Machine learning and convex optimization
with submodular functions
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Workshop on combinatorial optimization - Cargese, 2013



Submodular functions - References

References based on combinatorial optimization

{ Submodular Functions and Optimizatioffujishige, 2005)

{ Discrete convex analysidurota, 2003)

Tutorial paper based on convex optimization (Bach, 2011b)

{ www.di.ens.fr/ ~fbach/submodular_fot.pdf

Slides for this lecture

{ www.di.ens.fr/ ~fbach/fbach_cargese 2013.pdf



Submodularity (almost) everywhere
Clustering

Semi-supervised clustering

Submodular function minimization



Submodularity (almost) everywhere
Sensor placement

Each sensor covers a certain area (Krause and Guestrin,)2005

{ Goal: maximize coverage

Submodular function maximization

Extension to experimental design (Seeger, 2009)



Submodularity (almost) everywhere
Graph cuts and image segmentation

Submodular function minimization



Submodularity (almost) everywhere
Isotonic regression

. 1 X
{ Findy 2 RP that minimizes=

5 (Xi yi)2 such that8i;yi 6 Yi+1

Submodular convex optimization problem



Submodularity (almost) everywhere
Structured sparsity - |
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Submodularity (almost) everywhere
Structured sparsity -
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No structure: many zeros do not lead to better interpretaiyil



Submodularity (almost) everywhere
Structured sparsity - Il
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Submodularity (almost) everywhere
Structured sparsity - Il
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Submodular convex optimization problem



Submodularity (almost) everywhere
Structured sparsity - Il
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Submodular convex optimization problem



Submodularity (almost) everywhere
Image denoising

Total variation denoising (Chambolle, 2005)

Submodular convex optimization problem



Given an undirected grap® = (V;E) and weightsw : E 7! R

{ nd the maximum weight spanning tree

:

N~ B

1

>

!

Submodularity (almost) everywhere
Maximum weight spanning trees
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Greedy algorithm for submodular polyhedrematroid



Submodularity (almost) everywhere
Combinatorial optimization problems

Power set2V = set of all subsets, of cardinality??

Minimization/maximization of aset functionF : 2V |

m|n F(A)= min F(A)
A22V

R.



Submodularity (almost) everywhere
Combinatorial optimization problems

Power set2V = set of all subsets, of cardinalite®

Minimization/maximization of aset functionF : 2V | R.
Xnn\w/ F(A) = ,TzlgV F(A)

Reformulation agpseudo) Boolean function

(1’ O! 1)~{11 3} (1, 1, 1)“‘{1, 2, 3
- 0, 1)~{3>/i <
WZ';n(%ﬂ.gpf (W) (1, 0, 0)~{1}_ ; — (0, 1, 1)~{2,3
with 8A  V; f(1a) = F(A) \/»/(1, 1, 0)~{1, 2}

(0,0,0~{¥ (0, 1, 0)~{2}



Submodularity (almost) everywhere
Convex optimization with combinatorial structure

Supervised learning / signal processing

{ Minimize regularized empirical risk from da&;;yi), 1 =1;:::;n
A
min= CEfea)+ ()

1=1

{ F Is often a vector space, formulation often convex

Introducing discrete structures within a vector space fram ework

{ Trees, graphs, etc.
{ Many di erent approaches (e.g., stochastic processes)

Submodularity allows the incorporation of discrete struct ures



Outline

1. Submodular functions
{ Review and examples of submodular functions
{ Links with convexity through Lowasz extension
2. Submodular minimization
{ Non-smooth convex optimization
{ Parallel algorithm for special case
3. Structured sparsity-inducing norms

{ Relaxation of the penalization of supports by submodulardiions
{ Extensions (symmetric,q-relaxation)



Submodular functions
De nitions

De nition : F : 2¥ I R is submodular if and only if
8A;B V;, FA)+ F(B)>F(A\ B)+ F(A[ B)

{ NB: equality formodular functions
{ Always assumé-(?)=0



Submodular functions
De nitions

De nition : F : 2¥ | R is submodular if and only if
8A;B V;, FA)+ F(B)>F(A\ B)+ F(A[ B)

{ NB: equality formodular functions
{ Always assumé-(?)=0

Equivalent de nition

8k2V;, AT7T'F(A[f kg) F(A) is non-increasing
, 8 A B; 8zZzA;, F(A[f kg F(A)>F(BI[f kg F(B)

{ \Concave property" Diminishing return property



Examples of submodular functions
Cardinality-based functions

P
Notation for modular function:s(A) = ,,, Sk fors2 RP
{ f s=1y, thens(A) = jAj (cardinality)

Proposition: If s2 R? andg:R: ! R is a concave function, then
F:A 7! g(s(A)) is submodular

Proposition 2: If F : A 7! g(s(A)) is submodular for als 2 R?
then g is concave

Classical example:

{ F(A)=1 if jJAj > 0 andO otherwise
{ May be rewritten as (A) = max x2v (1a )k



Examples of submodular functions
Covers

Let W be any \base" set, and for eack 2 V, a setSy, W
S
Set cover de ned as-(A) = |, Sk

Proof of submodularity) homework



Examples of submodular functions
Cuts
Given a (un)directed graph, with vertex st and edge set

{ F(A) is the total number of edges going from to VnA.

g LX

I

\|/ o

Sove
-O—CO

Generalizaton withd: V.~ V! R,

X .
F(A) = d(k;J)

k2 Aj 2V nA

O

NN

)
NN

Proof of submodularity) homework



Examples of submodular functions
Entropies

{ De ne F(A) as the joint entropy of the variableSXk)k2 a
{ F is submodular

Proof of submodularityusing data processing inequality (Cover and
Thomas, 1991): fA B andk 2B,

F(A[T kg) F(A)= H(Xa;Xx) H(Xa)= H(XJXa)> H(XyXB)

Symmetrized versiortG(A) = F(A)+ F(VnA) F (V) is mutual
iInformation betweenX o and Xy ya

Extension to continuous random variables, e.g., Gaussian:
F(A) =logdet aa, for some positive de nite matrix 2 RP P



Examples of submodular functions
Flows

Net- ows from multi-sink multi-source networks (Megiddo,9%4)
See detalls in Fujishige (2005); Bach (2011b)

E cient formulation for set covers



Examples of submodular functions
Matroids

The pair(V;l) is a matroid withl its family of independent sets, i :

(@) ? 21
b) 1. 1221) 1121
(c) forall I1;1,21 ,jl1y<jlp))9 k2 1Ionlq; I1[f kg2

Rank functionof the matroid, de ned asF(A) = max, a: a2 Jl]
IS submodular direct proof)

Graphic matroid

{ V edge selbof a certain graphG = (U; V)

{ | = set of subsets of edges which do not contain any cycle

{ F(A) = jUj minus the number of connected components of the
subgraph induced by



Outline

1. Submodular functions
{ Review and examples of submodular functions
{ Links with convexity through Lowasz extension
2. Submodular minimization
{ Non-smooth convex optimization
{ Parallel algorithm for special case
3. Structured sparsity-inducing norms

{ Relaxation of the penalization of supports by submodulardiions
{ Extensions (symmetric,q-relaxation)



Choquet integral (Choquet, 1954) - Lowasz extension

Subsets may be identi ed with elements 60; 1g°

Givenany set-functionF andw such thatw;, > > w; , de ne:

XP
f(w) = Wi [F(FJeii0k® FXEJoiii )k 109)]
= (Wi Wi )F(FJiingwd) + wy F(Fla5ii05)p0)
k=1
(1,0, 1)~{1, 3} (1,1, 1)~{1, 2, 3
00037 <
(1,0,0~{1}.| 0. L2
\./(1, 1, 0)~{1, 2}

(0,0,0~{¥ (0, 1, 0)~{2}



Choquet integral (Choquet, 1954) - Lowasz extension

Properties
>QD . . . .
f(w) = w [F(fjuiinwkg) FMEjoin ik 109)]
k=1
9(1
— (ij ij+1)F(le;:::;jkg)+ WJpF(fjla’Jpg)
k=1

For any set-functionF (even not submodular)

{ f Is plecewise-linear and positively homogeneous
{ Ifw=1a,f(w)= F(A)) extension fronf0;1g° to RP



Submodular functions
Links with convexity (Edmonds, 1970; Lowasz, 1982)

Theorem (Lowasz, 1982): F is submodular if and only if is convex

Proof requires additional notions from Edmonds (1970):

{ Submodular and base polyhedra



Submodular and base polyhedra - De nitions

Submodular polyhedronP (F) = fs2 RP; 8A V; s(A) 6 F(A)g

Base polyhedronB(F) = P(F)\f s(V)= F(V)g

SBA
So

A

B(F)

N
o
\3

P(F) AN

Property: P(F) has non-empty interior



Submodular and base polyhedra - Properties

Submodular polyhedronP (F) = fs2 RP; 8A V; s(A) 6 F(A)g
Base polyhedronB(F) = P(F)\f s(V)= F(V)g

Many facets (up to2P), many extreme points (up tq!)



Submodular and base polyhedra - Properties

Submodular polyhedronP (F) = fs2 RP; 8A V; s(A) 6 F(A)g
Base polyhedronB(F) = P(F)\f s(V)= F(V)g

Many facets (up to2P), many extreme points (up tq!)
Fundamental property (Edmonds, 1970). IfF is submodular

maximizing linear functions may be done bygeedy algorithm"

{ Letw 2 RY such thatwj, > > w;,
{ Lets;, = F(fj1;::550k9)  F(fJuii)k 10) fork2f1;:::;pg

{ Thenf(w)= max w s= max W S
s2P(F) s2B(F)

{ Both problems attained ats de ned above

Simple proof by convex duality



Submodular functions
Links with convexity

Theorem (Lowasz, 1982). IfF is submodular, then

mnF(AY)= min f(w)= min f(w
AV ( ) w2f 0;1gP ( ) w2[0;1]P ( )

Consequence: Submodular function minimization may be dane |
polynomial time (through ellipsoid algorithm)

Representation of f (w) as a support function (Edmonds, 1970):

f(w)= max s”w
s2B (F)

{ Maximizers may be found e ciently through the greedy algorithm



Outline

1. Submodular functions
{ Review and examples of submodular functions
{ Links with convexity through Lowasz extension
2. Submodular minimization
{ Non-smooth convex optimization
{ Parallel algorithm for special case
3. Structured sparsity-inducing norms

{ Relaxation of the penalization of supports by submodulardiions
{ Extensions (symmetric,q-relaxation)



Submodular function minimization
Dual problem

Let F : 2¥ | R be a submodular function (such th& (?)=0)

Convex duality (Edmonds, 1970):.

min F (A min f(w
min (A) e (w)

min  max w’~ s
w2[0;1]Ps2B (F)

max min ws= max s (V)
s2B (F) w2[0;1]P s2B (F)



Exact submodular function minimization
Combinatorial algorithms

Algorithms based omina v F(A) =maxgs;grys (V)

Output the subsetA and a bases 2 B(F) as a certi cate of
optimality

Best algorithms haveyolynomial complexit(Schrijver, 2000; lwata
et al., 2001; Orlin, 2009) (typicallyO(p®) or more)

Update a sequence of convex combination of verticesBdf)
obtained from the greedy algorithm using a speci ¢ order:

{ Based only on function evaluations

Recent algorithms using e cient reformulations in terms of
generalized graph cuts (Jegelka et al., 2011)



Approximate submodular function minimization

For most machine learning applications, no need to obtain
exact minimum

{ For convex optimization, see, e.g., Bottou and Bousquet Q2)

mnF(AY)= min f(w)= min f(w
AV ( ) w2f 0;1gP ( ) w2[0;1]P ( )




Approximate submodular function minimization

For most machine learning applications, no need to obtain
exact minimum

{ For convex optimization, see, e.g., Bottou and Bousquet Q2)

mnF(AY)= min f(w)= min f(w
AV ( ) w2f 0;1gP ( ) w2 [0;1]P ( )

Important properties of f for convex optimization

{ Polyhedral function
{ Representation as maximum of linear functions

f(w)= max w’s
s2B(F)

Stability vs. speed vs. generality vs. ease of implementati on



Projected subgradient descent (Shor et al., 1985)

Subgradient off (w) = TS(XF) s” w through the greedy algorithm
S

Using projected subgradient descent to minimizef on [0; 1]°

{ Iteration: Wy = [o.1p Wt 1 pc—st wheres; 2 @iw; 1)
{ Convergence ratef (w;) minyz0:10 f (W) 6 p—W|th primal/dual

guarantees (Nesterov, 2003)
Fast iterations but slow convergence

{ needO(p="?) iterations to reach precisioh
{ needO(p?="?) function evaluations to reach precision



Ellipsoid method (Nemirovski and Yudin, 1983)

Build a sequence of minimum volume ellipsoids that encldez get

of solutions
Eq

Cost of a single iterationp function evaluations an@®(p?) operations

Number of iterations:2p?> maxa v F(A) mina v F(A) log:.

{ O(p°) operations andD(p3) function evaluations

Slow in practice (the bound is \tight")



Analytic center cutting planes (Go n and Vial, 1993)

Center of gravity method

{ Improves the convergence rate of ellipsoid method
{ cannot be computed easily

Analytic center of a polytope de ned byay w6 by, i 2 |
X
min log(h & w)

w2 RP _
12 |

Analytic center cutting planes (ACCPM)

{ Each iteration has complexityO(p?jlj + jlj3) using Newton's
method

{ No linear convergence rate

{ Good performance in practice




Simplex method for submodular minimization

Mentioned by Girlich and Pisaruk (1997); McCormick (2005)

Formulation as linear program: s2 B(F), s=S> ,S2RY P

XP
max s (V)= max minf (S~ );; 0g
SZB(F) >O’ >1d:]_ =1
= max ~ 1, such thatS” + =0; "13=1:

>0: >0; >0

Column generation for simplex methods : only access the rows of
S by maximizing linear functions

{ no complexity bound, may get global optimum if enough iteoats



Separable optimization on base polyhedron

Optimization of convex functions of the form| ( w) + f (w) |with
f Lowsz extension of, and ( w) =, «k(Wk)

Structured sparsity

{ Total variation denoising - isotonic regression
{ Regularized risk minimization penalized by the Lowaszexdion



Total VQriation denoising (Chan;(bolle, 2005)

F(A) = diii) ) fwy= dki(wk w)s

k2 A;j 2V nA k;jj 2V

d symmetric) f = total variation



Isotonic regression

Given real numberg;, i =1;:::;p
| I R
{ Findy 2 RP that mlnlmlzes;é (Xi Vi)? such that8i:y; 6 Vi1
j=1
) .o

~ X
For a directed chainf (y) =0 if and only if8i;y; 6 Vi+1

P
Minimize3 ., (xi yi)*+ f (y) for large



Separable optimization on base polyhedron

Optimization of convex functions of the form| ( w) + f (w) |with
f Lowsz extension of, and ( w) =, «k(Wk)

Structured sparsity

{ Total variation denoising - isotonic regression
{ Regularized risk minimization penalized by the Lowaszexdion



Separable optimization on base polyhedron

Optimization of convex functions of the form| ( w) + f (w) | with
f Lowsz extension of, and ( w) =, «k(Wk)

Structured sparsity

{ Total variation denoising - isotonic regression
{ Regularized risk minimization penalized by the Lowaszeandion

Proximal methods (see second part)

{ Minimize ( w)+ f(w) for smooth as soon as the following

\proximal" problem may be obtained e ciently
min Skw  zk2 + f (w) = min X 1(W 2 )%+ f(w)
w2 RP é 2 - w2 RP é K K

Submodular function minimization



Separable optimization on base polyhedron
Convex duality

Let «:R! R, k2f1;:::;pg bep functions. Assume

{ Each  Is strictly convex
{ sup ;g jo( )=+ 1 andinf ;g jo( )= 1



Separable optimization on base polyhedron
Convex duality

Let «:R! R, k2f1;:::;pg bep functions. Assume

{ Each  Is strictly convex
{ sup ;g jo( )=+ 1 andinf ;g jo( )= 1

{ Denote ,;:::; , their Fenchel-conjugates (then with full domain)
G G
min f (w) + (wj) = min max w s+ i (w;)
w2 RP

. W2RPs2B (F
] =1 (F) =1

—

= max minw s+ i (w;)
s2B(F)w2RP =1
xXP
= max i s)

2B (F
s2B(F) _,



Separable optimization on base polyhedron
Equivalence with submodular function minimization

. . . P
For 2R, letA V be aminimizer oA 7l F(A)+ ,, ()

P
Letw be the unique minimizer ofv 7! f (w)+ = P, j(w;)

j =sup(f 2R; ] 2A g
{ Givenw , thenA 7! F(A)+ ,, jo( ) has minimal minimizer
fw > gand maximal minimizefw > (¢

Proposition (Chambolle and Darbon, 2009):
{ GivenA forall 2 R, then Eﬁ, W

Separable optimization equivalent to a sequence of subnterdu
function minimizations

{ NB: extension of known results from parametric max- ow



Equivalence with submodular function minimization
Proof sketch (Bach, 2011Db)

XP XP
Dualltygapforvcglgpf(w)+j:1 i(Wj)=Sr2n§1(XF) . i(sp)
XP XP
f(w)+ (wj) i(sp)
-1 =1
§ XP
= f(w) w s+ j(Wj)+ j( Sj)+ W; S

j=1
Z .,

(F+ X N(fw> g (s+ A ) (V) d

1

Duality gap for convex problems = sums of duality gaps for
combinatorial problems



Separable optimization on base polyhedron
Quadratic case

Let F be a submodular function and/ 2 RP the unique minimizer
of w 7! f (w) + Zkwks. Then:

(@) s= wis the point inB(F) with minimum ",-norm
(b) For all 2 R, the maximal minimizer ofA 7! F(A)+ JA] IS
fw > g and the minimal minimizer ofF isfw > g

Conseguences

{ Threshold atO0 the minimum norm point inB(F) to minimize
F (Fujishige and Isotani, 2011)

{ Minimizing submodular functions with cardinality constndés (Nagano
et al., 2011)



From convex to combinatorial optimization

X

. . N .
SOIVmnglgpkzv k(W) + f(w) to soIveXmO F(A)

{ Thresholding solutionsv at zero if8k 2 V; 2(0) =0
{ For quadratic functions ,(wg) = %WE equivalent to projecting0
on B(F) (Fujishige, 2005)



From convex to combinatorial optimization
and vice-versa...

X

. . N .
Solvmgvoglgpkzv k(W) + f(w) to solveXmO F(A)

{ Thresholding solutionsv at zero if8k 2 V; 2(0) =0
{ For quadratic functions ,(wg) = %WE equivalent to projecting0
on B(F) (Fujishige, 2005)

X

Solvinggnir\w/ F(A) t(A)to solve\miFrJIO k(W) + f(w)
k2 V

{ General decomposition strategy (Groenevelt, 1991)
{ E cient only when submodular minimization is e cient



X

Solving gni\r) F(A) t(A) to solve min k(Wi)+ f (w)

w2 RP
k2V

Generalrecursive divide-and-conquatgorithm (Groenevelt, 1991)

NB: Dual version of Fujishige (2005)

BwN e

6

F)
. Compute minimizet 2 RP of i2v j ) stt(V)= F(V)
. Compute minimizeA of F(A) t(A)

If A=V, thentis optimaI.PExit.
Compute a minimizesy of ;,, ;( sj) overs2 B(Fa) where
Fao : 2% 1 R is the restriction 9fF to A, i.e., Fa(B) = F(A)

. Compute a minimizesyna of 5y ,4 j( Sj) overs2 B(F?)

whereFA(B)= F(A[ B) F(A),forB VnA
Concatenatesy, andsypa. EXit.



X

Solving min kK(wy) + f (w) to solve minF(A)
w2 RP AV
k2V 5
Dual problem:maxs, g (r) P Cosp)

Constrained optimization when linear functions can be maxed

{ Frank-Wolfe algorithms

Two main types for convex functions



Approximate quadratic optimization on

1 1
Goal: min Zkwks+ f (w) = max =

ksk3
W2 RP 2 s2B(F) 2 2

Can only maximize linear functions dh(F)
Two types of \Frank-wolfe" algorithms

1. Active set algorithm ( , min-norm-point)

B (F)

{ Sequence of maximizations of linear functions ot )

+ overheads (a ne projections)
{ Finite convergence, but no complexity bounds



Minimum-norm-point algorithm (Wolfe, 1976)
2




Approximate quadratic optimization on

1 1
Goal: min Zkwks + f (w) = max =

ksk3
w2 RP 2 s2B(F) 2 2

Can only maximize linear functions d&(F)
Two types of \Frank-wolfe" algorithms

1. Active set algorithm ( , min-norm-point)

B (F)

{ Sequence of maximizations of linear functions ot )

+ overheads (a ne projections)
{ Finite convergence, but no complexity bounds

2. Conditional gradient

{ Sequence of maximizations of linear functions ot )

{ Approximate optimality bound



Conditional gradient with line search
2




Approximate quadratic optimization on B (F)

Proposition: t steps of conditional gradient(with line search)
outputss; 2 B(F) andw; = s, such that

1 2D?
“ksiks 6 —

1 1
f (Wt) + ékwtk% OPT 6 f (Wt) + ékwtk% + 5 "



Approximate quadratic optimization on B (F)

Proposition: t steps of conditional gradient(with line search)
outputss; 2 B(F) andw; = s, such that

1 2D?
“ksiks 6 —

1 1
f (Wt) + ékwtk% OPT 6 f (Wt) + ékwtk% + 5 "

Improved primal candidate through isotonic regression

{ f(w) is linear on any set ofv with xed ordering

{ May be optimized using isotonic regression (\pool-adjaten
violator") in O(n) (see, e.g., Best and Chakravarti, 1990)

{ Givenw; = s, keep the ordering and reoptimize



Approximate quadratic optimization on B (F)

Proposition: t steps of conditional gradient(with line search)
outputss; 2 B(F) andw; = s, such that

1 2D?
“ksiks 6 —

1 1
f (Wt) + ékwtk% OPT 6 f (Wt) + ékwtk% + 5 "

Improved primal candidate through isotonic regression

{ f(w) is linear on any set ofv with xed ordering

{ May be optimized using isotonic regression (\pool-adjaten
violator") in O(n) (see, e.g. Best and Chakravarti, 1990)

{ Givenw; = s, keep the ordering and reoptimize

Better bound for submodular function minimization?



From quadratic optimization on B (F)
to submodular function minimization

Proposition: If w is "-optim%l for miny 2 re %kwk% + f (w), then at

least a levet setA of w Is Tp -optimal for submodular function

minimization
op2 Py

D 1=2 -
If " = 5 = ﬂ%) no provable gains, but:

{ Bound on the iteratesA; (with additional assumptions)
{ Possible thresolding for acceleration




From quadratic optimization on B (F)
to submodular function minimization

Proposition: If w is "-optimal for miny, re %kwk% + f (w), then at
least a levet setA of w is T"ﬁ -optimal for submodular function
minimization
= 2D2, i P = 433—[) iz ) no provable gains, but:

t 2 2t
{ Bound on the iteratesA; (with additional assumptions)
{ Possible thresolding for acceleration

If "

Lower complexity bound for SFM

{ Conjecture : no algorithm that is basednly on a sequence of
greedy algorithms obtained from linear combinations of [sasan
Improve on the subgradient bound (aft@=2 iterations).



log, ,(min(F)-s (V))

Simulations on standard benchmark
\DIMACS Genrmf-wide", p = 430

Submodular function minimization

{ (Left) dual suboptimality
{ (Right) primal suboptimality

1 | | | [— MNP
N —CG-LS
al\ Y~ ||---CcG-11t
ST —sD-1/t
ol ‘\\ ~ 7 1]|---SD-Polyak
— Ellipsoid
11 - Simplex
ACCPM
ot ] ACCPM-simp.
1 : :
0 500 1000 1500

iterations

log, ,(F(A)-min(F))

-1
0

500 1000
iterations

1500



log, ,(min(F)-s (V))

Simulations on standard benchmark
\DIMACS Genrmf-long", p = 575

Submodular function minimization

{ (Left) dual suboptimality
{ (Right) primal suboptimality
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Simulations on standard benchmark

Separable quadratic optimization

{ (Left) dual suboptimality
{ (Right) primal suboptimality
(in dashed, before the pool-adjacent-violator correction)
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1. Submodular functions
{ Review and examples of submodular functions
{ Links with convexity through Lowasz extension
2. Submodular minimization
{ Non-smooth convex optimization
{ Parallel algorithm for special case
3. Structured sparsity-inducing norms

{ Relaxation of the penalization of supports by submodulardiions
{ Extensions (symmetric,q-relaxation)



From submodular minimization to proximal problems

Summary: several optimization problems

{ Discrete problem:min F(A)= min f(w)
AV w2f 0;1gP
{ Continuous problem: min f (w)
w2 [0;1]P

{ Proximal problem (P): min }kwkg + f (w)
w2 RP 2

Solving (P) is equivalent to minimizing F(A)+ jA] for all

LargminF(A)+ JA] = Tkiwe> g

Much simpler problem but no gains in terms of (provable) cdaxity

{ See Bach (2011a)



Decomposable functions

F may often be decomposed as the sumrafsimple"” functions:

X
F(A)= Fi(A)
j=1

{ EachF; may be minimized e ciently
{ Example: 2D grid = vertical chains + horizontal chains

Komodakis et al. (2011); Kolmogorov (2012); Stobbe and Ksau
(2010); Savchynskyy et al. (2011)

{ Dual decomposition approach but slow non-smooth problem



Decomposable functions and proximal problems
(Jegelka, Bach, and Sra, 2013)

Dual problem

min f1(W) + f(w)+ %kwk%

w2 RP
. > > 1 2
= min max S;w+ max S;,w+ —kwk3
W2RP 512 B (Fq) s22 B (F») 2
1 2
= max —ks; + sok

s12B(F1); s22B (Fp)

Finding the closest point between two polytopes

{ Several alternatives: Block coordinate ascent, DouglazRard
splitting (Bauschke et al., 2004)
{ (a) no parameters, (b) parallelizable



Experiments

Graph cuts on &00 500image

discrete gaps - non-smooth problems - 4 discrete gaps - smooth problems- 4
5 - - - - 5 - - ; -
—— dual-sgd-P —— grad-accel
—— dual-sgd-F ——BCD
4 — dual-smooth 4 —DR
. —— primal-smooth . —— BCD-para
S 3 — primal-sgd g 3 —— DR-para
(@)] (@)
= =
8 2 s 2
) S e
= =
g 1 g 1
Ot ol
-1 : : : : -1 ' : :
200 400 600 800 (1000 20 40 60 80 100
iteration iteration

Matlab/C implementation 10 times slower than C-code for ghaput

{ Easy to code and parallelizable



Multiple cores

o

speedup factor
w

Parallelization

40 iterations of DR

ol

N

N

# cores
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{ Relaxation of the penalization of supports by submodulardiions
{ Extensions (symmetric,q-relaxation)



Structured sparsity through submodular functions
References and Links

References on submodular functions

{ Submodular Functions and Optimizatioft-ujishige, 2005)
{ Tutorial paper based on convex optimization (Bach, 2011b)
www.di.ens.fr/ ~fbach/submodular_fot.pdf

Structured sparsity through convex optimization

{ Algorithms (Bach, Jenatton, Mairal, and Obozinski, 2011)
www.di.ens.fr/ ~fbach/bach_jenatton_mairal_obozinski FOT.pdf

{ Theory/applications (Bach, Jenatton, Mairal, and Obozkis2012)
www.di.ens.fr/ ~fbach/stat_science structured sparsity.pdf

{ Matlab/R/Python codes: http://www.di.ens.fr/willow/SPAMS/

Slides: www.di.ens.fr/ ~fbach/fbach_cargese 2013.pdf



Sparsity in supervised machine learning

Observed datdx;;y;) 2 R?P R,i=1;:::;n

{ Design matrixX = (Xq;:::;Xn)” 2 R" P

Regularized empirical risk minimization:

I N _
in, — (isw=xi)+  (w)=| min L(y;Xw)+ ( w)

Norm to promote sparsity

{ square loss + 1-norm) basis pursuitin signal processing (Chen

et al., 2001),Lassan statistics/machine learning (Tibshirani, 1996)
{ Proxy forinterpretability

{ Allow high-dimensional inferencelogp = O(n)




Sparsity in unsupervised machine learning

k n | 0
min Ly ; Xwh)+  (w)



Sparsity in unsupervised machine learning

Xxono o . 0
min min Ly ; Xwh)+  (w)
..... -

{ Olshausen and Field (1997); Elad and Aharon (2006); Maiita
(2009a)

sparse PCA: replacekx' ko, 6 1 by ( x/) 6 1

hle



Sparsity in signal processing

Multiple responses/signalg = (x%;::::xK) 2 R" X
*x noo | 0
min L(x};D D+ (1)
1....: k2 RP i =1

Xxon . 0
min min L(x};D D+ (1)
D=(dl;dP) 1 k2RP =1

{ Olshausen and Field (1997); Elad and Aharon (2006); Maiita
(2009a)

sparse PCA: replacekd ko, 6 1 by ( d)6 1

hle



Why structured sparsity?

Interpretability

{ Structured dictionary elements (Jenatton et al., 2009b)
{ Dictionary elements \organized" in dree or a grid (Kavukcuoglu
et al., 2009; Jenatton et al., 2010; Mairal et al., 2010)



Structured sparse PCA (Jenatton et al., 2009b)

raw data sparse PCA

Unstructed sparse PCA many zeros do not lead to better
Interpretability



Structured sparse PCA (Jenatton et al., 2009b)

raw data sparse PCA

Unstructed sparse PCA many zeros do not lead to better
Interpretability



Structured sparse PCA (Jenatton et al., 2009b)

raw data Structured sparse PCA

Enforce selection ofconvex nonzero patterns) robustness to
occlusion in face identi cation



Structured sparse PCA (Jenatton et al., 2009b)

raw data Structured sparse PCA

Enforce selection ofconvex nonzero patterns) robustness to
occlusion in face identi cation



Why structured sparsity?

Interpretability

{ Structured dictionary elements (Jenatton et al., 2009b)
{ Dictionary elements \organized" in dree or a grid (Kavukcuoglu
et al., 2009; Jenatton et al., 2010; Mairal et al., 2010)



Modelling of text corpora (Jenatton et al., 2010)

hidden
units theorem
layer proof
training let
trained class
bounded
cells connection 1
cell patterns an would state
firing pattern on way states
response neurons \ be |—1 What control
stimulus system the do current
* does reinforcement
probability matrix
likelihood n performance circuit
distribution t test analog
~models vector experiments chip
distributions r table implemented
| performed implementation
optimal |
optimization image
error images
minimum visual
objects




Why structured sparsity?

Interpretability

{ Structured dictionary elements (Jenatton et al., 2009b)
{ Dictionary elements \organized" in dree or a grid (Kavukcuoglu
et al., 2009; Jenatton et al., 2010; Mairal et al., 2010)



Why structured sparsity?

Interpretability

{ Structured dictionary elements (Jenatton et al., 2009b)
{ Dictionary elements \organized" in dree or a grid (Kavukcuoglu
et al., 2009; Jenatton et al., 2010; Mairal et al., 2010)

Stability and identi abllity

Prediction or estimation performance

{ When prior knowledge matches data (Haupt and Nowak, 2006;
Baraniuk et al., 2008; Jenatton et al., 2009a; Huang et alQ(d®)

Numerical e ciency

{ Non-linear variable selection witP® subsets (Bach, 2008)



Classical approaches to structured sparsity

Many application domains

{ Computer vision (Cevher et al., 2008; Mairal et al., 2009b)

{ Neuro-imaging (Gramfort and Kowalski, 2009; Jenatton et,al.
2011)

{ Bio-informatics (Rapaport et al., 2008; Kim and Xing, 2010)

Non-convex approaches

{ Haupt and Nowak (2006); Baraniuk et al. (2008); Huang et al.
(2009)

Convex approaches

{ Design of sparsity-inducing norms



Why " ;-norms lead to sparsity?

. . . 1 .
Example 1. quadratic problem in 1D, |.e.,mzlg éx2 Xy + |X]
X

Piecewise guadratic function with a kink at zero

{ Derivative atO+: g+ = yand0 : g = y
A A

r \'/ r

{ x=0 is the solutioni g > 0andg 6 0(i.e.,Jyj6 )
{ x> 0Oisthesolutioni g 6 0(.e.,y> )) X =y

{ x6 Oisthe solutioni g 6 0(i.e.,y 6 )) X =y+

Solution| x = sign(y)(jyj )+ | = soft thresholding




Why " ;-norms lead to sparsity?

15>

Example 1. quadratic problem in 1D, i.e), min =X

X2R 2

Xy +

JXJ

Piecewise guadratic function with a kink at zero

Solution

X =sign(y)(Jy]

)+

= soft thresholding




Why " ;-norms lead to sparsity?

Example 2. minimize quadratic functiorQ(w) subject tokwk; 6 T.

{ coupled sofithresholding

Geometric interpretation

{ NB : penalizing is \equivalent" to constraining

Non-smooth optimization!



Gaussian hare( ,) vs. Laplacian tortoise ( 1)

Smooth vs. non-smooth optimization
See Bach, Jenatton, Mairal, and Obozinski (2011)



Sparsity-inducing norms

Popular choice for
{ The 1- 2 norm,

X X X
kKwgk, = Wi
G2H G2H j2G -

{ with H apartition of f1;:::;pg -
{ The 1- 2 norm sets to zerogroups of non-overlapping
variables(as opposed to single variables for thenorm)

{ For the square loss, group Lasso (Yuan and Lin, 2006) |



Unit norm balls
Geometric interpretation

kwko kwkg P W2 + W5 + jwgj




Sparsity-inducing norms

Popular choice for
{ The 1- 2 norm,

{ with H apartition of f1;:::;pg -
{ The 1- 2 norm sets to zerogroups of non-overlapping
variables(as opposed to single variables for thenorm)

{ For the square loss, group Lasso (Yuan and Lin, 2006) |

What if the set of groupd is not a partition anymore?

Is there any systematic way?



“1-norm = convex envelope of cardinality of support

Cardinality of support : kwkg = Card(Supp(w))

Convex envelope = largest convex lower bound (see, e.g.dBow
Vandenberghe, 2004)

AN A S

: e
-1 1

“1-norm = convex envelope ofp-quasi-norm on the 1 -ball[ 1;1J°



Convex envelopes of general functions of the support
(Bach, 2010)

LetF : 2Y I R be aset-function

{ AssumeF Is non-decreasing (i.,e., A B ) F(A)6 F(B))
{ Explicit prior knowledge on supports (Haupt and Nowak, 2006
Baraniuk et al., 2008; Huang et al., 2009)

Dene ( w)= F(Supp(w)): How to get its convex envelope?

1. Possible ifF is alsosubmodular
2. Allowsuni ed theory and algorithm
3. Providesnew regularizers



Submodular functions and structured sparsity

Let F : 2¥ | R be anon-decreasing submodular set-function

Proposition: the convex envelope of: w 7! F(Supp(w)) on the
"1 -ballis : w 7! f(jw]) wheref is the Lovasz extension of



Proof - |

Notation: g:w 7! F(supp(w)) dened on[ 1;1J
Computation of theFenchel dual

g(s) = max w's gw)

gpg\;)igp k\m?)é 1( w) s f( ) by de nition of g
max ~jsj f( ) by maximizing outw
2f 0;1gP

= max ~jsj f( ) becauseF | sjis submodular
2[0;1]P



Proof - Il

Notation: g:w 7! F(supp(w)) dened on[ 1;1]°

Fenchel dual: = 7isj f
enchel dual:g (s) r?[%ﬁ]p JS] ()



Proof - Il

Notation: g:w 7! F(supp(w)) dened on[ 1;1]°

Fenchel dual:g (s) = max ~jsj f()

2[0;1]P

Computation of theFenchel bi-dualfor all w such thatkwk; 6 1.

g (w)

>
max s~ w S
nax g (s)
max min sw  “jsj+ f()
s2RP 2][0;1]P

g}cl)r;ll]pgg% S jsj + f () by strong duality

min f()= f(wj) becausd- is nonincreasing
2[0;1]P; >jw]



Submodular functions and structured sparsity

Let F : 2¥ | R be anon-decreasing submodular set-function

Proposition: the convex envelope of: w 7! F(Supp(w)) on the
"1 -ballis : w 7! f(jw]) wheref is the Lovasz extension of



Submodular functions and structured sparsity

Let F : 2¥ | R be anon-decreasing submodular set-function

Proposition: the convex envelope of: w 7! F(Supp(w)) on the
"1 -ballis : w 7! f (jwj) wheref is the Lovasz extension oF

Sparsity-inducing properties: is apolyhedralnorm
(0,2)/F({2}) A (1,1)/F{1,2)) “ +
(1,0)/F({1})

{ AifstableifforallB A,B6 A) F(B)>F (A)
{ With probability one, stable sets are the only allowed aetsets




Polyhedral unit balls

F(A) = JA] F(A) = min fj Aj; 1g F(A) = jAjL=2
(W) = kwky (W)= kwk; all possible extreme points

F(A)=1¢av 1.2:3g6 2
+1eav 2:3g6 2gT 1AV 3982
( W) - kal + ka2;3gk1 + jWSj

F(A) = 1fA\f_1ga_?g + 1A\ 2:3g6 29
(W)= jwy] + kwgo.3gKq



Submodular functions and structured sparsity
Examples

From ( w) to F(A): provides new insights into existing norms

{ Grouped norms witloverlapping groups (Jenatton et al., 2009a)

X
(w)= kwg ki1
G2H

{ "1-'1 norm) sparsity at the group level
{ Somewg's are set to zero for some grous

[
Supp(w) = G for someH® H

G2HO



Submodular functions and structured sparsity
Examples

From ( w) to F(A): provides new insights into existing norms

{ Grouped norms witloverlapping groups (Jenatton et al., 2009a)

X
(w)=  kwgky ) F(A)=Card fG2H: G\ A6 ?g

G2H

{ "1-"'1 norm) sparsity at the group level
{ Somewg's are set to zero for some groujis

[
Supp(w) = G for someH® H
G2HO

{ Justi cation not only limited to allowed sparsity patterns



Selection of contiguous patterns in a sequence

Selection of contiguous patterns in a sequence

-

H is the set of blue groups: any union of blue groups set to zero
leads to the selection of aontiguous pattern




Selection of contiguous patterns in a sequence

Selection of contiguous patterns in a sequence

-

H is the set of blue groups: any union of blue groups set to zero
leads to the selection of aontiguous pattern

P
con KWk ) F(A)=p 2+Range(A)IfA6 ?




Other examples of set of groups H

Selection of rectangles on a 2-D grids= 25

{ H Is the set of blue/green groups (with their not displayed
complements)

{ Any union of blue/green groups set to zero leads to the setett
of a rectangle



Other examples of set of groups H

Selection of diamond-shaped patterns on a 2-D grigs; 25.
{ Itis possible to extend such settings to 3-D space, or monaglex
topologies




Unit norm balls
Geometric interpretation

kwk P W2 + W3 + jwsj kwkz + Jwy] + Jwp)



Application to background subtraction
(Mairal, Jenatton, Obozinski, and Bach, 2010)

Input “1-norm Structured norm



Application to background subtraction
(Mairal, Jenatton, Obozinski, and Bach, 2010)

Background “1-norm Structured norm



Application to neuro-imaging
Structured sparsity for fMRI (Jenatton et al., 2011)

\Brain reading": prediction of (seen) object size

Multi-scale activity levels through hierarchical penalion
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Application to neuro-imaging
Structured sparsity for fMRI (Jenatton et al., 2011)

\Brain reading": prediction of (seen) object size

Multi-scale activity levels through hierarchical penalion



Sparse Structured PCA
(Jenatton, Obozinski, and Bach, 2009b)

Learningsparse and structured dictionary elements:

1 X _ . XP _ .
min ~  ky' Xw'ks+ ( X)) s.t.8i; kw'k, 1
2RK n-x 2Rrp kN -
W 2Rk n:X 2R _ -



Application to face databases (2/3)

(unstructured) sparse PCA  Structured sparse PCA

Enforce selection ofconvex nonzero patterns) robustness to
occlusion



Application to face databases (2/3)

(unstructured) sparse PCA  Structured sparse PCA

Enforce selection ofconvex nonzero patterns) robustness to
occlusion



Application to face databases (3/3)

Quantitative performance evaluation on classi cation task

45

''''' raw data
~—=PCA

| == NMF
40 —SPCA
%shared SPCA
35+ éSSPCA
shared-SSPCA

% Correct classification
N

20 40 60 80 100 120 140
Dictionary size



Dictionary learning vs. sparse structured PCA
Exchange roles of X and w

Sparse structured PCAstructured dictionary elements ):

1 X | . XK | . .
min ~—  ky' Xw'ks+ ( x)s.t.8i; kw'k, 1
k n- p kN 2

Dictionary learning withstructured sparsity for codes w:
. 1 X
min -

mn o ky' Xwlkg+ (w) st 8 kdke L
W2R X 2RP -

1

Optimization : proximal methods

{ Requires solving many timasin,,, rp %ky wks+  (w)
{ Modularity of implementation if proximal step Is e cient
(Jenatton et al., 2010; Mairal et al., 2010)



Hierarchical dictionary learning
(Jenatton, Mairal, Obozinski, and Bach, 2010)

Structure on codesv (not on dictionary X))

P
Hierarchical penalization: ( w) = 5, kwgky where groupsG

In H are equal toset of descendantef some nodes in a tree

Variable selected after its ancestors (Zhao et al., 2009; Ba2008)



Hierarchical dictionary learning
Modelling of text corpora

Each document is modelled through word counts
Low-rank matrix factorization of word-document matrix

Probabillistic topic models (Blei et al., 2003)

{ Similar structures based on non parametric Bayesian megh(&lei
et al., 2004)

{ Can we achieve similar performance with simple matrix
factorization formulation?



Modelling of text corpora - Dictionary tree

hidden
units theorem
layer proof
training let
trained class
bounded
cells connection 1
cell patterns an would state
firing pattern on way states
response neurons \ be |—1 What control
stimulus system the do current
* does reinforcement
probability matrix
likelihood n performance circuit
distribution t test analog
~models vector experiments chip
distributions r table implemented
| performed implementation
optimal |
optimization image
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Submodular functions and structured sparsity
Examples

From ( w) to F(A): provides new insights into existing norms

{ Grouped norms witloverlapping groups (Jenatton et al., 2009a)

X
(w)=  kwgki ) F(A)=Card fG2H: G\A6 ?g

G2H

{ Justi cation not only limited to allowed sparsity patterns



Submodular functions and structured sparsity
Examples

From ( w) to F(A): provides new insights into existing norms

{ Grouped norms witloverlapping groups (Jenatton et al., 2009a)

X
(W)=  kwgk; ) F(A)=Card fG2H:; G\ A6 ?2g

G2H

{ Justi cation not only limited to allowed sparsity patterns

From F(A) to ( w): provides new sparsity-inducing norms

{ F(A)= g(Card(A)) ) IS a combination oforder statistics
{ Non-factorial priors for supervised learning: depends on the
eigenvalues oK ; X a and not simply on the cardinality of



Uni ed optimization algorithms

Polyhedral norm with O(3P) faces and extreme points

{ Not suitable to linear programming toolboxes

Subgradient (w 7! ( w) non-di erentiable)

{ subgradient may be obtained in polynomial tile too slow



Uni ed optimization algorithms

Polyhedral norm with O(3P) faces and extreme points

{ Not suitable to linear programming toolboxes

Subgradient (w 7! ( w) non-di erentiable)

{ subgradient may be obtained in polynomial tile too slow

Proximal methods (e.g., Beck and Teboulle, 2009)

{ minyore L(Y; Xw)+ ( w): di erentiable + non-di erentiable
{ Ecient when (P): minyzrezkw Vvk3+ ( w) is \easy"
{ Fact : (P) is equivalent to submodular function minimization



Optimization for sparsity-inducing norms
(see Bach, Jenatton, Mairal, and Obozinski, 2011)

Gradient descent as proximal method (di erentiable functions)

. B
{ Wiz1 =arg min L(w)) +(w  w)”r L(w)+—=kw w;k3
w2 RP 2

{ Wi+, = Wi Blr L(Wt)



Optimization for sparsity-inducing norms
(see Bach, Jenatton, Mairal, and Obozinski, 2011)

Gradient descent as proximal method (di erentiable functions)
B

{ Wsr =arg min L(w)+(w  w)”r L(w)+—=kw  wk3

w2 RP 2
{ Wi+, = Wi Blr L(Wt)
Problems of the form] min L(w) + ( w)

w2 RP
. > B 2

{ wi+1 = arg mzlrFlpL(wt)+(w wi) r L(wg)+  ( w)+§kw Wi K5

w

{ ( w)= kwk; ) Thresholded gradient descent

Similar convergence rates than smooth optimization

{ Acceleration methods (Nesterov, 2007; Beck and Teboull@)P



Uni ed optimization algorithms

Polyhedral norm with O(3P) faces and extreme points

{ Not suitable to linear programming toolboxes

Subgradient (w 7! ( w) non-di erentiable)

{ subgradient may be obtained in polynomial tile too slow

Proximal methods (e.g., Beck and Teboulle, 2009)

{ minyore L(Y; Xw)+ ( w): di erentiable + non-di erentiable
{ Ecient when (P): minyzrezkw Vvk3+ ( w) is \easy"
{ Fact : (P) is equivalent to submodular function minimization

Active-set methods



Comparison of optimization algorithms

Tree-based regularizatiorp(= 511)

See Bach et al. (2011) for larger-scale problems

Subgrad. descent

| [—Prox. MNP

- = =Prox. MNP (no restart)

I Prox. MNP (abs)

— Prox. decomp.

S R Prox. decomp. (abs)

— Prox. hierarchical
Active-primal

log, ,(9(w) - min(g))

time (seconds)



Uni ed theoretical analysis

Decomposability

{ Key to theoretical analysis (Negahban et al., 2009)

{ Property : 8w 2 RP, and8J V, if minj2; jwj] > maxj2jcjw;],
then (w)=s(wy)+ J(wjye)

Support recovery

{ Extension of known su cient condition (Zhao and Yu, 2006;
Negahban and Wainwright, 2008)

High-dimensional inference

{ Extension of known su cient condition (Bickel et al., 2009)
{ Matches with analysis of Negahban et al. (2009) for commonesas



Support recovery - minyzre 22Ky  Xwki+  (w)

Notation

{ (J)=min g Jc“B[FJ()B)F“) 2 (0;1] (for J stable)

{ c(I)=supyorr 3(W3)=kw;ks 6 jJj**? maxyov F (fkg)

Proposition

{ Assumey = Xw + " with" N (0;1)

{ J = smallest stable set containing the support of

{ Assume = minj;wjgo jw;]> 0

{ LetQ=2X>X 2 RP P. Assume = in(Qy3)> 0

{ Assume that for > 0, |( 7) [( 3(Q;;Qsi))j23c]6 1

{If 6 W has support equal t@d, with probability larger than
P _

1 3P (2> T

{ z is a multivariate normal with covariance matri

2c(J)?




Consistency - Minyzre ==Ky Xwks+ (

Proposition

{ Assumey = Xw +

", with *

{ J = smallest stable set containing the support of
— 1y >

{ LetQ= -X"X 2RP P,

J( JC)6 3 J( J)! >Q >

{ Assume that8 s.t.

{ Then| ("W W )6

24c(J)>?

(J)?

and

w)
N (O;1)
k k3
1 36¢(J)? 2
—kX 2
~ W Xw k56 (32

with probability larger thanl P
{ z Is a multivariate normal with covariance matr@

) n
(2) > —5

Concentration inequality (z normal with covariance matrixQ):

{ T set of stable insepgable sets

{ ThenP( (z)>1)6

N
AT 27 exp

t’F (A)?%=2
1> Qan 1




Symmetric submodular functions (Bach, 2011)

Let F : 2¥ I R be asymmetric submodular set-function

Proposition: The Lowasz extensiorf (w) is the convex envelope of
the functionw 7! max g F(fw > @) on the set[0; 1P + R1y =
fw2 RP;, maxkoy Wk  mingay Wi 6 1g.

Shaping all level sets



Symmetric submodular functions - Examples

From ( w) to F(A): provides new insights into existing norms

{ Cuts - total variation

F(A) = dkij) ) ft(w)= d(k:) ) (Wi Wj)+

k2 A;j 2V nA Kj 2V

ﬁ@{
OO O—-0O-0-20

{ NB: graph may be directed
{ Application to change-point detection (Tibshirani et al2005;
Harchaoui and levy-Leduc, 2008)

-O—0O
N k)
() O

NN




Symmetric submodular functions - Examples

From F(A) to ( w): provides new sparsity-inducing norms

{ Reqgular functions (Boykov et al., 2001; Chambolle and Darbon,

2009)

X
F(A)= EmQN dk;j)+ jA Bj W

- I3




weights

Symmetric submodular functions - Examples

From F(A) to ( w): provides new sparsity-inducing norms

{ F(A)= g(Card(A)) ) priors on the size and numbers of clusters

10 | | ]
k%
ol ~ | D
= |
-5 -~
-10 ‘ ‘ 1 - ‘ ‘ 1 - | |
0 0.01 I0.02 0.03 0 1 I2 3 0 0.2 | 0.4
JAJ(P | Al) Laj2 ©0:p) maxfj Aj;p | Ajg

{ Convex formulations for clustering (Hocking, Joulin, Bachnda
Vert, 2011)



“o-relaxation of combinatorial penalties
(Obozinski and Bach, 2012)

Main result of Bach (2010):
{ f(wj) is the convex envelope &f(Supp(w)) on[ 1;1P

Problems:

{ Limited to submodular functions
{ Limited to ; -relaxation: undesired artefacts

F(A) = min fj Aj; ]_g F(A) = 1fA\f_1g§_?g + 1A 2;306 ? g
( w) = kwk; (W) = Jwa) + kwg 39Ky



“o-relaxation of submodular penalties
(Obozinski and Bach, 2012)

F a nondecreasing submodular function with Lovasz extendion

X
Dene »(w) = min, 17 jwij?

2
2R o\ |

{ NB: general formulation (Micchelli et al., 2011; Bach et a2011)

—f()

Proposition 1: 5 is the convex envelope of 7! F (Supp(w)) kwk,

Proposition 2: 5, Is the homogeneousonvex envelope of
w 7! 2F (Supp(w)) + 2kwk

Jointly penalizing and regularizing

{ Extension possible tog, g > 1



From | to >
Removal of undesired artefacts

F(A)=1¢av 3gs2g T 1iav 1:2g6 2 F(A)=1¢av 1.2:3g6 2 g

o +1liav 2:396 29 T 1fav 296 2
o(W) = Jwa] + KWs 1.24K> 29570 =79

Extension to non-submodular functions + tightness study: ese
Obozinski and Bach (2012)



Beyond submodular functions?

Let F be any set-function

\Edmonds extension" : the convex envelope ol 7! F (Supp(w))
on [0; 1]° is equal to

f(w) = sup W S= Sup W S
8A V; s(A)6F (A) s2P(F)

{ When is it an extension ofF ?

Lower combinatorial envelope: G(B) = f (1g) = sups,p (r) S(B)

{ G6 F
{ Property: idempotent operation

A new class of set-functions: functions for which G = F



Conclusion

Structured sparsity for machine learning and statistics

{ Many applications (image, audio, text, etc.)

{ May be achieved through structured sparsity-inducing nerm

{ Link with submodular functions: uni ed analysis and algbims
Submodular functions to encode discrete structures



Conclusion

Structured sparsity for machine learning and statistics

{ Many applications (image, audio, text, etc.)

{ May be achieved through structured sparsity-inducing nerm

{ Link with submodular functions: uni ed analysis and algbims
Submodular functions to encode discrete structures

On-going work on machine learning and submodaularity

Improved complexity bounds for submodular function minintiaa
Submodular function maximization

Importing concepts from machine learning (e.g., graphicaldels)
Multi-way partitions for computer vision

Online learning

Going beyond linear programming duality?

~ M P P
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