQYmsJwJ4eun+H9yul1wSoXi8W6+uoGGmEKraA1tIgftoSo6REeohhi6QnfoAT1a19a99WQ9D0dHrM+dZfQD1ssHPBqYNA==</latexit>

✓1 3 1

<latexit sha1_base64="b4qHO7UY2Q/YgdkrOQZ49UAOTkM=">AAAB/XicdVDLSgMxFM3Ud32Nj52bYFFcSMlUW+tKwY3LCvYBbS2ZNG1DMw+SO0Idit+hKzcuFHHrN7h159+YaRVU9MC9HM65l9wcN5RCAyHvVmpicmp6ZnYuPb+wuLRsr6xWdBApxssskIGquVRzKXxeBgGS10LFqedKXnX7J4lfveRKi8A/h0HImx7t+qIjGAUjtez1BvQ40Is4hxu7eC9pzrBlZ0iWFPKH5BCTbJ44xREhpFDM7WHHkASZo9ebBLellv3WaAcs8rgPTFKt6w4JoRlTBYJJPkw3Is1Dyvq0y+uG+tTjuhmPrh/iLaO0cSdQpnzAI/X7Rkw9rQeeayY9Cj3920vEv7x6BJ1iMxZ+GAH32fihTiQxBDiJAreF4gzkwBDKlDC3YtajijIwgaVNCF8/xf+TSi7rFLL5s/3M8TYaYxZtoE20gxx0gI7RKSqhMmLoCt2hB/RoXVv31pP1PB5NWZ87a+gHrJcPPamYNQ==</latexit>

✓2 3 1

<latexit sha1_base64="Co4/ITWXbgxq//cNjAeb1+gK1Vg=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGvO2suHFZ0V6gHUomzbShSWZIMkIZ+ghuXCjVrS/ha7jzbcy0XWjrD4GP/z+HnHOCmDNtXPfbWVhcWl5Zza3l1zc2t7YLO7s1HSWK0CqJeKQaAdaUM0mrhhlOG7GiWASc1oP+TZbXH6nSLJIPZhBTX+CuZCEj2Fjr/rrttgtFt+SOhebBm0Lx6nOU6a3SLny1OhFJBJWGcKx103Nj46dYGUY4HeZbiaYxJn3cpU2LEguq/XQ86hAdWqeDwkjZJw0au787Uiy0HojAVgpseno2y8z/smZiwks/ZTJODJVk8lGYcGQilO2NOkxRYvjAAiaK2VkR6WGFibHXydsjeLMrz0PtpOSdl87uTovlI5goB/twAMfgwQWU4RYqUAUCXXiCF3h1uPPsjJz3SemCM+3Zgz9yPn4A0wKR5Q==</latexit>

A0

<latexit sha1_base64="bnheuX1za6m9rAkYVMFWuTfJ2Eg=">AAAB7XicbZDLTgIxFIbP4A3xhrp000i8rMiMMehOEjcuMeGWwIR0SoFKp520HRIy4R3cuIAYtz6LW3e+jR1goeifNPny/+ek55wg4kwb1/1yMmvrG5tb2e3czu7e/kH+8KiuZawIrRHJpWoGWFPOBK0ZZjhtRoriMOC0EQzv07wxokozKapmHFE/xH3BeoxgY616fIGqaNTJF9yiOxf6C94SCncf01SzSif/2e5KEodUGMKx1i3PjYyfYGUY4XSSa8eaRpgMcZ+2LAocUu0n82kn6Mw6XdSTyj5h0Nz92ZHgUOtxGNjKEJuBXs1S87+sFZverZ8wEcWGCrL4qBdzZCRKV0ddpigxfGwBE8XsrIgMsMLE2APl7BG81ZX/Qv2q6JWKpcfrQvkcFsrCCZzCJXhwA2V4gArUgMATPMMUZo50XpxX521RmnGWPcfwS877N59kkuo=</latexit>

u0Tv

<latexit sha1_base64="bnheuX1za6m9rAkYVMFWuTfJ2Eg=">AAAB7XicbZDLTgIxFIbP4A3xhrp000i8rMiMMehOEjcuMeGWwIR0SoFKp520HRIy4R3cuIAYtz6LW3e+jR1goeifNPny/+ek55wg4kwb1/1yMmvrG5tb2e3czu7e/kH+8KiuZawIrRHJpWoGWFPOBK0ZZjhtRoriMOC0EQzv07wxokozKapmHFE/xH3BeoxgY616fIGqaNTJF9yiOxf6C94SCncf01SzSif/2e5KEodUGMKx1i3PjYyfYGUY4XSSa8eaRpgMcZ+2LAocUu0n82kn6Mw6XdSTyj5h0Nz92ZHgUOtxGNjKEJuBXs1S87+sFZverZ8wEcWGCrL4qBdzZCRKV0ddpigxfGwBE8XsrIgMsMLE2APl7BG81ZX/Qv2q6JWKpcfrQvkcFsrCCZzCJXhwA2V4gArUgMATPMMUZo50XpxX521RmnGWPcfwS877N59kkuo=</latexit>

u0Tv

<latexit sha1_base64="onK1shN2KFyF0XG6CcmzUp08WqM=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIviQsqM+NpZcOOygn1AOw6ZNNOGJpkhyShl7IcouHGhiFs3/oY7/8ZM24W2HrhwOOde7r0niBlV2nG+rdzc/MLiUn65sLK6tr5hFzfrKkokJjUcsUg2A6QIo4LUNNWMNGNJEA8YaQT9i8xv3BKpaCSu9SAmHkddQUOKkTaSbxfbXcQ58p2b1IXtA+gOfbvklJ0R4CxxJ6R0/vmQ4bHq21/tToQTToTGDCnVcp1YeymSmmJGhoV2okiMcB91SctQgThRXjo6fQh3jdKBYSRNCQ1H6u+JFHGlBjwwnRzpnpr2MvE/r5Xo8MxLqYgTTQQeLwoTBnUEsxxgh0qCNRsYgrCk5laIe0girE1aBROCO/3yLKkflt2T8vHVUamyB8bIg22wA/aBC05BBVyCKqgBDO7AE3gBr9a99Wy9We/j1pw1mdkCf2B9/AB/TZdA</latexit>

�1 1
0

<latexit sha1_base64="WcRsE/eqS7D9V79lwz9cmqtDewU=">AAAB+nicbVDLSsNAFJ3UV62vVJduBoviQkoivnYW3LisYB/QxDCZTNqhk0mYmSgl9kMU3LhQxK0bf8Odf+Ok7UJbD1w4nHMv997jJ4xKZVnfRmFufmFxqbhcWlldW98wy5tNGacCkwaOWSzaPpKEUU4aiipG2okgKPIZafn9i9xv3RIhacyv1SAhboS6nIYUI6Ulzyw7AWEKedZNZkPnANpDz6xYVWsEOEvsCamcfz7keKx75pcTxDiNCFeYISk7tpUoN0NCUczIsOSkkiQI91GXdDTlKCLSzUanD+GuVgIYxkIXV3Ck/p7IUCTlIPJ1Z4RUT057ufif10lVeOZmlCepIhyPF4UpgyqGeQ4woIJgxQaaICyovhXiHhIIK51WSYdgT788S5qHVfukenx1VKntgTGKYBvsgH1gg1NQA5egDhoAgzvwBF7Aq3FvPBtvxvu4tWBMZrbAHxgfP4o7l0c=</latexit>

�1 1
0

<latexit sha1_base64="lqkpnKtS5NldeCsfAJU5kbQNGwk=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYFFcSEmKr50FNy4r2Ac0MUwmk3boZBJmJkqJ/RAFNy4UcevG33Dn3zhpu9DWAxcO59zLvff4CaNSWda3MTe/sLi0XFgprq6tb2yapa2mjFOBSQPHLBZtH0nCKCcNRRUj7UQQFPmMtPz+Re63bomQNObXapAQN0JdTkOKkdKSZ5acgDCFPOsms6FzCKtDzyxbFWsEOEvsCSmffz7keKx75pcTxDiNCFeYISk7tpUoN0NCUczIsOikkiQI91GXdDTlKCLSzUanD+GeVgIYxkIXV3Ck/p7IUCTlIPJ1Z4RUT057ufif10lVeOZmlCepIhyPF4UpgyqGeQ4woIJgxQaaICyovhXiHhIIK51WUYdgT788S5rVin1SOb46Ktf2wRgFsAN2wQGwwSmogUtQBw2AwR14Ai/g1bg3no03433cOmdMZrbBHxgfP4vAl0g=</latexit>

�1 2
0

<latexit sha1_base64="XyuZygFzPmnPHEcd/Jy5z3ni8kA=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYFFcSEmKr50FNy4r2Ac0MUwmk3boZBJmJkqJ/RAFNy4UcevG33Dn3zhpu9DWAxcO59zLvff4CaNSWda3MTe/sLi0XFgprq6tb2yapa2mjFOBSQPHLBZtH0nCKCcNRRUj7UQQFPmMtPz+Re63bomQNObXapAQN0JdTkOKkdKSZ5acgDCFPOsmq0LnENpDzyxbFWsEOEvsCSmffz7keKx75pcTxDiNCFeYISk7tpUoN0NCUczIsOikkiQI91GXdDTlKCLSzUanD+GeVgIYxkIXV3Ck/p7IUCTlIPJ1Z4RUT057ufif10lVeOZmlCepIhyPF4UpgyqGeQ4woIJgxQaaICyovhXiHhIIK51WUYdgT788S5rVin1SOb46Ktf2wRgFsAN2wQGwwSmogUtQBw2AwR14Ai/g1bg3no03433cOmdMZrbBHxgfP4vFl0g=</latexit>

�2 1
0

<latexit sha1_base64="ubSZm58bHq7hQsVvU53rtnuQUSM=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYFFcSEmKr50FNy4r2Ac0MUwmk3boZBJmJkqJ/RAFNy4UcevG33Dn3zhpu9DWAxcO59zLvff4CaNSWda3MTe/sLi0XFgprq6tb2yapa2mjFOBSQPHLBZtH0nCKCcNRRUj7UQQFPmMtPz+Re63bomQNObXapAQN0JdTkOKkdKSZ5acgDCFPOsmq0LnEFaHnlm2KtYIcJbYE1I+/3zI8Vj3zC8niHEaEa4wQ1J2bCtRboaEopiRYdFJJUkQ7qMu6WjKUUSkm41OH8I9rQQwjIUuruBI/T2RoUjKQeTrzgipnpz2cvE/r5Oq8MzNKE9SRTgeLwpTBlUM8xxgQAXBig00QVhQfSvEPSQQVjqtog7Bnn55ljSrFfukcnx1VK7tgzEKYAfsggNgg1NQA5egDhoAgzvwBF7Aq3FvPBtvxvu4dc6YzGyDPzA+fgCNSpdJ</latexit>

�2 2
0

<latexit sha1_base64="RJktGaE6XhctUov72np+UEXqdCs=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYFFcSEl87yy4cVnBPqCJYTKZtEMnkzAzUUrshyi4caGIWzf+hjv/xknbhbYeuHA4517uvcdPGJXKsr6Nmdm5+YXFwlJxeWV1bd0sbTRknApM6jhmsWj5SBJGOakrqhhpJYKgyGek6fcucr95S4SkMb9W/YS4EepwGlKMlJY8s+QEhCnkWTfZIXT2oT3wzLJVsYaA08Qek/L550OOx5pnfjlBjNOIcIUZkrJtW4lyMyQUxYwMik4qSYJwD3VIW1OOIiLdbHj6AO5oJYBhLHRxBYfq74kMRVL2I193Rkh15aSXi/957VSFZ25GeZIqwvFoUZgyqGKY5wADKghWrK8JwoLqWyHuIoGw0mkVdQj25MvTpHFQsU8qx1dH5eouGKEAtsA22AM2OAVVcAlqoA4wuANP4AW8GvfGs/FmvI9aZ4zxzCb4A+PjB41Pl0k=</latexit>

�3 1
0

<latexit sha1_base64="OZQK0idvJQjiE3nPY+mkqjnka8U=">AAAB+nicbVDLSgMxFM34rPU11aWbYFFcSJkpvnYW3LisYB/QGYdMmmlDk8yQZJQy9kMU3LhQxK0bf8Odf2P6WGjrgQuHc+7l3nvChFGlHefbmptfWFxazq3kV9fWNzbtwlZdxanEpIZjFstmiBRhVJCappqRZiIJ4iEjjbB3MfQbt0QqGotr3U+Iz1FH0IhipI0U2AWvgzhHgXOTudA7hOVBYBedkjMCnCXuhBTPPx+GeKwG9pfXjnHKidCYIaVarpNoP0NSU8zIIO+liiQI91CHtAwViBPlZ6PTB3DPKG0YxdKU0HCk/p7IEFeqz0PTyZHuqmlvKP7ntVIdnfkZFUmqicDjRVHKoI7hMAfYppJgzfqGICypuRXiLpIIa5NW3oTgTr88S+rlkntSOr46Klb2wRg5sAN2wQFwwSmogEtQBTWAwR14Ai/g1bq3nq03633cOmdNZrbBH1gfP4DSl0E=</latexit>

�1 2
0

<latexit sha1_base64="pLXBnnTA8DwDNSAlAH+oq+I6wyU=">AAAB+XicbVDLSsNAFJ34rPUVdelmsCgupCTF186CG5cV7AOaGCbTSTt0ZhJmJoUS+iGKGxeKuHXlb7jzb5y0XWjrgQuHc+7l3nvChFGlHefbWlhcWl5ZLawV1zc2t7btnd2GilOJSR3HLJatECnCqCB1TTUjrUQSxENGmmH/OvebAyIVjcWdHibE56graEQx0kYKbNvrIs5R4NxnFe8EuqPALjllZww4T9wpKV19PuR4rAX2l9eJccqJ0Jghpdquk2g/Q1JTzMio6KWKJAj3UZe0DRWIE+Vn48tH8NAoHRjF0pTQcKz+nsgQV2rIQ9PJke6pWS8X//PaqY4u/YyKJNVE4MmiKGVQxzCPAXaoJFizoSEIS2puhbiHJMLahFU0IbizL8+TRqXsnpfPbk9L1SMwQQHsgwNwDFxwAargBtRAHWAwAE/gBbxamfVsvVnvk9YFazqzB/7A+vgBJp2XFw==</latexit>

�2 1
0

<latexit sha1_base64="0I2jxOi8DP3Jy1ZnaqHzRnmVldw=">AAAB+XicbVDLSsNAFJ34rPUVdelmsCgupCTF186CG5cV7AOaGCbTSTt0ZhJmJoUS+iGKGxeKuHXlb7jzb5y0XWjrgQuHc+7l3nvChFGlHefbWlhcWl5ZLawV1zc2t7btnd2GilOJSR3HLJatECnCqCB1TTUjrUQSxENGmmH/OvebAyIVjcWdHibE56graEQx0kYKbNvrIs5R4NxnFe8EVkaBXXLKzhhwnrhTUrr6fMjxWAvsL68T45QToTFDSrVdJ9F+hqSmmJFR0UsVSRDuoy5pGyoQJ8rPxpeP4KFROjCKpSmh4Vj9PZEhrtSQh6aTI91Ts14u/ue1Ux1d+hkVSaqJwJNFUcqgjmEeA+xQSbBmQ0MQltTcCnEPSYS1CatoQnBnX54njUrZPS+f3Z6WqkdgggLYBwfgGLjgAlTBDaiBOsBgAJ7AC3i1MuvZerPeJ60L1nRmD/yB9fEDKCKXGA==</latexit>

�2 2
0

<latexit sha1_base64="YHOPqpNRPb4snnhtNpnohhndzzQ=">AAAB+XicbVDLSsNAFJ34rPUVdelmsCgupCS+dxbcuKxgH9DEMJlO2qEzkzAzKZTQD1HcuFDErSt/w51/46TtQlsPXDiccy/33hMmjCrtON/W3PzC4tJyYaW4ura+sWlvbddVnEpMajhmsWyGSBFGBalpqhlpJpIgHjLSCHvXud/oE6loLO70ICE+Rx1BI4qRNlJg214HcY4C5z478Y6gOwzsklN2RoCzxJ2Q0tXnQ47HamB/ee0Yp5wIjRlSquU6ifYzJDXFjAyLXqpIgnAPdUjLUIE4UX42unwI943ShlEsTQkNR+rviQxxpQY8NJ0c6a6a9nLxP6+V6ujSz6hIUk0EHi+KUgZ1DPMYYJtKgjUbGIKwpOZWiLtIIqxNWEUTgjv98iypH5fd8/LZ7WmpcgDGKIBdsAcOgQsuQAXcgCqoAQz64Am8gFcrs56tN+t93DpnTWZ2wB9YHz8oJpcY</latexit>

�3 1
0

<latexit sha1_base64="JQBhQ1F3Tpi3rKzXRQGa+eW/G+8=">AAAB6HicdZDLSsNAFIYn9VbrrerSzWBRXIU0rWldWXDjsoXeoA1lMp20YyeTMDMRSugTuHGhSF36Nm7d+TZOWgUV/WHg5/vPYc45XsSoVJb1bmRWVtfWN7Kbua3tnd29/P5BW4axwKSFQxaKrockYZSTlqKKkW4kCAo8Rjre5CrNO7dESBrypppGxA3QiFOfYqQ0ajQH+YJlXlQd+9yGlmlZFbvkpMaulO0SLGqSqnD5Ok/1XB/k3/rDEMcB4QozJGWvaEXKTZBQFDMyy/VjSSKEJ2hEetpyFBDpJotBZ/BEkyH0Q6EfV3BBv3ckKJByGni6MkBqLH9nKfwr68XKr7oJ5VGsCMfLj/yYQRXCdGs4pIJgxabaICyonhXiMRIIK32bnD7C16bwf9O2zaJjOo1yoXYKlsqCI3AMzkARVEANXIM6aAEMCLgDD+DRuDHujSdjvizNGJ89h+CHjJcPRVKRqg==</latexit>

T

<latexit sha1_base64="JQBhQ1F3Tpi3rKzXRQGa+eW/G+8=">AAAB6HicdZDLSsNAFIYn9VbrrerSzWBRXIU0rWldWXDjsoXeoA1lMp20YyeTMDMRSugTuHGhSF36Nm7d+TZOWgUV/WHg5/vPYc45XsSoVJb1bmRWVtfWN7Kbua3tnd29/P5BW4axwKSFQxaKrockYZSTlqKKkW4kCAo8Rjre5CrNO7dESBrypppGxA3QiFOfYqQ0ajQH+YJlXlQd+9yGlmlZFbvkpMaulO0SLGqSqnD5Ok/1XB/k3/rDEMcB4QozJGWvaEXKTZBQFDMyy/VjSSKEJ2hEetpyFBDpJotBZ/BEkyH0Q6EfV3BBv3ckKJByGni6MkBqLH9nKfwr68XKr7oJ5VGsCMfLj/yYQRXCdGs4pIJgxabaICyonhXiMRIIK32bnD7C16bwf9O2zaJjOo1yoXYKlsqCI3AMzkARVEANXIM6aAEMCLgDD+DRuDHujSdjvizNGJ89h+CHjJcPRVKRqg==</latexit>

T

<latexit sha1_base64="86ytEAtqfYtkEnikKd8Re1inZrs=">AAAB6HicbZDJTgJBEIZrcEPcUI9eOhKNJzJj3G6SePEIiSwJTEhPUwMtPUu6ezSE8ARePGgMHn0LX8Obb2MPcFDwTzr58v9V6aryYsGVtu1vK7O0vLK6ll3PbWxube/kd/dqKkokwyqLRCQbHlUoeIhVzbXARiyRBp7Aute/SfP6A0rFo/BOD2J0A9oNuc8Z1caqPLbzBbtoT0QWwZlB4fpznOq93M5/tToRSwIMNRNUqaZjx9odUqk5EzjKtRKFMWV92sWmwZAGqNzhZNAROTJOh/iRNC/UZOL+7hjSQKlB4JnKgOqems9S87+smWj/yh3yME40hmz6kZ8IoiOSbk06XCLTYmCAMsnNrIT1qKRMm9vkzBGc+ZUXoXZadC6K55WzQukYpsrCARzCCThwCSW4hTJUgQHCE7zAq3VvPVtv1nhamrFmPfvwR9bHDwFzkXg=</latexit>

w

<latexit sha1_base64="JQBhQ1F3Tpi3rKzXRQGa+eW/G+8=">AAAB6HicdZDLSsNAFIYn9VbrrerSzWBRXIU0rWldWXDjsoXeoA1lMp20YyeTMDMRSugTuHGhSF36Nm7d+TZOWgUV/WHg5/vPYc45XsSoVJb1bmRWVtfWN7Kbua3tnd29/P5BW4axwKSFQxaKrockYZSTlqKKkW4kCAo8Rjre5CrNO7dESBrypppGxA3QiFOfYqQ0ajQH+YJlXlQd+9yGlmlZFbvkpMaulO0SLGqSqnD5Ok/1XB/k3/rDEMcB4QozJGWvaEXKTZBQFDMyy/VjSSKEJ2hEetpyFBDpJotBZ/BEkyH0Q6EfV3BBv3ckKJByGni6MkBqLH9nKfwr68XKr7oJ5VGsCMfLj/yYQRXCdGs4pIJgxabaICyonhXiMRIIK32bnD7C16bwf9O2zaJjOo1yoXYKlsqCI3AMzkARVEANXIM6aAEMCLgDD+DRuDHujSdjvizNGJ89h+CHjJcPRVKRqg==</latexit>

T
<latexit sha1_base64="JQBhQ1F3Tpi3rKzXRQGa+eW/G+8=">AAAB6HicdZDLSsNAFIYn9VbrrerSzWBRXIU0rWldWXDjsoXeoA1lMp20YyeTMDMRSugTuHGhSF36Nm7d+TZOWgUV/WHg5/vPYc45XsSoVJb1bmRWVtfWN7Kbua3tnd29/P5BW4axwKSFQxaKrockYZSTlqKKkW4kCAo8Rjre5CrNO7dESBrypppGxA3QiFOfYqQ0ajQH+YJlXlQd+9yGlmlZFbvkpMaulO0SLGqSqnD5Ok/1XB/k3/rDEMcB4QozJGWvaEXKTZBQFDMyy/VjSSKEJ2hEetpyFBDpJotBZ/BEkyH0Q6EfV3BBv3ckKJByGni6MkBqLH9nKfwr68XKr7oJ5VGsCMfLj/yYQRXCdGs4pIJgxabaICyonhXiMRIIK32bnD7C16bwf9O2zaJjOo1yoXYKlsqCI3AMzkARVEANXIM6aAEMCLgDD+DRuDHujSdjvizNGJ89h+CHjJcPRVKRqg==</latexit>

T

<latexit sha1_base64="86ytEAtqfYtkEnikKd8Re1inZrs=">AAAB6HicbZDJTgJBEIZrcEPcUI9eOhKNJzJj3G6SePEIiSwJTEhPUwMtPUu6ezSE8ARePGgMHn0LX8Obb2MPcFDwTzr58v9V6aryYsGVtu1vK7O0vLK6ll3PbWxube/kd/dqKkokwyqLRCQbHlUoeIhVzbXARiyRBp7Aute/SfP6A0rFo/BOD2J0A9oNuc8Z1caqPLbzBbtoT0QWwZlB4fpznOq93M5/tToRSwIMNRNUqaZjx9odUqk5EzjKtRKFMWV92sWmwZAGqNzhZNAROTJOh/iRNC/UZOL+7hjSQKlB4JnKgOqems9S87+smWj/yh3yME40hmz6kZ8IoiOSbk06XCLTYmCAMsnNrIT1qKRMm9vkzBGc+ZUXoXZadC6K55WzQukYpsrCARzCCThwCSW4hTJUgQHCE7zAq3VvPVtv1nhamrFmPfvwR9bHDwFzkXg=</latexit>

w

<latexit sha1_base64="Co4/ITWXbgxq//cNjAeb1+gK1Vg=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGvO2suHFZ0V6gHUomzbShSWZIMkIZ+ghuXCjVrS/ha7jzbcy0XWjrD4GP/z+HnHOCmDNtXPfbWVhcWl5Zza3l1zc2t7YLO7s1HSWK0CqJeKQaAdaUM0mrhhlOG7GiWASc1oP+TZbXH6nSLJIPZhBTX+CuZCEj2Fjr/rrttgtFt+SOhebBm0Lx6nOU6a3SLny1OhFJBJWGcKx103Nj46dYGUY4HeZbiaYxJn3cpU2LEguq/XQ86hAdWqeDwkjZJw0au787Uiy0HojAVgpseno2y8z/smZiwks/ZTJODJVk8lGYcGQilO2NOkxRYvjAAiaK2VkR6WGFibHXydsjeLMrz0PtpOSdl87uTovlI5goB/twAMfgwQWU4RYqUAUCXXiCF3h1uPPsjJz3SemCM+3Zgz9yPn4A0wKR5Q==</latexit>

A0

<latexit sha1_base64="Co4/ITWXbgxq//cNjAeb1+gK1Vg=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGvO2suHFZ0V6gHUomzbShSWZIMkIZ+ghuXCjVrS/ha7jzbcy0XWjrD4GP/z+HnHOCmDNtXPfbWVhcWl5Zza3l1zc2t7YLO7s1HSWK0CqJeKQaAdaUM0mrhhlOG7GiWASc1oP+TZbXH6nSLJIPZhBTX+CuZCEj2Fjr/rrttgtFt+SOhebBm0Lx6nOU6a3SLny1OhFJBJWGcKx103Nj46dYGUY4HeZbiaYxJn3cpU2LEguq/XQ86hAdWqeDwkjZJw0au787Uiy0HojAVgpseno2y8z/smZiwks/ZTJODJVk8lGYcGQilO2NOkxRYvjAAiaK2VkR6WGFibHXydsjeLMrz0PtpOSdl87uTovlI5goB/twAMfgwQWU4RYqUAUCXXiCF3h1uPPsjJz3SemCM+3Zgz9yPn4A0wKR5Q==</latexit>

A0

<latexit sha1_base64="bnheuX1za6m9rAkYVMFWuTfJ2Eg=">AAAB7XicbZDLTgIxFIbP4A3xhrp000i8rMiMMehOEjcuMeGWwIR0SoFKp520HRIy4R3cuIAYtz6LW3e+jR1goeifNPny/+ek55wg4kwb1/1yMmvrG5tb2e3czu7e/kH+8KiuZawIrRHJpWoGWFPOBK0ZZjhtRoriMOC0EQzv07wxokozKapmHFE/xH3BeoxgY616fIGqaNTJF9yiOxf6C94SCncf01SzSif/2e5KEodUGMKx1i3PjYyfYGUY4XSSa8eaRpgMcZ+2LAocUu0n82kn6Mw6XdSTyj5h0Nz92ZHgUOtxGNjKEJuBXs1S87+sFZverZ8wEcWGCrL4qBdzZCRKV0ddpigxfGwBE8XsrIgMsMLE2APl7BG81ZX/Qv2q6JWKpcfrQvkcFsrCCZzCJXhwA2V4gArUgMATPMMUZo50XpxX521RmnGWPcfwS877N59kkuo=</latexit>

u0Tv

<latexit sha1_base64="bnheuX1za6m9rAkYVMFWuTfJ2Eg=">AAAB7XicbZDLTgIxFIbP4A3xhrp000i8rMiMMehOEjcuMeGWwIR0SoFKp520HRIy4R3cuIAYtz6LW3e+jR1goeifNPny/+ek55wg4kwb1/1yMmvrG5tb2e3czu7e/kH+8KiuZawIrRHJpWoGWFPOBK0ZZjhtRoriMOC0EQzv07wxokozKapmHFE/xH3BeoxgY616fIGqaNTJF9yiOxf6C94SCncf01SzSif/2e5KEodUGMKx1i3PjYyfYGUY4XSSa8eaRpgMcZ+2LAocUu0n82kn6Mw6XdSTyj5h0Nz92ZHgUOtxGNjKEJuBXs1S87+sFZverZ8wEcWGCrL4qBdzZCRKV0ddpigxfGwBE8XsrIgMsMLE2APl7BG81ZX/Qv2q6JWKpcfrQvkcFsrCCZzCJXhwA2V4gArUgMATPMMUZo50XpxX521RmnGWPcfwS877N59kkuo=</latexit>

u0Tv

<latexit sha1_base64="JQBhQ1F3Tpi3rKzXRQGa+eW/G+8=">AAAB6HicdZDLSsNAFIYn9VbrrerSzWBRXIU0rWldWXDjsoXeoA1lMp20YyeTMDMRSugTuHGhSF36Nm7d+TZOWgUV/WHg5/vPYc45XsSoVJb1bmRWVtfWN7Kbua3tnd29/P5BW4axwKSFQxaKrockYZSTlqKKkW4kCAo8Rjre5CrNO7dESBrypppGxA3QiFOfYqQ0ajQH+YJlXlQd+9yGlmlZFbvkpMaulO0SLGqSqnD5Ok/1XB/k3/rDEMcB4QozJGWvaEXKTZBQFDMyy/VjSSKEJ2hEetpyFBDpJotBZ/BEkyH0Q6EfV3BBv3ckKJByGni6MkBqLH9nKfwr68XKr7oJ5VGsCMfLj/yYQRXCdGs4pIJgxabaICyonhXiMRIIK32bnD7C16bwf9O2zaJjOo1yoXYKlsqCI3AMzkARVEANXIM6aAEMCLgDD+DRuDHujSdjvizNGJ89h+CHjJcPRVKRqg==</latexit>

T

<latexit sha1_base64="JQBhQ1F3Tpi3rKzXRQGa+eW/G+8=">AAAB6HicdZDLSsNAFIYn9VbrrerSzWBRXIU0rWldWXDjsoXeoA1lMp20YyeTMDMRSugTuHGhSF36Nm7d+TZOWgUV/WHg5/vPYc45XsSoVJb1bmRWVtfWN7Kbua3tnd29/P5BW4axwKSFQxaKrockYZSTlqKKkW4kCAo8Rjre5CrNO7dESBrypppGxA3QiFOfYqQ0ajQH+YJlXlQd+9yGlmlZFbvkpMaulO0SLGqSqnD5Ok/1XB/k3/rDEMcB4QozJGWvaEXKTZBQFDMyy/VjSSKEJ2hEetpyFBDpJotBZ/BEkyH0Q6EfV3BBv3ckKJByGni6MkBqLH9nKfwr68XKr7oJ5VGsCMfLj/yYQRXCdGs4pIJgxabaICyonhXiMRIIK32bnD7C16bwf9O2zaJjOo1yoXYKlsqCI3AMzkARVEANXIM6aAEMCLgDD+DRuDHujSdjvizNGJ89h+CHjJcPRVKRqg==</latexit>

T

<latexit sha1_base64="JQBhQ1F3Tpi3rKzXRQGa+eW/G+8=">AAAB6HicdZDLSsNAFIYn9VbrrerSzWBRXIU0rWldWXDjsoXeoA1lMp20YyeTMDMRSugTuHGhSF36Nm7d+TZOWgUV/WHg5/vPYc45XsSoVJb1bmRWVtfWN7Kbua3tnd29/P5BW4axwKSFQxaKrockYZSTlqKKkW4kCAo8Rjre5CrNO7dESBrypppGxA3QiFOfYqQ0ajQH+YJlXlQd+9yGlmlZFbvkpMaulO0SLGqSqnD5Ok/1XB/k3/rDEMcB4QozJGWvaEXKTZBQFDMyy/VjSSKEJ2hEetpyFBDpJotBZ/BEkyH0Q6EfV3BBv3ckKJByGni6MkBqLH9nKfwr68XKr7oJ5VGsCMfLj/yYQRXCdGs4pIJgxabaICyonhXiMRIIK32bnD7C16bwf9O2zaJjOo1yoXYKlsqCI3AMzkARVEANXIM6aAEMCLgDD+DRuDHujSdjvizNGJ89h+CHjJcPRVKRqg==</latexit>

T
<latexit sha1_base64="JQBhQ1F3Tpi3rKzXRQGa+eW/G+8=">AAAB6HicdZDLSsNAFIYn9VbrrerSzWBRXIU0rWldWXDjsoXeoA1lMp20YyeTMDMRSugTuHGhSF36Nm7d+TZOWgUV/WHg5/vPYc45XsSoVJb1bmRWVtfWN7Kbua3tnd29/P5BW4axwKSFQxaKrockYZSTlqKKkW4kCAo8Rjre5CrNO7dESBrypppGxA3QiFOfYqQ0ajQH+YJlXlQd+9yGlmlZFbvkpMaulO0SLGqSqnD5Ok/1XB/k3/rDEMcB4QozJGWvaEXKTZBQFDMyy/VjSSKEJ2hEetpyFBDpJotBZ/BEkyH0Q6EfV3BBv3ckKJByGni6MkBqLH9nKfwr68XKr7oJ5VGsCMfLj/yYQRXCdGs4pIJgxabaICyonhXiMRIIK32bnD7C16bwf9O2zaJjOo1yoXYKlsqCI3AMzkARVEANXIM6aAEMCLgDD+DRuDHujSdjvizNGJ89h+CHjJcPRVKRqg==</latexit>

T

<latexit sha1_base64="2oYdxg2tQvpNkFo23ys0SQn3kCA=">AAAB7HicbZDNTgIxFIXv4B/iH+rSTSPRuCIzxqA7Sdy4xIQBEpiQTulAQ6czaTsYMuEZ3LgQjVvfxa0738YOsFDwJE2+nHNveu/1Y86Utu1vK7e2vrG5ld8u7Ozu7R8UD48aKkokoS6JeCRbPlaUM0FdzTSnrVhSHPqcNv3hXZY3R1QqFom6HsfUC3FfsIARrI3ljlAdPXaLJbtsz4RWwVlA6fZzmum11i1+dXoRSUIqNOFYqbZjx9pLsdSMcDopdBJFY0yGuE/bBgUOqfLS2bATdGacHgoiaZ7QaOb+7khxqNQ49E1liPVALWeZ+V/WTnRw46VMxImmgsw/ChKOdISyzVGPSUo0HxvARDIzKyIDLDHR5j4FcwRneeVVaFyWnUq58nBVqp7DXHk4gVO4AAeuoQr3UAMXCDB4gheYWsJ6tt6s93lpzlr0HMMfWR8/QVeSuw==</latexit>

vTw

<latexit sha1_base64="2oYdxg2tQvpNkFo23ys0SQn3kCA=">AAAB7HicbZDNTgIxFIXv4B/iH+rSTSPRuCIzxqA7Sdy4xIQBEpiQTulAQ6czaTsYMuEZ3LgQjVvfxa0738YOsFDwJE2+nHNveu/1Y86Utu1vK7e2vrG5ld8u7Ozu7R8UD48aKkokoS6JeCRbPlaUM0FdzTSnrVhSHPqcNv3hXZY3R1QqFom6HsfUC3FfsIARrI3ljlAdPXaLJbtsz4RWwVlA6fZzmum11i1+dXoRSUIqNOFYqbZjx9pLsdSMcDopdBJFY0yGuE/bBgUOqfLS2bATdGacHgoiaZ7QaOb+7khxqNQ49E1liPVALWeZ+V/WTnRw46VMxImmgsw/ChKOdISyzVGPSUo0HxvARDIzKyIDLDHR5j4FcwRneeVVaFyWnUq58nBVqp7DXHk4gVO4AAeuoQr3UAMXCDB4gheYWsJ6tt6s93lpzlr0HMMfWR8/QVeSuw==</latexit>

vTw

<latexit sha1_base64="86ytEAtqfYtkEnikKd8Re1inZrs=">AAAB6HicbZDJTgJBEIZrcEPcUI9eOhKNJzJj3G6SePEIiSwJTEhPUwMtPUu6ezSE8ARePGgMHn0LX8Obb2MPcFDwTzr58v9V6aryYsGVtu1vK7O0vLK6ll3PbWxube/kd/dqKkokwyqLRCQbHlUoeIhVzbXARiyRBp7Aute/SfP6A0rFo/BOD2J0A9oNuc8Z1caqPLbzBbtoT0QWwZlB4fpznOq93M5/tToRSwIMNRNUqaZjx9odUqk5EzjKtRKFMWV92sWmwZAGqNzhZNAROTJOh/iRNC/UZOL+7hjSQKlB4JnKgOqems9S87+smWj/yh3yME40hmz6kZ8IoiOSbk06XCLTYmCAMsnNrIT1qKRMm9vkzBGc+ZUXoXZadC6K55WzQukYpsrCARzCCThwCSW4hTJUgQHCE7zAq3VvPVtv1nhamrFmPfvwR9bHDwFzkXg=</latexit>

w

<latexit sha1_base64="86ytEAtqfYtkEnikKd8Re1inZrs=">AAAB6HicbZDJTgJBEIZrcEPcUI9eOhKNJzJj3G6SePEIiSwJTEhPUwMtPUu6ezSE8ARePGgMHn0LX8Obb2MPcFDwTzr58v9V6aryYsGVtu1vK7O0vLK6ll3PbWxube/kd/dqKkokwyqLRCQbHlUoeIhVzbXARiyRBp7Aute/SfP6A0rFo/BOD2J0A9oNuc8Z1caqPLbzBbtoT0QWwZlB4fpznOq93M5/tToRSwIMNRNUqaZjx9odUqk5EzjKtRKFMWV92sWmwZAGqNzhZNAROTJOh/iRNC/UZOL+7hjSQKlB4JnKgOqems9S87+smWj/yh3yME40hmz6kZ8IoiOSbk06XCLTYmCAMsnNrIT1qKRMm9vkzBGc+ZUXoXZadC6K55WzQukYpsrCARzCCThwCSW4hTJUgQHCE7zAq3VvPVtv1nhamrFmPfvwR9bHDwFzkXg=</latexit>

w

<latexit sha1_base64="2oYdxg2tQvpNkFo23ys0SQn3kCA=">AAAB7HicbZDNTgIxFIXv4B/iH+rSTSPRuCIzxqA7Sdy4xIQBEpiQTulAQ6czaTsYMuEZ3LgQjVvfxa0738YOsFDwJE2+nHNveu/1Y86Utu1vK7e2vrG5ld8u7Ozu7R8UD48aKkokoS6JeCRbPlaUM0FdzTSnrVhSHPqcNv3hXZY3R1QqFom6HsfUC3FfsIARrI3ljlAdPXaLJbtsz4RWwVlA6fZzmum11i1+dXoRSUIqNOFYqbZjx9pLsdSMcDopdBJFY0yGuE/bBgUOqfLS2bATdGacHgoiaZ7QaOb+7khxqNQ49E1liPVALWeZ+V/WTnRw46VMxImmgsw/ChKOdISyzVGPSUo0HxvARDIzKyIDLDHR5j4FcwRneeVVaFyWnUq58nBVqp7DXHk4gVO4AAeuoQr3UAMXCDB4gheYWsJ6tt6s93lpzlr0HMMfWR8/QVeSuw==</latexit>

vTw

<latexit sha1_base64="2oYdxg2tQvpNkFo23ys0SQn3kCA=">AAAB7HicbZDNTgIxFIXv4B/iH+rSTSPRuCIzxqA7Sdy4xIQBEpiQTulAQ6czaTsYMuEZ3LgQjVvfxa0738YOsFDwJE2+nHNveu/1Y86Utu1vK7e2vrG5ld8u7Ozu7R8UD48aKkokoS6JeCRbPlaUM0FdzTSnrVhSHPqcNv3hXZY3R1QqFom6HsfUC3FfsIARrI3ljlAdPXaLJbtsz4RWwVlA6fZzmum11i1+dXoRSUIqNOFYqbZjx9pLsdSMcDopdBJFY0yGuE/bBgUOqfLS2bATdGacHgoiaZ7QaOb+7khxqNQ49E1liPVALWeZ+V/WTnRw46VMxImmgsw/ChKOdISyzVGPSUo0HxvARDIzKyIDLDHR5j4FcwRneeVVaFyWnUq58nBVqp7DXHk4gVO4AAeuoQr3UAMXCDB4gheYWsJ6tt6s93lpzlr0HMMfWR8/QVeSuw==</latexit>

vTw

<latexit sha1_base64="Co4/ITWXbgxq//cNjAeb1+gK1Vg=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGvO2suHFZ0V6gHUomzbShSWZIMkIZ+ghuXCjVrS/ha7jzbcy0XWjrD4GP/z+HnHOCmDNtXPfbWVhcWl5Zza3l1zc2t7YLO7s1HSWK0CqJeKQaAdaUM0mrhhlOG7GiWASc1oP+TZbXH6nSLJIPZhBTX+CuZCEj2Fjr/rrttgtFt+SOhebBm0Lx6nOU6a3SLny1OhFJBJWGcKx103Nj46dYGUY4HeZbiaYxJn3cpU2LEguq/XQ86hAdWqeDwkjZJw0au787Uiy0HojAVgpseno2y8z/smZiwks/ZTJODJVk8lGYcGQilO2NOkxRYvjAAiaK2VkR6WGFibHXydsjeLMrz0PtpOSdl87uTovlI5goB/twAMfgwQWU4RYqUAUCXXiCF3h1uPPsjJz3SemCM+3Zgz9yPn4A0wKR5Q==</latexit>

A0

<latexit sha1_base64="bnheuX1za6m9rAkYVMFWuTfJ2Eg=">AAAB7XicbZDLTgIxFIbP4A3xhrp000i8rMiMMehOEjcuMeGWwIR0SoFKp520HRIy4R3cuIAYtz6LW3e+jR1goeifNPny/+ek55wg4kwb1/1yMmvrG5tb2e3czu7e/kH+8KiuZawIrRHJpWoGWFPOBK0ZZjhtRoriMOC0EQzv07wxokozKapmHFE/xH3BeoxgY616fIGqaNTJF9yiOxf6C94SCncf01SzSif/2e5KEodUGMKx1i3PjYyfYGUY4XSSa8eaRpgMcZ+2LAocUu0n82kn6Mw6XdSTyj5h0Nz92ZHgUOtxGNjKEJuBXs1S87+sFZverZ8wEcWGCrL4qBdzZCRKV0ddpigxfGwBE8XsrIgMsMLE2APl7BG81ZX/Qv2q6JWKpcfrQvkcFsrCCZzCJXhwA2V4gArUgMATPMMUZo50XpxX521RmnGWPcfwS877N59kkuo=</latexit>

u0Tv

<latexit sha1_base64="86ytEAtqfYtkEnikKd8Re1inZrs=">AAAB6HicbZDJTgJBEIZrcEPcUI9eOhKNJzJj3G6SePEIiSwJTEhPUwMtPUu6ezSE8ARePGgMHn0LX8Obb2MPcFDwTzr58v9V6aryYsGVtu1vK7O0vLK6ll3PbWxube/kd/dqKkokwyqLRCQbHlUoeIhVzbXARiyRBp7Aute/SfP6A0rFo/BOD2J0A9oNuc8Z1caqPLbzBbtoT0QWwZlB4fpznOq93M5/tToRSwIMNRNUqaZjx9odUqk5EzjKtRKFMWV92sWmwZAGqNzhZNAROTJOh/iRNC/UZOL+7hjSQKlB4JnKgOqems9S87+smWj/yh3yME40hmz6kZ8IoiOSbk06XCLTYmCAMsnNrIT1qKRMm9vkzBGc+ZUXoXZadC6K55WzQukYpsrCARzCCThwCSW4hTJUgQHCE7zAq3VvPVtv1nhamrFmPfvwR9bHDwFzkXg=</latexit>

w

<latexit sha1_base64="2oYdxg2tQvpNkFo23ys0SQn3kCA=">AAAB7HicbZDNTgIxFIXv4B/iH+rSTSPRuCIzxqA7Sdy4xIQBEpiQTulAQ6czaTsYMuEZ3LgQjVvfxa0738YOsFDwJE2+nHNveu/1Y86Utu1vK7e2vrG5ld8u7Ozu7R8UD48aKkokoS6JeCRbPlaUM0FdzTSnrVhSHPqcNv3hXZY3R1QqFom6HsfUC3FfsIARrI3ljlAdPXaLJbtsz4RWwVlA6fZzmum11i1+dXoRSUIqNOFYqbZjx9pLsdSMcDopdBJFY0yGuE/bBgUOqfLS2bATdGacHgoiaZ7QaOb+7khxqNQ49E1liPVALWeZ+V/WTnRw46VMxImmgsw/ChKOdISyzVGPSUo0HxvARDIzKyIDLDHR5j4FcwRneeVVaFyWnUq58nBVqp7DXHk4gVO4AAeuoQr3UAMXCDB4gheYWsJ6tt6s93lpzlr0HMMfWR8/QVeSuw==</latexit>

vTw

<latexit sha1_base64="JQBhQ1F3Tpi3rKzXRQGa+eW/G+8=">AAAB6HicdZDLSsNAFIYn9VbrrerSzWBRXIU0rWldWXDjsoXeoA1lMp20YyeTMDMRSugTuHGhSF36Nm7d+TZOWgUV/WHg5/vPYc45XsSoVJb1bmRWVtfWN7Kbua3tnd29/P5BW4axwKSFQxaKrockYZSTlqKKkW4kCAo8Rjre5CrNO7dESBrypppGxA3QiFOfYqQ0ajQH+YJlXlQd+9yGlmlZFbvkpMaulO0SLGqSqnD5Ok/1XB/k3/rDEMcB4QozJGWvaEXKTZBQFDMyy/VjSSKEJ2hEetpyFBDpJotBZ/BEkyH0Q6EfV3BBv3ckKJByGni6MkBqLH9nKfwr68XKr7oJ5VGsCMfLj/yYQRXCdGs4pIJgxabaICyonhXiMRIIK32bnD7C16bwf9O2zaJjOo1yoXYKlsqCI3AMzkARVEANXIM6aAEMCLgDD+DRuDHujSdjvizNGJ89h+CHjJcPRVKRqg==</latexit>

T
<latexit sha1_base64="JQBhQ1F3Tpi3rKzXRQGa+eW/G+8=">AAAB6HicdZDLSsNAFIYn9VbrrerSzWBRXIU0rWldWXDjsoXeoA1lMp20YyeTMDMRSugTuHGhSF36Nm7d+TZOWgUV/WHg5/vPYc45XsSoVJb1bmRWVtfWN7Kbua3tnd29/P5BW4axwKSFQxaKrockYZSTlqKKkW4kCAo8Rjre5CrNO7dESBrypppGxA3QiFOfYqQ0ajQH+YJlXlQd+9yGlmlZFbvkpMaulO0SLGqSqnD5Ok/1XB/k3/rDEMcB4QozJGWvaEXKTZBQFDMyy/VjSSKEJ2hEetpyFBDpJotBZ/BEkyH0Q6EfV3BBv3ckKJByGni6MkBqLH9nKfwr68XKr7oJ5VGsCMfLj/yYQRXCdGs4pIJgxabaICyonhXiMRIIK32bnD7C16bwf9O2zaJjOo1yoXYKlsqCI3AMzkARVEANXIM6aAEMCLgDD+DRuDHujSdjvizNGJ89h+CHjJcPRVKRqg==</latexit>

T

<latexit sha1_base64="uWnmt8QtUiYq8oOmZkJRSbSOu0s=">AAAB6nicdZDLSgMxFIYz9VbrrerSTbAoroZMtbVdWXHjsqK9QDuUTJppQzOZIckIZegjuHGhVLe+hK/hzrcx0yqo6A+Bj/8/h5xzvIgzpRF6tzILi0vLK9nV3Nr6xuZWfnunqcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vdJHmrVsqFQvFjR5H1A3wQDCfEayNdX3eQ718AdmoXKqiKkR2CTmVGSBUrhSPoWMgVeHsdZrqqd7Lv3X7IYkDKjThWKmOgyLtJlhqRjid5LqxohEmIzygHYMCB1S5yWzUCTwwTh/6oTRPaDhzv3ckOFBqHHimMsB6qH5nqflX1om1X3ETJqJYU0HmH/kxhzqE6d6wzyQlmo8NYCKZmRWSIZaYaHOdnDnC16bwf2gWbadsl65OCrVDMFcW7IF9cAQccApq4BLUQQMQMAB34AE8Wty6t6bW87w0Y3327IIfsl4+ADoEkiw=</latexit>

A0

<latexit sha1_base64="uWnmt8QtUiYq8oOmZkJRSbSOu0s=">AAAB6nicdZDLSgMxFIYz9VbrrerSTbAoroZMtbVdWXHjsqK9QDuUTJppQzOZIckIZegjuHGhVLe+hK/hzrcx0yqo6A+Bj/8/h5xzvIgzpRF6tzILi0vLK9nV3Nr6xuZWfnunqcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vdJHmrVsqFQvFjR5H1A3wQDCfEayNdX3eQ718AdmoXKqiKkR2CTmVGSBUrhSPoWMgVeHsdZrqqd7Lv3X7IYkDKjThWKmOgyLtJlhqRjid5LqxohEmIzygHYMCB1S5yWzUCTwwTh/6oTRPaDhzv3ckOFBqHHimMsB6qH5nqflX1om1X3ETJqJYU0HmH/kxhzqE6d6wzyQlmo8NYCKZmRWSIZaYaHOdnDnC16bwf2gWbadsl65OCrVDMFcW7IF9cAQccApq4BLUQQMQMAB34AE8Wty6t6bW87w0Y3327IIfsl4+ADoEkiw=</latexit>

A0

<latexit sha1_base64="uWnmt8QtUiYq8oOmZkJRSbSOu0s=">AAAB6nicdZDLSgMxFIYz9VbrrerSTbAoroZMtbVdWXHjsqK9QDuUTJppQzOZIckIZegjuHGhVLe+hK/hzrcx0yqo6A+Bj/8/h5xzvIgzpRF6tzILi0vLK9nV3Nr6xuZWfnunqcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vdJHmrVsqFQvFjR5H1A3wQDCfEayNdX3eQ718AdmoXKqiKkR2CTmVGSBUrhSPoWMgVeHsdZrqqd7Lv3X7IYkDKjThWKmOgyLtJlhqRjid5LqxohEmIzygHYMCB1S5yWzUCTwwTh/6oTRPaDhzv3ckOFBqHHimMsB6qH5nqflX1om1X3ETJqJYU0HmH/kxhzqE6d6wzyQlmo8NYCKZmRWSIZaYaHOdnDnC16bwf2gWbadsl65OCrVDMFcW7IF9cAQccApq4BLUQQMQMAB34AE8Wty6t6bW87w0Y3327IIfsl4+ADoEkiw=</latexit>

A0

<latexit sha1_base64="uWnmt8QtUiYq8oOmZkJRSbSOu0s=">AAAB6nicdZDLSgMxFIYz9VbrrerSTbAoroZMtbVdWXHjsqK9QDuUTJppQzOZIckIZegjuHGhVLe+hK/hzrcx0yqo6A+Bj/8/h5xzvIgzpRF6tzILi0vLK9nV3Nr6xuZWfnunqcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vdJHmrVsqFQvFjR5H1A3wQDCfEayNdX3eQ718AdmoXKqiKkR2CTmVGSBUrhSPoWMgVeHsdZrqqd7Lv3X7IYkDKjThWKmOgyLtJlhqRjid5LqxohEmIzygHYMCB1S5yWzUCTwwTh/6oTRPaDhzv3ckOFBqHHimMsB6qH5nqflX1om1X3ETJqJYU0HmH/kxhzqE6d6wzyQlmo8NYCKZmRWSIZaYaHOdnDnC16bwf2gWbadsl65OCrVDMFcW7IF9cAQccApq4BLUQQMQMAB34AE8Wty6t6bW87w0Y3327IIfsl4+ADoEkiw=</latexit>

A0

<latexit sha1_base64="4IP+s0MQxD0BEs0lwiE7NafQW9Y=">AAAB+nicdVBNS0JBFL2vT7Mvq2WbISlahMyzNF0ltGlpkCaoybxxzKF5H8zcV8jLn9KmRRFt+yXt+hf9hEYtqKgDFw7n3Mu993iRkgYpfXOmpmdm5+ZTC+nFpeWV1czaet2EseaixkMV6obHjFAyEDWUqEQj0oL5nhLn3tXxyD+/FtrIMDjDQSTaPrsMZE9yhlbqZNZa2BfIOu5FkietPeIOO5kszdFioUzLhOYK1C2NCaXFUn6fuJaMkD16hzGqncxrqxvy2BcBcsWMabo0wnbCNEquxDDdio2IGL9il6JpacB8YdrJ+PQh2bZKl/RCbStAMla/TyTMN2bge7bTZ9g3v72R+JfXjLFXaicyiGIUAZ8s6sWKYEhGOZCu1IKjGljCuJb2VsL7TDOONq20DeHrU/I/qedzbjFXOD3IVnYmaUAKNmELdsGFQ6jACVShBhxu4A4e4NG5de6dJ+d50jrlfM5swA84Lx+Aa5Q8</latexit>

✓2 1
1

<latexit sha1_base64="uWnmt8QtUiYq8oOmZkJRSbSOu0s=">AAAB6nicdZDLSgMxFIYz9VbrrerSTbAoroZMtbVdWXHjsqK9QDuUTJppQzOZIckIZegjuHGhVLe+hK/hzrcx0yqo6A+Bj/8/h5xzvIgzpRF6tzILi0vLK9nV3Nr6xuZWfnunqcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vdJHmrVsqFQvFjR5H1A3wQDCfEayNdX3eQ718AdmoXKqiKkR2CTmVGSBUrhSPoWMgVeHsdZrqqd7Lv3X7IYkDKjThWKmOgyLtJlhqRjid5LqxohEmIzygHYMCB1S5yWzUCTwwTh/6oTRPaDhzv3ckOFBqHHimMsB6qH5nqflX1om1X3ETJqJYU0HmH/kxhzqE6d6wzyQlmo8NYCKZmRWSIZaYaHOdnDnC16bwf2gWbadsl65OCrVDMFcW7IF9cAQccApq4BLUQQMQMAB34AE8Wty6t6bW87w0Y3327IIfsl4+ADoEkiw=</latexit>

A0

<latexit sha1_base64="uWnmt8QtUiYq8oOmZkJRSbSOu0s=">AAAB6nicdZDLSgMxFIYz9VbrrerSTbAoroZMtbVdWXHjsqK9QDuUTJppQzOZIckIZegjuHGhVLe+hK/hzrcx0yqo6A+Bj/8/h5xzvIgzpRF6tzILi0vLK9nV3Nr6xuZWfnunqcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vdJHmrVsqFQvFjR5H1A3wQDCfEayNdX3eQ718AdmoXKqiKkR2CTmVGSBUrhSPoWMgVeHsdZrqqd7Lv3X7IYkDKjThWKmOgyLtJlhqRjid5LqxohEmIzygHYMCB1S5yWzUCTwwTh/6oTRPaDhzv3ckOFBqHHimMsB6qH5nqflX1om1X3ETJqJYU0HmH/kxhzqE6d6wzyQlmo8NYCKZmRWSIZaYaHOdnDnC16bwf2gWbadsl65OCrVDMFcW7IF9cAQccApq4BLUQQMQMAB34AE8Wty6t6bW87w0Y3327IIfsl4+ADoEkiw=</latexit>

A0

<latexit sha1_base64="0uzEUQJ+phodgOHwttUpMgBTcG8=">AAAB6XicdZDLSgMxFIYz9VbrrerSTbB4WQ2Zamu7suDGZRV7gXYomTTThmYyQ5IRytA3cONC0W59Cl/DnW9jplVQ0R8CH/9/DjnneBFnSiP0bmUWFpeWV7KrubX1jc2t/PZOU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48Tlve6CLNW7dUKhaKGz2OqBvggWA+I1gb6zo+6uULyEblUhVVIbJLyKnMAKFypXgCHQOpCuevz6mm9V7+rdsPSRxQoQnHSnUcFGk3wVIzwukk140VjTAZ4QHtGBQ4oMpNZpNO4IFx+tAPpXlCw5n7vSPBgVLjwDOVAdZD9TtLzb+yTqz9ipswEcWaCjL/yI851CFM14Z9JinRfGwAE8nMrJAMscREm+PkzBG+NoX/Q7NoO2W7dHVaqB2CubJgD+yDY+CAM1ADl6AOGoAAH9yBB/Bojax768mazksz1mfPLvgh6+UDxdOR7g==</latexit>

u0

<latexit sha1_base64="0uzEUQJ+phodgOHwttUpMgBTcG8=">AAAB6XicdZDLSgMxFIYz9VbrrerSTbB4WQ2Zamu7suDGZRV7gXYomTTThmYyQ5IRytA3cONC0W59Cl/DnW9jplVQ0R8CH/9/DjnneBFnSiP0bmUWFpeWV7KrubX1jc2t/PZOU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48Tlve6CLNW7dUKhaKGz2OqBvggWA+I1gb6zo+6uULyEblUhVVIbJLyKnMAKFypXgCHQOpCuevz6mm9V7+rdsPSRxQoQnHSnUcFGk3wVIzwukk140VjTAZ4QHtGBQ4oMpNZpNO4IFx+tAPpXlCw5n7vSPBgVLjwDOVAdZD9TtLzb+yTqz9ipswEcWaCjL/yI851CFM14Z9JinRfGwAE8nMrJAMscREm+PkzBG+NoX/Q7NoO2W7dHVaqB2CubJgD+yDY+CAM1ADl6AOGoAAH9yBB/Bojax768mazksz1mfPLvgh6+UDxdOR7g==</latexit>

u0

<latexit sha1_base64="0uzEUQJ+phodgOHwttUpMgBTcG8=">AAAB6XicdZDLSgMxFIYz9VbrrerSTbB4WQ2Zamu7suDGZRV7gXYomTTThmYyQ5IRytA3cONC0W59Cl/DnW9jplVQ0R8CH/9/DjnneBFnSiP0bmUWFpeWV7KrubX1jc2t/PZOU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48Tlve6CLNW7dUKhaKGz2OqBvggWA+I1gb6zo+6uULyEblUhVVIbJLyKnMAKFypXgCHQOpCuevz6mm9V7+rdsPSRxQoQnHSnUcFGk3wVIzwukk140VjTAZ4QHtGBQ4oMpNZpNO4IFx+tAPpXlCw5n7vSPBgVLjwDOVAdZD9TtLzb+yTqz9ipswEcWaCjL/yI851CFM14Z9JinRfGwAE8nMrJAMscREm+PkzBG+NoX/Q7NoO2W7dHVaqB2CubJgD+yDY+CAM1ADl6AOGoAAH9yBB/Bojax768mazksz1mfPLvgh6+UDxdOR7g==</latexit>

u0
<latexit sha1_base64="qvZyKfwwq7wHP7GELDhJQx7KJPE=">AAAB+nicdVBNS0JBFL2vT7Mvq2WbISlahMyzMl0ltGlpkBmoybxx1MF5H8zcV8jLn9KmRRFt+yXt+hf9hEYtqKgDFw7n3Mu993iRkgYpfXOmpmdm5+ZTC+nFpeWV1cza+oUJY81FlYcq1JceM0LJQFRRohKXkRbM95Soef2TkV+7FtrIMDjHQSSaPusGsiM5Qyu1MmsN7AlkV4lLGnvEHbbcViZLc7RwWKIlQnOH1C2OCaWFYn6fuJaMkD1+hzEqrcxrox3y2BcBcsWMqbs0wmbCNEquxDDdiI2IGO+zrqhbGjBfmGYyPn1Itq3SJp1Q2wqQjNXvEwnzjRn4nu30GfbMb28k/uXVY+wUm4kMohhFwCeLOrEiGJJRDqQtteCoBpYwrqW9lfAe04yjTSttQ/j6lPxPLvI5t5ArnB1kyzuTNCAFm7AFu+DCEZThFCpQBQ43cAcP8OjcOvfOk/M8aZ1yPmc24Aeclw9/I5Q8</latexit>

✓1 1
1

<latexit sha1_base64="vzRjL2avBdNQKC3pvfR03H/WJG4=">AAAB+3icdVBNS0JBFJ1nX2ZfZss2Q1K0CJlnabpKaNPSID9ATeaNow7O+2Dmvkge/pBatGlRRNt+RNt2/ZvmaUFFHbhwOOde7r3HCaTQQMi7lZibX1hcSi6nVlbX1jfSm5m69kPFeI350ldNh2ouhcdrIEDyZqA4dR3JG87oNPYbV1xp4XsXMA54x6UDT/QFo2CkbjrThiEHehnZ7QOcj2vSTWdJjhQLZVLGJFcgdmlKCCmW8ofYNiRG9uT1JsZttZt+a/d8FrrcAyap1i2bBNCJqALBJJ+k2qHmAWUjOuAtQz3qct2JprdP8K5RerjvK1Me4Kn6fSKirtZj1zGdLoWh/u3F4l9eK4R+qRMJLwiBe2y2qB9KDD6Og8A9oTgDOTaEMiXMrZgNqaIMTFwpE8LXp/h/Us/n7GKucH6UreyhGZJoG+2gfWSjY1RBZ6iKaoiha3SHHtCjNbHurSfredaasD5nttAPWC8fhwiX4A==</latexit>

✓1 2 2

<latexit sha1_base64="e5jX6zOdCNzuLm3C58hCltZvCkU=">AAAB+XicdVDLSgNBEOz1GeNr1aOXwaB4kDAbTUxOCl48KhgNJDHMTibJkNkHM72BsORPvHhQxKt/4s2/8BOcJAoqWtBQVHXT3eXHShqk9M2ZmZ2bX1jMLGWXV1bX1t2NzWsTJZqLKo9UpGs+M0LJUFRRohK1WAsW+Erc+P2zsX8zENrIKLzCYSyaAeuGsiM5Qyu1XLeBPYGs5d2mhcYBKYxabo7maalYoRVC80XqlSeE0lK5cEg8S8bInbzDBBct97XRjngSiBC5YsbUPRpjM2UaJVdilG0kRsSM91lX1C0NWSBMM51cPiK7VmmTTqRthUgm6veJlAXGDAPfdgYMe+a3Nxb/8uoJdsrNVIZxgiLk00WdRBGMyDgG0pZacFRDSxjX0t5KeI9pxtGGlbUhfH1K/ifXhbxXyhcvj3Kne9M0IAPbsAP74MExnMI5XEAVOAzgDh7g0Umde+fJeZ62zjifM1vwA87LByeilBM=</latexit>

✓2 2
1

<latexit sha1_base64="uWnmt8QtUiYq8oOmZkJRSbSOu0s=">AAAB6nicdZDLSgMxFIYz9VbrrerSTbAoroZMtbVdWXHjsqK9QDuUTJppQzOZIckIZegjuHGhVLe+hK/hzrcx0yqo6A+Bj/8/h5xzvIgzpRF6tzILi0vLK9nV3Nr6xuZWfnunqcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vdJHmrVsqFQvFjR5H1A3wQDCfEayNdX3eQ718AdmoXKqiKkR2CTmVGSBUrhSPoWMgVeHsdZrqqd7Lv3X7IYkDKjThWKmOgyLtJlhqRjid5LqxohEmIzygHYMCB1S5yWzUCTwwTh/6oTRPaDhzv3ckOFBqHHimMsB6qH5nqflX1om1X3ETJqJYU0HmH/kxhzqE6d6wzyQlmo8NYCKZmRWSIZaYaHOdnDnC16bwf2gWbadsl65OCrVDMFcW7IF9cAQccApq4BLUQQMQMAB34AE8Wty6t6bW87w0Y3327IIfsl4+ADoEkiw=</latexit>

A0

<latexit sha1_base64="uWnmt8QtUiYq8oOmZkJRSbSOu0s=">AAAB6nicdZDLSgMxFIYz9VbrrerSTbAoroZMtbVdWXHjsqK9QDuUTJppQzOZIckIZegjuHGhVLe+hK/hzrcx0yqo6A+Bj/8/h5xzvIgzpRF6tzILi0vLK9nV3Nr6xuZWfnunqcJYEtogIQ9l28OKciZoQzPNaTuSFAcepy1vdJHmrVsqFQvFjR5H1A3wQDCfEayNdX3eQ718AdmoXKqiKkR2CTmVGSBUrhSPoWMgVeHsdZrqqd7Lv3X7IYkDKjThWKmOgyLtJlhqRjid5LqxohEmIzygHYMCB1S5yWzUCTwwTh/6oTRPaDhzv3ckOFBqHHimMsB6qH5nqflX1om1X3ETJqJYU0HmH/kxhzqE6d6wzyQlmo8NYCKZmRWSIZaYaHOdnDnC16bwf2gWbadsl65OCrVDMFcW7IF9cAQccApq4BLUQQMQMAB34AE8Wty6t6bW87w0Y3327IIfsl4+ADoEkiw=</latexit>

A0

<latexit sha1_base64="0uzEUQJ+phodgOHwttUpMgBTcG8=">AAAB6XicdZDLSgMxFIYz9VbrrerSTbB4WQ2Zamu7suDGZRV7gXYomTTThmYyQ5IRytA3cONC0W59Cl/DnW9jplVQ0R8CH/9/DjnneBFnSiP0bmUWFpeWV7KrubX1jc2t/PZOU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48Tlve6CLNW7dUKhaKGz2OqBvggWA+I1gb6zo+6uULyEblUhVVIbJLyKnMAKFypXgCHQOpCuevz6mm9V7+rdsPSRxQoQnHSnUcFGk3wVIzwukk140VjTAZ4QHtGBQ4oMpNZpNO4IFx+tAPpXlCw5n7vSPBgVLjwDOVAdZD9TtLzb+yTqz9ipswEcWaCjL/yI851CFM14Z9JinRfGwAE8nMrJAMscREm+PkzBG+NoX/Q7NoO2W7dHVaqB2CubJgD+yDY+CAM1ADl6AOGoAAH9yBB/Bojax768mazksz1mfPLvgh6+UDxdOR7g==</latexit>

u0

<latexit sha1_base64="0uzEUQJ+phodgOHwttUpMgBTcG8=">AAAB6XicdZDLSgMxFIYz9VbrrerSTbB4WQ2Zamu7suDGZRV7gXYomTTThmYyQ5IRytA3cONC0W59Cl/DnW9jplVQ0R8CH/9/DjnneBFnSiP0bmUWFpeWV7KrubX1jc2t/PZOU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48Tlve6CLNW7dUKhaKGz2OqBvggWA+I1gb6zo+6uULyEblUhVVIbJLyKnMAKFypXgCHQOpCuevz6mm9V7+rdsPSRxQoQnHSnUcFGk3wVIzwukk140VjTAZ4QHtGBQ4oMpNZpNO4IFx+tAPpXlCw5n7vSPBgVLjwDOVAdZD9TtLzb+yTqz9ipswEcWaCjL/yI851CFM14Z9JinRfGwAE8nMrJAMscREm+PkzBG+NoX/Q7NoO2W7dHVaqB2CubJgD+yDY+CAM1ADl6AOGoAAH9yBB/Bojax768mazksz1mfPLvgh6+UDxdOR7g==</latexit>

u0<latexit sha1_base64="DGCMLvjthZx3JB6Wp3NJCeEGiQc=">AAAB6nicdZDNTgIxFIXv4B/iH+rSTSPRuCIzqAgrSdi4xChgAhPSKR1o6HQmbceETHgENy406NaXcevOt7EDmqjRkzT5cs696b3XizhT2rbfrczC4tLySnY1t7a+sbmV395pqTCWhDZJyEN542FFORO0qZnm9CaSFAcep21vVE/z9i2VioXiWo8j6gZ4IJjPCNbGuqr3jnv5gl20jcpllIJTsR0D1WqlVKoiZxbZduH8dZrqqdHLv3X7IYkDKjThWKmOY0faTbDUjHA6yXVjRSNMRnhAOwYFDqhyk9moE3RgnD7yQ2me0Gjmfu9IcKDUOPBMZYD1UP3OUvOvrBNrv+ImTESxpoLMP/JjjnSI0r1Rn0lKNB8bwEQyMysiQywx0eY6OXOEr03R/9AqFZ1y8fTypFA7hLmysAf7cAQOnEENLqABTSAwgDt4gEeLW/fW1Hqel2asz55d+CHr5QNHnpI3</latexit>

C3

<latexit sha1_base64="yDygtg7+reBxLIEtXsv6nPHJlrE=">AAAB/HicbVC7SgNBFJ2NrxhfqyltBoNiIWFXfHUGbCwjmAdklzA7uUmGzM4uM7NCWOJ/aGNjoYit/2Br5984m6TQxAMDh3Pu4d45QcyZ0o7zbeUWFpeWV/KrhbX1jc0te3unrqJEUqjRiEeyGRAFnAmoaaY5NGMJJAw4NILBVeY37kAqFolbPYzBD0lPsC6jRBupbRe9RHRAZvGUjrB3hClt2yWn7IyB54k7JaXLz4cMj9W2/eV1IpqEIDTlRKmW68TaT4nUjHIYFbxEQUzogPSgZaggISg/HR8/wvtG6eBuJM0TGo/V34mUhEoNw8BMhkT31ayXif95rUR3L/yUiTjRIOhkUTfhWEc4awJ3mASq+dAQQiUzt2LaJ5JQbfoqmBLc2S/Pk/px2T0rn96clCoHaII82kV76BC56BxV0DWqohqiaIie0At6te6tZ+vNep+M5qxppoj+wPr4AWYImQE=</latexit>

c cc

<latexit sha1_base64="nzsFPBkLQs3iN8fCbBXzBTn6vJo=">AAAB+XicbVDJSgNBEK2JW4zbqEcvjUHxIGHGuN0MePEYwSyQGYeeTidp0rPQ3RMIQz5E8eJBEa9+hVdv/o09SQ6a+KDg8V4VVfX8mDOpLOvbyC0sLi2v5FcLa+sbm1vm9k5dRokgtEYiHommjyXlLKQ1xRSnzVhQHPicNvz+deY3BlRIFoV3ahhTN8DdkHUYwUpLnmk6mMc97Nn3adk5RuWRZxatkjUGmif2lBSvPh8yPFY988tpRyQJaKgIx1K2bCtWboqFYoTTUcFJJI0x6eMubWka4oBKNx1fPkIHWmmjTiR0hQqN1d8TKQ6kHAa+7gyw6slZLxP/81qJ6ly6KQvjRNGQTBZ1Eo5UhLIYUJsJShQfaoKJYPpWRHpYYKJ0WAUdgj378jypn5Ts89LZ7WmxcggT5GEP9uEIbLiACtxAFWpAYABP8AKvRmo8G2/G+6Q1Z0xnduEPjI8fRyCXLg==</latexit>

↵3 3
1

<latexit sha1_base64="Co4/ITWXbgxq//cNjAeb1+gK1Vg=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGvO2suHFZ0V6gHUomzbShSWZIMkIZ+ghuXCjVrS/ha7jzbcy0XWjrD4GP/z+HnHOCmDNtXPfbWVhcWl5Zza3l1zc2t7YLO7s1HSWK0CqJeKQaAdaUM0mrhhlOG7GiWASc1oP+TZbXH6nSLJIPZhBTX+CuZCEj2Fjr/rrttgtFt+SOhebBm0Lx6nOU6a3SLny1OhFJBJWGcKx103Nj46dYGUY4HeZbiaYxJn3cpU2LEguq/XQ86hAdWqeDwkjZJw0au787Uiy0HojAVgpseno2y8z/smZiwks/ZTJODJVk8lGYcGQilO2NOkxRYvjAAiaK2VkR6WGFibHXydsjeLMrz0PtpOSdl87uTovlI5goB/twAMfgwQWU4RYqUAUCXXiCF3h1uPPsjJz3SemCM+3Zgz9yPn4A0wKR5Q==</latexit>

A0

<latexit sha1_base64="bnheuX1za6m9rAkYVMFWuTfJ2Eg=">AAAB7XicbZDLTgIxFIbP4A3xhrp000i8rMiMMehOEjcuMeGWwIR0SoFKp520HRIy4R3cuIAYtz6LW3e+jR1goeifNPny/+ek55wg4kwb1/1yMmvrG5tb2e3czu7e/kH+8KiuZawIrRHJpWoGWFPOBK0ZZjhtRoriMOC0EQzv07wxokozKapmHFE/xH3BeoxgY616fIGqaNTJF9yiOxf6C94SCncf01SzSif/2e5KEodUGMKx1i3PjYyfYGUY4XSSa8eaRpgMcZ+2LAocUu0n82kn6Mw6XdSTyj5h0Nz92ZHgUOtxGNjKEJuBXs1S87+sFZverZ8wEcWGCrL4qBdzZCRKV0ddpigxfGwBE8XsrIgMsMLE2APl7BG81ZX/Qv2q6JWKpcfrQvkcFsrCCZzCJXhwA2V4gArUgMATPMMUZo50XpxX521RmnGWPcfwS877N59kkuo=</latexit>

u0Tv <latexit sha1_base64="LXDdNouJQL3ma9zeI1ZbYZ1ogEk=">AAAB9XicbVDLSgNBEJz1GeMr6tHLYFA8SNg1vm4GvHiMYB6Q3YTeySQZMrO7zMwqYcl/qOBBEa9+h1dv/o2zSQ6aWNBQVHXT3eVHnClt29/W3PzC4tJyZiW7ura+sZnb2q6qMJaEVkjIQ1n3QVHOAlrRTHNajyQF4XNa8/tXqV+7o1KxMLjVg4h6AroB6zAC2khNtwtCQDMpuke4OGzl8nbBHgHPEmdC8pefjymeyq3cl9sOSSxooAkHpRqOHWkvAakZ4XSYdWNFIyB96NKGoQEIqrxkdPUQ7xuljTuhNBVoPFJ/TyQglBoI33QK0D017aXif14j1p0LL2FBFGsakPGiTsyxDnEaAW4zSYnmA0OASGZuxaQHEog2QWVNCM70y7OkelxwzgqnNyf50gEaI4N20R46RA46RyV0jcqoggiS6AG9oFfr3nq23qz3ceucNZnZQX9gffwAnJ+WVg==</latexit>

�3 3
<latexit sha1_base64="86ytEAtqfYtkEnikKd8Re1inZrs=">AAAB6HicbZDJTgJBEIZrcEPcUI9eOhKNJzJj3G6SePEIiSwJTEhPUwMtPUu6ezSE8ARePGgMHn0LX8Obb2MPcFDwTzr58v9V6aryYsGVtu1vK7O0vLK6ll3PbWxube/kd/dqKkokwyqLRCQbHlUoeIhVzbXARiyRBp7Aute/SfP6A0rFo/BOD2J0A9oNuc8Z1caqPLbzBbtoT0QWwZlB4fpznOq93M5/tToRSwIMNRNUqaZjx9odUqk5EzjKtRKFMWV92sWmwZAGqNzhZNAROTJOh/iRNC/UZOL+7hjSQKlB4JnKgOqems9S87+smWj/yh3yME40hmz6kZ8IoiOSbk06XCLTYmCAMsnNrIT1qKRMm9vkzBGc+ZUXoXZadC6K55WzQukYpsrCARzCCThwCSW4hTJUgQHCE7zAq3VvPVtv1nhamrFmPfvwR9bHDwFzkXg=</latexit>

w

<latexit sha1_base64="5X+Bv8XsvYsgJLYY0QzRc/aFEJA=">AAAB+3icbVDLSsNAFJ20Pmp8xbp0M1gUF1ISwcey4MZlBfuAJpTJZNIOnUzCzEQsIR/iphsXirhw4x/4Be78GydtF9p6YOBwzj3cO8dPGJXKtr+NUnlldW29smFubm3v7Fp71baMU4FJC8csFl0fScIoJy1FFSPdRBAU+Yx0/NF14XfuiZA05ndqnBAvQgNOQ4qR0lLfqropD4go4hnO3VMY+H2rZtftKeAyceak1jDN8uf75LHZt77cIMZpRLjCDEnZc+xEeRkSimJGctNNJUkQHqEB6WnKUUSkl01vz+GRVgIYxkI/ruBU/Z3IUCTlOPL1ZITUUC56hfif10tVeOVllCepIhzPFoUpgyqGRREwoIJgxcaaICyovhXiIRIIK12XqUtwFr+8TNpndeeifn6r2zgGM1TAATgEJ8ABl6ABbkATtAAGD2ACnsGLkRtPxqvxNhstGfPMPvgD4+MH2deXNg==</latexit>

c db

<latexit sha1_base64="JQBhQ1F3Tpi3rKzXRQGa+eW/G+8=">AAAB6HicdZDLSsNAFIYn9VbrrerSzWBRXIU0rWldWXDjsoXeoA1lMp20YyeTMDMRSugTuHGhSF36Nm7d+TZOWgUV/WHg5/vPYc45XsSoVJb1bmRWVtfWN7Kbua3tnd29/P5BW4axwKSFQxaKrockYZSTlqKKkW4kCAo8Rjre5CrNO7dESBrypppGxA3QiFOfYqQ0ajQH+YJlXlQd+9yGlmlZFbvkpMaulO0SLGqSqnD5Ok/1XB/k3/rDEMcB4QozJGWvaEXKTZBQFDMyy/VjSSKEJ2hEetpyFBDpJotBZ/BEkyH0Q6EfV3BBv3ckKJByGni6MkBqLH9nKfwr68XKr7oJ5VGsCMfLj/yYQRXCdGs4pIJgxabaICyonhXiMRIIK32bnD7C16bwf9O2zaJjOo1yoXYKlsqCI3AMzkARVEANXIM6aAEMCLgDD+DRuDHujSdjvizNGJ89h+CHjJcPRVKRqg==</latexit>

T
<latexit sha1_base64="feZt6eTDXFjJLmoejg1Rf6pS0Vs=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRQViQFVCxWOsxMJYJPqQmhA5rtNatZ3IdkBV6KewMFAhVv6CjY3v4AdwHwO0HOlKR+fcq3vvCRNGlXacLyu3tLyyupZfL2xsbm3v2MXdhopTiUkdxyyWrRApwqggdU01I61EEsRDRpph/2rsN++JVDQWt3qQEJ+jrqARxUgbKbCLXhdxjgLnLqtA7wRWhoFdcsrOBHCRuDNSqm6732H4MaoF9qfXiXHKidCYIaXarpNoP0NSU8zIsOCliiQI91GXtA0ViBPlZ5PTh/DQKB0YxdKU0HCi/p7IEFdqwEPTyZHuqXlvLP7ntVMdXfoZFUmqicDTRVHKoI7hOAfYoZJgzQaGICypuRXiHpIIa5NWwYTgzr+8SBqnZfe8fHZj0jgCU+TBPjgAx8AFF6AKrkEN1AEGD+AJvICR9Wg9W6/W27Q1Z81m9sAfWO8/Su2WWQ==</latexit>

�3 3
0

<latexit sha1_base64="QWXNb/6i9wLoGDu0EQoGIRIn+ac=">AAAB6nicdVA9SwNBEN2LRmP8ilraLAbFKuwdGpMukMYyovmA5Ah7m71kyd7esbsnhCM/IY2FIpZa+lOs7Gz9Je4lCir6YODx3gwz87yIM6URerMyS8vZldXcWn59Y3Nru7Cz21JhLAltkpCHsuNhRTkTtKmZ5rQTSYoDj9O2N66nfvuaSsVCcaUnEXUDPBTMZwRrI13W+yf9QhGVkEG5DFNiV5BtSLVacZwqtOcWQsVa9vFl9v7sNPqF194gJHFAhSYcK9W1UaTdBEvNCKfTfC9WNMJkjIe0a6jAAVVuMj91Cg+NMoB+KE0JDefq94kEB0pNAs90BliP1G8vFf/yurH2K27CRBRrKshikR9zqEOY/g0HTFKi+cQQTCQzt0IywhITbdLJmxC+PoX/k5ZTssul0wuTxhFYIAf2wQE4BjY4AzVwDhqgCQgYghm4BXcWt26se+th0ZqxPmf2wA9YTx9yS5GW</latexit>

C4

<latexit sha1_base64="HAKpDl556XT6TApf0/fQDyZ/O80=">AAAB+nicbVC5TsNAEB2HK4TLgZJmRQSiQJHNXUaioQwSOaTYWOvNOlllfWh3DYpMPoWGggjR8hd0dHwHP8DmKCDhSSM9vTejmXl+wplUlvVl5BYWl5ZX8quFtfWNzS2zuF2XcSoIrZGYx6LpY0k5i2hNMcVpMxEUhz6nDb93NfIb91RIFke3qp9QN8SdiAWMYKUlzyw6mCdd7Nl32QlyjtDpwDNLVtkaA80Te0pKlU372/c/hlXP/HTaMUlDGinCsZQt20qUm2GhGOF0UHBSSRNMerhDW5pGOKTSzcanD9C+VtooiIWuSKGx+nsiw6GU/dDXnSFWXTnrjcT/vFaqgks3Y1GSKhqRyaIg5UjFaJQDajNBieJ9TTARTN+KSBcLTJROq6BDsGdfnif147J9Xj670WkcwAR52IU9OAQbLqAC11CFGhB4gCd4gaHxaDwbr8bbpDVnTGd24A+M9x9StpZe</latexit>

↵3 4
1

<latexit sha1_base64="Co4/ITWXbgxq//cNjAeb1+gK1Vg=">AAAB6nicbZDLSgMxFIbPeK31VnXpJlgUV2VGvO2suHFZ0V6gHUomzbShSWZIMkIZ+ghuXCjVrS/ha7jzbcy0XWjrD4GP/z+HnHOCmDNtXPfbWVhcWl5Zza3l1zc2t7YLO7s1HSWK0CqJeKQaAdaUM0mrhhlOG7GiWASc1oP+TZbXH6nSLJIPZhBTX+CuZCEj2Fjr/rrttgtFt+SOhebBm0Lx6nOU6a3SLny1OhFJBJWGcKx103Nj46dYGUY4HeZbiaYxJn3cpU2LEguq/XQ86hAdWqeDwkjZJw0au787Uiy0HojAVgpseno2y8z/smZiwks/ZTJODJVk8lGYcGQilO2NOkxRYvjAAiaK2VkR6WGFibHXydsjeLMrz0PtpOSdl87uTovlI5goB/twAMfgwQWU4RYqUAUCXXiCF3h1uPPsjJz3SemCM+3Zgz9yPn4A0wKR5Q==</latexit>

A0 <latexit sha1_base64="dl30U77ilv6URq9993D8AfKMV0Q=">AAAB+HicbVDLSgMxFM3UV1sfHRXcuAkWRVDKjPW1LLjpsoJ9QGcsmTRTQ5PMkGSEOvQT/AI3LhRx66e48xP8C9PHQlsPXDiccy/33hPEjCrtOF9WZmFxaXklm8uvrq1vFOzNrYaKEolJHUcskq0AKcKoIHVNNSOtWBLEA0aaQf9q5DfviVQ0Ejd6EBOfo56gIcVIG6ljF7we4hzdpmXoHcPTYccuOiVnDDhP3CkpVnKPO+Xq0XetY3963QgnnAiNGVKq7Tqx9lMkNcWMDPNeokiMcB/1SNtQgThRfjo+fAj3jdKFYSRNCQ3H6u+JFHGlBjwwnRzpOzXrjcT/vHaiw0s/pSJONBF4sihMGNQRHKUAu1QSrNnAEIQlNbdCfIckwtpklTchuLMvz5PGSck9L51dmzQOwARZsAv2wCFwwQWogCqogTrAIAFP4AW8Wg/Ws/VmvU9aM9Z0Zhv8gfXxA4sNlIo=</latexit>

�3 4

<latexit sha1_base64="bnheuX1za6m9rAkYVMFWuTfJ2Eg=">AAAB7XicbZDLTgIxFIbP4A3xhrp000i8rMiMMehOEjcuMeGWwIR0SoFKp520HRIy4R3cuIAYtz6LW3e+jR1goeifNPny/+ek55wg4kwb1/1yMmvrG5tb2e3czu7e/kH+8KiuZawIrRHJpWoGWFPOBK0ZZjhtRoriMOC0EQzv07wxokozKapmHFE/xH3BeoxgY616fIGqaNTJF9yiOxf6C94SCncf01SzSif/2e5KEodUGMKx1i3PjYyfYGUY4XSSa8eaRpgMcZ+2LAocUu0n82kn6Mw6XdSTyj5h0Nz92ZHgUOtxGNjKEJuBXs1S87+sFZverZ8wEcWGCrL4qBdzZCRKV0ddpigxfGwBE8XsrIgMsMLE2APl7BG81ZX/Qv2q6JWKpcfrQvkcFsrCCZzCJXhwA2V4gArUgMATPMMUZo50XpxX521RmnGWPcfwS877N59kkuo=</latexit>

u0Tv <latexit sha1_base64="04BDo4Ay+5ixi/MNUwQbXRqii6w=">AAAB+nicbVC5TsNAEF2HK4TLgZJmRQSiQJHNXUaioQwSOaTEWOv1OFllfWh3DYpMPoWGggjR8hd0dHwHP8DmKCDhSSM9vTejmXlewplUlvVl5BYWl5ZX8quFtfWNzS2zuF2XcSoo1GjMY9H0iATOIqgppjg0EwEk9Dg0vN7VyG/cg5Asjm5VPwEnJJ2IBYwSpSXXLLZ94Iq41l12gttH+HTgmiWrbI2B54k9JaXKpv3teR/Dqmt+tv2YpiFEinIiZcu2EuVkRChGOQwK7VRCQmiPdKClaURCkE42Pn2A97Xi4yAWuiKFx+rviYyEUvZDT3eGRHXlrDcS//NaqQounYxFSaogopNFQcqxivEoB+wzAVTxviaECqZvxbRLBKFKp1XQIdizL8+T+nHZPi+f3eg0DtAEebSL9tAhstEFqqBrVEU1RNEDekIvaGg8Gs/Gq/E2ac0Z05kd9AfG+w9XYJZh</latexit>

�3 4
0

<latexit sha1_base64="JQBhQ1F3Tpi3rKzXRQGa+eW/G+8=">AAAB6HicdZDLSsNAFIYn9VbrrerSzWBRXIU0rWldWXDjsoXeoA1lMp20YyeTMDMRSugTuHGhSF36Nm7d+TZOWgUV/WHg5/vPYc45XsSoVJb1bmRWVtfWN7Kbua3tnd29/P5BW4axwKSFQxaKrockYZSTlqKKkW4kCAo8Rjre5CrNO7dESBrypppGxA3QiFOfYqQ0ajQH+YJlXlQd+9yGlmlZFbvkpMaulO0SLGqSqnD5Ok/1XB/k3/rDEMcB4QozJGWvaEXKTZBQFDMyy/VjSSKEJ2hEetpyFBDpJotBZ/BEkyH0Q6EfV3BBv3ckKJByGni6MkBqLH9nKfwr68XKr7oJ5VGsCMfLj/yYQRXCdGs4pIJgxabaICyonhXiMRIIK32bnD7C16bwf9O2zaJjOo1yoXYKlsqCI3AMzkARVEANXIM6aAEMCLgDD+DRuDHujSdjvizNGJ89h+CHjJcPRVKRqg==</latexit>

T
<latexit sha1_base64="2oYdxg2tQvpNkFo23ys0SQn3kCA=">AAAB7HicbZDNTgIxFIXv4B/iH+rSTSPRuCIzxqA7Sdy4xIQBEpiQTulAQ6czaTsYMuEZ3LgQjVvfxa0738YOsFDwJE2+nHNveu/1Y86Utu1vK7e2vrG5ld8u7Ozu7R8UD48aKkokoS6JeCRbPlaUM0FdzTSnrVhSHPqcNv3hXZY3R1QqFom6HsfUC3FfsIARrI3ljlAdPXaLJbtsz4RWwVlA6fZzmum11i1+dXoRSUIqNOFYqbZjx9pLsdSMcDopdBJFY0yGuE/bBgUOqfLS2bATdGacHgoiaZ7QaOb+7khxqNQ49E1liPVALWeZ+V/WTnRw46VMxImmgsw/ChKOdISyzVGPSUo0HxvARDIzKyIDLDHR5j4FcwRneeVVaFyWnUq58nBVqp7DXHk4gVO4AAeuoQr3UAMXCDB4gheYWsJ6tt6s93lpzlr0HMMfWR8/QVeSuw==</latexit>

vTw

<latexit sha1_base64="CrgWen5H+s6Zs5rdLpSjPSBUirY=">AAAB+XicdVDLSgNBEOz1GeNr1aOXwaB4kDAbTUxOCl48KhgNJDHMTibJkNkHM72BsORPvHhQxKt/4s2/8BOcJAoqWtBQVHXT3eXHShqk9M2ZmZ2bX1jMLGWXV1bX1t2NzWsTJZqLKo9UpGs+M0LJUFRRohK1WAsW+Erc+P2zsX8zENrIKLzCYSyaAeuGsiM5Qyu1XLeBPYGs5d2mXuOAFEYtN0fztFSs0Aqh+SL1yhNCaalcOCSeJWPkTt5hgouW+9poRzwJRIhcMWPqHo2xmTKNkisxyjYSI2LG+6wr6paGLBCmmU4uH5Fdq7RJJ9K2QiQT9ftEygJjhoFvOwOGPfPbG4t/efUEO+VmKsM4QRHy6aJOoghGZBwDaUstOKqhJYxraW8lvMc042jDytoQvj4l/5PrQt4r5YuXR7nTvWkakIFt2IF98OAYTuEcLqAKHAZwBw/w6KTOvfPkPE9bZ5zPmS34AeflAyYZlBI=</latexit>

✓1 2
1

<latexit sha1_base64="iAJiPvpDya2pDQ92aGq9n93CbYs=">AAAB+nicdVBNS0JBFL3Pvu1La9lmSIoWIfM0TVcFbVoWZAVqMm8cdXDeBzP3FfLyp7RpUUTbfkm7/kU/oVELKurAhcM593LvPV6kpEFK35zU1PTM7Nz8QnpxaXllNZNdOzdhrLmo8VCF+tJjRigZiBpKVOIy0oL5nhIXXv9o5F9cC21kGJzhIBJNn3UD2ZGcoZVamWwDewJZy71KiqSxS9xhK5OjeVouVWmV0HyJupUxobRcKRSJa8kIuYN3GOOklXlttEMe+yJArpgxdZdG2EyYRsmVGKYbsRER433WFXVLA+YL00zGpw/JllXapBNqWwGSsfp9ImG+MQPfs50+w5757Y3Ev7x6jJ1KM5FBFKMI+GRRJ1YEQzLKgbSlFhzVwBLGtbS3Et5jmnG0aaVtCF+fkv/JeSHvlvOl073c4fYkDZiHDdiEHXBhHw7hGE6gBhxu4A4e4NG5de6dJ+d50ppyPmfW4Qeclw+B9ZQ9</latexit>

✓3 1
1

<latexit sha1_base64="0uzEUQJ+phodgOHwttUpMgBTcG8=">AAAB6XicdZDLSgMxFIYz9VbrrerSTbB4WQ2Zamu7suDGZRV7gXYomTTThmYyQ5IRytA3cONC0W59Cl/DnW9jplVQ0R8CH/9/DjnneBFnSiP0bmUWFpeWV7KrubX1jc2t/PZOU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48Tlve6CLNW7dUKhaKGz2OqBvggWA+I1gb6zo+6uULyEblUhVVIbJLyKnMAKFypXgCHQOpCuevz6mm9V7+rdsPSRxQoQnHSnUcFGk3wVIzwukk140VjTAZ4QHtGBQ4oMpNZpNO4IFx+tAPpXlCw5n7vSPBgVLjwDOVAdZD9TtLzb+yTqz9ipswEcWaCjL/yI851CFM14Z9JinRfGwAE8nMrJAMscREm+PkzBG+NoX/Q7NoO2W7dHVaqB2CubJgD+yDY+CAM1ADl6AOGoAAH9yBB/Bojax768mazksz1mfPLvgh6+UDxdOR7g==</latexit>

u0

<latexit sha1_base64="qvZyKfwwq7wHP7GELDhJQx7KJPE=">AAAB+nicdVBNS0JBFL2vT7Mvq2WbISlahMyzMl0ltGlpkBmoybxx1MF5H8zcV8jLn9KmRRFt+yXt+hf9hEYtqKgDFw7n3Mu993iRkgYpfXOmpmdm5+ZTC+nFpeWV1cza+oUJY81FlYcq1JceM0LJQFRRohKXkRbM95Soef2TkV+7FtrIMDjHQSSaPusGsiM5Qyu1MmsN7AlkV4lLGnvEHbbcViZLc7RwWKIlQnOH1C2OCaWFYn6fuJaMkD1+hzEqrcxrox3y2BcBcsWMqbs0wmbCNEquxDDdiI2IGO+zrqhbGjBfmGYyPn1Itq3SJp1Q2wqQjNXvEwnzjRn4nu30GfbMb28k/uXVY+wUm4kMohhFwCeLOrEiGJJRDqQtteCoBpYwrqW9lfAe04yjTSttQ/j6lPxPLvI5t5ArnB1kyzuTNCAFm7AFu+DCEZThFCpQBQ43cAcP8OjcOvfOk/M8aZ1yPmc24Aeclw9/I5Q8</latexit>

✓1 1
1

<latexit sha1_base64="0uzEUQJ+phodgOHwttUpMgBTcG8=">AAAB6XicdZDLSgMxFIYz9VbrrerSTbB4WQ2Zamu7suDGZRV7gXYomTTThmYyQ5IRytA3cONC0W59Cl/DnW9jplVQ0R8CH/9/DjnneBFnSiP0bmUWFpeWV7KrubX1jc2t/PZOU4WxJLRBQh7KtocV5UzQhmaa03YkKQ48Tlve6CLNW7dUKhaKGz2OqBvggWA+I1gb6zo+6uULyEblUhVVIbJLyKnMAKFypXgCHQOpCuevz6mm9V7+rdsPSRxQoQnHSnUcFGk3wVIzwukk140VjTAZ4QHtGBQ4oMpNZpNO4IFx+tAPpXlCw5n7vSPBgVLjwDOVAdZD9TtLzb+yTqz9ipswEcWaCjL/yI851CFM14Z9JinRfGwAE8nMrJAMscREm+PkzBG+NoX/Q7NoO2W7dHVaqB2CubJgD+yDY+CAM1ADl6AOGoAAH9yBB/Bojax768mazksz1mfPLvgh6+UDxdOR7g==</latexit>

u0

<latexit sha1_base64="KL5C/uYTB+nU9LiHpM7df2ef23A="></latexit>

\ 2 1
1

Figure 7. Illustration of the reduction from q4 to q. The black arrows
starting from the same node correspond to a block of the first kind. The
red arrows and the green arrows correspond to the blocks of the second and
third kind respectively. Some domain elements are represented twice (with
the same name, like θ21

1 ) to declutter the figure.

A0(θs1s2t θs1t1 ) A1(θs1t1 θs1t2 ) . . . Ai(θ
s1t
i γs1t)

︸ ︷︷ ︸
u′

T (γs1t γs1t0 )A′′0(γs1t0 γs1t1 )A′′1(γs1t1 γs1t2 ) . . . A′′k(γ
s1t
k γs1tk+1)

︸ ︷︷ ︸
w

A0(θs1s2t θs2t1 ) A1(θs2t1 θs2t2 ) . . . Ai(θ
s2t
i γs2t)

︸ ︷︷ ︸
u′

T (γs2t γs2t0 )A′′0(γs2t0 γs2t1 )A′′1(γs2t1 γs2t2 ) . . . A′′k(γ
s2t
k γs2tk+1)

︸ ︷︷ ︸
w

This concludes the constructions of D′, we refer to Figure 7 for an illustration. Notice
that most blocks of D′ have size one except for three kinds. The first kind are A0-blocks
with key αs for some block Bs of D. These blocks are in one-to-one correspondence with the
blocks of D and contain as many facts as there are cliques in D intersecting the block. The
second kind are T -blocks whose key is γst for some block Bs and maximal clique Ct where
Ct is not a self-loop. These blocks contain at most two facts, one that starts a path TvTw
and one that starts a path Tw. The third and last kind are A0-blocks whose key is θs1s2t
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where two facts from Bs1 and Bs2 , s1 6= s2, form a solution and belong to the non-self-loop
clique Ct. These blocks have two facts, each of them starting a path u reaching a block of
the second kind. The blocks of size one play no role in the rest of this proof.

We now prove that D′ has the desired properties.

(1) Suppose D |= certain(q4). Now pick any repair r′ of D′. Define the following repair r on
D:

For any A0-block in D′ of the first kind, pick a corresponding fact in D. i.e. if
A0(αs αst1 ) ∈ r′ then choose R(a bc) for r, where R(a bc) is any fact in block Bs that
belongs to the maximal clique Ct.

Now r is a repair of D since every R-block Bs in D corresponds to an A0-block of the
first kind. By assumption r |= q4 hence there exists facts h, g that belong to blocks Bs1
and Bs2 and also belong to the same clique Ct such that h, g ∈ r.

Assume first that h = g, hence s1 = s2 and Ct is a self-loop. By construction of r
this implies that A0(αs α

st
1 ) belongs to r′ and by construction of D′, as Ct is a self-loop

all repairs of D containing A0(αs α
st
1 ) have a solution to q.

Assume now that h 6= g. As r is a repair this implies s1 6= s2. This implies that
both A0(αs1 αs1t1 ) and A0(αs2 αs2t1 ) are in r′. Consider now the block of the third kind
whose key is θs1s2t. The repair r′ must contain a fact from this block. Without loss of
generality we assume that it is the fact that starts a path u reaching γs1t, the key of
a block of the second kind. The repair r′ must contain a fact from this block, either
starting a path Tw or a path TvTw. In the first case the query q is true because of the
path starting with A0(αs1 αs1t1 ); in the second case the query q is true because of the
path starting with the A0-fact of key θs1s1t.

(2) Assume that for some k, D′ |= Certk(q). We show that D |= Cert+k(q4).

In order to show this, for every k-set S of facts of D′ we relate k-set Ŝ of D such that
the following conditions hold:

(a) If A0(αsαst1 ) ∈ S then Ŝ contains a fact h that belongs to both the block Bs and
the clique Ct.

(b) If T (γstδst0 ) ∈ S then Ŝ contains a fact h that belongs to both the block Bs and
the clique Ct.

(c) If T (γstγst0 ) ∈ S and h is the fact that belongs to both the block Bs and the clique Ct

then Ŝ contains one fact g that belongs the clique Ct such that D |= q4(gh)∨q4(hg).
By construction this is always possible.

(d) If A0(θs1s2tθst1 ) ∈ S. Recall that this can only happen if s1 6= s2 and s = s1 or
s = s2. Let h1 be one fact that belongs to both the block Bs1 and the clique Ct,

and h2 be one fact that belongs to both the block Bs2 and the clique Ct. Then Ŝ
contains h1 if s = s2 and h2 if s = s1.

Note that for every k-set S of facts of D′ there may be several k-set Ŝ of D that
satisfy the conditions.

We claim that if S ∈ ∆k(q,D′) then all associated Ŝ are in ∆+
k (q4, D). In particular, as

D′ |= Certk(q) then by definition the empty set is in ∆k(q,D
′), and therefore it is also in

∆+
k (q4, D), hence D |= Cert+k(q4) as desired.

The proof of the claim is by induction on the iteration where S is added to ∆k(q,D
′).

The base case is when S ∈ ∆k(q,D
′, 0). Then S contains a solution in q(D′). By

construction, as q is not a factor of uTvTvTw, this can only happen if S contains both
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A0(αsαst1 ) and T (γstγst0 ) or S contains both A0(θs1s2tθst1 ) and T (γstδst0 ). In the first case

any associated Ŝ by definition contains two facts h and g (possibly equal) of D such that h
is in the block Bs and clique Ct and g also belongs to the clique Ct and D |= q4(hg)∨ q4(gh)

(by properties (a) and (c)). In either case, we have Ŝ ∈ ∆+
k (q4, D, 0).

In the second case, by definition, all associated Ŝ contain two distinct facts h and g
of D such that h is in the block Bs1 and clique Ct and g belongs to the “block” Bs2 and
also to the clique Ct (using properties (b) and (d)). In particular D |= q4(hg) ∨ q4(gh) and

Ŝ ∈ ∆+
k (q4, D, 0).

Assume now that S ∈ ∆k(q,D
′, i) for some i > 0. By definition this is because there

exists a block B′ of D′ such that for all b ∈ B′, S ∪ {b} contains a k-set in ∆k(q,D
′, i− 1).

By induction, this implies that for all b′ ∈ B′, ÿ�S ∪ {b′} contains a k-set in ∆+
k (q4, D, i− 1).

We do a case analysis depending on B′.

(1) B′ is a block of the first kind: it contains all elements A0(αsαst1 ) for some block B = Bs.

Then B can be used to show that Ŝ belongs to ∆+
k (q4, D, i). Indeed consider b ∈ B,

let t be such that b ∈ Ct and consider b′ = A0(αsαst1 ). From the fact that ÿ�S ∪ {b′}
contains a k-set in ∆k(q4, D, i− 1) it follows by induction that Ŝ ∪ {b} contains a k-set

in ∆+
k (q4, D, i− 1). Hence, Ŝ ∈ ∆+

k (q4, D, i) as desired.
(2) B′ is a block of the second kind: it contains T (γstγst0 ) and T (γstδst0 ). Let h be a fact of D

in block Bs and clique Ct and let g, p be the other facts in Ct (possibly g = p, but as Ct
cannot be a self-loop we assume g and h to be in distinct blocks). Notice that by definition
{T (γstγst0 )} is associated to both {g} and {p} while {T (γstδst0 )} is associated to {h}. Now

since S ∪ {T (γstγst0 )} ∈ ∆k(q,D, i− 1) we have by induction, Ŝ ∪ {g} ∈ ∆+
k (q4, D, i− 1)

and Ŝ ∪ {p} ∈ ∆+
k (q4, D, i− 1). Further, S ∪ {T (γstδst0 )} ∈ ∆k(q,D, i− 1) implies that

Ŝ ∪ {h} ∈ ∆+
k (q4, D, i − 1). Thus the clique Ct is a witness for Ŝ ∈ ∆+

k (q4, D, i) by
application of the new rule.

(3) B′ is a block of the third kind: it contains A0(θs1s2tθs1t1 ) and A0(θs1s2tθs2t1 ). Let h, g and
p be the facts that are in clique Ct and respectively in the blocks Bs1 and Bs2 and Bs3
(possibly g = p). Notice that by definition {A0(θs1s2tθs1t1 )} is associated to both g and

p, while {A0(θs1s2tθs2t1 )} is associated to h and p. As in the previous case, we obtain by

induction that Ŝ ∪ {x} ∈ ∆k(q4, D
′) for all x ∈ {h, g, p}. Therefore, the clique Ctis a

witness for Ŝ ∈ ∆+
k (q4, D, i) by application of the new rule.

(4) B′ is a block of size one, i.e. containing one fact b′. By induction hypothesis ÿ�S ∪ {b′}
contains a k-set in ∆k(q4, D). Moreover, by construction ÿ�S ∪ {b′} = Ŝ. Hence Ŝ ∈
∆k(q4, D) as desired.

This concludes the induction step, hence the proof.

7. First order definability

Let q be a query. We say that certain(q) is in FO if there is a first-order sentence ϕ such
that for all database D, D |= certain(q) iff D |= ϕ. For instance, the query certain(q1) is in
FO where q1 is described in Example 2.2.

The goal of this section is to provide a characterization of queries whose certainty can
be expressed in FO in terms of the Certk algorithm, assuming q is either self-join-free or a
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path query. Notice that if certain(q) is in FO then in particular it can be solved in AC0 and
therefore cannot be coNP-hard. It then follows from our results that it can be solved by
our fixpoint algorithm Certk(q) for some k.

Recall the definition of Certk(q). It computes in an inflationary way a set ∆k(q,D) of
k-sets satisfying a certain property, where the property can be specified in first-order logic.
Starting from the solutions to q in D, at each step it adds to ∆k(q,D) a new set of k-sets
satisfying a first-order property. Let ∆k(q,D, i) be the set of k-sets computed this way after
i iterations. Hence ∆k(q,D, 0) the set of solutions to q in D and

⋃
i ∆k(q,D, i) is the set of

k-sets obtained when the fixpoint is reached. By definition, Certk(q) returns ‘yes’ if this set
contains the empty set.

As every step can be defined in first-order logic, each set ∆k(q,D, i) can be defined using
a first-order formula. Let ψi,k(q) be the first-order sentence such that D |= ψi,k(q) if and
only if ∆k(q,D, i) contains the empty set. It is clearly an under-approximation of Certk(q)
and therefore of certain(q). Whenever Certk(q) is equivalent to ψi,k(q) for some i depending

only on q and k, we say that Certk(q) is bounded.6 We show that whenever certain(q) is in
FO then Certk(q), with k the number of atoms of q, is bounded and computes certain(q).

Example 7.1. Recall the query q1 = R1(x y) ∧ R2(y z) from Example 2.2. We showed
there that certain(q1) can be expressed in FO. We verify that for k = 2, for any database D,
if D |= certain(q1) then ∅ ∈ ∆2(q1, D, 2).

First note that ∆2(q1, D, 0) contains sets of the form {R1(a b), R2(b c)} which are the
solutions to q1. Notice that if {R1(a b), R2(b c)} ∈ ∆2(q1, D, 0) then for all R2(b c′) ∼ R2(b c)
we have {R1(a b), R2(b c′)} ∈ ∆2(q1, D, 0). Hence for every {R1(a b), R2(b c)} ∈ ∆2(q1, D, 0)
we have {R1(a b)} ∈ ∆2(q1, D, 1).

In particular for every minimal repair r if r |= q(uv) then u ∈ ∆2(q1, D, 1). Now since r
is minimal, for every u′ ∼ u there exists some v′ ∈ r such that r[u → u′] |= q(u′v′). This
implies that for every u′ ∼ u we have u′ ∈ ∆2(q1, D, 1). Hence ∅ ∈ ∆2(q1, D, 2) as required.

4

7.1. Self-join-free case. In this case we make use of the following characterization of [KW17]
based on the notion of attack graph.

Theorem 7.2. [KW17, Theorem 3.2] Let q be a self-join-free query and Γ a set of primary
key constraints. The attack graph of q and Γ is acyclic iff certain(q) is in FO.

We obtain the following:

Proposition 7.3. Let q be a self-join-free query and Γ a set of primary key constraints.
Let k be the number of atoms of q. The following are equivalent:

(1) The attack graph of q and Γ is acyclic.
(2) Certk(q) is bounded and Certk(q) = certain(q).
(3) certain(q) is in FO.

Proof. (2) ⇒ (3) This is an immediate consequence of boundedness.

(3) ⇒ (1) This follows from Theorem 7.2.

6This notion is sometimes referred to in the literature as “goal bounded”.
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(1) ⇒ (2) Assume that the attack graph of q and Γ is acyclic. Let τ = A1, . . . , Ak be

any topological ordering of the atoms of q, i.e., if there is an attack from Ai to Aj then
i < j. As argued in the proof of Theorem 5.14, τ is a Γ-sequence and q |= PCondτ , therefore
Certk(q) = certain(q). Notice that τ is a Γ-sequence where all stable sets have size one.
We show that whenever we have such a Γ-sequence then Certk(q) is bounded. In order to
show this, we revisit the proof of Theorem 4.4. The key property that we used to prove
Theorem 4.4 was Lemma 4.5 showing that if Indi+1 and PCondτ (i) holds, then Indi also
holds, where

Indi = For all i-minimal repair s and facts ū s.t. s |= q≤i(ū), we have ū ∈ ∆k(q,D).

When all stable sets in the Γ-sequence have size one, we can have a stronger version of
the induction step where Indi becomes

Ind+
i = For all i-minimal repair s and facts ū s.t. s |= q≤i(ū), we have ū ∈ ∆k(q,D, k − i)

(recall that k is the number of atoms in q), and Lemma 4.5 becomes:

Claim 7.4. Given q, D and a Γ-sequence τ for q such that all stable sets of τ have size one.
Then for every 0 ≤ i < k, if Ind+

i+1 and PCondτ (i), then Ind+
i .

Proof of claim. The proof is similar to the proof of Lemma 4.5, but simpler.
By means of contradiction, assume that Ind+

i+1 and PCondτ (i) hold but Ind+
i fails.

By definition, there is a i-minimal repair s and a tuple ū such that s |= q≤i(ū) but
ū 6∈ ∆k(q,D, k − i). From Claim 4.6, we can assume that s is strong i-minimal. As
s |= q≤i(ū), there is a fact a matching Si+1 such that s |= q≤i+1(ūa).

As ū 6∈ ∆k(q,D, k−i) there is by definition a fact a′ ∼ a such that ūa′ 6∈ ∆k(q,D, k−i−1).
By Claim 4.7 the repair s′ = s[a→ a′] is strong i-minimal and s′ |= q(ūa′β̄) for some tuple β̄.
By assumption, the stable set Si+1 of τ contains only one atom hence a′ matches Si+1 hence
s′ |= q≤i+1(ūa′). By Ind+

i+1 this implies that ūa′ ∈ ∆k(q,D, k − i− 1), a contradiction. C

Therefore, by Claim 7.4 we conclude that Ind+
0 holds. This immediately implies that

whenever the empty set is derived, it is derived within k-steps. Then Certk(q) is equivalent
to ψk,k(q) and is therefore bounded; this proves Item (2).

7.2. Path queries. For path queries we rely on the following result of [KOW21].

Theorem 7.5. [KOW21, Theorem 3.2 & Lemma 7.1] Let q be a path query. If q is a prefix
of all the words in the language L#(q), then certain(q) is in FO. Otherwise, certain(q) is
NL-hard under FO reductions.

We obtain the following:

Proposition 7.6. Let q be a path query of length k. The following are equivalent.

(1) q is a prefix of all the words in the language L#(q)
(2) Certk(q) is bounded and Certk(q) = certain(q).
(3) certain(q) is in FO.

To prove the proposition, we use the following result, which is a restatement of [KOW21,
Corollary 5.9] in the case where Item 1 holds.7

7In fact, the condition assumed in Corollary 5.9 in [KOW21] is implied by Item 1.
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Proposition 7.7 ([KOW21, Corollary 5.9]). Let q be a path query such that q is a prefix of
all the words in L#(q). The following are equivalent for all database D.

• D |= certain(q)
• there exists a block B such that for all repair r of D, there exists a sequence of facts v̄ of
r such that r |= q(av̄), where a is the fact of r in B.

Proof of Proposition 7.6. Item 2 ⇒ Item 3 This is a consequence of boundedness.

Item 3 ⇒ Item 1 Follows from Theorem 7.5.

Item 1 ⇒ Item 2 . Assume Item 1 and assume that D |= certain(q), we show that ∅ ∈
∆k(q,D, k). This is a consequence of the following lemma that we show by induction on i.

Let B be the block of D given by Proposition 7.7. For a sequence of fact v̄ we denote by v̄i
the first i facts of the sequence and v̄[i] denotes the i-th fact of v̄:

Lemma 7.8. For all i ∈ [0, k − 1], for all repair r and for all v̄ if r |= q(av̄) with a ∈ B
then av̄i ∈ ∆k(q,D, k − i− 1).

Proof. For i = k−1, this is clear (since q(av̄) holds and v̄ = v̄k−1). Assume now the property
shown for i+ 1. We show it for i.

Consider a repair r. Let a = B ∩ r. Let v̄ be such that r |= q(av̄). Let b = v̄[i+ 1]. Let
b′ ∼ b and r′ = r[b→ b′]. By Proposition 7.7 there exists v̄′ such that r′ |= q(av̄′). As q is a
path query we have v̄′i = v̄i. By induction we get that av̄ib

′ ∈ ∆k(q,D, k − i− 2). As b′ is
arbitrary, the block of b witnesses the fact that av̄i ∈ ∆k(q,D, k − i− 1).

Consider now an arbitrary fact a ∈ B and any repair r containing a. By Proposition 7.7,
since D |= certain(q), there exists v̄ such that r |= q(av̄). From Lemma 7.8, applied with
i = 0, we get that a ∈ ∆k(q,D, k − 1). This implies that ∅ ∈ ∆k(q,D, k) as desired.

We have proved that D |= certain(q) implies ∅ ∈ ∆k(q,D, k). On the other hand
∅ ∈ ∆k(q,D, k) implies ∅ ∈ ∆k(q,D) which in turn implies D |= certain(q). Then we
have D |= certain(q) iff ∅ ∈ ∆k(q,D) iff ∅ ∈ ∆k(q,D, k); the first equivalence implies
certain(q) = Certk(q), the second implies that Certk(q) is equivalent to ψk,k(q), and is
therefore bounded.

8. Conclusion

We have presented a simple polynomial time algorithm for certain query answering over
inconsistent databases under primary key constraints. The query is always certain when
the algorithm outputs “yes”, but it may produce false negative answers. For path queries
and self-join-free queries we have characterized the cases when our algorithm computes all
certain answers. In particular, when certainty is in polynomial time, the algorithm correctly
computes the answer. We have also shown that our fixpoint algorithm is bounded if, and
only if, the certainty of the query can be expressed in first-order logic.

Throughout the paper we have only considered boolean queries. The algorithm can be
extended to the non-boolean setting as follows: if x̄ are the free variables of q, we compute
∆(q,D, ā) as for ∆(q,D) but always assigning x̄ to ā. The algorithm returns ā if ∆(q,D, ā)
eventually contains the empty set and if this happens ā is a certain answer. This still takes
polynomial time in data complexity. In the presence of constants we can use a similar
technique where the interpretation of the constants c̄ are fixed to ā (and we only need
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one iteration if there are no free variables). Thus, the algorithm can be adapted to the
non-boolean setting as well.

Even though recent progress has been made, the Dichotomy Conjecture remains a
challenging problem. We add to the list of challenges a (decidable) characterization of
when our fixpoint algorithm correctly computes the certain answers. We believe this is an
interesting problem.

It is interesting to note that a similar fixpoint algorithm can be obtained for other kinds
of constraints. For instance for key constraints or “denial constraints” as defined in [CM05]
one can define a “conflict hypergraph” where each hyperedge is a minimal set of facts making
the constraint false. A “repair” in this context is a maximal independent set of the conflict
hypergraph and certainty can be computed in coNP. Notice that in the case of primary key
constraints, the conflict hypergraph is just a graph connecting any two facts that share the
same key. The connected components of this graph are then cliques, which correspond to
blocks. The inductive rule of the fixpoint then produces a new k-set S if there is a connected
component C of the conflict hypergraph such that for all facts b of C, S ∪ {b} contains a
previously produced k-set. This clearly generalizes the current definition. However, the
properties of this algorithm under non-primary key constraints are yet to be studied.

It would also be interesting to see if the simplicity of our algorithm can be combined
with an optimal computational cost. For instance, for self-join-free queries satisfying PCond,
it is known that the complexity of the certain answering problem is in LogSpace. However
our fixpoint algorithm – which works for arbitrary queries, with or without self-joins – cannot
be evaluated in LogSpace. It is however plausible that, assuming self-join-freeness, simpler
rules can be used, providing a lower evaluation complexity. This is left for future work.
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