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Abstract

This problem investigates the impact of structural symmetries on the stochastic behavior of Kappa
models. Structural symmetries emerge from equivalence relationships among pairs of sites. That is to
say sites having exactly the same capabilities of interaction. We will consider two case studies. In the
first one, we introduce a model in which two sites have the same capabilities of interaction in any context.
In the second one, we examine a model in which two sites have the same capabilities of interaction only
when a third one is activated. We study the impact of these symmetries under the lens of forward
bisimulations (which enable to quotient the underlying transition system by discarding the difference
between symmetric states) and backward bisimulations (which highlight statistical invariants).

1 Weighted transition systems

Firstly, we introduce the notion of weighted transition systems for describing Markov chains. To make the
things simpler, we consider finite Markov chains with discrete time evolution (finite DTMC) only.

Definition 1.1 A weighted transition system is a pair (Q,w) where Q is a finite set of elements, called
states, and w is a function mapping every pair of states to a non negative real numbers (in Rxq) such that
for every state g € Q, the sum 3, ,.ow(q,q') is equal to 1.

In fact, for every state ¢, the function mapping every state ¢’ to the real value w(q,q’) is the finite
probability distribution for the next state of the system. Whenever w(q,q’) = 0 we say that there is no
transition from the state g to the state ¢’, otherwise we say that there is a transition from the state ¢ to
the state ¢’ with probability w(q,q’). An example of weighted transition system is depicted in Fig. ?7.
States are described as ellipses labeled by names whereas transitions are denoted as edges labelled with their
probabilities.

We assume until the rest of the section that we are given (Q,w) a weighted transition system.

Definition 1.2 (Trace) A (finite) trace is a finite sequence of elements of the set Q.
The length of a trace is the number of states minus 1.

The probability of the trace T = (¢i)o<i<n 1s defined as follows:

P(7 | qo) 2 n w(gi—1, ).

1<isn

As a direct consequence, a trace has probability 0 whenever it contains two consecutive states not related
by any transition. Moreover, we notice that traces of length 0 have probability 1.
Now we define the notion of flow between two sets of states.

Definition 1.3 (Flow) The flow FLOW(X, X') from a set of states X < Q into a set of states X' < Q is
defined as follows:

FLow(X,X) 2 Y w(g,q).
qeX,q’'eX’
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Figure 1: A weighted transition system.

2 Bisimulation over weighted transition system

2.1 Reminder on equivalence relations

The goal of this section is to introduce several notions of equivalence between the states of a weighted
transition system. Our goal is to lump the states of the system accordingly.

Definition 2.1 (relation) A (binary) relation over a set X is a subset of X?2.

Whenever R is a relation over a set X, the notation ¢ R ¢’ stands for (¢,q’) € R.

Definition 2.2 (equivalence relation) A relation R over a set X is an equivalence relation whenever it
is reflerive, symmetric, and transitive.
That is to say that, for every x,y,z € X:

o (reflexivity) x R x;
o (symmelry) xt Ry = y R x;
o (transitivity) [t Ry ry R z= xR z].
Definition 2.3 An equivalence relation is usually denoted as ~. Given an equivalence relation ~ over a set

X and an element x € X, the set of elements 2’ such that © ~ x’ is called the ~-equivalence class of the
element x and is denoted as [x].. The set of ~-equivalence classes is denoted as X..

2.2 Forward bisimulation

Now we study the notion of forward bisimulation which enables to lump the states of a weighted transition
system.



Definition 2.4 (Forward bisimulation) Let (Q,w) a weighted transition system and ~ be an equivalence
relation over the set Q.

The relation ~ is called a forward bisimulation over the weighted transition system (Q,w) if and only if
for every q,q',q" such that g ~ ¢', the following equation:

FLow({g}, [¢"]~) = FLow({'}, [¢"]~)

is satisfied.

Question 1 (**) Propose the largest forward bisimulation ~ over the weighted transition systems depicted
in Fig. 7?7 such that the state x is ~-equivalent to no other state.
That is to say that the relation ~ should satisfy the following properties:

1. ~ is a forward bisimulation over the weighted transition system depicted in Fig. 77;

2. [a]. = {a};

3. for every two states q,q € Q and for every forward bisimulation ~' over the weighted transition system
depicted in Fig. 7?7 such that [z]< = {z}, we have g ~' ¢ = q~ ¢'.

Answer:

1. Let us show that the relation ~ among the elements of Q that is defined as follows:

Q- 2 {{z}, {yr, y2} {ws ), {21, 22, 23}

is a forward bisimulation.

We compute in the following matrix the flow from every state in Q to every ~-equivalence class

in Q..

FLOW | {z} | {y1, 92} | {ws} | {21, 22, 23}
{(z} | 0 z ; 0
{va} | O é 0 é
{y2} | 0O é 0 é
{ys} 0 0 0 1
i} | 2] 0 |0 :
I I U -
s} | 2| 0 |0 :

We notice that the rows y; and gy are the same. Moreover, the three rows 21, z2, and z3 are equal
as well. Thus ~ is a forward bisimulation.
2. Conversely, let ~ be the largest forward bisimulation such that [z]. = {z}.

We have, for every i € {1,2,3},
FLOW(y;, [z]~) = 0.




and for every j € {1, 2, 3},

FLOW(z;, [z]~) = =.

Thus, for every ¢,j € {1,2,3}, we have y; # z;.
SO7 for every i€ {172u3}? [yz]~ = {y17y27y3} and [zl]N = {217ZQ7Z3}'
Then, we have:

(a) FLOW(y1, [28]-) € {0, 2};

(b) FLOW(yz, [za]-) € {0, 2);

(c) FLOW(y3, [23]~) = 1;
Thus FLOW(ys, [23]~) # FLOW (1, [25]) and FLOW (s, [25]~) # FLOW(ys, [25]-).
We can conclude that [ys]. = {y3} and that for every i € {1,2}, [yi]~ S {y1,v2}-

It follows that the equivalence relation that is defined by the following equivalence classes:

{{I}, {ylny}, {y3}7 {Zl7 22, 23}}

is the largest forward bisimulation such that {z} is an equivalence class.

Question 2 (*) Let (Q,w) a weighted transition system and ~ a forward bisimulation over Q. Show that
there exists a weighted transition system (QF, w*) such that both following properties are satistified:

1. the states of the new weighted transition system are the ~-equivalence class of the initial one (i.e. QF =

[Ql~);

2. for every trace 7% = (C;)o<i<n in the new weighted transition system and any initial state ¢* € Cy, the
probability (in the new weighted transition system) of the trace T is equal to the sum of the probabilities
(in the former weighted transition system) of the traces (q;)o<i<n Such that qo = ¢* and ¢; € C; for
every i between 1 and n.

Answer:

We define w*([q]~, [¢"]~) 2 FLOW ({q}, [¢"]~), for every two states ¢,¢" € Q.
The function w! is well defined, since for every q,q’,q” € Q, the following condition:

rLow({g}, [¢"]~) = FLow({¢'}, [¢"]~)

is satisfied.
Moreover, for every state ¢ € Q, we have:

2icea. w¥([q)~,C) = Yceo. FLOW({q},C)
= rLow({q}, Q)
= 1.

We prove the relationship over the probabilities of traces by induction.

1. The probability of the trace (Cp) is equal to 1.
The probability of the trace (¢*) is equal to 1 as well.




2. We assume that the relationship holds for traces of size n.

Let 7t £ (Ci)o<isn+1 be a trace in the new transition system.

By induction hypothesis, we assume the probability of the trace (C;)o<i<n is equal to the sum of
the probabilities of the traces (¢;)o<i<n, in the initial transition system, such that ¢y = ¢* and
q; € C; for every i between 1 and n.

We have:

P(7* | Co) P((Ci)oizn | Co) - w*(Cr, Cry1)
= Z(qi)ogi@,qozq*,qieci P((gi)o<i<n | q*)) 'wﬁ(cnvcn+1)
= Z(qi)ogién,q():q*,qieci P((gi)o<i<n | ¢%) 'wﬁ(cmcn-&-l)
(¢i)o<i<n q0=q*,q:€C; P((g:)o<i<n | ¢7) - anﬂecnﬂ w(Gns Gnt1)
= Z(Qi)ogig71+17q0:q*,qieci P((¢i)o<i<n+1 | ¢°)

In our case study, we obtain the following coarse-grained transition system:
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2.3 Backward bisimulation

Now we study the notion of backward bisimulation which highlights statistical invariants about the time
evolution of the state distribution of the underlying weighted transition system.

Definition 2.5 (Backward bisimulation) Let (Q,w) a weighted transition system and ~ be an equiva-
lence relation over the set Q.
The relation ~ is called a backward bisimulation if and only if for every q,q',q" such that ¢ ~ ¢, the
following equation:
FLow([q"]- {a}) = FLow([¢"]~ {¢'})

is satisfied.

Question 3 (**) Propose the largest backward bisimulation ~ over the weighted transition systems that is
depicted in Fig. 77.
That is to say that the relation ~ should satisfy both following properties:

1. ~ is a backward bisimulation over the weighted transition system depicted in Fig. 77;

!

2. for every states q and ¢ and for every backward bisimulation ~' over the weighted transition system

depicted in Fig. 7?7, we have ¢ ~' ¢ = q ~ ¢'.

Answer:



1. Let us show that the relation ~ among the elements of Q that is defined as follows:

Q. £ {{z}. {y1, v}, {ys}, {21, 22}, {z3})

is a backward bisimulation.

We compute in the following matrix the flow from every ~-equivalence class in Q.. to every state

in Q.

FLOW | {a} | {yn} | {32} | {ws} | {z} | {20} | {23}
(z} | 0 ; é é 0o 0o

{y1,92} | 0 % % 0 % % 0
{s} |0 0] 000 0|1

{z1,22} | 1 0 0 0 % % 0
(s} | = | oo o]o]o]:

We notice that the columns y; and y, are the same.
Moreover, the columns z; and z9 are equal as well.
Thus ~ is a backward bisimulation.
2. Conversely, let ~ be the largest backward bisimulation over the weighted transition system that
is depicted in Fig. 77.
Since Q. is a partition of Q, we get that:

FLOW(Q,{q}) = Yoeo. FLOW(Q,{q})
Yiceg. FLOW(Q, {q'})
FLOW(Q, {¢'}).

We have:
FLOW(Q, {z}) = 2;

FLOW(Q, {y1}) =

FLOW(Q, {y2}) =

FLOW(Q, {ys}

FLOW(Q, {22}

( )
FLOW(Q, {z1})
( )
( )

FLOW(Q, {23}

Vlw = = e oo oo

It follows that:

o [z]. = {2}




Since {y3} is a ~-equivalence class, we have, for every two states ¢, ¢’ such that ¢ ~ ¢’

FLOW ({ys}, {q}) = FLow({ys}, {¢'}).
Since FLOW ({y3}, {z}) = 0 and FLOW({y3}, {z3}) = 1, it follows that x % z3.
It follows that the equivalence relation that is defined by the following equivalence classes:
{{z} {y1 v} {ys) {21, 22}, {23}

is the largest backward bisimulation for the weigthed transition system that is depicted in Fig. 77.

Question 4 (***) Let (Q,w) a weighted transition system and ~ a backward bisimulation over Q.

Let g* be a state such that [¢*]~ = {¢*} and n be a natural number.

Show that for every two states q,q' € Q such that q ~ q', the probability that the system ends in state q
after n computation steps knowing that it has started in state q* is equal to the probability that the system
ends in that ¢’ after n computations knowing that it has started in state q*.

That is to say that the sum of the probabilities of all the traces of n transitions starting in state ¢* and
ending in state q is equal to the sum of the probabilities of all the traces of n transitions starting in state q*
and ending in state q .

Answer:

We denote as T (gq,n,q’) the set of traces starting from the state ¢ and ending in the state ¢’ in
exactly n transitions.
We prove the result by induction over n.

1. For n =0, T(¢*,n,q) is equal to {¢*} whenever ¢ = ¢* and to the empty set J otherwise.
Let ¢, ¢’ € Q be two states such that ¢ ~ ¢'.

(a) Whenever g = ¢*.
Since ¢* is the only element of its ~-equivalence class, we have ¢’ = ¢* as well.
Hence 3 cr(peng P(T1¢") =1and 2 7, o P(T]q") =1
(b) Whenever ¢ = ¢*.
See previous case.
(¢) Otherwise.
Both sums }, 7y« ) P(7 1 ¢*) and 35 7., ) P(7 | ¢*) are equal to 0.

In every case, we have

>, PElg)= >, PElq)
T€T (q*

7€T (¢*,n,q) i1,q)




2. We assume that the property holds for n € N, let us show that it holds for the traces of length

n + 1.

Let q, ¢ be two states in Q such that g ~ ¢'.

For every ~-equivance class C, we choose g¢ an element of C.

We have:

ZTET(q*JH»Lq) P(T | q*)

Thus, for every n € N and every two

2

€T (q*,n,9)

~-equivalent states ¢, ¢’ in Q, we have:

Prlg)= >, P(rlq)

Zq”eQ,T’ET(q",mq”) P(T/ | q*) ' UJ(q”, Q)
ZCEQN Zq”GC,T/ET(q*,n,q”) P(T/ ‘ q*) : w((]//, q)
ZCGQN Zq”EC ZT’ET(q*,n,q”) P(r" | ¢*) - w(q",q)

ZCGQN Zq”eCw(qH’q) : ZT’ET(q*,n,q”) P(r' [ q ))

Scea. Lyec (@ 0) (Ereriemae P 167)

Ylcea. (Zq”EC w(q”,q)) - (ZT'ET(q*,n,qc) P(r"| q*))
Yeeo. (FLOW(C, ) (Zrer(pmaey P 107)
Yeeo. (FLOW(C, @)+ (Xrer(gr maey P 1 4))
ZCGQN (Zq”ecw(q”’q/) : (ereT(q* n,qc) P(r"|
Soea. Syec @@ @) (Srer(ermae) PO

q
Diceg. 2 qrec W w(q”,q") - (2 T (q* ") P(r' | q ))
ZCEQ Z ”GCZTET(] ,n,q") P( ! |q ) w q/,7Q)
ZCGQN Zq"EC,T 'eT (g*,n,q") ( ! ‘ q ) (q”aq/)
Zq”EQ,T’ET(q*,n,q”) P(T/ | q ) (q Q)
T€T (¢* ,n+1,q") P<T | q*)

"

€T (¢*,m,q")

Question 5 (**) Let (Q,w) a weighted transition system and ~ a backward bisimulation over Q.

Let g* be a state such that [¢*]~ = {q*}.

Show that there exists a weighted transition system (QF, w*) such that

1. the states of the new weighted transition system are the ~-equivalence class of the initial one (i.e. QFf =

[Q]~)

2. For every trace 7 = (C;)o<i<n in the new weighted transition system such that Coy = {q*}, the proba-
bility (in the new weighted transition system) of the trace 7% is equal to the sum of the probabilities (in
the former weighted transition system) of the traces (¢;)o<i<n Such that ¢; € C; for every i between 0

and n.

Answer:

We define wﬁ([q]N’ [C]”]N) A Ygrefal. Frow({a'}.[a ]~)7 for every two states ¢,q" € Q.

CARDINAL([¢]~)

The function w! is well defined, since for every q,q’,q” € Q, the following condition:

rLow({g}, [¢"]~) = FLow({¢'}, [¢"]~)




is satisfied.
Moreover, for every state g € Q, we have:

f _ Yoelq). FLow({d'},C)
ZCEQ“ w(lgl~. ©) ZC€Q~ CARDINAL([g]~)

2ceo., Zq/E[q]N rLow({q'},C)

CAaRDINAL([¢]~)
qug[q]N rLow({q'},Q)

CARDINAL([¢]~)

Ly'ela) !
CARDINAL([g]~)
= 1

We prove the relationship over the probabilities of traces by induction.

1. The probability of the trace (Cy) is equal to 1.
The probability of the trace (¢*) is equal to 1 as well.

2. We assume that the relationship holds for traces of size n.

Let 7 2 (Ci)o<i<n+1 be a trace in the new transition system.

By induction hypothesis, we assume the probability of the trace (C;)o<i<n 18 equal to the sum of
the probabilities of the traces (¢;)o<i<n, in the initial transition system, such that ¢o = ¢* and
q; € C; for every i between 1 and n.

We have:
P(r* | Co) = P((Ci)o<icn | Co) - w*(Cp,Cryr)
(Stanronarmarec, P@oizn | 4) - wH(Co Cui)
= Z(Qi)osignv(h}:q*ﬂieci P((Qi)OsiSn | q*) .wu(Cﬂ”CnJrl)

Xyl ey w(qy,,Cnt1)

= Z(Qi)osignﬂo:fm@ci P((Qi)osign | q*) ’

CARDINAL(C),)

Syt ccp ©(@n.Cnt1)

- Z(Qi)0<i<n7QO:q*7QiGCi P((Qi)ogiSn | Q*) ’

CARDINAL(CY,)

anC»n L

*
- Z(qi)o<i<n7QO=q*,q1‘€C P((gi)o<i<n | 4%) - w(gn, "+1)CARTA](C)
P((¢:)

o Z(Qi)osisn,q0=Q*7qz‘€C i O<Z<"| *) Win; "+1)

(
(
= Z(qz‘)o\ <n,q0=q*,q:€C; (P((ql)0<l<” | q) ( Gn+1€Ch41 (q"’q"Jrl)))
(4:)o<i<n q0=a*,q:€C; an+1eCn+1 P((gi)o<i<n | €°) - w(qn, qnt1)
= Z(Qi)osismro:fI*H?‘ECi an+1€Cn+1 P((gi)osisn+1 [ 47)
()

¢i)o<i<n+1:90=9*,q:€C; P((Qi)0<i<n+1 ‘ q*)

In our case study, we obtain the following coarse-grained transition system:
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3 Bisimulations induced by perfect symmetries among pairs of sites
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Figure 2: A set of rules with two interaction sites having the same capabilities of interaction.
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In this section, we consider the model that is made of the set of rules given in Fig. ?7?7. In this model,
the role of sites r and [ is intuitively the same. The goal of this section is to investigate what it means with
respect to the set of rules and to extrapolate which bisimulations are induced by this property.

Definition 3.1 The symmetric of an agent is obtained by swapping the states of the sites | and r of this
agent.
In particular:

1. If this agent contains neither the site I, nor the site r, the agent remains unchanged;
If this agent contains the site I, but not the site r, the site [ is replaced with the site r;

If this agent contains the site T, but not the site I, the site r is replaced with the site I;

™ e

If this agent contains both the site | and the site r, the site | takes the former state of the site r while
the site r takes the former state of the site l.

Definition 3.2 The symmetric of a rule is obtained by taking the symmetric of the left hand side and the
symmetric of the right hand side.

Question 6 (*) Show that the symmetric of any rule of the model, is also a rule of the model with the same
rate.

Answer:

In the following array are drawn each rule (left column) and its symmetric (right column):

10
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Question 7 (*) Draw the weighted transition system that is induced by the rules of the model.
So as to make this transition system easy to write, we consider only the states made of a single agent.
We recall that, an event e stemming from a state q is defined by a rule r and an embedding from the left
hand side of the rule r into the state q. The propensity of the event e is equal to the rate of the rule. The
state q' that is reached when applying the event is defined by the operational semantics of Kappa. Then the
propability w(q,q’) is defined as the quotient between the sum of the propensities of the events from the state
q to the state ¢’ and the sum of the propensities of all the events stemming from the state q.

Answer:

Question 8 (*) Show that the equivalence relation that gathers states by symmetry-classes induces both a
forward bisimulation and a backward bisimulation.

Answer:

1. Forward bisimulation:

FLOW

—
N =N 8
N~
——
()
&,
©
6
N—~—'
—
N~

N | =[N =

2. Backward bisimulation:

11
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Thus this equivalence relation induces both a forward bisimulation and a backward bisimulation.

4 Bisimulations induced by contextual symmetries among pairs of
sites

Ipl lul

—_— @1 —_— @1
rpl rul

—_— @1 —_— @1
1p2 lu2

— @1 — @1
rp2 ru2

— @1 — @1
tp tu

— @1 — @1

Figure 3: A set of rules in which two sites have the same capabilities of interactions only when a third site
is activated.

In this section, we consider the model that is made of the set of rules given in Fig. ?7?7. In this model,
the sites [ and r get sequentially activated/deactivated when the site ¢ is not activated, whereas they get
activated/deactivated in parallel when this site is activated. Intuitively, the sites [ and r have the same
capabilities of interaction only when the site ¢ is activated. Hence the symmetry between the site | and
r is contextual. The goal of this section is to investigate whether contextual symmetries enjoy the same
properties as uncontextual ones and to adapt the framework accordingly.

Question 9 (*) Show that the symmetric of any rule of the model that requires the site t to be phosphory-
lated, is also a rule of the model with the same rate.

Answer:

In the following array, are drawn each rule (left column) and its symmetric (right column):

12



Symmetric rule
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Question 10 (*) Draw the weighted transition system that is induced by the rule of the model.
So as to make this transition system easy to write, we consider the states made only of a single agent.

Answer:

We consider the equivalence relation ~ that identifies only the two following configurations:

(i.e. any other configuration is the only element of its equivalence class.)

13



Question 11 (*) Show that the equivalence relation ~ induces both a forward bisimulation and a backward
bisimulation.

Answer:

1. Forward bisimulation:

v (3] [0 (3] [y 10 [

O 1
0 1C 0 0 0 0 5 0

2. Backward bisimulation:

N |
[

N |

FLow {&} {&o}

[S
w | =

R

e e e e e et
o
o

®
&

1 1
2 2

&

Thus, the relation ~ is both a forward and a backward bisimulation.

Question 12 (*) In the rules given in Fig. 7?7, we propose to replace the rule tp by the following one:

i

— @1

Is the relation ~ still a forward bisimulation over the underlying weighted transition system?
Is the relation ~ still a backward bisimulation over the underlying weighted transition system?

Answer:

14



1. Forward bisimulation:

et 1L et AR A AR et A Bt | it AR et
{&} 0 0 0 0 % 0 -
{&9} 0 0 0 0 % 0

Thus the relation ~ is a forward bisimulation.

2. Backward bisimulation:

15
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Thus the relation ~ is not a backward bisimulation.

Question 13 (*) In the rules given in Fig. ??, we propose to replace the rule tu by the following one:

tu’

— @1
Is the relation ~ still a forward bisimulation over the underlying weighted transition system?

Is the relation ~ still a backward bisimulation over the underlying weighted transition system?

Answer:

16






Thus, the relation ~ is not a forward bisimulation.

2. Backward bisimulation:

..:. . 0
SR
SR
SR
..x.. T
...... 0 0
=]

Thus the relation ~ is a backward bisimulation.

Question 14 (****%) Propose a criterion over the rules and the state space of a Kappa model so as to
ensure that a contextual symmetry among a pair of sites induces a forward bisimulation over the underlying
weighted transition system.

Answer:

To ensure that an equivalence relation induces a forward bisimulation, it is enough to prove that
for every pair of symmetric states, any transition from the first state to another one can be mimicked
by a transition of same rate from the second one, such that both targeted states are symmetric.

Thus, we require two conditions:

e For every rule r the lhs of which satisfies the contextual condition, the symmetric of the rule is a
rule with the same rate.

e Every rule that can potentially break the contextual condition can only be applied on a symmetric
configuration.

(The second condition ensures that any symmetry that is valid in the state of system before applying
a rule is still valid after having applied this rule. While the first condition ensures that there is a rule
to goes from the symmetric of the state before applying the rule to the symmetric of the state before
applying the rule.)

Question 15 (****%) Propose a criterion over the rules and the state space of a Kappa model so as to
ensure that a contextual symmetry among a pair of sites induces a backward bisimulation over the underlying
weighted transition system.

Answer:

18



To ensure that an equivalence relation induces a backward bisimulation, it is enough to prove that for
every pair of symmetric states, any transition ending in the first state can be mimicked by a transition
of same rate ending in the second one, such that the sources of these both transitions are symmetric.

Thus, we require two conditions:

e For every rule r the lhs of which satisfies the contextual condition, the symmetric of the rule is a
rule with the same rate.

e Every rule that can potentially forge the contextual condition can produce only in symmetric
configurations.

(The second condition ensures that any symmetry that is valid in the state of system after applying a
rule is still valid before having applied this rule. While the first condition ensures that there is a rule
to goes from the symmetric of the state before applying the rule to the symmetric of the state before
applying the rule.)
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