GRAM-SCHMIDT ORTHOGONALIZATION

Notation :
— (@, ) is the standard Euclidean inner product of R", that is (@,7) = >, uv;.
— The Euclidean norm : ||| = (4, @).
— span() denotes the subspace generated by the vectors or the set inside the parentheses. It is
the smallest subspace containing the vectors or the set inside the parentheses.

1. Gram-Schmidt Orthogonalization. (%)

Let bl, .. b e R™ For 1 <7< n,let b* be the orthogonal prOJectlon of b; over span(bl, e l;l 1)L :
b* is orthogonal to span(bl, b 1), and b; — b* belongs to span(bl, b 1). In particular, b = b.
Show that :

1. The Gram-Schmidt vectors l;j 's are pairwise orthogonal.

2. The vectors l;l, ceey l;n are linearly independent iff the Gram-Schmidt vectors
b ’s are all non zero.

3. For any 1 <1 <n, there exist t;1, ..., [;i—1 such that b = b* + ZJ 1/11]%
4. vol(by, ... by) =TTy 1621

2. Integral Gram-Schmidt. (%)
Let l;l, - ,gn € Z™ be linearly independent. Let the l;;*’s be its Gram-Schmidt vectors. Show that :

L For1 <5 < g = (B /IR €@
2. 165117 = [1bs]* — ZJ 1,u”||b*||2 for1<i<n.

(bi,b;) =301 i ema i |I5E ]2
llo% 12

3. For1<j<i, uj =

4. Ifdy =1 and di = dety<; j<p(b;, b;) for 1 < k < n, then dp_1b%t € L(by, . .., bg)
for 1 <k <mnand X, =djp; €Z for1 <j<u.

5. One can compute all the integers dy,’s and N; ;’s in polynomial time.

3. The Gram-Schmidt Lattice. (%)

Let B = (l;l, e ,En) be a basis of a lattice L C R™. Let Lp be the lattice generated by its Gram-
Schmidt vectors b}.

Show that vol(Lg) = vol(L).
Show that A\ (Lg) = min; ||b*]].
Show that A\ (L) > A\ (Lp).

Let u(L) denote the covering radius of L : this is the maximal distance between
L and a point of span(L). What is u(Lg) ¢ Show that u(L) < u(Lp).
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