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Abstract We introduce a Galois connection calculus for language
independent specification of abstract interpretations used in pro-
gramming language semantics, formal verification, and static anal-
ysis. This Galois connection calculus and its type system are typed
by abstract interpretation.

Categories and Subject Descriptors D.2.4 [Software/Program
Verification)

General Terms Algorithms, Languages, Reliability, Security,
Theory, Verification.

Keywords  Abstract Interpretation, Galois connection, Static Anal-
ysis, Verification.

1. Galois connections in Abstract Interpretation In Abstract
interpretation [3, 4, 6, 7] concrete properties (for example (e.g.)
of computations) are related to abstract properties (e.g. types). The
abstract properties are always sound approximations of the con-
crete properties (abstract proofs/static analyzes are always correct
in the concrete) and are sometimes complete (proofs/analyzes of
abstract properties can all be done in the abstract only). E.g. types
are sound but incomplete [2] while abstract semantics are usually
complete [9]. The concrete domain (C, C) and abstract domain
(A, <) of properties are posets (partial orders being interpreted as
implication). When concrete properties all have a <-most precise
abstraction, the correspondence is a Galois connection (GC) (C,
0 % (A, <) with abstraction o € C — A and concretiza-
tiony € A CsatisfyingVP € C : VQ € A: a(z) S y <
z C v(y) (= expresses soundness and < best abstraction). Each
adjoint o/~ uniquely determines the other v/«. A Galois retrac-
tion (or insertion) has a onto, so 7 is one-to-one, and « o 7y is the
identity. A Galois isomorphism (C, C) «=— (A, <) has both a
and ~y one-to-one onto.

2. GC calculus syntax The GC calculus can describes complex
GCs between posets representing concrete and abstract properties
of the semantics of programs.

2.1 Syntax of program variables

%,... € X

2.2 Syntax of labels
l,...eLL
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2.3 Syntax of ur-elements

The ur-elements are objects (concrete or abstract) which are not a
set, but that may be elements of sets.

ecE
ex=true|l|oco|x|l]|—€]...
2.4 Syntax of sets
seEP
su=B|Z|X|L|{e}|[e,e]|L(s,0)]s®|sUs|s+—
slsxs|p(s)]...
Sets are the sets of Booleans, integers, variables, labels, single-
tons, intervals, the set of all intervals of a poset (s, o), sets of fi-

nite or infinite sequences, unions of sets, sets of functions, of pairs,
power sets, erc.

2.5 Syntax of partial orders
0eO
on==|a|<|C|E|=|o ot xo02]|0]|6]...
Orders are implication, equivalence on Booleans, the natural or-
der of integers, inclusion, interval inclusion, equality, the inverse of
an order, the pairwise/component by component order, the point-
wise order, the double pointwise order, efc.
2.6 Syntax of posets
pelP
p = (s, 0)
A poset is a set equipped with a partial order.

2.7 Syntax of GCs

ge G

g = 1) | Tlp,e] | Ip.e,e] | ~ls,s] | Uls] | ~[s] | oofs] |
~[s,s] [ =[s,s] | x[s,s] [ ... [Rlgl | s =g ] g59]g%g|
g=gl...

Basic GCs include the identity abstraction 1[p], the top/most
abstract abstraction T|[p, €], the interval abstraction I[p, e, €], the
right-image abstraction ~[s, s], the join abstraction U[s], the nega-
tion abstraction —[s], the sequence abstraction oco[s], the trans-
former abstraction ~[s, s, the function abstraction s, s|, the
cartesian abstraction x[s, s, efc..

The Galois connectors include the reduction R[g], the pointwise
extension s — g, the composition g § g, the componentwise com-
position g %k g, the function extension g == g at higher-order, efc.

3. GC calculus semantics The GC calculus semantics defines
which GC is defined by the expressions of the GC calculus. Since
some GC expressions may be ill-defined, the semantics may return
a static error €) (expected to be detectable by sound type systems)
or dynamic errors w (expected no to be detectable by some sound
type systems).
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3.1 Semantics of ur-elements

The semantics S[e] of an ur-element e is its value. Ofe] is the
poset to which this value S[e] belongs.

L4 S[[x]] e X

O[[x]] £ <X7 :>
N IEY

o[ £ (L, =)

o S[true] £ true
Oltrue] 2 (B, =)
e S[1] 21
Of1] = (Z U {—o0, 00}, <)
e S[eo] £ 0
Ofec] 2 {(Z U {~o0, 0}, <)
e S[—¢] 2 (S[e] € B 2 =S[e] | Sle] € ZU {—o0,00} ?
~S[e] 3 Q)
O[—¢] 2 (S[e] € BV S[e] € Z U {—o0,00} 7 O[e] ¢ Q)
e Notice that errors on the semantics S[e] of elements e € E are
all static i.e. €.
3.2 Errors

Errors can either be static (£2) or dynamic (w). Static errors are
expected to be all captured by a static analysis e.g. by typing
rules. An example is the addition of an integer and a list of
booleans. Dynamic errors are those for which static analyses may
fail e.g. arithmetic overflow which is undecidable. The combination
error(z,y) of errors z € {w,Q} ory € {w,Q} is defined so as
to give priority to static errors (and to ignore non-erroneous cases).

T
error(z,y) S0l w.0]
w w|Q w
y Q QQ Q
g {w,Q} |w |[Q] ——

3.3 Semantics of sets

The semantics S[s] of set expressions s € $ is the set denoted by

that expression.

e S[X] £ X

e S[L] £ L

e S[B] £ B

VY

o S[{e}] 2 (Se] # 2 ? {S[e]} 3 )

* Slle, e2]] £ (Oler] = Ofez] = (S, 0) ¥ {v € 5| (S[ea],
v) € 0 A (v, S[ez]) €0} 3Q)

e (S, <) 2 {[v1,v2]< | v1,v2 € S}, intervals of S for < where

[v1,v2)« 2 {v €S |vi KvAv < v2}s0J(S,<) C p(S)
hence (S, <) € p(p(S))

 S[I(s,0)] 2 (SIs] & {9} ? (Slo] € SIs] x SIs] 7
I(S[s], S[ol) ¢ w) ¢ S[s])

o S[s™] £ (S[s] & {w, 2} 7 S[s] s S[s])

o S[s1Usa] 2 (S[s1] & {w,Q} AS[s2] & {w,Q} ? S[s1] U
S[[Sg]] 8 error(S[[Sﬂ]7 S[[Sz]])])
where X* &£ XT U X¥ X" £ [0,n] — X,n € N
(dom(o) = [0,n] wheno € X", n € N), XT £ J, ., X",
and X* £ N+ X (dom(c) = N when o € X*)

o S[s1 — s2] £ (S[s1] ¢ {w, 2} A S[s2] & {w,Q} 7
SIIS1]] — S[[SQ]] 3 error(S[Sl]],S[[SQ]])D

o S[s1 x s2] 2 (S[s1] ¢ {w,Q} A S[s2] & {w,Q} ?
S[s1] x S[sz2] 8error($[s1ﬂ78[[82]])])

o S[p(s)] £ (S[s] & {w, 2} 2 p(S[s]) s S[s])

3.4 Semantics of partial orders

The semantics S[o] of partial order expressions o € O is the

partial order denoted by that expression. The fact that partial orders

are always well-defined i.e. S[o] ¢ {Q,w} follows from the

calculus syntax.

o S[=] £ = £ {(false, false), (false, true), (true, true)} '

e S[e] £ & £ {{false, false), (true, true)}

e S[K]12 <2 {{z,9) | 2,y € ZU{—00,00} Az <y}

e S[C]2C2{(X,Y)|VzeX 1z €Y}

e S[e] £ S[C] =<

e S[=]2 = 2 S[C] N S[C]

o S[o™'] £ (S[o])~" where R™! £ {{y, @) | (z, y) € R}

e Sfo1 x 02] 2 S[o1] x S[oz] where R1 X R2 £ {{z, CL‘I>, (y,
y') [ {z, y) € R A(a', yf) € R}

o S[o] £ (S[o]) where R 2 {(f, g) | V& € dom(f) : = €
dom(g) A (f(2), g(z)) € R}

* S[o] = (S[a])

3.5 Semantics of posets
The semantics S[[p] of poset expressions p € P is the poset
denoted by that expression.

* S[(s, o)] £ (S[s] ¢ {w, 2} AS[o] ¢ {w,Q} 7 (S[s],
S[o]) ¢ errox(S[s], S[[o]])])
3.6 Semantics of GCs

The semantics S[g] of GCs ¢ € G is the GC between posets
denoted by that expression.

AQeQ

o S[pll £ (SIp # {w, 2} 7 Slp] s Sl 5 STl

* S[Tlp,el] £ (35.<: Slpl = (S, <) 7 (S[e] € S\ {w} ¥
[[VmES:ng[[e]]?Sﬂp]]&_}Sﬂpﬂgwbgwbg

APe+S[e]
error(S[p], S[e]))

* S[ul(s, o),e1,ea]] £ (S[s] & {w, 2} A S[ea] & {w, 2} A
Slez2] & {w, 2} 2 (S[o] S (S[s]U{Sleal, S[ez]) x (S[s]V
{S[e1], S[e2])AVz € S[[ﬁs]] : (Sle1], z) € S[o]A{z, S[ez]) €

Slo] % (p(S[s]), ©) == (S(S[s]u{Slea], Sleal}, S[o),

OLH
C)s wD 8 error(S[s], error(S[ei], S[[ez]]))]] where
* (S, <) £ {[v1,v2] | v1,v2 € S}, intervals of S for < where
[vi,v2] E{v €S| v SvAV < v}

! we use the same mathematical symbol for the syntax and semantics of

partial orders in the GC calculus, which one is meant should be clear from
the context.

2 The use of proper classes can be avoided by assuming that all sets such as
X and Y are taken in a universe of sets such as a Grothendieck universe or
the Zermelo/von Neumann hierarchy of sets.



laI(X)é[minS[[o]] X, maxspo] X],mins[[o]](Z)éS[[ez]],maxs[[o]](Z) e Sfs — g] & {[S[[s]] =X & {w,Q AS[g] = (C E

2 S[e1], and
* 7' ([a,0]) = {z € S[s] | {a, z) € S[o] A (z, b) € S[o]}

S[~[sL, sMm]] 2 ([S[[S]L]] =4 {fi,w} AS[sm] € {Quw} 7

(p(S[sL] x S[sml), S é:—ﬁ (Slsel = o(S[srml),

g) H error(S[[S]Lﬂ, S[[SM]])D where

sa™ 2APeXle{m | {£, m) € P}

YT EAQ-{(f, m) | meQO)}

» C is the pointwise extension of inclusion C that is f - g
Vz € domf : x € dom(g) A f(x) C g(x).

o S[ulsl) 2 (STs] ¢ {w. 2} ? (p(e(STsD), O ==
(o(S[s]), C) 2 S[s]) with
ra” 2APep(p(STsD) - UP
"7 EAQEP(S[s]) + 0(Q))

o S5 2 (S8l # {0, 2} 7 (p(SIs]), ©) == (p(Ss),
2) ¢ S[s]).

Sloclsl] £ (SIsl ¢ {w, 2} ? (9(S[s1™), ©) ==
(o(S[s]), C) & S[s]) with

*a® EAPEp(S[s]*){0oi € S[s] |0 € PAi€ dom(o)}
. Z; 2XQcp(S[s])+{c € S[s]* | Vi € dom(o) : 0; €

.
(1>

S[[s1,52]] & (S[s1] ﬁ* {w,Q} A S[s1] € {w,Q} 7

(0(Sls1] x Sls2]), ©) == (p(S[s1]) = o(S[s2]), ©) 8

error(S[s1], S[s2])) mapping relations to join-preserving set

transformers with

"o 2ARC p(S[s1] x S[s2])* AX € p(S[s1]) * {y | Iz €
X :(z, y) € R}

*" £ Ag€p(S[sil) = o(Sls2D) + {(, v) [y € g({=})}

S[—[s1,s2]] & (S[s1] %H{w,Q} A S[s2] ¢ {w,Q} ?

(0(S[s1] = Sls2]), €) == (p(Ss1]) = p(S[s2]), ©) 8

error(S[[Sﬂ], S[[Sz]])]) with
"o~ 2 APEp(S[s1] = S[s2]) « AX € p(S[s1]) + {f(2) |
feEPAzeEX}

sy~ 2 Xg€p(S[s1]) — ©(S[s2]) {f € S[s1] — S[s2] |
VX € p(S[s1]) : Vz € X : f(x) € g(X)},

Slx[s1,52]] £ (S[s1] ¢ {w, 2} A Sls] ¢ e, 0} 7
(9(S[s1] = Sls2D); ©) ‘:—_X> (S[s1] = p(S[s2]), )
error(S[s1], S[[sz]])]) with

sa*(X) £ Aie€S[si]+{zx € S[s2] | If € S[s1] =~
Sls2] : fli — z] € X}

(V) 2 {f € S[sa] — Slsal | Vi € S[sa] ¢ £ €
Y (¢)}, and

= C is the the pointwise extension of C to S[s1]

« S[RG] 2 (SIg] = (€. ©) == (4, <) 7 (¢, O) ==

{aP)|Pec}, <2 (Slgl =w ?wsQ])

) s A9 R X e ) ST (x oA
e p*aop
<) ¢ error(S[s], (S[g] = w 7 w g Q))) for the pointwise

orderings C and <.

Slg1 3921 2 (Slo1] = pr == p2 A Slg2] = ps == pa 7
(p2=p3 % p1 % p1 2 w) ¢ error((Sg1] =w T ws

Q)), (Slg2] = w 2 wsQ))),

Slgr#g2] £ (Slon] = (€1, ©) === (A1, D) AS[ge] = (Ca,

€) =25 (Aa, =) 7 (01 x Cay © X C) = (A X Ay,
g a1 X

Cx=x)s error(([S[[gl]] =wPws QD), ([S[[gg]] =wPws

QD)D (generalizing to tuples),

Slgr = g2] £ (Slgal = (€1, ©) == (A1, C) A S]ge] =

(€2, 2) Eom (A2, Q) B (C1 L G, X TN

@2 A feagofon
<.A1 < Aa, S) H error(([S[[gﬂ] =wPws QD),([S[[QQH =
wTws Q]])D for increasing maps and pointwise orderings C
and <.

4. The POPL’77 abstraction We express the abstraction that
was used in the interval example of [3, 4, p. 247] in the GC calculus.

4.1 POPL’77 semantics and semantic properties

e [ labels

e X variables

o (V, <) (e.g. (Z, <) complete partial order of values (e.g. (Z, <)
or ([minint,maxint], <))

e M £ X — V memory states

e NEL X M=1Lx (X V) states

e 3°° program runs/executions, i.e. finite or infinite sequences of
states

* S £ (=) semantic domain

® ©(S) semantic properties (i.e. the sets of sets of finite or infinite
state sequences p(p((IL X (X — Z))*)))

4.2 POPL’77 reachability abstraction

The reachability abstraction collects states appearing along execu-
tion traces into local invariants on variables attached to program
points designated by labels.

o (GG*

= U[E] 5 00[%] 5 AL, M] .

= (p(p(Z%)), ©) === (p(5%), O)3(p(5%), C) ===
(0(), O3~ LM]

= (P(O(E7), ©) =——= (9(2). Q) 3 AL M)

= (p(p(5)), ©) == (p(Lx M), C)5(p(L x M),
Q) t=——= (L= p(M), &)

= (p(p(=)), ©) S (L p(M), ©)

= (pp((L x (X = V)¥), Q) =—=t (L
p(X—V), )



4.3 POPL’77 interval cartesian abstraction

e G

2 L= (x[X, V5 (X = 1V, <), ~o0,00]))

= Lo (x[XV]5 (X = (p(V), ©) == (I(VU

{00,050}, <), €))) o

L = (x[X,V]5 (X = p(¥), &) =T (X

I(V U {00, 00}, <), &) T

= L (p(X = V), ©) == (X = p(V), O (X =
Apeqlop : )

p(V), €) =———= (X = I(VU{-00,00},), &
pealop

A5y X (v op)

L~ ((p(X — V), O L0 (X
. APea o(a™(P))
]I(V U {_007 00}7 S)v §>)

since

* (Ape aﬂop)oax
= AP: (Ap a' o p)(a*(P))
= AP+a’ o (a"(P))
= AP+ Ax+d’ o (a(P))(x)
= AP+ Axeca'((a”(P))(x))

and

* v e(Ap*y °D)

= APy (AP 2 P)(P))
= Apv (v 2 p)

so that

. G%

AB* ALy X (Axs (VB (X))

Ape aLs Axcal (@™ (p(0)(x)
(L — X = I(V U {—00,00}, <), &)

since

= (L~ o(X — V), 0

e Aps(AP+a' o (a*(P))op
= Aps Als((AP+a' o (a*(P)
= Aps Ale(APa" o (a*(P)))(p
= Ape Xlea’ o (@™ (p(t)))
= Ape Al Axe(a’ o (@*(p(£))))(x)
= Ape Ale Axea' (" (p(0))(x))
and

* ApAP Y (Y D) oD

= Ape Al (AP 7 (7" 2 D)) e ) (0)
= Ape Al(AD 7 (7" 2 0))(p(0))

= Ape A (v (" o (B(0))))
= Ape Al (v (Axe (7" o (p(0))(x))
= Ape Ay (Ax= (7' (p(0)(x)))

4.4 POPL’77 reduced interval cartesian reachability
abstraction

ek

o (G°
£ RIG*5GY)

= Rl(p(p(E™)), C) S22 (L p(X = V),

a™oa®oa¥

ADe A Loy (Axe (W (B(0) (%))
Ape ALs Axeal (@ (p(0)(x))
(L X I(VU{-00,00}, <), &)]
Ape (v9ony™ oq“)(Ae'wx(AX‘(’YH(ﬁ(Z)(X))>>>
= R[{p(p(=7)),C)

C)3{L = p(X = V), C)

Pexte Axsal(@X ((a™(a™ (@ (P))))(0)(x)
<IL — X — H(V ) {_007 OO}, §)7 g)]

since

o (Aps AleAxea (@ (p(0)(x)))

= AP+(Aps Ale Axea' (@ (p(0)(x)((a™ o a™ o
a”)(P))

= AP+ Als Ax+d'(a

= AP Xle Axea" (o ((
= AP« Xle Axea' (™ ((a™ (@™ (a”(P))))(0)(x))

and

. (fy“ofy ofym)o( EPNE ’YX()\X'( H(ﬁ/(f)(x)))))

X
—~
—~

= Ape (77 oyT oy )((M"M Y Ax (v @ (O ) (P)
= AP (7" 0™ o) ALy (Ax e (71 (p(0)(%)))))

so that

. G%*

= (p(p(=)), C) == (L X - I(V U {~00,00}, <),
)
where
e a2 AP+ Alesmash(Axea (o™ ((a™ (= (a®(P))))(©)(x)))
° f ADe (77 0y o) (AL (Ax s (v (R(0)(x)))))
an

e the reduction smash(Ax € X« [ay, by]) is Ax € X [o0, —o0]
when some [ax, bx| is the empty interval with by < ax and
Ax € X+ [ax, by] otherwise.

In conclusion, the static (or collecting) semantics is the reach-
ability abstraction of program properties in o(S) that is G* £
U[X°] § 0o[X] § ~[IL, M] with abstract domain IL — (X — V).
The reduced interval cartesian reachbility abstraction is R[G™ §

(L — (x[X,V] ¢ (X — I[(V, <), foo,oo]g))] that is the ab-
straction (p(p((L x (X — V))¥)), C) == (L — X
I(V U {—00,00}), &) where

a(P) £ Xlesmash(Ax+a’ (@ (@™ (@™ (a”(P))))(0))(x)))
and the reduction smash(Ax € X ¢ [ax, bx]) is Ax € X ¢[00, —0]

to the empty interval [0o, —oo] when some [ax, bx] is [co, —oo] and
Ax € X« [ax, by] otherwise.

5. Syntax of types The intuition for types is that a GC expres-
sion has type T if and only if the semantics of this expression be-
longs to the set described by type T. For example true has type bool
which describes the set B of Booleans since true € IB.

5.1 Syntax of ur-element types
Ece

E ::= var | 1ab | bool | int | err
5.2 Syntax of set types

Seé
S:::PE|PS‘seqS|S*—>S|S*S|err



5.3 Syntax of partial order types
0eo i
O::=:>|<=>‘S‘g|=|071|O*O|O|...|err
5.4 Syntax of poset types
Pep
P:=S®O0|err
5.5 Syntax of GC types

Te%
T:=P=P|S%>T|err

6. Semantics of types A error type err denotes any possible
value, including the static error (€2 e.g. captured by type systems)
and the dynamic error (w e.g. possibly captured by static analyzes
more powerful than type systems). The error type err allows to
conclude absolutely nothing on a value of that type, including this
these value exists or is erroneous.

o y(err) £ S(V)U{w, Q} forall (U, ) € {(E, &), (S, &), (O,
O), (P, B), (G, T)} where S(U) 2 {S[u] | v € U}.

6.1 Semantics of ur-element types

e v¢(bool) £ B

® v¢(int) £ Z U {—00, 0}

* y¢(var) = X

* v®(1ab) 2 L

e Observe that v ¢ is injective (E # E' = v*(E) # ~v*(E)).

6.2 Semantics of set types
7 (PE) £ p(v¢(E))

V(B S) £ p(v°(S))
It follows that {p(X) | X € v®(S)} C~+°(PS).

* v9(seqS) £ {X>® | X € v°(S)} where X is the set of all
finite or infinite sequences of elements of X

YO(S1 % S2) £{X =Y | X €7°(S1) AY €7°(S2)}
6(51 *Sz) é{AX XY | X 6’76(51)/\}/6’}/6(52)}

* VS € &:7°(S)is C-downward closed meaning that X C Y €
v°(S) = X € v°(S). The proof is by structural induction on
S.

e Observe that v© is injective (the proof is by structural induction
where v¢ is injective for the base case).

6.3 Semantics of partial order types

*77(0) 2 {S[0]}, O¢€{=,& <C,=}

* 77 (07) £{R™ |R€~7(0)}

* 72(01 % 02) £ 77(01) x 77(02) £
77 (01) A Rz € 77 (02)}

*72(0) £ {< < e (0)}

Observe, by structural induction on O, that v”(O) is always a

singleton and v* is injective.

{R1XR2|R1€

6.4 Semantics of poset types
7*(S®0) £ 4°(S) x v7(0)

e ~* is injective.

6.5 Semantics of GC types
V(P=P) 2 {P == P| PGW"“(P)/\P’ €7* (P},
(S*—«>T)—{<X»—>C L) =
76(5) (€ B) ==

e +% is injective.

(X— A L | X e
(A, <) er® (T)}

7. Type membership Type membership € is the abstraction of
set membership €.

eEcS=Vecy*(E):Is€~°(S):e€s
.S1€SQZ>V81€’YG(51):382676(52)281682

so that
eEePE
For example bool € P bool since Vb € *(bool) = B: 3B €
p(’ye(bool)) =~ (P bool):

{0, {true}, {false}, B} = p(B) =
beB.

eSEPS

Observe that if E @ S (e.g. bool @ P int) then Je € v*(E) :
Vs € v°(S) : e € s s0 e of type S belongs to none of the sets s of
type S (e.g. true belongs to no set of integers).

8. Type preorder

eT; G T2 2 +4%5(Ty) C 4%(T2) and similarly for &, O, P,
specifically E; < E» £ E, = E, for €.
The situation would be different if e.g. basic types where en-

riched by intervals e.g. as in the PASCAL language, in which case
< would be interval inclusion.

The relation < is reflexive T < T, transitive T; < To A To <

Ts = T1 « T3 and err is the supremum (top element). To
ensure the existence of a best abstraction of the empty set (i.e. false
property), it may be useful to add a type infimum (bottom element)
@ such that v* (@) £ (. It follows from the definition of < that
eEXE =PEYLPF
eSS =>pPSgPY
¢SS = seqS Useq¥
051§1$’1/\52§15’2981*—>52QS’1*—>S’2
S S‘S&/\SQ@S&#Sl*SQQS&*SIQ
*o9>.=95=-9C=9¢
e0g0' =01g0!

e 0; <O A0y €05 =01 %02 0] 05
'O\O/:>O§IO’
eSISANOLO=S®04S ®0

e P <P APy {P,=P; =Py <P =P,

e SIAINTLT =S4 TLS 5T

9. Type equivalence
e T 2To 2T A T2oAT2 I T =7%(T1) =~4°(T2)

It follows that we have therule X I Y AY < X = X =Y and
50 (0711 2>0,0=0,erc.

3 By the GC notation (C, <) ==
y oz 2y(y).

(A, )y, VzeC:Vye A:a(z) C



10. Type inference algorithm We provide the type inference
algorithm and prove its soundness. The classical theory of types,
which proceeds by subject reduction, that is by induction on the
computation steps of an operational semantics, is not helpful since
the GC calculus does not describe computations. However Abstract
Interpretation is not bound to a specific kind of language, semantics
(e.g. denotational semantics in [2]), and form of induction (e.g.
no subject reduction in [2]). So soundness is proved by structural
induction on the syntax of types.

The type inference algorithm is

o €[true] = €[false] = bool

e gM0] =B[1] = ... = €[ox] £ int,
‘%[[Xﬂ:%[[y]]:...évar
e[l =... % 1ab

* g[—e] = ([%[[e]] = bool V €[e] = int 7 E[e] 8eer
¢ S[B] £ P bool

° S[[Z]] £ Pint

o S[X] £ P var

e S[L] £ P 1ab

e S[{e}] = (I%[[e]] # err 3 P ¢[e] Seer

o Sfle, e2]] 2 (€[er] = €fez] # err 2 P €e1] $ erx)
o S[I(s,0)] = [[8[[8]] # err 7P S[[s] 8 err])

e S[s>] £ ([S[[S]] # err 7 seqS[s] 3 err])

. S[[sl @] 521] £ [[err #* 8[[81]] = 8[[82]] # err 7 8[511] H eer
(note the approximation that s; and s2 must be of the same
type as is the case for alternatives of conditionals in functional
languages)

S[s1 +— s2] = ([S[[Sl]] # err A S[[s2] # err 7 S[s1] *=
8[82]] Serr]]

S[s1 x 2] £ [[8[[51]] # err A S[[s2] # err T S[s1] * S[s2] 8
S[[@(S)]] = ([S[[S]] # err 7P 8[[8]] H eer

*Oo] £0, o€ {=,,<,C,=}

e O[g] = C

* 0fo™"] £ (0fo])

Ofo1 x 02] £ 6fo1] * 6]o2]

4]  (olo])

6[5] £ ((6[o]))

o P[(s, 0)] = (['S[[S]] # err A Oo] # err 7 S[s] ® O[] Serr]]
TIp)] £ (Flp] # oxx 7 Plp] = Plp] 3 oxx)

T[Tp,e]] 2 (€le] # exx A3S € 6,0 € O : P[p] =
S®O0AE[e] €S 7T Pp]=P[p] eer

TL[(s, 0),b,]] = qerr # €[b] € S[s] # err Aerr # E[t] €
S[s1% (B S[s] ® C) = (P S[s] ® C) 8 exx]

Gjﬂm[sL, SM”] £ ([S[[S]Lﬂ 7é err A\ 8[[8,\4]] 75 err ¢ )

P (S[si] * S[sm]) ® C=8[s1.] *= P S[sm] ® C 3 exx)
TU[s]] & (S[s] # exx 2P (P S[s])®C =P S[s]®C ¢ erx)
o I[-[s]] £ ([S[s]] # err TP S[s]® C=P §[s] ® g71 H err])
Too[s]] £ ([S[[s]] #err TP (seqS[s]) ® C=PS[s] ® C 3

err

T[~[s1,52]] 2 [[8[[81]] # err/\‘S[[Sg]] # err 3 P(S[s1] * S[s2])

® C=P 8[81]] *— P 8[[32]] ®C3 eer

L] C‘J[[H[sl,sﬂ]] = ([8[[81]] ;é err /\8[[82]] 7& err ¢ )
P(S[s1] *= S[s2]) ® C=P S[s1] *~ P S[s2] ® C 8 erx)

o J[x[s1,s2]] & [[S[[Sﬂ] # err A S[s2] # err 7 '
P(S[s1] *= S[s2]) ® C=8[s1] *> P S[s2] ® C $ err)

I[RIgll = T1al

* Jls — g] £ (S[s] # exr A T[g] # exr 7 S[s] +» T[g] ¢

err

For brevity, we write s — g] £ S[s] — J[g] by defining
S—DTé([S;éerr/\T#err?S*—ngeer

* Tlg1592] £ (F[o1] = P1=Ps AT[go] = P3=Ps APz =
P33 P =Pss eer
For brevity, we write g1 § g2] = T[g1] ¢ T[g2] by defining
Ti3Te 2 (Ti =Pi=PoATo=P3 =P, AP, =P37%
Pi=P43 err]].

* Jg1 ¥ g2] £ ([9‘[91]] =S1®01=S2®02AT[g2] =Ss ®
03=S5,®0,4 ? S1*So®01 x02=S3xS,®03 x 04 Serr]]

e Ilg1 = g2] £ (T[g1] = S1 ® 01 = So ® 02 A T[g2] =
53®03‘:>S4®O4?51*—>Sg®03:52*—>54®048err]}

For example the type of the GC expression describing the inter-
val example of [3, 4, p. 247] is

TIU[(L x (X = 7)) ] § o[ X (X 1= Z)] § ~[IL, X =
Z) 5 L — (x[X,Z] 5 (X = 1[(Z, <), —00,00]))]

= F[U[(IL x (X = 7Z))*] § ook X (X 1= Z)] § ~[IL, X =
Z)sL — (x[X,Z]] (P var — (PP int ® C) =
(PP int ® Q)))

= JUIL x (X — Z)®] 35 oL x (X — 2Z)] 3
AL, X — Z]] P 1ab — ((P(P var +> P int) ® C) =
(Pvar > PPint ® C)§ (P var #» PP int ® C) =
(Pvar +» PP int ® C))

= FIUIL x (X — Z))¥] 3 00lL x (X = Z)]§ ~[L, X -
Z]] sP 1ab — ((P(P var = P int) ® C) = (P var
PPint® C))

ST % (X = Z)F 5 sl x (X o
Z)] 3 P(Plab* (Pvar*->Pint)) & C =
Plab#>P (Pvar+>Pint) ® C 35 ((P 1lab

P(P Var*—>Pint) ® g) = (P lab *> P var *—
PPint ® C))

= Iu  x (X = )= 3

P (seq (P lab * (P var *— P int))) ®

- = P (P lab * (P var *— P int)) ® C 3

P(Plab* (Pvar#+>Pint)) ® C = (P lab x*—
Pvar*—>PPint®§)

=P (P (seq (P lab * (P var *— P int)))) ® C =
P (seq (P 1ab * (P var #—> P int))) €3 H
P (seq (P lab* (P var > P int))) ® C = (P lab %
Pvar*—>PPint®§)

= P (P (seq (P lab * (P var > P int)))) ® C = (P lab *—
Pvar*—>PPint®§)

Intuitively, sets of sets of sequences of states are abstracted by
a map of labels to variables to intervals i.e. sets of integers (the
difference as abstracted away by the type abstraction).

10.1 Soundness of the type inference algorithm

VT € T\ {exr} : Q & v*(T) so the soundness of type inference
is (Tlg] # err 2 Slg]l € v*(I[g]) U {w}) i.e. “typepable



expressions cannot go wrong (i.e. return €2 but may return a runtime
error w)”. There is no soundness requirement to prove in case
of static type error I[[g] = err since untypble expressions are
rejected. There is also nothing to prove when the semantics returns
a dynamic error w since types say nothing on possible dynamic
errors (e.g. the type int does no prevent overflows).

For example,

SNz, <)]

(S1z] = 5 ¢ {w, 2} 7 (SISI € SxSZ {{ves|

(v1, v) € S[L] A (v, v2) € S[L]} | v1,v2 € S} 3w s

s{z1)

= (SISl CZxZ 7% {{veZ]| (v, v) € S[<]A (v,
va) € S[<]} | v1,v2 € Z} owD

= {Z{v € Z | (v, v) € S[<] A (v, v2) € S[<]} | v1,v2 €

>

= {{veZ|vn <v{, <)va} | vi,v2 € Z}
{[v1,v2] | v1,v2 € Z}

{p(X) | X € p(Z U {—00,00})}
{p(X) | X € p(7*(int))}

{p(X) | X € 7°(P int)}

vy (PPJ.nt)

79 (P S[Z])

7S (2 S[Z]) U {w}

10.2 Soundness of element type inference

N o m

N

o E[true] = €[false] = bool
S[true] = true € B = v (bool) = v (E[true]), etc.
* €[0] =E[1] = ... = €[oo] = int,
S[0] =0 € Z U {—00,00} = v¢(int) = v*(B[0]), etc.
L4 %[[Xﬂ :%[[y]] :...évar
S[x] = x € X = 7 (var) = v (€[«]), etc.
e[l =... % 1ab
S[¢] = ¢ € L = v*(1ab) = y*([4]),
o E[—e] = [[%[[e]] = bool V €[e] = int 7 €lle] s err])

* if €[e] = bool then S[e] € v*(€[e]) = v¢(bool) = B by
structural mductlon hypothesis so S[—e] = —=Se] € B =
¢ (bool) = v (€[—€])

® clse if €[e] = int, Id.
® else €[e] = err, no requirement to prove.

e Observe that when Ofe]] # Q, O[e] has been defined in Sect.
3.1 to be a poset of the form Ofe] = (v¢(€][e]), o)

10.3 Soundness of set type inference

e S[B] £ P bool

S[B] = B € p(B) = p(v*(boo1)) =
77 (S[B]) QED.

”yG(P bool) =
¢ S[Z] £ P int
Id.

. S[[X]] 2 P var
Id.

e S[L] £ P 1ab
Id.

S[{e}] 2 (&[] # exx 2 P E[e] ¢ exz)

By structural induction hypothesis, S[e] € v*(€[e]) so VE €
€\ {err} : Q & v*(E) and %[[e]] # err imply that Se] # Q
so S[{e}] = ([5[[6]] # Q% {S[e]} 3 Q) = {Sle]} €
01 (€el)) = (@ E[e]) =7 (S[{e}])

S[[[el, 62”] £ ([%[[61]] = %[[62]] ;é err 2P %[[61ﬂ H err])

No requirement has to be proved when 8[[e1, e2]] = err. Oth-
erwise €e1] = E[ez] # err and S[[e1,e2]] = P Ee1], in
which case we must prove that S[[e1, e2]] € v (S[[e1, e2]]).

€lel] = %[[ez]] implies v¢ (€[e1]) = v '(%[[62]]) (and recipro-
cally). But ¢ is injective so %[[el]] = §[ez2] # err. Morover,
VE € €\ {err} : Q & +*(E) and E[e;] # err imply that
Q & v*(€[e:]), i = 1,2. By structural induction hypothesis,
Slei] € v (Eei]), i = 1,2, so that S[e;] # Q.

» In case Ofe1] = Ofez] = (S, o), Ofei] # Q@ so Ofei] =
(v (8[eill), o:) implies that S = ~v*(E[e;]). It follows that
Sller, e2]] £ (Ofer] = Ofez] = (S, 0) ? {fve s
(Slel, v) € 0 A (v, Sea]) € 0} 82) = {v € 7*($[es]) |
(Slea], v) € oA (v, Sleal) € 0} € p(v*(E[er])) =
7% (B Ele1]) = v (S[lex, e2]]). QED.

» In case Ofe1] = (S1, o1) # Olez] = (S2, 02), we have
Olei] # 2 so Ofei] = (v*(E[ei]), 0i). Therefore Ees] =
€[e2] implies S1 = So. It follows that 01 # 02, which is in
contradiction with the definition of O in Sect. 3.1. By reductio
ad absurdum, this case is impossible.

= The last possible case is Ofe1] = Q or Ofez] = €. By def.
of O in Sect. 3.1, one of e; or ey is of the form e; = —é
with S[e;] € B A S[ei] & Z U {—o0, oo}, which implies that
S[le:] = €, acontradiction. By reductio ad absurdum, this case
is also impossible.

In conclusion, S[[e1, e2]] € v (S[[e1, e2]]). QED.

S[i(s,0)] £ [[8[[8] #err TP S[s] 3 err])

In case S[L(s, 0)] # err, 8[s] # err so, by structural induction

hypothesis, S[s] € (v (S[s]) U {w}) \ {Q}.

* In case, S[s] = w, we have S[I(s,0)] 2 (S[s] = S ¢
{w, 9} 2 (S[o] €S xS {{veS| (v, v)eSo] A v,
v2>' € S[o]} | vi,v2 € S} 3 w) ¢ S[s]) = S[s] = win
which case S[I(s, 0)] € {w}

= Otherwise, in case S[s] € v°(8[s]) and S[o] € S x S,
ST1(s, 0)] £ S[1(s,0)] 2 (S[s] = § & {w, 2} 7 (S[o]
Sx 8% {{vesS]|(v,v) €S[o]A (v, va) € S[o]} |
v1,v2 € S} 8w 3 S[s]]) = wso S[I(s,0)] € {w}

= Otherwise S[s] € v°(S[s]) and S[o] € S x S and so
S[(s,0)] & (S[s] = S & {w,Q} ? (S[o] C SxS7?
{{v € S| (v, v) € S[o] A (v, v2) € S[o]} | vi,v2 €
S} s w) g Shs]) = {{v € S[s] | (v, v) € Slo] A (v,
va) € Sfof} | v1,v2 € S[s]} € {p(X) | X € v*(S[s])} €

77 (2 S[s])
= In all cases, we have S[L(s, 0)] € v (P S[s]) U {w}. QED.

S[[soo]] = ([S[[S]] #* err % seq S[[S]] H err]}

In case S[[s*°] # err, S[s] # err so, by structural induction
hypothesis, S[s] € (v (S[s]) U {w}) \ {02}



* The case Ss] = 2 is impossible since S[s*°] # err

* In case S[s] = w, S[s] 2 (S[s] & {w,Q} ? S[s]*> 3
S[s]) =w € {w}

= Otherwise, S[s] € {w, Q} so S[s] € v (S[s]) and S[s*>°] £
(S[s] & {w,Q} 2 S[s]™ s S[s]) = S[s]* € {X> | X €
77 (SsD)} =7 (sea 8[s]) =~ (S[s*]).

We conclude that S[s™°] # 2 implies that S[s>°] € v (S[s>°])U

{w}. QED.

o Sfs1 Uso] 2 [[err # 8[[51] =2 S[[s2] # exr 7 S[s1] 3 eer

In case 8[s1Usz2] # err, we have §[s1] # err and 8[s2] # err
so 8[s1 U s2] = 8[s1] and, by structural induction hypothesis,

S[sil € (v (S[s1]) U {wh) \ {2} = (77 (S[s2]) U {w}) \

{02} > S[s2].

* In case S[s1] € {w, Q} V S[s2] € {w, 2}, we have S[s1] =
wV S[s2] = wso S[s1Usa] 2 (S[s1] ¢ {w,Q} A
S[s2] & {w,Q} 2 S[s1] US[s2] ¢ error(S[s1], S[s2])) =
error(S[si],S[sz2]) = w € {w}

= Otherwise, S[s1] # w A S[s2] # w so S[s1 U s2] =
(Sls1] & {w, Q) A S[s2] & {w,Q} 2 S[s1] U S[s2] s
ez;ror(SII&ﬂ,SﬂsQ]])D = S[s1] U S[s2] € v°(S[s1]) U
77 (8[s2]) = 77 (S[s1]) = 7 (S[s1 U s2])

* In both cases, S[s1 U s2] € v (S[s1 U s2]) U {w}. QED.

o S[s1 +— s2] & (S[s1] # err A S[s2] # err 7 S[s1] *
S[s2] Serr]]

In case Ss1 +— s2] # err, we have S[[s1] # err and S[[s2] #
err 50 8[s1 — s2] = S[s1] #= S[sz2] and, by structural

induction hypothesis, S[[s1] € (v°(S[s1]) U {w}) \ {2} and

S[s2] € (v (S[s2]) U {wh) \ {2}

»If S[s1] € {w,Q} or S[s2] € {w,Q} then S[s1] = w or
S[s2] = w in which case S[s1 + s2] £ (S[s1] & {w, 2} A

S[s2] € {w, Q} 7 S[s1] — S[s2] 8error(8[[s1ﬂ,8[[52]])]) =

error(SHSﬂ,SﬂSgﬂ) =w € {w}

= Otherwise S[s1] € v (8[s1]), S[s2] € ~°(S[s2]), and
Sls1 — s2] 2 (S[s1] € {w,Q} A S[s2] ¢ {w,Q} ?
S[[81]] — S[[SQ]] H error(S[[Sl]],S[[SQ]])]] :. S[[Sl]] —
S[sal € {X = Y | X € 1°(8[sa]) AY € 7°(S[sa])} 2
vE (8[s1] = S[s2]) £ v (S[s1 = s2]).

» Grouping both cases together, we have S[s1 — s2] €
7 (851 s2]) U {w}

. S[[sl X 82]] £ [[S[[sl]] # err A 8[[52]] # err 7 8[[81]] * S[[Sz]] 3

err

In case S[[s1 X s2] # err, we have §s1] # err and §sz2] #
err 50 8s1 X s2]] = 8s1] * 8[s2] and, by structural induction

hypothesis, S[s1] € (v (S[s1]) U {w}) \ {Q} and S[sz] €

(72 (S[s2]) U {wh) \ {2}

»If S[s1] € {w,Q} or S[s2] € {w,Q} then S[s1] = w or
S[s2] = w in which case S[s1 X s2] 2 S[s1 x s2] =
(Sls1] & {w, Q) A S[s2] & {w,Q} B S[s1] x S[s2] ¢
error(SlLﬁﬂ,SﬂSz]])]) = error(S[[Sl]],S[[Sz]]) =w € {w}

= Otherwise S[s1] € v (8[s1]), Sls2] € v°(S[s2]), and
S[s1 x s2] £ S[s1 x s2] 2 (S[s1] & {w,Q} A S[s2] &
{w,Q} 2 S[s1] x S[s2] Sexiror(S[[sl]],S[[sﬂ])l] = S[s1] x
Ss2] e {X xY | X € YE(S[s1i]) AY € 4°(S[s2])} =
7® (L1l * STszl) 2 7® (S[s1 % s3])-

= Grouping both cases together, we have S[[s1xs2] € v (S[s1x

s2]) U {w}.

o S[p(s)] 2 (S[s] # err 2 B S[s] ¢ exz)

In case S[p(s)] # err, we have S[[s] 75 erz, S[p(s)] = P S[s]
and, by structural induction hypothesis, S[s] € (y°(S[s]) U
fwh\ {}.

= If S[s] € {w,} then S[s] = w in which case S[p(s)] =
(SIs] & {w, 2} 2 p(S[s]) 8 S[s1) = Sls] = w € {w}

» Otherwise S[s] € ~(S[s]) and S[p(s)] 2 (S[s] ¢
{w.Q} 7 p(S[s]) & Sls1) = o(S[s]) € {p(X) | X €
72 (SsD)} € v (B S[s) £ v° (S[p(s)])-

* In both cases, we have S[p(s)] € v (S[p(s)]) U {w}.

* S[x] £ err, otherwise (nothing to prove).

10.4 Partial order type inference

¢ 0fo] 20, o€ {=,&,<,C,=}

colg] = C

* 0fo~"] = (0o~

® Ofo1 x 02] 2 6]o1] * 6oz]

* 0[¢] £ (6[o])

* O3] = ((0[]))
Since Ofo] # err, soundness is S[o] € ~°(6[o]) (which
implies S[o] € v°(6]o]) U {w}). By the definition of v in
Sec. 6.3, we have v (0) = {S[O]} for all O € O (up to the
isomorphism between partial order types and the semantics of
partial orders, up to the use of * for the type of pairs x and C for
interval inclusion @) and therefore S[o] € {S[o]} = v (0) =
77 (0[o]).

e Ofz] £ Q, otherwise (nothing to prove).

10.5 Poset type inference
o P[(s, 0)] £ (S[s] # exx A O[o] # exrr ? S[s] ® O[] 3 exz)

If P[(s, 0)] # err then 8[s] # err and Ofo] # err so by,
structural induction hypothesis, S[s] € v°(S[s]) U {w} and
S[o] € v°(6[0]) U {w}. There is nothing to prove in case of a
dynamic error w so, in the remaining case, S[(s, 0)] 2 (S[s] ¢
{w,Q}AS[o] & {le} ? (S[s], Slol) ¢ exrox(S[s], S[o]))
= (S[s], Sl[o]) € v (S[s]) x v (0[o]) £ ¥ (S[s] ® Ofo]) =
Y (P[{s, 0)])

10.6 Galois connection type inference
o T[1[p]] 2 (Flp] # exx 7 P[p] = P[p]  exx)

The soundness proof must be done in the case when J[1[p]] #

err which implies P[p] # err and so I[1[p]] = P[p] =
P[p]. By structural induction hypothesis, S[p] € v* (P[p]) U
{w}.



- If fg[)p]] = w then S]] = (Sp] ¢ {w. 2} 7 S[y
Slpl s S[pl) =

NI Slpl = w € {w}

* Otherwise S[[p] ¢ {w,Q2}. By the syntactic definition of p in
Sec. 2.6, p is of the form p = (s, o). s and o are syntactic com-
ponents of p, itself a syntactic component of 1[p], so, by struc-
tural induction hypothesis, S[s] € 7€ (S[s])U{w} and S[o] €
77 (0[o]) U{w}. But S[p] = S[(s, 0)] = (S[s] & {w, 2} A
Slo] ¢ {w,Q} 2 (S[s], S[o]) ¢ errox(S[s],S[o])) so
S[is] € {w} or S[o] € {w} would yield a contradiction so
S[s] € v (8[s]) and S[o] € v° (6[o]). It follows that

S]] o

2 (S[p] ¢ {w, 2} 7 S[p] Slpl s S[pl)

= Sl s STl " fease STl # {0,013
Sl(s, 0)] == S[(s, 0)] b= (s, 0)S$

[I> 1

([S[[s]] g {w,Q} /\S[[o]l\ &/ {w,Q} 2 (S[s], S[o]) s
error(S[s], S[o])) % (SIs] ¢ {w, QA
810] & {w, 2} 2 (S[s]. S[o])  exxox(S[s]. S[o])
(S[sl, Slol) (S[s], Slel)

{{C, %) == (A, 5) | € € v°(SIs) A % € 72 (0]o]) A
A e~°(8[s]) AE €7 (6]0])}

m

2 77 (8ls] ® 6[o] = 8[s] ® O[o])

= WT(Q”[KS 0)] =2[(s, o))

= 7" (P[] =2rD) p= (s 05
€ 7 (2] =2[pl) U {w}

= 75 (I[Llp)]) U {w} QED.

e I[Tp,e]]l £ (€le] # exx A3S € 6,0 € O : P[p] =
S®0A¥E[e] €S 7T P[p]=P[p] ¢ erx)

The soundness proof must be done in the case when T[T [p, €]]
# err which implies €[e] # exrxr A3S € 6,0 € O : P[p] =
S®O0A€[e] €S.

Since p = (s, o) and P[(s, 0)] £ (S[s] # err AO[o] # exr 7
S[s] ® 0[] ¢ err]) we have €[e] # err, S = §[s] # err, O =
Ofo] # err, E[e] € S = §[s], and T[T [p, e]] = P[p] = P[p]-

By structural induction hypothesis, S[e] € v (€[e]) Z 2, S[s]

€ (Y°(S[s]) U {w}) # Q. S[o] € (v (0]]) U{w}) # Q. and

S[pl € Y (2lp]) U{w}) # Q

* If S[s] = w, S[o] = w, or S[p] = w then S[T[p,€]] =
(38,< : S[p] = (S, <) ? [[S[[e]] € S\ {w} % (vz €
Sz < Sle] 7 S[p] 55 Slpl ¢ w) 8 w) 8
error(Sﬂpﬂ,Sﬂeﬂ)D =wE {UJ}

= Otherwise S[p] ¢ {w,Q} so S[p] € v*(P[p]). We have
Slpl = Sls, )] £ (S[s] & {w, 2} A S[o] ¢ {w, 92} 7
(S[s], Slol) ¢ erro:F(S[[S]],S[[O]])]) s0 S[[s]] € {w,Q} or
S[o] € {w, 2} would imply the contradiction S[p] € {w, 2}
so S[s] € ¥ (S[s]). S[o] € v (6[o]). and S[p] = (S[s],
Slol) € v* (2[p).
It follows that S[e] € S\ {w} = S[s] and therefore

S[Tlp;el]

2 (38,<: Skl = (S, <) 7 (Sle] € S\ {w} ? (vz €
< 5[e] 7 Shp] S Shpl 2 ) 2 ) s

error(S[p], S[[e]])])

(Vz € S[s] : = < S[e] 7 S[p]

AQ*S[e]
oetolel

Slpl s w)

{since S[p] = (S[s], S[[o]]) and Sle] € S[s]S
€ {SI] s S[pl} U f}

AP+S[e]
C{P == P | Pe~y¥(@]) A P € (Plp])} U {w}

{since S[p] € v*(2[p])§

7 (Plp] = 2[p]) U {w}
{by definition y*(P = P) &
¥ (P) AP €47 (P)}S

= 7 (T[Tlp e]]) U {w} QED.

{(P== P |Pc

* J[I[(s, 0),b,]] = ([err # E€[b] € S[s] # err Aerr # €E[t] €
S[s] 2 (P S[s] ® C) = (P S[s] ® C) 3 exx)

For example, I[{(Z, <), —o0, 00| denotes the GC (p(Z), )
I

= (S(Z U {—o0,001,9), ©) where p(Z) € plolZ
{—00,00})) so p(Z) has type P Z and I(Z U {—o0, 00}, )
C p(Z U {—00,00}) so I(Z U {—o00,00},K) € p( (Z u
{—00, 00})) hence S(ZU{—00, o0}, <) has type P Z. It follows
that T[I[(Z, <),—oo,0]]=(PZ® C)=(PZ® Q).

For an(}ther example, I[{p(Z),
C) == (3(p(Z)U{1, 2}, C), C) = (3(p(2), ),

p(9(2)) € plp(p(Z)) and S(p(Z), ) C p(p(Z)) such that
S(p(Z), C) € p(p(p(Z))) have type P P Z. It follows that
I[1[{p(Z), C),0,Z]]=(PPZ®C)=(PPZ® C)

The soundness proof must be done in the case when JI[(s,

0),b,t]] # err which implies exrr # E[b] € S[s] # err

so S[o] € v (S[s]) U {w}, exr # E[t] € S[s] so S[t] €

+® (S[s]) U {w}, and TG, 0),b,tl] 2 (@ S[s] & ) —

(P S[s] ® C).

» If S[I[(s, 0),b,t]] = w then obviously S[I[(s, o),b,t]] €
YHII(s, 0),b,t]]) U {w}.

» Otherwise S[I[(s, 0),b,t]] £ (S[s] € {w,Q} A S[B] ¢
{w, Q} AS[t] & {w,2} 7 (S[o] < (S[s] U {S[E], S[t]) x
(S[s] U {S[b], S[th) AV € S[s] : (S[[b]]ﬂ, z) € S[o] A
(@, SID) € Skl 2 (oS, ©) == (ST U
{STol, STt} Slel), g) SwD 8 error(S[[S]],error(S[[bﬂ,S[[ﬂ]))D
# w and so necessarily S[s] ¢ {w,Q}, S[b] € {w,Q},
S[t] ¢ {w, 9}, Slo] S (S[s] U {S[b], S[t) x (S[s] U
{S[b], S[t]), Yz € S[s] : (S[b], =) € S[o] A (x, S[t]) €
Slol. and S[1((s, o), b, t]] £ (p(S[s]), )‘:M S(S[slv
{S[b], ST}, S[el), €). By structural induction, it follows
that S[s] € v (8[s]) so

(o(S[s1), <)
e +°(® 8[s]) x {S)
{since STs] € v (S[s]) so p(S[s]) € {p(X) | X €
7 (S[s])} € v° (B 8[s]) and C € {C}
7S (@ S[s]) x 7°(C) {since 77 (C) 2 {S[C]} = {C}$
Y@ S[s]®C) Tsince ¥ (S ® 0) £ 4°(S) x 7°(0)$

C) where

C), 0, Z] denotes the GC {p(p(Z)),



Moreover €[[b], €[t] € S[s] implies S[b], S[t] € v (S[s])
and therefore S[s]| U {S[b], S[t]} € v©(S[s]) so
(S[s] v {S[ol, S[l}, Slel), <)
(X, S[o]) | X € v (S[sD)} x {S}
{since S[s] U {S[b], S[t]} € v (S[s])§
) | X €y(S[sD)} x {S}
{since (5, <) € p(9)§

W K

(
{

m

N

{p(X

p(v° (S[sD)) x {<}
{since {p(

X)X €1°(5)} S (2 9)S
77 (@ S[s]) x {<} {since v° (P S) 2 p(v°(S))S$
7 (2 8[s]) x v7(C) {since v (C) = {S[C]} = {C}§
Y@ S[s]® C) {sincey*(S® O) = 4°(S) x v2(0)§
We conclude that

S[t[(s, 0),b,]] r

(p(S[s), <) (S(S[s] u{SIel, S[t]3, Slel), <)

{P<—P |P6’y (PS[s]®C)AP €y (@ S[s] ®
)}

{since (p(S[s]), €) € v
{S[el, S[H}, Slol), <€) €
Y (P S[s] ® C)= (P S[s] ® C)
{by definition v*(P = P’)
Y*(P) AP €47 (P)}§
v*(TIls, o), b, 1) U {w}

>

—>

m

¥ (P S[s]®C) and (I(S[s]U
) ?(PSHS}]@Q)S

ﬂ

U{w}
{PTP'|P€

QED.

. E‘TII@[SL,SMH] £ GS[[SLH #* err/\S[[sMﬂ # err 7
S[[SM]]) ® g‘:c@[[SL]] *— P S[[SM]] ®C3 eer

P (S[sL] *

Assuming I[~[sr,sm]|] # err hence S[sp] # err and
S[sm] # err so, by structural induction hypothesis, that
Slsu] € 77 (8[sw]) U{w} and S[sr] € v°(S[sam]) U{w},
we must prove that S[~[sw, sm]] € ¥S(T[~[sw, sm]])U{w}.
Observe that in case S[[s1] # w and S[sm] # w, we have

P(S[st] x S[sml)
{p(X xY) | X €79 (S[sL]) AY €47 (S[sm])}
{since S[sr.] € v° (S[sL]) and S[sm] € v (S[sa]) §
{p(X X V) | X x ¥ € 4% (S[s1.] * S[sm])}
{since y9(S1 *S2) 2 {X xY | X €~4°(S1)AY €
7782}
7S (B (S[sL] * S[sml))
Ue(2) | Z €
and C € {C} = {S[C]} = 70(
S) € 772 (S[si] * S[sml))
S[sm]) ® C). Moreover
Slst] = o(S[srml)
€ {X = p(Y) | X e (S[se]) AY €77 (SIsm])}
{since S[sr.] € v (S[s1]) and S[sm] € v (S[sm])$
{X—Z|Xery(S[sL]) AZ e (R S[sml)}
lsince 77 (B S) = p(7°(S))§

m

N

7°(S)} ST (BS)S -
) so <@(S[[SL]] x S[sml),
x 77(S) £ F (@ (S[se] *

7 (SlsL] # B S[sm])
{since y¥(S1 %> S2) 2 {X — Y | X € v5(S1) A
Y €7°(S2)}S

and C € v7(C )50 (Slsw] — p(S[sml), <) €75 (Sse] =
P S[sm]) x v7(S)= y*(S[sL] # P S[sm] ® C)
It follows that for the non-trivial case S[~[swL, sm]] # w, we
have
S[~[sw, sm]]
= (Slsul & (2w} AS[sm] & {20} 7 (p(S[se] x
Slsml), ) === (Slst] = p(Slsml), S) 3
error(S[sr], S[saml))
(9(S[se] x S[sml), ©)
<)
e {P==P|Pecy*@@[sL]+Slsm]) ®C) AP €
7¥ (S[s] +~ P S[sm] @ C)}
{since {p(S[sL] x S[sm]), C) € v*(® (S[s] =
SHSM]]) ® C) and (S[s] — @(SHSM]]) <) €
V¥ (S[se] #> P S[sm] ® ©) §
7 (e (Sﬂsmﬂ *8[spm]) ® C=S[sL] *> P S[sm] ® C)
lsince v (P = P') £ {P == P' | P € v*(P) A
P ey*(P)}S
Y (T~ s, sml])

) P AR

5

“«—

e
o~

(SlsL] = p(S[sml),

QED.

Fulsll = ([8[[8]] #err TP (PS[s])®C =P §[s]®C Serr]]

Assuming F[U[s]] # err hence S[s] # err so, by structural
induction hypothesis, that S[s] € v°(S[s]) U {w}, we must
prove that S[U[s]] € v*(I[U[s]]) U {w}. For the non-trivial
case S[U[s]] # w, we have
S[ulsl] )
= (SIs] ¢ {.2} ? (p(e(S[sD). ©) ==
C) & S[s])
(p(p(SlsD)), (0(Slsh), <)
e f{pP = P | P e 1P® @S] @
7 (2 8]s] ® ©))
tsince (o(p(STs]), ) € 5”2 (@ 5[s]) & C) and

(9
(p(S[s]), €) ™ (P 8[[8]] ®C)§
BS[s)®C)= PS[[S]] ®C))

(P =P)&{P == P | Pey*(P)AP €
7P (P)}S
7 @ ulsl)

(0(S[sD),

><:>

O AP €

(P

QED.

T-[s]] £ ([S[s]] # err TP S[s]® C=P §[s] ® g71 H err]]
In F[-[s]] # erx so S[s]] # erx, we have S[s] € v (S[s]) U
{w} by structural induction hypothesis. For the non-trivial case

S[[-[s]] # w so S[s] # w hence p(S[s]) € v© (P S[s]), we

have
S[-[s]]

= (S[s] & {w, 2} 7 (p(S[s]), S) == (p(S[s]), 2) s
S[s1)

= (p(S[s]), ) == (p(S[s]), 2)

€ {P = P P € 4PES[s]®C) AP €

V@ slsT® )
{since p(S[s]) €
77 ((©)71), and y*(S® 0) £ 7°(S) x
V(@ S[s]® C—pS[s] & )

7S (@ S[s]), € € v°(C), 2 €
77(0) §
{def. v §



e Joo[s]] ([S[[S]] #err s

Y ((S[s] # exz 2P S[s] ® C=P S[s] ® C
YT U {w}

= -t Serr]])
C QED.
P (seq8[s]) ® C=PS[s] ® C 3

err

In the non-trivial case J[oo[s]] # err (so S[s] # err)
and S[s] # w, we have S[s>*] £ (S[s] ¢ {w,Q} 7
S[s]°° ¢ S[s]) = S[s]*°. By structural induction hypothesis,
S[s] € 72 (S[s]) so p(S[s]) € 7° (P S[s]) hence (p(S[s]),
C) € v¥(P §[s] ® C). Similarly S[[s]] € A (8[[5]]) implies
that S[s|® € {X™ | X € 4°(S[s])} 2 1% (seq S[s])
so p(S[s]°) € v°(P(seq S[s])) hence (p(S[s]*), C) €
v*((P(seq S[s])) ® C). We conclude that

Slools]]
£ (Slsl ¢ {w, 2} 2 (p(S[s1™),
)¢ S[sl) .
(S[s17), < )<_7—_%< (Slsh), <
P ‘L P P € 7¥(P (seqS[s)) ®C) A P’ €
PS[[s]]@C)}
P (seqs[s]) ® C =P 8[s] ® C)
([8[[8]] # err 3 P (seqS[s])®@C =P S[s]®C 3 eer)
Tloeolsl) QED.

= —>a°°

(p(SsD)

m

A

T

T

> 1 >

T

(2
{
v*
g
g
g

A,_\,_\

T[~[s1, 52”] = {[S[[51]] # err/\S[[SQ]] #* err 7
® C=P S[[81ﬂ *— P S[[SQ]] ® C eer

P(S[s1] * S[s2])

In the non-trivial case T [~[s1, s2]] # err, S[s1] € v (S[s1]),
and S[s2] € ~v°(S[s2]), we have S[s1] x S[s2] € {({X,
V)| X €7 S[si) AY €7 (S[s2])} £ 7 (S[su] * S[s2])
and so p(S[s1] x S[s2]) € v (® (S[s1] * S[s2])). Similarly,
9(S[s1]) € (2 S[s1]) and p(S[s2]) € 77 (P S[s2]) so
p(S[s1]) == o(S[s2]) E{X = Y [ X €17 (R S[s1])AY €
v (P S[s2])} £ 7€ (P S[s1] #— P S[s2]). It follows that
Sl~[s1, 521
£ (Sls1] & {w. 2 A S[si] & {0.Q} 7 (p(S[s1] x
S[[SQ]])v a—“’*) <p(8[[81]]) - @(8[[52]])7 g> 8
error(S[si], S[s2]))
= (p(S[s1] x S[s2]), ©)
<)
(P = P'| P €y @(sln] +lsal) 5 C) 1 P €
® (@ 8[s1] +- B 8[s2])) _
= (2(S[s1] * 8[52]) @ C =P S[s1] = B S[s52] & C)
“((S[s1] # exx A S[s2] # err % P(Ss1] * S[[s2]) ®
=P S[[Sﬂ] *— P S[[Sg]] ®C3 eer)
€ 7 (Tl[s1, s2]) U {w}

~
=
o

(p(S[s1]) = p(S[s2]),

m

=22
,,,Iﬂ

QED.

T[—[s1,s2]] ([S[[Sﬂ] # err A S[s2] # err 7 '
P(S[s1] = S[s2]) ® C =P S[s1] #= P S[s2] ® C 3 erz)

In the non-trivial case T[—[s1, s2]] # erx, S[s1] € v (S[s1]),
and S[[52ﬂ € v°(8[s2]), we have S[[sl]] — S[[sz]] e{X—Y|
X € 17 (S[]) AY € 79 (S[s2])} = 77 (S[s1] 2= Slsa])
s0 p(S[s1] — S[s2]) € v© (@ (S[s1] * S[s2])). Moreover

0(S[s1]) € v (B S[s1]) and p(S[s2]) € v° (P S[s1]) imply
that p(S[s1]) — p(S[s2]) €{X — Y | X € v (P §[s1]) A
Y € v S[s1])} £ v ((® S[s1]) *= (P S[s1])). It follows
that
Sl—[s1,s2]]
£ (Sls1] & {w. Q) A S[s2] & {w, 2} Z (p(S[s1] =
Sls2D), = P(S[s1]) = p(S[s2]), €)

Q) ==

error(S[[Sl]],S[[SO;]])D -
= pSlal -~ Sl O ==

((Sls1]) = p(S[sa]). <)
{P‘— P'| P ey?@®(S[s1]+ S[s2]) ® C) AP’ €
(P S[s1] * P S[s2] ®C)} .
(P(S[s1] * S[s2]) ® C=P 8[[51]] s P §[s2] ® Q)
(([S[[81]] # err /\S[[Sg]] # err s P(S[[sl]] He—> SHSQH) ®
=P §s1] #= P Ss2] & Cs eer)
C v (Il=[s1, 52]]) U {w}

m

@\OQ =2

QED.

T[x[s1,s2]] & [[S[[Sl]] # err A 8[[s2] # err 7 .
P(S[s1] #= S[s2]) ® C=8[s1] #= P S[s2] ® C 3 exr)

In the only non-trivial case T[x [s1, s2]] # exz, S[s1], S[s2] &
{w, Q}, we have S[s;] € v°(8[s:]), ¢ = 1,2 by structural in-
duction hypothesis. It follows that S[s;] — S[s2] € {X — Y|
X € y9(Sls1]) A Y € v5(S[s2])} = v (S[s1] > S[s2])
so p(S[s1] — S[s2]) € v (@ (S[s1] * S[s2])) hence
(0(S[s1] = S[s2]), ©) € ¥*(B(S[s1] = S[s2]) ® C).
Moreover S[[s2] € v (S[s2]) implies p(S[[SQ]]) € v° (P §s2])
0 S[[sl]] — p(S[[SQ]]) E{X—Y | X e S[s1])AY €
(P S[[SQH)} £ fy “(S[s1] #= P S[s2]) hence (S[s1]
(S[[sz]) C) € v¥(8[[s1] = P S[s2] ® C). We conclude that
Slx[s1, 2]
£ (S[s1] ¢ {w, 2} A Sls2] & {0, Q) 7 (p(S[s1] —
Sls2D), (S[s1] p(S[s2D), ©)
error(S[[Sl]],S[[SQ]])]]

(p(S[s1] = Sls2]), S) = (S[s1] — 9(S[s2]), €)
{P% P | P €~ ( (SHS1H*HSHSQ]])®C)AP S
g *(8[s1] + P 8s2] @ C)} .

v (B(S[s1] += S[s2]) ® € ‘—S[[Sl]] > P S[s2] @ C)

y (([S[[31]] 7é err/\S[[Sg]] 7é err § P(S[[sl]] *—r SHSQH) ®
C= S[[Slﬂ *—= P 8[[52]] ® C eer)

,YX
Q) —= —
aX

m

>

£ 5 (Tx[s1,82]]) QED.

T[Rlg]] = Tl

In case T[R[g]] # err and S[R[g]] & {w, 2}, we have
SHR[gﬂ]

2 (Slg] = (€, ©) == (A, <> (€, B) == {auP) |
pecy, \> (SIol = w ? w2 )]

= (¢, B) == {a(P )IPEC} <)

By structural 1nduct10n hypothesis, S[g] = (C, E) %) (A,
<) € ¥ (Tlg]) so Tyl = P =P with (C, C) == (A4, <
)EyT(P:P’):{P%P’|P€fy‘*‘(P)/\P E4P (P}
Necessarily, P’ = S’ ® O’ with (A, <) € v¥(P’) =~°(5') x



v°(0)so A €v°(S).But{a(P) | P€C} C Aand 6(S)
is C-downward closed so {a( ) | P € C} € v (S') an

{a(P) | P € C}, <) € 79(8) x v7(0) = 7*(P). T
follows that

(& E) {a(P) [ P}, <)
€ {P= ‘T P’ | Pe~yP(P)A P cy¥F(P)}
2 45 (P=P)
£ 7 (T[R9l QED.
I[s — g] & ([S[[s]] # err AT[g] # err 7 S[s] *> T[g] 2

err

In the non trivial case I[s — g] # err, S[s] ¢ {w,}, and
Slgl = (€, £) = (A <) 3 {w, Q) we have S[s] €
7 (8[s]) and {(C, IZ) (A, <) € v*(I[g]) by structural
1nduct10n hypothesis, so that we conclude that
Sls — 4]
£ (Sls] = X ¢ {w, 2} AS[g] = (€ 5) (A,
< ? (X — C t)«—*L”—"LQ(HA,@g
Xpeaop
error(S[s], [[S[[g]] =w? QD)D
B VIS R N

—>
Ape
Pl

{(X =, z><1:><XHA, QX er ©Slsh e,
C) == (A, <) €75 (T[g])}
v (8[s] + Tg])

v (TLs — g])

~
o

m

1>l

QED.

Tlg1 ¢ g2] = ([E'T[[gl}] =P =Py AT[g2] =P3s=Ps APy
P; 7 Py

=Py Serr

In case Tg1 § g2] # err and S[g:1],S[g2] ¢ {©, w} we
have, by structural induction hypothesis, that S [[gl]] =pm _1>
p2 € Y (T[o1]) = v (P1=P2) = {1 _, P | P e
VPP AP € 7"”("2)} sop1 € yP(P1) and S[[gz]]2—
ps == pa € V" (Tg2]) = v (Ps = Pa) = {Ps —=
Py | Ps € y*(P3) APy € v¥(P4)} so psa € v (P4). Moreover
Py 22 Py sops € Y*(P2) = v¥(P3) > ps. Nevertheless this
type requirement is too weak to ensure that p» = ps. When
p2 # ps, the semantics returns a dynamic error w allowed by
the type system. Otherwise p2 = ps, in which case

Slg1 5 92]

= ([5[[911] =p1 Lpz A Slg2] = ps ‘Z:zm ? (p2 =

p3 % p1 % pa 8 w) ¢ error([S[g1] =w 7T w s

Q)), (Slo2l = w T ws Q)
= m % jon {in the non-trivial case §
e {P ? Py | Pr € 4P (P1) APy € 4% (P4)}
{since p1 € v¥*(P1) and ps € v*(P4)§

2 75 (P1=P4)
2

75 (Tg1 § 92]) QED.

* Jg1 % g2] £ ([57[[91]] =S1®01=S®02AT[g2] =S3®
03=S,s®04 7 S1%Sa®01 x 02=S3 * S4®03 x Oy gerr]]

In case T[g1 k g2] # err, S[g1] = (C1, C) === (A,
C) # w. and S[ga] = (G2, €) == (As, =) # w, we

2
have (C1, C) € v¥(S1® O1), (A1, £) € v¥(S2 ® 02), (C2,

€) € v*(Ss ® 03), and (A2, <) € v*(S4 ® O4), by structural
induction hypothesis.

It follows that C1 € v°(S1), C2 € v°(S2), € € v°(01),
€ € v7(02), and therefore( 1 X Cz, Q x € € ({X xY |
X €SS0 AY € 45(5]) x (17(01) x 1(02)) =
’YG(Sl * 52) (01 * Og (51 *So ® 01 02) and

E X
similarly (A; x .Ag, Cx=x)exy (53 * Sy ® O3 * O4)

We conclude that

Sl * g2]
L2 (C; X Cyy C X E) “i” (A1 x Az, C x <)
P a1 Xag

m

{P ‘% P ‘ P € ’713(51*52®01*02)/\P, S
’yfp (53 %S, ® O3 % 04)}
WT(?T[[Sl*Sz®01*02:53*54®03*04]])
v (o1 * g2])

1>l

QED.

Tlgr = g2l £ (I[91] = S1® 01 =S ® 0> A T[gs] =
S3®03‘:>S4®O4?S1*—>53®O3*:»52*—>S4®O48eer

Ilg1 = g2] # exr, S[g1] = (C1, C) ——= (A1, E) # w
50C1 €7°(S1), S €47(01), A1 € v (52) C € v7(02) by
structural induction hypothesis, and similarly for Sg2] = (C2,
<) = (A2, <) # w where < € 77(03) s0 X € 77(0s)
and < € 77 (04) s0 < € 77 (04). It follows that C; ~— Co €
{X =Y |Xc~%(S1)AY €~°(S3)} £ v°(S1 # S3) and
similarly A; - Az € v°(S2 #— S4). We conclude that

Slg1 = g2] \

£ (01 Lo Coy X) s (A Lo Ao, )
5 >,\f'0;20f0"11

= {(8, 0) == (5, 0") | S € v9(S1 *> S3) A

’}/D(O3)/\S/€’Y6(SQ *—>S4)/\O [SHe' (04)}

(P = P | P e y*Si1#S®03) AP €

¥ (S2 #> S4 ® 04)} _

Y¥(S1 %> S3 ® O3=S; #> Sy ® O4)

75 (Tlgr = g2])

NO €

> >

QED.

11. Rule-based typing deduction system Abstract interpreta-
tions can always be presented by a suitable generalization of rule-
based deduction systems *.

We write z = T to mean that €[z])/S[z] /O[z]/P[x] /T [=] =
T (with discrimination on the syntax of ). The rule-based typing
deduction system can only derive z - T when €[z]/S[z]/0[z]/
Plx]/T[x] # err. So an expression which is not typable by the
type system is understood to have type err. Otherwise stated, err
encodes untypable.

4 Patrick Cousot, Radhia Cousot: Compositional and Inductive Semantic
Definitions in Fixpoint, Equational, Constraint, Closure-condition, Rule-
based and Game-Theoretic Form. CAV 1995: 293-308.



11.1 Elements

true - bool false - bool O F int 1 F int 00 F int
e tbool el int
x F var y F var { + 1ab
—etbool —elint
11.2  Sets
B F P bool Z F P int X F Pvar
L - Pias eFE e1FE1, eaFEs, Ej=Es,
{e}FPE le1,e2] FP Ey
skS skS s1FS1, s2FSo, S12So
I(s,0)FP S s® seq S s1Uso FSq
s1 Sy, s2FS2 s1FS1, sa2FSo skS
s1+—89 FS1#=So 51X 89 FSq%So p(s)FPS
11.3 Partial orders and posets
o0
obo, oe{=e<C=t EFC P
0101, o09F09 o0 o0 sFS, oko
01 X 0201 % Og éF(C')) 5%((6)) (s,0)FS® o

11.4 Galois connections

pHP, eFE, pFS®O, EES
Llp]FP=P Tlpe]-rS®0=s5®0
skS, bHE,, tHE;, E,E€S, E,€S

I[(s, 0),b,t] F(PS® C)= (P S® C)

s, FSL, smESm

A [sLsm]FP (Sp #Spm) ® C = S+ P Sy @ C

skS skS
Us]FP(PS)® C = PS®C “s]FPS®C =PS®C—1
skS
O[s]HP (seqS)® C = PS®C
s1FS1, sa2bSa

~[s1,82] FP(S1 %S2) ®C <= P Sy s> P Sy @ C

s1FS1, sabSo
—[s1,82] FP(S1%-S52) ® C = P S15=P Sy ® C

s1+FS1, s2FSo
X[s1,52] FP(S1#-S2) ® C = S1#-P Sy ® C

gkT
Rlgl+T
g1+P1 = Py,

skS, gFT
s—>ghkSssT

g2FP3 = Py, Py=P3

91392 - P1 = Py

g1FS1 ®01 = So ® 032, gaFS3®03 = Sy ® Oy
91492 = S1#52 ® 01%02 == S3*S4 ® O3%04

9151 ®01 = So ® 02, g2FS3®03 = S4® Oy
g1=>g2+S1%-S3 ® O3 = So#-S4 ® Oy

12. Principal type As usual for syntactic abstractions like
types, there is in general no best abstraction of an arbitrary set’.
For example there is no best regular expression to describe as pre-
cisely as possible a non-regular language. There is no best set type
for an empty set. As shown in [2], the problem is solved for typing
both by restricting types (e.g. no disjunctive type in ML which re-
quires to tag the alternatives) and the programming language (e.g.
alternatives of conditionals in ML cannot return objects of different
types). The same is true for the GC calculus, in that there is a best
abstraction for the properties of semantic objects generated by the
language, although none exists in general.

3 Patrick Cousot, Radhia Cousot: Formal Language, Grammar and Set-
Constraint-Based Program Analysis by Abstract Interpretation. FPCA
1995: 170-181

12.1 Best abstraction of ur-element properties
The ur-element properties are P¢ £ p({S[e] | e € E}). Define

* a%() £ ° and otherwise

e a®(P) £ boo1, when() # P C B;

* a®(P) £ int, when{) # P C Z U {—o0,00};
® a®(P) £ var, when) #P CX;

® a®(P) £ 1ab, when) # P C1L;

® a®(P) £ err, otherwise.

. 7“(®)é ;

° 'ye(bool) £ B;

® v%(int) 2 Z U {—00,0};
o 1€ (var) £ X;

* v¢(1ab) 2 I;

* 7% (exz) = {Se] | e € E}.

We extend < to @ < @ < E for all E € € so that we have the
following lattice of element types.

/err\
bool int var lab
%]
It follows that
a®(P) <
& af(P) = {def. <on €&§
& PCH© (E) {def. o and v §
¢
and so (P¢, C) <= (¢ U {@}, <). Moreover ¢ is injective
Q_:DL
o (P, C) —— (¢ U {@}, <). We conclude that any ur-

—»
Oé
element semantic property P € P now has a <-best abstraction

in € U {@} which is their principal type a® (P).

12.2 Best abstraction of set properties

The set semantic properties are P° 2 o({S[s] | s € $}) i.e.
the properties of those mathematical sets describable by the formal
language $ such as p(()) which best abstraction is P @, {{true}, B}
which best abstraction is P B and {{1}, B} which best abstraction
1S err.

If P ¢ PC then either P = () and a®()) £ T else P =
{S[si] |4 € AAVie A:s; €8}, A# (. Then consider S; £
S[Si]],i e A If Vi7j e A:S;, & Sj then OéG(P) = [SZ] for
some i € A which choice is irrelevant. Else 35,5 € A : S; S,
in which case a® (P) = err.

Observe that a® is increasing, sound since
P C ~°(S), and the best abstraction since
a®(P)«<S.

It follows that (P,

To
N
22
@
w

S
<) ’Y—c» (6U{@}),., Q) where

is naturally expended to equivalence classes since a®
injective.

is onto/y®

6 By analogy with a programming language, () would be the false invariant
so that @ would be the type of unreachable code.



12.3 Best abstraction of partial order and poset properties

The partial order properties are P° = p({S[0] | 0 € O}). Define
®P)2(P=072]30c9O: voe® S[o] € P =

6[0] = O ? [0]_ 3 exx). Then (P2, C) (DU{2}) /o,

Q.
Similarly, poset properties are P* £ o({S[p] | p € P}).

Define a*(P) 2 (P =07 o |] 3P : VS[[OH eP:Pp]=P7?
[Pl Serr]].Thel‘l (P*, ) (Bu{2})/a, Q).

12.4 Best abstraction of GC properties

Finally, the semantic properties P = {S[g:] | i € A} of GC
expressions, the principal type is o* () £ @, o™ (P) £ [T].
when Vi € A # 0 : J[g:] = Telse a®(P) £ err s0

T
(0({Sgl | g € G}), C) == ((TU{2})/=, <) since a™ is

«
onto.

13. Types of types To add one more level of abstraction, we
can consider types of types.

Types 7 2 {€&,&,9,B, T} have properties which are sets of
typesi.e. P 2 p(€ UG UDUPUT) = p(JT) abstracted by
typesof types T =0 | €| & | O | B | T | eFx.

The abstraction is *(P) 2 (P =0 2 @ | PC T,T €
{@ G, D ’13, }/‘?Tgeer

The concretization is v~ (T [[T =2 %790 H T ¢
{€,6,9,%,T} 2T €USUDUPUSZ) so~*(exx)
CUBUOUPU

Defining T < T é =(T) C 7§(T/) we get the flat partial

orderﬁgﬁngTgeTgquor allT € {¢,6,0,B,%}.
T
The abstraction is (P, C) < (%, Q) where o~ (P) is the

\_/
[I>

T
principal type of type of the typeapropertx P.
Define the type inference T[T] £ a*({T}) forall T € J7.
The typing rules for the meta-language that we have used to define
7 include traditional rules ° for Boolean expressions as well as

® Jbool] = J[int] = T[var] = T1ab] 2 &

e JPX]2 (I[X]=€¢VI[X] =67 &serx)
*J[C]£D

e TI(X) 2 (T[X] =D ? Oserz)

* I[X1 ® Xo] 2 (T[X1] = G AT[X2] =D 7 T s exx)
e J[X:=Xo] £
* T[X1 5 Xo] £ (T[X1] = T[X2] =

¢ T(X: ¥ X2 8 Xs)] £ [[OB[[Xll] =
HXJH VvV X3 = err) ?9 O-[[XQ]] S eer

® ¢fc.

bool A (T[X2] =

Well-typing of types requires that F[T] # ez=. In particular,
forall g € G, [T [g]] # erx so that T g] is well-defined that is
“well-types types cannot go wrong”.

Notice that the typing of types rules correspond to the routine
informal verification of mathematical texts by checking that oper-
ators take their arguments and return their results in their domains
of definition.

14. Abstraction of induction by widening/narrowing In static
analyzers [1, 12, 14] GCs specify abstract domains modules and
Galois connectors their combinations by functors. For scalability
and precision, rapid convergence acceleration of infinite fixpoint
computations by widening/narrowing abstracting induction and/or
their duals for co-induction [3-5] is more precise than finite ab-
stractions [8].
This can be illustrated for recursive definitions of sets such as
AS{0} U p(S) = {0} U o({0}) U o({0} U p({0})) U

3 = {03 U {0,{0}} U {0,{0}, {{0}}.{0.{0}}} U ..} =
{@ {0}, {{0}},{0,{0}},...} which can be typed by mtroducmg
recursive/fixpoint type deﬁmtlons such as IfpY AS+POUPS.

This requires a widening, such as the trivial one considered in
ML typing, hidden in the type inference rules, and requiring that all
actual arguments in recursive calls have the same type [2] .

Ifp<
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