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—— Abstract

A lazy program interpreter postpones computation until the result is actually needed. This is
typically more efficient than an eager (or call-by-value) interpreter, but a concern is that the
semantics is not generally preserved.

We propose a new semantic analysis of lazy evaluation that relies on a subtle combination of
name generation and read-only state. Our perspective is that laziness arises from a hybrid evaluation
strategy, in which only the name generation follows call-by-value.

This semantic model suggests better intermediate representations of sum and product types
in a lazy interpreter, along with equations that justify further optimizations. We illustrate this
with an implementation in OCaml. Our motivation is practical: the origin of this work is a real-
world application of discrete probabilistic programming, in which large algebraic data types cause
significant performance issues with a call-by-value interpreter. Our lazy semantics justifies better
optimized representations, and provides principled foundations for other methods involving laziness
in probabilistic programming.
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1 Introduction

The lazy paradigm of program evaluation consists in deferring any computation until the
result is needed. Laziness can provide a crucial efficiency gain, but for programs with
side-effects, it also brings significant semantic complexity.

We propose a new semantic analysis of laziness, which aims to reduce the gap between the
abstract semantics of laziness and an efficient lazy program interpreter. More concretely, we
consider lazy evaluation for a functional language with expressive data types and an algebraic
signature of effects. Our main contribution is a new categorical semantics, derived from a
particular combination of monads, which exposes the mechanisms of lazy evaluation and
justifies structured intermediate representations, appropriate for an efficient lazy interpreter.

In this introduction we give a sense of what efficient laziness involves for algebraic effects.
Our running example, which we discuss next, is inspired by a real-world system: a botanical
knowledge base that relies on discrete probabilistic programming and complex algebraic data
types.
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1.1 The need for laziness: a practical example

At a high level, the Botascopia project [7, 8] is a large-scale database of plant species that
makes available a range of tools for identifying and reasoning about plants. The goal is to
facilitate the transfer of botanical knowledge between diverse communities of users.

Of interest to this paper is the practical challenge that arises when mediating between
different descriptions of the same plant (e.g. the scientific description of a plant vs. a
vernacular description for a lay audience). Botascopia aims to do this kind of translation in
a systematic way, as we explain now.

Plant species as probabilistic programs. In Botascopia, each species of plants is formally
encoded as a probabilistic program that returns an element of a large algebraic data type
botany. The probability coefficients capture possible variation within the species (a concept
known as ‘species polymorphism’).!

The type botany encodes all possible traits and features of a plant. It is a complex
algebraic data type, built out of sums and products (i.e. tagged unions and records). We now

look at a small simplified fragment, concerned with the botanical concept of inflorescence.

type color = Red | White | Yellow
type numPetals =1 | 2 | ... | 10 | 11 | 12
type flower = { c: color ; n: numPetals }
(* A daisy is a capitulum *)
type inflorescence =
Capitulum of { ligules: flower option; tubes: flower option 1}
| Solitary of flower
type botany = { inflorescence; ... }

An inflorescence is either a solitary flower, or a ‘capitulum’: a cluster of small flowers
appearing as a single flower, made up of either ‘ligulate’ (petal-looking) or ‘tubulate’ (tube-
shaped) flowers, or both. An example inflorescence is the pilewort, a solitary yellow flower
with a number of petals uniformly distributed between 7 and 12.

pilewort = Solitary { c = Yellow; n = rand(7,12) }

The challenge of probabilistic translation. Since a non-specialist may not know about
inflorescences and capitula, Botascopia provides a simplified type vernacular as a substitute
for botany, together with simplification function botany -> vernacular. We display the
fragment for inflorescences.

type vernacular = { flower; ... }

let translation (i: inflorescence): flower =
match i with

Solitary x -> x

|

| Capitulum {ligules = None; tubes = Some x} -> x

| Capitulum {ligules = Some x; tubes = None} -> x

| Capitulum {ligules = Some x; tubes = Some y} ->
{ n = x.number; ¢ = if flip then x.c else y.c }

! This variation could refer to possible differences between individuals of the same species (some Primula
vulgaris have white flowers, others have yellow flowers), or distinct traits appearing on a single individual
(e.g. leaves of a different shape depending on whether they appear on the stem or the basal).
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The translation is itself probabilistic. This is to represent a fuzzy understanding: for a
capitulum composed of both ligulate and tubulate flowers, a non-specialist will typically count
the petals of ligulate flowers, but may pick either color as the main color of the capitulum.

The challenge is to compute the outcome distribution of the program translation pilewort.

In a call-by-value (or eager) probabilistic language the evaluation calls translation for every
possible deterministic value of pilewort (e.g. Solitary{ ¢ = Yellow; n = 9 }) even though
all executions follow the same control flow path. Worse, the number of calls to translation
will grow exponentially with the number of fields in the description record, which is a serious
limitation: the current botany type in use in Botascopia has nearly a thousand traits and
most species exhibit some form of polymorphism.

On the other hand, a lazy interpreter for the language does not need to enumerate all
possible executions in this way. Instead, it observes that any randomness in pilewort is
nested inside the constructor Solitary, and evaluates translation pilewort in constant time
by immediately returning the underlying flower.

In this paper we give a semantic analysis of this kind of behaviour. We show that a lazy
probabilistic interpreter computes the correct outcome distribution in all cases, provided
appropriate intermediate representations are used when probabilistic choice is nested in or
interleaved with type constructors.

1.2 Semantic issues around effects and laziness

Passing around computations instead of values affects the semantics. Consider the term
letx = flipin{(z,z) that draws a random boolean and returns the result duplicated in
a pair. Only correlated pairs (True,True) and (False,False) should be observable, but by
naively substituting the whole computation flip for z we end up with independent draws.

This example is a typical illustration of the difference between call-by-value and call-by-
name. This is well-understood semantically [44]. Our interest in this paper is in lazy evaluation
(a.k.a. call-by-need), which in some sense lies in between: for the duplicated coin flip, lazy
evaluation agrees with call-by-value; however for a program like st (print ’a’,print ’b’)
it agrees with call-by-name and only a is printed. (The result of the right-hand computation
is not needed.)

We emphasize that, for a practical language with effects, a fully lazy evaluation of this kind
is perhaps inappropriate, despite the efficiency gain, because of the semantic unpredictability.
(Haskell is a popular lazy language, but built-in monads typically enforce call-by-value
behaviour by default, and the language offers operators for overriding laziness.)

However, lazy evaluation shines for probabilistic programming, where it is used heavily
in practice [11, 4, 13, 36]. Our model makes precise the folklore understanding that laziness
is safe for any affine effects, such as probabilistic choice, for which removing “unused” parts
of a program leaves the semantics unchanged.

1.3 Correct intermediate representations

There is a significant gap between the folklore semantics of laziness (using affine monads,
see §3.1) and the implementation of a lazy interpreter. A key contribution of this paper is
a new semantic model that exposes the basic operations and intermediate representations
involved in a realistic lazy interpreter. To illustrate these representations we return briefly
to the Botascopia example.
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(d) Call-by-name (e) Laziness / Call-by-need

Figure 1 Program representations and evaluation strategies.

Tree-like diagrams for probabilistic computations. The computation corresponding to
pilewort can be represented as a tree-like structure that interleaves type constructors and
probabilistic branching (Figure 1a). There are two kinds of nodes and edges in this tree:
green constructor nodes, corresponding to sum type constructors, whose incoming edges
labelled with probability; and product (or field) nodes, corresponding to a field in a record
type (or a component in a pair) and with incoming undirected arrow without probability.

This representation follows the type structure of inflorescence, and in fact arises automat-
ically from the distribution monad in the call-by-name model of probabilistic programming
(§4.5). A language interpreter relying on this kind of representation is easy to write, following
the semantic model, but will suffer from the semantic issues outlined in §1.2.

Lazy interpretation using choice names. We propose to adapt this representation for a
lazy interpreter. The key insight is to generate a name for each call to a random primitive
and to refer to these names in the tree structure. In other words probability is considered as
a combination of two effects: name generation and state access, where the state consists of a
set of names pointing to basic distributions.? To illustrate this informally, we contrast the
lazy representation based on named variables with the usual representations of call-by-value
and call-by-name for the program let 2 = flipin (z,x) in Figure lc, 1d, le. Under the lazy
representation, the two booleans are appropriately correlated because they are determined
by a single value z, and the representation allows for a faster computation of the marginals.

Decision diagrams and types. This idea leads us to a sophisticated form of multi-valued
decision diagrams, with n-ary internal branching (§4.4). As the example of Figure 1 suggests,
programs of product type are efficiently represented as families of these structures. Meanwhile
sum types require diagrams whose leaves refer to a type constructor and point to another
diagram representing the nested computation. An example is given in Figure 1b for the
term (inl (True) 4+, inl (False)) +y inr (False) where the node for inl (-) has been pulled

2 The idea is not at all new to this paper: Dal Lago, Guerrieri and Heijltjes [10] take this decomposition
seriously in the context of probabilistic A-calculus, and the line of work [13, 36, 29] is about applying
similar representations for efficient probabilistic programming; we discuss related work in detail in §7.
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up above the node for x (the syntax assumes existing variables z and y, cf. §4.2). This is a
flexible structure, that allows for arbitrary interleaving of effects and type constructors and
makes pattern matching and projections significantly more efficient. The key insight in this
paper is that this arises naturally from a semantic model of laziness (§1.4, §5.1).

General algebraic effects. We have motivated the representations using simple probabilistic
branching just because lazy probabilistic programming already has a lot of practical signific-
ance. However the mathematical theory is not restricted to this particular effect. As we will
see, our models support an arbitrary (finitary) signature of algebraic effects, without any
commutativity or affinity requirements, although correctness with respect to the call-by-value
semantics requires affinity. We show (§3) how to adapt name generation and state to this
general setting.

1.4 Intermediate representations via monads for name generation and
read-only state

More formally, our construction is based on two separate monads, inspired by models of
name generation and read-only state.

The monad N for name generation requires some slightly advanced categorical machinery
to track a dynamic set of names. We introduce this method in §3, adapting existing methods
to our requirements: here each name must correspond to an algebraic operation in the effect
signature, and we must also track any previously observed value.

The monad R for state access is a simple reader monad, parametrized by the current set
of names. (Reading is sufficient for our purposes: no writing to the state is ever necessary
beyond the generation of new names, which is handled by the first monad.) We show that
the monads R and N compose using a distributive law ([3], §3.3).

With the two monads in place, we explore several possible representations for laziness.
The main perspective of this paper is that each intermediate representation corresponds
to a choice of evaluation strategy for the reader monad R. To preserve correctness, name
generation must follow a strict call-by-value strategy, but varying the evaluation order for R
has no impact on the semantics, because R is cartesian (both affine and relevant, see §4).

This provides some flexibility for writing a lazy interpreter. There are canonical repres-
entations corresponding to call-by-value and call-by-name strategies for R, and we further
show that a third alternative exists that combines the best of both worlds. This is possible
because the category of algebras for R has very rich structure (§4.3).

1.5 Summary of contributions

In summary, we provide a semantic model of laziness that can readily be turned into a
realistic program interpreter. To achieve this we combine known semantic methods in a new
way.

In Section 2 we define a simple calculus with sum types, product types, and algebraic
effects, and recall its call-by-value semantics.

In Section 3 we introduce models for laziness. For a fixed signature of effects, we define
the two monads N (for allocating new names) and R (for read-only state), and introduce
the categorical machinery necessary for combining them.

Section 4 is specifically about the monad R. We show how its category of algebras can be
used as a flexible language of intermediate representations for laziness. We prove and exploit
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a general result: for ‘cartesian’ monads (Def. 16) call-by-name and call-by-value semantics
yield comparable results. As we explain, this justifies the correctness of our representations.

In Section 5, we bring N into the results of §4. This provides a design for a lazy
interpreter, which we describe using a realistic fragment of OCaml code. We deduce its
correctness with respect to the call-by-value semantics, for affine effects.

Section 6 extends all the above results to a language with higher-order types. This is
mostly straightforward, although correctness requires a technical proof via realizability and
double orthogonality.

In Section 7 we conclude by discussing related and further work.

2  Algebraic effects and eager semantics

We start by introducing a simple language equipped with a set of effectful operations defined
by an algebraic signature (following [18, 41]). We then review its call-by-value semantics
using monads [35]. For the moment we focus on the first-order fragment, to demonstrate our
approach to laziness and the representations of sum and product types. We will consider an
expressive language with higher-order types in §6.

2.1 A first-order language with effects
The starting point for algebraic effects is a signature of operations.

» Definition 1. A signature consists of a set X equipped with a function ar : ¥ — N. For
o € X, the integer ar(o) is the arity of the operation o.

For discrete probabilistic programming, a possible signature is ¥p = {+, | p € [0, 1]},
where every operation has arity 2.

Our programming language of study is a first-order functional language with sum and
product types, parametrized by a signature ¥ of operations.

AB == 1|AxB|A+B
M,N == O |fst M|snd M |(M,N)
| inl M |inr M |case M : [x.N; | y.No]
| letz=MinN |z
|  o(My,..., My) (o € E,ar(o) =k)
The type system is completely standard: contexts are lists of the formI' = z1 : Ay,..., 2, 1 A,

and judgements are of the form I' - M : A. There are introduction and elimination rules for
products and sums, and also a rule I' - () : 1. Finally we have the following rule for every
algebraic operation ¢ € ¥ with ar(o) = k:

THM:A (1<i<k)
TFo(M,...,M): A

We use syntactic sugar: B for 1 + 1, True and False for inl () and inr () respectively,
as well as if statements as shorthand for cases on B. We also make use of n-ary sum and
product types, defined from the binary ones by associating on the left, e.g. Ay + ... + A,
stands for (...(A; + A2)...) + A,,. We write inj, and proj; for generalized versions of
injections and projections. An integer n € N'\ 0 can be seen as the type 1+ --- + 1, n times.

For any o € ¥, we define the term F run(o) : ar(o) defined as o(inj; O, ..., inj,» ).
An example of this construction in the probabilistic setting is £1ip := run(+¢.5) = True +q.5
False, the unbiased coin flip.
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The free-algebra monad generated by a signature. Every signature ¥ determines a monad
Ts, on Set, which computes the free ¥-algebra on a set. If X is a set, the elements of T%(X)
are computation trees built out of the operations in X, with leaves labelled by elements of X.
Formally, Tx(X) is inductively defined by:

teTs(X)i=zx€ X |o(ty,...,ty) o€ X withar(o)=k

The monad T, gives a complete view of the algebraic operations appearing in the course of
program execution. We will shortly recall (§2.2) how this is computed for a term T' - M : A.

Equations on the signature. It is common to equip the signature X with a set of equations,
to form an algebraic theory [23]. Equations can better represent the intended behaviour
of an effect: they express program equivalences that may be expected to hold in practice
(for instance, in an implementation based on effect handlers [42]). As an example, in the
programming language parametrized by the signature ¥Xp we might expect equations like
M4os M =M and M 4+, N =N +,_, M to hold.

Formally, an equation for ¥ is a triple (A, ¢, u) where A is a set and ¢,u € Tx(A). The
idea is that A represents a set of variables which appear in ¢ and u, so this equation is usually
written A F ¢ = u. By asserting that the variables in A can be substituted for elements of
an arbitrary set X, we obtain an equivalence relation on the computation trees in 7% (X)
generated by the equations.

An algebraic theory is a signature X together with a set £ of equations. This induces a
monad Ty, £(X), defined as the set of terms T5(X) quotiented by the equivalence relation.

In summary, an algebraic signature ¥ freely determines a monad T%; of computation trees,
and equations £ on ¥ determine a quotiented monad 7% ¢ in which the equations hold. This
is a powerful framework: when we consider monads T that support the operations in ¥ but
which are not explicitly generated by a set of equations, we can still reason about which
equations are satisfied in T by considering monad morphisms Tx ¢ — T (see §3.3).

2.2 Eager semantics with a monad

We briefly recall (from Moggi [35]) the eager (call-by-value) semantics of our simple program-
ming language using a strong monad.

Categorical setup. We fix a monad (7,7, x) on a category €. (We will often omit the
structure maps 7 and p.) We assume that € is bicartesian closed, meaning that it is has
finite products and coproducts, and exponentials®, and that T is strong, i.e. equipped with
a natural transformation stra g : A X T'(B) — T(A X B) satisfying a number of coherence
axioms [35]. In all examples of this section, ¥ = Set (so in particular all monads are
automatically strong) but we will later move to a functor category. A final assumption is
that every operation o € ¥ of arity k is supported in T by a morphism op, : 1 — T'(k),
where 1 is a terminal object and k is the k-ary coproduct 1 + --- 4+ 1. (This presentation
follows [41]: op, is a “generic effect” for o that determines the semantics of o(My, ..., My).)

» Example 2. We note some important instances of monads.
1. Any o € ¥ is supported by the monad Tx (§2.1), letting op, : 1 — Tx(ar(o)) : * —

o(l,...,ar(0)).

3 We anticipate the higher-order type structure to come in §6.
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2. The operations Yp are supported by D, the monad mapping a set X to the set of finite
probabilistic distributions over X, where +, € D(2) is the distribution mapping 1 to p
and 2to 1 —p.

Call-by-value semantics of types and terms. Given all of the above structure the semantics
of our language is straightforward (and well-known, since [35]).

Each type A is interpreted as an object [A]” € € (the v stands for ‘value’) by induction
on A, using the terminal object, products and coproducts of ¥. For a context I' = 7 :
Ay, .o xy Ay we set [T]Y = [A1]? x -+ x [AR]".

For the semantics of terms, recall that elements of T'([B]") represent computations of
type B, which perform effects and then return a value of type B. Accordingly, a term
' M : B is interpreted as a morphism [M]Y : [I']* — T([B]"). We sometimes use an
annotation [—]% to emphasize that the semantics depends on the monad T. This avoids
confusion when we are dealing with several monads.

We denote by K1(T') the Kleisli category of T, defined to have the same objects as €, and
morphisms A — T'B. Composition in K1(7T') is defined using the monadic lifting operator: if
f:A—=TBthen ff:= poTf:TA— TB. In a bicartesian closed category the coproducts
are automatically distributive, meaning that the canonical morphism [inl x C,inr x C]:
AxC+ B xC — (A+ B) x C is invertible. Effectful operations o(My,..., M,) are
interpreted using a morphism [o] : A™ — T(A) derived from op, : 1 — T'(k) as follows:
[o] = eval® o stro (idan,0p, ). The rest of the interpretation is standard [35].

Monads and program equations. We have given a general framework for the semantics of
our simple language, using any strong monad that supports the operations. If the monad is
of the form Ty ¢), the algebraic equations £ induce equations on programs, via the semantic
interpretation. In the next section we look at an instance of this: idempotence equations as
a simple model for laziness.

3 Semantics of laziness as an affine monad

In this section we develop a semantic model for laziness based on an affine monad derived

from the signature . We give a simple direct version in §3.1, and a much more refined

version in §3.2 and §3.3 that exposes the name generation and stateful primitives. We then

prove that the simple version can be recovered from the more sophisticated one (Theorem 11).
We continue to work with a fixed algebraic signature 3.

3.1 Affine monads, idempotence, and laziness

In lazy evaluation, computations whose results are not used should not be performed. If
programs can perform effects, this kind of evaluation determines an equational theory of
programs which is not necessarily the same as the eager semantics.

We let Tx ¢,,.., denote the monad on Set determined by the set of equations Eigem =
{{a} F o(a,...,a) = a | o € ¥}. These equations make every operation idempotent. For
algebraic effects, idempotence justifies lazy evaluation: in a program of the form o(M, ..., M),
the returned value of o does not affect the continuation, so the operation can safely be
ignored and the program is equivalent to M. Algebraic theories in which all operations are
idempotent are called affine ([24]) and so (X, igem) is the universal affine theory over X.

Another perspective is based on affine monads.
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» Definition 3. A monad T : € — € on a cartesian category € is affine ¢f T1 = 1.

The connection between affine effects and laziness is known (e.g. [11]), and for algebraic
effects it is equivalent to look at monads or algebraic theories. In particular the monad
T(s,6100m) 18 easily seen to be affine.

Applying the eager semantics of §2.2 under the monad Tis ¢,...) gives a semantics of
laziness. While this is mathematically clear, it is far removed from an efficient lazy interpreter.
We now show how to obtain the same semantics in a more instructive way.

3.2 Dynamic tracking of branching structure

In the rest of this section, we refine the semantic model in order to dynamically track names
for occurrences of Y-operations. We show how to encode the lazy semantics of our language
using these operations, using two monads (N and R).

3.2.1 Worlds and indexed sets

So far we have only considered semantics for our language in the category Set. The dynamic
tracking of names requires moving to a larger category in which objects are sets indexed
by ‘worlds’. A world contains information about the current execution: it is a record of all
signature operations encountered so far and any branch that has already been explored.

The technical need for world-indexed sets will shortly become clear, as we introduce
monads for refining and extending the current world.

» Definition 4. For a signature X, a Y-world (or just world) is a tuple w = (w|, <y, Aw)
where (w|, <,,) is a finite totally ordered set and Ay, :|w| — X.

For a world w, we define a set St(w) =[], [ar(Aw(2))] of states, using the notation
[n] ={0,...,n — 1}. In other words this is the set of possible assignments to the variables
in the world. For a concrete instance, if ¥ = Yp, all signature operations are binary and
therefore St(w) = {0, 1}/

A category of worlds. We now define a category of partially-explored worlds, denoted Ws.
Its objects are denoted by pairs (w,s) where w is a world and s is a partial assignment
to the variables in w. Formally, this assignment is a pair of a subworld wy C w together
with an element s € St(wg), but we typically keep wy implicit and refer to it as dom(s),
50 8 = (5z)zedom(s)- A morphism (w,s) — (v,t) in Wy is an injective, monotone, label-
preserving function h :|w| — |v| such that for any € dom(s), h(x) € dom(t) and s, = ty(z).
We write (w, -) for a world with empty assignment.

We emphasize that these morphisms can extend the partial assignment. In particular
we denote by id*”" : (w,s) — (w,t) the morphism determined by the identity function,
whenever the assignments satisfy dom(s) C dom(¢) and agree on dom(s).

We can extend a world w by appending new elements at the top: if v is another world,
define w © v as the disjoint union |w| 4|v|, labelled by the copairing [A,, Ay], and totally
ordered following the combination of <,, and <, in which elements of w are all below
those of v. The operation @ extends to a (non-symmetric) monoidal structure on Wy, with
(w, s) © (v,t) defined as w © v with the evident combination of s and ¢.

The operation St extends to a functor W — Set. On objects this is computed by collect
the total assignments compatible with the current partial assignment: for (w, s) € Wy, let
St(w, s) = {s’ € St(w) | for all x € dom(s), s, = s, }. On morphisms the action is computed
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by pushing assignements across injective maps: every h : (w, s) — (v,t) induces a function
St(v,t) — St(w, s) mapping t’ to (t;z(z))zelw\' This action is well-defined, by the property of
morphisms in Ws,.

World-indexed sets. In the rest of this section, we fix a signature X. We write W for the
category Ws. Our base category for semantics will now consist of sets indexed by worlds,
formalized as functors W — Set. We first note a convenient property.

» Lemma 5. Let Set”” denote the category of functors W — Set with natural transformations
between them. There is an embedding A : Set — Set” representing each set as a constant
functor, and this functor has a right adjoint Set”” — Set that picks out the set at index
0 € W (the unique empty world with empty assignment).

The main motivation for using partial assignments is that for a functor A € Set”” and
(w,s) € W, an element a € A(w, s) can be restricted along a partial assignments to variables
in w \ dom(s), via the functorial action of A over the morphisms id*7" : (w,s) — (w,t).

This is also a convenient setting because Set"” is bicartesian closed, with products and
coproducts computed pointwise and an explicit formula for exponentials [6]. Variants on
this category are commonly used for tracking local information in program semantics, for
instance in models of local state [38].

3.2.2 A name generation monad

We now define a monad N on Set”” for dynamically adding new names to the world. This
resembles existing monads for variable allocation and new name generation [39, 40, 16], but
here names correspond to algebraic operations, and the formula involves a specific quotient
making use of the restriction operations.

Informally, while a morphism A — B in Set”” consists of functions A(w, s) — B(w, s), a
Kleisli morphism A — N B can be understood as mapping each element of A(w, s) to a pair
containing a simple extension (without new assignments) (w, s) — (w’, s) and an element of
B(w', s). More formally, for A € Set”, the functor N(A) € Set" has action

N(A)(w,s) ={(v,a) | vis a world and a € A(w & v,s)}/ ~

where (v,a) ~ (v',d’) if and only if for every ¢t € St(w, s), there exist functions f; : (v,) —
(v),-)and f! : (v',-) — (v,) such that A(id* 7"+ f;)(a) = A(id°* 7" @ f/)(a) in A(wev”,t).2
Let [v,a]~ denote the equivalence class of (v,a) under ~. For h : (w,s) = (w',s'), define
N(A)(h) ([v,al~) = [v, A(h ©id)(a)]~.

» Lemma 6. The operation N extends to a strong monad on Set"V. The monad unit N
A — N(A) and multiplication u™ : N(N(A)) — N(A) are defined by 77@;,5)(@) = [(0,a)]~
and pie, 5 ([v, [V, a]]~) = v v, al~.

Note that, since the definition of VW depends on the signature, there is a different monad Ny
for every ¥, but we continue to omit the annotation.

One key feature of this monad is that new operations are only added to a world if they
are truly needed. This is the role of the equivalence relation ~. To illustrate this with an
extreme example, if A € Set"” is a constant functor (say, A = AX for a set X), then there

4 This formulation is inspired by [29]. Transitivity of the relation uses that every span can be completed
to a square in the category of finite total orders and monotone injections.
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is no point in ever extending the world, because all elements are already available at world
0. So the monad has no effects: one can show N(A4) = A. But we will see below that N is

genuinely effectful for non-constant functors.

3.2.3 A reader monad for branching structure

We now turn to an indexed kind of reader monad. At any stage a program may lookup the
current state if required and branch on the value. For A4 € Set”” and (w,s) € W, define
RA(w, s) = A(w, 5)5t()  with functorial action R(A)(h) = A(h) o — o St(h). This defines
an endofunctor on Set”” and indeed a monad.

» Lemma 7. The operation R extends to a strong monad on Set”. The monad unit
nft 1 A — R(A) and multiplication p* : R(R(A)) — R(A) are standard for a reader monad,

i.e. ngu7s)(a) st a and pugy s (f) e f(E)(2).

3.3 An affine monad for the signature X

With the monads R and N we can formally describe the following informal interpretation
for algebraic effects: upon encountering an operation, first create a named node for this
occurrence, and then create a branch for each possible continuation (i.e. there are as many
branches as the arity of the operation); all of this while enforcing and maintaining the
invariant that no node should have all continuations the same.

Formally, we will show that the composite N R is a monad, and describe its relationship
to the free monad Tx. The first step towards combining monads R and N is a distributive
law [3]. Informally, world extensions appearing in distinct incompatible branches can be
combined into a single world extension, and totally ordered according to a canonical order
on the branches.

» Theorem 8. There is a distributive law £ : RN — NR.

Proof sketch. The component function (£4)(w,s) of the distributive law has type

{[v,al | a € Aw©v,9)}" ™) 5 ([V.flo | f € A(w @ V, )3 @OV,

For a family o := ([vs, as]~)tesi(w,s) We define (€a)w(a) as [V, f € A(w © V,s)SHwOVs)]
where V' 1= Q;cgt(w,s) vt With the iterated © following the lexicographic order on St(w, s),
and f is the composite

St((w,s)—(weV,s)) St ) t— A(wu)(ar) A(

St(weV,s)

(w,s weV,s). <

where ¢; : v; < V denote the injections.

It follows directly that NR : Set”’ — Set"” is a monad.

» Definition 9. For a signature X, let T&T : Set — Set be the monad induced by
composing the monad NR with the adjunction of Lemma 5. Faxplicitly, for a set X,
Ta(X) = NR(Ax)(0). This is characterized as the set of pairs (v, f), where v is a world
and f € XS quotiented by the smallest equivalence relation containing (v, f) ~ (v, f') if
there exists h: (v,-) = (V',-) in W such that ' = f o St(h).

» Lemma 10. For any signature 3, the monad T&Y is affine.
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Proof. By the characterization, elements of Tgﬂl are equivalence classes of pairs (v, f :
St(v) — 1). In every such pair f must be the unique map to 1 and so (v, f) ~ (0,!: St(0) — 1)
via the injection 0 — v. We have shown that there is a unique equivalence class and thus
Taft] ~ 1. <

Each operation o € ¥ has a semantic representation op, € T&%([ar(c)]) given by the
equivalence class of the pair (({*},* = 0),idar(s)). The idea is to create a named occurrence
of o, whose continuation follows idy,(): for every branch of computation, i.e. for every index
within the arity of o, simply return that index.

That T2 is affine implies that all operations of arity 1 are invisible in the model. This is
a desired property for a model of lazy computation, because no computation can ever depend
on the result of an operation of arity 1. (In lazy languages there is typically a way to enforce
eager behaviour for certain operations, to enable essential unary operations like printing or
writing to memory. But this breaks laziness.)

The lazy semantics. The monad Tgﬂ tracks enough information to fully reconstruct a
computation tree in the sense of T%;. To state this formally, we first define for each world w
and set X a function tx 4, : XSt(w) s T (X). The definition is by induction on the size of
the world:
If w=0, St(w) = 1. A function St(w) — X can be identified with an element of X,
hence of T5(X).
If w # 0, then w has (up to isomorphism) a unique decomposition as (1,* — o) @ v
for some world v and some o € X. Assume that we have constructed a function
txw: XSUY) 5 TH(X). Since St(w) = Y22 St(v), each function f : St(w) — X can be
written as a copairing [f;]™"7) for f; € XSt®). If ar(c) = 0, then return o() € Tx(X).
Otherwise, define

b w(f) = txo(f1) if Vi tx0(fi) = tx.o(f1)
' o(txw(f1) - txo(fn)) otherwise.

In summary, elements of each X5**) can be represented as computation trees, and the

case-split definition ensures that a node is discarded if its result is not strictly needed. From

this, one shows compatibility of the tx , with the equivalence relation ~, so that elements of

Tgﬁ induce ‘idempotent’ computation trees, as per the following theorem. We emphasize that

Tgﬂ contains strictly more information than Ty ¢ namely, the total order on operations.

idem ?

» Theorem 11. For any algebraic signature X, there is a monad morphism T&F — Ty o
where Eqem s the set of idempotence equations (§3.1), that commutes with the canonical
maps from the free monad as per the following diagram.

T
T3 — — Ty

idem

Using that T(s, ¢,,...) is the initial affine monad supporting ¥, we immediately deduce:

idem

» Corollary 12. Let T be an arbitrary monad on Set supporting the operations of an algebraic
signature . If T is affine, then there is a canonical monad morphism T&E — T preserving
the semantics of Y-operations.
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Summary. We have constructed a monad Tgff that is closely related to the free affine monad
T(s,€uem)- The key point is that T(x ¢,,...) is a simple canonical model for laziness, that only
imposes idempotence equations, whereas Tgﬁ has a much more complex presentation obtained

idem

via a factorization over a functor category. The power of this approach is to expose all name
generation and state access, necessary in for more efficient intermediate representations.
Theorem 11 and Corollary 12 ensure correctness.

4 Reader algebras as intermediate representations

In this section we temporarily focus on the reader monad, to show how an efficient tree-
like intermediate representation for lazy evaluation (cf. §1.3) arises naturally from an
interpretation in its category of algebras.

4.1 Algebras for a monad

We give the basic definitions. To motivate, recall that any algebraic theory (3, &) induces a
monad T, ¢. Recall also (e.g. [32]) that a model of (X, ) is a set X equipped with a function
X, : X21(9) 5 X for every ¢ € ¥, satisfying the equations in £. It is an easy observation
that the structure of a model can equivalently be presented as a function Ty ¢(X) — X
satisfying some compatibility axioms. Under this presentation, X is known as a T g-algebra.
This is an instance of the general definition that follows.

» Definition 13. Let T be a monad on a category € with structure maps n and p. An
algebra for T (or T-algebra) consists of an object A € € and a morphism h : TA — A,
subject to the following azioms (1) hona =ida and (2) hoTh =ho puy.
If (A, h) and (B, k) are T-algebras, a morphism f: A — B is a homomorphism of T-
algebras if foh = koT f. We write Alg(T') for the category of T-algebras and homomorphisms.
We write U : Alg(T) — € for the forgetful functor (A,h) — A, and F : € — Alg(T) for
the free algebra functor that maps A to (TA,pa : TTA — TA). Note that T =Uo F.

The following examples are important for this paper.

» Example 14. An algebra for the monad T% : Set — Set, for a signature X, is a set
X equipped with an operation op, : X ar(@) 5 X for every o € ¥. There are no axioms.
Homomorphisms of Tx-algebras are functions that preserve the op, .

An algebra for the monad D : Set — Set of finite distributions is a pair (X,h: DX — X)
that can be more directly described as a convex space: a set X equipped with an operation
+p : X? — X for any p € [0,1], an abstract notion of convex sum. (This is subject to
equational laws, e.g. [15]).

Algebras in semantics. Computation types in our language naturally admit an algebra
structure for Ty, because given computations My, ..., M, (s) one can always construct
o(Mi, ..., My(s)). Although algebras are not used explicitly in the call-by-value semantics
of §2.2, the structure is there nonetheless: it is well-known that the Kleisli category K1(T') is
equivalent to the full subcategory of Alg(T) consisting of free algebras [32]. Algebras play a
more explicit role in monadic models of call-by-name, see e.g. [27].

4.2 Cartesian monads

Reader algebras. We now look more specifically at algebras for the reader monad R :
Set” — Set". Since the discussion is largely independent of world extensions and name
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Uy e

Figure 2 Equations for algebras over Ry, ). Here ¢,d € |w|\ dom(s) with respective arities n, m.

generation, in some cases it will suffice to consider ‘local’ reader monads R, ) : Set — Set
given as X — X54®:s) for a fixed world (w,s) € W.

» Lemma 15. For any (w,s) € W, the structure of an R, s -algebra on a set A admits an
equivalent presentation in terms of operations 7. : A Aw(©) — A for every ¢ €|w| \ dom(s),
satisfying the axioms of Figure 2.

Notation. In a reader algebra, if ¢ is a name for a binary operation, we write ¢ +.u for ?.(¢, u)
for readability. We demonstrate several examples below in this special case.

The equations of reader algebras can be expressed as program equations showing that, as
a computational effect, read-only state is very tame, and difficult for a program context to
‘observe’. In the call-by-value language, under the signature ¥, = (w|,ar o \,) induced by
any world w, one has the semantic equalities

letx =Min N = N
letz = M in(z,x) = letz=Min(lety =M in(z,y))
letz = Min(lety=M'inN) = 1lety= M'in(letxz = M inN)

which respectively express that the effect is affine (§3.1), relevant, and commutative. Taken
in combination, the three properties amount to the following:

» Definition 16 ([14]). A strong monad T : € — € is cartesian® when the underlying functor
is finite-product-preserving, i.e. the morphism (Tmy,Tre) : T(A x B) — T(A) x T(B) is
invertible.

The following is almost immediate:
» Lemma 17. The monad R : Set” — Set" is cartesian, as are the monads Riy,s)
Set — Set for every (w,s) € W.
4.3 Algebras of a cartesian monad

We now look at the structure of Alg(T') when T is a cartesian monad. Assuming enough
structure on the base category, categories of algebras have products and coproducts, but for
cartesian monads we have the following stronger result:

» Theorem 18 ([20], Thm 2.6). If T : € — € is a cartesian monad and € is cartesian
closed and complete, then Alg(T) is cartesian closed.

5 The terminology ‘cartesian’ is due to Jacobs [14] and unfortunately clashes with a distinct notion of
cartesian monad [25]. Kock [20] calls the monads of Def. 16 ‘cartesian closed’.
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Details of categorical structure. We walk through the categorical structure of Alg(T):
products, coproducts, and exponentials.

For an arbitrary monad T : € — % on cartesian ¢ and for T-algebras (A, h4) and (B, hp),

there is an algebra structure on A x B given by (ha X hg) o (T'my,Tma) : T(Ax B) — A x B.

In other words, the algebra structure on products is defined componentwise. As an example,
for a reader monad R, ) with only binary operations ¢ € w, if A and B are R, )-algebras
then so is A x B, with (a,b) +. (a/,V) := (a+.a', b+, V).

Coproducts of algebras are more subtle: when (A, h4) and (B, hp) are algebras, there is

in general no algebra structure on the coproduct A+ B in €. The solution [31] is a quotient of

T(hA+hB) q
T(A+ B), namely the coequalizer T(T A+ TB) { T(A+ B) ----- » A® B
poT [Tinle,Tinre)

when it exists in @". We briefly illustrate this for R(,, s)-algebras (A, ha) and (B, hp). What
should inl a +. inr b be, for a € A and b € B? One could freely add these operations, i.e.
take (A + B)S*") but then the obvious map i : A — (A + B)S**) is not a homomorphism:
i(inlg(a+.a’)) gives s +— inlget(a+ca’), while (i(a)+.i(a’))(s) gives inlg(a) when s(¢) = True
and inlg (a’) otherwise. The coequalizer makes these elements equal.

For exponentials, given two algebras A and B, one can construct an internal-hom A — B
representing the algebra of homomorphisms, with the algebra structure intuitively defined
pointwise. We omit the abstract construction of A —o B as an equalizer, which we do use
explicitly. See [20] for details.

Algebras as a semantic model: [—]%. We now assume that % is bicartesian closed,
complete, and cocomplete, and that T is cartesian. As a bicartesian closed category, Alg(T)
supports an interpretation of the fragment of our language without any calls to -effects.
We explain how this interpretation relates to the eager semantics. This is only a limited form
of correctness (because there are no effects); later (in §5.3) we extend it to the full language
by reinstating the monad N.

Let [—]* denote the semantics of types and terms in Alg(7") (i.e. [—]® is the semantics of
§2.2 under the identity monad on Alg(T")). We write [—]% to specify the monad, if necessary.
We first observe:

» Theorem 19. Under the above assumptions on €, the canonical functor K1(T') — Alg(T)
(given by X — (TX,ux) and (f : X = TY )~ (f1: TX — TY)) preserves finite products
and coproducts.

Proof. By the cartesian property for T there is an isomorphism T(Ax B) 2 T(A) xT(B). As
a left adjoint the free-algebra functor F' : 4 — Alg(T') preserves coproducts, i.e. T(A+ B) =
T(A)® T(B) in Alg(T). <

From there we easily construct an isomorphism ¢4 : [A]* =2 T([A]Y) and verify that for
any term I' = M : B of the pure fragment, the diagram

[r]r —=— [B]°
J/@l" LPB (1)
7([r)r) M5 r(B)

commutes. This follows from an easy induction, because for now the language is first-order.
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4.4 The intermediate representation

We continue to consider a fixed world w, and show that the semantics [A] Fwo (here just
[A]®) can be described in terms of arborescent structures, like those of the introduction.
We make these structures precise, using labelled, multi-valued decision nodes (generalizing
those of binary decision diagrams [5]) interleaved with type constructors, considered up
to an equational theory. The equations also make it possible to reason about possible
implementations, where certain kinds of nodes can be permuted.

A set Tree(w, s) is defined inductively as

t,u € Tree(w,s) := O | ?c(t1, ..., tn) | inl ¢ | inr ¢ | (¢, u)

where ¢ €|w| \ dom(s) and ar(\,(c)) = n. We call the top-level constructor in ?.(t1,...,t5)
a choice node; all other constructors are value nodes. A tree t € Tree(w, s) is a value if it
only consists of value nodes.

For each type A, we furthermore carve out a subset Tree(A)(w,s) C Tree(w,s) of
well-typed trees (of type A), via the following rules:
1. O € Tree(1)(w,s).
2. If ty,...,t, € Tree(A)(w, s) and ¢ €|w| \ dom(s) then ?.(¢1,...,t,) € Tree(A)(w, s).
3. If ¢t € Tree(A)(w, s) then inl ¢t € Tree(A + B)(w, s) and inr t € Tree(B + A)(w, s).
4. If t € Tree(A)(w, s) and u € Tree(B)(w, s) then (t,u) € Tree(A x B)(w, s).
We recover [D]® via an equational theory. Let = be the equivalence relation on trees
generated by all equations of reader algebras (Lemma 15), together with the following
equations, asserting the compatibility of products and coproducts with the algebra structure.

inl ?.(t1,...,tn) = 7Tc(inl tq,...,1inl ¢,) (resp. inr)
<?C(t1,...,tn),?c(u1,...7un > = ?C(<t1,u1),...,<tn,un))

It is easy to verify that if ¢ = u for ¢ € Tree(A4)(w, s) then u € Tree(A)(w, s), therefore =
restricts to an equivalence relation on each of the Tree(A)(w, s).

» Theorem 20. The constructions Tree and Tree(A) determine functors W — Set, and for
every type A, there is an isomorphism [A]%(w, s) = Tree(A)(w, s)/ =, natural in (w,s) € W.

This theorem states that Tree(A) is a faithful representation of [A]* up to the equations.
Concretely, this means that one can implement [A]* by Tree(A) (a simple algebraic data
type) and use the equations to optimize the structure. We will do in §5.

4.5 Comparison with call-by-name semantics

We briefly compare the semantics [—]%, for a cartesian monad T', with the traditional
semantics of call-by-name types as T-algebras [26], in which the interpretation of types is as
follows:

[1"=F1 [AxB]"=[A]" x [B]" [A+B]"=FUA]"+U[B]")

The key difference between [—]* and [—]™ is the treatment of sum types. The call-by-
name equational theory does not include the 7n-rule for sums, and therefore the semantics
is not based on a categorical coproduct. (To illustrate more concretely, this means that in
a probabilistic call-by-name language terms inl (M +, N) and inl M +, in1 N are not
identified: the context casee : [inl z. () | inr z. O] will trigger the effect in the latter but
not the former.)
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We can relate the two semantics formally. Since the coproduct of algebras A & B is
defined as a quotient of T(A + B), there is a map ¢ : T(A 4+ B) — A & B. This induces
a morphism y4 : [A]" — [A]?, for any type A, by induction. The following holds in our
first-order language:

» Lemma 21. For any term I' = M : B, the diagram

e 2 (s

xr| Jxo

M a
) 25 a0
commutes, where xr is the evident extension to conterts.

Technical point. Another difference between the two semantics is that the call-by-name
interpretation [M]™ is not in general a morphism of algebras, only a morphism between the
carrier objects. The interpretation of sum types as a free algebra requires an application of
the strength and the return function of the monad (to define the injections), which are not
morphisms of algebras.

5 The lazy interpreter

We are now a position to present a design for a lazy interpreter for the simple language
with Y-effects. This relies on the decomposition of Tgff in terms of monads IV and R on the
functor category Set”V. We first extend the results of §4 so that the algebra semantics for R
can be appropriately combined with N, then we give concrete code for the interpreter.

The two roles played by monads. Monads can play two separate roles in programming
languages: on the one hand, they describe the semantics of functions in an impure language,
and on the other, they are a programming method for user-defined effects. Our proposal is
that monads N and R should respectively play these separate roles within the lazy interpreter:
we regard K1(N) as a model for a language where name generation is implemented natively,

whereas we let the programmer explicitly define and manipulate the algebra semantics for R.
To make our presentation concrete, we use OCaml as a host language for the interpreter.

It is easy to represent name generation in OCaml using a counter (see §5.2), although other
methods would be possible. Our interpreter then consists of an implementation of the algebra
semantics for the monad R, using the intermediate representation of §4.4. (As an alternative
to OCaml we could perhaps have used a formal metalanguage for KI(V), e.g. [39]. Our
presentation emphasizes the practical aspects.)

5.1 An “efficient” lazy semantics

Our optimized representations exploit the cartesian structure of R : Set”Y — Set”, but the
design of our interpreter is based on a ‘lifted’ version Ry : KI(N) — KI(N), giving access
to name generation. This makes the presentation a bit more technical, e.g. because K1(N)
does not have cartesian products. In what follows we clarify the situation and fix notation.

Distributive laws and algebras. From the distributive law between R and N (Theorem 8)
we in fact obtain two lifted monads [3].
(1) A lifted version of R to the Kleisli category of N, denoted by Ry : KI(IN) — KI(N).
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(2) A lifted version of N to the category of R-algebras, denoted by N7 : Alg(R) — Alg(R).

Our interest is primarily in (1) and the induced category of algebras Alg(Ry ), following
the methodology of §4. But KI(N) is not bicartesian closed (formally, it is a closed Freyd
category with sums [28]) which makes the definitions more tedious. We can bypass this issue
using (2) because K1(N%) corresponds to a well-behaved subcategory of Alg(Ry), as shown
in the next lemma. As a rough summary, the idea will be to perform all constructions in the
bicartesian closed category Alg(R) equipped with the monad N, and embed the resulting
model in Alg(Ry). By ‘embedding’ we mean a full and faithful, injective-on-objects functor.

» Lemma 22. A distributive law as in Thm 8 induces an embedding J : KI(NT) — Alg(Ry).

Proof sketch. Objects of KI(N%®) are R-algebras, i.e. pairs (A € Set'",a : RA — A)
while objects of Alg(Ry) are pairs (A € Set”,a : RA — NA). Define J on objects as
(A,a) = (A,noa). The rest of the construction is straightforward. |

One way to understand this embedding is that the objects of KI(N) are the ‘pure’ Ry-
algebras: those whose algebra structure does not create any new names.

Finally, we relate the category KI(NR) (for the composite monad NR on Set"”) with
Alg(Ry): there is a lifting (—)* : KI(NR) — Alg(Ry) mapping an object X to R(X) and
a morphism f : X — NR(Y) € KI(NR)[X,Y] to a f*: R(X) = NR(Y) := flonly €
Alg(Ry)[RX, RY].

A new lazy semantics to structure the interpreter. We can now introduce a semantic
model including both ingredients of the interpreter: “efficient” representations of types as
algebras, and a mechanism for name generation. This is entirely in the spirit of §4, but now
in a more general setting that includes N. We will prove the semantics correct with respect
to T in §5.3.

The category Alg(R) is bicartesian closed (because R is a cartesian monad) and supports
an interpretation of the pure language as described in §4: indeed in Alg(R), terms can interact
with computations but cannot perform effects as they cannot allocate new names. The monad
N supports the algebraic operations in ¥ as follows: we define op, : 1 — [k]%r = NR(k)
as the element ((1,% — 0),s > s,).

» Definition 23 (‘Interpreter’ semantics). For a type A and a term T = M : A, let [A]}
denote J[A]% r, an object of Alg(Ry), and similarly let [M]" denote J[M]% x, a morphism
of Alg(Rn).

To spell this out a bit more explicitly, denote “pure” Rpy-algebras, i.e. essentially R-algebras,
and I' = M : A denotes an R-algebra homomorphism [[']' — N([B]!). As usual the
interpretation of types follows the categorical structure: [1]' = 1, [A + B]' = [A]' @& [B]',
and [A x B]' = [A]' x [B]".

Summary. We give a summary of the overall situation in Figure 3. The figure also outlines
the proof goal: to find functors that preserve categorical structure and the interpretation of
effects. To prove the correspondance between the interpreter (R-algebras over the Kleisli of
N) and the reference semantics (Kleisli of T'), there are several steps. The first step is to
use that R is product-preserving so that in K1(N), the algebra model and the Kleisli model
for R coincide (Theorem 19), and the Kleisli model of R on KI(N) is exactly KI(NR). The
second step is to go from K1(NR) to KI(Taf) where the difficulty is the change of category:
NR is defined on Set"” while T2 is defined on Set. However since T2 is defined using N R
this is straightforward. The last arrow from K1(72%) to KI(T) is given by Theorem 12.
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Interpreter
Alg(RN) Theolfem 26
! 1 -
Ry | aff Reference semantics
KI(NT) g KI(NR) — KI(T2%) — e
r | . > /
N N T
Lar;g‘uaée _______ - _[[: “T

Figure 3 Landscape of models and correctness results for an affine monad 7'. Dashed arrows are
interpretations and solid arrows are (first-order) interpretation-preserving functors.

5.2 Practical design for a lazy interpreter

We now demonstrate that the semantic model [—]! informs the implementation of a lazy
interpreter. We stick to a very simple setting: a signature with a single binary operation
Plus. The interface is completely standard for a definitional interpreter [43].

type op = Plus (* signature *)
type term = Op of op * term * term
| Case of term * (var * term) * (var * term) |...

type tree (¥ defined below *)
type env = (var * tree) list
val interp : env -> term -> tree

Name generation is implemented directly via OCaml mutable references:

type name = int * op
let eq (x, _) (y, ) = x =y
let allocate : op -> name =
let r = ref 0 in (fun op -> incr r; (!r, op))

The intermediate representation (the functor Tree € SetW) corresponds to the OCaml type

type tree =
| Choice of name * tree * tree | Inl of tree
| Inr of tree | Unit | Pair of tree * tree

equipped with the following ‘functorial action’; recall that morphisms in V¥ may assign values
to variables outside the current assignment.

(* Remove all branches on [name], picking branch [b] *)
let rec set name b tree =
match tree with

| Choice (name’, t, u) when eq name name’ ->
if b then t else u
| Choice (name’, t, u) ->
Choice (name’, set name b t, set name b u)
| Inl t -> Inl (set name b tree) | Inr t -> Inr (set name b tree)
| Unit -> Unit | Pair (t, u) ->

Pair (set name b t, set name b u)
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The algebra structure on the type tree is reflected in the function choose below, corresponding
to the operation +. in the signature.®

let rec choose name tl t2 =
match (set name true tl, set name false t2) with
| Inl t, Inl t’ -> Inl (Choice (name, t, t’))
| Inr t, Inr t’ -> Inr (Choice (name, t, t’))
| t, t° -> Choice (name, t, t’)

Once this infrastructure is in place, it remains to follow the inductive structure of the
semantics [—]'. Most cases (pairs, products) are completely standard. The key point is that
laziness is dealt with automatically, via the intermediate representation. We illustrate with
two interesting cases: the algebraic operation, and the case construct for pattern matching.

(* Implements the copairing [f, gl *)

let rec copair tree (f : tree -> tree) (g : tree -> tree) =
match tree with
| Inl x -> f x

| Int y -> g y
| Choice (name, ti1, t2) ->

choose name (copair tl1 f g) (copair t2 f g)
| _ -> assert false

let rec interp (env : env) (term : term) : tree =
match term with
| Op {operation; 1; r} ->
let name = allocate operation in
Choice (name, interp env 1, interp env r)
| Case (term, (x1, bodyl), (x2, body2)) ->
copair (interp env term)
(fun t -> interp ((x1, t) :: env) bodyl)
(fun u -> interp ((x2, uw) :: env) body2)

5.3 Correctness

We now discuss the correctness of the “efficient” semantics of §5.3, which our interpreter
follows. The correctness argument is carried out in two steps. First, the method of §4
(extended to work on KI1(N), instead of Set”V) provides correctness with respect to [~]% z-
Then, via the results of §3.3 we connect to the simple set models for laziness, and indeed to
any other affine monad that supports the operations. (We state this formally as Theorem 26.)

We extend the proof of Section 4.3 to work in KI1(N%) instead of Alg(R). Recall that
there is an isomorphism of R-algebras ¢4 : [A]* = R([A]%) for any type A.

» Lemma 24. For any type A, the functor Alg(R) — KI(NF) ER Alg(Ry) turns ¢4 into
an isomorphism of Ry-algebras ¢4 : [A]' — Ry ([ADY) (n.b. the codomain is R([A]%))-

One can show the next two theorems by induction, but we avoid this because they follow
from §6. We state them here for completeness of the first-order presentation. First we relate
the interpreter semantics with the eager semantics with NR.

5 One could directly use the Choice constructor, but our implementation additionally preserves the
invariant that there are no redundant reads on the same name; this is correct up to =. (This is similar
to what happens with BDDs, but here the tree structure is more complex.)
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» Theorem 25. For '+ M : B, the following commutes in Set"" :

rr —2 s N[BT

LTF lN(sTB)

r(r)?) M5 NR(B])

Next, consider an arbitrary affine monad T that supports X. By Corollary 12 there is a
monad morphism T&% — T which induces a function ¥4 : N([A]")o — T([A]set) for every
A (via Ngp).

» Theorem 26. For ' = M : B, in the setting of the paragraph above, the diagram below

commutes in Set:

N(ITYe PN N(BTY,

Jon [

[m]°

T([Fﬂget) — T([[B]]get)

To give some intuition with the probabilistic signature, if 7= D: the codomain represents
the set of decision diagrams (over any variables), and ¥4 collapses them to a distribution.

6 Extension to higher-order types

We extend the developments of this paper to a language with higher-order types. All of our
semantic models are already equipped to support this, and implementing the interpreter is
completely straightforward (§6.3). The challenge is to extend the correctness proof, which
we do via a realizability argument (§6.1, §6.2).

Extended language and semantics We extend our language with higher-order, adding
function types A — B and terms Az. M and M N. Say a type is a data type when it does
not contain any arrows, and say a term I' - M : B has a first-order interface when B and T’
consist only of data types (but M is otherwise unconstrained).

Given a strong monad T on a bicartesian closed category €, the eager interpretation (of
§2.2) is extended: for types, via [A — B]" = (T[B]*)I4]"; and for terms, via the currying
isomorphism and evaluation map in %.

This definition covers the two semantics that concern us here: the [—]% (taking
T = NoR) and (with T the lifted monad N? : Alg(R) — Alg(R)). Unfolding the definitions
(§5.1), we get: [A — B]%r = [A]" = NR([B]") [A — B]' = [A]' — N([B]}).

6.1 Realizability model

The challenge of extending correctness. The correctness theorem for the first-order
language (Theorem 26) does not hold in that form at higher-order types, because of possible

effects nested in A-abstractions, which are represented differently in KI(N R) and in Alg(Ry).

Our goal here is to show that Theorem 26 holds for any term M of the extended language
with a first-order interface, even if M uses higher-order constructors.

Our proof is based on a realizability model that provides the right inductive invariant
for the higher-order structure. The development is technical because our language has
effects, and general sum types, both of which are a known source of complications with these
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techniques [12, 17]. Our proof uses T T -lifting [30] (a.k.a double orthogonality) and we follow
a presentation inspired by [45].

For readers unfamiliar with double-orthogonality we briefly motivate: traditional logical
relations or realizability techniques are based on a predicate (or relation) on terms, defined
by induction on types, in a uniform style. Extending this method to handle sum types and
effects is a known challenge.” The method of T T-lifting involves simultaneously defining a
predicate on terms, and a predicate on conterts. For negative types, contexts are seen as
primitive, while for positive types, terms are primitive.

Pole and contexts. Realizability begins by specifying a pole: a set of terms that determines
the proof goal. Our pole will be the set of closed terms of data type, whose interpretations
[—]® and [—]* agree modulo the mediating isomorphisms of @ of Lemma 24:

Pole = {F M : D | [M]" = N@p o [M]'}.
The set of contexts is defined by the following grammar:
C = o|CM]|tst C|sndC |caseC: [x.Ny | y.No

Contexts can be typed: we write - C': A = B when x : AF C[z] : B. Let Term(A) denote
the set of closed terms of type A, and Ctx(A) the set of contexts such that - C : A = D

for some data type D. Since contexts are merely terms with a free variable, they can be
interpreted: - C' : A = D gives [C]": [A]* — N([D]') and [C]" : [A]" — NR([D]").

Interaction and orthogonality Informally, a context C' € Ctx(A) interacts well with
M € Term(A) when C[M] € Pole. This induces a notion of orthogonality:

for X C Term(A4). X+ = {C € Ctx(A4)|VM € X,C[M] € Pole}
for X C Ctx(A). X+ = {M € Term(A) | VC € X, C[M] € Pole}

We now define, for any type, a pair of sets (|A|, |A]), respectively containing types and
contexts, such that |A]- = |A| and |A|* = |A|. For negative type we set |A| = |A[{> and
|A] = |A]* where |1]y = 0 and

[Ax Bly = {C[st o] |C € [|A|} U{C[snd o] | C € | B[}
|A— Blv = {C[eN]|N €[A|AC € |B]},
and for positive types we set |A| = |A|{z and |A| = |A|*, where
|[A+Bly = {inl M | M € |A|}U{inr M | M € |B|}.

6.2 Fundamental lemma and correctness proof

We show the fundamental lemma for our realizability model, which implies the desired
correctness result (Theorem 32).

In the proof of the fundamental lemma, the key argument is for the case of effects.
Recall (§2.1) that the construct o(My,...,M,), for ¢ € ¥ of arity n, is equivalent to
caserun(o) [i.M;]ien, with run(o) : n. Note that [n]' = R(n) = R([n]?), and it is easy to
see that ©,, : [n]' — R([n]?) is the identity. Moreover [run(o)]' = [run(o)]" : 1 — NR(n).

7 One view is that uniformity breaks because arrows and products are ‘negative’ (characterized by
destructors) while sums types are ‘positive’ (defined by constructors).
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» Lemma 27. Forn € N and C a context in |n|, the diagram below commutes in Set"”.

] —C s N([D)

[ [¥@m)
R(In]") 5 NR(IDT)
» Lemma 28. For any o € ¥ of arity n, we have run(o) € |k|.

We can now state the fundamental lemma.

» Theorem 29 (Fundamental Lemma). For a term-in-context I' = M : B, where I' = 7 :
Atz P Ay, if for alli <n, N; € |A;|, then (letZ; = N, inM) € |B].

Proof. For all ‘pure’ constructs, the proof follows the standard pattern (e.g. [45]). For effects,
we use that o(My, ..., M) = caserun(o) : [ing (). My] and conclude from Lemma 28. <

Correctness for first-order interfaces. With the fundamental lemma, we deduce our
correctness theorems from the next lemma, proved by a straightforward induction on D.

» Lemma 30. For any data type D, the identity context o is in |D].

» Theorem 31. Fort+ M : D, then Nop([M]') = [M]°.

» Theorem 32. Let '+ M : D be a term with a first-order interface, but otherwise arbitrary.
The diagram below commutes in Set.

[M]o

[r](0) N([D](0))
l(W)o lzv(@)o
RIS ) (0) ~ 2200 N R([B]Y )(0)

We conclude with the appropriate generalization of Theorem 26:

» Theorem 33. For any affine monad T that supports 2, if a term I' = M : B has a
first-order interface, then the diagram below commutes.

N ©0) —L N (o] (0)

lﬂ/r lwa

() — 2 (s

More informally: given inputs encoded in the intermediate representation, the lazy interpreter
agrees with the eager semantics.

6.3 Extending the lazy interpreter

Extending the interpreter to the higher-order language is completely straightforward, using
the higher-order types in OCaml and continuing to follow the semantics [—]'. Functions are
simply represented as another constructor on tree,

type tree = ... | Function of (tree -> tree)

and the interpretation of terms uses environments and closures.

We note that further optimizations are likely possible at that level: e.g. the model
satisfies (f +.g)(x) = f(z) +.g(z) and so, when evaluating a A-abstraction Ax. M, one could
examinate the tree produced by M and push any top-level operations before returning.
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7 Discussion

Inspired by a practical challenge within the Botascopia project ([7], §1.1), we have made
significant progress in the theoretical understanding of laziness. Most importantly, this work
exposes the semantic structures involved in a lazy interpreter. Our contributions include a
new semantic model for laziness, and formal correctness of the interpreter w.r.t. call-by-value
for affine effects. We have focussed on the basic semantic building blocks, but we emphasize
that there is some flexibility in practice, e.g. it could be useful for the interpreter to keep
track explicitly of the partial assignment.

Related work around laziness and effects. The authors of [10] present a syntactic de-
composition of a probabilistic choice operator in A-calculus, and study encodings of various
evaluation strategies. This was an inspiration for the present work, although laziness is
not explicitly considered there. McDermott and Mycroft [33] propose an extended Call-By-
Push-Value (ECBPV) calculus to study laziness and effects. ECBPV does not yet have
a denotational semantics and it would be a natural step to develop our approach in that
direction (indeed there is a model of CBPV based on our monad Ry). We also point out [34],
which studies a proof technique for relating call-by-value and call-by-name at any type, based
on a method similar to our mediating maps [A]" — [A]* = T([A]"). Although their method
applies to higher-order types without an explicit logical relation, the authors mention specific
difficulties in applying it to reader monads and supporting arbitrary sum types. Finally, lazy
evaluation has been studied in different forms for the A-calculus ([1, 2, 22, 37]), often without
effects. An interesting direction will be to relate our three semantic categories to the three
classes of terms in lazy A-calculus.

Related work in efficient probabilistic programming. The representations of this paper are
very reminiscent of Dice [13], a popular probabilistic language which performs a compilation
to binary decision diagrams. In the same line of work, Roulette [36] extends Dice to a symbolic
interpreter for discrete probability. Symbolic execution and laziness are a priori different
but there are clear connection between the present work and the categorical semantics of
Roulette [9, 29]. The latter goes further in understanding the logical aspects, but does not
consider general algebraic effects.

LazyPPL [11] and Pluck [4] are lazy probabilistic languages justified by a denotational
semantics based on infinite ‘rose trees’. One difference is that an interpreter can only use
infinite rose trees when the host language is already lazy (e.g. Haskell), and so this semantics
hides the internal mechanism of laziness. Older but significant uses of laziness in probabilistic
programming include [19, 21].

Perspectives and future work. Overall, this work is a step towards a full theory of effectful
call-by-need, with an equational theory and categorical axiomatization.

On the practical side, we can already port these ideas to Botascopia, for significant gains.
Another opportunity for improvement is to allow for sophisticated pattern matching a la
OCaml, which would interact differently with an intermediate representation. Another key
challenge is to support recursion in terms and types. We will study and implement canonical
versions of our tree-like representations, in the spirit of reduced ordered BDDs. Our semantic
models already track the variable order, and indeed our methods could even support a more
refined programming style where users can access the order, as well as programmatic ways
to impose eager evaluation for an operation.
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