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Introduction en frangais)

L’objet principal de cette these est 'étude de classes de graphes héréditaires. Une classe de graphes
est héréditaire si et seulement si, pour tout graphe G dans la classe, tout graphe H obtenu en
supprimant des sommets de G est dans la classe (par contre, si on enléve des arrétes de G, il est
possible que I'on sorte de la classe). Autrement dit tout sous-graphe induit de G est dans la classe.
Il est facile de voir que toute classe héréditaire peut-étre définie comme ’ensemble des graphes qui
ne contiennent pas une certaine liste de graphes en tant que sous-graphes induits.

La relation ”étre un sous-graphe induit de” est trés naturelle en mathématique, elle correspond
a la notion de ”sous-structure” que l'on rencontre partout en mathématique. Dans les années
1960, Gabriel Dirac a ouvert ce domaines de la théorie des graphes avec son travail sur les graphes
triangulés qui sont les graphes ne contenant pas de trous en tant que sous-graphe induit (un trou
est un cycle sans cordes de longueur au moins quatre) . A la méme période, Claude Berge proposait
deux conjectures sur les graphes parfaits qui ont été le point de départ de beaucoup de travaux trés
profonds, jusqu’a la résolution en 2002 de la conjecture forte des graphes parfaits par Chudnovsky,
Robertson, Seymour et Thomas.

Dans les années 1980 commenca ce qu’on appelle le "graph minor project”, développé par
Robertson et Seymour, qui décrit une théorie aussi profonde que générale sur les classes de graphes
définies par interdiction de mineurs (a la place de sous-graphes induits). Il est naturel de se
demander si il existe une théorie analogue qui décrirait le monde des classes définies par interdiction
de sous-graphes induits. Jusqu’a maintenant, les classes de graphes definies par interdiction de
sous-graphes induits parraissent trop compliquées et bordéliques pour les décrire dans une théorie
générale. Malgré tout, certaines conjectures comme la conjecture d’Erdés-Hajnal suggerent qu’une
telle théorie pourraient exister.

Dans ce document, la majorité des résultats sont sur des classes de graphes particulieres. La
plupart d’entre elles sont définies en interdisant certaines configurations de Truemper. Les con-
figurations de Truemper sont quatre familles de graphes qui, toutes ensembles, peuvent étre vues
comme une subtile généralisation des trous. Elles jouent un role central dans le monde de la théorie
structurelle des graphes. Plus précisément, elles sont une structure clé pour comprendre les classes
de graphes définies par interdiction de trous de parité donnée, comme dans les graphes équilibrés
("balanced graphs”), les graphes sans trou pairs ou impairs et les graphes parfaits. Avant de donner
le plan du document, nous allons définir une premiere famille de graphes qui apparaissent un peu
partout dans la these: les k-roues. Une k-roue est un graphe formé par un cycle sans corde et un
sommet, extérieur au cycle, qui a au moins k voisins dans le cycle.



Plan du document

Chapitre 1: Définitions de bases
On rappelle dans ce chapitre les définitions de bases de la théorie des graphes. On y donne aussi
un appercu bref et informel de la théorie de la complexité.

Chapter 2: Configurations de Truemper

Dans ce chapitre nous introduisons les configurations de Truemper, nous expliquons leurs relations
avec les trous de parités données et leurs roles dans la théorie structurelle des graphes. On y
explique aussi le concept de théoréme de décomposition et quelques techniques pour l'utiliser. Les
méthodes expliquées dans ce chapitre sont beaucoup utilisées tout au long du document, nous les
illustrons avec ’exemple simple des graphes triangulés.

Chapitre 3: La technique du moplex

On décrit, grace a 'algorithm LexBF'S, des propriétés structurelles de différentes classes de graphes,
pouvant toutes étre définies en interdisant certaines configurations de Truemper en tant que sous-
graphes induits. Les résultats présentés dans ce chapitre sont le fruit d’un tavail en collaboration
avec Pierre Charbit, Nicolas Trotignon et Kristina Vuskovi¢ (soumis a Discrete Mathematics [3]).

Chapitre 4: Classes définies par contrainte sur la connectivité

Ca chapitre traite majoritairement de la classe bien connue des graphes minimallement 2-connexes.
On commence par agrandir la classe pour la rendre héréditaire, puis, en appliquant les métodes
décrites dans le chapitre 2, nous donnons de nouvelles preuves de résultats connus sur les graphes
minimallement 2-connexe. Ensuite, nous expliquons pourquoi nous ne pouvons pas mener le méme
genre de travaux sur les graphes critiquement 2-connexe et nous montrons le lien qu’entretiennent
les graphes critiquement 2-connexe avec les graphes qui ne contiennent pas de 2-roues en tant que
sous-graphes induits.

Chapitre 5: Interdire les 2-roues en tant que sous-graphes induits

On étudie la classe des graphes qui ne contiennent pas de 2-roues en tant que sous-graphes induits.
On donne un charactérisation structurelle complete de cette classe de laquelle nous obtenons un
algorithme polynomial pour détecter les 2-roues induites et une solution au probleme de ’arréte-
coloration pour cette classe. Les Chapitres 4 et 5 sont le fruit d’un travail commun avec Marko
Radovanovi¢, Nicolas Trotignon et Kristina Vuskovi¢ qui est publié au SIAM Journal on Discrete
Mathematics [7] .

Chapitre 6: Les graphes équillibrables

Ce chapitre est consacré a la preuve d’une conjecture de Conforti et Rao sur les graphes équilibrés.
La preuve repose sur un théoreme de décomposition des graphes équilibrés prouvé par Conforti,
Cornuéjols, Kapoor et Vuskovi¢ en 2001 et sur une nouvelle utilisation des décompositions extrémes.
Ces travaux ont étés réalisé en collaboration avec Marko Radovanovié¢, Nicolas Trotignon, Théophile
Trunck et Kristina Vuskovi¢ et sont acceptés dans Journal of Graph Theory [6]

Chapitre 7: Exclure les k-wheel en tant que sous-graphes

On étudie la classe des graphes qui ne contiennent pas de k-roues en tant que sous-graphes. Le
principal résultat est que les graphes sans 4-roues sont 4-colorables. On montre aussi quelques
propriétés les graphes sans 3-roues. Les résultats concernant les graphes sans 3-roues ont été
obtenus en collaboration avec Frédéric Havet et Nicolas Trotignon [4], le résultat sur les graphes
sans 4-roues est le travail de auteur seul et est accepté dans Journal of Graph Theory [1].



Chapitre 8: Exclure les cycles avec un nombre fixé de cordes

On démontre que la classe de graphes qui ne contiennent pas de cycles avec exactement k-cordes
est x-bornée pour k = 2 et k = 3. Ce travaille a été mené avec Nicolas Bousquet et est soumis dans
Discrete Mathematics [2].

On peut observer que, dans chaque chapitre, nous étudions des classes de graphes définies en
interdisant un cycle plus un sommet en dehors du cycle qui a des voisins dans le cycle, ou un
chemin le liant au cycle etc... Il est bien connu qu’un graphe sans cycles est une foret, les résultats
présentés dans ce document peuvent donc étre vus comme des généralisation de ce fait!






Introduction

This thesis is concerned with classes of graphs defined by forbidding induced subgraphs. The
”induced subgraph” relation is mathematically very natural, it corresponds in graphs to the notion
of substructure that is everywhere in mathematics. We may first observe that any class of graphs
closed under taking induced subgraphs can be defined by forbidding a list of induced subgraphs.
In the 1960’s, Gabriel Dirac started the field with pioneer work on chordal graphs, that are graphs
that do not contain holes (a hole is a chordless cycle of length at least four) as induced subgraph.
At the same period, Claude Berge proposed his two conjectures on perfect graphs that has been
the starting point of a very rich theory, until the resolution of the strong perfect graph conjecture
by Chudnovsky, Robertson, Seymour and Thomas in 2002.

In the 1980’s started the Graph Minor Project, developed by Robertson and Seymour, that
describes a very deep and general theory about any class of graphs closed under taking minor
(instead of induced subgraphs). It is natural to wonder whether there exists such a general theory
for classes closed under taking induced subgraphs. Until now, classes closed under taking induced
subgraphs seem to be too messy to hold in a general theory, but some conjectures like the Erdos-
Hajnal’s Conjecture suggest that there might be some features shared by every class of graphs
defined by forbidding induced subgraphs.

In this document, most of the theorems are concerned with particular classes of graphs. Most
of them are defined by forbidding some Truemper configurations as induced subgraphs. Truemper
configurations are formed by four families of graphs that, all together, can be seen as a slight
generalization of holes. Truemper configurations, that first appeared for polyhedral reasons, play a
special role in the world of structural graph theory. More precisely, they appear as a key structure to
understand some classes of graphs defined by forbidding holes of prescribed parity such as balanced
graphs, even and odd-hole free graphs and perfect graphs. Before we give an outline of the thesis,
let us define a family of graphs that are very present in the document: the k-wheels. A k-wheel is
a graph formed by a chordless cycle and a vertex, outside the cycle, that has at least k neighbors
in the cycle.

Outline of the document

Chapter 1: Basic definitions
We recall some definitions and notation of graph theory that we use all along this document as well
as a brief and informal overview of complexity theory.

Chapter 2: Truemper Configurations
We introduce Truemper configurations and explain their links with holes of prescribed parity as well
as their role in structural graph theory. We also introduce the notion of decomposition theorem and



several techniques to get algorithmic and structural properties from such a theorem. The methods
explained in this chapter are used in several proofs of this document, we illustrate them with the
very simple example of chordal graphs.

Chapter 3: The moplex technique
We use the algorithm LexBFS to get structural properties and fast algorithms for several classes
of graphs defined by forbidding induced subgraphs, all of them being Truemper configurations.
Results of this chapter is a joint work with Pierre Charbit, Nicolas Trotignon and Kristina Vuskovié¢
submitted to Discrete Mathematics [3].

Chapter 4: Constraint on connectivity

This chapter is mainly dedicated to the well known class of minimally 2-connected graphs. After
enlarging the class, we show how to get new easy proofs of several known theorems on minimally
2-connected graphs using methods described in Chapter 2. Then, we explain why the same kind of
work cannot be lead on the class of critically 2-connected graphs and we point out a link between
graphs that do not contain 2-wheels as induced subgraphs and critically 2-connected graphs.

Chapter 5: 2-wheel-free graphs

We study the class of graphs that do not contain 2-wheels as induced subgraphs. We give a complete
structural characterization for this class and, as an application, we describe a polynomial-time
algorithm to recognize them as well as a solution to the edge-color problem. Chapters 4 and 5 come
from a joint work with Marko Radovanovié¢, Nicolas Trotignon and Kristina Vuskovi¢ published in
SIAM Journal on Discrete Mathematics [7] .

Chapter 6: Balanceable graphs

We prove a conjecture of Conforti and Rao on linear balanceable graphs. The proof leans on a
very deep decomposition theorem for balanceable graphs proved by Conforti, Cornuéjols, Kapoor
and Vuskovi¢ in 2001, and some new idea on extreme decompositions. It comes from a joint work
with Marko Radovanovié¢, Nicolas Trotignon, Théophile Trunck and Kristina Vuskovié¢ accepted in
Journal of Graph Theory [6]

Chapter 7: Excluding k-wheels as subgraphs

This chapter is concerned with classes of graphs defined by forbidding k-wheels as subgraphs. The
main result of this chapter is the proof that graphs with no 4-wheels as subgraphs are 4-colourable.
We also give some new properties of some subclasses of the class of graphs that do not contain
3-wheels as subgraphs. Results concerned with 3-wheels come from a joint unpublished work with
Frédéric Havet and Nicolas Trotignon [4], the result on 4-wheels is proved by the author of this
document alone and is accepted in Journal of Graph Theory.

Chapter 8: Excluding cycles with a fixed number of chords

We give some y-boundedness results about classes of graph that do not contain cycles with exactly
k chords for k = 2 and k = 3. It is a joint work with Nicolas Bousquet submitted to Discrete
Mathematics [2].

Observe that, in each chapter, we exclude a cycle plus a vertex outside the cycle that has
neighbors in the cycle, or a path linking two vertices of the cycle etc etc... It is well-known that a
graph with no cycle is a forest, so every result of this document can be seen as a generalization of
this simple fact!

10



Chapter 1

Definitions and preliminaries

In this chapter we give some definitions and notation that we use all along the document. Most of
them follow from classical text-book such as [14] and [42].

1.1 Graphs, paths, cycles and classical invariants

If V is a set and k a positive integer, we note (‘]ﬁ) the set of subsets of exactly k elements of V.
A graph is a pair G = (V| E) of finite sets such that F is a subset of (‘2/) The elements of V' are
the vertices of G, the element of F are its edges. For notational simplicity, we write uv for the
unordered pair {u,v}. The vertex set of a graph G is referred to as V(G), its edge set as E(G).
We refer to the number of vertices of a graph as the order of the graph. The graph of order 0 is
called the empty graph.

Let G be a graph, v and v two distinct vertices of G and A a subset of V(G). If wv is an edge
of GG, then u and v are the extremities of the edge uv and we say that u is adjacent to v, or that
u sees v, or that u is a neighbor of v. If uv ¢ E(G), we say that u is non-adjacent to v, or that u
is a non-neighbor of v. We denote by N(v) the neighborhood of v, that is the set of neighbors of v
in G and N[v] = N(v) U{v} the closed neighborhood of v. The degree of v in G, denoted by d(v)
is the number of neighbors of v in G. We denote by N(A) the set of vertices of V(G) \ A that see
at least one vertex in A, and N[A] = N(A)U A. If v ¢ A, we denote by Na(v) = N(v) N A and
da(v) =|N(v)NA|.

A path P is a sequence of distinct vertices x1x2...xg, k > 1, such that z;xz;11 is an edge for
all 1 < i < k. Edges x;z;y1, for 1 < i < k, are called the edges of P. Vertices x1 and xj, are
the endvertices of P, and xy...x_1 is the interior of P. P is referred to as a pipg-path. For
1<i<j <k, wewrite x;Px; :== x;...7j, P = T2 ...Tp—1, LjPx; = x41...2;—1. Two paths P
and P, that share their endvertices are said to be internally disjoint if their interior is disjoint.

A cycle C is a sequence of vertices p1ps ... pgp1, k > 3, such that p;...px is a path and pipg is
an edge. Edges p;p;y1, for 1 < i < k, and edge p1py, are called the edges of C'. Let @ be a path or
a cycle. The length of @ is the number of its edges. An edge e = wv is a chord of Q if u,v € V(Q),
but uv is not an edge of (). A path or a cycle @) in a graph G is chordless if no edge of G is a chord
of Q. A chordless cycle of length at least 4 is called a hole.

Let G be a graph. The graph G is called a clique if E(G) = (‘2/) The clique on 3 vertices is
called a triangle and we denote by K, the clique on n vertices. If A is a subset of V(G) such that
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E(G[A]) = 0, we say that A is a stable set. We denote by w(G) the size of the largest clique of
G and by a(G) the size of the largest stable set in G. We call k-coloration of G any partition of
V(G) into k sets Aj,..., Ay such that A; is a stable set for 1 < i < k. We call chromatic number
of GG the smallest integer k such that G admits a k-coloration. The chromatic number is denoted
by x(G). The largest degree of G is denoted by A(G) and the smallest by §(G).

A hereditary class of graphs is x-bounded (see [53]) if for some function f, every graph G in the
class satisfies x(G) < f(w(G)).

A graph G is said to be a complete k-partite graph if V(G) can be partitioned into k& non-empty
subsets Aj,..., A such that, for i = 1,...,k, A; is a stable set and, for any {i,7} C {1,...,k},
there are all possible edges between A; and A;. G is denoted by K, . o, where a; = |4;| for
i1=1,..., k. If k =2 then G is said to be a complete bipartite graph and if k = 3, G is said to be a
complete tripartite graph. The graph Ki 12 is called a diamond.

The complement of a graph G, denoted G is defined by V(G) = V(G) and E(G) = {uv : u,v €
V(G) and uv ¢ E(G)}.

1.2 Subgraphs and induced subgraphs

Let G and F' be two graphs. We say that G and F are isomorphic if there exists a bijection
¢ : V(G) — V(F) such that uwv € E(G) < ¢(x)p(y) € E(F) for all u, v in V(G). We do
not distinguish between isomorphic graphs and write G = F is G and F' are isomorphic. If
V(F) CV(G) and E(F) C E(G), then F is a subgraph of G.

If A is a subset of V(G), we denote by G[A] the graph that has A as vertex set and (13) NE(G)
as edge set. We say that G[A] is the subgraph of G induced by A. If there exists A C V(G) such that
G[4] is isomorphic to a graph H, we say that H is an induced subgraph of G. If H is a subgraph
(resp. an induced subgraph) of G, we say that G contains (or admits) H as a subgraph (resp. as
an induced subgraph).

Saying that G is F-free can take two different meanings in this document. Either it means that
that G does not contain F' as a subgraph, or that G does not contain F' as an induced subgraph.
We clearly indicate at the beginning of each chapter which definition is used. If F is a class of
graphs, we say that G is F-free if for any graph F € F, G is F-free.

A class of graph C is hereditary if for any graph G in C, every induced subgraph H of G belongs
to C. It is clear that a class of graphs defined by forbidding subgraphs or induced subgraphs is
hereditary.

1.3 Connectivity

A non-empty graph is connected if any two of its vertices is linked by a path in G. A maximal
connected subgraph of G is a component of G. A set S C V(G) is a cutset of G if G\ S is not
connected. It is a minimal cutset if no proper subset of S is a cutset. It is a k-cutset if |S| = k. A
1-cutset is called a cutvertex. A graph is said to be k-connected if it has at least k + 1 vertices and,
for any set S C V(G) such that |S| < k — 1, S is not a cutset of G. The greatest integer k£ such
that G is k-connected is the connectivity xK(G) of G. Note that k(G) = 0 if and only if G is not
connected or is K, and x(K,) =n — 1. We end this section with the most famous theorem about
connectivity that is used in several proofs of this document.

12



Theorem 1.1 (Menger Theorem, see [14]) If a graph G is a k-connected graph, then for any
vertices x, y of G, there exist k internally vertex-disjoint xy-paths.

1.4 Algorithm and complexity

Definitions given here are informal, for a precise treatment see [50].

By complexity of an algorithm, we mean the number of basic computational steps required for
its execution. This number clearly depends on the size and the nature of the input. In case of
graphs, it depends on the number of vertices and the number of edges of the input graph. In this
document, in all complexity analysis of algorithms, n stands for the number of vertices of the input
graph and m for the number of its edges.

If the complexity of an algorithm is bounded above by a polynomial in n and m, we say it is a
polynomial-time algorithm. Such an algorithm is further said to be linear-time if the polynomial
is a linear function. The class of problems solvable in polynomial-time is denoted by P.

A decision problem is a question whose answer is "yes” or "no”. Such a problem belongs to
P if there exists a polynomial-time algorithm that solves any instance of this problem. It belongs
to the class NP if, given any instance of the problem whose answer is ”yes”, there is a certificate
validating this fact which can be checked in polynomial-time. Analogously, a decision problem
belongs to the class co-NP if, given any instance of the problem whose answer is "no”, there is a
certificate validating this fact which can be check in polynomial-time.

It is clear that P is included in both NP and co-NP. The following conjectures are certainly
two of the deepest conjectures in computer science.

Conjecture 1.2 P # NP

Conjecture 1.3 P = NP N co-NP

There exists a class of NP problems (whose definitions is ommited here) called the NP-
complete(N'P-c for short) problems. A theorem of Cook states that, if there exists a polynomial-
time algorithm for a problem in ANP-c then there exists a polynomial time algorithm for any
problem in AP. Here is an example of an NP-complete problem:

Problem 1.4 (Clique)
Input: A graph G and an integer k.
Output: Is there a clique of size k in G.

Complexity: N'P-complete [39].

13
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Chapter 2

Truemper configurations and
decomposition method

In this chapter:

e If G and H are graphs, then we say that G is H-free if G does not contain
H as an induced subgraph.

e K, is not a wheel.

2.1 Truemper configurations

Theta Pyramid Prism Wheel
Figure 2.1: The Truemper configurations

15



Here are some definitions of special kinds of graphs.

e Theta

A theta is a graph made of three internally disjoint paths P, =a...b, P =a...b,Psy=a...b
of length at least 2 and such that no edges exist between the paths except the three edges
incident to a and the three edges incident to b.

e Pyramid

A pyramid is a graph made of three paths P, = a...b;, Po =a...by, P3 = a...bs of length
at least 1, two of which have length at least 2, vertex-disjoint except at a, and such that
b1babs is a triangle and no edges exist between the paths except these of the triangle and the
three edges incident to a.

e Prism

A prism is a graph made of three vertex-disjoint paths P, = ay...b1, Po = ag...bo, P3 =
as...bs of length at least 1, such that ajacas and b1bobs are triangles and no edges exist
between the paths except these of the two triangles.

e Wheel

A wheel is a graph formed by a hole C called the rim together with a vertex v, called the
center that has at least three neighbors in the hole. Such a wheel is denoted (v, C).

Note that sometimes K4 is also considered as a wheel. In this document, it is specified at the
beginning of each chapter whether K} is considered as a wheel or not. In this chapter K, is
not a wheel.

A Truemper configuration is a graph isomorphic to a prism, a pyramid, a theta or a wheel.
Theta, pyramid and prism are sometimes called 3-path configurations. It is important to observe
that all Truemper configurations contain a hole.

In 1983 Truemper [94] gave a characterization of graphs whose edges can be labeled 0 or 1 in
such a way that all chordless cycles have prescribed parity. The characterization states that this
can be done for a graph G if and only if it can be done for all induced subgraphs of G isomorphic to
a Truemper configuration or a Ky (it is formally stated below). Truemper was originally motivated
by the problem of obtaining a co-NP characterization of balanceable matrices (or balanceable
graphs), a class that have important polyhedral properties. See Chapter 6 for more details about
balanceable graphs.

We say that a graph F' is signed if an assignment of weight is given to its edges. If G is a signed
graph, the weight of a subgraph H of G is the sum of the weights assigned to the edges of H and
is denoted by v(H).

We now state formally Truemper’s theorem:

Theorem 2.1 (Truemper [94]) Let § be a {0,1} vector whose entries are in one-to-one corre-
spondence with the chordless cycles of a graph G. Then there exists an assignment of 0,1 weights
to the edges of G such that for every chordless cycle C of G, v(C) is congruent to Bc mod 2 if and
only if there exists such an assignment for every induced subgraph G' of G isomorphic to K4 or to
a Truemper configuration.
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This theorem shows that Truemper configurations are closely related to chordless cycle with
given parity. Let us emphasize this relationship. An even-hole (resp. an odd-hole) is a hole of
even (resp. odd) length. The structure of even-hole-free graphs and odd-hole-free graphs have been
heavily studied and are of importance in the world of structural graph theory. Here, we just point
out an obvious link that they have with Truemper configurations. For this purpose, let us show
two very easy properties of Truemper configurations.

First, we need to define special kinds of wheels. A sector of a wheel is a subpath of length
at least 1 of the rim whose ends are adjacent to the center and whose internal vertices are not.
Observe that the sectors of a wheel edge-wise partition the edges of its rim. A wheel is even if it
has an even number of sectors, or equivalently if it has an even number of spokes. A wheel is a
t-odd wheel if it has an odd number of sectors of length 1 or, equivalently, if it contains an odd
number of triangles.

Property 2.2 Thetas, prisms and even-wheels contain even-holes.

PROOF — Thetas and prisms both contain three vertex disjoint paths, so at least two of them have
same parity, say P; and P;. Then G[V(P;) UV (P,)] is an even-hole.

Let (v,C) be an even wheel, and let Py, ..., Py, be the sectors of this wheel. If P; is of odd
length for ¢ = 1,...,2k, then C is an even-hole. So one of the P;’s, say P; is of even length and
then V(P;) U {v} is an even-hole. O

We now give an analogue for odd-hole, we omit the straightforward proof.

Property 2.3 Pyramids and t-odd-wheels contain odd-holes.

These properties lead to the following two classes, that respectively generalize even-hole-free
and odd-hole-free graphs, and capture some of their features. A graph is odd-signable if there exists
an assignment of 0, 1 weights to its edges that makes every chordless cycle of odd weight. A graph
is even-signable if there exists an assignment of 0,1 weights to its edges that makes every triangle
of odd weight and every chordless cycle of even weight.

Theorem 2.1, when applied to odd-signable and even-signable graphs, gives the following char-
acterizations of these classes.

Theorem 2.4 [30] A graph is odd-signable if and only if it is (theta, prism, even-wheel)-free.

PROOF — Let GG be an odd-signable graph. Let us first show that thetas, prisms and even-wheels
are not odd-signable. Assume that G contains a theta and let z and y be the two vertices of degree
three of this theta and Py, P> and Ps the three disjoint zy-paths. Put C; = PiUP,, Cy = P,UP; and
C3 = P3U P;. By definition of a theta, Cy, Cy and C3 are holes. So v(C7) = v(C2) = v(C3) = 1[2].
However, v(C1) + v(Cs2) + v(C3) = 2(v(Py) + v(P2) + v(P3)) = 0]2], a contradiction.

Assume now that G admits a prism. Let x1z2z3 and y1y2y3 be the two triangles of the prism
and, for ¢ = 1,2,3, let P; be the x;y;-path of the prism. Put Cy = z1Piy1yePoxoxy, Co =
ToPoyoys Psxsre and Cs = x3Psysy1 Pixixs. By definition of a prism, Ci, Co and Cs are holes.
So v(C1) = v(Cs2) = v(C3) = v(xi1xexs) = v(y1y2ys) = 1[2]. However, v(C1) + v(Ca) + v(C3) =
2(v(P1) + v(P2) + v(Ps)) + v(z12223) + v(Y192y3) = 0[2], a contradiction.

Assume now that G contains an even-wheel (z,C). Let z1,..., 29, be the neighbors of = in
C, and name P; for i = 1,...,2k the sectors with extremities z; and z;4+1 (subscripts are taken
mod 2). Put, for i = 1,...,2k, C; = x;Pjz;y1xx;. By definition of a wheel, C' and C; (for
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i =1,...,2k) are chordless cycles. So, v(C) = 1[2] and Y'=2%v(C;) = 0[2]. But, 2.2 v(C;) =
S v( ) + 252 w(zx;) = v(C), a contradiction.

Now, we need to prove that (theta, prism, even-wheel)-free are odd signable. By Theorem 2.1,
we only need to check that K, pyramids and wheels that are not even-wheels are odd signable.
For K4, give the weight 1 to each edge of any triangle of K4. For the pyramids, give the weight
1 to each edge of the triangle and 0 to every other edge. A wheel that is not an even-wheel has
an odd number of sectors. So, for the wheels that are not even, give the weight 1 to exactly one
edge in each sector and 0 to every other edge. It is easy to check that these signing give to every
chordless cycle an odd weight. O

Next Theorem is an analogous of the previous one for even-signable graphs, we omit the proof
that is very similar to the proof of the previous theorem.

Theorem 2.5 [30] A graph is even-signable if and only if it is (pyramid, t-odd-wheel)-free.

Let us now define another very important class of graphs related to Truemper configurations. A
graph G is said to be perfect if, for every induced subgraph H of G, w(H) = x(H). Odd-holes (and
thus every graph containing odd-holes as induced subgraphs) are examples of imperfect graphs. An
antihole is the complement of a hole. Odd-antiholes are also easily seen as being imperfect. Graphs
that contain neither odd-hole nor odd anti-hole as induced subgraphs are said to be Berge.

In a celebrated paper, Chudnovsky, Robertson, Seymour and Thomas proved the following
theorem, known as the Strong Perfect Graph Theorem (SPGT) and conjectured by Berge [8].

Theorem 2.6 (Chudnovsky, Robertson, Seymour and Thomas[23]) A graph is perfect if
and only if it is Berge.

In other words, perfect graphs and (odd-hole, odd-antihole)-free graphs are the same. Note
that, by Property 2.3, we know that perfect graphs do not contain pyramids nor t-odd-holes as
induced subgraphs. Actually, as we will see in the next subsection, Truemper configurations play
a special role in the proof of the SPGT.

2.2 Decomposition theorems

2.2.1 What is it?

We call a decomposition theorem for a class C a theorem with the following form.

Theorem 2.7 (Decomposition theorem) For every graph G in C, either G is "basic”, or it
admits a cutset S for S € S.

Depending on what we want to prove about C, ”basic” graphs and the set of cutsets S need to
have adequate properties.

Let us give a very simple example of a decomposition theorem. A graph is chordal (or triangu-
lated) if it is hole-free. Next theorem is a decomposition theorem for chordal graphs, the basic class
is the class containing all cliques (it is clearly a subclass of chordal graphs) and only one cutset is
needed, the clique cutset. A cutset S of a graph G is a clique cutset if G[S] induces a clique.
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Theorem 2.8 (Dirac [44]) If G is a chordal graph then either it is a clique or it admits a clique
cutset.

PROOF — Suppose that G is not a clique. Let S be a minimal vertex-cutset of GG, and let C; and
C be two connected components of G\ S. Suppose that G[S] is not a clique. So S contains two
non-adjacent vertices v and v. Since S is minimal, both v and v have a neighbor in both C; and
(5. Hence, for i = 1,2, there exists a chordless uv-path P; whose interior vertices are in C;. Then
P, U P, induces a hole, a contradiction. So S is a clique-cutset of G. O

Decomposition theorems for even-hole-free graphs [41] and odd-hole-free graphs [31] exist but
are too complicated to be stated here. In chapter 6 a decomposition theorem for balanceable graphs
[34], that is also an example of a deep decomposition theorem, is described in details and heavily
used to prove new theorems about balanceable graphs.

The SPGT has been proved through a decomposition theorem for Berge graphs. Again, this
decomposition theorem is too complicated to be stated here, but let us say a very quick word
on the proof itself that involves some Truemper configurations. We already observed that Berge
graphs do not admit pyramids as induced subgraphs. This little fact is used very often to provide
a contradiction when manipulating Berge graphs. Also, a long part of the proof is dedicated to the
study of Berge graphs that admits a prism as an induced subgraphs. Finally, a very long part is
devoted to Berge graphs that contain certain kinds of wheels as induced subgraphs. This last fact is
a hint that wheel-free perfect graphs might have a way more simple structure than perfect graphs.
We will come back to wheel-free graphs in Section 2.3 and, more generally, all along this document.
To have a nice insight of the proof of the SPGT and the used of Truemper configurations in it, the
survey of Nicolas Trotignon [90] is a good reading.

2.2.2 Decomposition trees and recognition problems

In this subsection, we explain the concept of decomposition trees that are based on decomposition
theorems. Decomposition trees are useful to find polynomial-time algorithms for optimization
problems such as coloring a graph, finding the biggest clique or the biggest stable set in a graph,
that are N'P-hard in general, but become (sometime) polynomially solvable when some subgraphs
are excluded. Here, we emphasize on the recognition problem. The recognition problem for a class
of graphs C is: given a graph G, decide whether GG belongs to C or not.

The removal of a cutset S from a graph G breaks G into at least two connected components.
From these connected components, one can construct blocks of decomposition by possibly adding
some vertices and edges. For a special type of cutset, we speak about his associated blocks of
decomposition. A cutset S is said to be C-preserving if it satisfies the following: G belongs to C if
and only if all the blocks of decomposition belong to C.

In an ideal situation, a recognition algorithm for a class C using a decomposition theorem
has the following form. It decomposes the input graph G along C-preserving decompositions into
undecomposable graphs (note that it does not happen very often that every cutset used in a
decomposition theorem is class-preserving). Since the decomposition is C-preserving, we only need
to check whether these undecomposable graphs belong to C which, according to Theorem 2.7,
reduces to check if they are “basic”.

The decomposition can be represented by a decomposition tree where the root is the graph G
and, for every non-leaf vertex H, the children of H are the blocks of decomposition of H. Leaves

19



correspond to undecomposable graphs.

So, in order to get a polynomial-time recognition algorithm based on a decomposition tree, we
need to be able to construct the decomposition tree in polynomial-time (which implies that we
can find the cutsets in polynomial-time and that the size of the tree is polynomial) and to decide
whether a “basic” graph belongs to C or not in polynomial-time (i.e. the recognition problem for
the basic class is in P).

Let us illustrate this method with the example of chordal graphs. We already got a decomposi-
tion theorem for this class (Theorem 2.8), we now need to define blocks of decomposition associated
with clique cutsets. Let S be a clique cutset of a graph G, and let C1,...,Cy be the connected
components of G\ S. The blocks of decomposition w.r.t. S are the graphs G; = G[C; U S] for
i=1,...,k.

Let us now prove that clique cutsets preserve being chordal.

Theorem 2.9 Let G be a graph and S a clique cutset. G is chordal if and only if all the blocks of
decomposition w.r.t. S are chordal.

PROOF — Let (1, ..., C) be the connected components of G'\ S and G1, ..., G} the corresponding
blocks of decomposition. Since all the blocks of decomposition are induced subgraphs of G, if G is
chordal, then all the blocks are.

Suppose now that all the blocks G1,..., Gy are chordal and G contains a hole H. Since H
cannot be contained in a block, it must contain some vertices of at least two connected components
of G\ S. Consequently H contains at least two vertices of S that are not consecutive in H, so H
has a chord, a contradiction. O

Observe that Theorems 2.8 and 2.9 give us a complete structure theorem for chordal graphs, i.e.
they show that all chordal graphs can be built starting from cliques, gluing them together along
cliques (the reverse operation of clique cutset) and that all graphs built this way are chordal.

We now show how to turn these theorems into a recognition algorithm. We construct a decom-
position tree T as follows: the root of T is our input graph G; for every internal vertex G’ of T,
the children of G’ are the blocks of decomposition of G’ w.r.t. some clique cutset; and the leaves
of T are graphs that have no clique cutset. An O(nm) algorithm is given in [100] to find a clique
cutset, and a simple counting argument shows that number of vertices of T" is bounded by O(n?),
giving an O(n®m) algorithm for constructing 7. Now, by Theorems 2.8 and 2.9, the input graph
is chordal if and only if all the leaves of the decomposition tree are cliques. So, recognizing chordal
graphs can be done in the same time as building the decomposition tree: build the decomposition
tree, check if every leaves are cliques, if they are then the input graph is chordal, otherwise it is
not. We will see in the next subsection that this is not the fastest algorithm to recognize chordal
graphs.

It is, most of the time, very hard to turn a decomposition theorem into a polynomial-time
recognition algorithm. Some examples where this is possible are balanceable graphs [35], even-hole-
free graphs [36] (or [19] for a faster one) and perfect graphs [22] (note that in [22] two recognition
algorithms are given, one based on the decomposition theorem that runs in O(n'®)-time and another
one, based on a more direct method, that run in O(n?)-time). On the other hand, the question for
odd-hole-free graphs is still open.
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2.2.3 Extreme decompositions

Let G be a graph and gizmo be a special type of a cutset with an associated block of decomposition.
A gizmo cutset S of G is an extreme gizmo cutset if one of the block of decomposition w.r.t. S
does not admit any gizmo cutsets. Let us illustrate this by an example. Blocks of decomposition
associated with clique cutsets are the same as in the previous subsection.

Theorem 2.10 If a graph G admits a clique cutset, then it admits an extreme clique cutset.

PROOF — Let S be a clique cutset of H such that, among all clique cutsets of G, a connected
component C' of G'\ S is the smallest possible. Let G’ = G[C' U S] be the block of decomposition
that contains C. Assume that G’ has a clique cutset S’. Since S is a clique, there is a component
C’ of G'\ S’ that is disjoint from S. Moreover, it is clear that S'NC # () and thus |V (C")| < [V (C)].
Hence S’ is a clique cutset of G that contradicts our choice of S and C. Thus G’ does not admit
clique cutsets and hence S is an extreme clique cutset. O

As an application, let us show how one can speed up the recognition algorithm for chordal graph
using extreme clique cutset. Suppose that S is an extreme clique cutset and G; an extreme block
associated with S (i.e. a block that does not admit clique cutsets). In order to build what we call an
extreme decomposition tree, we construct only two blocks of decomposition: Gp = G; = G[C; U S]
and G4 = G\ C;. The extreme decomposition tree T is constructed as follows: the root is the input
graph G} for every internal vertex G’ of T, the children of G’ are the blocks of decomposition G,
and G’z of G’ w.r.t. an extreme clique cutset; the leaves of T" are the graphs with no clique cutset.
Note that every G'; is a leaf, so T' is a binary tree such that every internal vertex has a child that
is a leaf.

In [86], it is shown that an extreme tree decomposition w.r.t. clique cutsets can be constructed
in time O(nm) and thus one can decide if a graph is chordal in time O(nm). Once again, it is
not the fastest known recognition algorithm for chordal graphs. In Section 3.2.1, an algorithm to
recognize them in linear time is described.

It is quite rare that special type of cutsets admit extreme decomposition in any graph like clique
cutsets. k-cutsets with adequate blocks of decomposition also admit extreme decomposition in any
graphs, see Chapter 7 for more details. More generally, extreme decompositions are used very often
in this document, most of the time to prove some local structural properties for several classes of
graphs. In Chapter 6 a new method is explained that makes the use of extreme decomposition for
the so-called star cutset (notoriously difficult to use) possible in certain cases.

2.3 Wheel-free graphs

In this section, we survey known results around wheel-free graphs, several of them are proved in
this document.

As we already mentioned, a very long part of the proof of the SPGT is devoted to Berge graphs
that contain kinds of wheels, which suggest that wheel-free perfect graphs and more generally
wheel-free graphs should have interesting structural properties. Understanding their structure
might shed a new light on the work that have been done on even-hole-free graphs, odd-hole-free
graphs or perfect graphs.
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If, as we will soon see, several subclasses of wheel-free graphs are well-understood, very few
results are known on wheel-free graphs in general, let us state them all here.

The only structural known property of wheel-free graph is the following. The original proof,
due to Chudnovky is by induction, a different proof is given in Subsection 3.2.4.

Theorem 2.11 (Chudnovsky [20]) Every non-empty wheel-free graph contains a vertex whose
neighborhood is a disjoint union of cliques.

As a corollary, we also give the following result that can be seen as an extension of a famous
result: a chordal graph G has at most n maximal cliques.

Corollary 2.12 A wheel-free graph G has at most m maximal cliques.

PROOF — Induction on m. By Theorem 2.11, consider a vertex v of degree d whose neighborhood
is a disjoint union of cliques. By the induction hypothesis, G\ {v} has at most m — d maximal
cliques, and because of its neighborhhood, v is in at most d maximal cliques. O

It is also proved in Subsection 3.2.4 that there exists an algorithm in time O(mn) to find a
largest clique in a wheel-free graph.

Subclasses of wheel-free graphs

Many proper subclasses of wheel-free graphs have been studied, we now list them. A k-wheel is a
wheel with at least k£ spokes. So wheels and 3-wheels are the same.

e The class of 2-wheel-free graphs is clearly a subclass of wheel-free graphs. Its structure is
precisely described in Chapter 5.

e Say that a graph is unichord-free if it does not contain a cycle with a unique chord as
an induced subgraph. The class of unichord-free graphs is a subclass of wheel-free graphs
because every wheel contains a cycle with a unique chord as an induced subgraph. The class
of unichord-free graphs have a complete structural description [92] that implies that it is
x-bounded and that coloring problem, clique number problem and recognition problem are
polynomially solvable in this class. See Chapter 8 for more results about classes of graphs
defined by forbidding cycles with a fixed number of chords.

e The class of graphs that do not contain wheels as subgraphs has been studied in [87], [88] and
[4]. Several structural properties and extremal results for this class as well as some results
on graphs that do not contain a k-wheel (k > 4) as a subgraph are described in details in
Chapter 7.

e The class of graphs that do not contain K4 nor induced subdivision of wheels is clearly a
subclass of wheel-free graphs. Here again, this subclass of wheel-free graphs has a complete
structural description with consequences that graphs in this class are 3-colorable and the
recognition problem is polynomially solvable [66]. Observe also that forbiding K4 and induced
subdivision of wheels is equivalent with forbidding wheels and induced subdivision of Kj.
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Chromatic number

A nice question concerning the chromatic number of wheel-free graphs is the following:

Question 2.13 Is the class of wheel-free graphs x-bounded?

In order to answer this question, the following has been proved. A square is a hole of size four.

Theorem 2.14 (Bousquet, Thomassé [15]) The class of (triangle, square, wheel)-free has
bounded chromatic number.

We also propose the following conjecture that would generalize the previous theorem.

Conjecture 2.15 Let H be a fized complete bipartite graph. The class of (triangle, H, wheel)-free
graphs has bounded chromatic number.
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Chapter 3

The moplex technique

In this chapter:

e If G and H are graphs, then we say that G is H-free if G does not contain
H as an induced subgraph.

e K, is not a wheel.

Most of the results presented in this chapter come from a joint work with P. Charbit,
N. Trotignon and K. Vuskovié¢ submitted to Discrete Mathematics [3].

LexBFS is an algorithm due to Rose, Tarjan and Lueker [79] that computes in linear time an
ordering of the vertices of an input graph (such an ordering is called a LexBFS order). Berry and
Bordat [11] proved that for every graph, the last vertex in a LexBF'S order is part of what they call
a moplex, a set of vertices with strong structural properties. Maffray, Trotignon and Vuskovié¢ [71]
defined a property of graphs (called property (%)) that implies the existence of vertex elimination
orderings with structural properties. The goal of this chapter is to show how these three works
lead to short proofs of some structural results, and fast algorithms for maximum weighted clique
problem for several classes defined by forbidding induced subgraphs. Surprisingly, all of these
forbidden subgraphs are Truemper configurations.

Here is the plan of this chapter. In the first section, we present the tools around LexBFS
algorithm and the notion of a moplex. In the second section, we apply the tools on every graph
on two and three vertices, then we explain every consequence it has. In the third section, we show
how our tools can be used to speed-up some algorithms for classes related to even-hole-free graphs
and Berge Graphs. In the fourth section, the class of universally-signable graphs (to be defined
later), that we meet in Section 3.2 is studied from a more structural point of view.

3.1 LexBFS, moplexes and property (%)

An order < of the vertices of a graph G is a LexBFS order if and only if it satisfies the following
property: for all vertices a, b, ¢ of G such that ¢ < b < a , ca € E(G) and cb ¢ E(G) there exists
a vertex d in G such that d < ¢, db € F and da ¢ E (see Figure 3.1). This is not the original
definition, but it is proved to be equivalent to it by Brandstadt, Dragan and Nicolai [16].
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Figure 3.1: A solid line denote an edge and a dashed line a non-edge

Theorem 3.1 (Rose, Tarjan and Lueker [79]) There exists an O(n + m)-time algorithm that
outputs a LexBFS order of an input graph.

A module (sometimes called homogeneous set) in a graph G is a set A of vertices that share
the same external neighborhoods, i.e. Va,b € A, N(a) \ A = N(b) \ A. A is a clique module if A
is a clique (i.e. all pairs of vertices of A are adjacent) and a module. Recall that a cutset S is a
minimal cutset if no proper subset of S is a cutset.

A moplex of a graph G is a set S C V(G) such that S is a clique, S is a module and N (S)
is a minimal cutset. Note that in [11] a slightly different definition is given: S is a moplex if S
is maximal with respect to the property of being a clique and a module, and N(S) is a minimal
cutset. It is easy to see that the two definitions are equivalent by the following observation.

Lemma 3.2 Let S be a moplex of a graph G and S C 8" C V(QG). If S’ is a clique and a module
of G, then ' = S.

PROOF — Let X = V(G) \ N[S]. Assume there exists x in S’ \ S. Since S’ is a clique, we have
S" C NI[S], so z € N(S). Since N(S) is a minimal cutset, = has a neighbor in X. But this
contradicts the fact that S’ is a module since no vertex of S has a neighbor in X. O

Theorem 3.3 (Berry and Bordat [11]) If G is a graph that is not a clique and (v1,...,vy,) is
a LexBFS order of G, then v, is contained in a moplex of G.

A vertex v of a graph F is F-universal if v is adjacent to all vertices of F'\ v. To prove the
existence of a vertex with a particular neighborhood, the following graph property was introduced
in [71]. We slightly rephrased it here for convenience.

Definition 3.4 A graph G satisfies property (x) w.r.t. a class of graphs F when for every z € V(G)
and every connected component C of G\ Nz|, if F € F is contained in G[N(z)], then there ezists
a vertex of F' that is not F-universal and that has no neighbor in C.

The next theorem makes the link between satisfying property (x) and being in a moplex.

Theorem 3.5 Let G be a graph that satisfies property (x) for a class of graphs F. Let x be a vertex
of G contained in a moplex. Then G|N(z)] is F-free.

PROOF — Assume G satisfies property (x) w.r.t. F, and let x be a vertex that is contained in
a moplex S of G. Suppose that some F € F is contained in G[N(x)]. Since S is a moplex,
Nlz] = N[S] and for some connected component C of G \ N[S], every vertex of N(S) has a
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neighbor in C. By property (x), there is a vertex y in F' that is not universal for F' that has no

neighbor in C. Since y is not universal for F, it follows that y € N(S), a contradiction. O
An ordering (vy, ..., v,) of the vertices of a graph G is an F-elimination ordering if for every i =
L...,n, Ngu,.,..v,](vi) is F-free. The following theorem sums up all the results of this subsection.

Theorem 3.6 Let F be a class of graphs that contains no cliques and let C be a hereditary class
of graphs such that every graph in C has property (x) w.r.t. F. Then there exists a linear time
algorithm whose input is any graph G and whose output is an ordering of the vertices of G such
that if G € C, then the ordering is an F-elimination ordering.

PROOF — By Theorem 3.1, we compute a LexBFS order of G, say (v1,...,v,). Observe that
from the definition of LexBFS, for every 1 < i < n, the order (vy,...,v;) is a LexBFS order of
Glvi,...,v]. If Gloy,... 0] is a clique, then Ngpy, . ., (vi) is clearly F-free, since F contains no
clique. Otherwise, by Theorem 3.3, v; is in a moplex of G[v1, ..., v;]. By Theorem 3.5, Ngjy,,....0,] (Vi)

is F-free again. This proves that (vi,...,v,) is an F-elimination ordering of G. O

Theorem 3.6 is extensively used in the next section to obtain structural properties with algo-
rithmic consequences for several classes of graphs.

In [71], the existence of a moplex in a graph was proved by an ordering different from LexBFS.
Finding a moplex as in Theorem 3.6 will allow us to speed up the algorithm from [84] for finding
a maximum weighted clique in an even-hole-free graph, as explained in Subsection 3.3.

3.2 Systematic applications

Here is how we use the tools presented in the previous section. Fix a graph F' that is not a clique.
The goal is to find a class of graph H such that every H-free graph satisfies property (x) w.r.t.
F. Here is how we proceed. Observe that a graph G does not satisfy property (x) w.r.t. a graph
F' if there exists a vertex v € V(G) such that F' is an induced subgraph of N(v) and, for some
component of G\ N[v], every vertex of F' that is not F-universal has a neighbor in C. So, we need
to describe every graph that can be built from a vertex (here v) adjacent to every vertex of F' and
a component C' such that each non F-universal vertex in F' has a neighbor in C.

By this way we obtain a class of graphs defined by forbidding induced subgraphs for which, by
Theorem 3.6, we can obtain an F-elimination ordering in linear time.

In this section, we apply this method for every non-clique graphs on two and three vertices.
This gives a bunch of theorems, all of the same kind, and with very short proofs. Most of them are
new, but some have been known for a long time.

3.2.1 Graphs on two vertices and chordal graphs

There is a unique non-clique graph on two vertices that is the independent graph on two vertices,
denoted by So. This leads to the class of chordal graphs that we already analysed in the previous
chapter.

Lemma 3.7 If G is a chordal graph, then G has property (%) w.r.t. So.
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PROOF — Suppose not. Then for some = € V(G) and some connected component C' of G \ N|[z],
G[N(z)] contains an induced subgraph F' isomorphic to Sz, and every vertex of F' has a neighbor
in C. This clearly implies that G contains a hole, a contradiction. O

Now, by Theorem 3.6, every chordal graph has a vertex whose neighborhood is Ss-free, and
being Ss-free means being a clique. In particular, we prove that every chordal graph contains a
vertex whose neighborhood is a clique, which implies easily the decomposition theorem for chordal
graphs (Theorem 2.8). More precisely, Theorem 3.6 says that any LexBFS order on the vertices of a
chordal graph is an Se-elimination order. This is a celebrated result of Rose, Tarjan and Lueker [79]
that can be easily turned into a recognition algorithm for chordal graphs thanks to the following
theorem.

Theorem 3.8 (Rose, Tarjan and Lueker [79]) Let G be a graph and {vi,...,v,} a LexBFS
ordering of its vertices. Then G is chordal if and only if {v1,...,v,} is an Sa-elimination ordering

of G.

PROOF — We have already seen that if G is chordal then any LexBFS order of GG is an Se-elimination
order.

Suppose that {v1,...,v,} is an Ss-elimination ordering of G and that G is not chordal. Sot G
contains a hole H as an induced subgraph. Let i be the largest integer such that v; € V(H) and
let v; and vy, the two neighbors of v; in H. So Ngjy, ... ;) (i) is Sa-free, i.e is a clique and thus v;vy
is an edge, a contradiction. O

Now, here is a way to decide if a graph is chordal in linear time :
e Apply a LexBFS on G (O(n + m)-time).

e Check if the obtained ordering is an S-elimination ordering (it is proved in [55] that in can
be implemented in O(n + m)-time). If it is then G is chordal, otherwise it is not.

3.2.2 Graphs on three vertices

We now apply the method for each non-clique graphs on three vertices. Up to isomophism, there
are four graphs on three vertices, and three of them are not cliques: the independent graph on
three vertices denoted by S3, the path of length 2 denoted by Ps and the complement of the path of
length 2 denoted by P3 (note that Pz is not connected). Note that, once we have found the classes
H for which H-free graphs satisfy property (%) for respectively Ss, P3 and Pj, it is easy to find the
classes H' such that H'-free graphs satisfy property (x) for any combination of S3, P3 and Ps.

Let us first specify several kinds of wheels.
A wheel is a universal wheel if the center is adjacent to all vertices of the rim.
A wheel is an a-wheel if for some consecutive vertices x, y, z of the rim, the center is adjacent to y
and non-adjacent to z and z.
A wheel is a triangle-wheel (t-wheel for short) if for some consecutive vertices z, y, z of the rim,
the center is adjacent to x and y, and non-adjacent to z.
A wheel is a diamond-wheel (d-wheel for short) if for some consecutive vertices z,y, z of the rim,
the center is adjacent to x, y and z.
Observe that a wheel can be simultaneously an a-wheel, a t-wheel and a d-wheel. But every wheel
is an a-wheel, a t-wheel or a d-wheel. Also, any d-wheel is either a t-wheel or a universal wheel.
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a-wheel t-wheel d-wheel

The three next lemmas describe which induced subgraphs must contain a graph that does not
satisfy property (x) w.r.t. S3, P3 and Ps respectively. Observe that Truemper configurations appear
everywhere!

Lemma 3.9 Let G be a graph and v € V(G) be such that G[N(v)] contains Sz. If for some
component C of G\ N|v] every vertex of the S3 has a neighbor in C, then G contains a theta, a
pyramid or an a-wheel.

PROOF — Denote by x,y, z the three members of S3. Let P be a chordless path from x to y with
interior in C. Let @ be a chordless path from z to 2/, such that V(Q) \ {z} C C, 2’ has neighbors
in the interior of P, and is of minimum length among such paths (possibly, Q = z = 2/).

Suppose that at least one of x or y has neighbors in @ (this implies that @ has length at
least 1). Call w the vertex of @) closest to z along @, that has neighbors in {z,y}, and suppose up
to symmetry that w is adjacent to y. Call w’ the vertex of @ closest to z along @ that has neighbors
in P —y. Call 2’ the neighbor of w" in P, closest to x along P. Now, V(zPx') UV (2Qu") U {v,y}
induces a theta or a a-wheel centered at y.

Therefore, we may assume that none of x,y has a neighbor in Q. If 2’ has a unique neighbor in
P, then V(P)UV(Q)U{v} induces a theta. If 2z’ has exactly two neighbors in P that are adjacent,
then V(P) UV (Q) U {v} induces a pyramid. Otherwise, V(P) UV (Q) U {v} contains a theta. 0O

Lemma 3.10 Let G be a graph and v € V(G) be such that G[N (v)] contains a chordless path xyz.
If for some component C of G\ N[v], z and z have neighbors in C, then G contains a d-wheel.

PROOF — Let P be a chordless path from z to z with interior in C'. The graph induced by
V(P)U{v,y} is a d-wheel. O

Lemma 3.11 Let G be a graph and v € V(G) be such that G[N(v)] contains a Ps. If for some
component C' of G\ N[v] every vertex of the P3 has a neighbor in C, then G contains a prism, a
pyramid, or a t-wheel.

PROOF — Denote by z,y, z the vertices of P3 in such a way that xy is the only edge of Glx,v, z].
Let P be a path from z to y with interior in C' whose unique chord is xy. Let @ be a chordless
path from z to 2/, such that V(Q)\ {z} C C, 2’ has neighbors in the interior P, and is of minimum
length among such paths (possibly, Q@ = z = 2/).

Suppose that at least one of x or y has neighbors in (). Call w the vertex of ) closest to z
along @, that has neighbors in {z,y}, and suppose up to symmetry that w is adjacent to y. Call
w’ the vertex of @ closest to z along @ that has neighbors in P — y. Call 2’ the neighbor of w’ in
P, closest to z along P. Now, V(zPz") UV (2Quw") U {v,y} induces a t-wheel centered at y.

Therefore, we may assume that none of x,y has a neighbor in Q. If 2’ has a unique neighbor
in P, then V(P)U V(Q) U {v} induces a pyramid or a t-wheel (when P has length 2). If 2’ has
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Class C;

Neighborhood

of graphs Cy, ..

no a-wheel, no theta,
no pyramid

no d-wheel

no t-wheel, no prism,
no pyramid

no a-wheel, no d-wheel,
no theta, no pyramid

no a~-wheel, no t-wheel,
no prism, no theta,
no pyramid

no t-wheel, no d-wheel,
no prism, no pyramid

no Truemper
configuration

no hole

no stable set of size 3

disjoint union of cliques

complete multipartite

disjoint union of at
most two cliques

stable sets of size at
most 2 with all possible
edges between them

clique or stable set

clique or stable set of
size 2

clique

Table 3.1: Eight classes of graphs

3.2.3 Sum-up

30

exactly two neighbors in P that are adjacent, then V(P)UV(Q)U{v} induces a prism. Otherwise,
V(P)uV(Q)U{v} contains a pyramid.

Table 3.1 describes every class that satisfies property (%) w.r.t. any fixed combination of graphs on
three vertices and the class that satisfy property (%) w.r.t. Sa. So, it describes eight different classes
., Cs, all defined by excluding the induced subgraphs listed in the second column of
the table. Every graph in C; satisfies property (x) w.r.t. the class F; described in the third column.
So, by Theorem 3.6, every graph in C; contains a vertex v such that N(v) is Fj-free. The class of
Fi-free graphs is described in the last column.

The next theorem states formally what information gives the application of Theorem 3.6 on
each C;. What we need to prove it that, indeed, graphs in C; satisfy property (x) w.r.t. to F;.



These proofs being easy and similar for each ¢, we do not write them all.

Theorem 3.12 There exists a linear time algorithm whose input is any graph G and whose output
is an ordering of the vertices of G. Moreover, fori=1,...,8, if G is in C;, the ordering is an F;-
elimination ordering of G (where C; and F; are the classes defined as in Table 3.1). In particular,
every non-empty graph in C; has a vertex whose neighborhood is F;-free.

PROOF —

Class C; is clearly hereditary. By Theorem 3.6, it suffices to prove that every graph in C; satisfies
property (%) w.r.t. F;. For i = 1,2, 3, the result holds by Lemmas 3.9, 3.10 and 3.11 respectively.
We write the proof for ¢ = 6, the proof is exactly the same for the other values. Suppose that
G € Cg does not have property (x) w.r.t. Fg. This means that for some v € V(G), some F € Fg
and some component C' of G \ N|[z], every vertex of F' that is not F-universal has a neighbor in
C. If F is a P3, then by Lemma 3.10, G contains a d-wheel, a contradition. If F'is a Ps, then by
Lemma 3.11, G contains a prism, a pyramid, or a t-wheel, a contradition. O

Inclusions between our classes and several known classes are represented in Figure 3.2 (where a
cap is cycle of length at least 5 with a unique chord joining two vertices at distance 2 on the cycle,
a d-hole is a d-wheel such that the center has degree exactly 3, and the claw is K 3). Observe that
a d-hole is also a t-wheel. Note also that the class C; has already been studied in literature, see
Section 3.4 for more details.

claw-free

l

Gy

/ e\
C | Cs

Y
/N
CQ - 06 e 03

_ ' .

diamond-free «——— {1janole-free —> {d-hole, cap}-free

Figure 3.2: Inclusion for several classes of graphs. An arrow from A to B means “A is contained
in B”. Arrows arising from transitivity are not represented.

Of course, we can push further our analysis. For instance, we can study the 10 (up to isomor-
phism) non-clique-graphs on four vertices, and for each of them (say H), describe the structure
that can be extracted from a vertex adjacent to all vertices of H, plus a component C' such that
each non-H-universal vertex of H has a neighbor in C. This kind of study would lead to infinitely
many theorems and describing them would be rather uncomfortable and possibly purposeless. We
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decided to carry out the study for graphs on at most three vertices because it is really remarkable
that it leads only to describe classes defined by excluding some Truemper configurations.

3.2.4 Consequences

i y-bounded Max clique Coloring

1 f(z) =0(x?/logx) NP-hard [78] NP-hard [54]
2 No [101] O(nm) [79]  NP-hard [69)]
3 No [101] O(nm) NP-hard [69]
4 flx)=22-1 O(n+m) ?

5 flx)=22—-1 O(nm) ?

6 No [101] O(n+m)  NP-hard [69)]
7 f(x) =max(3,z) [29] O(n+m) O(n+m)

8 f(x) =z [44] O(n+m) [79] O(n+m) [79]

Table 3.2: Several properties of classes defined in Table 3.1

Table 3.2 describes several properties of the classes defined in Table 3.1. We indicate a reference
for the properties that are already known. Before we analyze and prove each result of Table 3.2,
observe that the class C contains the class of wheel-free graph, and thus Table 3.2 contains the
result announced in Section 2.3 stating that one can find a maximum clique in wheel-free graphs
in time O(mn).

x-boundedness

Let us analyze the column “yx-bounded” of Table 3.2. The column indicates whether the class
C; is x-bounded, and if so, gives the smallest known function proving so. Classes Cy,C3 and Cg are
not x-bounded because they contain all triangle-free graphs, and these may have arbitrarily large
chromatic number as first shown by Zykov [101].

For classes C1,C4 and C5, we may rely on degeneracy. Say that a hereditary class of graphs is
w-degenerate if there exists a function g such that every non-empty graph in the class has a vertex
of degree at most g(w(G)). It is easy to check that by the greedy coloring algorithm, if a hereditary
class of graphs is w-degenerate with a non-decreasing function g, then it is y-bounded with function
g+ 1

The function given for classes C4 and Cs follows from the fact that these classes are clearly
w-degenerate with function g(z) = 2z — 2.

For the class C;, we use Ramsey theory. Kim [60] proved that for some constant c, every
graph on ct?/logt vertices admits a stable set of size 3 or a clique of size t. Therefore, the vertex
whose neighborhood is S3-free in any graph in C; proves that C; is w-degenerate with function
g(x) = O(a?/log ).

Observe that these results about y-boundedness just improve bounds. Indeed, a theorem due
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to Kiithn and Osthus [64] proves that theta-free graphs (and therefore graphs in C;, C4 and Cs) are
w-degenerate, but their function is quite big.

Clique number

Let us now analyse the column “Max clique” of Table 3.2, that gives the best complexity of
finding a maximum weighted clique in a graph of the corresponding class. By a result of Poljak [78],
it is A"P-hard to compute a maximum stable set in a triangle-free graph. Rephrased in the com-
plement, it is N'P-hard to compute a maximum clique in an S3-free graph, and therefore in graphs
from C;.

Finding a maximum weighted clique in Cs is easy as follows: for every vertex v, look for a max-
imum weighted clique in N(v), and choose the best clique among these. This can be implemented
by running n times the O(n + m) algorithm of Rose, Tarjan and Lueker, because N(v) is chordal
for every v. In fact, this algorithm works in the larger class of universal-wheel-free graphs.

For C4, we need to be careful about the complexity analysis. Here is an algorithm that finds a
maximum (weighted) clique in G € C4. First by Theorem 3.12, we find in linear time an {Ss, P3}-
elimination ordering of G, say (vi,...,v,). This means that in G[{v1,...,v;}], N(v;) is a disjoint
union of at most two cliques. We now show that, having this order, we can compute a maximum
clique in time O(m). We may assume that G is connected (otherwise we work on components
separately), so m > n — 1. Suppose inductively that a maximum clique of G[vy, ..., v,—1] is found
in time O(m — d(vy,)). We now take the vertices of N(v,) one by one. We give name x and label
X to the first one, and check whether the next ones are adjacent to z. If so, we give them label
X. If some are not adjacent to x, we give name y and label Y to the first one that we meet. The
next vertices receive label X or Y according to their adacency to x or y. Note that exactly one
of these adjacencies must occur, since N(v,) is the union of at most two cliques. At the end of
this loops, the vertices with label X and Y form at most two cliques in N(v,). They are identified
in time O(d(vy,)). So, we now know all the maximal cliques of G[N[v,]] and a maximum clique of
G[v1,...,Up—1]. A maximum clique among these is a maximum clique of G. All this takes time
O(m — d(vy)) + O(d(vy,)) = O(m). Observe that this algorithm relies on a constant time checking
of the adjacency, so it needs the graph to be represented by an adjacency matrix. Therefore, the
time complexity is O(n +m), but the space complexity is O(n?). Observe also that this algorithm
is not robust. If the input graph is not in C4, the output is a set of vertices, and if it is a clique, we
cannot be sure that it has maximum weight.

For class Cg, the algorithm is similar to the previous one. We have to find a maximum clique in
N (vy,) in time O(d(vy,)). It is easy to verify quickly whether the neighbohood of vy, is a clique or a
stable set, and in both cases, it is immediate to find in time O(d(v,)) a maximum weighted clique
in it. We omit further details.

For C3 (that contains Cs), the algorithm is similar to the previous one, except that we rely
on a {P3}-elimination ordering of G instead of an {S3, P3}-elimination ordering. As a result, the
neighborhood of the last vertex v induced a complete multipartite graph. We do not know how to
find a maximum clique in N(v) in time O(d(v)), so we do not know how to obtain a linear time
algorithm. Instead, we look for a maximum clique in N(v) in time O(m), and therefore the overall
complexity is O(nm).

Chromatic number

Let us now analyse the column “Coloring” of Table 3.2, that gives the best complexity for
coloring a graph of the corresponding class. Since the edge-coloring problem is N'P-hard [54], it
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follows that coloring line graphs is A"P-hard, and therefore, so is coloring claw-free graphs (that
are all in Cq).

Classes Cs, C3 and Cg contain all triangle-free graphs, that are NP-hard to color as proved by
Preissmann and Maffray [69].

For C7, we first try to find a 2-coloring of the graph by the classical BF'S algorithm. If it does
not exist, we look for a max(3,w(G))-coloring of the input graph G as follows. By Theorem 3.12
we obtain an {S3, P3, P3}-elimination ordering in linear time. As a result, the neighborhood of the
last vertex of the ordering is a clique or has size 2. We remove the last vertex v, color recursively
the remaining vertices, and give some available color to v. Note that the existence of the ordering
we use is proved in [29], but how to obtain it in linear time was not known so far.

3.3 Even and odd-signable graphs

In the previous section, checking property () relied on an almost automatic method. Here, we
describe two classes of graphs, Berge graphs and even-hole-free graphs, that are proved in existing
papers to have property (%) w.r.t. particular classes in a less obvious way.

A square in a graph is a hole of length 4.

Theorem 3.13 (da Silva and Vuskovié [84]) Square-free odd-signable graphs have property (x)
w.r.t. holes.

This theorem is used in [84] to obtain a robust O(n?m)-time algorithm for computing a max-
imum weighted clique in a square-free odd-signable graph (and hence in an even-hole-free graph).
We now show how to reduce this complexity to O(nm).

Theorem 3.14 There is an O(nm) time algorithm whose input is a weighted graph G and whose
output is a mazimum weighted clique of G or a certificate proving that G is not square-free odd-
signable.

PROOF — Let H denote the class of all holes and consider the following algorithm. By Theorems
3.6 and 3.13 compute in linear time an ordering (v, ..., vy) of vertices of G that is an H-elimination
ordering if GG is a square-free odd-signable graph. We already proved that testing whether a graph is
chordal can be done in linear time, and hence it can be checked in O(nm) time whether (vy,...,vy,)
is an H-elimination ordering.

So, we may assume that (v1,...,v,) is an H-elimination ordering of G. We suppose inductively
that a maximum weighted clique of Gluvy,...,v,—1] is found in time O((n — 1)m). A maximum
weighted clique of G[N[v,]] can be found in time O(m) by the algorithm of Rose, Tarjan and
Lueker (see [79]) applied to G[N(v)]. So, we now know a maximum weighted clique of G[N{v,]]
and a maximum weighted clique of G[vy, ..., v,—1]. A maximum weighted clique among these is a
maximum weighted clique of G. All this takes time O((n — 1)m) + O(m) = O(nm). ]

We now turn our attention to Berge graphs (and their generalization to even-signable graphs).
A square-theta is a theta that contains a square. A long hole is a hole of length greater or equal
to 5.

Theorem 3.15 (Maffray, Trotignon and Vuskovié [71]) (Square, theta)-free even-signable
graphs have property (x) w.r.t. long holes.
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Based on Theorem 3.15 an O(n”) time algorithm is given in [71] for computing a maximum
weighted clique in a square-theta-free Berge graph. It relies on a long-hole-elimination ordering.
With the machinery presented here, we can obtain this ordering in linear time, but unfortunately,
this does not improve the overall complexity of the maximum clique algorithm.

3.4 Universally signable graphs

We said that the class C; had already been studied in [29]. This study was concerned with structural
properties and our result permits to speed up some algorithms for problems already known to be
polynomially solvable. Let us investigate a little bit deeply this class of graphs.

A graph G is universally signable if, for any (0,1) vector S whose entries are in one-to-one
correspondence with the holes of GG, there exists an assignment of 0,1 weights to the edges such
that every hole H have weight congruent to Sz mod 2.

The following theorem follows easily from Theorem 2.1

Theorem 3.16 (Conforti, Cornuéjols, Kapoor, K. Vuskovié [29]) A graph is universally
stgnable if and only if it does not contain any Truemper configurations as induced subgraphs.

So universally signable graphs is our class C7.

The following theorem is a decomposition theorem for universally signable graph. The first
proof is in [29], a way more simple proof is given in [28], and the proof we give here is a slight
simplification due to Diot and Trotignon [43].

Theorem 3.17 (Conforti, Cornuéjols, Kapoor and Vuskovié [29]) Let G be a connected
graph. If G is universally signable then either it is a hole, or it is a clique, or it admits a clique
cutset.

PROOF — Let G be a universally signable graph. By Theorem 2.8, we may assume that G is not
chordal, so let H be a hole in G. We may assume that G\ H is non-empty, so let C' be a connected
component of G\ H.

(1) If ¢ ¢ V(H) then it has at most two neighbors in H. Moreover, if it has two neighbors then
they are adjacent.

Let ¢ € V(H) and suppose for contradiction that ¢ has two non-adjacent h; and hs neighbors in
H. If Ng(c) = {hi1,ho} then V(H) U {c} induces a theta, a contradiction. So ¢ has at least three
neighbors in H and thus (¢, H) is an induced wheel, a contradiction. This proves (1).

Now, suppose for a contradiction that G has no clique cuset. This implies that Ny (C') contains
two non-adjacent vertices h; and ho. Let ¢ (resp. ¢2) be a neighbor of h; (resp. h2) in C. Observe
that by (1), ¢; # co. Let P = ¢;...c2 be a path of G[C]. Suppose that hy, ha, ¢1, c2 and P, are
chosen subject to the minimality of P (so P is chordless, and has length at least 1 because ¢; # ¢2).

Case 1: At least one internal vertex of P has a neighbor in H.

Hole H is edge- wise partioned into two paths Hi = hy...ho and Hy = hy...ho. Observe first
that vertices in P cannot be adJacent to hy or hao, otherw1se some subpath of P contradicts the
minimality of P. Moreover, if Ny (P) has a vertex in both H; and Ha, then some subpath of P
contradicts the minimality of P. So, up to symmetry, we assume that if N, H(P) N Hy = (). Now,
at least one internal vertex of P, say c, is adjacent to an internal vertex of Hy, say h. It follows by
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the minimality of P that H; has length 2, i.e. Hy = hihho. Observe that ¢ has no neighbor x in
H,, for otherwise a shortest path from = to A with interior in P contradicts the minimality of P.
Also, by (1), ¢ has no neighbor in Hy. So, (h, Ho U P) is an induced wheel, a contradiction.

Case 2: No internal vertex of P has a neighbor in H.

If both ¢1, c2 have a unique neighbor in H, then V(H) U V(P) induces a theta, a contradiction.
So, by (1), up to symmetry ¢; has two adjacent neighbors in H. If ¢ has a unique neighbor in H,
then V(H)UV (P) induces a pyramid, a contradiction. So, by (1), c2 has two adjacent neighbors in
H. Now, if ¢; and ¢z have a common neighbor in H, V(H) UV (P) induces a wheel, and otherwise
V(H)UV(P) induces a prism, a contradiction. O

We already noticed that, since every Truemper configuration contains a hole, any class defined
by forbidding some Truemper configurations is a superclass of chordal graph.

The above theorem show that universally signable graphs are a ”slight” generalization of chordal
graph: by adding the class of holes as a basic class in the decomposition theorem for chordal graphs
(Theorem 3.8), one get the decomposition theorem for universally signable graphs. So, it is easy
to turn Theorem 3.17 into a recognition algorithm that run in time O(nm) (proceed exactly as in
the recognition theorem for chordal graphs described in Subsection 2.2.3, with the slight difference
that you need to check that the leaves of the decomposition tree are either cliques or holes).

One could wonder if, as for chordal graphs, it is possible to use LexBFS to recognize univer-
sally signable graphs. An analogue of Theorem 3.8 for universally signable graphs would state
that, if G is a graph and {v1,...,v,} is a LexBFS ordering, then G is universally signable if and
only if {v,...,v,} is a (S3, P3, P3)-elimination ordering (recall that {v1,...,v,} is a (S3, P3, Ps)-
elimination ordering if, for i = 1,...,n, Ng[y,,....,](vi) is either a clique or a stable set of size two).
Unfortunately, Figure 3.3 is a counter-example of this statement.

Figure 3.3: Numbers on the vertices of this prism correspond both to a LexBFS ordering and to a
(S3, P3, P3)-elimination ordering.

Next theorem states four different characterization of universally signable graphs. These char-
acterizations, and more particularly (4), might be usable to force LexBFS to recognize universally
signable graphs in linear time.

Theorem 3.18 Let G be a connected graph. Following conditions are equivalent:
1. G is universally signable.
2. G does not contain any Truemper configurations as induced subgraphs.

3. For any induced subgraph H of G, either H is a hole, or is a clique, or admits a clique cutset.
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4. For any induced subgraph H of G, either H admits a vertex whose neighborhood is a clique,
or a vertex of degree 2 that is contained in a unique hole of H.

PROOF — (1) & (2) & (3) come from Theorems 3.16 and 3.17.

Let us prove that (3) = (4). It suffices to prove that any graph G that satisfies (3) satisfies (4).
If G is a hole or a clique then it satisfies (4). So G admits a clique cutset. Let S be an extreme
clique cutset of G. So there exists a component C; of G\ S such that G[C1 U S| does not admit
clique cutsets. So either G[C; U S] is a clique and C; contains a vertex whose neighborhood is a
clique in G, or G[C1 U S] is a hole and then C; contains a vertex of degree 2 that is contained in a
unique cycle of G, namely G[Cy U S].

We now now prove that (4) = (2). To prove it, it is enough to check that every vertex of degree
2 in a Truemper configuration is contained in at least two holes, and that Truemper configurations
contain no vertex whose neighborhood is a clique, which is straightforward to check. O

3.5 Open questions

Corollary 2.12 suggests that a linear time algorithm for the maximum clique problem might exist
for Cs.

We are not aware of a polynomial-time coloring algorithm for graphs in C4 or Cs, but it would
be surprising to us that it exists.

Since class C; generalizes claw-free graphs, it is natural to ask which of the properties of claw-
free graphs it has, such as a structural description (see [26]), a polynomial-time algorithm for the
maximum stable set (see [48]), approximation algorithms for the chromatic number (see [61]), a
polynomial-time algorithm for the induced linkage problem (see [49]), and a polynomial x-bounding
function (see [53]).

We also wonder whether theta-free graphs are x-bounded by a polynomial (quadratic?) function
(recall that in [64], they are proved to be y-bounded). Note that since there exist some graphs
G satisfying a(G) = 2, w(G) = k and |V(G)| = O(t*/log(t)) (where c is a constant, see [60]),
by the trivial following bound on the chromatic number: x(G) < |V(G)|/a(G), the best possible
x-bounded function for theta-free graphs is a O(t?/log(t)).

In [29], an O(nm) time algorithm is described for the maximum weighted stable set problem in
C7. Since the class is a simple generalization of chordal graphs, we wonder whether a linear time
algorithm exists and, as we discussed in Section 3.4, whether a linear time recognition algorithm
exists for universally signable graphs.
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Chapter 4

Classes defined by constraints on
connectivity

In this chapter:

e If G and H are graphs, then we say that G is H-free if G does not contain
H as an induced subgraph.

e K, is a wheel.

Most of the results presented in this chapter come from a joint work with M. Radovanovi¢,
N. Trotignon and K. Vuskovié¢ published in STAM Journal on Discrete Mathematics [7].

A graph is minimally k-connected if it is k-connected and if the removal of any edge yields a
graph of connectivity k — 1. A graph is critically k-connected if it is k-connected and if the removal
of any vertex yields a graph of connectivity & — 1. Minimally and critically k-connected graphs
were the object of much research, see [63] for a survey on this subject. Observe that the classes of
critically k-connected graphs and minimally k-connected graphs are not hereditary classes (since
graphs of connectivity at most k—1 are not in these classes) which, at first sight, discourage attempt
to attack these classes with the decomposition method.

In the first section of this chapter we show how to enlarge the class of minimally 2-connected
graphs in order to get a hereditary class of graphs. Moreover, this leads us to chordless graphs (a
graph is chordless if all its cycles are chordless) that are particularly interesting to us since one can
easily check that a line-graph is wheel-free if and only if it is the line graph of a chordless graph
that contains no K4 and that has maximum degree at most 3. We then apply the decomposition
method on it and revisit several known theorems on minimally 2-connected graphs.

In the second subsection, we investigate if an analogue of the results of the first section can
be find with critically 2-connected graphs instead of minimally 2-connected graphs and, despite a
negative answer, we explain how it leads us to 2-wheel-free graphs (that are studied in the next
chapter).

We close this introduction with a very famous Theorem of Dirac that will be usefull in this
chapter and the next one.

Theorem 4.1 If G is a 2-connected graph and u, v are two distinct vertices of G, then there exists
a cycle passing through u and v.
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Note that a more general version of this result is given in Theorem 7.17.

4.1 Minimally 2-connected graphs

This section is divided into three subsections. In the first one we explain how to enlarge the class
of minimally 2-connected graphs in order to get a hereditary class of graphs (namely chordless
graphs). In the second subsection we present a simple decomposition theorem for chordless graphs.
Finally, in the last subsection, we lean on the decomposition theorem to prove some results about
chordless and minimally 2-connected graphs.

4.1.1 Enlarging minimally-2-connected graphs

Let C{ be the class of chordless graphs, that are graphs whose cycles are all chordless (or in other
words, the class of graphs that do not contain a cycle with a chord). Observe that a cycle with
a chord is not minimally 2-connected, and in a sense is the “smallest” 2-connected graph that is
not minimally 2-connected. Class C{ was studied by Dirac [45] and Plummer [77] in the 1960’s. As
we said at the beginning of the section, it is the class we are going to study in place of minimally
2-connected graphs. Indeed, C] is a hereditary class that contains every minimally 2-connected
graph (see Theorem 4.2).

One might think it is a strange choice. Indeed, there is a natural way to embed a class C into
an hereditary class C’: taking the closure of C, that is the class C’' of all subgraphs (or induced
subgraphs according to the containment relation you are interested in) of graphs from C. This way,
one clearly obtains the smallest hereditary class containing C. But, a chordless graph may fail to be
a subgraph of some minimally 2-connected graph. For instance consider a triangle with a pending
edge (the paw). It is chordless and it is easy to check that a 2-connected graph that contains a paw
as a subgraph also contains a cycle with a chord and thus is not minimally 2-connected. Hence
C} is a proper superclass of the class of subgraphs of minimally 2-connected graphs. We choose
C] anyway, first because it is a very natural class of graphs and, as the next theorem suggests, it
captures every structural property that minimally 2-connected graphs might have.

Next theorem show the close relationship minimally 2-connected graphs and chordless graph
maintain.

Theorem 4.2 (Dirac [45], Plummer [77]) A 2-connected graph is chordless if and only if it is
minimally 2-connected.

PROOF — Suppose first that G is a 2-connected chordless graph that is not minimally 2-connected.
So it admits an edge e = xy such that G\ e is 2-connected. So, by Theorem 4.1 there exists a cycle
C passing through x and y. So e is a chord of C, a contradiction.

Conversely, suppose that GG is a minimally 2-connected graph and let uv be an edge of G. So,
G \ uv has connectivity 1 and therefore contains a cutvertex x. Since G is 2-connected, it follows
that (G \ uv) \ « has two connected components, one containing u, the other containing v. This
implies that every cycle of G that contains v and v must go through wv, so uv cannot be a chord
of any cycle of GG. This proof can be repeated for all edges of G. It follows that G is chordless. O
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Figure 4.1: List of obstructions for C},

4.1.2 Decomposition and structure of chordless graphs

Let C; be the class of graphs such that vertices of degree at least 3 induce an independent set.

Observe that class () is closed under taking subgraph (the list of obstruction is given in Figure
4.1) and that C, C C.

We are now going to show that C] admits a simple decomposition theorem with C{, serving as
a basic class (Theorem 4.3). It is actually a known theorem, it is implicitly proved in [92] and
explicitly stated and proved in [66]. Anyway, the proof proposed here is much shorter and simpler
than the previous ones. It follows a classical way to prove a decomposition theorem that consists to
start with a graph that is not basic, thus it admits an obstruction to the basic class and, studying
how the rest of the graph attaches on this obstruction, we find one of the specified decomposition.

We say that a graph admits a O-cutset if it is disconnected.

A 2-cutset {a,b} is a Sa-cutset if ab ¢ E(G). It is a proper Sa-cutset if G \ {a,b} can be
partitioned into two sets K’ and K" such that: there is no edge with one extremity in K’ and the
other one in K” and G[{a,b} U K'] (resp. G[{a,b} U K"]) is not a chordless ab-path. We say that
({a,b}, K', K") is a split of a proper Ss-cutset.

Theorem 4.3 (Decomposition Theorem for C{) A graph in Ci is either in C), or has a 0-
cutset, a I1-cutset, or a proper Ss-cutset.

PROOF — Let G be in C] \ C{j and suppose that G has no 0-cutset and no 1l-cutset, i.e. G is 2-
connected. So, by Theorem 4.2, G is minimally 2-connected. Thus, there is an edge e = uv such
that u and v have both degree at least 3 and by Theorem 4.2, G \ e is not 2-connected so, it has a
0-cutset or a 1-cutset.

If G\ e is disconnected, then u (and v) would be a cutvertex of G. So G\ e has a cutvertex w.
Since w is not a cutvertex of G, the graph (G \ e) \ w has exactly two connected components C,,
and C,, containing u and v respectively, and V(G) = C, UC, U{w}. Let v’ ¢ {v,w} be a neighbor
of u (u’ exists since u has degree at least 3). So, v’ € Cy. In G, u is not a cutvertex, so there is a
path P, from v’ to w whose interior is in C,,. Together with a path P, from v to w with interior
in Cy, P,, uu' and e form a cycle, so uw ¢ E(G) for otherwise uw would be a chord of this cycle.
Because of the degrees of u and v, ({u,w}, Cy \ {u}, Cy) is a split of a proper Se-cutset of G. O

Theorem below can easily be turned into a complete structural characterization of chordless
graphs. Theorems 4.4 and 4.5 state this characterization. We do not include the straightforward
proofs.

We first define blocks of decomposition for each cutset involved in Theorem 4.3.
If S is a O-cutset or a 1-cutset of G and G'\ S admits k distinct connected components C1, ..., Ck
(note that k > 2), we define k blocks of decomposition G1,...,Gj as follows: for i = 1,... k,
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G; = G[C; U S]. We say that G1, ..., G} are the blocks of decomposition with respect to S.

Let ({a,b}, X,Y) be a split of a proper Sa-cutset. The block of decomposition with respect
to this split are graph Gx and Gy defined as follows. Block Gx is the graph obtained from
G[X U {a,b}] by adding a marker vertex m’ and the two marker edges am’ and bm’. Block Gy is
the graph obtained from G[Y U {a,b}] by adding a marker vertex m” and the two marker edges
am’ and bm”. Note that by definition of a proper Ss-cutset, G[{a,b} U X] and G[{a,b} UY] are
not chordless ab-path and thus Gx and Gy are not chordless cycles.

Theorem 4.4 Let S be a 0-cutset or a 1-cutset and let Gy, ..., Gy be the blocks of decomposition
with respect to S. Then G € Cy if and only if G; € Cy fori=1,...,k.

Theorem 4.5 Let G be a 2-connected graph, let (S, X,Y) be a split of a proper 2-cutset and let

Gx and Gy the corresponding blocks of decomposition. Then G € Cy if and only if Gx € C] and
Gy € Ci

4.1.3 Applications of the decomposition theorem

In this subsection, we show how the decomposition theorem for chrordless graphs (Theorem 4.3)
can be used to get different kind of properties on chordless graphs.

Dirac [45] and Plummer [77] independently showed that minimally 2-connected graphs have at
least two vertices of degree at most 2 and chromatic number at most 3. We now show how Theorem
4.3 can be used to give simple proofs of these results for chordless graphs in general.

Theorem 4.6 Fvery chordless graph on at least two vertices has at least two vertices of degree at
most 2.

PROOF — We prove the result by induction on the number of vertices. If G € C{, then clearly the
statement holds. Let G € C]\C{, and assume the statement holds for graphs with fewer than |V (G)|
vertices. Suppose GG has a 0-cutset or 1-cutset S, and let C1, ..., Cy be the connected components
of G\'S. Fori =1,...,k, by induction applied to G; = G[V (C;)US], C; contains a vertex of degree
at most 2 in GG;. Note that such a vertex is of degree at most 2 in G as well, and hence G has at
least two vertices of degree at most 2.

So we may assume that G is 2-connected, and hence by Theorem 4.3 G has a proper Se-cutset
with split ({a, b}, X,Y’). We now show that both X and Y contain a vertex of degree at most 2.

Let ({a/,0'}, X', Y") be a split of a proper Sa-cutset of G such that X’ C X, and out of all such
splits assume that |X’| is smallest possible. We now show that both o’ and b’ have at least two
neighbors in X', i.e. they are of degree at least 3 in G and G’y Since G is 2-connected both a’ and b’
have a neighbor in every connected component of G\{a',b’}. In particular G[Y'U{a’,b’}] contains an
a’t/-path @ and a’ has a neighbor a; in X’. Suppose N(a')N X’ = {a1}. If a1b is not an edge, then
(since G[X'U{d’,b'}] is not a chordless path), for some X" C X', ({a1,V'}, X", V(G)\ (X" U{a1,b'})
is a split of a proper Se-cutset of G, contradicting our choice of ({da’, b, }, X', Y”). So a1b’ is an edge.
Then since G[X' U {a’,b'}] is not a chordless path, X"\ {a;} contains a vertex c. Since a; cannot
be a cutvertex of G, there is a b'c-path in G\ a; whose interior vertices are in X’. Since b’ cannot
be a cutvertex of G, there is an ajc-path in G \ b’ whose interior vertices are in X’'. Therefore
G[(X"UV)]\ a1t/ contains an aib’-path P. But then V(P) U V(Q) induces a cycle with a chord
(namely a;b'), a contradiction. Therefore, a’ has at least two neighbors in X’ and by symmetry so
does b'.
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Let m’ be the marker vertex of Gx:. Note that |V (Gx/)| < |[V(G)], and clearly since G is
chordless so is Gxs. So by induction, Gx+ contain at least two vertices of degree 2. Therefore there
is a vertex t € V(Gx) \ {m’'} that is of degree at most 2 in Gxs. Since both a’ and b" have at least
two neighbors in X', it follows that ¢t € X', and hence t is of degree at most 2 in G as well. So X
contains a vertex of degree at most 2, and by symmetry so does Y, and the result holds. O

Note that for proving the theorem below, it is essential that the class we work on is closed
under taking subgraphs. Proofs of 3-colorability in [45] and [77] are more complicated because they
consider only minimally 2-connected graphs, that are not closed under taking subgraphs which
forbids using induction.

Corollary 4.7 If G is a chordless graph then x(G) < 3.

PROOF — Let G be a chordless graph and by Theorem 4.6 let x be a vertex of G of degree at most
2. Inductively color G \ {z} with at most 3 colors. This coloring can be extended to a 3-coloring
of G since x has at most two neighbors in G. O

Next lemma shows that if a chordless graph G admits a proper Ss-cutset, then it admits an
extreme proper Sa-cutset (recall it is a proper Se-cutset such that one of the block of decomposition
does not contain proper Ss-cutset). The proof can be find in [67] but we reproduce it here for
completeness.

Lemma 4.8 (Machado, de Figueiredo and Trotignon [67]) Let G be a 2-connected chord-
less graph not in C{. Let ({a,b},X,Y) be a split of a Sa-cutset of G such that |X| is minimum
among all possible such splits. Then Gx is in C|. Moreover, a and b both have degree at least 3 in
G and in Gx.

PROOF — The proof that a and b are of degree at least 3 in G and in Gx is the same as the proof,
in Theorem 4.6, that o’ and b’ are of degree at least 3 in G' and Gy.

Let m be the marker vertex of Gx. It is easy to check that G x is a 2-connected chordless graph.
Suppose Gx ¢ C{. So, by Theorem 4.3, it admits a split of a proper 2-cutset, say ({u, v}, X1, X2).
Choose it such that both u and v have degree at least 3 (this is possible as explained in the beginning
of the proof). Hence m ¢ {u,v}. If {u,v} = {a,b} then ({a,b}, X1,Y U X>) is a split of a proper
2-cutset of G that contradicts the minimality of X. So {u,v} # {a,b} and we may assume w.l.o.g.
that b ¢ {u,v}. Hence b and m are in the same connected component of G x \ {u, v}, so may assume
w.lo.g. that {b,m} C {Xs}. Thus ({u,v}, X1,Y U X5\ {m}) is a split of a proper 2-cutset in G
that contradicts the minimality of X. O

We now show how Theorem 4.3 may be used to prove the main result in [77], that is a nice
characterization of minimally 2-connected graphs.

Theorem 4.9 (Plummer [77]) Let G be a 2-connected graph. Then G is minimally 2-connected
(or equivalently chordless) if and only if either

1. G is a cycle; or

2. if S denotes the set of vertices of degree 2 in G, then there are at least two components in
G\ S, each component of G\ S is a tree and if C is any cycle in G and T is any component
of G\ S, then (V(C)NV(T),E(C)NE(T)) is empty or connected.
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PROOF — Suppose first that G is minimally 2-connected. If G is in C{j then G \ S contains only
isolated vertices. Hence, either G \ S is empty, in which case all vertices of G are of degree 2,
meaning that G is a cycle; or G\ S is not empty, in which case G contains at least two vertices of
degree at least 3, and the second outcome holds.

So, by Theorem 4.3, we may assume that G admits a split of a proper Ss-cutset ({a,b}, X,Y)
and, by Lemma 4.8, we may assume that Gx is in C{ and a,b have degree at least 3 in Gx. Note
that from the definition of a proper Ss-cutset, none of Gx,Gy is a cycle. Note also that, since
Gx € Cy, the set of vertices of degree at least 3 in Gx induces a stable set.

Let us first prove that each component of G\ S is a tree. Let Sy be the set of vertices of degree
2 in Gy and let 17, ..., T} be the components of Gy \ Sy. By induction, 71, ..., T} are trees. If a
or b is of degree 2 in Gy and has a neighbor of degree at least 3 (it has at most one such neighbor)
in T; say (i € {1,...,k}), then define T} to be the tree obtained by adding the pending vertex a
(resp. b, resp. both a and b) to T;. For all j = 1,...,k such that TJ’ is not defined above, we put
T]f = T;. Now, if we remove the vertices of degree 2 of G, T7, ..., T}, are connected components
(here we use the fact that since Gx is in C{, all neighbors of @ or b in X have degree 2). The other
components are the vertices of degree 3 from X. They are all trees because Gx is in Cj. That
proves that each component of G\ S is a tree.

It remains to prove that if C' is any cycle in G and T is any component of G \ S, then (V(C)N
V(T),E(C)NE(T)) is empty or connected. Let C' be a cycle of G. There are three cases. Either
V(C) C X U{a,b}, or V(C) CY U{a,b}, or C is formed of a path Px from a to b with interior in
X and a path Py from a to b with interior in Y. In the first case, the trees intersected by C are all
formed of one vertex, so outcome 2 holds. In the second case, C is also a cycle of Gy. Let T be a
tree of G \ S such that V(T') C Y U {a,b} (all the other trees of G\ S are on 1 vertex). Note that
a € V(C)NV(T) implies that a has degree at least 3 in Gy and so T is also a tree of Gy \ Sy.
Hence, (V(C)NV(T),E(C)N E(T)) is connected by the induction hypothesys applied to Gy. In
the third case, we consider the cycle Cy formed by Py and the marker vertex of Gy. We suppose
that 7" has more than one vertex (otherwise T is indeed connected), so V(T') C Y U {a,b}. Note
that if T' contains a, then it must also contains some neighbor of a in Y (because marker vertices
are of degree 2). This means that if a has degree 2 in Gy and a € V(C)NV(T), then the neighbor
a’ of a in Gy has degree at least 3 and is therefore in a tree of Gy \ Sy, so ¢’ € V(C)NV(T).
The same remark holds for b. Hence, (V(C)NV(T), E(C) N E(T)) is connected by the induction
hypothesis applied to Gy .

Suppose conversely that one of the outcomes 1, 2 is satisfied by some 2-connected graph G
(here we reproduce the proof given by Plummer). If G is a cycle, then it is obviously minimally
2-connected. Otherwise, let e = wv be an edge of G. It is enough to prove that G \ e is not
2-connected. If u or v has degree 2 in G this holds obviously. Otherwise, u and v are in the same
component T of G\ S. If G\ e is 2-connected, then some cycle C of G \ e goes through u and v,
and (V(C)NV(T),E(C)N E(T)) is not connected nor empty because it contains v and v but not
e = uv (and removing any edge from a tree disconnects it), a contradiction to 2. O

Note that we do not use the existence of vertices of degree 2 to prove the theorem above.
Hence, a new proof of their existence can be given: if G is 2-connected, then by Theorem 4.9, the
vertices of degree 2 of G form a cutset of G. Thus, there must be at least two of them; otherwise,
the existence of two vertices of degree at most 2 follows easily by induction.

The last theorem of this section is concerned with edge and total coloring of chordless graphs.
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We do not reproduce the proof here because it is a bit long, but we write a short proof sketch that
gives the flavor of it. Note that to prove this theorem, the only approach we are aware of is to use
Theorem 4.3.

Theorem 4.10 (Machado, de Figueiredo and Trotignon [67]) Let G be a chordless graph of
mazimum degree at least 3. Then G is A(G)-edge colourable and (A(G) + 1)-total-colourable.

SKETCH OF PROOF — The first step is to prove directly the result for graphs in Cj. Then, a
minimal counter-example G belongs to C; \ C{). So, by Theorem 4.3 it admits a split (S, X,Y") of a
0-cutset, a 1-cutset or a proper 2-cutset. Let Gx and Gy be the two blocks of decomposition w.r.t
this split. Note that by minimality of G, it is easy to check that results hold for Gx and Gy. If S
is a O-cutset or a l-cutset it is easy to recover directly an edge or a total coloring from a coloring
of the blocks of decomposition. So S is a proper 2-cutset and thus, by Lemma 4.8 we may assume
that Gx € C(. Taking advantage of the extreme simplicity of the graphs in Cj), it is possible to
extend an edge or a total coloring of G[Y] to G. O

We close this subsection by observing that there is another well studied hereditary class that
properly contains the class C{, namely the class of graphs that do not contain a cycle with a unique
chord as an induced subgraph. In [92], a precise structural description of this class is given and used
to obtain efficient recognition and coloring algorithms. Interestingly, it was proved by McKee [72]
that these graphs can also be defined by constraints on connectivity: the graphs with no cycles
with a unique chord are exactly the graphs such that all minimal cutsets are independent sets.

4.2 Critically 2-connected graphs

In this subsection we consider the class of critically 2-connected graphs, that were studied by
Nebesky [75], and we investigate whether there exists an analogous sequence of theorems as in the
previous subsection, starting with critically 2-connected graphs instead of minimally 2-connected
graphs. To enlarge the class of minimally 2-connected graphs we chose the class that does not
contain cycles with chords, and it was equivalent to forbid them as subgraphs or induced subgraphs.
Thinking of it, it is clear that a similar way to enlarge the class of critically 2-connected graphs,
is to forbid 2-wheels (indeed, 2-wheels are, in a sense, the smallest critically 2-connected graphs).
Since forbidding 2-wheels as subgraphs or induced subgraphs is not equivalent, there are two way
to find an analogue of chordless graphs, and we consider both.

Let C; be the class of graphs defined by forbidding 2-wheels as subgraphs, and let C2 be the class
of graphs defined by forbidding 2-wheels as induced subgraphs. The analogue of C is naturally Co:
the class of graphs with no vertices adjacent with at least two vertices of degree at least three. It
is easy to check that Cy C C; C Cs.

Unfortunately, an exact analogue of Theorem 4.2 is hopeless. A critically 2-connected graph can
contain anything as a subgraph: the only hereditary class that contains every critically 2-connected
graphs is the class of all graphs. To see this, consider a graph G on vertices {vi,...,v,}. For all
i€ {l,...,n}, add a vertex a; adjacent to v; and a vertex b; adjacent to a;. Add a vertex c adjacent
to all b;’s. It is easy to see that the obtained graph is critically 2-connected, and contains G as a
subgraph. So there cannot be a version of Theorem 4.2 with “critically” instead of “minimally”, and
particularly, a critically 2-connected graph may contain a 2-wheel (since it may contain anything).
Also, any property of graphs closed under taking subgraphs, such as being k-colorable, is false
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for critically 2-connected graphs, unless it holds for all graphs. However, there is a sequence of
theorems, proven in the next section, that mimics the sequence of results obtained on Cj and Cj.

As we just said, an exact analogue of Theorem 4.2 cannot be interesting, but the following can
be seen as a “semi”-analogue of it.

Lemma 4.11 A graph G belongs in C1 if and only if for every subgraph H of G, either H has
connectivity at most 1 or it is critically 2-connected.

PROOF — A 2-wheel has connectivity 2 and is not critically 2-connected since removing the center
yields a 2-connected graph. This proves the “if” part of the theorem. To prove the “only if” part,
consider a graph G that contains no 2-wheel, and suppose for a contradiction that some subgraph H
of G does not satisfy the requirement on connectivity that is to be proved. Hence H is 2-connected
and not critically 2-connected. So by deleting a vertex v (that has degree at least 2 because of
the connectivity of H), a 2-connected graph H' is obtained. Note that |V (H)| > 4. Therefore, by
Theorem 1.1, H' contains a cycle, that together with v forms a 2-wheel of H, a contradiction. O

Before studying the structure of C; and Cs, let us see that an analogue of Theorem 4.6 can
be proved directly (by a nice argument on the longest chordless path) for 2-wheel-free graphs.
Nebesky [75] proved that every critically 2-connected graph contains a vertex of degree 2, but
critically 2-connected graphs are not 3-colorable in general, since they may contain any 4-chromatic
graph as a subgraph.

Theorem 4.12 If G € Cy, then G has a vertex of degree at most 2 and G is 3-colorable.

PROOF — Suppose that for every v € V(G), d(v) > 3. Let P be a longest chordless path in G,
and x and y the endvertices of P. As d(z) > 3, = has at least two neighbors v and v not in P and
u (resp. v) has a neighbor in P\ z, since otherwise V(P) U {u} (resp. V(P) U {v}) would induce a
longer path in G. We choose u; and v1, neighbors of respectively u and v in P\ = that are closest
to x on P. W.l.o.g. let us assume that x,u;,v; appear in this order on P. Then (u,zPvivz) is
an induced 2-wheel of G, a contradiction. This proves that G has a vertex of degree at most 2. It
follows by an easy induction that every graph from Cs is 3-colorable. O
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Chapter 5

2-Wheel-free graphs

In this chapter:

e If G and H are graphs, then we say that G is H-free if G does not contain
H as an induced subgraph.

e K, is a wheel.

All results presented in this chapter come from a joint work with M. Radovanovié, N. Trotignon
and K. Vuskovi¢ published in SIAM Journal on Discrete Mathematics together with the results of
the previous chapter [7].

Recall that a 2-wheel is a graph formed by a chordless cycle and a vertex, outside the cycle,
that has at least two neighbors in the cycle. Recall also that, as in the previous chapter, C; and
Cy are respectively the class of graphs that do not admit 2-wheels as subgraphs and the class of
graphs that do not admit 2-wheels as induced subgraphs.

We already observed that C; C Co, and the main results of this section, even if they hold for Cq,
are interesting when concerning Co. We also already motivated the study of 2-wheel-free graphs in
Section 2.3, emphasizing on the fact they were a subclass of wheel-free graphs. In this chapter, we
study 2-wheel-free graphs using all techniques explained in Chapter 2.1. A decomposition theorem
for this class is given in Section 5.1 and is turned into a complete structural characterization in
Section 5.2. In Section 5.3, we give a polynomial-time recognition algorithm using a decomposition
tree as explained in Section 2.2.2, as well as a N'P-completeness result concerned with the recogni-
tion problem for 4-wheel-free graphs. And finally, in Section 5.4, we use extremal cutsets to prove
a local structural property of 2-wheel-free graphs that implies a polynomial-time algorithm for the
edge-coloring problem.

Names of the classes studied in this chapter being a bit confusing, we recall there definitions
here in order to facilitate the lecture.

e (y is the class of graphs with no vertices adjacent with at least two vertices of degree at least
3.

e (; is the class of graphs that do not contain 2-wheels as subgraphs.

e (5 is the class of graphs that do not contain 2-wheels as induced subgraphs.
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5.1 Decomposition theorems

In this section we present decomposition theorems for graphs that do not contain 2-wheels as
subgraphs (C;) and graphs that do not contain 2-wheels as induced subgraphs (Cs).
We start to present the special cutsets we need to decompose these two classes.

Proper Ks-cutset
A 2-cutset {a, b} is a Ka-cutset if ab € E(G). It is a proper Ko-cutset if G\ {a, b} can be partitioned
into two non-empty sets K’ and K" such that there is no edge with one extremity in K’ and the
other one in K” and no vertex of K’ U K" sees both a and b.

We say that ({a,b}, K', K") is a split of a proper Ks-cutset.

Proper Sa-cutset
A 2-cutset {a,b} is a So-cutset if ab ¢ E(G). 1t is a proper Sa-cutset if G\ {a,b} can be partitioned
into two sets K’ and K” such that there is no edge with one extremity in K’ and the other one in
K" and G[{a,b} U K'] (resp. G[{a,b} U K']) is not a chordless ab-path.

We say that ({a,b}, K', K") is a split of a proper Ss-cutset.

Proper [-cutset
A set of vertices S = {u,v,w} of a graph G is an I-cutset if G[S] induced exactly one edge. It is a
proper I-cutset if no vertex of G \ {u, v, w} can be partitioned into two sets K’ and K" such that:

e There is no edge with one extremity in K’ and the other one in K”

e For some component C’ of G[K'], u, v and w all have a neighbor in C’.
e For some component C” of G[K"], u, v and w all have a neighbor in C”.
e Every vertex in K’ U K" is adjacent to at most one vertex in {u, v, w}.

We say that ({u,v,w}, K', K" is a split of this I-cutset.

We now give some notation related with these cutsets that will be used all along this chapter.

If G is a 2-connected graph and ({a,b}, K’, K"') is a split of a proper So-cutset of G, then it is
clear that G[K' U {a,b}| (resp. G[K" U {a,b}]) contains a chordless ab-path. For such a Ss-cutset,
we denote this path by P, (resp. P/).

Similarly, if G is a 2-connected graph and ({u,v,w}, K', K”) is the split of an I-cutset (where
wv say is an edge), then G[K' U {u,v,w}] \ uv (resp. G[K" U {u,v,w}] \ uv) contains chordless
uv-path, vw-path and vw-path. For such an I-cutset, we denote these paths by P, , P, and P},
(vesp. P, P/, and P ).

uv?

We start with a technical lemma on the structure of 2-connected graphs in C; and Co that do
not admit Ky-cutset (note that since C; C Ca, it is enough to prove it for C2). Recall that Cj is the
chordless cycle on k vertices.

Lemma 5.1 Let G be a 2-connected graph that does not have a Ko-cutset. If G € Co and it contains
a Cy, for some k € {3,4,5}, as an induced subgraph, then G = C.

PROOF — Let GG € Co and suppose that G contains a Cy = x1x5 ... 721 as an induced subgraph,
for some k € {3,4,5}. Assume G # Cj and that G has no l-cutset nor Ks-cutset. Let K be a
connected component of G\ Cf.
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If a vertex x € K is adjacent to more than one vertex of Cj, then (z,Cj) is a 2-wheel of G.
So a vertex of K can have at most one neighbor in C%. Since G has no 1-cutset nor Ks-cutset,
IN(K)NV(Cg)| > 2, and if |[N(K) NV (Cy)| = 2, then the two vertices of N(K) N V(Cy) are
nonadjacent.

Suppose k = 3, and let P be a minimal path of K such that its endvertices are adjacent to
different vertices of Cy. Then V(P)U V(Cy) induces a 2-wheel. Therefore k € {4,5}, and hence
N(K)NV(Cy) contains nonadjacent vertices. Let P be a minimal path of K such that its endvertices
are adjacent to nonadjacent vertices of Cx. We may assume w.l.o.g. that the endvertices of P are
adjacent to x1 and x3. By the choice of P, we may assume w.l.o.g. that vertices of V(Cy)\{z1, x2, z3}
have no neighbors in P. But then V(Cy) U V(P) induces a 2-wheel. O

Next Lemma is a direct application of the above one.

Lemma 5.2 Let G be a 2-connected graph. If G has a Ka-cutset that is not proper, then G ¢ Ca.

PROOF — If G has a Kj-cutset that is not proper then it contains a triangle and the result holds
by Lemma 5.1 as G = (5 and thereby has no Ks-cutset: contradiction. O

Theorem 5.3 (Decomposition Theorem for Cy) A graph in Cy is either in Cy or it has a 0-
cutset, a 1-cutset, a proper Ko-cutset or a proper Ss-cutset.

PROOF — Let G be a 2-connected graph in C;\Cy. So G contains a vertex w that has two neighbors
u and v that are both of degree at least 3. By Lemma 5.1, uv ¢ E(G). If no vertex of G\ w is a
cutvertex separating u from v, then by Theorem 4.1, there is a cycle of G\ w going through u and
v, so that in G, w is the center of a 2-wheel, a contradiction. Hence there is such a cutvertex w’'.
So, in G\ {w,w'}, there are distinct components C,, and C, containing u and v respectively, and
possibly other components whose union is denoted by C. But then ({w,w'},C UC,,C,) is a split
of either a Ss-cutset of G (when ww' ¢ E(G)), which is proper because of the degrees of v and v,
or a split of a Ka-cutset (when ww’ € F(QG)), which is proper by Lemma 5.2. O

To prove the decomposition theorem for Co we need the following lemma.

Lemma 5.4 Let G be a 2-connected graph that has no Ko-cutset. If an I-cutset of G is not proper,
then G & Cs.

PROOF — Let ({u,v,w}, K, K”) be a split of an I-cutset such that uv is an edge. Suppose that
x € G\ {u,v,w} has at least two neighbors in {u,v,w}. W.lLo.g. z € K’ and by Lemma 5.1 w.L.o.g.
N(z) N {u,v,w} = {u,w}. If x & V(P,,) then (z,uP,, wP,] u) is a 2-wheel, and hence G ¢ Cs.
So we may assume that z € V(P),,) and that P, = uzw. Let C’ be the connected component
of G[K'] that contains z, and let P be the shortest zv-path in G[C U {v}]. If w does not have
a neighbor in P\ {z,v}, then (u,vzwP), v) is a 2-wheel with center u, and hence G ¢ Ca. So
we may assume that w has a neighbor in P \ {z,v}. If u does not have a neighbor in P\ {z,v},
then (w,zuvPx) is a 2-wheel, and hence G ¢ C3. So we may assume that u also has a neighbor in
P\ {z,v}. Let wy (resp. u1) the neighbor of w (resp. of u) on P that is the nearest of x. If z, wy, u;
appear in this order along P or if u; = wq, then (w, uzPuju) is a 2-wheel. So (z,u1,w;) appear in
this order long P and (u, wzrPwiw) is a 2-wheel, a contradiction. O

Next theorem is the decomposition for Cs.
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Theorem 5.5 (Decomposition Theorem for Cy) A graph in Co is either in Cy or it has a
proper I-cutset.

PROOF — Let G be a graph in Cy \ C;. So G contains a 2-wheel as a subgraph. Let (z,C) be
a 2-wheel of G whose rim has the fewest number of chords. Note that C' must have at least one
chord.

(1) Let y'y" be a chord of C, and Py and Ps the two y'y"-subpaths of C. If a vertex u € V(G)\V(C)
has more than one neighbor on C, then it has exactly two neighbors on C, one in the interior of
Py, and the other in the interior of Ps.

Let uw € V(G) \ V(C) and suppose that u has at least two neighbors on C. If u has at least two
neighbors on P;, for some ¢ € {1,2}, then (u,yy'Py) is a 2-wheel that contradicts our choice of
(z,C)). This proves (1).

By (1), « has exactly two neighbors 2/ and z” on C.
(2) If u e V(G) \ (V(C)U{x}) then u has at most one neighbor on C.

Assume not. Then (1), u has exactly two neighbors «’ and «” on C. Let P; and P5 be the two
u'u”-subpaths of C. Note that since C' has a chord, by (1) that chord has one endvertex in the
interior of P; and the other in the interior of P,. In particular, neither P nor P; is an edge. If
{a/, 2"} C V(P;), for some i € {1,2}, then the graph induced by V(P;) U {u,z} contains a 2-wheel
with center x that contradicts our choice of (z,C). So w.l.o.g. 2’ is contained in the interior of P;
and z” in the interior of Py. Let y'y” be a chord of C. Then by (1) we may assume that vertices v/,
'y, u”, 2",y are all distinct and appear in this order when traversing C' clockwise. If u'y” is an
edge then the graph induced by V(P;) U{u,y”} contains a 2-wheel with center " that contradicts
our choice of (z,C). So u'y” is not an edge, and by symmetry neither is v”y’. Let P (respectively
P}) be the u'y'-subpath (respectively u”y”-subpath) of C' that contains z’ (respectively z”). Then
the graph induced by V(P]) UV (P)) U{u,z} contains a 2-wheel with center x that contradicts our
choice of (z,C). This proves (2).

/.0

Let 3'y” be a chord of C. By (1), vertices 2/, 3/, 2", ¢y are all distinct and w.l.o.g. appear in
this order when traversing C' clockwise. Let P’ (respectively P”) be the y'y”-subpath of C' that
contains x’ (respectively z”).

(8) C cannot have a chord 2’2" such that 2’ € V(P)\ {y',y"} and 2" € V(P")\ {¢,y"}.

Assume it does. W.l.o.g. 2’ is on the z’y’-subpath of P’. Then, by (1), 2 is on the a"y"-subpath
of P”. Let C’ be the cycle obtained by following P’ from 2’ to y”, going along edge "1/, following
P” from ¢ to 2", and going along edge z”2’. Since C’ cannot have fewer chords than C' (by the
choice of (z,()), it follows that both 2y’ and 2”y” are edges. But then G[V(P’) U {2"}] contains
a 2-wheel with center ¢/, that contradicts our choice of (x,C'). This proves (3).

We now prove that S = {y/,y”, 2} is an I-cutset. By (3), S is a cutset of G[V(C) U {z}].
Assume it is not a cutset of G that separates the vertices of C, and let P = pyps ... pr be a shortest
path in G\ S whose one endvertex has a neighbor in P’ \ {¢/,4”} and the other has a neighbor
in P"\ {y,y"}. W.lLo.g. p1 has a neighbor in P\ {¢/,y"}, and p; in P"\ {¢/,y"}. By (2) and
definition of P: P is a chordless path, for some u € V(P')\ {¢/,y"} and v € V(P")\ {v,y"},
N(p1)NV(C) = {u} and N(px) NV (C) = {v}, and the only vertices of (x,C) that may have a
neighbor in the interior of P are x, v’ and y”.

Let P, (respectively Pyr,) be the uy”-subpath (respectively y”v-subpath) of C' that does not
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contain y'. Let P, (respectively Py,) be the uy’-subpath (respectively y'v-subpath) of C' that
does not contain 7”.

(4) No vertex of {y/,y"} has a neighbor in P.

First suppose that both 3’ and y” have a neighbor in P. Let p; (respectively p;) be the vertex of
P with smallest index adjacent to 3’ (respectively 3”). W.lo.g. i < j. Let @ be a chordless path
from w to 3" in G[V (Pyyr)]. Then V(Q) U {p1,p2,...,p;,y’} induces in G a 2-wheel with center 3/,
a contradiction.

So we may assume w.l.o.g that 3" does not have a neighbor in P. Suppose ' does. Let Q be the
uv-subpath of C' that contains y”. Let @’ be a chordless uv-path in G[V(Q)]. By (3), @' contains
y”. But then G[V(Q") UV (P)U{y'}] is a 2-wheel with center 3/, a contradiction. This proves (4).

By symmetry it suffices to consider the following two cases.

Case 1: .I/ c V(Puy”) and .’E// c V(Pyuv),
Let C” be the cycle that consists of Py, Py, and P. Then by (4), (z,C”) is a 2-wheel that
contradicts our choice of (z,C).

Case 2: 2/ € V(P,y) and 2" € V(Py,).

Suppose y'v is an edge. Let C' be the cycle that consists of P, Py, and P. Then by (4), (C",y')
is a 2-wheel that contradicts our choice of (z,C). So y'v is not an edge, and by symmetry neither
is uy”. Now let C’ be the cycle that consists of P, y'y”, Py, and P. Then by (4), (z,C") is a
2-wheel that contradicts our choice of (x,C). O

Note that in the above Theorem C; is used as a basic class for Cy. Here is another version of
the decomposition theorem where Cy is used as a basic class and some cutsets are added.

Theorem 5.6 A graph in Cs is either in Co or it has a 0-cutset, a 1-cutset, a proper Ks-cutset, a
proper Sa-cutset or a proper I-cutset.

PROOF — The result holds by Theorem 5.5 and Theorem 5.3. O

5.2 Structural characterization

In [7], a complete structural characterization of graphs in C; and Cs is given. Here, we only prove
what is needed to build a decomposition based recognition algorithm for Cs (Section 5.3) and for
the result about edge-coloring presented in Section 5.4.

We first define blocks of decomposition w.r.t. different cutsets.

If G has a O-cutset, i.e. it is disconnected, then its blocks of decomposition are the connected
components of G. If G has a 1-cutset {u} and C1,...,C) are the connected components of G \ u,
then the blocks of decomposition w.r.t. this cutset are graphs G; = G[C; U{u}], fori =1,... k.

Let (S, K’, K") be a split of a proper Ks-cutset of G. The blocks of decomposition of G with
respect to this split are graphs G’ = G[SU K'] and G” = G[S U K.

Let ({u,v,w}, K, K") be a split of a proper I-cutset of a graph G, and assume uv is an edge.
The blocks of decomposition of G w.r.t. this split are graphs G’ and G” defined as follows. Block
G’ is the graph obtained from G[V(K’) U {u,v,w}] by adding marker vertices u, u), v] and
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vy and marker edges uu), ujuh, vhw, v, vivy and vhw. Block G” is the graph obtained from

G|[V(K")U{u,v,w}] by adding marker vertices uf, uf, v{ and v] and marker edges wuf, ufju},

" 1/ 1,01 1
usw, vuy, v]vy and vyw.

Theorem 5.7 For 0-cutset, 1-cutsets and proper Ko-cutsets the following holds: G is in Cy if and
only if all the blocks of decomposition are in Co.

PROOF — Since a 2-wheel is 2-connected, the theorem obviously holds for 0-cutsets and 1-cutsets.
Suppose that ({u,v}, K, K") is a split of a proper Ks-cutset of G, and let G’ and G” be the blocks
of decomposition w.r.t. this split. Since G’ and G” are induced subgraphs of G, it follows that if
G € Co, then G',G" € Cs.

Suppose now that G’ and G” are in Cy. If G admits a 2-wheel (x,C) as an induced subgraph,
then C being a chordless cycle, it must by included in G’ or G”. Assume w.l.o.g. that C' is included
in G'. Now, since (z,C) is not a subgraph of G’, x € V(K") and thus the only way for = to be
adjacent with at least two vertices of C' is to be adjacent with both a and b, a contradiction with
the fact that {a, b} is a proper Ks-cutset. O

Theorem 5.8 Let G be a 2-connected graph. Let ({u,v,w}, K', K") be a split of a proper I-cutset
of G, and G' and G" the corresponding blocks of decomposition. Then G € Cs if and only if G' € Cy
and G" € Co. Moreover, G' and G" are 2-connected.

PROOF — First note that, since G is 2-connected, by construction of G’ and G”, G’ and G” are
2-connected.

Let G € Cy and assume w.l.o.g. that G’ contains a 2-wheel (z,C)) as an induced subgraph. Since
x has at least two neighbors of degree at least 3, x is not a marker vertex. Since (z,C') cannot be
contained in G, V(C") N {u}, uh,v],v5} # 0. W.lo.g. we may assume that uujubw is a subpath of
C. It V(C)N{v},vh} # 0, then C = wufubwv|viu, and it follows that x is adjacent to at least two
vertices of {u,v,w}, contradicting the assumption that {u,v,w} is a proper I-cutset. Therefore
V(C) N {vi,vh} = 0. Let P' be the uw-subpath of C' that does not contain u}. If v ¢ V(P’) then
(x,uP'wP), u) is 2-wheel in G, a contradiction. Hence v € V(P’). If x has at least two neighbors
in P\ {u}, then (z,vP'wP), v) is a 2-wheel in G, a contradiction. So N(z) NV (P’) = {u,a}, where
a is a vertex of P'\ {u,v,w}. If v does not have a neighbor in P \ {u}, then (x,uvP'wP) u) is
a 2-wheel in G, a contradiction. Hence v has a neighbor in P/ \ {u}. But then (v, uzaP'wP),u)
is a 2-wheel in G, a contradiction.

To prove the converse assume that G’ € Co and G” € Co, but that G contains as an induced
subgraph a 2-wheel (z,C). Let us first assume that C' is contained in G’ or G”, w.l.o.g V(C) C
V(G"). If x € K' U {u,v,w} then (x,C) is an induced subgraph of G’, a contradiction. Otherwise
x € K", and hence the two neighbors of x in C' must be in {u, v, w} which contradicts the assumption
that {u,v,w} is a proper I-cutset. So C' must contain vertices from both K’ and K”, and therefore
it contains w and at least one vertex from the set {u,v}. W.l.o.g. we may assume that it contains u
and that € V(G’). Let P be the uw-subpath of C' contained in G’. If = # v, then (x, uPwuyuju)
is a 2-wheel in G’, a contradiction. So z = v, and therefore v is adjacent to a vertex y of C' different
from u. We may assume w.l.o.g. that y € G’. Then the vertex set (v, uPwubuju) is a 2-wheel in
G’', a contradiction. O
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5.3 Recognition algorithms

Deciding whether a graph contains a 2-wheel as a subgraph can be done directly as follows: for
every 3-vertex path xyz, check whether there are two internally disjoint zz-paths in G\ y. Checking
whether there are two internally disjoint zz-paths can be done in O(n) time ([74], see also [82])
this leads to an O(n*) recognition algorithm for class C;.

Recognizing whether a graph contains a 2-wheel as an induced subgraph is a more difficult
problem, and we are not aware of any direct method for doing that. Observe that the above
method would not work since checking whether there is a chordless cycle through two specified
vertices of an input graph is N'P-complete [12].

In this section, we give an N'P-completeness result showing that the detection of “wheel-like”
induced subgraph may be hard, then we describe a decomposition based recognition algorithm for
Cs.

5.3.1 Detecting 4-wheels

Recall that a k-wheel (k > 2) is a wheel with at least & spokes.

Theorem 5.9 The problem whose instance is a graph G and whose question is “does G contain a
4-wheel as an induced subgraph?” is NP-complete.

PROOF — Let H be a graph of maximum degree 3, with 2 non-adjacent vertices z and y of degree
2. Detecting an induced cycle through = and y in H is an NP-complete problem (see Theorem 2.7
in [65]). We now show how to reduce this problem to the detection of a 4-wheel. Let 2/ and 2"
(resp. 3 and y”) be the neighbors of = (resp. of y). Subdivide the edges xz’, z2”, yy’ and yy”. Call
a, b,c, d the four vertices created by these subdivisions. Add a vertex v adjacent to a, b, ¢ and d.
Call G this new graph. Note that since H has maximum degree 3, v is the only vertex of degree at
least 4 in G, so every 4-wheel of G must be centered at v. Hence, G contains a 4-wheel if and only
if H contains an induced cycle through x and y. O

5.3.2 Recognition algorithm for C,

As we noticed at the begining of the section, it is easy to decide if a graph is in C; in polynomial-
time. So, to recognize Cy, we can lean on the decomposition theorem of Co that uses C; as a basic
class (Theorem 5.5).

The next lemma is essential to show that the decomposition tree obtained by decomposing along
I-cutsets has polynomial size.

Lemma 5.10 Let G be a 2-connected graph. Let ({u,v,w}, K', K") be a split of a proper I-cutset
of G, and G' and G" the corresponding blocks of decomposition. If |K'| < 4 or |K"| < 4 then
G & Cs.

PROOF — Assume w.l.o.g. that uwv is an edge (the only one in G[{u,v,w}]). Assume by way of
contradiction that |K’| < 4. Then P),, is of length at most 5. Suppose that v has a neighbor
x € P/, \ {u}. By definition of a proper I-cutset, vertices in K’ see at most one vertex in {u,v,w}
and thus z is not a neighbor of w. So uP,,,xvu is a cycle of length at most 5 in G and thus, by
Lemma 5.1, G ¢ Ca. So we may assume that v does not have a neighbor on P, \ {u}. Since
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{u,v,w} is a proper I-cutset, P, , and P, are both of length at least 3. Suppose that the interior
vertices of P, and P}, are disjoint. Then P),, = uzizow and P}, = vy1yow, and hence since
x1,T2,Y1,y2 all belong to the same connected component of G \ {u,v,w}, there must be an edge
between a vertex of {x1,x2} and a vertex of {y;,y2}. But then G admits a cycle of length at
most 5 and by Lemma 5.1, G € Cy. Finally we may assume w.l.o.g. that P, = uxjxzexsw and
P/, = uyrzzw (else by Lemma 5.1, G & C2). But then either (y1,uzizozswP)) vu) is a 2-wheel (if
u does not have a neighbor on P/ \ {v}) or (u, vy123wPy,0) is a 2-wheel (if u does have a neighbor
on Pl \ {u}). 0

Theorem 5.11 There exists a polynomial time algorithm that decides whether an input graph is
m CQ.

PROOF — Observe that finding a proper I-cutset in any input graph can be done in polynomial-time
by checking for every triple {u,v,w} that induces exactly one edge if it is a cutset or not.

We may assume that GG has at least 12 vertices for otherwise, we proceed by brute force. Also
we assume that G is 2-connected, for otherwise by the algorithm from [55] we compute its blocks
(in the classical sense of 2-connectivity, see [14] for example) in linear time and run our algorithm
for each block.

The algorithm has two steps.

Step 1 If G has no proper I-cutset, then by Theorem 5.5, G is in Cs if and only if G is in C;. So,
we may rely on the recognition algorithm for C; described at the beginning of the section.

Step 2 So, we may assume that G has a proper I-cutset, for which we compute the two blocks
of decomposition G’ and G”. By Theorem 5.5, G is in Cs if and only if G’ and G” are. By
Theorem 5.8 and Lemma 5.10, we may assume that both G’ and G” are 2-connected and
both have at least 12 vertices (otherwise G does not belong to Cz2). Now, test whether G’ and
G" are in Cy by recursively calling our algorithm.

The only problem with the algorithm above is that there might be more than a polynomial
number of recursive calls, so let us bound their number. (Note that the number of recursive calls
corresponds to the number of vertices of the decomposition tree of G along I-cutset).

For any graph H, set ¢(H) = 2|V (H)| — 23 and let k(H) be the total number of recursive calls
when running the algorithm for H. Observe that in Step 2 the algorithm is called only for graphs
such that ¢ is at least 1. We claim that k(G) < ¢(G). If G is handled in Step 1, then k(G) = 1,
so our claim is clear (because |V(G)| > 12). Otherwise, by the induction hypothesis and since
IV(G)| = |V(G1)|+ |V(G2)| — 11, we have

k(G) 1+ k(Gh) + k(G2)
1+ ¢(G1) + ¢(Ga)
2(|V(G)] + |V (Ga)| — 11) — 23
¢(G).

A I
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5.3.3 Conclusions and open questions

Based on Theorem 5.3, it is shown in [7] that one can decide if a graph is in C; in O(nm)-time and
then, based on Theorem 5.6 (the theorem of decomposition for Co using Cy as a basic class), one
can decide if a graph belongs to Co in O(n?m?)-time. We decided not to enter in these complexity
details because our main interest is not to get the fastest algorithm but to know which problem are
in P and which are not.

The proof of Theorem 5.9 also implies that it is AP-complete to decide if a graph admits a
k-wheel as an induced subgraph for any k > 4. So the question for 3-wheel-free graph becomes of
particular interest.

A 2-wheel that has exactly two spokes is called a clock. Detecting if a graph admits a clock as
an induced subgraph is mentioned in [65] as an open problem (Section 3.3, the first of the 7 open
problems).

Nicolas Trotignon also proposed the following conjecture:

Conjecture 5.12 (Trotignon [91]) If G is a clock-free graph then, either it admits a clique-
cutset, or a vertex of degree 2 or it is the cube.

In order to prove this conjecture, the following result has been proven:

Theorem 5.13 (Aboulker, Li, Thomassé [5]) If G is a clock-free graph with girth at least 9,
then G admits either a clique-cutset or a vertex of degree 2. Moreover the class of clock-free graphs
18 x-bounded.

5.4 Flat edges and edge-coloring

A flat edge of a graph G is an edge both of whose endvertices are of degree 2. In this section we
show that every 2-connected 2-wheel-free graph has a flat edge and use this property to edge-color
it. The key of the proof is to show the existence of an extreme decomposition for proper Ss-cutset
and proper I-cutset in graphs that do not admit Ka-cutsets (see Theorem 5.16). (recall that an
extreme decomposition is a decomposition in which one of the blocks is basic.)

Lemma 5.14 Let G be a 2-connected graph that does not have a Ko-cutset. Let ({u,v,w}, K', K")
be a split of a proper I-cutset of G, and G' and G" the corresponding blocks of decomposition. Then
G' and G" have no Ko-cutset.

PROOF — W.l.o.g. uv is an edge and, by definition of an [-cutset, it is the only edge with both
extremities in {u,v,w}. Assume by way of contradiction and w.l.o.g. that G’ admits a K,-cutset
S ={a,b}. By Theorem 5.8, G’ is 2-connected. Since G is 2-connected and has no Ks-cutset, every
connected component of G\ {u, v, w} must contain a neighbor of w and a neighbor of u or v. So, §
does not contain any marker vertices and S # {u,v}. Moreover, since uv is the only edge with both
extremities in {u,v,w}, SN{u,v,w} < 1. Then w.l.o.g. we may assume that v ¢ S. Let C and D
be two distinct connected components of G’ \ S such that v € C. Then all the marker vertices and
vertices of {u,w}\ S are in C. Therefore D C K’, and hence S is a cutset of G (separating D from
G\ (DUY)), a contradiction. O

We now need to define blocks of decomposition w.r.t. to proper Ss-cutset. Note that they are
defined in a different way that in the previous chapter. Let ({u,v}, K', K”) be a split of a proper
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Sa-cutset of a graph G. The blocks of decomposition of G w.r.t. this split are graphs G’ and G”
defined as follows. Block G is the graph obtained from G[V (K')U{u,v}] by adding marker vertices
o/, v" and marker edges uu’, v'v" and v'v. Block G” is the graph obtained from G [V (K") U {u, v}]
by adding marker vertices u” and v” and marker edges uu”, u”v” and v"v.

Lemma 5.15 Let G be a 2-connected graph that does not have a Ko-cutset. Let ({u,v}, K', K") be
a split of a proper Say-cutset of G, and G' and G" the corresponding blocks of decomposition. Then
G' and G" are 2-connected, have no Ks-cutset and belong to Cs.

PROOF — Since G is 2-connected, by construction of G’ and G” it is clear that G’ and G” are also
2-connected.

Let us now prove that G’ and G” have no Ks-cutset. Suppose by way of contradiction and
w.l.o.g. that G’ admits a Ky-cutset {a,b}. Since G is 2-connected, any connected component of K’
must contain a neighbor of v and v. Thus {a,b} N {u,v,u,v'} = and it follows that {u,v, v’ v}
are in the same connected component of G \ {a,b}. Let D be a connected component of G \ {a, b}
that does not contain {u,v,u’,v'}. Then {a,b} is a Ks-cutset of G (separating D from the rest of
the graph), a contradiction. So G’ (and by symmetry G”) does not admit Ks-cutset.

It now remains to show that G’ and G” belong to Co. Assume by way of contradiction and
w.l.o.g. that G admits a 2-wheel (x, C') as an induced subgraph. Since x has at least two neighbors
of degree at least 3, x is not a marker vertex of G’. Since G € Cy, (x,C) is not contained in K’ and
thus we may assume that uu/v’'v is in C. Since G is 2-connected, G[S U K”] contains an uv-path
P. So, by replacing uu/v'v by P, we obtain a 2-wheel in G, a contradiction. Therefore, G’ € C3. O

Theorem 5.16 Let G € Co \ Cy be a 2-connected graph that does not have a Ks-cutset. Then
G has an I-cutset or a proper Ss-cutset S with split (S, K', K") such that one of the blocks of
decomposition, say G', belongs to Cy. Furthermore, all vertices of S are of degree at least 3 in G'.

PROOF — By Theorem 5.6, G has an I-cutset or a proper Ss-cutset. Let (S, K', K”) be a split of
an I-cutset or a proper Ss-cutset of G such that among all such splits, |K’| is minimized. Let G’
be the block of decomposition that contains K’. If S is a proper Sa-cutset we let S = {u, v}, and
if S is an I-cutset we let S = {u, v, w} and assume that wv is an edge.

(1) G’ is 2-connected, has no Ka-cutset and belongs to Cs.

If S is an I-cutset, then by Theorem 5.8 G’ is 2-connected and belongs to C and by Lemma 5.14 G’
has no Ka-cutset. If S is a proper Ss-cutset, then the claim holds by Lemma 5.15. This proves (1).

2) If S is a proper So-cutset, then both u and v have at least two neighbors in K'. In particular,
( g
all vertices of S have degree at least 3 in G'.

Suppose not and let u; be the unique neighbor of w in K’'. If ujv is an edge then uujvv'v/u is
a cycle of G’ and thus, by Lemma 5.1, G’ = uujvv'v’u, contradicting the assumption that S is a
proper Sa-cutset of G. Then ({uy, v}, K'\ {u1}, K" U{u}) is a split of a proper Sa-cutset of G that
contradicts our choice of (S, K’, K"). This proves (2).

Since it is clear that if S is an I-cutset, then every vertex of S is of degree at least 3 in G’, it
only remains to show that G’ € Cy. Assume not. By (1) and Theorem 5.6, G’ has an I-cutset or
a proper Sp-cutset with split (C, C1,C2) (say). W.l.o.g. we may assume that (C,Cq,Cs) is chosen
such that |C;|, for some i € {1,2}, is minimized. Let M be the set of marker vertices of G’ (if
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S is a proper Se-cutset M = {u/,v'} and if S is a proper I-cutset, M = {u},ub,v],v5}). If C is
an I-cutset, then it is clear that every vertex in C' is of degree at least 3 in G’. If C is a proper
Sy-cutset, then by (2) (applied on C and G'), all vertices of C' have degree at least 3 in G'. Hence,
in both case, C N M = (). We now consider the following two cases.

Case 1: S is a proper Sa-cutset of G.

Since C N M = (), we may assume w.l.o.g. M C Cs. Thereby C} is a proper subset of K’. Then
(C,C1,(Co\ M)U K") is a split of an I-cutset or a proper So-cutset of G, contradicting our choice
of (S,K',K").

Case 2: S is an [-cutset of G.

First observe that, |[C'N S| < 2 (it is obvious in the case where C is a proper Sa-cutset and it is
due to the fact that, by the choice of (S, K’', K”), G|K'] is connected in the case where C is an
I-cutset). If |C N S| < 1, then w.lo.g. (SUM)\ C C Cs, and hence (C,C1,(Cy\ M) U K") is a
split of an I-cutset or a proper Ss-cutset of G, contradicting our choice of (S, K/, K").

So we may assume from now on that |C' N S| = 2. Suppose first that C' is a proper Se-cutset.
So, w.l.o.g. C = {v,w}. Then, since each vertex of S has a neighbor in K’ in particular u has
a neighbor in K’ and thus K’ U {u,u},u5} are in the same connected component of G' \ {v, w},
say K' U {u,u),us} C Cy. So Cy = {v],v}} contradicting the fact that C' is a proper Sa-cutset.
So we may assume that C' is an I-cutset. If marker vertices u},u, are in Cy and v{,v} are in
C3 (which might be the case if C' NS = {w,u}or {w,v}), then (C,Cy \ {u],us}, Co U {u],ub}) is
also a split of an I-cutset of G’. So we may assume that w.lo.g. (SU M)\ C C Cy, and hence
(C,C1,(Co\ M)U K") is a split of an I-cutset or a proper Se-cutset of G, contradicting our choice
of (S,K',K"). O

Theorem 5.17 If G € Cy is 2-connected, then either G is an induced cycle or it has at least two
flat edges that induce a matching.

PROOF — We prove the result by induction on |V (G)|. It is true when |V(G)| < 3.

Case 1: G € Cy. Since G is 2-connected, all vertices have degree at least two. Let S be the vertices
of G of degree 2, and T'=V(G) \ S. If G is not an induced cycle, then T' # (). It follows that the
connected components of G[S] are all paths of length at least 1, whose vertices are all of degree 2
in G. Let u € T. By definition of Cy, v can have at most one neighbor in 7', and hence it has at
least two neighbors in S, say u; and ug. Since G is 2-connected, u; and ue cannot be in the same
connected component of G[S] (otherwise u is a cutvertex of G). Therefore, G[S] has at least two
connected components, and hence it has two flat edges that induce a matching. This completes the
proof in Case 1.

Case 2: G has a Ka-cutset. Suppose ({a,b},C1,C2) is a split of a Ks-cutset of G, and let
G1 = G[C1 U {a,b}] and G2 = G[C3 U {a,b}| be the corresponding blocks of decomposition. Note
that by Lemma 5.2, {a,b} is a proper Ky-cutset. For i = 1,2, G; is clearly 2-connected, and since
G is a subgraph of G, G; € Co. Hence, by the induction hypothesis, G; is either an induced cycle
or it has at least two flat edges that induce a matching. Since {a,b} is proper, G; cannot be a
triangle. Therefore, one of the flat edges of G; must be completely contained in C;, and hence it is
flat in G as well. Hence, G has at least two flat edges (one in Cy, the other one in C3) that induce
a matching. This completes the proof in Case 2.
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So, we may no assume that G has no Ks-cutset. Thus, by Theorem 5.16, G has an I-cutset or a
proper Sp-cutset S with split (S, K’, K”) such that the block of decomposition G’ that contains K’
belongs to Cy, and all vertices of S have degree at least three in G’. This leads us to the following
two cases.

Case 3: S is an I-cutset. Let C' be a connected component of G[K'] such that all vertices of S
have a neighbor in C and note that, since G € Cj, all these neighbors must be of degree 2. Then
C’ must contain a vertex x that is of degree at least 3. Now by the same argument as in Case 1,
there are at least two flat edges in C” that induce a matching. These edges are flat in G as well.
This completes the proof in Case 3.

Case 4: S is an Sy-cutset. Let S = {u,v} and let uy, uy be two neighbors of v in K’ Since G’ € Cy,
for i = 1,2, u; is of degree 2 and have a neighbor of degree 2, say u,. By Lemma 5.1, uju} and
ugub, are two flat edges that induce a matching in G that induce a mat This completes the proof
in Case 4. O

An edge of a graph is pending if it contains at least one node of degree 1.

Corollary 5.18 Fvery graph G in Co with at least one edge contains an edge that is pending or
flat.

PROOF — We consider the classical decomposition of GG into blocks, in the sense of 2-connectivity
(see [14]). So, G has a block B that is either a pending edge of G, or a 2-connected graph containing
at most one vertex x that has neighbors in V(G) \ V(B). In the latter case, by Theorem 5.17, B
is either a chordless cycle or it has two flat edges that induce a matching in B, and so at least one
flat edge of B is non-incident to x, and is therefore a flat edge of G. O

An edge-coloring of G is a function 7 : F — C such that no two adjacent edges receive the
same color c € C. If C ={1,2,...,k}, we say that 7 is a k-edge coloring. The chromatic index of
G, denoted by x'(G), is the least k for which G has a k-edge-coloring.

Vizing’s theorem states that x'(G) = A(G) or X'(G) = A(G) + 1, where A(G) is maximum
degree of nodes in G. The edge-coloring problem or chromatic index problem is the problem of
determining the chromatic index of a graph. The problem is NP-hard for several classes of graphs,
and its complexity is unknown for several others. Here, we solve the edge-coloring problem for the
class Cs.

Theorem 5.19 If G is a graph in Co such that A(G) > 3, then X'(G) = A(G).

PROOF — Induction on |E(G)|. If |E(G)| = 0, the result clearly holds. By Corollary 5.18, G has
an edge ab that is pending or flat. Note that Cs is not closed under removing edges in general, but
it is closed under removing flat or pending edges. Set G' = (V(G), E(G) \ {ab}). If A(G') > 3,
then by the induction hypothesis, we can edge-color G’ with A(G’) colors. Otherwise, A(G') < 2,
so G’ is 3-edge colorable. In either cases, G’ is A(G)-colorable. We can extend the edge-coloring
of G’ to an edge-coloring of G as follows. When ab is pending, by assigning a color to ab not used
among the edges incident to ab, and when ab is flat by assigning to ab a color not used for the two
edges adjacent to ab. O
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Note that when A(G) < 2, G is a disjoint union of cycles and paths, so X’ is easy to compute.
The proof above is easy to transform into a polynomial time algorithm that outputs the coloring
whose existence is proved.
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Chapter 6

Balanced and balanceable graphs

In this chapter:

e If G and H are graphs, then we say that G is H-free if G does not contain
H as an induced subgraph.

e K, is not a wheel.

The work presented in this chapter comes from a joint work with Marko Radovanovié¢, Nicolas
Trotignon, Théophile Trunck and Kristina Vuskovié to appear in Journal of Graph Theory [6].

6.1 Introduction

Classes of balanced and balanceable graphs do not come from the world of graphs but from the
world of combinatorial optimization. Let us say a word about their matrices’ origin.

A 0,1 matrix is balanced if for every square submatrix with two ones per row and per column,
the number of ones is a multiple of four. This notion was introduced by Berge [9]. There is a
natural way to associate 0,1 matrices with bipartite graphs.

Given a 0,1 matrix A, the bipartite graph representation of A is the bipartite graph having a
vertex for every row in A, a vertex for every column in A, and an edge ij joining row 4 to column
J if and only if the entry a;; equals 1. We say that a bipartite graph G is balanced if it is the
bipartite representation of a balanced matrix. The following property is an easy consequence of the
definition of balanced graphs and give a characterization of balanced graphs by forbidding induced
subgraphs.

Property 6.1 A graph G is balanced if and only if the length of every chordless cycles of G is a
multiple of four.

In [94], Truemper extended the definition of 0,1 balanced matrix to 0,41 matrices. A 0,41
matrix is balanced if for every square submatrix with two nonzero entries per row and column, the
sum of the entries is a multiple of four. Balanceable graphs arose from this extension, let us explain
how they are defined. A signed graph is a graph, together with an assignment of weights £1 to its
edges. A signed graph G is balanced if the length of every chordless cycle of G is a multiple of four.
A graph is balanceable if there exists a signing of its edges i.e. an assignment of weights 41 to its
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edges, such that the resulting signed graph is balanced. Since assigning weight +1 to each edge
of a balanced graph give a balanced signed graph, the class of balanceable graphs is a superclass
of balanced graphs. Note also that balanced and balanceable graphs are subclasses of bipartite
graphs.

Another (more adequat in the context of structural graph theory) definition of balanceable come
from the following theorem. Let GG be a bipartite graph. An odd theta of G is a theta that connects
two vertices that are on opposite sides of the bipartition of G. An odd wheel is a wheel that has an
odd number of spokes.

Theorem 6.2 (Truemper [94]) A bipartite graph is balanceable if and only if it does not contain
odd wheels nor odd thetas as induced subgraphs.

The following conjecture is the last unresolved conjecture about balanced graphs in Cornuéjols’
book [40] (it is Conjecture 6.11).

Conjecture 6.3 (Conforti and Rao [38]) Every balanced graph contains an edge that is not the
unique chord of a cycle.

It is interresting to observe that, as proved by the following property, this conjecture is equivalent
to say that every balanced graph contains an edge whose removal leaves the graph balanced.

Property 6.4 If G is a balanced graph and e is an edge of G, then G\ e is balanced if and only if
e is not the unique chord of a cycle.

PROOF — Let G be a balanced graph and let e = zy an edge of G. We first prove that if e the
unique chord of a cycle C in GG, then G is not balanced. Edges of C' are edge-wise partitioned into
two xy-path P; and P». So Py Ue and P, U e are chordless cycle of G. So, since G is balanced, P;
and Py are both of length 3 mod 4. Therefore P; U P», that is a chordless cycle in G \ e, is of length
2 mod 4 and thus G\ e is not balanced.

Suppose now that G \ e is not balanced. Then G \ e contain a chordless cycle C such that the
length of C' is not a multiple 4. Since G is balanced, C is not a chordless cycle of G and thus e is
the unique chord of C in G. O

Observe that in Conjecture 6.3, we cannot replace “balanced” by “balanceable”. Indeed, in the
graph Ry, that is the graph defined by the cycle x125 ... 21921 (of length 10) with chords x;z;45,
1 <4 <5 (see Figure 6.1), every edge is the unique chord of a cycle and it is balanceable: assign
weight +1 to the edges of the cycle zxs ... 21021 and —1 to the chords. (Note that Rjg is not
balanced: xjxoxsx4z526 is @ hole of length 6).

Anyway, Conjecture 6.3 generalises to balanceable graphs in the following way.

Conjecture 6.5 (Conforti, Cornuéjols and Vuskovié [32]) In a balanceable graph either ev-
ery edge belongs to some Rig or there is an edge that is not the unique chord of a cycle.

Outline of the chapter

A graph is linear balanceable if it is balanceable and does not contain a square (i.e. a hole of length
4). A graph G is cubic if every vertex is of degree 3, and is subcubic if A(G) < 3. In this chapter, we
prove that conjecture 7.13 holds when restricted to linear balanceable graphs (see Corollary 6.14)
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Figure 6.1: Two ways to draw the graph Rjg.

and to subcubic balanceable graphs (see Corollary 6.18).
For the subcubic case, our proof relies on a result conjectured by Morris, Spiga and Webb [73],
stating that every cubic balanced graph contains a pair of twins (see Corollary 6.17).

Our proofs are based on known decomposition theorems for the classes we consider, which we
describe in Section 6.2. The decomposition theorems say that either the graph is ”basic”, or it
has a 2-join, a 6-join or a star cutset. It is not straightforward to use this decomposition theorem
to prove the desired result. In fact, the decomposition theorem for balanced graphs [33] has been
known since the early 1990’s, and still no one knows how to use it to prove the Conforti and Rao
Conjecture. The key idea that makes things work for us, is the use of extreme decompositions,
(recall it is a decompositions in which one of the blocks is basic). In Section 6.3 we prove that if
star cutsets are excluded, then the graphs in our classes admit extreme decompositions. This is
sufficient for the proof of the main result in the subcubic case in Section 6.5, since the induction
hypothesis in this case goes through the star cutset nicely.

For the linear balanceable graphs, this is not the case. Here we cannot inductively get rid of
star cutsets in a straightforward manner. Furthermore, it is not true that if a linear balanceable
graph has a star cutset, then it has a star cutset one of whose blocks of decomposition does not have
a star cutset (i.e. star cutsets do not admit extreme decomposition in linear balanceable graphs).
To prove the main result for linear balanceable graphs (Section 6.4), we develop a new technique
for finding an “extreme decomposition” with respect to star cutsets: we look for a minimally-sided
double star cutset, and show that the corresponding block of decomposition does not have a star
cutset.

6.2 Decomposition theorems

In this section we present the decomposition theorems for linear balanceable graphs and subcubic
balanceable graphs. We first precisely describe the basic class and the different cutsets that we
need for the decomposition theorems, then we state the decomposition theorem our proof leans on.

We now introduce the different cutsets that are needed to decompose balanceable graphs.

Star cutset
A connected graph G has a star cutset (x,R) if R C N(x) and {x} U R is a cutset of G. Note that
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if R =, then (z, R) is a cutvertex.

2-join

A graph G has a 2-join (X7, Xs2) if V(G) can be partitioned into sets X; and Xs so that the
following hold:

e For i = 1,2, X; contains disjoint nonempty sets A; and B;, such that every vertex of A; is
adjacent to every vertex of As, every vertex of By is adjacent to every vertex of Bs, and there
are no other adjacencies between X; and Xs.

e For i = 1,2, X; contains at least one path from A; to B;, and if |A;| = |B;| = 1, then G[X]
is not a chordless path.

We say that (X7, Xo, A1, Ao, By, B2) is a split of this 2-join, and the sets Ay, Ay, By, By are
called the special sets of this 2-join (see Figure 6.2).

6-join
A graph G has a 6-join (X1, X2) if V(G) can be partitioned into sets X; and X2 so that the
following hold:

e X, (resp. X2) contains disjoint nonempty sets Aj, Az, A5 (resp. Ag, A4, Ag) such that, for
every i € {1,...,6}, every vertex in A; is adjacent to every vertex in A;_; U A;y1 (where
subscripts are taken modulo 6), and these are the only adjacencies between X7 and Xo.

e |Xi| >4 and |Xs| > 4.

We say that (X1, Xo, A1, Ag, As, Ay, A5, Ag) is a split of this 6-join (see Figure 6.3).

We now define the unique basic class we need, called sparse graphs.

Sparse graphs

A bipartite graph is sparse if it admits a bipartition such that all the vertices in one side of the
bipartition have degree at most 2. The class of sparse graphs will be the only basic class we use in
our decomposition theorems.

We are now armed to state the decomposition theorems that are going to be used all along
the chapter. This decomposition theorem can be recovered from the work in [33], [34] and [98] as
explained in [6].

Theorem 6.6 ([6]) Let G be a connected balanceable graph.

o If G is square-free, then G is sparse, or has a 2-join, a 6-join or a star cutset.

o If A(G) < 3, then G is sparse or is Ryg, or has a 2-join, a 6-join or a star cutset.

6.3 Graphs with no star cutset

In this section, we investigate what are the properties that have 2-joins and 6-joins in balanceable
graphs with no star cutset (see subsections 6.3.1 and 6.3.2). The main result of this section is the
proof of the existence of extreme {2,6}-join in linear balanceable graphs with no star cutset (see
Subsection 6.3.3).
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6.3.1 2-joins in graphs with no star cutset

We first define blocks of decomposition w.r.t. 2-join.

Let (X1, X9, A1, Ag, By, B2) be a split of a 2-join of a graph G. The blocks of decomposition of G
w.r.t. this 2-join are graphs GG; and G4 defined as follows. To obtain G;, for ¢ = 1,2, we start from
G[X;], and first add a vertex as_;, adjacent to all the vertices in 4; and no other vertex of X;, and
a vertex bsz_; adjacent to all the vertices in B; and no other vertex of X;. For i = 1,2, let Q3_; be
a path in G[X3_;] with smallest number of edges connecting a vertex in As_; to a vertex in B3_;.
For i = 1,2, add to G; a marker path Ms_; connecting as_; and bs_; with length |E(Ms_;)| € {4,5}
having the same parity as Qs—;.

X1 Xo X1 X9
A1<><>A2 Alcj‘fx /‘11<9A2
My
B1<><)B2 BlC>b‘2’/ \\\[)’1<>B2
G G Go

Figure 6.2: A graph G with a split of a 2-join (X7, X2, A1, B, A, B2) and the associated blocks of
decomposition GG; and Go.

The following lemma is proved in [93] (Lemma 3.2). It gives some easy property of 2-join that
are practical when manipulating 2-joins.

Lemma 6.7 (Trotignon and Vuskovié [93]) Let G be a graph that has no star cutset, and let
(X1, X9, A1, Ag, By, B2) be a split of a 2-join of G. Then for i = 1,2, the following hold:

(i) Every component of G[X;] meets both A; and B;.
(i) Every u € X; has a neighbor in X;.
(iii) Every vertex of A; has a non-neighbor in B;.
(iv) Every vertex of B; has a non-neighbor in A;.

(’U) |Xz‘ >4,

Theorem 6.8 (Conforti, Cornuéjols, Kapoor, Vuskovié [35]) Let G be a bipartite graph
with no star cutset. Let (X1, X2) be a 2-join of G, and let G and Go be the corresponding blocks
of decomposition. Then the following hold:

(i) If G is balanceable, then G1 and Go are balanceable.

(ii) G1 and G2 have no star cutset.
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(iii) If G has no 6-join, then G1 and Go have no 6-join.

A 2-join (X1, X2) of G is a minimally-sided 2-join if for some i € {1,2} the following holds: for
every 2-join (X7, X)) of G, neither X| C X; nor X5 C X;. In this case X; is a minimal side of this
minimally-sided 2-join. Next lemma says that graphs with no star cutset admit extreme 2-join.

Lemma 6.9 (Trotignon and Vuskovié [93]) Let G be a bipartite graph with no star cutset. Let
(X1, X9, A1, Ao, By, B2) be a split of a minimally-sided 2-join of G with X1 being a minimal side,
and let G1 and Ga be the corresponding blocks of decomposition. Then the following hold:

1. |Ay| > 2, |By1| > 2, and in particular all the vertices of As U B are of degree at least 3.

2. G1 has no 2-join.

6.3.2 6-joins in graphs with no star cutset

We first define blocks of decomposition w.r.t. 6-join.

Let (X1, X2, A1,...,A¢) be a split of a 6-join of a graph G. The blocks of decomposition of G
by this 6-join are graphs G and G9 defined as follows. For i = 1,...,6 let a; be any vertex of A;.
Then G = G[X1 U {ag,a4,a6}] and Go = G[X2 U {a1,as3,as}]. vertices ag,aq,ag (resp. a1, as,as)
are called the marker vertices of Gy (resp. Ga).

X1 Xo X1 Xo

Alg D Ay AIG 7 ‘ 2 Ay
ASG&D Ay Agg S £ 2 Ay
CA NI

G Gy Go

A5 AG

Figure 6.3: A graph G with a split of a 6-join (X7, X9, A1, A, A3, Ay, A5, Ag) and the associated
blocks of decomposition G and Gbs.

Lemma 6.10 Let G be a bipartite graph with no star cutset. Let (X1, Xo, A1, ..., Ag) be a split of
a 6-join of G, and G1 and G the corresponding blocks of decomposition. Then the following hold:

(Z) Xl\(A1UA3UA5)7é® CLTLdXQ\(AQUA4UA6)7é@.

(ii) If C is a connected component of G| X1 \ (A1 U Az U As)] (resp. G[ X2\ (A2 U Ay U Ag)]), then
a vertex of A;, for every i =1,3,5 (resp. i =2,4,6) has a neighbor in C.

(111) If G is square-free or A(G) < 3, then |A;| =1 for every i € {1,...,6}, and in particular every
vertex of U?:lAl- 1s of degree at least 8 in G.
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(iv) If G is balanceable, then so are G and Gs.
(v) If G is square-free, then G1 and Go do not have star cutsets.

PROOF — Note that G is bipartite so there are no edges in A1 U A3 U A5 nor in Ay U A4 U Ag.

Suppose that X; \ (A; U A3 U A5) = (. By definition of a 6-join, |X;1| > 4. So, we may
assume w.l.o.g. that |A;| > 2. Hence for a vertex a1 € Ay, {a1} U Ay U Ag is a star cutset of G, a
contradiction. Therefore by symmetry (i) holds.

Let C be a connected component of G[X; \ (A1 U A3z U As)] and suppose that no vertex of A;
has a neighbor in C. Then for a vertex a4 € Ay, {as} U A3 U A5 is a star cutset of G separating C'
from the rest of the graph, a contradiction. Therefore by symmetry, (ii) holds.

If G is square-free then clearly |A;| = 1 for everyi € {1,...,6}. Suppose A(G) < 3 and |4;| > 2.
Then, any vertex in As have at least 3 neighbors in A; U A3 and thus have no neighbors in X, but
by (i), X2 \ (A2 U A4 U Ag) # 0 and thus by (ii), some vertex of Ay must have a neighbor in Xs, a
contradiction. Therefore, (iii) holds.

Since G and G are induced subgraphs of G, (iv) holds.

To prove (v) assume G is square-free and w.l.o.g. G has a star cutset (x, R). Let ag, a4, ag be
the marker vertices of Gi. By (ii), & {a2, a4,a6}. If x € Ay, then (x, RU Ay U Ag) is a star cutset
of G, a contradiction. Therefore by symmetry, x € X; \ (41 U A3 U As). Since G is square-free R
may contain vertices from at most one of the sets A, As, A5, and hence as, a4, ag are all contained
in the same connected component of G; \ ({z} U R). It follows that (z, R) is also a star cutset of
G, a contradiction. Therefore (v) holds. O

We observe that property (v) above is not true in general for balanceable graphs. On the other
hand, it is true for subcubic balanceable graphs. Since we use a different technique to prove the
main result for subcubic balanceable graphs than the one we use for linear balanceable graphs, we
do not need this result.

6.3.3 Extreme {2,6}-join

A partition (X1, X2) of V(G) is a {2, 6}-join if it is a 2-join or a 6-join of G. It is a minimally-sided
{2,6}-join if for some i € {1,2} the following holds: for every {2,6}-join (X1, X%) of G, neither
X! € X; nor X5 C X;. In this case X; is a minimal side of this minimally-sided {2,6}-join. An
extreme {2,6}-join is a {2,6}-join such that one of the block of decomposition does not admit
{2, 6}-joins.

Note that the next result holds for square-free bipartite graphs in general (no need to ask for
them to be balanceable).

Lemma 6.11 Let G be a square-free bipartite graph. Let (X1, X2) be a minimally-sided {2,6}-join
of G, with X1 being a minimal side. If G has no star cutset, then the block of decomposition G
has no {2,6}-join i.e. (X1,X2) is an extreme {2,6}-join.

PROOF — Assume the contrary, and let (X7, X)) be a {2,6}-join of G;. We now consider the
following cases.

Case 1: (X, X2) is a 2-join of G.
Let My be the marker path of G;. By Theorem 6.8 (ii) and Lemma 6.9 (ii), G; has no 2-join,
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and thus (X{, X)) is a 6-join of G1, say with split (X], X5, A},...,A). By Lemma 6.10 (iii),
every vertex in U?ZlA; is of degree at least 3 in G;. Therefore, we may assume w.l.o.g. that
V(Ms) C X4, If V(Ms) C X4\ (A5 U A U Af), then clearly (X7, (X5 \ V(M2)) U X3) is a 6-join of
G that contradicts the choice of (X7, X3). So V(Mz) N (A5 U A U Af) # 0, and since vertices in
AL U A} U Af are of degree at least 3, V(Ma) N (A, U AL U Af) C {ag,ba}. Moreover, since ag and
by do not have common neighbors, V(M) N (A5 U A} U Af) # {az2,b2}. So, we may assume w.l.o.g.
that V(Ms) N (A4, U AL) = 0. But then (X}, (X}\ V(Mz)) U Xa, A, Ay, AL, A, AL, AL) is a split of
a 6-join of G that contradicts the choice of (X1, X3).

Case 2: (X1, X2) is a 6-join of G.
Let (X1, X2, A1, ..., Ag) be the split of this 6-join, and let as, a4, ag be the marker vertices of Gy.
We now consider the following two cases.

Case 2.1: (X1, X3) is a 6-join of G;.

Let (X7, X}, Al,..., Ag) be the split of this 6-join. By Lemma 6.10 (iii) every vertex in U}_; A’ is
of degree at least 3 in G; and thus we may assume w.l.o.g. that {ag, as,a6} C X5\ (45U A} U Af).
But then (X7, X} U X5) is a 6-join of G that contradicts the choice of (X7, X2).

Case 2.2: (X, X)) is a 2-join of G;.

Let (X1, X5, A}, A,, By, B)) be the split of this 2-join. By Lemma 6.10 (iii), let A1 = {a1},
As = {az} and As = {as}, and let H be the 6-hole induced by {ai,...,as}. First suppose that
both X] \ (A] UB}) and X} \ (A, U B)) contain a vertex of H. Then w.l.o.g. we may assume that
az € X5\ (A5 U B)), as € B} and ag € A). Since vertices ag, aq and ag are all of degree 2 in G,
it follows that A4 = {a1} and B) = {as}, and hence by Lemma 6.10 (iii) (a2, {a1,as}) is a star
cutset of GG, a contradiction.

So we may assume w.l.o.g. that (X} \ (45U B}))NV(H) = (. By Lemma 6.7 (ii) and since
as, a4, ag are all of degree 2 in G, it follows that in fact w.l.0.g. we may assume that V(H)NX/} C A},.
By Lemma 6.7 (ii), every vertex of A/ has a neighbor in X}, and hence (since ag, a4, ag are all of
degree 2 in G1) {ag,a4,a6} C X7. But then (X] U X9, X)) is a 2-join of G that contradicts the
choice of (X1, X9). O

6.4 Linear balanceable graphs

In this section, we first show how looking at a minimally sided double star cutset leads to a block
of decomposition with no star cutset. Then we prove the main result of this chapter on linear
balanceable graphs (Theorem 6.13).

A double star cutset S of a graph G is a cutset of GG such that S contains two adjacent vertices
u and v such that every vertex of S is adjacent to at least one of u or v. Note that a star cutset is
either a double star cutset or a cut vertex. If U = (N(u)NS)\ {v} and V = (N(v)NS)\ {u}, then
this double star cutset is denoted by (u,v,U, V). Note that if G is a square-free bipartite graph,
U UV induces a stable set and U NV = ().

Let S be a double star cutset and let Cj, for i = 1,2, be a partition of the vertex set V(G) \ S,
such that there are no edges between vertices of C; and Cy. Then G; = G[SUV(C;)], i = 1,2, are
blocks of decomposition with respect to this double star cutset.
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A double star cutset of a 2-connected graph G with blocks of decompositions G; and G4 is a
minimally-sided double star cutset if for some i € {1,2} the following holds: for every double star
cutset of G with blocks of decompositions G and G4 neither V(G}) € V(G;) nor V(G%) C V(G;).
In this case G; is a minimal side of this minimally-sided double star cutset.

Lemma 6.12 Let G be a 2-connected square-free bipartite graph that has a star cutset. Let G;, for
some i € {1,2} be a minimal side of a minimally-sided double star cutset of G. Then G; does not
have a star cutset.

PROOF — Let (u,v,U, V) be a minimally-sided double star cutset, let G be its minimal side, and
let S = {u,v} UU UV. Observe that every vertex of U UV has a neighbor in G \ S. In particular,
G is 2-connected. Let us assume by way of contradiction that (z, R) is a star cutset of G1. Since
G1 is 2-connected, R # ().

Case 1: z ¢ S.

Since G is square-free and bipartite, 2 has at most one neighbor in S. If RN{u,v} = 0, then vertices
of S\ R are in the same connected component of G1 \ ({z}UR), and therefore (z,y, R\ {y},0), for a
vertex y € R, is a double star cutset of G that contradicts the minimality of G;. So w.l.o.g. u € R.
Let C be a connected component of Gy \ ({x} U R) that does not contain a vertex of {v} U V. If
V(C)\U # 0, then (x,u, R\ {u},U) is a double star cutset of G that contradicts the minimality
of G1. So V(C)\ U = (). But then some vertex v’ € U is of degree 1 in G (since G is square-free
and bipartite), contradicting the fact that G is 2-connected.

Case 2: z € 8.

First, let us assume that x € {u,v}, say x = u. Since G is square-free and bipartite and every
vertex of U UV is of degree at least 2 in G, every connected component of Gp \ ({z} U R)
that contains a vertex from U or a vertex from V contains a vertex from G \ S. Therefore,
(z,v,(UUR) \ {v},V) is a double star cutset of G that contradicts the minimality of Gy. So,
x € UUV, and w.lo.g. we may assume that € U. Then the vertices of {v} UV are all contained
in the same connected component of G1 \ ({x} U R). Again, since G is square-free and bipartite,
every connected component of G \ ({x} U R) that contains a vertex from U contains a vertex from
G1\S. Therefore, (z,u, R\{u},U\{z}) is a double star cutset of G that contradicts the minimality
of G1. Od

Our main result about linear balanceable graphs is the following.

Theorem 6.13 If G is a linear balanceable graph on at least two vertices, then G contains at least
two vertices of degree at most 2.

PROOF — We prove the theorem by induction on |V(G)|. If |V(G)| = 2, then the theorem trivially
holds. So, let G be a linear balanceable graph such that |V(G)| > 2. We may assume that G is
connected, else we are done by induction.

Let u be a cut vertex of G, and let {C1, Ca} be a partition of V(G) \ {u}, such that there are no
edges between vertices of C; and Cs. Then, by induction applied to graphs G[C; U{u}] for i = 1,2,
there is a vertex ¢; € C; \ {u}, for i = 1,2, that is of degree at most 2 in G[C; U {u}]. But then ¢;
and ¢y are also of degree at most 2 in G. So, we may assume that G is 2-connected.

Now suppose that G admits a star cutset. By Lemma 6.12, there is a double star cutset
(u,v,U, V) of G, such that a block of decomposition w.r.t. this cutset, say G’, has no star cutset.
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Let S = {u,v} UU UV and note that all vertices from U and V have a neighbor in G’ \ S. By
Theorem 6.6 G’ is sparse or has a {2, 6}-join.

Case 1: G’ is sparse.
Let (X,Y) be a bipartition of G’ such that all vertices of Y are of degree 2. Vertices u and v are
adjacent, so we may assume w.l.o.g. that {v} UU CY and {u} UV C X. In particular, |V| < 1.

Suppose first |[V| = 1 and put V' = {v'}. All the neighbors of v in G’ \ S are of degree 2 in
G’ and in G, so we may assume that v/ has a unique neighbor w in G’ \ S. Let w’ be the unique
neighbor of w in G’ \ v'. Since G’ is square-free and bipartite, w’ € V(G’) \ S. If w’ is of degree 2
in G’ (and hence in G), then w' and w are the desired two vertices. So we may assume that w’
has at least three neighbors in G’. But then, since G’ is square-free and bipartite, v’ must have a
neighbor w” € V(G') \ (SU{w}), and hence w and w” are the desired two vertices.

Now suppose that V' = () and let v' be the neighbor of v in V(G’) \ S. Since G is square-free
and bipartite, v has no neighbors in U U {u}. So, either degq (v') > 3, in which case v’ has at
least two neighbors in V(G’) \ S of degree 2 in G’, and hence in G, or degq/(v') = 2, in which case
v" and the neighbor of v in V(G’) \ S are both of degree 2 in G’, and hence in G. Therefore G has
at least two vertices of degree 2.

Case 2: G’ has a {2,6}-join.

Let (X1, X%) be a {2,6}-join of G’. W.lo.g. we may assume that |X] N {u,v}| < 1. Let (X1, X2)
be a minimally-sided {2, 6}-join of G’ such that X; C X7, and let G; be the corresponding block of
decomposition. Clearly G is square-free and |X; N {u,v}| < 1. By Theorem 6.8 (in case (X7, X5)
is a 2-join) or Lemma 6.10 (in case (X1, X}) is a 6-join), G; is linear balanceable and has no star
cutset. By Lemma 6.11, G; has no {2,6}-join, and hence by Theorem 6.6, G; is sparse. We now
consider the following two cases.

Case 2.1: (X1, X») is a 6-join of G'.

Let (X1, X5, A1,...,A6) be the split of this 6-join. By Lemma 6.10, 41 = {a1}, 43 = {as},
As = {as}, and all these vertices are of degree at least 3 in G;. Since (7 is square-free, vertices
ai,as,as do not have common neighbors in X;. Since | X N {u,v}| < 1, we may assume w.l.o.g.
that (X \ {a1}) N{u,v} = 0. Let a§ (resp. a;) be a neighbor of ag (resp. as) in X;. Then af # a
and {aj,at} NS = (. Since G is sparse, as and af are of degree 2 in G, and hence in G’. Since
{dj,ak} NS =0, they are also of degree 2 in G.

Case 2.2: (X1, X?) is a 2-join of G'.

Let (X1, X2, A1, A2, By, By) be the split of this 2-join, and let Ms be the marker path of G;. By
Lemma 6.9, |Aj| > 2, |Bi| > 2 and the ends of My are of degree at least 3 in G;. Since G is
sparse, it follows that the vertices of Ay U By are all of degree 2 in G, and on the same side of
bipartition of G, and hence of G’ as well. In particular, it is not possible that both « and v are
in A2 U By. Since G’ is square-free and bipartite, it follows that |A2| = |B2| = 1, and hence the
vertices of Ay U By are of degree 2 in G'. Since | X7 N {u,v}| <1, w.lo.g. Bi NS = 0, and hence
the vertices of B; are also of degree 2 in G.

So, we may assume that G does not admit a star cutset. Thus, by Theorem 6.6 G is sparse or
has a {2,6}-join. So the theorem holds by the same proof as in Cases 1 and 2 above. O

Corollary 6.14 Let G be a linear balanceable graph that has at least one edge. Then there is an
edge of G that is not the unique chord of a cycle.
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PROOF — Follows immediately from Theorem 6.13 since an edge incident to a degree 2 vertex
cannot be the unique chord of a cycle. O

6.5 Subcubic balanceable graphs

A branch verter is a vertex of degree at least 3. A branch is a path connecting two branch vertices
and containing no other branch vertices. Two branches are non incident if the sets of ends of the
corresponding paths are disjoint. Note that a 2-connected graph that is not a cycle is edgewise
partitioned into its branches. A pair of non-adjacent vertices (u,v) of G is a pair of twins if
N(u) = N(v) and |N(u)| > 3. Note that a cubic bipartite graph has a pair of twins if and only if
it contains a K53 as a subgraph. Note that Ri9 does not have a pair of twins.

[\

Figure 6.4: A cubic balanceable graph with 4 pairs of twins.

Our main result on subcubic balanceable graphs is the following theorem.

Theorem 6.15 Let G be a 2-connected balanceable bipartite graph with A(G) < 3. If G is not
equal to Riy and has at least three branch vertices, then one of the following holds:

i as two vertices of degree at are in non incident branches.
1) G has t ti d 2 that ' imcident b h
(i) G has a pair of twins and a vertex of degree 2.

(iii) G has two disjoint pairs of twins.

In the previous theorem, if G has at least three branch vertices, then it has in fact at least four
branch vertices (because 2-connected graphs have no vertex of degree 1).

The following lemma settles the case in which G does not admit a star cutset nor a 6-join. We
treat this case separately because it does not need induction.

Lemma 6.16 Let G be a 2-connected balanceable bipartite graph with A(G) < 3, that is not equal
to Rig and has at least three branch vertices. If G does not have a star cutset nor a 6-join, then G
has two vertices of degree 2 that are in non incident branches.
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PROOF — By Theorem 6.6, G is either sparse or has a 2-join, so we consider the following two
cases. Note that every vertex of G is of degree at least 2.

Case 1: G is sparse.

Since G is sparse, no two branch vertices are adjacent, and hence every branch of G contains a
vertex of degree 2. Let a, b, ¢ be distinct vertices of degree 3, such that there is a branch from a to
b. There are three branches in G with end c. If one of the other ends of these branches is not a or
b, the proof is complete. So we may assume w.l.o.g. that we have two branches between a and ¢
and one branch between b and c. But then there is a branch from b with an end not in {a, c}, and
hence the result follows.

Case 2: G has a 2-join.

Let (X1, X2, A1, Ag, By, By) be a split of a minimally-sided 2-join of G with X; being a minimal
side. Let Gp be the corresponding block of decomposition. By Theorem 6.8, G; is balanceable
and it does not have a star cutset nor a 6-join. By Lemma 6.9 G has no 2-join, |A;| = |Bi| = 2
(because A(G) < 3), and all vertices of A U By are of degree 3. So by Theorem 6.6 G; is sparse.

Claim: X; \ (A1 U By) contains a vertex of degree 2.

Proof of Claim: Assume not. Let (X,Y’) be a bipartition of G; such that all vertices of X are of
degree 2. Let as...by be the marker path of G1, with as complete to A; and by complete to Bj.
Then ap and by are in Y and hence Ay U By C X. In particular, there are no edges in G[A; U By].
So by Lemma 6.7 (ii), X \ (A; U By) is not empty. Since we assumed that X; \ (4; U B;) contains
no vertex of degree 2, and GG1 has no vertex of degree 1 (because G is 2-connected), every vertex in
X1\ (A1 UBj) is of degree 3. Moreover it implies that X; \ (41 UB;) C Y and thus X; \ (A; UB;y)
is a stable set. So for every u € X; \ (A1 U By), N(u) C Ay U B;y. But then since |4; U B;| = 4,
|N(u)] = 3 and the fact that each vertex of Ay U Bj is of degree 2 in Gy, we have a contradiction.
This completes the proof of the claim.

By the claim let ¢; € X7 \ (A1 U By) be of degree 2 (in G1, and hence in G as well). Let
(X1, X5, A, A,, By, BS) be a split of a minimally-sided 2-join of G with X being a minimal side
and X, C X,. Then, as before, |A5| = |Bj| = 2, and hence all the vertices of A} U B are of
degree 3. By the claim, there is a vertex ¢y € X3 \ (A5 U Bj) that is of degree 2 in G.

Since |A1]| = |B1| = |A}| = |By| = 2, we see that no branch of G may overlap the three following
sets: A1 UBy, X1\ (A1 UBy) and AL, U B) (resp. AL U B, X\ (A, U B)) and A; U By). Tt follows
that ¢; and ¢9 are in non incident branches. O

Proof of Theorem 6.15: We proceed by induction on |V(G)|. If |V(G)| = 1, then the theorem
is vacuously true. By Theorem 6.6 and Lemma 6.16, we may assume that GG has a star cutset or a
6-join.

Proof when G has a star cutset.

Let (z,R) be a star cutset of G such that |R| is minimum. Since G is 2-connected, |R| > 1,
and by the choice of (z,R) and since G is subcubic, every vertex of R has neighbors in every
connected component of G\ ({x} U R), every vertex of R is of degree 3. Moreover, G \ ({z} U R)
has exactly two connected components (because of the degree of the vetices in R), say C; and Cs.
Let G; be the block of decomposition w.r.t. this cutset that contains Cj, for i = 1,2 (recall that
Gi = G[C; U RU {z}). Note that every vertex of R is of degree 2 in G;. Note also that both G,
Gy are 2-connected.
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Claim: If x is of degree 2 in G;, for some i € {1,2}, then C; contains a vertex u of degree 2, or a
pair of twins. Furthermore, if G; has at least two branch vertices, then u can be chosen so that x
and u are not in the same branch of G;.

Proof of Claim: If G; has no branch vertices, then C; contains a vertex of degree 2. If G; has
exactly two branch vertices, both are in C;. Since these vertices can have at most one branch of
length 1 connecting them, there must be a branch between them that is fully contained in C; and is
of length at least 2, and therefore there is a vertex of degree 2 in C; that is not in the same branch
as x. If G; has at least 3 branch vertices, then, by the induction hypothesis, C; contains a vertex
of degree 2 that is not in the same branch as z, or C; contains a pair of twins. This completes the
proof of Claim.

We now consider the following cases.

Case 1: |R| = 1.

Note that since G is 2-connected, x has a neighbor in both C7 and Cs, and in particular, z is of
degree 2 in both G; and Gs. Since G has at least three branch vertices, at least one of G1 or Go
has at least two branch vertices, so, by Claim applied for i = 1 and ¢ = 2, G satisfies the theorem.

Case 2: |R| =2.
Let R = {y1,y2}. Suppose first that deg(z) = 2. Then at least one of G; or G2 has at least two
branch vertices (since neither can have exactly one), w.l.o.g. say G; does. By Claim applied to G,
either G7 admits a pair of twins or there is a vertex u of degree 2 in ' that is not in the same
branch of G; as x. If G; admits a pair of twins then, since we assumed that x was of degree 2 in
G, outcome (ii) of the theorem holds. So we may assume there is a vertex u of degree 2 in C that
is not in the same branch of Gy as x. Since y; and yo have degree 3 in G, x and u are degree 2
vertices of G that are contained in non incident branches of GG, a contradiction.

So we may assume that deg(z) = 3, and w.l.o.g. = has a neighbor in C; and does not in Cy. If
(G1 has exactly two branch vertices and they are adjacent, then for a shortest path P from y; to ys
in G2\ {z}, the set V(G1) UV (P) induces an odd wheel with centre z, contradicting Theorem 6.2.
So, if G has exactly two branch vertices, then there is a vertex of degree 2 in G; in a branch that
does not contain y; nor y9, and therefore, by Claim applied to Gy (z is of degree 2 in G5 so we can
apply the claim), G satisfies the theorem, a contradiction. So G; must have at least three branch
vertices, and hence by induction hypothesis, G; has a pair of twins or a vertex of degree 2 in a
branch that has both of its ends in C;. But then by Claim applied to G2, G satisfies the theorem.

Case 3: |R| =3.

Let R = {y1,y2,y3}. First, let us suppose that both G; and G2 have exactly two branch vertices,
and that v; is a branch vertex of G; different from z, for i = 1,2. If G;, for i = 1,2, does not have
a vertex of degree 2 other than y;, for j = 1,2,3, then G is a K33, and hence it satisfies (iii) of the
theorem. So, we may assume that there is a vertex of degree 2 (in G) in a branch of G containing
y1- If yaug or ysvy is not an edge, then G satisfies (i) of the theorem, so we may assume that ysvy
and y3vo are edges. If yjvy is also an edge, then x and ve form a pair of twins, and therefore G
satisfies (ii) of the theorem. When y;vy is not an edge, then by symmetry v1ys and v1ys are edges.
But then y2 and y3 form a pair of twins, and therefore G satisfies (ii) of the theorem.

Observe that if GG; has at least three branch vertices, then, by induction hypothesis, there is a
vertex u; of degree 2 in a branch of GG; not having z as its end, or G; has a pair of twins that does
not contain x (since G; has at least three branch vertices). So if both G; and G2 have at least
three branch vertices, then the theorem holds. Therefore we may assume that Gy has at least three
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and Gg exactly two branch vertices. If Gy has a vertex2 uy of degree 2 not in {y1,y2,ys}, then
G satisfies (i) or (ii) of the theorem. So we may assume that the only vertices of Gy of degree 2
are y1, y2 and ys, and therefore z and the other branch vertex of G form a pair of twins, hence G
satisfies (ii) or (iii). This completes the proof when G has a star cutset.

Proof when G has a 6-join.

We may assume that G has no star cutset. In particular, G' does not contain a pair of twins (for
if u, v is a pair of twins of G, since G has at least three branch vertices, V(G) \ (N (u) U{u,v}) # 0,
and hence N(u)U{u} is a star cutset). Let (X1, Xo, A1, A, A3, A4, As, Ag) be a split of a 6-join of
G and let A =UY_, 4;. By Lemma 6.10 (iii), |A;| = 1 for every i € {1,...,6} and all vertices of A
are of degree 3 in GG. It follows that both blocks of decomposition G; and Go have at least three
branch vertices. By the choice of G, each of them has a vertex of degree 2 not in A, and hence G
satisfies (i) of the theorem. This completes the proof. O

As a consequence of Theorem 7.9 we have the following corollary, a special case of which was
conjectured in [73].

Corollary 6.17 If G is a cubic balanceable graph that is not Rig, then G has a pair of twins none
of whose neighbors is a cut vertex of G.

PROOF — Inductively we may assume that G is connected. If G has no cutvertex then the result
holds by Theorem 6.15. So we may assume that G has a cutvertex. Let G’ be an end block of G
(so G’ is 2-connected). Then G’ has exactly one vertex of degree 2 say z (that is a cutvertex of G),
and all the other vertices of degree 3. Let G” be the graph obtained from G’ by subdividing twice
an edge incident to z. Clearly G” is 2-connected, balanceable and not equal to Ryjp. Note that G”
has exactly one branch of length greater than 1. By Theorem 6.15 G” has a pair of twins {u,us}.
Since z has only one neighbor of degree 3, ¢ N(u;) = N(ug) and thus {ui,us} is the desired pair
of twins of G. O

As was noticed in [73] (for the special case of cubic balanced graphs), Corollary 6.17 implies
the following.

Corollary 6.18 Let G be a cubic balanceable graph. Then the following hold:
(i) G has girth four.
(ii) If G # Rio then G contains an edge that is not the unique chord of a cycle.
(i1i) G is not planar.

PROOF — It is easy to see that if G = Ry then (i) and (iii) hold. So we may assume that G # Rjo.
By Corollary 6.17, let {u1,us} be a pair of twins of G, and {v1,v2,v3} the set of neighbors of u;
and ug. Then ujviuguy is a cycle of length 4, and hence (i) holds. Suppose that ujv; is a unique
chord of a cycle C in G. Then all neighbors of u; and v; belong to C, and in particular, us belongs
to C and has three neighbors in C, a contradiction. Hence (ii) holds.

By Corollary 6.17 we may assume that none of vi,ve,v3 is a cut vertex of G. So there is a
connected component C' of G\ {u1,ua,v1,v2,v3} such that all of vy, vs,v3 have a neighbor in C.
Let €’ be a minimal induced subgraph of C' that is connected and all of vy, vo, v3 have a neighbor
in C’. Since G is cubic, it is easy to see that V(C") U {u,us,v1,v2,v3} induces a subdivision of
K3 3. Therefore, by Kuratowski’s Theorem (see for example [14]), G is not planar. O
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Chapter 7

Excluding wheels as subgraphs

In this chapter:

e If G and H are graphs, then we say that G is H-free if G does not contain
H as a subgraph (not necessarily induced).

e K, is a wheel.

The work described in this chapter comes from two different papers. Results presented in
Section 7.3 (concerned with 3-wheel-free graphs) come from a joint work with Frédéric Havet and
Nicolas Trotignon [4] (unpublished), results presented in Section 7.4 is accepted in Journal of Graph
Theory [1].

Recall that a k-wheel is a graph formed by a chordless cycle and a vertex, outside the cycle,
that has at least k neighbors in the cycle. In this chapter, we study classes of graphs that do not
contain k-wheels as subgraphs for several values of k. It appears that arguments from connectivity
are more adapted to study these classes than the decomposition method.

Here is the plan of the chapter. In the first section, we state every known result about classes of
graphs defined by forbidding k-wheels as subgraphs. In the second chapter we present some tools
around connectivity. The third section is devoted to 3-wheel-free graphs and the last section, that
contains the main contribution of the author to the area, is concerned with 4-wheel-free graphs.

7.1 State of art

In this section, we give a brief survey of the known results on k-wheel-free graphs. These results are
split in two parts. We first present some extremal results that give the maximal number of edges
that a k-wheel-free graph with n vertices can contain. Then some results about local structural
properties with coloring applications. In the rest of the chapter we are only interested by these last
ones.

Recall that a twin is a pair of non adjacent vertices that have the same neighborhood.

The class of 2-wheel-free graphs is very simple, we already precisely described their structure
in Chapter 5 and we do not deal with them here.
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Extremal results

The following theorem give the maximal number of edges that a 3-wheel-free graph can contain.

Theorem 7.1 (Thomassen [87]) If G is a 3-wheel-free graphs on n vertices, then it has at most
2n — 3 edges.

In the same paper, Thomassen proves that this bound is tight and he precisely describes graphs
that reach it. These graphs are called (K3, K33 )-cockades and are defined recursively as follows:

1. K3 and K33 are (K3, K3 3)-cockades.

2. If G and Gy are (K3, K33)-cockades and e; € E(G;) for i = 1,2, then the graph obtained
by identifying e; and ey (and their respective extremity) is a (K3, K3 3)-cockade.

The next theorem is an extension of the theorem above to 4-wheel-free graphs.

Theorem 7.2 (Horev [57]) If G is a 4-wheel-free graph on n vertices, then it has at most 3n — 8
edges. Moreover, the bound is reached by a unique graph, the graph obtained from Ks ,_3 by adding
an edge to the color class of size 3.

The following theorem is concerned with k-wheel-free graphs in general but the given bound is
not tight.

Theorem 7.3 (Horev and Lomonosov [58]) If G is a k-wheel-free graph (k > 5) on n vertices,
then it has at most (2k — 3)(n — k + 1) edges.

The good bound is conjectured to be:

Conjecture 7.4 (Horev and Lomonosov [58]) If G is a k-wheel-free graph (k > 5) on n ver-
tices, then it has at most (r — 1)(n — r 4+ 1) + [“52] edges. Moreover, it is conjectured that the
only graph reaching this bound is the unique graph obtained from Kj_1 5,41 by adding a maximum
matching to the color class of cardinality k — 1.

It is interesting to note that extremal k-wheel-free graphs form a quite rich class when k£ = 3,
whereas it is formed by a unique one when k& > 4 (or at least when k = 4, for k > 5 it is only
conjectured but there are many reasons to think the conjecture is true). We will also see that,
similarly, the class of k-connected k-wheel-free graphs is quite rich when k = 3 whereas it is formed
by a unique graph (namely K} ) when k > 4 (see Theorem 7.11).

These differences are certainly explained by the fact that, when k£ > 3, the structure around a
set of k vertices that do not lie on a common cycle in a (k+ 1)-connected graph is very constraining,
whereas it is less restrictive in the case where k = 2. See Section 7.2 for more details about that.

Structural and coloring results

Theorem 7.5 (Turner [95]) For any integer k > 2, if G is a k-wheel-free graph, then G contains
a vertex of degree at most k.
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The proof of the above theorem relies on some elegant arguments on a longest chordless path
in a graph that has minimum degree k£ + 1. Note that the result stated in [95] is slightly weaker
than Theorem 7.5, but the proof given by Turner in [95] proves exactly the version given here.

Theorem 7.5 easily implies the following result.

Corollary 7.6 For any integer k > 5, if G is a k-wheel-free graph, then G is (k+1)-colorable.

Thomassen and Toft showed the following result about 3-wheel-free graphs (an alternative proof
of it can be found in [4], we say more about it in Section 7.3):

Theorem 7.7 (Thomassen and Toft [88]) If G is a 3-wheel-free graph, then either it contains
a pair of twins or it contains a vertex of degree at most 2.

From Theorem 7.7 they easily get the following corollary that settles a conjecture proposed by
Toft in [89].

Corollary 7.8 If G is a 3-wheel-free graph, then G is 3-colorable.

PROOF — We proceed by induction on the number of vertices of a 3-wheel-free graph G. If
|[V(G)| = 1, then G is 3-colorable. Otherwise, by Theorem 7.7, either G contains a vertex w of
degree at most 2, or a pair {u,v} of twins. In the first case, we color G \ {w} by the induction
hypothesis, and give to w one of the four colors not used in its neighborhood. In the second case,
we color G \ {u} by the induction hypothesis, and give to u the same color as v. O

This last corollary is easily seen as being tight since odd cycle are 3-wheel-free. Some more
results about 3-wheel-free graphs (more precisely about 3-connected 3-wheel-free graphs and about
3-wheel-free planar graphs) are proved in Section 7.3.

The next theorem is an extension of Theorem 7.7 to 4-wheel-free graphs, it is the main contri-
bution of the author to this subject, the proof is given in Section 7.4.

Theorem 7.9 (Aboulker [1]) If G is a 4-wheel-free graph, then either it contains a pair of twins
or it contains a verter of degree at most 3.

It implies the following corollary.
Corollary 7.10 If G is a 4-wheel-free graph, then G is 4-colorable.
PROOF — The proof is similar to the proof of corollary 7.8 O

The following result is concerned with k-connected k-wheel-free graphs for any k > 4. A result
actually slightly more general is proved in Section 7.4 (see Theorem 7.32).

Theorem 7.11 (Aboulker [1]) For k > 4, the only k-connected k-wheel-free graph is Ky, .

Theorems 7.7, 7.9 and 7.11 suggest the following conjecture.

Conjecture 7.12 If G is a k-wheel-free graph (k > 5), then either it contains a pair of twins or
it contains a vertex of degree at most k — 1.

We propose a second conjecture that is easily seen as being weaker than the above one.
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Conjecture 7.13 If G is a k-wheel-free graph (k > 5), then it is k-colorable.

Note that concerning the coloring, Corollary 7.10 and Conjecture 7.13 are tight since for any
k > 4, K is a k-wheel-free graph.
Let us finish this section by giving a way to construct an infinite number of k-wheel-free graphs of
chromatic number k. Let G; and G5 be disjoint graphs, and let e; = u1v; and es = ugvy be edges
of G1 and G, respectively. The graph obtained from G; and G by identifying u; and ug, deleting
e1 and e9, and adding a new edge vyve is called a Hajos join of G1 and Gbs.

Property 7.14 If G1 and Gy are k-wheel-free graphs and G is a Hajos join of G1 and Go, then
G is k-wheel-free.

PROOF — Let e; = ujv; and es = usvs be edges of G; and Ga, respectively and assume that G
has been obtained from G and Go by deleting e; and es, identifying w1 and wue, and adding a new
edge vive. We name u the vertex of G obtained from the identification of u; and us. Suppose by
way of contradiction that G contains a k-wheel (z, C') with spokes xx1, ..., xx. Note that deleting
v1vg and u in G yield to a disconnected graph with two connected component, Hi and H} say.
Put H; = G[H] U {u}] and assume w.l.o.g. that H] is a subgraph of G; for i = 1,2. So H; and
Hjy are both k-wheel-free. We may assume w.l.o.g. that x € V(Hy). Since {u, vy} is a cutset of G,
Z1,...,x need to be in Hy. Therefore, by replacing the part of C' that goes through Hy by the
edge ujvy, we get a k-wheel in GG, a contradiction. O

A graph G is k-critical if x(G) = k and, for any proper subgraph H of G, x(H) < k. It is
a well-known (and easy) fact that the Hajds join of two k-critical graphs is k-critical (see [14] for
example). Now, since K}, is k-wheel-free and k-critical, by Property 7.14, one can build an infinite
number of k-critical k-wheel-free graphs using Hajés join.

7.2 Preliminaries

In this section, we present every tool we need in this chapter.

Around Menger Theorem

Let G be a graph, k > 1 an integer, Y C V(G) a set of at least k vertices, and z € V(G) \ Y. A
family F of k paths from = to Y whose only common vertex is x and whose internal vertices are
not in Y, is called a k-fan from x to Y. The set formed by vertices from Y that are endvertices of a
path of F is denoted by ext(F). We take the following convention for the notation of the paths of
a k-fan F: if we denote Py_y,, ..., Py, the k paths of F, it means that for7 =1,...,k, v and u;
are the endvertices of P,_,,. The next result is an easy consequence of Menger Theorem (see [14]).

Lemma 7.15 (Fan Lemma) If G is a k-connected graph, x € V(G) and Y is a subset of V(G)\
{z} of cardinality at least k, then there is a k-fan from x to Y.

We will also need the following improvement of the fan Lemma.

Lemma 7.16 (Perfect, [76]) Let G be a k-connected graph, k > 2, ki <k, x € V(G), S CV(G)
with |S| > k and F} a ki-fan from x to S. There exists a k-fan F, from = to S such that
ext(FL) C ext(Fy).
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Cycles containing prescribed elements

In graph theory, conditions for a set of elements (vertices, edges or paths) to belong to a cycle has
been heavily studied (see [52] for a nice survey on this subject). Since a vertex v of a graph G is
the center of a k-wheel if and only if there exists a cycle going through at least k vertices of N(v)
in G\ v, these kinds of result are very helpfull for the study of k-wheel-free graphs. The first result
in this area is the following.

Theorem 7.17 (Dirac [46]) In a k-connected graph G,
1. given any k wvertices, there is a cycle passing through the k vertices;
2. given any edge and any k — 1 vertices there is a cycle passing through all of them.

In [99], Watkins and Mesner state a sufficient and necessary condition for a set of k vertices in a
(k — 1)-connected graph (k > 3) to not be contained in a common cycle. As we already mentioned
in Section 7.1, there is a deep difference between cases where k = 3 and k > 4.

The statement in the case where k = 3 is quite long and complicate to state and, since we do
not need it in any proofs presented here, we do not state it formally. A formal statement can be
find in [99] or in [4] where an alternative prove of F. Havet, N. Trotignon and the author is given.
But, roughly, it says that three vertices x, y, z of a 2-connected graph do not lie on a cycle if they
lie on three interiorly distinct paths Py, P», P3 such that the removal of the endvertices of these

three paths pairwise separates x, y and z.
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Figure 7.1: In these three graphs, x, y and z do not lie on a common cycle

Note that, interestingly, the three smallest 2-connected graphs that contain three vertices x,
y, z not lying in a common cycle of the graph, are the theta, the pyramid and the prism (Figure
7.2). To our knowledge, [99] is the oldest paper mentioning the 3-paths configurations! Note also
that Lemma 7.22 gives a sufficient (but not necessary) condition for three vertices in a 2-connected
graph to not be contained in a common cycle.

The analogue result in the case k > 4 says that a set of k vertices is not contained in a cycle of
a (k — 1)-connected graph if and only if there exists a (k — 1)-cutset that pairwise separates the k
vertices (the “if” part is easy to check). This fact is the key tool to prove that the only k-connected
k-wheel-free graph is K}, j, so we formally state it just before the proof (see Theore 7.29).
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Fragments and end blocks

Let G be a graph, F' C V(G) and x € V(G). We recall that N(F) is the set of vertices from
V(G) \ F adjacent to at least one vertex of F' and Np(z) = N(z) N F is the neighborhood of x in
F. We denote by F the set V(G)\ (FUN(F)). We say that F is a fragment of G if [N(F)| = x(G)
and F # (). Note that if F is a fragment of G, then F is a fragment too. Note also that complete
graphs are the only graphs that do not contain any fragment. So, if G is a graph of connectivity k,
each k-cutset of G defines two fragments.

An end of G is a fragment not containing any other fragments as a proper subset (it is a
fragment associated with a minimally sided x(G)-cutset). It is clear that any fragment F' contains
an end, and that consequently any graphs that is not a complete graph contain at least two disjoint
ends: one in F, another one in F.

Let F be an end of G. If |F| = 1 we say that F' is trivial. The graph H obtained from
G[F U N(F)] by adding all (not already existing) edges between vertices of N(F) is called an end
block of G. Edges with both ends in N(F') are called marker edges of H.

Let us finish this section with two easy and essentials properties of the end blocks of a graph.

Property 7.18 Let G be a graph that is not a clique and let K be a clique in G. Then there exists
an end of G disjoint from K.

PROOF — Let F be a fragment of G. Either V(K) C FUN(F), or V(K) C FUN(F). The result
follows easily from the fact that F' and F both contain an end. O

The next classical property says that any graph with connectivity k£ that contains a non trivial
end admits a extreme k-cutset i.e. the end block containing the non-trivial end does not admit
k-cutset.

Property 7.19 If G is a graph of connectivity k and F is a non-trivial end of G, then the end
block H containing F is (k+1)-connected.

PROOF — Let G be a graph of connectivity k, F' a non-trivial end of G and H the end block of
G containing F'. Suppose by way of contradiction that x(H) < k. Since |V(H)| > k+2,if H is a
clique we are done. So we may assume that H is not a clique and thus H admits a fragment F’
such that |Ng(F")| < k. Since Ny (F') induces a clique, by Property 7.18 we may choose F’ disjoint
from Ny (F). Thus F' is a fragment of G that is a proper subset of F', a contradiction. O

Note that Property 7.19 can be reformulated as follows: every graph of connectivity & that
is not a clique admits an extremal k-cutset (where the block of decomposition associated with k
cutsets is the end block).

7.3 3-wheel-free graphs

When I started my PHD, the first problem Nicolas Trotignon proposed to me is the study of graphs
that do not contain wheels as subgraphs (recall that wheels and 3-wheels are the same). He was
interested in graphs that do not contain wheels as induced subgraphs but, this class of graphs being
very complicated and hard to tackle (especially at the very beginning of a phd), we decided to start
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by forbidding them only as subgraphs. This leads to a class easier to handle and, we hoped, might
give us some insight on the structure of graphs that do not contain wheels as induced subgraphs.

At the end of the day, we cannot really say that it gave us any useful informations on graphs
with no induced wheels, but anyway, it leads us to some very nice results, methods and related
open problems.

The main result we obtained is Theorem 7.7. We didn’t know at this time it was already
proved by Thomassen and Toft. Anyway, our proof (jointly with Havet) is completely different
from theirs. We do not include it here because it is very long and technical and the global approach
is similar to the approach we use to prove Theorem 7.9 in Section 7.4. On the other hand we include
two unknown results about 3-wheel-free graphs: 3-connected 3-wheel-free graphs are minimally 3-
connected (see Subsection 7.3.1) and 3-wheel-free planar graphs are 2-colorable (see section 7.3.2).
Moreover, the (simple) proofs of these results illustrate some techniques we use in the (way more
complicated) proof of Theorem 7.9 (see Section 7.4).

7.3.1 Minimaly 3-connected 3-wheel-free graphs

Recall that a graph G is minimally 3-connected if, for any edge e of G, G\ e is not 3-connected. An
edge e of a 3-connected graph G is said to be essantial is G \ {e} is not 3-connected. So, a graph
is minimally 3-connected if and only if it is 3-connected and all its edges are essential.

In this subsection, we give the proof that 3-connected 3-wheel-free graphs are minimally 3-
connected. We actually prove a more general statement which is that any end vertex of a non-
essential edge is the center of a 3-wheel (see Theorem 7.24).

The fact that 3-connected 3-wheel-free graphs are minimally 3-connected is a step of our proof
of Theorem 7.7. It indeed gives some strong information because of the following theorems of
Mader.

Theorem 7.20 (Mader [68], see also [13]) If G is a minimally 3-connected graph, then every
cycle of G contains a vertex of degree 3.

Theorem 7.21 (Mader [68], see also [13]) If G is a minimally 3-connected graph, then G has

2|V (G)|+2
5

at least vertices of degree 3.

The following is the basic tool to characterize the situation when no cycle goes through three
given vertices of a 2-connected graph. Note that contrary to Theorem 7.29, it is not an “if and
only statement”.

Lemma 7.22 Let G be a 2-connected graph and x,y, z be three vertices of G. Then either
e a cycle of G goes through x,y, z; or

e x,y,z are distinct and there exist two distinct vertices ta,tp ¢ {z,y,z} and siz internally
vertex-disjoint paths Pa =ta...x, P =tp... 2, Qa=1ta...y,Q@p=tp...y, Ra=ta...2
and Rg =tg...z.

PROOF — Since G is 2-connected, we know that x, y and z are distinct (or a cycle goes through
them) and there exists a cycle C that goes through z,z. Cycle C' is edge-wise partitioned into two
paths S4 and Sp from z to z. Since G is 2-connected, if y ¢ V(C), then there exists a 2-fan from
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y to C, formed by Q4 =y...t4 and Qg = y...tp say. If ta,tp € V(S4) then up to symmetry,
x,ta,tp,y appear in this order along S4 and xSAtAQay@QptpSazSpx is a cycle through x,y, 2.
Similarly ta,tp € V(Sp) one finds such a cycle. Hence, we may assume t4 € V(S4) \ {z,z} and
tp € V(Sp) \ {z,z}. Welet Py =xSata, Ra = 2Sata, Pp = xSptp and Rp = zSptp. d

We name W3(G) the set of vertices that are center of a 3-wheel in G.

Lemma 7.23 If G is 4-connected, then W3(G) = V(G).

PROOF — If a graph G is 4-connected, then any vertex v has at least four neighbors. Since G'\ {v}
is 3-connected, by Theorem 7.17, it contains a cycle going through three neighbors of v. Together
with v, this cycle forms a wheel. O

Lemma 7.24 If a 3-connected graph G contains an edge e = ab that is not essential, then {a,b} C
Ws5(G).

PROOF — Since G \ ab is 3-connected, there exist three vertex-disjoint paths T} = aay...b, To =
aaz...band T3 = aag...bin G\ ab.

In G\ a, which is 2-connected, we may assume that no cycle goes through a1, as and a3 (otherwise
a € W3(G)). So, by Lemma 7.22 applied to G \ a, there exist two vertices u,v and six internally
vertex-disjoint paths P; = ay...u, P, = as...u, P3 =a3...u, Q1 = a1...v, Q2 = az...v and
Qs3=ag...v. Weset X =PLUP,UP;UQ1UQR2UQs3.

Because of 11,15, T3, either b € X, in which case we suppose b € P;, or there exists a 3-fan from
bto X in G\ a. When b ¢ X, from the pigeon-hole principle, at least two paths from this 3-fan
end in P U P, U P3 or in Q1 U Q2 U Q3. So, up to symmetry, if b ¢ X, then we may assume that
there exists a 2-fan from b to P; U P». It follows that (wherever b is) there is a cycle in G \ a that
goes through a1, as and b. Together with a, this cycle forms a wheel centered at a. This proves
a € W3(G), and b € W3(G) can be proved similarly. O

Corollary 7.25 If G is a 3-connected 3-wheel-free graph, then G is minimally 3-connected.

PROOF — Since G is 3-connected, by Lemma 7.23, G has connectivity 3. Let e = uv be an
edge of G. Suppose for a contradiction that e is not essential. Then deg(u),deg(v) > 4, and by
Lemma 7.24 u,v € W(G). This contradicts the fact that G is almost wheel-free. Hence, all edges
of G are essential and thus G is minimally 3-connected. O

7.3.2 Wheel-free planar graphs

We prove in this section that any wheel-free planar graph on at least two vertices contains at least
two vertices of degree at most 2. In fact, the key property that we use is that a planar graph does
not contain a subdivision of K3 3.

The proof is based on the use of end blocks. Their use is not straightforward because, if Gg is
an end block of a 3-wheel-free graph, then it might be that G is not 3-wheel-free. Anyway, next
lemma shows that, if Gg is not 3-wheel-free, the centers of its wheels are precisely located.

Lemma 7.26 Let G be a 3-wheel-free graph such that k(G) = 2. Let F be an end of G such that
|F| > 2 and GF the end block containing F. Then W3(Gr) C {a,b}.
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PROOF — Suppose that G contains a wheel (w,C') with w ¢ {a,b}. Since G is 3-wheel-free, the
edge ab must be an edge of that 3-wheel, and ab ¢ E(G). If ab is an edge of C, then a wheel of G
is obtained by replacing ab with a path from a to b with internal vertices in F, a contradiction. O

Lemma 7.27 If G is a 3-connected graph that contains no subdivision of K33, then W3(G) =
V(G).

PROOF — Let v be a vertex of G. It has at least three neighbors x, ¥, z. If no cycle goes through
them, then let Ps,Qa, Ra, Pp,Qp, Rp be the six paths of G \ v (which is 2-connected) whose
existence is proved in Lemma 7.22. Together with v, they form a subdivision of K3 3, a contradiction.
Hence a cycle C' goes through z,y, z, so (v,C) is a 3-wheel centered at v. O

Theorem 7.28 (Aboulker, Havet, Trotignon [4]) If G is a 3-wheel-free graph on at least two
vertices that contains no subdivision of K33, then G has at least two vertices of degree at most 2.

PROOF — Our proof is by induction on |V(G)|, the result holding trivially when |V(G)| < 4.

If G is not connected, then by the induction hypothesis, each of its components has at least one
vertex of degree at most 2, so G contains at least two vertices of degree at most 2.

If G has a cutvertex a, then let C and C2 be components of G\ a. By the induction hypothesis,
G[C1 U{a}] and G[C2 U {a}] have each two vertices of degree at most 2. Thus at least one of them
is distinct from a and thus is also a vertex of degree at most 2 in G. Hence, C; and C5 have each
at least one vertex of degree at most 2 in G.

By Lemma 7.27, GG is not 3-connected. So we can assume that G is of connectivity 2.

We consider two disjoint ends F' and F’ of G. It is enough to prove that both of them have
cardinality 1. So, suppose for a contradiction that F' has cardinality at least 2. Let {u,v} = N(F),
and G the end block containing F'. So G is 3-connected. In addition, it contains no subdivision
of K33. Indeed if a subgraph H of G is a subdivision of K33, then H contains the edge uv. So
replacing uv by some path from u to v with internal vertices in F yields a subdivision of K. 33in G,
a contradiction. Hence, by Lemma 7.27, any vertex of G is the center of a 3-wheel. In particular,
G r contains a 3-wheel whose center is not among u, v, a contradiction to Lemma 7.26. O

7.4 4-wheel-free graphs

This section is mostly devoted to the proof of Theorem 7.9. Recall that Theorem 7.9 states that
every 4-wheel-free graph G contains either a pair of twins or a vertex of degree at most 3.

In the first subsection we show (Theorem 7.32) that the class of k-connected k-wheel-free graph
( k> 4) is reduced to a single graph that is K j (we actually show the result on a more general
class for technical reasons explain above). In order to prove Theorem 7.9, we only need the result
for k = 4 but we give here this more general result because it could be a nice start to tackle
Conjectures 7.4 and 7.12.

In Subsections 7.4.2, 7.4.3 and 7.4.4 we prove Theorem 7.9 for 4-wheel-free graphs of connectivity
3, 2 and 1 respectively (which together imply Theorem 7.9). In each of these subsections the same
method is used: we take an end block of the graph to raise the connectivity and be able to apply
results from previous subsections on it.
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Note that building end blocks is not class-preserving for the class of 4-wheel-free graphs, the
added marker edges may create 4-wheels. This is the reason why the results in subsections 7.4.1-
7.4.3 are not dealing directly with 4-wheel-free graphs but with a slightly enlarged classes, namely
almost 4-wheel-free graphs.

Here is how we define almost k-wheel-free graphs (k > 4) (we define it for any k > 4 because
Theorem 7.32 deals with k-wheel-free graph and not only with 4-wheel-free). We denote by Wy (G)
the set of vertices that are centers of at least one k-wheel in G. We say that a graph G is almost

k-wheel-free if [Wi(G)| < k+ 1 and a(G[Wi(G)]) < k —2.

7.4.1 k-connected k-wheel-free graphs

As we said in Section 7.2, the key tool to prove that the only k-connected k-wheel-free graph when
k > 4 is the following:

Theorem 7.29 (Watkins and Mesner, [99]) Let G be a graph with K(G) = k—1 > 3. If
X = {x1,...,z} € V(G) has the property that no cycle of G goes through all the vertices of
X, then G admits a cutset S = {s1,...,8k-1} such that SN X =0 and G\ S has k connected
components Cq,...,Cy such that x; € C; fori=1,... k.

In other words, it says that, in a (k — 1)-connected graph, a set of k vertices is not contained
in a cycle if and only if there exists a (k — 1)-cutset that pairwise separates the k vertices (the “if”
part is easy to check). Note that in [99] Watkins and Mesner do not present their result in the
same fashion as we do here, but they prove exactly the version given here.

Let us now explain how Theorem 7.29 is to be applied to k-connected graphs with no k-wheels.
Let G be a k-connected graph, let x € V(G) \ Wi(G) and let X = {x1,...,2x} C N(x). Since
x ¢ Wi(G) there is no cycle going through all vertices of X in G \ {z}. So, by Theorem 7.29
applied to G \ {z} there exists a set {s1,...,s,_1} such that the a}s for i = 1,...,k are in distinct
connected components of G \ {z,s1,...,5,-1}. We call the set S = {x,s1,...,s5,-1} a Watkins-
Mesner-certificate (WM-certificate for short) for (z,{x1,...,zx}) and we call, for i = 1,...,k,
Cg(z;) the connected component containing x; (see Figure 7.2).

We now prove two easy lemmas before we prove the principle result.

Lemma 7.30 If G is a (k+1)-connected graph, then Wi(G) = V(QG).

PROOF — Let = be a vertex of G and let z1,...,x; be k neighbors of z. By Theorem 7.17, there
is a cycle C in G \ {z} going through {x1,..., 2%} and thus (x,C) is a k-wheel of G. O

Lemma 7.31 If G is a k-connected graph, then every vertex contained in a triangle of G is in

Wi(G).

PROOF — Let abc be a triangle of G and let aq,...,ax_2 be neighbors of a different from b and
c. By Theorem 7.17, there is a cycle C' in G \ {a} passing through aq,...,ax_2 and bc and thus
a € Wi(G). Similarly, b and ¢ are in Wy (G). O
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Cg(xg)

Cs(r2) Cs(x4)

Figure 7.2: S = {x, s1, s2, s3} is a WM-certificate for (z,{x1,z2,x3,24}).

Theorem 7.32 If G is a k-connected almost k-wheel-free graph, then G is isomorphic to either
K or Kiq1.

PROOF — Let us argue by way of contradiction and suppose that G is a k-connected k-wheel-free
graph that is neither Kj, ; nor Kj41. Note first that, since Kj is the unique k-connected graph
on at most k + 1 vertices, V(G) \ Wi(G) # 0. By Lemma 7.30, x(G) = k.

(1) G does not contain Ky, as a subgraph.

Suppose by way of contradiction that G contains a subgraph H = K}, j, with partition {x1,..., 24}
and {y1,...,yr}. If His not induced, say z1x2 € E(G), then, by Lemma 7.31, {1, 22, y1,...,yx} C
Wi(G), a contradiction to the fact that |Wy(G)| < k + 1. So H induces Kjj and, since
a(G[W(G)]) < k — 2, at most k — 2 vertices among x;’s (resp. y;’s) are in Wi(G).

If S is a set of vertices of G, we say that a path P is an S-path if the endvertices of P are in S
and the internal vertices of P are in G\ S. If there exists an H-path P with both endvertices in X,
say with endvertices z1 and x, then (y1,x1 Prayoxsys . .. xxyrr1) is a k-wheel and, symmetrically,
every vertex in Y are also centers of k-wheels, a contradiction. So there exists no H-path with both
endvertices in X and, by symmetry, there exists no H-path with both endvertices in Y.

Since G # H, we may assume that x; say has a neighbor u ¢ V(H). There is a 2-fan F,, from
wto H\{z1} in G\ {z1}. If ext(F,) intersects X \ {z1}, then there exists an H-path with both
endvertices in X, a contradiction. So ext(F,) C Y and thus there exists an H-path with both
endvertices in Y, a contradiction. This proves (1).

(2) Let x € V(G)\Wi(G) and let {z1,...,zx} C N(x). If S = {z,s1,...,8k-1} is a WM-certificate
for (x,{z1,...,z}) and Cs(z;) = {x;} for somei € {1,... k}, then xz; € Wi(G).

Suppose w.l.o.g. that Cs(x;) = {x1} and that 1 ¢ Wi(G). So N(z1) = {x,s1,...,5,-1} and
there is a WM-certificate {z1,t1,...,tx_1} for (z1,{x,s1,...,86-1}). Now, for i = 2,... k,

there is a k-fan from x; to {z,s1,...,8,_1} included in Cg(z;) U {x,s1,...,8k—1} which im-
plies that {xo,...,zr} = {t1,...,tk—1}. I {xo,...,2x} C N(s;) for ¢ = 1,...,k — 1, then
Gl{x,s1,...,5k-1,21,...,2}] contains a K, a contradiction to (1). So we may assume that
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s1 say has a neighbor u # x5 in Cg(x2). There is a 2-fan from u to {z, s9,...,sp_1} in G\ {s1,x2}
that is included in Cg(z2) U {z,s2,...,sk—1} \ {z2}. So, the two paths of this fan link s; with a
vertex in {x, s2,...,8k_1} and avoid {z1,...,xx}, a contradiction to the fact that {x1,...,zx} is a
WM-certificate for (x1,{z,s1,...,sk—1}). This proves (2).

Observe that, by Lemma 7.31, for any vertex x in V(G) \ W (G), N(z) is a stable set and thus,
by definition of an almost 3-wheel-free graphs, = has at least two neighbors in V/(G) \ Wi(G).

Let x € V(G)\Wi(G),let X ={z1,...,2} C N(x) and S = {z, s1,..., sk_1} a WM-certificate
for (x,{x1,...,zr}) such that z, X and S are chosen subject to the maximality of |Cs(x;)| where
x; & Wi(G). Assume w.l.o.g. that Cg(z1) is the one that realizes the maximality.

Since x has at least two neighbors that are not center of a k-wheel, we may assume w.l.o.g. that
x2 & Wi(G). By (2), Cs(z2) # {x2}. Let {y1,...,yp—1} C N(z2)\{z} and let T' = {za, t1,...,tx_1}
be a WM-certificate for (x2,{z,y1,...,Yk—1}).

Suppose that for some j € {1,...,k — 1}, Cr(y;) is not included in Cg(x2) and therefore
contains an s; (i € {1,...,k—1}). W.lo.g. s1 € Cp(y1). Since there are k — 1 internally disjoint
paths linking s; to « whose interior vertices are included respectively in Cg(z1), Cs(z3),...,Cs(xg),
{t1,...,tx—1} € (Cs(z1) UCs(x3) U---UCg(xk)). Now, if for some i € {2,...,k — 1} Cr(y;) does
not contain any vertex in {sg, ..., Sx_1}, then xs is a cutvertex of G separating Cr(y;) from the rest
of the graph. So we may assume w.l.o.g. that s; € Cr(y;) for i =2,...,k — 1. Since |Cg(x2)| > 2,
either Cp(x) or one of the Cr(y;)’s have at least one vertex in Cs(x2) and thus, either {x, 2} or
{si,z2} is a cutset of G, a contradiction. So, Cr(y;) C Cg(x2) for i = 1,...,k — 1 and therefore
Cs(z1) UCg(x3)U---UCg(zg) € Cp(x). This contradicts the maximality of Cg(x1). O

Note that the above theorem trivially implies Theorem 7.11.

7.4.2 4-wheel-free graphs of connectivity 3

We first give a technical lemma that will be used in the proof of the next theorem.

Lemma 7.33 Let G be a graph of connectivity 3 and let F be a fragment of G with N(F) =
{a1,a9,a3}. If a;, for some i € {1,2,3} has at least two neighbors in F'U N(F'), then there exists
a 2-fan from a; to N(F)\ {a;} in G[F'UN(F)].

PROOF — Assume w.l.o.g. that a; has two neighbors in F'U N(F'), say = and y. Since G \ {a;}
is 2-connected, there exist two disjoint paths from {z,y} to {a2,as} in G \ {a1}. Since these two
paths are clearly included in FUN(F')\ {a1}, there is a 2-fan from a; to {az2,as} in G[F U N(F)].
O

a

a2

Figure 7.3: A 3-connected 4-wheel-free graph that satisfies the second outcome of Theorem 7.34.
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Theorem 7.34 If G is a graph with K(G) = 3 and F is an end of G such that W(G) N F = (),
then either F is trivial, or |F| = 2 and every vertex of N(F') is of degree 3.

PROOF — Let G be a graph of connectivity 3, let F' be an end of G such that W(G)NF = () and let
H be the end block containing F'. Set N(F) = {a1,as,as}. If F is trivial, then the first outcome of
the theorem holds. So we may assume that |F'| > 2 and thus, by Property 7.19, H is 4-connected.
Recall that edges aias, asas and ajas are called the marker edges of H.

(1) We may assume that H is not almost 4-wheel-free.

Assume that H is an almost 4-wheel-free graph. By Lemma 7.32, H = K} (it cannot be K4 4 since
it contains a triangle). Let x, y be the two vertices of F.. Assume that dg(a1) > 4. So a; has at least
two neighbors in F'U{ag, ag}. Therefore, by Lemma 7.33, there exists a 2-fan { Py, —a,, Pa;—as } from
a1 to {az,a3} in FUN(F). Then (x,a1 Py, —a,a2ya3Pa, —asa1) is a 4-wheel of G, a contradiction.
Thus dg(a1) = 3 and similarly dg(a2) = dg(ag) = 3. So, every vertex of N(F) is of degree 3 in G
and thus the second outcome of the theorem holds. This proves (1).

Observe that (1) implies that there is at least one vertex in F' that is the center of some 4-wheel
of H. In the rest of the proof, we aim to show that such a vertex is also the center of a 4-wheel in
G which is a contradiction.

Let us now give a new definition. Let (z,C) be a 4-wheel of H. We say that (z,C) is an
(1,5,k)-wheel if {i,j,k} ={1,2,3}, x € F, a;a; and aja;, are in E(C) and za; is a spoke of (z,C).

(2) If (x,C) is a 4-wheel of H with x € F, then (z,C) is an (i, j, k)-wheel.

Let (z,C) be a 4-wheel of H with z € F. If C' contains no marker edges, then (z,C) is a 4-wheel
of G, a contradiction. Assume now that C contains exactly one marker edge, say aijas. Let u
be a neighbor of a; in F. Since G \ {a1,as} is connected, there exists a path P from u to as in
G\ {a1,a3}. Tt is clear that P is included in F U {az}. So, by replacing the marker edge ajas by
a1uPas in C, we get a 4-wheel of GG centered on x, a contradiction. Therefore, we may assume
that C' contains two marker edges, say ajas and agas. If zag is not a spoke of (z,C'), then we
may replace the path ajasas by ajas in C' and we get a 4-wheel of H that contains exactly one
marker edge, a contradiction. So xas is a spoke of (z,C) and thus (z,C) is an (1, 2, 3)-wheel. This
proves (2).

In the rest of the proof, (2) is often used to get a contradiction when a 4-wheel (z, C') of H with
x € F contains only one marker edge. We shall use this without mentioning (2) explicitly.

(3) Let (x,C) be an (i, j, k)-wheel such that za; ¢ E(G). Set P =C\{a;}. Let x1, x2, x3 be three
neighbors of x in P such that a;, x1, T2, x3, ap appear in this order along P. If there exists a 1-fan
{Qa;—v} from {a;} to a;Pay in H \ {x,a;,ax}, then x3 = a and v € 12 Pay,.

Assume w.l.o.g. that i = 1, j = 2 and k = 3 and let {Qq,—} be a 1-fan from ay to a;Pas in
H\ {z,a1,a3}. If v € a1 Pz1, then (z,a2Qq,—,vPasaz) is a 4-wheel of H that contains exactly
one marker edge, a contradiction. So v ¢ a; Px; and by symmetry v ¢ x3Pas. In the case where
T3 = ag, we may assume that v € £1 Py otherwise the outcome of the theorem holds. Observe now
that, in the case where x3 # ag, the situation where v € 1 Pxy is symmetric with the situation
where v € z9PT3. So we may assume by way of contradiction and w.l.o.g. that v € £1Pzs. Note
that, in what follows, x3Pa3 may be reduced to a vertex.

Observe that {z1Pay, z1Pv} is a 2-fan from z1 to Quy—yUvPazU{a1} in H\{z}. So, by Lemma
7.16, there is a 3-fan Fp, = {Qz a1 Qzy—vs Qz—w} In H \ {x} from z1 to Qq,—y UvPasg U {a1}
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with {a1,v} C ext(F,,). We alter P as follows: z1Pa; := Qg —q, and 1 Pv := @Qg,—,. Note that,
after this alteration, P is still a path and P U {as} is still the rim of a 4-wheel centered on x in H
with spokes xas, zx1, T22 and xxs.

Let us now prove that w € ZoPx3.

o w ¢ Qq,—y for otherwise (z, a2Qqy—WQq4, —wx1Pasaz) is a 4-wheel of H that contains exactly
one marker edge, a contradiction.

o w ¢ VPzy for otherwise (x,a2Qq,—v0Px1Qz, —wwPagas) is a 4-wheel of H that contains
exactly one marker edge, a contradiction.

o w ¢ x3Pag for otherwise (z,a2Qq,— vV PwWQy, —wx1Pajas) is a 4-wheel of H that contains
exactly one marker edge, a contradiction.

So w € x9Px3. Observe now that if v = x9, then x is the center of a 4-wheel in H such that
the rim contains exactly one marker edge, so v # zs.

Now, {2 Pv, zo Pw} is a 2-fan from x2 t0 Qay—vUQqz, —wUa1 PvUwPas in H\{z}. So, by Lemma
7.16, there is a 3-fan Fy, = {Quy—v, Quy—w, Quy—u} from zo to Qgy—y U Quy—ry U a1 Pv U wPag in
H\{z}. Wealter P as follows: 9 Pv := Qz,— and zo Pw := @Q4,_.,. Note that, after this alteration,
P is still a path and P U {ay} is still the rim of a 4-wheel centered on x in H with spokes xag, zx1,
xxo and zx3. Let us show by considering the possible position of u in Qgy—yUQzy—wUai PvUwPag
that x is the center of a 4-wheel of H such that the rim contains at most one marker edge.

o Ifu € Quy—v, then (z,a2Qa,—vUQzy w2 Pr1Qz, wwPas is a 4-wheel of H that contains exactly
one marker edge, a contradiction.

o if u € Quyw, then (,a2Qa,— VP21 Quy —wuQy, wr2Pazaz) is a 4-wheel of H that contains
exactly one marker edge, a contradiction.

o If u € a1 Pz, then (x,a2Qq,— vV PuQqy,—yr2Pagaz) is a 4-wheel of H that contains exactly
one marker edge, a contradiction.

o If u € 21 Pv, then (z,a2Q 4,V P12Q 4y uPr1Q 4, —wwPasas) is a 4-wheel of H that contains
exactly one marker edge, a contradiction.

o If u € wPx3, then (z,a2Qu,— vV PT1Qz, —wwWPr2Qs,—yuPasas) is a 4-wheel of H that contains
exactly one marker edge, a contradiction.

o If u € x3Pag, then (z,a2Q4,—VPT2Qz, - uPWQy, —wr1Pay is a 4-wheel of H that contains
exactly one marker edge, a contradiction.

This proves (3).

(4) If (z,C) is an (i, j, k)-wheel, then x is adjacent to at least two vertices in {a1,az,as}.

Let (x,C) be an (i, j, k)-wheel. Assume w.l.o.g. that i =1, j =2 and k = 3. Set P = C \ {a2}.
Let x1, x2, x3 be three neighbors of x in P. Assume a1, x1, x3, x3, ag appear in this order along
P. There exists a 1-fan {Qq,—v} from {a2} to a1 Pag in H \ {a1,a3,z}. So, by (3), az = 3. This
proves (4).

(5) If (z,C) is an (i, j, k)-wheel, then x is adjacent to exactly two vertices in {ai,as,as}.
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Let (z,C) be an (i, j, k)-wheel. Assume w.l.o.g. that i = 1, j = 2 and k = 3. By (4), we may
assume that x is adjacent to a1, az and ag. Let u € N(zx) \ {a1,a2,a3}. Since H is not almost
4-wheel-free, there exists a vertex y € W(H) \ {a1, a2, a3, z}.

Assume first that y is adjacent to ay, as and as. If xy € E(G), then by (1), there exists
z € W(H)\{a1,a2,a3,z,y}. By (4), z is adjacent to at least two vertices in {a1,ag,as}. Assume
w.l.o.g. that z is adjacent to a; and as. Then (z, a1za2yasaq) is a 4-wheel of H that contains exactly
one marker edge, a contradiction. So xy ¢ F(G) and in particular u # y. There exists a 2-fan
(P1, P») from u to {aj,as,as} in H\ {z,y}. Assume w.l.o.g. that P, ends in a; and P, in az. Then
(z,a1 PyuPyasyasay) is a 4-wheel of H that contains exactly one marker edge, a contradiction.

So we may assume w.l.o.g. that y is adjacent to a; and ay and not to as. Let v € N(as) \
{a1,a2,x}. Assume first that xy € E(G). There exists a 1-fan {Q} from v to {ai,a2} in H \
{z,y,a3}. Assume w.l.o.g. that @ ends in as. Then (x,a;yasQuagay) is a 4-wheel of H that
contains exactly one marker edge, a contradiction. Thus zy ¢ E(G) and in particular u # v.
Therefore, there exists a 3-fan {R1, Rz, R3} from u to {a1,a2,a3,y} in H \ {z}. At least two of
these paths end in {ai,a2,as}. Assume first that one of the paths of the 3-fan, say Rs, ends on
az. We may assume w.l.o.g. that Ry ends in aj. Thus (z,a; RjuRsasasya) is a 4-wheel of H that
contains a unique marker edge, a contradiction. So no path of the fan ends in as and thus, we may
assume w.l.o.g. that Ry, Ry, R3 respectively ends in aj, ag, y. There exists a 1-fan {T'} from v to
RiURyUR3 in H\ {as,z,y}. It is easy to see that T creates a 4-wheel centered on x that contains
exactly one marker edge, a contradiction. This proves (5).

(6) Either there exist two vertices in W(H) \ {a1, a2, as} that have at least two common neighbors
in {a1,as,as}, or |W(H) \ {a1,a2,a3}| > 3.

By (1), there exists a vertex x € W(H) N F. Let (z,C) be a 4-wheel of H. By (2), (z,C) is
an (1,7, k)-wheel. Assume w.l.o.g. that i = 1, j = 2 and k = 3. By (5), we may assume w.l.o.g.
that N(x) N {a1,az2,a3} = {az,as}. Since H is not almost 4-wheel-free, there exists a vertex y in
W(H) \ {a1,az2,as,x} such that y is the center of an (i, j, k)-wheel. Since y is adjacent to exactly
two vertices in {aj, a9, as}, if y does not see both ag and as, then a(G[{a1,a2,as,x,y}]) = 2, and
therefore there exists a vertex in W(H) \ {a1, a2, as,z,y}. This proves (6).

So, by (6), we may assume w.l.o.g. that we are in one of the two following cases:

Case 1: There exist two vertices z, y in W(H) \ {a1, a2, a3} such that x and y are both adjacent
to as and as.

By (2), there exists i € {2,3} and a 4-wheel (z,C;) that is an (1,7,5 — i)-wheel. Assume w.l.0.g.
that i = 2. Set P, = C'\ {a2}. Let 1 and x2 be two neighbors of x in P, N F' and such that aj, z1,
9 appear in this order along Ps.

If y ¢ V(P2), then (z,a1a2yasPeaq) is a 4-wheel of H containing exactly one marker edge, a
contradiction. So y ¢ V(P,). Moreover, since y is adjacent to ag, by (3), y € z2Pds and we
may assume that yPas = yas. Now, define C5 as the cycle obtained from Cy by deleting edges
ajaz and azy and adding edges ajas and agy. Observe that (z,C3) is an (1, 3,2)-wheel and set
P3 == 03 \ {a3}.

Since H is 4-connected, {a1,z,y} does not separate {ag,as} from the rest of the graph. There-
fore there exists j € {2,3} such that a; has a neighbor z € F' distinct from x and y.

Suppose that z € V(P;). By (3), z ¢ a1Pjxs. Thus z € 2Py and thus (z, ajzPjaias—jya;) is
a 4-wheel containing exactly one marker edge, a contradiction. So z ¢ V(P;). There exists a 2-fan
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{Q:-u,Q:—v} from z to P; in H \ {z,a;}. By (3), {u,v} NV (a1Pjxz) = 0. If u € z;P;y, then
(x,a;2Q,—yuPjaias_;jya;) is a 4-wheel of H that contains a unique marker edge, a contradiction.
So u ¢ zoP;y and by symmetry, v ¢ zoP;y. Therefore {u,v} = {as_;,y}, say u = y and v =
as—j. Then (z,a;2Q.—vas—ja1Pjya;) is a 4-wheel of H that contains a unique marker edge, a
contradiction. This completes the proof in Case 1.

Case 2: There exist three vertices z, y and z such that x is adjacent to a2 and as, y is adjacent
to a1 and as, and z is adjacent to a; and as.

By (2), there exists an i € {2,3} and a 4-wheel (x, C;) that is an (1,4,5 —¢)-wheel. Assume w.l.o.g.
that i = 2. Set Py = C\ {az}. Let z1 and x5 be two neighbors of z in P, N F' and assume that aq,
1, T9 appear in this order along Ps.

If z ¢ V(P), then (z,a2za; Prasas) is a 4-wheel of H that contains a unique marker edge, a
contradiction. Moreover, since z is adjacent to ag, by (3), z ¢ a1 Paxe. So z € 9 Paads.

Now set C' = ajagazzP2aq and observe that (z,C’) is a (1, 3,2)-wheel of H. Let us now discuss
the position of y in the graph. If y ¢ V(P,), then (z, ajyasazzPsaq) is a 4-wheel of H that contains
a unique marker edge, a contradiction. If y € xo Pz, then (z,a1zasasyPaay) is a 4-wheel of H that
contains a unique marker edge, a contradiction. If y € zPsag, then (x, ajyasazzPeay) is a 4-wheel
of H that contains a unique marker edge, a contradiction. So y € aj Paxs which contradicts (3)
applied to (z,C"). O

As a trivial corollary of Theorem 7.34 we have the following result on 4-wheel-free graphs of
connectivity 3.

Corollary 7.35 If G is a 4-wheel-free graph of connectivity 3, then G contains at least one vertex
of degree 3.

7.4.3 4-wheel-free graphs of connectivity 2

Theorem 7.36 If G is a 4-wheel-free graph of connectivity 2 and F is an end of G, then either
there is a vertex v € F' of degree at most 3 or the end block containing F' is K4 4.

PROOF — Let G be a 4-wheel-free graph of connectivity 2, let F' be an end of G with N(F) = {a, b}
and let H be the end block of G containing F'. If F' is trivial then the first outcome of the theorem
holds. So we may assume that |F'| > 2 and therefore H is 3-connected.

(1) If (x,C) is a 4-wheel of H, then x € {a,b}.

Let (z,C) be a 4-wheel of H and assume x ¢ {a,b}. C has to contain the edge ab because it is
not a 4-wheel in G, but since we may replace ab by a path linking a to b in F U {a, b}, we have a
contradiction This proves (1).

Assume first that H is 4-connected. By (1) H is an almost 4-wheel-free graph. By Theorem 7.32
it is either K5, or K44. If it is K5, then vertices of F' are center of a 4-wheel in H, a contradiction
to (1), so it is K44 and the second outcome of the theorem holds.

So we may assume that x(H) = 3. By Lemma 7.18, there exists an end F; of H such that
{a,b} N F1 = (. By Theorem 7.34, either F} is trivial and we are done, or every vertex of N(F}) is
of degree 3 in H. Since N(F}) contains at least one vertex ¢ distinct from a and b, ¢ is of degree 3
in G. |
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Corollary 7.37 If G is a 4-wheel-free graph of connectivity 2, then either it contains a vertex of
degree at most 8, or it contains a pair of twins.

7.4.4 4-wheel-free graphs of connectivity 1

Theorem 7.38 If G is a 4-wheel-free graph of connectivity 1, then either G contains a vertex of
degree at most 8, or it contains a pair of twins.

PROOF — Let G be a 4-wheel-free graph of connectivity 1. Let F} be an end of G and H; the end
block containing F;. Observe that H; is actually an induced subgraph of G and is thus 4-wheel-free.
If Fy is trivial, then we are done, so H; is 2-connected. If H; is a clique, then |V (H;)| < 4 and
we are done. So, by Lemma 7.18, H; admits an end F5 disjoint from N(F3). Now, depending on
whether Hj is of connectivity 2, 3 or at least 4, we find the demanded structure in F» by Theorem
7.36, 7.34, or 7.32 respectively. O
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Chapter 8

Excluding cycles with a fixed number
of chords

In this chapter:

e If G and H are graphs, then we say that G is H-free if G does not contain
H as a subgraph.

e K, is not a wheel.

Most of this section come from a joint work with Nicolas Bousquet [2] and is concerned with
x-boundedness results.

8.1 Introduction and motivations

We already mentioned x-bounded classes several times in this document. For example, perfect
graphs can be defined as the largest class of graphs that is xy-bounded by the function f(z) = =.
We also saw that some classes of graphs defined by forbidding induced subgraph, such as triangle-
free graphs, are not y-bounded. So, a natural (and challenging) question is the following:

Question 8.1 What kind of induced structure is needed to be forbidden in order to get a x-bounded
class?

Let us now survey some results on y-boundedness by emphasizing on what different meanings
”structure” can take.

If H is a graph, we denote by Forb(H) the class of H-free graphs. A first way to tackle the
problem is to determine for which graphs H, Forb(H) is x-bounded. For example, it is proved in
[53] that Forb(Py) is x-bounded (where Py denotes the chordless path of length k). In [47], Erdés
proved that there exists graphs with arbitrarily large chromatic number and arbitrarily large girth.
So, if H contains a cycle, Forb(H) is not y-bounded. It is actually conjectured in [53] that Forb(H)
is x-bounded if and only if H is a forest. The deeper result concerning this conjecture is certainly
a result of Kierstead and Penrice [59] proving that the conjecture holds of every tree of radius at
most 2. To get out from this conjecture, we need to forbid a class of graph H such that H contains
graphs with arbitrarily large girth.
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A second way to forbid induced structure is the following: fix a graph H, and forbid every
induced subdivision of H. We denote by Forb*(H) the class of graphs that does not contain
induced subdivisions of H. The class Forb*(H) has been proved to be x-bounded for a number
of examples. The most beautiful one is certainly the proof by Scott [83] that for any forest F,
Forb*(F) is x-bounded. In the same paper he conjectured that, for any graph H, Forb*(H) is
x-bounded. Unfortunately, this conjecture has recently been disproved by Kozik et al. in [62].
Based on this work, Chalopin et al. [18] gave a precise description of a number of graphs H for
which Forb*(H) is not x-bounded. Since then, no conjecture about which H is needed to ensure
Forb*(H) to be x-bounded has been formulated.

A third way is to forbid a graph H for which some edges can be subdivided but some cannot.
More generally, to forbid a class of graphs H such that, for each H € H, some edges can be
subdivided and some cannot. For example, when we forbid wheels as induced subgraph, this is
exactly what we do, the rim can be subdivided but the spokes cannot.

Another class defined like that has already been mentioned in Section 2.3 because it was a
proper subclass of wheel-free graphs: graphs that do not contain a cycle with a unique chord as
an induced subgraph. In [92], Trotignon and Vuskovi¢ proved that this class is xy-bounded by the
function maz(3,w(G)). Forbidding cycles with a unique chord is equivalent to forbid a diamond
(recall that a diamond is a cycle of length 4 with a diagonal) such that every edge but the diagonal
can be subdivided.

A k-cycle is a chordless cycle with exactly k chords. We call Cy, the class of k-cycle-free graphs
i.e. the class of graphs that do not contain cycles with exactly k chords. So, the cited result on the
class of graphs that do not contain a cycle with a unique chord may be rephrased as follows : C; is
x-bounded.

The two main results of this chapter are that both Cy (see Theorem 8.5) and Cs (see Theorem
8.10) are x-bounded. Note that the statement of Theorem 8.5 concerned a super-class of Ca, see
section 8.3 for more details. Class Cs is particularly interesting to us because, contrary to Cs that
does not admit graphs with cliques larger than the triangle (because K4 is a 2-cycle), graphs in Cs
might contain any size of cliques. These results suggest the following conjecture :

Conjecture 8.2 For any integer k > 4, Cy, is x-bounded.

Here is the plan of this chapter: in Section 8.2, we explain the principle tool we use in different
proofs of this chapter. Section 8.3 is concerned with the class Co and Section 8.4 is concerned with
the class Cs.

8.2 Preliminaries

We mentioned that C; was already proved to be x-bounded, we use this result for graphs in C; that
contain no Ky, which formally give:

Theorem 8.3 (Trotignon and Vuskovié [92]) If G € C; and w(G) < 3, then x(G) < 3.

Let us now explain a classical tool to prove x-boundedness results for classes of graphs defined
by forbidding induced structure and that is extensively use in this chapter.

Let G be a graph. Recall that the distance between two vertices z, y of G is the length of a
shortest xy-path. Let z be a vertex of G and let ¢ be an integer. The i-th level of z is the set of
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vertices, denoted by S;(z,G), that are at distance exactly ¢ from z in G. If no confusion is possible,
we denote it by S;(z) in order to avoid too heavy notations. A father of a vertex z € S;(z) is a
vertex in S;_1(z) adjacent to x. For every pair of vertices z, y in S;, it is easy to see that there
exists a chordless xy-path with internal vertices included in zUS;(z)U---US;_1(2). Such paths are
called unimodal paths. Note that interior vertices of unimodal paths are not adjacent to any vertex
of S;(z). This make unimodal paths a key tool to find particular induced structure in a graph. In
the rest of the paper, the letter @) will be reserved to denote unimodal paths. If x and y are two
vertices in Sj(z), Qzy denotes a unimodal path with endvertices = and y.

The following general remark explains the reason why decomposing a graph into levels (as
described above) is a very powerful tool to bound its chromatic number.

Remark 8.4 (Folklore) Let G be a graph and let z be a vertex of G. There exists an integer k
such that G[Sk(2)] has chromatic number at least [x(G)/2].

PROOF — For any i # j, there is no edges between a vertex of Sy; (resp. of Sa;+1) and of Sa; (resp.
of Sj+1). Indeed adjacent vertices are at distance one, so their level differ by at most one. So,

X(G) < max; evenX(G[Si]) + max; oddX(G[Sj])

. The result follows.

8.3 Graphs that do not contain a cycle with exactly two chords
as induced subgraph

Let C be a cycle with exactly two chords e; = ajas and ea = b1bs. If €1 and es share an extremity
then e; and ey are V-chords. If a1, as, b1, by are pairwise distinct and appear in the following order
along C' : a;,b;,ar, b with {i,k} = {j,1} = {1,2}, then e; and ey are crossing chords. A 2-cycle
with V-chords (resp. crossing chords) is called a V-cycle (resp. an X-cycle) (see Figure 8.1). A
2-cycle that is not a V-cycle nor an X-cycle is a parallel cycle.

Figure 8.1: A V-cycle and an X-cycle.

The main result of this section is concerned with the class of (X-cycle, V-cycle)-free graphs that
of course strictly contains the class of graphs with no 2-cycles.

Theorem 8.5 Fuvery (X-cycle, V-cycle)-free graph G satisfies x(G) < 6.
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Note that we can bound the chromatic number by a constant here because K, is an X-cycle.
The proof is built on two steps: Lemmas 8.6 and 8.7.

The first step consists in showing that we can decompose an (X-cycle, V-cycle)-free graph around
a complete multipartite graph. More precisely we prove that if a graph is (X-cycle, V-cycle)-free
then either it has a clique cutset, or it is a complete tripartite graph, or it is diamond-free. In the
second step, we prove that (diamond, V-cycle, X-cycle)-free graphs have chromatic number at most
6 using remark 8.4. This second step is somehow an induction on the number of chords, based on
the result of Trotignon and Vuskovi¢ about C; (Lemma 8.3). We finally combine these two lemmas
to prove Theorem 8.5.

Note that the first step actually gives us a decomposition theorem for (X-cycle, V-cycle)-free
graphs, where the basic classes are complete multipartite graphs and (diamond, X-cycle, V-cycle)-
free graphs. Anyway, to get a usable decomposition theorem, one should decompose (diamond,
X-cycle, V-cycle)-free graphs that is a too complex class to serve as a basic class.

Lemma 8.6 If G is an (X-cycle, V-cycle)-free graph, then either G has a clique cutset, or G is
isomorphic to a complete tripartite graph, or G is diamond-free.

PROOF — Assume by way of contradiction that G does not admit a clique cutset, G is not isomor-
phic to a complete tripartite graph and G contains a diamond. Since G has no clique cutsets, G is
2-connected. Let H = K j be a maximum (subject to its number of vertices) complete tripartite
subgraph of G. Note A = {a1,...,a;} (resp. B = {b1,...,b;}, resp. C = {ec1,...,cx}) the set of
the partition of H of cardinality i (resp. j, resp. k). Note that since G contains a diamond, one
of the integers i, j, k is strictly greater than 1. Moreover, since G is Ky-free, H is an induced
subgraph of G i.e. A, B and C are stable sets.

(1) A vertex u ¢ V(H) has at most one neighbor in H.

Assume by way of contradiction that some vertex u ¢ V (H) satisfies dgy(u) > 2. If u has a neighbor
in A, B and C, say a1, by and ¢y, then uaibic; is a Ky, a contradiction. So we may assume w.l.o.g.
that u does not have any neighbor in C. Assume that v has a neighbor in A and a neighbor
in B, say a; and b;. By maximality of H, u has at least one non-neighbor in A U B. Assume
w.l.o.g. that as is a non-neighbor of u. Then wajciasbiu is a V-cycle with chords b1a; and bicy, a
contradiction. So we may assume w.l.o.g. that u does not have any neighbor in B and thus have
at least two neighbors in A, say a1 and as. Then uaibiciasu is an X-cycle with chords ajc; and
asbs, a contradiction. This proves (1).

Note that G # H since otherwise G is a complete tripartite graph. Let K be a connected
component of G\ H. By (1), vertices of K that have a neighbor in H, have a unique neighbor
in H. Since G does not contain clique cutsets, Ny (K) must contain two non-adjacent vertices.
Therefore, K contains a chordless path P = p; ... pg such that the neighbors of p; and pi in H are
two non-adjacent vertices. Among all such paths, let P be minimal. Assume w.l.o.g. that a; and
as are the neighbors of respectively p; and pg in H. By minimality of P, no interior vertex of P
has a neighbor in A.

If no interior vertex of P is adjacent to a vertex in B or C, then a; Pasbicia; is an X-cycle with
chords a1b; and agcy, a contradiction. Let ¢ be the smallest integer such that p; has a neighbor in
B or C, say p; is adjacent to b;. Then no interior vertices of p; ... p; is adjacent to any vertices of
H and thus a1p1 Pp;biascia; is a V-cycle with chords b1aq and byc1, a contradiction. O
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Lemma 8.7 If G is a (diamond, X-cycle, V-cycle)-free graph, then for any z € V(G) and for
every integer k, Sk(z) € Cy.

PROOF — Let G be a (diamond, X-cycle, V-cycle)-free graph and let z € V(G). Assume by way
of contradiction that there exists an integer k such that Si(z) contains a 1-cycle C' as an induced
subgraph. Name a, b the extremities of the unique chord of C. The cycle C' is edge-wise partitioned
in two ab-path: P' and P" (for left and right path, see Figure 8.2).

Figure 8.2: In Sz, G), the cycle C with a unique chord ab and the paths P" and P!

Observe that, since G is V-cycle-free, no vertex of G has four neighbors on an induced path.
Moreover, no vertex x of G has four neighbors on an induced cycle. Indeed, either two consecutive
neighbors are non adjacent, and then x has four neighbors on an induced path, or the cycle is a Cy
and then, G contains a diamond.

(1) For any x ¢ V(C), do(x) < 3 and, if x is adjacent to a or b, then dc(x) < 2.

Let x ¢ V(C).

Suppose first that z is adjacent to a and that do(x) > 3. First assume that zb is an edge. Since
do(xz) > 3, x has another neighbor z; in C. We can assume w.l.o.g. that z; is on P! If z has
no other neighbors on P!, then axbPla is an X-cycle with chords zz; and ab. So z has another
neighbor x5 on P! and then it has four neighbors in the chordless cycle aP'ba, a contradiction.

So zb is not an edge. Since C\{b} is an induced path, do(z) = 3. Denote by z; and x2
the two other neighbors of x on C distinct from a. If x1, x5 are on P! then aP'zzxoP'bP a
(resp. aPlzixzaoPlba) is a V-cycle (resp. an X-cycle) if zjz9 is not an edge (resp. is an edge)
on a (resp. with chords ax and x1x2), a contradiction. Hence, by symmetry, we may assume that
x1 € Pland 29 € P". Since G is diamond-free, a is not adjacent to both x1 and x5. Assume w.l.o.g.
z1a is not an edge. Thus x12aPTbP'zq is an X-cycle with chords xxo and ab, a contradiction.

So the second outcome of the claim holds. Now, if = has at least 4 neighbors in C, then x is
adjacent neither to a nor to b, and thus it has four neighbors on an chordless path, a contradiction.
This proves (1).

(2) Vertices a and b do not have a common father.

Recall that, given two vertices z, y in Sy_1(2), Qzy denotes a unimodal path from z to y. And
interior vertices of (), are not adjacent to any vertex of C.

Assume by way of contradiction that there exists a vertex z € Sk_1(z) that is a common father
to a and b. Let ¢ be the neighbor of a on P" and d be a father of c. By (1), d # z and, since G is
diamond-free, P! and P" have length at least 3 i.e. bc is not an edge.

If d is adjacent to a then cdQgzxbac is a V-cycle on a. If d is adjacent to b then cdQg.bac is an
X-cycle with chords ax and bd. So d is adjacent neither to a nor to b.
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Vertex d has at least one neighbor d; on ]—9’1, otherwise ¢dQg,bPlac is a V-cycle on a. Moreover,
d has a neighbor dy # ¢ on PT otherwise cd@Qgq-abP"c is an X-cycle with chords ac and xb. By
Claim 1, do(z) < 3, so No(d) = {c, d1, da}.

If d1b is not an edge, then dydcPTbaPld; is an X-cycle with chords ac and ddy. Otherwise
abrQyqdi Pla is an X-cycle with chords bd; and ax, a contradiction. This proves (2).

Sk(z, G) s\ Ski(zG)

. (25

N T

Figure 8.3: The particular graph of Claim 3, note that P" = ayix1b.

(3) Both a and b have a father of degree 1.

Let x and y be respectively a father of a and a father of b. By (2),  # y. Assume by way of
contradiction that say z has a neighbor z; # 2 in Pr. By (1), No(z) = {a,z1}. If y has no
neighbor in fy, then axQ.,ybP"a is an X-cycle with chords ab and xx1, a contradiction. So y has
a neighbor, say y1, in P" and, by (1), Neo(y) = {b,y1}.

Suppose first that 1 = y;. Since G is diamond-free, bz; and ax; cannot both be edges. So we
may assume w.l.o.g. that bz is not an edge. Then, aP"z12Q.yyba is an X-cycle with chords ax
and x1y, a contradiction. So x1 # y;.

Now, if a, z1, y1 appear in this order along P", then aa:QxyylP”bPla is a V-cycle on b, a
contradiction. So a, y1, x1 appear in this order along P". If ay; is not an edge, then axQ.,yy1 P ba
is an X-cycle with chords xzx; and by, a contradiction. So ay; is an edge and, symmetrically, bxy
is an edge. If y121 is not an edge, then ay1yQy.x1ba is an X-cycle with chords ax and by, a
contradiction. So x1y; is an edge (i.e. axyy121b is a square). If xy is not an edge, then abyy,zixa
is an X-cycle. So zy is an edge (see Figure 8.3).

Let ¢ be the neighbor of a on P, and let d a father of ¢. First assume that c¢b is an edge. Since
G is diamond-free, d is adjacent neither to a nor to b. If x1d is not an edge then cdQ g xzx1bac is a
X-cycle with chords cb and za, a contradiction. Hence, by symmetry, d is adjacent to both x; and
y1 and then ax@Qqdx1yia is an X-cycle with chords dy; and xz;.

Hence ¢b is not an edge. If d is adjacent to both x1 and y;, then axQ,qdx1y1a is an X-cycle
with chords dy; and zz;. If d is adjacent neither to x1 nor to y1, cdQqyybr1y1ac is a X-cycle with
chords ab and yy;. If d is adjacent to 1 and not to y; then cd@Qg.xx1bac is a X-cycle with chords
ax and dxi. If d is adjacent to y; and not to z; then cdQg.xx1y1ac is a X-cycle with chords yy;
and za This proves (3).

By (3), there exist two vertices x and y such that z is a father of a, y is a father of b and
do(r) = do(y) = 1. Since G is diamond-free, P and P! cannot be both of length two, so we may
assume w.l.o.g. that P’ has length at least 3. Let ¢ be the neighbor of a on P! and d be a father of
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c. Note that d # z and d # y. If do(d) = 1, then azQ,qdcP'bP"a is a V-cycle on a, a contradiction.
Hence d¢(d) > 2.

Assume first d has a neighbor dy in P". If d is the unique neighbor of d in P", then c¢dQg,ybP" ac
is an X-cycle with chords ab and dd; if a # dy, or is a V-cycle on a if d = a or d = b. So d has a
second neighbor dy in P™ and thus, by (1), No(d) = {¢,d1,ds} and {d1,ds} € P". Assume w.l.o.g.
that a, d; and dy appear in this order along P". Now, azQgqdds P"bP'a is an X-cycle with chords
cd and ab, a contradiction. So d has no neighbors in P" and thus has some neighbors in Pl

If d has exactly one neighbor d; in ]Sl, then axQgqdcP'ba is an X-cycle with chords dd; and
ac, a contradiction. So d has at least two neighbors in P and, by (1), it has exactly two. Put
Nc¢(d) = {c¢,dy,d2}. Now, chdyybPlc is a V-cycle with chords dd; and dds, a contradiction. O

We are now ready to prove Theorem 8.5, recall that this theorem states that every (X-cycle,
V-cycle)-free graph is 6-colorable.

PROOF — Assume by way of contradiction that there is some (X-cycle, V-cycle)-free graphs that
are not 6-colorable. Let G be minimal with this property. Suppose first that G contains a diamond.
Since a complete tripartite graph is 3-colourable, by Lemma 8.6, G admits a clique cutset K. Let
(4 be a connected component of G\ K, and Co the union of all other components of G\ K. Put
G1 = G[C1UK)] and Gy = G[CyUK)]. If G and G2 are both 6-colourable, then G is 6-colourable,
a contradiction. Therefore G or GGo is not 6-colourable, a contradiction to the minimality of G.
So we may assume that G is diamond-free i.e., G is (diamond, X-cycle, V-cycle)-free.

Let z be a vertex of G. Since x(G) = 7, by Remark 8.4, there is an integer k£ such that
X(Sk(z)) > 4. So, by Theorem 8.3, Si(z) contains a 1-cycle as an induced subgraph, a contradiction
to Lemma 8.7. O

8.4 Graphs that do not contain a cycle with exactly three chords
as induced subgraph

The aim of this section is to prove that C3 is x-bounded (see Theorem 8.10).

The proof is divided into three parts, according to the clique number. First of all, we prove
that every (triangle, 3-cycle)-free graph has chromatic number at most 24. Below, the constant 24
is denoted by c.

For graphs with clique number exactly 3, we prove that the chromatic number is at most 4c.
When the clique number is at least 4, then the chromatic number is close to the clique number.
We prove that asymptotically the difference between them is at most one.

Let us state now the exacts statements of these 3 theorems. They are prove in Subsections
8.4.1, 8.4.2 and 8.4.3 respectively.

Theorem 8.8 A (triangle, 3-cycle)-free graph has chromatic number at most c.
Theorem 8.9 A (K4, 3-cycle)-free graph has chromatic number at most 4c.

Theorem 8.10 A (3-cycle)-free graph has chromatic number at most max(4c,w(G) + 1).

Note that Theorem 8.10 says that, if a 3-cycle-free graph has a large enough clique (of size at
least 96), then x(G) < w(G) + 1. Moreover the Hajds join of two cliques shows this bound is tight.
Let us recall what the Hajos join of two cliques is and prove it is 3-cycle-free.
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Here is how to build the Hajés join of two Kj. Take two disjoint copies H; and Ho of Kj_1,
add a vertex x complete to H; and Hs and two adjacent vertices a and b, such that a is complete
to Hy and b is complete to Hs. The obtained graph is the Hajés join of K and K} and it is easy to
check that it has clique number k£ and chromatic number k 4+ 1. Now, let us show it is 3-cycle-free.
An az-path with interior vertices in H; is either chordless or has at least two chords. Similarly,
a bz-path with interior vertices in Hs is either chordless or has at least two chords. So a cycle
going through both H; and Hs is either chordless, or has exactly two chords, or has more than four
chords. Hence the graph is 3-cycle-free.

8.4.1 Clique number 2: proof of Theorem 8.8

Recall that Theorem 8.8 states that a (triangle, 3-cycle)-free graph has chromatic number at most
c=24.
To prove this result, we need the two following lemmas.

Lemma 8.11 Let G be a (triangle, 3-cycle)-free graph. For every z € V(G) and every integer k,
Sk(2) is (V-cycle, triangle, 3-cycle)-free.

Lemma 8.12 Let G be a (V-cycle, triangle, 3-cycle)-free graph. For every z € V(G) and every
integer k, Sk(z) is (X-cycle, V-cycle, triangle, 3-cycle)-free.

Before we prove these two lemmas, let us explain how they imply Theorem 8.8. Suppose there
exists a (triangle, 3-cycle)-free graph G with x(G) > 25. Let z be a vertex of G. By Remark 8.4,
there exists an integer k such that x(G[Sk(z,G)]) > 13. Put H = G[Sk(z,G)]. By Lemma 8.11, H
is (V-cycle, triangle, 3-cycle)-free.

Let = be a vertex of H. By Remark 8.4, there exists an integer ¢ such x(G[S¢(z, H)]) > 7.
So, by Theorem 8.5, G[S¢(x, H)] contains an X-cycle as an induced subgraph (it cannot contain a
V-cycle since it is an induced subgraph of H that is V-cycle-free) which contradicts 8.12.

Proof of Lemma 8.11

Recall that Lemma 8.11 states that, if G is a (triangle, 3-cycle)-free graph and z is a vertex of G,
then for every integer k, Si(z,G) is (V-cycle, triangle, 3-cycle)-free.

PROOF — Let G be a (triangle, 3-cycle)-free graph and z a vertex of G. Assume by way of
contradiction that there exists an integer k such that Si(z,G) contains an induced V-cycle C.

Figure 8.4: The V-cycle C in Si(z, G).
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Let a be the unique vertex of C' of degree 4 and let b, c be the two vertices of C' of degree 3.
Vertices a, b and ¢ are called the important vertices of C. We denote by P, the path from a to b
contained in C'\{ab, ac} that avoids c. Paths P,. and P,, are defined similarly (see Figure 8.4). P,
Py and P, are called the intervals of C. By abuse of notation, P,;, will sometimes denote V' (P,p).
Also, P, can be referred to as Py, (and analogously for P,. and P.,). Moreover, if a vertex x is
in V(P,p), then the path zP,b (resp. zP,a) can be referred to as Py, or Py, (resp. Pypq or Pyy).
Given two vertices x and y in the same interval, the external path from x to y consists in the path
from z to y in C'\ {ab, ac} passing through a, b and c. If z; and x9 are two vertices of a path P
that have a common father u, we say that x1 and xo are consecutive neighbors of u along P if u
has no neighbors in &1 PZs.

Note that adjacent vertices of C' cannot have a common father otherwise G would contain a
triangle. Also note that if a vertex has 5 neighbors on an induced path, there is a 3-cycle.

The proof consists in studying how a vertex not in C' can attach on C' and then using unimodal
paths to get contradictions.

(1) If a vertex u ¢ V(C) satisfies dc(u) > 3 and all but at most one neighbors of u are contained
i an interval of C, then G contains a 3-cycle.

Let u be a vertex not in V(C) such that: dc(u) > 3 and all but at most one neighbor of u is
contained in an interval of C. So, there exists two vertices u; and uy in N¢(u) such that u; and
ug are in the same interval of C' and u has exactly one neighbor ug on the external path P from u
to ug. Then uguui Pugy is a 3-cycle with chords ab, ac and uus (note that, since G is triangle-free,
ujug is not an edge). This proves (1).

(2) If u ¢ V(C) and dc(u) = 3, then u has exactly one neighbor in each interval i.e. it has one
neighbor in each of Py, Py and Pye.

This is immediate by (1). This proves (2).

(3) If u ¢ V(C), then u has at most 3 neighbors on aPpbPy.c.

Since G is triangle-free, either a or b is not a neighbor of u. If u has at least 5 neighbors in
aPybPy.c, then u has 5 neighbors on one of the chordless paths aP,;,bPy.c or aPy,bP,.¢ which
provides a 3-cycle, a contradiction.

So we may assume that u has exactly 4 neighbors in aP,pbP,.c and w.l.o.g. that u has at least
two neighbors in P,,. Let u; and us be two consecutive neighbors of u along P, such that a, u,
ug appear in this order along P,;. Then ujuua Py, pbPyccaPyy,, u1 is a 3-cycle (recall that ujug is not
an edge since G is triangle-free). This proves (3).

Note that by symmetry (3) also holds for bPy.cP,..a.
The next claim states the only way a vertex can have at least four neighbors in C.

(4) If u ¢ V(C) and dc(u) > 4, then do(u) =4 and No(u) = {b, ¢, y1,y2} where y1 is the neighbor
of a in Py, and ys is the neighbor of a in P.,.

Let u ¢ V(C) and suppose d¢(u) > 4.
If u has at least three neighbors in Py, then it has at least four neighbors either in P, Py, or in
Py Py, which contradicts (4). So v has at most two neighbor in P,.

Case 1 : u has exactly two neighbors, u1, us say, on Pj..
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Assume w.l.o.g. that b, u1, ug, c appear in this order along Py.. By (3), u has at most one neighbor
on aPub and at most one neighbor on ¢P.4a. Since do(u) > 4, both neighbors exists. Moreover
both are distinct from a otherwise there would be 4 neighbors on PPy or Py.Pe,, contradicting
(3). Denote by y; (resp. y2) the neighbor of u in Pyb (resp. in éPy).

If uy # b then yiuu1 Py, cPeqPay,y1 has 3 chords, namely uys, vus and ac. So u; = b and, by
symmetry, up = c. If y2a is not an edge then youuq Py, qacPey,y2 is a 3-cycle with chords ab, uy;
and uc. So ays, and by symmetry ay;, are edges, so the outcome holds.

Case 2 : u has exactly one neighbor, ug say on Pp..
Since do(u) > 4, u has at least 3 neighbors on lD)Pba P,.c. W.L 0.8. U has at least two neighbors in
Pablo) By (3), u has exactly two neighbors, u1,us say, in Pabb Assume that a, u1, uz appear in
this order along Pabb Let uy4 be the neighbor of u that is closest from a in P (ug exists since
do(u) > 4). If uz # c then uguuz Py pbPyg Pacua is a 3-cycle with chords ab, uuy and wug. So uz = c.
Note that a is not a neighbor of u otherwise a,c,u would be a triangle. So Ng(u) =
{u1,ug,c,us}, otherwise v would have 5 neighbors on the chordless path V(C) \ {a}, i.e. there
would be 3-cycle. Hence usucPe,Pyu,u2 is a 3-cycle with chords uuq, ac and uug, a contradiction.

Case 3 : u no neighbor on P.

Since do(u) > 4, we may assume w.l.o.g. that u has at least two neighbors, ui,us say, on Pabg.
By (1), u has at least two other neighbors us,us on ¢P.,. Moreover u has no other neighbors in
C since otherwise u would have 5 neighbors on the chordless path V(C)\ Py.. By (1), ui, ug, us, ug
are distinct from a. Assume w.l.o.g. that us, u1, a, ug, ug appear in this order along EPbaPacé.

If aus is an edge then uguug P, qacP, is a 3-cycle with chords aus, uus and uu;. So we may
assume aug is not an edge. If ugb is an edge then wouug Py, .cPpbaPy,ug is a 3-ycle with chords
uuy, ac and ugb. So ugb is not an edge and hence, usuugPyccPepbaPyy,us is a 3-cycle with chords
uul, uuyg and ac, a contradiction.

This proves (4).

(5) Let y be a father of a vertex of C. Then dc(y) < 3.

Let y1 be the neighbor of a in P, and ys be the neighbor of a in P,,. Let y be the father of a
vertex in C. Suppose for contradiction that do(y) > 4 By (4), No(y) = {b, ¢, y1, 92}

Let e be the neighbor of b on P,;. Note that e # y; since otherwise aby; is a triangle. Let f be
a father of e. By (4), do(f) < 3. If f has no neighbor in P,. U Py \ {e, b}, then efQ f,ycPeq Pape is
a 3-cycle with chords yyi, yys and ac. So f has at least one neighbor in P,. U Py, \ {e,b}.

Assume that f has at least one neighbor fi in Py, \ {e,b}. Then it is the only one, otherwise
dc(f) = 3 and all neighbors of f are in the same interval contradicting (2). Then efQ ¢ baPyce is
a 3-cycle with chords eb, yy; and ff1. So f has no neighbors in Py, \ {e, b}.

Hence f has at least one neighbor f; in P,, \ {a} and it is the only one by (2). If f has no
neighbor on P, then e JfQryyy2PucPece has chords yb, yc and f f1. So, f has at least one neighbor
fo in Py, and it is the only one by (2).

If fy is an edge then f3feP.y, y1yy2Py.cPey, is a 3-cycle with chords fy, ff1 and ye. Otherwise
ef faPrpbyy2aPye is a 3-cycle with chords, eb, ab and yy;. This proves (5).

(6) If x is a father of an important vertex of C, then do(z) < 2.

Let x be a father of an important vertex of C. By (5), dc(x) < 3. By (2), the father of an important
vertex cannot have exactly three neighbors in C. So d¢(x) < 2. This proves (6).
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(7) Let e be the neighbor of a on Py, and let f be a father of e. Then do(f) < 2.

Assume for contradiction that do(f) = 3. By (5), f has a exactly one neighbor, f; say, in Py,
and exactly one, fo say, in P.. All of them are distinct from important vertices since fathers of
important vertices have at most two neighbors on C.

Let = be a father of a. If x has no neighbor on 4P, Py, then efQ rracPyPyee is a 3-cycle with
chords ab,ae and ffi;. So x has a neighbor, x; say in aP,;FPy. and, by (6), No(z) = {a,z1}. If
T € ﬁabefl, then axQy f1PfpPyea is a 3-cycle with chords ab,ef and xz1. So z1 € f1 Py c and
then axQy s f f1 Py, cPeaa is a 3-cycle with chords ac, ffo and zx; a contradiction. This proves (7).

(8) Let = be a father of a. Then dco(z) = 2.

By (6), do(z) < 2. So we may assume by way of contradiction that do(x) = 1. Let e be the
neighbor of @ on Py, and let f be a father of e. Finally let y be a father of b.

If do(f) =1, then ax Py rePey Py Peqa is a 3-cycle with chords ae, ab, ac. So do(f) > 2 and thus,
by (7), do(f) = 2. If the second neighbor fi of f is on Py Py, then axQyrePePy.ca is a 3-cycle
with chords ae,ab and ff;. So f1 € P..

Note that eb is not an edge since otherwise aeb is a triangle. If y has a neighbor in lo)PbcPcae,
then byQyrfeaP,.Pyb is a 3-cycle with chords ab, ac and ffi. So y has a neighbor, say y;, in
l;PbCPcae and by (6), Nc(y) = {b,y1}. If y1 # e, then axQ,ybPy.Peq is a 3-cycle with chords ab, ac
and yy;. Hence y; = e which contradicts (7). This proves (8).

We now have proved enough claims to finish the proof. Let x be a father of a. By (8), do(z) = 2.
Let x1 be the neighbor of = distinct from a on C. Let e be the neighbor of @ on P, and let f be a
father of e. Finally let iy be a father of b. By symmetry we may assume that z; € Py.Pea.

If do(y) = 1, then axQyybPy. Py would be 3-cycle with chords ab, ac and zz1. So dc(y) > 2
and by (6), do(y) = 2. Let y1 be the neighbor of y distinct from b on C.

Assume that both xy,y; are on P.. If a,y1,x1 appears in this order along P,. then
1Py a PapyQya®1 is a 3-cycle with chords az, ab and yy1 (r1 # c since otherwise acx is a tri-
angle). So a,x1,y1 appear in this order along P,. and 1 # y;. In particular yja is not an edge
and so arQyyy1 Py, cPeyPraa is a 3-cycle with chords ab, ac and yb. Moreover, if both x1,y; are on
Py then anzybeca is a 3-cycle with chords ab, xx1 and yy;. So, either z; € Pobc and y; € Pza or
X € Pca and y; € Pbc

If 1 € Pbc and 1 € Pca and then 212Q4yy1 Py, a PapPor, 18 a 3-cycle with chords ax, by and ab.
Thus x; € Pca and y; € Pbc and then x12Qyy1 Py 5 PoaPoz, is a 3-cycle with chords ax, by and ab,
a contradiction that put an end to the proof. O

Proof of Lemma 8.12

Recall that Lemma 8.12 states that, if G is a (triangle, 3-cycle, V-cycle)-free graph and z is a vertex
of G, then for every integer k, Si(z,G) is X-cycle-free.
PROOF — Let G be a (triangle, 3-cycle, V-cycle)-free graph, z a vertex of G and suppose for
contradiction that there exists an integer k such that Si(z,G) contain an X-cycle C' as an induced
subgraph.

Let ac and bd be the two chords of C' and assume that a, b, ¢, d, appear in this order along C.
Vertices a, b, ¢, and d are called important vertices of C. Two important vertices that do not form
a chord of C are said to be consecutive. An interval is an induced path on C'\ {ac, bd} between two

103



Figure 8.5: The X-cycle C in Sk(z, G).

consecutive important vertices. They are denoted by Py, Ppe, Peg and Py, (see Fig. 8.4.1). Note
that two intervals share at most one vertex. By abuse of notation, P, will sometimes denotes
V(P.). Also, P, can ve referred to as Py, (and analogously for P, Pj. and Pg,). Given two
vertices x and y in the same interval, the external path from x to y consists in the path from x to
y in C'\ {ac, bd} passing through a, b, ¢ and d.

The proof is divided in two parts. First we prove that no neighbor of the graph has degree
larger than 3 on C. We then study more specifically fathers of important vertices and prove that
they are neither of degree 3, nor 2 nor 1.

(1) If a vertex u ¢ V(C) satisfies dc(u) > 3 and all but at most one neighbors of u are contained
in an interval of C, then G contains a 3-cycle.

Let u be a vertex not in V(C) such that: dc(u) > 3 and all but at most one neighbors of u are
contained in an interval of C. So, there exists two vertices u; and uy in N¢(u) such that u; and
ug are in the same interval of C and u has exactly one neighbor u3 on the external path P from u;
to ug. Then usuui Pug is a 3-cycle with chords ab, ac and uus (note that, since G is triangle-free,
ujug is not an edge). This proves (1).

(2) Every vertex of u ¢ V(C), satisfies do(u) < 3. Moreover, if do(u) = 3, then no interval
contains at least two neighbors of u.

Let us first prove a fact. If a vertex v has (at least) 4 neighbors on a path P that has at most one
chord, then G contains a V-cycle or a 3-cycle. Indeed let vy, v9,vs,v4 be consecutive neighbors of
v on P. Then C’ = vv; Pvgv has chords vvy and vvs. If vy Puy is chordless then C’ is a V-cycle
otherwise C’ is a 3-cycle.

Assume that a vertex u ¢ C satisfies do(u) > 4. Since G is triangle free, u is not adjacent to
both a and ¢. By symmetry we can assume that u is not adjacent to a, then u has 4 neighbors on
the path aP,pPyc.PrqPi.¢ with at most one chord, contradicting the fact proved above.

If do(u) = 3, then (1) ensures that the neighbors of u are in distinct intervals. This proves (2).

So any vertex z ¢ V(C) satisfying do(x) = 3 is adjacent to at most one important vertex.
Indeed two important vertices either are opposite (which would create a triangle), or are in a same
interval (which would contradict (2)).

(3) Two adjacent vertices of C' do not both have a father of degree one on C.
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Let v and v be two adjacent vertices of C. Suppose for contradiction that u ( resp. v) admits a
father u’ (resp. v) such that do(u') =1 (resp. do(v') = 1). We denote by P the external path from
v to w. Then uu/Q,vuP is a 3-cycle with chords, uv, ac and bd. This proves (3).

(4) Let x be a father of an important vertex. Then do(x) < 2.

Assume by contradiction that a father x of a satisfies dc(x) = 3. By (2), x has exactly one neighbor,
T1 say, on Ifjbc, and exactly one neighbor, x2 say, on ]—E’Cd. Indeed a is in both P, and Py, and (2)
ensures that there is no two neighbors of z in the same interval. Note that it implies that neither
bc nor cd are edges.

First assume that ab is an edge. Let y be a father of c. If do(y) = 1, then axQ,ycPadPyq is a
3-cycle with chords ab, ac and xz1. So do(y) > 2. If de(y) > 3, then by (2), do(y) = 3 and y must
have a vertex in P, which is impossible since we assumed that ab is an edge. So de(y) = 2. If iy
is on PPy, then axQzycPpPyga is a 3-cycle with chords ac, xx1 and yy1, and if y; is on P,qPge,
then axQqycP.qPi.a is a 3-cycle with chords ac, xx2 and yy;, a contradiction. So in the following
we assume that ab, and by symmetry ad, are not edges.

If bxy is an edge then axx) Py, PeqbPpoa is a 3-cycle with chords bzq, xxe and ac. So bz, and
by symmetry dzs, are not edges.

Let e be the neighbor of @ on Py, and f be a father of e. The cycle C' = efQ t222PrycaPagbPyee
has chords za and ze so it must admit other chords otherwise it is a V-cycle. We already showed
that dzs nor be are edges and that the only neighbors of x in C' are a, 1 and 2. So others chords
are due to neighbors of f. Moreover, f must have at least two neighbors that create chords in ',
otherwise C’ would be a 3-cycle. So, by (2), f has one neighbor on Pcdd and one neighbor on dea
Let f1 be the neighbor of f in Pcddo. Then axQ,rePeydPyea is a 3-cycle with chords ae, xx2 and f fq
(note that ad is not an edge since f has a neighbor on Pa) This proves (4).

(5) If ab is an edge, fathers of a have degree exactly two.

Assume by contradiction that a father x of a satisfies do(x) # 2. So, by (4), do(z) =1 . Let z be
a father of ¢. The cycle C' = axQ,,cP.,dPy, has chords ac, ab which, with no additional chords,
provides a V-cycle. By (4), do(z) < 2, so C’ has at most one other chord due to neighbors of z.
Moreover, if cd is an edge, it is a chord of C’. Since C’ cannot be a V-cycle nor a 3-cycle, cd is an
edge and z has another neighbor z; on C’. Since both ab and cd are edges, z1 € Py or in z1 € Py,.

Assume first that z; € Py.. If 21 # b, then ax Q.21 P, .dPy, is a V-cycle with chords zc and
ac. So z1 = b. Let e be the neighbor of a in P,; (note that e # d otherwise abd is a triangle) and
let f be a father of e. Since do(z) = 1, do(f) > 2 by (3). Such a neighbor, called fi, is unique,
otherwise, since ab and cd are edges, at least two neighbors of f would be in the same interval,
contradicting (2). Note that fi # a otherwise aef; is a triangle. Then efQ;.bPy.dPy. is a 3-cycle
with chords ffi, zc and bd. So z1 ¢ Py,.

Thus, z; € P,q. Note that z; # a since otherwise acz is a triangle. If az; is not an edge then
arQy221 P, acPepa is a 3-cycle with chords ac, bd and cz. So az; is an edge. Let y be a father of b.
We have dc(y) < 2 by (4). Then de(y) = 2 by (3) since do(x) = 1 and ab is an edge. Moreover,
ay is not an edge otherwise aby is a triangle. So y has a neighbor y; in lD)Pbchle. Therefore
byQy-21 P, acPep is a 3-cycle with chords zc, bd and yy;. This proves (5).

(6) If an important vertex has a father of degree one on C, then every father of every important
vertex has degree one on C.
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Assume w.l.o.g. that a father = of a satisfies do(x) = 1. We show that it implies that every father
of b are of degree one in C' which, by symmetry, prove the claim.

Let y be father of b and assume for contradiction that dc(y) # 1. Note that by (5), neither
ab nor ad are edges. By (4), do(y) = 2. Let y; be the neighbor of y on C distinct from b. Let
b1 be the element of {y;,b} that is nearest from a in P, and which is distinct from a and let by
the other one. Such a vertex exists since b satisfies the conditions. If ab; is not an edge, then
axQzyb1 Py, v Pye PeaPaq has 3 chords ac, bd and yby. So we may assume that ab; is an edge, since ab
is not an edge, by = y1.

Let z be a father of d. The cycle C' = dzQ.yy1Py,pPocPreq is, with no additionnal chord, a
V-cycle with chords yb,bd. Since dc(z) < 2 by (4), there is at most one chord with extremity z,
which provides a 3-cycle. This proves (6).

(7) Fathers of important vertices have degree exactly two on C.

Let us prove it by contradiction. By (6), we can assume that all fathers of all important vertices
have degree one on C'. And by (5), none of ab, bc, cd and da are edges. Let u be a neighbor of a in
P,y. Let = be a father of a and y be a father of u. By (3), dc(y) # 1 since deo(z) = 1.

By (2), de(y) < 3. If do(y) = 3 then, by (2) and (6), the neighbors of y are in the interior of
distinct intervals. Assume that y has a neighbor in ﬁcd and in ﬁ’da- Let y1 be the neighbor of y on
P.y. By (6), a father y of b satisfies dc(y') = 1. Hence by’ Qyy1 Py, aPaaPay has 3 chords: bd and
two chords with extremity y. It is easy to see that, since fathers of every important vertex are of
degree one in C, we get a contradiction when deo(y) = 3. So de(y) = 2.

Let v/ be the other neighbor of a and let z be a father of u/. Assume first that «’ has a father
z distinct from y. By symmetry with y, do(z) = 2. So ©'2Q.yuPyp Py Pea P’ has 3 chords: two
chords are given by the other neighbors of y and z and the third one is bd. So y is adjacent to u’.

Let w be the neighbor of ¢ in Py, and w’ the neighbor of ¢ on P,,. For symmetric reason why
is a father of both u and v/, there exists a vertex f that is the father of both w and w’. and that is
of degree 2 in C. Then wfQ v’ aPy,Pyew is a 3-cycle with chords fw’, yu and ac (recall that both
v and w are distinct from d since none of ad, cd are edges). This proves (7).

We are now armed to finish the proof! By (7), we may assume that fathers of every important
vertex have exactly degree 2 on C. Let x and y be some fathers of a and ¢ respectively. Since G is
triangle-free, x # y. Let us denote by x1 and y; the other neighbors of respectively x and y. If 21
and y; are on Py, By, then axQyycPy Py is a 3-cycle with chords ac, zz1 and yy;, a contradiction.
So z1 and y; cannot both be on P, P, and, symmetrically, they cannot be on P.;Py,.

So, we may assume w.l.o.g. that xy is on P, Py and that y; is on P.gPy,. If x1 € Poab then
212QuyCPeqPyq Paz, is a 3-cycle with chords ac, ax and yy;. Thus z1 is on P, and by symmetry
y1 is on Py,. More generally, we showed that no father of an important vertex has its second
neighbor on the interior of and interval adjacent containing it. If ab and cd are both not edges,
then ax PpycPydPy, is a 3-cycle with chords ac, zx1,yy1. So either ab is an edge, or cd is an edge,
or both are edges.

Assume w.l.o.g. that ab is an edge. A father w of d has it second neighbor w; neither in P.4 nor
in Py, since no father of an important vertex has its second neighbor on the interior of intervals
adjacent to it. Since ab is an edge, w; € Py.. Now, a father z of b has a unique second neighbor z;
on Poad (by applying the first part of the proof on b, d instead of a, ¢). If a,y;, 21 appears in this
order along P,q then bzQ.yy1 Py, qPy.Pep is a 3-cycle with chords bd, zz1 and yc. So a, 21, y1 appear
in this order along P,; and, in particular, z1d is not an edge. Symmetrically, b, x1, w1 appear in
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this order along P, and cz1 is not an edge. Finnaly x12Q) 4,21 P;,0¢PeabPps, is a 3-cycle with chords
ab, xa and zc, a contradiction. O

8.4.2 Clique number 3 : proof of Theorem 8.9

The proof of Theorem 8.9 is organized as follows. First of all, we prove (see Lemma 8.13) that
any (K4, 3-cycle)-free graph with chromatic number at least 2¢ contains either an butterfly as an
induced subgraph or a dragonfly as an induced subgraph (see Figure 8.6). Note that the proof is
based on Theorem 8.8.

We then prove that if a graph G is (K4, 3-cycle)-free and z is a vertex of G, then for any integer
k, Si(z,G) is (dragonfly,butterfly)-free (see Lemmas 8.14 and 8.15).

At the very end, we combine these two result to get the proof of Lemma 8.9.

Figure 8.6: The dragonfly and the butterfly

Lemma 8.13 Let G be a (K4, 3-cycle)-free graph with x(G) > 2c. Then G contains a dragonfly
or a butterfly as an induced subgraph.

PROOF — All along the proof, the notations of the vertices of dragonfly and butterfly will fit with
notations of Figure 8.6. We first prove that G admits a dragonfly or a butterfly as a subgraph. We
then prove that it is induced.

(1) G admits a dragonfly as a subgraph.

Let T C V(G) be a minimal (by inclusion) subset of vertices such that G \ T is triangle-free.
By Theorem 8.8, G \ T is c-colorable. If G[T] is triangle-free, then G[T] is c-colorable and thus
G is 2c-colorable, a contradiction. Thus, we may assume that G[T| admits a triangle zoxsxg. By
minimality of T', (G\T)U{z2} admits a triangle containing z, say zjxexs. Similarly, (G\T)U{z3}
contains a triangle containing b, say x3x4T7.

If {x1,25} = {x4,27}, then z1z2x3205 = K4, a contradiction. So {z1,x5} # {x4,z7}.

Assume now that [{z1,z5} N{x4,z7}| =1 and, w.l.o.g., assume that x; = z7 (see Figure 8.4.2).
The cycle C' = z1x52006T3T421 18, if N0 additional chords exist, a 3-cycle with chords x1x9, x123
and zox3. So C must have at least one more chord. Since G is Ky-free, x1x¢, xox4 and z3xs are
not edges. There remains only 3 possible chords, namely z4x5, 526 and xqx6. If say x425 € E(G),
then xizoxsz4x321 is a 3-cycle, a contradiction. So x4x5 is not an edge and, by symmetry, z5xq
and z47¢ are not edges.

So, {z1,25} N {x4,27} = 0 and thus G[{z1,x9,xs, x4, x5, ¢, 27}] contains a dragonfly as a
subgraph. This proves (1).
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X5 @ X4

Figure 8.7: Figure in the proof of Claim (1).

(2) G contains either a dragonfly or a butterfly as an induced subgraph.

Observe first that, if G contains a butterfly (see Figure 8.6 for the name of its vertices), then it is
induced. Indeed, since G is Ky-free, if it is not induced then y1y3 € E(G) and then y1y4y5y3y2y1 is
a 3-cycle, a contradiction.

By (1), G admits a dragonfly as a subgraph, name it H and refer to Figure 8.6 for the name of
its vertices. We may assume that H is not induced, otherwise we are done. If there exists an edge
with one extremity in {1, x5} and the other one in {z3,z6}, then G[{z1, z2, x3, x5, x6}] contains a
butterfly as a subgraph and thus as an induced subgraph. So there is no edges with one extremity
in {x1,z5} and the other one in {x3,z¢} and, by symmetry, there is no edges with extremities in
{z4, 27} and the other one in {z2,zs}.

So there exists some edges with one extremity in {x1,z5} and one extremity in {x4,z7}. By
symmetry, we may assume w.l.o.g. that xszy € F(G). If it is the only one then, xjxoz¢x3r4T72521
is a 3-cycle, a contradiction. So it is not the only one and thus, some of x1x4, x127 or z4x5 are
edges of G. If there is exactly one more, then in the three cases x1xox3r4T7T521 i a 3-cycle, a
contradiction. So, there is at least two more and there is actually exactly two more, otherwise
r1z4x527 = K4 By symmetry between zjx7 and z4x5, we may assume w.l.o.g. that z4z5 € E(G).
So one of the edges x1x4 or x1x7 exists, but in both cases the cycle xoxgrsrarrrsae is a 3-cycle, a
contradiction. This proves (2). O

Lemma 8.14 Let G be a (Ky, 3-cycle)-free graph and let z be a vertex of H. Then, for every
integer i, G[S;(z)] is dragonfly-free.

PROOF — Assume by way of contradiction that there exists an integer i such that G[S;(z)] contains
a dragonfly as an induced subgraph. Name it H and refer to Figure 8.6 for the name of its vertices.
Let u be a father of x5 and v be a father of z7.

The two next claims examine what are the possible neighborhoods of v and v in H.

(1) Ng(u) € {{z5},{zs5, 21}, {5, 22}, {®5, 23}, {75, 26 }, {X1, 3, 5, 6 } }-
First note that u cannot have exactly two neighbors in {z1, 22, z3,26}. Indeed, u cannot see both
x1 and x2 since otherwise there is a K4. Thus w.l.o.g. xg is a neighbor of u and then uxsxixoxsrgu
is a 3-cycle.

Assume now that uxo is an edge. Since G is Ky-free, uzr; is not an edge. Both wuxs, uxg are
not edges since G is Ky-free. So none of uxs, uzg is an edge since otherwise u has exactly two
neighbors in {z1, z2, z3,z6}. If uzy is an edge then uxsrizexgrszru is a 3-cycle. So ux; and by
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symmetry ux4 are not edges. So if uzg is an edge, then Ny (u) = {z5, 22} and one of the outcome
holds. So, we may assume from now on that uxs is not an edge.

Assume that uxy is an edge. By symmetry between x5, x5 and x7, x3, we can assume that uxs
is not an edge. Let S = {x1, x4, z6}. If u has no neighbor on S then uzrszirozsr3T427U is a 3-cycle.
If w has exactly one neighbor in S, then by symmetry between x; and x¢ we may assume that uxg
is not an edge and thus uzszizroxrgrszru is a 3-cycle. So u has at least two neighbors in S. If u has
three neighbors in S, then u has exactly two neighbors on {x1,x9,x3, 26}, a contradiction. So u
has exactly two neighbors in S. If uxy and uxy are edges, then uzsrireorgrsrru is a 3-cycle. So, by
symmetry between z; and z4, we may assume that the two neighbors of u in S are x4 and zg. So
then uxsriroxgrsrru is a 3-cycle, a contradiction. So we may assume that uxy, and by symmetry
ux4 are not an edge..

So, Ng(u) C {x5,x1,23,26} and, since we already proved that u does not have exactly two
neighbors in {1, z2, z3, 26}, one of the outcome holds. This proves (1).

(2) Nu(v) € {{zr}, {za, 27}, {ws, w7}, {2, 27}, {ws, 27}, {22, 74, 26, 27} }
By obvious symmetries in H, the proof is the same as the proof of (1). This proves (2).

Note that by claims (1) and (2), u # v. In the rest of the proof we show that, whatever the
neighborhoods of u and v are, one can find a 3-cycle in HUQ,, (recall that Q,, denote a unimodal
path linking v and v).

Suppose first that di(u) < 2 and dg(v) < 2.
If dig(u) = dg(v) = 1, then uzsr1rox6x3T4T7VQ 0y u is a 3-cycle. So we may assume that dg(u) = 2
and thus, by (1), u has exactly one neighbors in {x,x3,x¢}. Note that by (2), vz; is not en edge.
If dg(v) = 1, then uzsxirorer3r7vQuou is a 3-cycle. Moreover, it is still a 3-cycle if vay is an
edge. So di(v) = 2 and vxy is not an edge. Similarly, if uz; is an edge, then vrrr rs3rerar5UQ YUy
is a 3-cycle. So ux; is not an edge. Now, by (1) and (2), both u and v has exactly one neighbor in
{2, 3,6} and thus uxsrerersr7vQyuuu is a 3-cycle, a contradiction.

So, from now on, we assume that dy(u) and dy(v) are not both inferior to 2. Hence we may
assume w.l.o.g. that dg(u) > 2, and thus, by (1), Ny (u) = {x1, 23, x5, T6}.

Recall that by (2), vz is not an edge. If v has no neighbor in {xg, z3}, then z5x1 2223270 Q 4y u 1S
a 3-cycle. So v has at least one neighbor in {x1, z9, 3} and by (2). If Ny(v) C {{x2, 27}, {z3,27}},
then uzsroxsrsr7vQyupu is a 3-cycle. So by (2), Ny (v) = {x2, x4, x6, x7}

If uv is not an edge, then uzrszrovrrrixsu is a 3-cycle with chords zoxs, x3x7y and vxy, a
contradiction. So we may assume that uwv is an edge. Let v’ and v’ be fathers of respectively
u and v and note that, since v’ and v are in S;_2(z), they have no neighbors in H. Therefore
wuxsTox3T70V' QY is a 3-cycle, with chords uv, urs and vz, a contradiction. O

Lemma 8.15 Let G be a (K4, 3-cycle)-free graph and let z be a vertex of H. Then, for every
integer i, G[S;(z)] is butterfly-free.

PROOF — Assume by way of contradiction that there exists an integer 7 such that G[S;(z)] contains
a butterfly as an induced subgraph. Name it H and refer to Figure 8.6 for the name of its vertices.
Let u be a father of y4 and v be a father of ys5.

The two next claims examine what are the possible neighborhoods of v and v in H.

(1) N (u) € {{ya}, {y2, v}, {v1,v3, ya}}
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Assume first that | Ny (u)| = 2. If Ng(u) = {y1,ya}, then uyi1y2ysysyau is a 3-cycle, a contradiction.
If Ng(u) = {y3,ya}, then uysy1y2ysysu is a 3-cycle, a contradiction. If Ny(u) = {y4,ys}, then
uyay1y2y3ysu is a 3-cycle, a contradiction. So, if |[Ng(u)| = 2, then Ny (u) = {y2,y4} and one of
the outcome of the theorem holds.

Assume now that |Ng(u)| = 3. If Ng(u) = {y2,y3,v4}, then uysysysysu is a 3-cycle, a con-
tradiction. If Ng(u) = {y1,ys,y4}, then one of the outcome of the theorem holds. So, since G is
Ky-free, u has to see y5. The third neighbor of u is thus y; or y3 and, by symmetry, we may assume
that it is y1. Therefore uysy1y2ysu is a 3-cycle, a contradiction.

So we may assume that |Ng(u)| > 4. Since G is Ky-free, |Ng(u)] = 4 and Npy(u) =
{y1,y3,y4,y5}. Thus uy1ysyoysu is a 3-cycle, a contradiction. This proves (1).

(2) Nu(v) € {{ys}, {y2,us 1> {v1, 93, y5 1}

By obvious symmetries in H, the proof is the same as the proof of (1). This proves (2).

Note that by claims (1) and (2), u # v. In the rest of the proof we show that, whatever the
neighborhoods of u and v are, one can find a 3-cycle in HUQ,, (recall that Q,, denote a unimodal
path linking v and v).

Case 1: Ny(v) ={ys}.

If Ng(u) = {ya} then wysy1y2ysysvQuuu is a 3-cycle, a contradiction. So Ng(u) €
{Hy2,ya}, {y1,y3,y4}} and thus uysyoysysvQuuu is a 3-cycle, a contradiction. This completes the
proof in case 1.

So from now on, we may assume that Ny (v) # {ys} and, by symmetry, that Ng(u) # {ys}.

Case 2 : Ny(v) = {y2,¥5}-
If Ng(u) = {y2,ya} then uysy2ysvQuuu is a 3-cycle. Otherwise, we may assume that Ny (u) =
{y1,y3,ya} and then uy1y2y3y5vQyy is a 3-cycle, a contradiction.

So from now on, we may assume that Ng(v) # {y2,y5} and by symmetry, Ng(u) # {y2,vya}.
This leads to the following last case.

Case 3 : Ny(v) = {y1,y3,ys5} and Ny (u) = {y1,y3,ya}.
If uv is not an edge then uyiysysvysu is a 3-cycle, with chords uyy, vy; and ysys, a contradiction.

So wv is an edge. Let u’ and v’ be fathers of respectively u and v. If v/ (or v') is adjacent to both
u and v we assume that v/ = v’. Note that since v’ and v' are in Si_o they have no neighbors in
H. Therefore u/uyy2y3vv' Qo is a 3-cycle, with chords uv, uys and vy, a contradiction. This
completes the proof in Case 3.

O

We can now give the proof of Theorem 8.9 recall that it states that every (K4,3-cycle)-free
graph has chromatic number at most 4c.

PROOF — Assume by contradiction that there exists a (K4, 3-cycle)-free graph G that satisfies
X(G) > 4c+ 1 and let z be a vertex of G. By Remark 8.4, there exists an integer k such that
Sk(z, G) has chromatic number at least 2¢ + 1. So, by Lemma 8.13, it must contain a dragonfly or
a butterfly, which is a contradiction with Lemma 8.14 or Lemma 8.15. O
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8.4.3 Clique number at least 4 : proof of Theorem 8.10

Recall that Theorem 8.9 states that every (3-cycle)-free graph has chromatic number at most
max(4c,w(G) + 1).

PROOF — Consider by contradiction the smallest (in number of vertices) graph G' € C3 such that
X(G) > max(w(G) + 1,4¢). By Theorem 8.8 and 8.9, we have w(G) > 4. Put w(G) = w. Let K be
a largest clique of G and denote by x1,...,x, the vertices of K.

(1) Every vertex of G is of degree at least w + 1.

If a vertex v of G is of degree at most w, then by minimality of G we can color G \ {v} with
maz(w(G) + 1,4c) colors and extend the coloring to G, a contradiction. This proves (1).

(2) G does not admit clique cutsets.

Assume by contradiction that G has a clique cutset A. Let C; be a connected component of G\ A4,
and Cy the union of all others components. By minimality of G, we may color G[C; U K| with
maz(w(G) + 1, 4c) colors for i = 1,2. By using the same colors for the vertices of A in the coloring
of G|C1 U K| and G[Cy U K|, we can extend the coloring to G, a contradiction. This proves (2).

(3) If u e N(K), then dg(u) =1 or w— 1.

Assume by way of contradiction that u has at least two neighbors in K, say x1 and 9, and at least
two non-neighbors, say x3 and x4. Then uxixsrszou is a 3-cycle, with chords x1x2, 124 and zaxs,
a contradiction. This proves (3).

Define S; = {u € N(K)|Nk(u) = {z;}}, T; = {u € N(K)|Nk(u) = V(K) \ {x;}} and, for all
i=1,...,w,U; =S5 UT,.

An wv-path P is an N(K)-connection if no vertex of P is in K and N(K)N P = {u,v}. Note
that vertices of P have no neighbors on K and that an N (K )-connection can be an edge.

(4) Let P be an N(K)-connection with endvertices uw and v. Then there exists an integer i such
that {u,v} CU; and {u,v}  T;.

Let ¢, j, k and [ be 4 distinct integers in {1,...,w}. Such integers exist since w > 4.

If u € T; and v € T}, then uxjrir;vPu is a 3-cycle, with chords uxy, vry and z;x;.

If u € S; and v € T}, then ux;xprvPu is a 3-cycle, with chords vx;, vy and x;x;.

If we S; and v € Sj, then ux;xpxz;vPu is a 3-cycle, with chords x;x;, x;2; and x;xy.

If u € T; and v € Tj, then uxjz;xpvPu is a 3-cycle, with chords uz;, voy, and x;x,. This proves (4).

(5) There is a unique i € {1,...,w} for which U; # ().

Let us argue by way of contradiction. By (2), G\ K is connected, so there exists a path P in
G\ K from U; to U; such that i # j. Choose P subject to its minimality. It is clear that P is an
N (K)-connection and thus it contradicts (4). This proves (5).

By (5), we may assume w.l.o.g. that Uy # () and, for any i # 1, U; = (). Moreover, S7 and T
both contain at least two vertices, otherwise x; or x2 have degree at most w, a contradiction to (1).

We say that a vertex x is complete to a set of vertex S is x is adjacent to every vertex in S.

(6) If there exists an N (K)-connection from a vertex of T1 to a verter sy € Sy, then sy is complete
to Tl.
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Let P be a minimal N (K )-connection from s; to 77. Denote by t; € 17 the second endvertex of P.
Assume by way of contradiction that there exists a vertex to € 77 \ {¢1} that is not adjacent to si.
Then there is no edge linking to with a vertex of P, otherwise there would be an N (K')-connection
from t; to to, contradicting (4). So, s1Ptizatexsrysy is a 3-cycle with chords x1z9, t123 and xax3,
a contradiction.

So s1 is complete to T \ {t1} and, by minimality of P, s; is adjacent to t;. This proves (6).

(7) N(Tl)gleJK.

Assume by contradiction that there exists ¢; € 77 such that N(t1) ,CZ S1 U K. Since t; is not a
cutvertex by (2), consider a minimal path P’ from N(¢1) \ (S1UK) to N(K) in G\ {t1}. Call ¢}
and z the extremities of P with tj € N(¢1)\ (S1UK) and put P = ¢; Px. Observe that if ¢;z is not
an edge, then ¢ Px is an N (K )-connection and that in both cases there exists an N (K)-connection
linking ¢t and z. So, by (4), ¢ T1. Hence, by (6), x is complete to 77 and in particular z¢; is an
edge. Finally t1Psizi1xox3t] is a 3-cycle with chords sit1, x1z3 and t1x2, a contradiction. This
proves (7).

(8) For any vertext € Th, N(t) = S1 UK \ {z1}.

Let t € Th. By (4), 11 is a stable set. So if ¢ is not adjacent to any vertex of Sy, N(t) = K \ {z1},
a contradiction to (1). So ¢ is adjacent to at least one vertex in S; and thus, by (6), ¢t is complete
to S1. This proves (8).

Let t; and t9 be two distinct vertices in 7} (remind that they exist because if |T}| = 1, then
d(x2) = w, contradicting (1)). By (8), N(t1) = N(t2) = S1UK \ {z1}. By minimality of G, G\ {t2}
admits a proper coloring v with max(4c,w + 1) colors. Since tit2 ¢ E(G) and N(t1) = N(t2), v
can be extended to G by giving to to the same color as ¢;. O
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