Design and Analysis of
Algorithms



Divide & Conquer I:
Multiplication, Master Method

Integer multiplication
Recurrence relations
Master method

Matrix Multiplication



Divide & Conquer

* Break problem up into smaller subproblems
* Recursively solve sub problems

* Merge solutions together, obtaining solution
for original problem



Example: Integer Multiplication

* Algorithm 1:
— Input: two n-digit integers x and y in base b
— Letk = rn/27
— Write x as bXx, + x,, y as b*y, +y,
— Recursively compute x,Y,, XoY1 » X;1Yo » X1Yq
— Compute xy = b2 XY, + bk (XoY1 + X1Yo) + XY



Example: Integer Multiplication

* Running time?
— Say the running time on n-digit integers is T(n)
— Computing xy consists of:
* Four recursive calls of size rn/27:4T(rn/27)
« Multiplications by b ™21 and b2m™/21; O(n)
» Additions of 4 O(n)-digit integers: O(n)
— Running time: T(n) =4 T( /27 ) + O(n)



Recurrence Relations

* Arecurrence relation expresses a function
T(n) in terms of T with smaller inputs

* To specify function exactly, need to also give
base case

* For asymptotic analysis, base cases are not
usually necessary



Example Recurrence 1

T(n)=T(n-1)+ 7

Base case? Say T(0) =2
T(N)=7+T(n-1)=7+7+T(n-2) =... = 7k + T(n-k)
Setk=n, T(n)=7n+T(0) = 7n+2

No matter what T(0) is, T(n) = O(n)

If replace 7 by any constant, T(n) = O(n)

If multiply T(n-1) by 2, T(n) # O(n)



Example Recurrence 2

T(n) = T(n-1) + O(n)

There are constants c and n, such that T(n) <
T(n-1) + c nforall n > n,

Base case: T(ny) = d for some d
T(n)£T(n-1) +cn<T(n-2)+cn+c(n-1) =..
<d+c(n+(n-1)+(n-2) +... + n,)

<d+cn?=0(n?



Example Recurrence 3

T(n) = T(log n) + O(1)

There are constants c and n, such that T(n) <
T(log n) + cforalln2n,

Base case: T(ny) = d for some d
T(n) < T(logn) +c <T(loglogn)+2c=...
<d+clog’n=0(log" n)



Example Recurrence 4

* T(n)=T(rn/27)+c

* There are constants c and n, such that T(n) <
T(rn/29)+cforall n 2 n,

* Say T(n) <d forall n<n,



Example Recurrence 4

T(n)<T(rn/27) +c

T(n) C

T(rn/211 C




Example Recurrence 4

T(n)<T(rn/27) +c

T(n) C
How
T( rn/2- 1 C " many
c’'s?

T(n’) d




Example Recurrence 4

e T(N)<T(rn/27)+c<T(n/2 +%) +c

 There is a b such that after O(log n) iterations,
n<b

* T(n) £T(b) + c O(log n) = O(log n)



Example Recurrence 4

T(n)<T(rn/27) +c

T(n) C

T(rn/29 1 c ~ Ollogn)




Master Method

e Suppose T(n) =a T(n/b + O(1)) + O(n9)
* Then:

—If a< b9 T(n) = O(nY)

—If a>bd, T(n) = O(n'ev?)

—If a=bd, T(n) = O(n9log n)



() Version

e Suppose T(n) =a T(n/b - Q(1)) + Q(n9)
* Then:

—Ifa<bd T(n)=Q (n9)

—Ifa>bd T(n) = Q (n'oe?)

—Ifa=b9 T(n)=Q (n%log n)



Master Method Examples

* T(n) =T(n/2+6) + O(1)
—a=1,b=2,d=0
—a=Dbd so0O(n%log n) =0O(log n)



Master Method Examples

* T(n)=T(rn/27+1) + O(n)
—a=1,b=2,d=1
—a< b9, so0(n?) =0(n)



Master Method Examples

* T(n) = 2T(n/2+43 sin(n)) + O(1)
—a=2,b=2,d=0
—a > b9, so O(n'eb3) = O(n)



Master Method Examples

* T(n) =2T(n/27 +1/n) + O(n)
—a=2,b=2,d=1
—a=Db9 so0(n%log n) =0(n log n)



Integer Multiplication

e Algorithm 1: T(n) =4 T( rn/27) + O(n)
e a=4,b=2,d=1
* a>bd soT(n) = O(n'esba) = O(n?2)



Integer Multiplication

* Algorithm 2:
— Input: two n-digit integers x and y in base b
— Letk= rn/27
— Write x as b* x, + x,, y as bk y, +y,
— Recursively compute X,Y,, X;Y;, (X1 + Xg) (Y1 + Yo)

— Compute xyy; + XY, = (X1 + Xg) (Y1 + Vo) - XoYo - X1Y;
— Compute xy = b2 x;y, + b* (xoy; + X;y,) + XpY,



Integer Multiplication

* Running Time?
— Let T(n) be the time to multiply n bit integers
— Computing xy consists of:

* Some additions and subtractions: O(n)
e 3 calls of size at most n/24+1: 3T( rn/27 +1)

— Recurrence: T(n) = 3T( rn/27 +1) + O(n)
L a:3’b=2’d:1
* a>bd so T(n) = O(n'°eb2) = O(n1->9)



Integer Multiplication

* Can we do better?
— Sequence of algorithms achieving O(n'cgk(k+1))
— Best algorithms achieve approximately O(n log n)



Matrix Multiplication
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Matrix Facts

Any m by n matrix can by multiplied by and n
by p matrix. The result is an m by p matrix

Associative: A (BC) = (AB) C
Not Commutative: AB # BA in general

Addition is component-wise: If Aand B are m
by n matrices, then we can add A+B by adding
individual components



Block Multiplication

* The a;;and b;; can be any values that can be
added and multiplied.

— Can be matricies!
* To compute matrix product AB, can group off

elements of A and B into submatrices, and
compute product using these smaller matrices



Block Multiplication Example

(7 59 8\ (6 2 6 1)
2 8 4 6| |8 4 7

48 1 214320
9 3 4 1)1 49 8




Block Multiplication Example
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Block Multiplication Example

A B E F AE + BG AF + BH
X =
C D G H CE+DG CF+DH



Block Multiplication Example
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Matrix Multiplication

* Recursive Algorithm:

— Write product as 4 B y £ F
C D G H

— Recursively compute AE, AF, BG, GH, CE, CF, DG, DG
— Return (AE+BG AF +BH)

CE+DG CF+DH



Matrix Multiplication

Work outside of recursion: O(n?) (d=2)
Size of recursive calls: O(n/2) (b=2)
Number of recursive calls: 8 (a=8)

a > b9, so O(n'°e8)=0(n3)

— no better than naive algorithm



Strassen’s Algorithm

* Need AE+BG, AF+BH, CE+DG, CF+DH
— Can we compute using fewer than 8
multiplications?
P=AF-H) P =(A+D)E+H)
P,=(A+B)H P =(B-D)(G+H)
P=(C+D)E P =(A-C)E+F)
P, =D(G-E)

A B\(E F\ (P.+P,-P,+P. P+P
C D\G H) \ PR+P  R+PR-P-P



Strassen’s Algorithm

7 recursive calls of sizen/2(a=7,b=2)
O(n?) time outside of calls (d = 2)
3 > bd’ SO O(nlog27)z0(n2.8074)

Better than naive solution!



Matrix Multiplication

 What is the smallest w such that matrix
multiplication can be done in time essentially
O(n®)?
— Strassen (1969): w < 2.808
— Coppersmith, Winograd (1990): w < 2.376
— Stothers (2010): w < 2.3736
— Williams (2011): w < 2.3727

 Widely believed w =2





