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Abstract

Proof, verification and analysis methods for termination all rely on two
induction principles: (1) a variant function or induction on data ensuring
progress towards the end and (2) some form of induction on the program
structure.

The abstract interpretation design principle is first illustrated for the
design of new forward and backward proof, verification and analysis
methods for safety. The safety collecting semantics defining the strongest
safety property of programs is first expressed in a constructive fixpoint
form. Safety proof and checking/verification methods then immediately
follow by fixpoint induction. Static analysis of abstract safety properties
such as invariance are constructively designed by fixpoint abstraction
(or approximation) to (automatically) infer safety properties. So far, no
such clear design principle did exist for termination so that the existing
approaches are scattered and largely not comparable with each other.

For (1), we show that this design principle applies equally well to po-
tential and definite termination. The trace-based termination collecting
semantics is given a fixpoint definition. Its abstraction yields a fixpoint
definition of the best variant function. By further abstraction of this best
variant function, we derive the Floyd/Turing termination proof method
as well as new static analysis methods to effectively compute approxima-
tions of this best variant function.

For (2), we introduce a generalization of the syntactic notion of struc-
tural induction (as found in Hoare logic) into a semantic structural induc-
tion based on the new semantic concept of inductive trace cover covering
execution traces by segments, a new basis for formulating program prop-
erties. Its abstractions allow for generalized recursive proof, verification
and static analysis methods by induction on both program structure, con-
trol, and data. Examples of particular instances include Floyd’s handling
of loop cut-points as well as nested loops, Burstall’s intermittent asser-
tion total correctness proof method, and Podelski-Rybalchenko transition
invariants.

Categories and Subject Descriptors D.2.4 [Software/Program
Verification]; D.3.1 [Formal Definitions and Theory]; FE.3.1 [Spec-
ifving and Verifying and Reasoning about Programs].

General Terms Languages, Reliability, Security, Theory, Verifica-
tion.

Keywords  Abstract Interpretation, Induction, Proof, Safety, Static
analysis, Variant function, Verification, Termination.

1.

Floyd/Turing program proof methods for invariance and termination
[24, 40, 59] have inspired most sound static analysis methods.

For static invariance analysis by abstract interpretation [19,
21], a key step is to express the strongest invariant as a fixpoint
and next to approximate this strongest invariant to automatically
infer an abstract inductive invariant using the constructive fixpoint
approximation methods.

For static termination analysis, the discovery of variant functions
is either decidable in limited cases [54] or else is based on the
Floyd/Turing idea of variant functions into well-founded sets
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obtained by observing quantities that strictly decrease within loops
while remaining lower-bounded, or dually. So most termination
analysis methods indirectly reduce to a relational invariance analysis
hence can reuse classical static analysis methods.

The abstract interpretation design principle is instantiated with
suitable abstractions for safety and termination analysis, proof,
and checking/verification (either potential termination or definite
termination for nondeterministic systems).

The first main idea for termination is that there exists a most
precise variant function that can be expressed in fixpoint form by
abstract interpretation of a termination collecting semantics itself
abstracting the program operational trace semantics. This yields new
static analysis methods automatically inferring abstractions of that
variant function by the constructive fixpoint approximation methods
of abstract interpretation.

The second main idea introduced in this paper both for safety
and termination is that of semantic structural induction, including
termination proofs, over trace segment covers and their abstractions.
Trace segments are more powerful than binary relations between
states which have been used traditionally in program termination
proofs (for example, the transition invariants used in [53] are binary
relation abstractions of the set of trace segments). Examples include
structural induction on the program syntax (including loop invariants
a la Floyd [40]), induction on data, a la Burstall [3], the covering
of the transition relation closure by well-founded relations, a la
Podelski-Rybalchenko [53], their combinations and generalizations.

2. Fixpoints, fixpoint induction, abstraction, and
approximation

We express semantics as fixpoints of maps f € A — A i.e. elements
x € A such that x = f(x). We let Ifps f be the least fixpoint of
f € A — A on the poset (A, C) greater than or equal to a € A, if
any. The dual notion is that of greatest fixpoint gfp> f. We write
Ifp= f if a is the infimum of A, and Ifp f if the partial order C is
clear from the context. By Tarski/Pataria’s fixpoint theorem [50, 58],
lfpS f =[P € A | a € P A f(P) C P} exists for f increasing'
on a complete lattice (A, C, a, T, L, My2 or on a cpo (A, C, a,
LY3. The fixpoint iterates are fO £ a, ¥Yn € N : f™* = f(f),
9 2 | ,en f" which is Ifp> f when a T f(a) is a pre-fixpoint and f
is continuous*>-®, If £ is increasing but not continuous, transfinite
iterations may have to be used [22].

' f € A - Ais increasing (also monotone, isotone, ...) on a poset (A, C) if
andonly if Vx,ye A: (xCy) = (f(x) C f(y)) [36].

2A complete lattice (A, T, L, T, L, M) is a poset s. t. any subset has a least
upper bound (lub) LI, hence a greatest lower bound (glb) M, L = L@, T = M0.
3A complete partial order (cpo) (A, E, L, L) is a poset (A, C) such that
any increasing chain C C A such that Vx,y € C: x £y V y C x has a least
upper bound (lub) LIC, hence has an infimum L = LI{) for the empty chain.
4f € A v Ais continuous on a poset (A, C, L) if and only if for all
increasing chains C € p(A) such that its lub UC does exist then the lub
LIf[C] exists and is such that LIf[C] = f(LC).

5 0(X) or 2X is the powerset of X i.e. the set of all subsets of a set X.

5 The post-image (or image) of X € p(A) by amap f € A — B is
fIX1 2 {f(0) | x € X} € p(B).


http://cmacs.cs.cmu.edu/
http://www.nsf.gov/

Fixpoint induction follows immediately as a sound (<) and
complete (=) proof method since for all S € A,

Ifp; fCS = 3IP€A:aCTPAf(P)TPAPCS.

S is called a specification or invariant and P is an inductive invariant.
The idea is that to prove an invariant S, one has to check (in
checking/verification methods), to guess (in proof methods) or to
compute (in analysis methods) a stronger inductive invariant P.
Following [19, 21], abstraction is formalized by Galois connec-
tions’ (A, C) = (B, <) between posets (A, C) and (B, <) meaning
thata e A B,ye B~ AandVxe€e A:VyeB:a(x) Xy &
Y
x E y(y). We write (A, C) % (B, <) when the abstraction « is

Y
= (B,

—

<) when « is injective (hence v is surjective), and (A, C) % (B,
<) when « is bijective.

Given a concrete fixpoint characterization Ifp, f of program

properties on complete lattices or cpos (A, C) with a C f(a) and

surjective (hence the concretization vy is injective), (A, C)

an abstraction (A, C) <= (B, <), the sufficient commutation
[e3

condition a o f = f o a (respectively semi-commutation condition
ao f X foa)P implies the fixpoint abstraction a(ifps f) =
prj(a) ¥ (resp. fixpoint approximation a(Ifp5 f) < pri(a) /) [21]. The
[semi-]commutation condition can be restricted to the iterates of
f from a or to the elements of A which are C-less that or equal to
prf f- The result also holds when « is continuous [13]. In absence
of existence of a best abstraction, similar results can be obtained
using only one of the abstraction or concretization functions [26].

3. Transition semantics

We consider a programming language with nondeterministic pro-
grams P. The set of all states of P is Z[P]. The transition relation
7[P] € p(Z[P] x Z[P]) describes the possible transitions between
a state and its immediate successor states during program execu-
tion [11, 21]. The program small-step operational semantics is the
transition system (X[P], 7[P]). When restricting to initial states
I[P] € 9(=Z[P]), we write (Z[P], I[P], T[P]). The termination/block-
ing states are 3;[P] = {s € Z[P] | Vs’ € Z[P] : (s, s’) ¢ T[P]}. For
brevity we write X for X[P] e.g. (=, 1), (X, |, 7), or ;.

4. Trace semantics
4.1 Traces

We let 2" (20 £ 0), % = UJpenZ% ZF £ ZF U (g}, 9, 2 £
THUZ®, and T*° £ I* U X% be the set of all finite traces of length
n € N, non-empty finite, finite, infinite, non-empty finite or infinite,
and finite or infinite traces over the states ¥ where ¢ is the empty
trace.

We define the following operations on traces, writing |o| for the
length of the trace o~ € £*®, o'[n,m], 0 < n < m for the subtrace
Ony Optls « s Ominamjol-1) Of 0, and oo’ for the concatenation of
o,0’ € X*° (with e = €0 = 0 and o0’ = 0 when o € £%).

We define the following operations on sets of traces writing §
for the set of traces {o € £! | oy € §} made of one state of S € p(T)
(for example, the termination states 3, LseX|Vs e (s,
s’) ¢ 7} can also be understood as traces of length one {o € Z! |
Vs € T : {0y, sy & 7)), t for the set of traces {o € X? | (o,
o) € t} made of two consecutive states of the relation ¢ € p(Z X X),
T* £ T N X* for the selection of the non-empty finite traces of
T € p(T*®), T® £ T N T* for the selection of the infinite traces of

7[21] also introduced formalizations of abstraction using closure operators,
ideals, congruences, etc. and showed all of them to be equivalent to Galois
connections.

8L is the pointwise extension of a partial order C to maps f & g £ Vx :

() E g().
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T,TT' 2 {00’ |0 €T Ao’ €T’} for the concatenation of sets of
traces, and T 3T’ £ {osc’ | s€e ZAos €T A so’ € T’} for the
sequencing of sets of traces T, T’ € p(X*%).

4.2 Partial and complete / maximal trace semantics
The partial trace semantics @**[P] € p(Z*[P]) of a program P is
a set of non-empty execution traces. In particular, the partial trace

semantics generated by a transition system (X, T) is r¥e [P] such
that’

‘rh[[P]] £ {0’62" Yie[0,n—1): {0y, 0'[+1>€T[[Pﬂ}, n=0
™[P] 2 {0'62“’ | Yie N :{o;, 0',-+1>€T[[Pﬂ}
Ll 1 I O £ R e | 1 VR 1

n>0
The complete or maximal trace semantics T'[P] = au([P]),
7 [P] = au(z"[P]) and 7*°[P] £ ay(r"*°[P]) are obtained by
M
the abstraction (p(X**), C) &——=; (p(X*>), C) where

au(T) 2 U{a-eTﬂZ" | ous € B[R] U T

neN
eliminates those finite partial computations that are not terminated.

4.3 Fixpoint trace semantics

The partial trace semantics of a program P can be given in fixpoint
form [28].
c e F c ¥

o [P] = Itp5 G [P] = o5& [Pl «[P] = gfps. @ [P
t*[p] = Iip5 T [PUglps. FIP] = lps. G [P]
FHPIT 22 uP]sT  FFPIT £ £ UTs[P]
@[PIT £ 7[P] 5T 9 FOPIT £ S ueP] 3T
where (p(X**), C, X, ¥, LU, M) is a complete lattice for the
computational order (Ty T T,) = (T < THANTP 2 T5) and

(TyUT,) £ (T} UTF) U (T N T5). The fixpoint complete trace
semantics of a program P is calculated by abstraction with a .

t[P] = lip5 B [P]Ugfps~ B T[P] = lfpS. @ +[P] where
DiPIT £ pPlUT[P] 5T, and G [P]T £ B[P]L[P]5T .

5. Properties

Following [19, 21], properties are represented by the set of elements
which have these properties. So the properties of programs which
semantics are sets of traces in p(X+*) are sets of sets of traces in
PEE™)).

The collecting semantics {@**[P]} € p(p(X*)) is the strongest
program property'® of a program with trace semantics @*[P].

The trace property abstraction of program properties is {(p(p(X**)),

) y:z (9(Z*), C) such that

a(P) = | JpP 76(Q) £ 9(0).

The traditional safety/liveness program properties are relative
to the trace property abstraction of the collecting semantics
ae({0+°[P]}) = @*[P] € p(Z*™).

Some program properties are not trace properties [5]. An exam-
ple is “all program executions are deterministic” which is {{o} |

and

9 [n,m] ES {n,n+1,...,m} is the closed interval, ) when m < n, while [n,
m) 2 {nn+1,...,m— 1}is left closed and right opened, 0 when m < n.

10 strongest in that the collecting semantics implies all other program
properties (where logical implication A = B is interpreted as A C B).



o € I} € p(p(Z*)) . The corresponding trace property abstrac-
tion is ae({{o} | o € T**}) = £+ € p(=**) which would allow
any non-deterministic behavior so that determinism in the concrete
domain p(p(X**)) is completely lost in the abstract domain @(Z+*).

For safety and termination and from now on, we only have to
consider trace properties, which form a complete Boolean lattice
(P(E**®), C, 0, £**, U, N, =) where the partial order C is logical
implication and the complement is =X £ T\ X 12,

6. Safety trace semantics

‘We now illustrate the classical abstract interpretation framework by
generalizing invariance verification and static analysis to arbitrary
safety properties. Safety properties are abstractions of program trace
properties (essentially forgetting about liveness properties).

6.1 Safety abstraction

The prefix abstraction of a set T of traces is the topological closure
pf(c) & [0/ eZ™ | Ao €T :o=0'c"}

pi1) 2 | Jipfo) | o e T}
The prefix abstraction expresses the fact that program executions
can only be observed for a finite period of time (VT : & ¢ pf(T)).
The limit abstraction of a set of traces is the topological closure

Im(T) TU{oceXZ®|VneN:o[0,n]eT}.

The limit abstraction expresses the fact that when observing program
executions for finite periods of time it is impossible to distinguish
between non-terminating and unbounded finite executions.

The safety abstraction of a set of traces is the topological closure

sf Im o pf pf o Im o pf.

[I>

A

The safety abstraction provides the strongest program property

resulting from finite observations of program executions (excluding

the observation of infinite executions).
(Topological) ?losures p €A Aonaposet (A,

tions'* (A, <) & (o[4], <).
6.2 Safety trace properties

<) are abstrac-

The safety trace properties are
SF 2 sf[p(Z*)] = {sf(P) | Pep(X*™)} =
We have the Galois isomorphism

(SF, ) % (f IpE")], ©

[Pep(E*™) | sf(P) =

where pf*(T) = pf(T)* and so safety trace properties can equiva-
lently be represented by their finite prefixes in Sect. 6.4 and 6.5.

6.3 Safety semantics

The safety semantics of a program P is its strongest safety property
SP] £ st [P]) = pftosizFO[P]).

6.4 Fixpoint safety semantics

It follows, by fixpoint abstraction, that the safety semantics of a
program P with operational semantics (Z, 7) is

11 Assuming inputs, if any, to be part of the states.

2X\Y 2 {xeX|xg¢Y}is the set difference.

13 A topological closure on a poset (A, <, V) with partial-order < and lub
Vv, if any, is amap p € A — A which is extensive Vx € A : x < p(x),
idempotent Vx € A : p(p(x)) = p(x), and finite lub-preserving Vx,y € A :
p(xVy) = p(x)Vp(y). This implies that p is increasing. A closure is extensive,
idempotent, and increasing.

141, is the identity map (respectively relation) on the set A mapping any
element x € A to itself 14(x) = x (resp. 14 2 (x, x) | x € A)).

13

P).
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“[P] = oo [Pl = Ips P[P]  where
ST £ ='uTrP] forward trace transformer
GPIT £ T'urp]sT backward trace transformer.

6.5 Proofs in the safety trace domain

By fixpoint induction, one immediately gets new forward and
backward sound and complete safety proof methods!> generalizing
invariance [37, 40, 48, 49]. For all safety specifications S € SF,

'[PJcS < 3dPeSF:X'cPAT[P]3PCPAPCS

& 3JAPeSF:X' CPAP3t[PJCPAPCS.
Observe that forward and backward safety semantics and proof
methods are respectively equivalent. This property is preserved by
relational abstractions in next Sect. 7, but this is not the general
case (e.g. with abstractions of Sect. 7.6). [42] is an example of static
analysis in the safety trace domain.

7.

Invariance/reachability is an abstraction of safety and so invariance
proof methods are abstractions of safety proof methods.

Invariance / reachability semantics

7.1 Relational abstraction
R

The relational abstraction (SF, C) ———; = (p(X X X), C) such that
(T {(o0, o0 1)|n>0/\0’€2"ﬂT} )
YR £ {ceX|n>0A (0o ouy) €R}

abstracts traces by a relation between their initial and final states (so
that intermediate computations are lost in that abstraction).

> 1>

7.2 Relational invariance / reachability abstraction

Applied to a safety semantics which is prefix-closed, the relational
abstraction provides a relation between initial and current states
(where, in particular, “initial” can be any state).
The abstraction a® o sf is therefore equal to the relational
-
Y
reachability abstraction {(p(X**), C) ——= (p(X X X), C) such
=

R(T) ({00, o) |An:0<i<nAoc e NT)}

YR {ceX |n>0AViel0,n): {00, oi) €R)
abstract traces by a relation between their initial and current states.

that

Y
Y

7.3 Relational invariance / reachability semantics

The relational invariance/reachability semantics of a program P is
its strongest relational reachability property

-~ [P] & Rt PD
- [P] £ aR(T;OO PD = (e [PD = aR(TS'[[P]]) =% [PD -

7.4 Fixpoint relational invariance / reachability semantics

The commutation condition applied to the transformer of the safety
semantics 75[P] yields the fixpoint characterization of the relational
reachability semantics of a program P with operational semantics
&, )

[P] = Iips e TPl = lp5 [P

where!®

15 In case a temporal logic is used for expressing the inductive safety invariant,
this is relative completeness subject to an expressivity hypothesis of the
temporal logic ensuring P € SF to be expressible in the logic, see e.g. [10].
16 The post-image (or right-image) of X € p(A) by a relation r € p(A x B) is
X1 2 {y|3dx e X : (x, y) € r} also written post[r]X.



(1>

FPIR) £ 15UR-[P]
FEPIR) 2 1zUr[P]-R

forward transformer

backward transformer.

7.5 Relational invariance / reachability proof methods

Applying fixpoint induction to the fixpoint relational reachability
semantics, we get sound and complete forward and backward
proof methods for a specification S € p(X X X) [23], respectively
generalizing [40, 49] and [37, 48].

™PJCS & IRep(EXxZ): 1y CRAR-7[PJSRARCS

& JRep(EXX): 1y CRAT[PJcRCRARCS.

7.6 Variations on invariance / reachability proof methods

Further abstractions yield other classical proof methods. It is pos-

sible to restrict to the initial states | € p(X), (p(X X X), C) _»<7—|
]

(p(Z x X), C) where
aR) £ s, sY|selA(s, sYER) 2)
;

and the final states F € p(2), (p( X L), C) y‘:»F (P(EXX), C)

where
FR) & s, 5| (s, SYERAs€eF}. 3)

It is also possible to use an invariant so as to restrict to the reachable
v

states (P(Z X X), C) &—; (p(X), C) where
—

&'(R) £ {5 |(s, s')€R)}. 4)

Combining (2) and (4) we get forward invariance [40, 49] while (3)

and the inverse of (4) yield backward invariance (called “subgoal
induction” in [48]).

Proofs by reductio ad absurdum [23, 35] are obtained by (p(Z x

%), C) =5 (p(E X T), D) where @(R) 2 -R.

8. Termination trace collecting semantics

Our objective is now to apply the abstract interpretation methodol-
ogy of Sect. 2, as illustrated in Sect. 6—7 for the safety properties
and their invariance abstractions, to termination.

Starting from a collecting trace semantics, we define termina-
tion properties by abstraction, derive fixpoint charaterizations by
fixpoint abstraction, conceive proof and verification methods by
fixpoint induction, and design static analysis methods by fixpoint
approximation using widening [19].

8.1 Termination property

The termination property states either that all executions in the trace
semantics @ [P] of a program P must always be finite

0[] ¢ =*[P]

or that the trace semantics ®**[P] may be finite (hence must not
always be infinite)

O*[PINnZ[P] # 0

The infinite extension abstraction

definite termination

potential termination.

@’(T) & TU{010,€X |0 €X AQo,eX® a0, eTV
Yo, eX 1oy05 ¢ T)}

is a topological closure and so (p(X**), C) ‘—‘y_j»— (a“[p(Z*)],
C) where y* is the identity. We have ‘
[P] ¢ [P] <= «“G*[P])) < Z*[P],
TPINZ[P] #+ 0 < a“GT*[P)hNEZ[P] # 0

and so, if necessary, we only need to consider semantics closed by

au)

8.2 Termination trace abstraction

The termination trace abstraction eliminates the program execution
traces not starting by a state from which execution may/must
terminate.

Example 1. Consider the example of the non-

deterministic program b:[ 1l:loop [| e:skip 1 I
with states {b, [, e}, transitions {{b, [}, (b, e),{l, )} e

and complete trace semantics {be, e, bllll ... 11 ...}. O

8.2.1 Potential termination trace abstraction

The potential termination or may-terminate trace semantics elimi-
nates infinite traces.

Example 2. The potential termination trace semantics of program
b:[ 1:loop [| e:skip ] in Ex. 1is {be, e} since an execution start-
ing in state b may terminate (by choosing a transition to state ). [

The corresponding potential termination abstraction is {(p(X**),
/mt

mt

) = (p(Z1), ©) and (P(E™), C) —; (p(X"), ©) where

a™(T) £ TN, y™S) £ SUZ® and y™(©S) £ 5.

The abstraction forgets about non-terminating executions. This ab-
straction corresponds to Dijkstra’s weakest liberal/angelic precondi-
tion [37]. It is considered in [11] (together with backward reachabil-
ity) to automatically compute necessary conditions for termination
(in example 1, this analysis would yield the potential termination
states {b, e} proving definite non-termination in state /).

8.2.2 Definite termination trace abstraction

The definite termination or must-terminate trace semantics elimi-
nates all traces potentially branching, through local non-determinism,
to non-termination.

Example 3. The definite termination trace semantics of program
b:[ 1:loop [| e:skip ] in Ex. 1 is {e} since in state b there is a
possibility of non-termination (by choosing a transition to state
D). O

A trace is in the definite termination semantics if and only if it
is finite, independently of the potential non-deterministic choices
along that trace. The corresponding definite termination abstraction
is

oM™(T) 2 (o eT"|pfo)NpHT™) =0}

aMt € (p(T+), C) = (p(Z*), C) is a retract'” and onto but not
continuous'®. However, on the following we consider only transition
closed semantics [35] i.e. generated by a transition system (see
counter example 5).

Example 4. If T = {ab, aba, ba, bb, ba®} then «™(T) = {ab, aba,
ba,bb} and a™(T) = {ab,aba} since pf(c) N pf(ba”) = 0 for
o = ab,aba. O

This abstraction corresponds to Dijkstra’s weakest/demonic

precondition that is to the definite termination analysis we are mostly
interested in for transition systems.

8.3 Termination trace semantics

The potential termination collecting semantics of a program P is
therefore defined as

7 A retract r € (A, C) — (B, <) where BC A is increasing and idempotent.
We write r € (A, C) <» (B, <) when it is onto.

18 Consider the C-increasing chain T, £ {0} U {0i® | i > n}, n > O.
We have | |,>0 oM(T,) = 0 while Ma>0l0i® | i > n} = 0 so that
M(Uyz0 Tw) = &M ((a)) = {a).



™[] £ ™E[P])
while the definite termination collecting semantics of a program P
is defined as

™MP] & MET[P])
8.4 Fixpoint termination trace semantics

potential termination semantics

definite termination semantics.

By abstraction of the fixpoint trace semantics of Sect. 4.3, the
strongest termination property of a program P with operational
semantics (X[P], 7[P]) and termination states 3, [P] is

™[] = IfpS ‘¢ ™[P] potential termination
GTPIT £ BRIVl T

MP] = IfpS ‘6 MP] definite termination
SMPIT 2 B.[P]U[P] 3T N~(x[P] §-T))

where the term —(7[P] ¢ =7 eliminates potential transitions towards
non-terminating executions.

8.5 Proofs in the termination trace domain

Fixpoint induction provides formal methods to check fixpoint
over-approximations, either 7™[P] € S or ™[P] € S. Over-
approximations yield necessary but not sufficient termination con-
ditions which may introduce spurious infinite traces for which the
proof cannot be done. The proof method is therefore useful to prove
invariance under termination assumptions'® but not for may/must
termination.

On the contrary, termination proofs require fixpoint under-
approximations S € T™[P] or § € 7[P]. Under-approximations
yield sufficient but not necessary termination conditions and so may
eliminate some termination cases for which the termination proof
could have been done automatically. Fixpoint under-approximation
proof methods have been proposed e.g. by [15, Sect. 11] and would
yield the requested termination proof methods. More classically, we
will favor over-approximations for static analysis.

9. Termination domain

Programs may not always potentially/definitely terminate in all
states. So one problem is to determine for which states | € p(X) do
executions starting from these states may/must terminate.

9.1 Termination domain abstraction
This potential/definite termination domain semantics i§v provided by
the weakest precondition abstraction {(p(X*), C) *Z_W,- (p(X), ©)
of the termination trace semantics, such that
a"(T) 2 oy |oeT} precondition abstraction.
9.2 Termination domain semantics
™Ml £ E™[PD
TwMt [[Pﬂ L aW(TMt [[P]])
Using Dijkstra’s notations [37], 7™ [P] = wip[P]true and *™[P] =
wp[P]true.

potential termination

definite termination.

9.3 Fixpoint termination domain semantics

By fixpoint abstraction of the termination trace semantics in Sect. 8.4
using transformer commutation, we get Dijkstra’s fixpoint weakest
(liberal) termination precondition semantics [38]%°

'9e.g. for Ex. 1, {b,e,l} is invariant, {b,e} is invariant under potential
termination hypothesis, and {e} is invariant under definite termination
hypothesis.

20The pre-image of Y € ¢(A) by a relation r € p(A X B) is UYL 2 (x|
Ay € Y : {x, y) € r} also written pre[r]Y while -+~ '[-Y] £ (x| Vy : y €
Y = {x, y) € r}is pre[r]Y.
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™[P] = IfpS ¢ “™[P] weakest liberal termin. precond.
¢ ™ [PIR) £ Bo[P] U T[P]IR]
MP] = Ifp; a’\;th [P] weakest termination precondition

[I>

¢ "™MP)(R) £ B.[P] U (r[P]"'[R] N —[P]'[-R]) .

9.4 Proof and static analysis in the termination domain

As was the case in Sect. 8.5, fixpoint induction is useful for over-
approximations, which can be automatically inferred by static analy-
sis [11, 12]. On the contrary, termination proofs require under-
approximations [15, Sect. 11] proof methods. Although static under-
approximation analysis is possible (e.g. [34]), this is not the termi-
nation proof technique which is used in practice [38].

10. Termination proofs for the trace semantics
generated by a transition system

In practice a termination proof is decomposed in two parts. First
a necessary termination condition is found by over-approximating
7™ [P] or 7*M![P]. Then this necessary termination condition is
shown to be sufficient by Floyd/Turing variant function method
(e.g. [17]) or inversely (e.g. [8]). This corresponds to different
abstractions, specific to the trace semantics generated by a transition
system, that we now elaborate.

10.1 Transition-based termination proofs

A program which trace semantics is generated by a transition system

(X, 7) definitely terminates if and only if the program transition

relation is well-founded?!.
°[P] C Z*[P]

— (I, 1)is well-founded.

In practice one considers traces starting from initial states | € p(Z),
e.g. | is the termination domain of Sect. 9. In that case a program
which trace semantics is generated by a transition system (X, )
definitely terminates for traces starting from initial states | € p(X)
if and only if the program transition relation restricted to reachable
states is well-founded.

d(HE*[P]) c 7 [P] = (" (@' (N(T*=[P])), 7) is well-founded

i
where the initialization abstraction (p(X**), C) ——= (p(X**),
a\(l)
Cyis
o

AT

PE) B T - T)
{ceT|oyel}

initialization abstraction

[> m

yf
and the reachable states abstraction {p(Z*>), C) — (p(X), )
is ¢
(M E(s|Ac e, o e 050 €T} reachability
abstraction.

The transition-based termination proof method is sound and com-
plete. As noticed in Sect. 9, the precondition | can be inferred au-
tomatically by static analysis. Moreover, an over-approximation
R 2 a"(@'(N(*[P])) = 7[P]*[11?* of the reachable states can be
computed by classical abstract interpretation algorithms [19].

21 A relation < € p(W x W) on a set W is well-founded if and only if there
is no strictly decreasing infinite chain xo > x; > ... > x; > Xp41 > ... of
elements xq, X1, ..., Xn, Xp+1, - .. of W. (W, <) is called a well-founded set.
A (total) well-order is well-founded (total) strict order relation <. The set of
all well-founded relations in p(W x W) is written “Wf(W x W).

22 ¢ is the reflexive transitive closure of a binary relation 7.



10.2 Transition abstraction

If the program semantics ®**[P] is not generated by a transition
system we might consider the transition abstraction (Z, 2O P

where the transition abstraction {p(Z**), C) % (P(Z X X), C)
iS [e3

(T £ (s, §)| Ao, :oss'c’ €T} transition abstraction

but the following counter-example shows that the condition is
sufficient but not necessary.

Counter-example 5. Let T £ {(ab, ba) be a trace semantics. The
corresponding transition relation 7 £ Tf(T) = {a, b),{(b, a)}
generates the infinite trace abababa . . . and so the transition relation
7 restricted to the reachable states {a, b} is not well-founded. O
Another counter-example is fairness [35]. In the following, we
consider complete/maximal trace semantics 7 that are transition
closed (also generated by a transition system) that is @(T) = T or
equivalently T is closed by elimination of strict prefixes, closed by
extension by fusion, and closed by limits [35, Th. 2.6.8].

11.

It remains to design verification and static analysis methods to show
that (R, 7) is well-founded where

R 2 @)™ [P]) =

Variant semantics

[P["[1]

over-approximates the reachable states. There are two important
remarks.

1. If 7 C r and (R, r) is well-founded then (R, 7) is well-founded.

2. (R, ) is well-founded if and only if there exists a variant function
v e X b W2 into a well-founded set (W, <) which domain is
R?.

So for the traces generated by a transition system, termination can
be proved by mapping invariant states to a well-founded relation
which is the principle of Floyd/Turing variant function method.

11.1 Variant function

A variant function v € ¥ +» W is a partial function from the
set of states into a well-founded set (W, <) where < is a well-
founded relation on the set W (and < is its non-strict version). With
appropriate hypotheses on states and the transition relation, the co-
domain of the variant function can be fixed a priori and the variant
function can be found by constraint solving e.g. [17, 54]. However,
these methods are not as general as Floyd/Turing’s method.

In mathematics, the ordinals provide a standard well-founded
set thanks to ranking functions mapping each element of a well-
founded set to its ordinal rank. So, up to a ranking function, the
well-founded set (W, <) can always be chosen as the class (O, <)
of ordinals. The intuition is that any execution ¢ starting in a state
¢ € dom(v) must terminate in “at most” v(c) execution steps
while an execution o starting in a state oy ¢ dom(v) might not
terminate. We have 7 C {(s, ') € X2 | s € dom(¥) A v(s) > (')}
and this relation is well-founded on states, proving termination.

11.2 Variant abstraction

A variant function is an abstraction of a set of finite traces. It is a
partial function which domain is the set of terminating states. Its

2 A +h B (tesp. A — B) is the set of partial (resp. total) maps from set A
into set B. We write dom(f) for the domain of a partial function f € A +5» B
and codom(f) for its co-domain. If f € A — B then dom(f) = A.

24 For a proof, take (W, <) to be the ordinals (O, <) and v to be the ordinal
rank of elements of R for the well-founded relation 7.
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value is an upper bound of the remaining number of “steps” to
termination. It may be transfinite for unbounded non-determinism
with unbounded execution trace lengths. Let us define

% e pEXT) P (T HH0) ranking abstraction
a®(r)s £ 0 when Vs €X:(s, sY¢r
™ (r)s £ sup { AGED! ' s" € dom(a@™® (") A (s, s’y € r}25 .

a™(r)s extracts the well-founded part of relation r and provides the
rank of the elements s of its domain. a¥(T) does the same for the
transition relation by abstracting the set 7' of finite traces

Vv

@' € pEH)HE HW variant abstraction
&' (T) 2 Asa™@T))s.
‘mt Vv
It follows that the abstraction {(p(X**), C) Z HHW, V)
avoaml

holds for potential termination and {(p(Z*>), C) — (X b W, CY)
for definite termination. These abstractions state, by def. of C, that
adding finite execution traces or suppressing infinite traces can only,
by def. of CV, augment the termination domain and, maybe, increase
execution times. It follows that the computational variant order is

A

vy dom(v) € dom(¥') A ¥x € dom(v) : v(x) < V'(x) .
11.3 Variant semantics

A variant function can always be found by abstraction of the
termination semantics into a variant semantics

™[] £ '™
™p] & o'M[P])

This yields new termination proof methods and static analysis
methods by abstraction of this fixpoint definition.

potential termination variant

definite termination variant.

11.4 Fixpoint variant semantics

By fixpoint abstraction of the fixpoint termination trace semantics
of Sect. 8.4, we get the fixpoint characterization of the variant
semantics®®-?’

™[P] = prgv b ™[P] potential termination
P™Pls 2 (sepP] 208 sup{v(sH+1 |
s € dom(v) A (s, s') € T[P] } D
™[P] = pra.g’V (a';"" [P] definite termination
BWIPl)s 2 (seB[P] 708 sup{v(s') +1 |
s" e dom(v) A (s, s’y € T[P] A
V" : (s, "y e T[P] = " € dom(v) }]] )
Example 6. Consider the trace semantics as rep-

resented on the right. We have represented below
the fixpoint iterates for the corresponding potential
and definite variant functions. Unlabelled states
are outside the variant function domain.

o0

Potential termination

25 This can be generalized from (O, <) to well-orders (W, <) using succ(x) =
yeW|x<yAPzeW: x<z<y} and sup is an upper-bound. For
ordinals succ(x) = {x + 1} is the successor ordinal and sup is the lub.

26 The partial map §) € £ +5 O is totally undefined and has dom(®) 2 0.
27 The conditional is ([true Tas b]) £ gand ([false Tas b]) £ p.



0 1 0

Definite termination

The potential variant can be used as a run-time check of definite
non-termination (since beyond 4 execution steps termination is
inevitable). This general observation is not in contradiction with the
fact that termination is not checkable at runtime since here it relies
on a prior static analysis considering all possible executions. O

Example 7. The definite termination variant semantics prﬁgv @ MTP]
of the following program P

X -2; 1}
is the limit v of the iterates v', n € N of ‘¢ "™[P] from 0.
Considering only one loop head control point so that the state can
be reduced to the value x of x, we have

PWPJo)x 2

The program being deterministic, the potential termination equation
y = ¢ ™[P](v) is similar. The fixpoint iterates are?*

int main () { int x; while (x > 0) { x =

o= 0

v = Axe[-00,0]+0

V¥ = Axe[-0,0]+0UAxe[l,2]-1

Vo= Axe[-00.0]-0UAxe[L2]+1UAxe[3.4]+2
Vo= Axe[-00,0]-0UAxe[L2X (=D (x+1)=2
VO = Axe[-00,0]+0UAxe[l,+o0]e(x+1)=2. =

11.5 Termination proof method

The variant semantics is sound and complete to prove termination
of a program P for initial states | since

dOE* P cZ*[P] < |<dom(™[P])
= eX p0:lpf GW[P]C’ vAlC dom(y)
dOEPDNEZP)#0 < 1 dom™[P])
= IveX p0:1pf $™[P]C’ v AlC dom(y)
Applying fixpoint induction to check for the least fixpoint over-
approximation, we get a termination proof method. We have
e pO: Py
eAy: prgv WP v {fixpoint semantics of Sect. 11.4§
Sy 0V AFWP 'V AV 'y fixpointind.§
S VR34l ) A {def. C" and choosing v = v'§
ey : Ase(s € B[P] © 0 3 supiv(s) + 1 | s : (s,
s’y € T[P] A 5" € dom(y) AVs" : (s, s’y € 7[P] = & €
dom()}] ¥ v {def. ‘g™ [P]§
©Av:Asesup(v(s)+1|3s" : (s, s’ e T[P] A s’ € dom(») AVs" :

(s, 'y e1[P] = s edom()}C’vy

{since Y5 : v(s’) > 0 and Is’ : (s, s') € 7[P] implies s ¢ B.[P]§
©dv . dom@Asesupf{v(s’) + 1 | Is" : (s, s’y € T[P] A s €

dom(v) A Vs : (s, s') € 7[P)] = < € dom(v)}) C

dom(v) AVs € dom(v) : sup{v(s)+1|3s": (s, s') € T[P]As" €

dom() A Vs : (s, s'Y € 7[P] = s’ € dom(»)} < ¥(s)

28U joins partial functions with disjoint domains f; U f(x) £ fi(x) if
x € dom(f1) and f1 U fo(x) & f(x) if x € dom(fp) where dom(fi) N
dom(f) = 0.

2 -+ is the integer division.

(x<0?0gsup{v(x—2)+1]|x-2edom()}].
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{def. £ for ordinals §

& v : Vs edom®) : (Hs’ edom(v): (s, s') € r[[P]]) = (Vs/ :
(s, s’y e1[P] = s edom(v) A wv(s") < v(s)) {def. sup§
SW, <) : v e T tp W : Vs € domy) : (Is” € dom(v) : (s,
s’y e T[[P]]) =
v(s)) {since an ordinal is the order type of a well-founded set§
AepE : W, <): e pW:Vsel: (I el: (s
s’y e T[P]]) = (Vs’ (s, sYeT[P] = s elAvs)< v(s))
{choosing I = dom(»).§

(Vs’ (s, 8"y € T[P] = s e dom(»)Av(s") <

This calculational design yields the following definite termination
induction principle
(N P]) € Z*[P] definite termination proof
Aep): AW, <):IveX thW:lIcdom(v) AVsel:
(3&' el: (s, s')e T[Pﬂ) =
(Vs/ (s, sYeT[P] = s elnv(s)< v(s)) .
A similar calculational design, yields the potential termination
induction principle
ad()E*[Ph N Z*[P] # 0 potential termination proof
Aep): AW, <):veX thW:lIcdom(v) AVsel:
Qs el: (s, sYer[P]) =
3s”" el: (s, s"yer[P]As" €l Av(s") < V(s)).
Observe that the fixpoint variant semantics of Sect. 11.4 is calculated
backwards (the variant function increases on previous steps) but that

the termination induction principles proceed forward (the variant
function decreases on next steps).

Example 8. A similar induction principle is proposed in [35, Ch.
5.2.3] for relational inevitability proofs (a state must be reached
that relates to the initial state as given by a specification relation
V). The following example is used in [35, Ch. 5.2.5] to show that,
the invariant and variant function must also be relational, that is
relate the current and initial state: £ £ {1,2,3}, 1 £ {1,2}, 7 £ {(x,
x+1) | x,x+1 € X}, ¥ £ 7. We can prove termination with
assertions, no relational invariants being needed. For the above
example, choose 1 = X, (W, <) = (&, <), v(1) = 2, v2) = 1,
v(3) = 0. This example shows that termination proofs are simpler
than inevitability proofs. O

Example 9. For the program of Ex. 7, the definite termination proof
for the simplified transition system

7[p] £
requires guessing I = Z, (W, <) = (N, <), v = Ax'ﬂx <0%0s

(x+ 1)+2]] and proving Vx,x’ € Z: (x> 0AX =x+1) =
VX" x"=x+1 = v(x") <v(x)). O

{r, XY x>0AX =x+1}

Because Turing/Floyd method uses the reachability abstraction
a” of (4), it is not possible to directly relate states occurring at
different times during computations. This is why the program is
transformed by using auxiliary variables to relate the current values
of the variables to their past values. This induces a transformed
transition system, which under the reachability abstraction " is
equivalent to the relational abstraction of the original transition
system by the relational abstraction (1).

Example 10. Continuing Ex. 9, the program is transformed into

int main () { int x, x0;
while (x > 0) { x0 = x; x = x - 2; }}

which consists in reasoning on the transformed transition system



[P] & {(xo, x), (X, XD | xy=xA{x, Xyer[P]}. O

0
This is an abstraction (p(Z x X), C) _y__><—0- (p(X? x X?), C) such that
(02

(1) &

The benefit is that a relational abstraction o used with 7 is equiva-
lent to a non-relational reachability abstraction o for a°(r). How-
ever, in both cases, a limitation is that, for a given control point, it
is only possible to refer to one past instant of time when control is
at that program point, which is a limitation when compared to the
more flexible reasoning by induction on traces (see Sect. 15.3).

{({x0, x), {xp, XN x5 =xA(x, X'y eT}.

12. Variant abstraction analysis

We get a termination static analysis by abstracting the variant seman-
tics. We need an abstraction (X +5 O, CV) % (A, C) of functions.
Many abstractions of functions have been proposed e.g. [20, 30] that
can be reused for termination static analysis. As a simple example,
we consider a piecewise linear variant abstraction. The purpose of
this new abstract domain is to illustrate the abstraction of fixpoint de-
finitions of variant functions with widening, many more abstractions
being necessary to cover all practical cases.

12.1 Piecewise linear variant abstraction

Let us consider a program with integer variables X = xi,...,X%,,
n > 0. We first apply an abstraction of states extracting the numerical
variables in the form of an environment ax € £ — (X — Z)
so that, by composition, we are left with an abstraction (X +—
7) v 0, ) % (A, T). Encoding the partial map by a total
map (using “L” for “undefined/not in the domain” and abstracting
higher-order ordinals by “T” (“unknown/infinite”, e.g. in case of
non-termination or unbounded nondeterminism), we can choose
X +» Z) » NU{L,T}. There is no loss of information for
bounded determinism and unbounded executions are still allowed
but disregarded by the abstraction. We can now further abstract by
piecewise linear functions.

The values x; of each variable x; € X, i € [1,n] are segmented
into ¢! =—co<--- <{/ <. <" = +oo. This provides a partition
of the space Z" of values x, ..., x, of thf; variables xi, ..., X,. The
blocks of the partition are therefore [£/', t’i’"“), i€[l,nl, j; €[1,m).
In practice machine integers are bounded, in which case —co and
+o0 are the smallest and largest machine integers. The number of
blocks in the partitions can also be limited by widening thus favoring
efficiency of the abstract domain to the detriment of precision.

12.1.1 The abstract domain of piecewise linear variants

The positive value of the variant function for elements ¥ = xi,..., x,
of each block [t"l.“ ,é’f“) of the partition is a linear expression

1 gli pin
at -4t 2 of the form3°

ol el ol el
i n

X +...+a 1

Xi+...+a X, +a

) o {‘i"_[’j;n .
where the coefficients a;' " € Q, k € [1,n+ 1] are rationals (or
1 /T). For example, in two dimensions

li=—co 2 6 ff=+c0 m =4
_
—c0 = £}
[/22 [Z[Z f2£2
£§ — a'’xi+a, *x; +ay'’
1%
2
my =4 + oo ng

: R o1 pli pin
30 More rigorously, we should write the dot product @ OG0 (2.
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The abstract domain is therefore (omitting the case of blocks with
1 for “not in the domain” and T for “unknown”)

A

X . i pin
. 1 (AR AL
{agez-[|(¢F <xi<€™ ?ay """ %s1)

i€[1,n],
Ji€ll.m;)

|Vie[1,n]:€} =-—co<- << < =40 A
gt ¢ Q™' A

U i pii
Sotdiar
) X2

Vji € [1,m), x; € [€7, 67" - @ >0}
When the é’{f € Q,i € [1,n], j; € [1,m;) are rationals, this abstrac-
tion essentially reuses the classical abstractions of intervals [18, 19],
linear inequalities [31] and segmentation [33]. An immediate gen-
eralization consists in using consecutive segments with symbolic
bounds as done in [33] for array content analysis. A further general-
ization consists in using decision trees [32] instead of a segmentation
of the domain of the abstract variant function.

12.1.2 Piecewise linear variant abstract transformers

The abstract transformer WTV [P] abstracting the concrete trans-
former ?'T“" [P] of Sect. 11.4 is applied blockwise by computing
the abstract pre-image of each block by assignments or tests. The
condition in tests may split the block into sub-blocks for which the
condition is true or false.

Example 11. Here is an example of first iteration of the backward
termination analysis of an exit preceded by a test. The initialization
of the fixpoint iterates by A x € [-co, +00] ¢ L indicates potential non-
termination. The exit enforces termination in 0 steps. The test splits
the block [—co, +00] into [—o0, 0] and [1, +oo].

/% Axs(x€[-00,01 208 x€[l,+00] T L) */

if (x <= 0) { /* dx€[-oco,+c0]-0 */

exit; /* Ax€[-oo,+o0]eLl */ }
else { /* Axe[-co,4o0]eL */ ... } O

An assignment backward propagates the linear variant functions by
blocks which are incremented by 1 step, but for those corresponding
to non-termination.

Example 12. Assuming —co — 2 = —oo and +00 + 2 = +co, the
backward termination analysis of the following assignment is

/% Axe[xe[-00,2] T 18xe[3,+00] 2 L) */
X=X-2;
/% Axe(x€[-00,01 208 xe[l,+c0] D L) */ O

12.1.3 Piecewise linear variant abstract order

The abstract order T first unifies segments of the domain into a
common refined partition by segmentation of each variable (as in
[33, Sect. 11.4: Segmentation unification]) and then compares the
linear expressions blockwise, assuming L is the infimum and T is
the supremum (so that the domain comparison of Sect. 9 is done
implicitly by the fact that the “undefined” L is used outside this
domain).

Example 13.




12.1.4 Piecewise linear variant abstract join

Similarly, the join v, o v, first unifies blocks of the partitioned
domains of v; and v, into a common refined partition. Then the
linear expressions are joined blockwise. This blockwise join 1" is
d.% defined for each block ¢]' ... £/ ... ¢, i € [1,n], j; € [1,m;] of
the partition such that Vi € [1,n], Vx; € [t’-f”, t’f“'], va' e Q'

J1 pli pin
o 30 -G R< AR
U pi pin
e 30 G- <A’ = ax<d.X.

Example 14.

O

A coarser partition can also be used in the join (as in [33, Sect. 11.4:
Segmentation unification]) which is less precise but enforces faster
convergence.

12.1.5 Piecewise linear variant abstract widening

Finally, the widening v, ?v v, follows the idea introduced in [20] of
widening functions by widening the domain of their parameters with
a domain widening ﬁdv and then their results with a range widening
ﬁv. So the blocks of the partitioned domains of v, and v, are first
widened using e.g. interval widening W; (possibly with thresholds)

of the blocks with respect to their neighbors in all directions.

Example 15. An interval widening for a two-dimensional domain
(x, y) € 7* yields

y

Vs =

T

Then the range-widening ﬁv increases the gradient (i.e. slope in two
dimensions) of the variant function of each block in the directions of
its domain-widened neighbors to over-approximate their respective
variants functions (extended to the widened domains).

Example 16.

O

To enforce convergence, the widening may have to skip to finitely
many given thresholds of gradients before abandoning the constraint
toT.

Example 17. We use two loop unrollings to stabilize iterations
before widening [56].

vg =Axe[—o0,+00]e L

v},:/lx-([xe[—00,0]?08xe[1,+oo]?J_D

Vi=Ax€[-00,0]+0UAxe[1,2]+1UAx€[3,+00]* L

Vi=Axe(x€[~0,01708xe[1,2] ? 18xe[3,4]72
gxe[5,+0] % L)

’3

=V
3_ 2T
=vyV vy

Va

v’4A:/lx-([x€[—M,O]?nge[l,Z]?18x€[3,+oo]?

N =

4 _ .3
Va=Vy.

+1])
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The over-approximation of v in Ex. 7, by v, is as follows

A

Y

O

Notice that the domain of termination is widened which is an over-
approximation which might include non-termination cases. However,
the iterates with widening stop at a post-fixpoint v4

PPl E” va

which, by definition of the abstract partial order C" ensures that
v4 1is decreasing on blocks for which it is defined. Termination is
therefore proven for blocks with either O or a strictly decreasing
variant. By undecidability, there might be blocks which variant value
is T indicating insufficient precision to conclude.

12.2 Non-linear variant abstraction

Besides classical linear relational abstractions (e.g. octagons [46],
polyhedra [31], etc.) which can be used pointwise as in Sect. 12.1,
the variant function in each block of the partition can also be non-
linear (e.g. polynomials [47], exponentials [39], etc.).

13. Relational variant semantics

To use relational abstractions for static termination analysis, we can
further abstract variant functions into relations.

13.1 Relational variant abstraction

A variant function v can be abstracted as the pair of an abstraction
of its domain dom(v) by a set abstraction (such as e.g. intervals) and
an abstraction of its value by (a relational abstraction of) the down-
closed relation r which over-approximates the variant function on
its domain that is Vs € dom(v),w e X : (s, wy e r = w < v(s).
The abstraction is therefore (the first component is redundant but
useful for static analysis)

aV(v) £ (dom(v), a({(s, ¥(5)) | s € dom(»)}))
where the down-closure of a relation r € p(X X W) is
al(r) &

Observe that the effect of the down-closure is to replace equalities
by inequalities for which numerous abstract domains are available.
Moreover, an over-approximation of the first component is known
by Sect. 9 but for correction we either need an under-approximation
or prove termination for this over-approximation, which is the usual
option. For the second component, an over-approximation is correct
(this over-estimates the termination time). We have?!

(s, wH|Aw:w KwA (s, wyer}.

(& W, T 5 (9@ X A [PE X W)], X C) .

13.2 Relational variant semantics

The relational variant semantics of a program P is
7m [[P]] Y
TMrv [[P]] ey

@"(t™[P]) potential termination relational variant

a"(tM[P])  definite termination relational variant.

31 < xC is the componentwise partial order (x, y) < X E (x’, y') &= x <
X AyCy'.



13.3 Fixpoint relational variant semantics

By fixpoint abstraction of the fixpoint variant semantics of Sect. 11.4,
we get, by calculational design, the fixpoint definite and potential
relational variant semantics®2.

M [[P]] — |fpag’><; ?.rrnrv HPH
G [PKD, r) £ letD' = DUB[P]U[P][D]in

(D', (s, 0y | s € B[P} U ({ (s, p+ 1) |
ADs (s, 'Y eT[P]A S € DAL, p)yer)))

M) = I B U]

potential termination

definite termination

FIVIPIUD, P)s £ let D' = DUB.[P] U ([P] "' (D1 N 7[P] ' [D])

in{D’, {(s, 0) | s € B[P} U{(s, p+ 1) |
Ads (s, SYET[PJAS €DA(S, pyer
AV (s, sYeT[P] = s eDATF (s, pYer}).

The over-approximation of D is classical in static analysis [19, 21]
so we concentrate on the over-approximation of the relational variant
r.

14. Transition-based termination analysis

‘We consider the case when states s € X consist of a pair (£, u) of a
control state & (used for state or trace partitioning) and a memory
state u. The memory state maps variables x € X to numerical values
u(x) € Z (for simplicity all other types are ignored in the examples).
We consider a relational abstraction (a*[p(Z x W)], C) (——ﬂ— (A, C)
of the fixpoint relational variant semantics of Sect. 13.2. In practice,
we choose W = N and adjoint an extra variable # to contain the
value of p.

We can use octagons [46], polyhedra [31], polynomials [47],
exponentials [39], their numerous variants, possibly partitioned on
states [12], traces [56], or conditions of decision trees [32].

Example 18. Consider the program of Ex. 7, where a forward
interval analysis has determined the invariants given as comments.
int main OO { int x;
/% x:[-2147483648, 2147483647] */
while (x > 0) {
/* x:[1, 2147483647] */
X =X - 2;
/* x:[-1, 2147483645] */
}
/* x:[-2147483648, 0] */
3

The abstraction of the fixpoint equations of Sect. 13.3 is given below
in logical form (representing a set by its characteristic predicate)
with restriction to the reachable states over-approximated by the
interval analysis.

r(n#) e (-2147483648 < x < #=0)v (Ax, # :
x € [1,2147483647T) A X = x —2 A # < # + 1 A F(X, #)) .

Inverting the assignment yields the classical simplification
r(x,#) & (-2147483648 < x < #=0)v (3# :
x€[1,214748364TIN# < # + L Ar(x—=2,#)) .

Partitioning into 7| (x, #) = r(x, #) Ax < O and ry(x, #) = r(x, #) Ax >
0, the iterates for | (x, #) immediately converge while the iterates
for r,(x, #) abstracted with octagons [46] are

32 The dual pre-image of ¥ € ¢(A) by a relation r € p(A x B) is rfl[Y] £
—r~1[~Y] also written pre[r]Y.
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(x,#) = false
r;(x, #) = ¥ :xe[1,214748364TI A # < # + 1L Ar(x—2,#)
= x=1A#<1
P2 #) = 3 xe[1,214748364T A # < # + 1A
(n(x=2,#)Vri(x—2,#))
= (x=1A#<DHVEx=3A#<K2)
= 1<x<#<K2 octagon abstraction of V
rg(x, #) = ¥ 1 xe[1,214748364TIA# < # + 1 A
(r(x—2,#)Vri(x-2,#))
= = IAE<DHVREKx<#E+IA#LI)
= I <x<#<3 octagon abstraction of V
= 1< x<#Ax< 2147483647 widening with r%(x, #)
r;‘(x, #) = rg(x, #)

proving termination since # strictly decreases around the loop and
remains positive. Of course direct resolution methods [17, 54] would
find the same result. However tests are excluded within loops in
[54] while the presence of tests is not impairing the above octagon
abstraction or the piecewise linear variant abstraction of Sect. 12.1.
For example, the loop body if (odd (x)) { x = x - 1; } else
{ x = x - 2 } with state partitioning on the conditional branches
yields the same results. O

15. Semantic structural induction

Semantic structural induction is by induction on the structure of
computations as opposed to transitional verification based on an
induction on the program steps as in Floyd/Turing method [40, 59].
This point of view generalizes syntactic structural induction on
program syntax as in Hoare logic [43], replacing the syntactic by
a semantic point of view using the concept of structural inductive
cover. We start by the simple case of structuring states in next Sect.
15.1 before generalizing to the more concrete trace computations in
Sect. 15.3 and their abstractions in Sect. 16.

15.1 Inductive state cover

Many inductive formal definitions and verification methods can be
formalized in a language-independent way by an inductive cover of
the set X of states (examples are given in next Sect. 15.2).

Definition 1. An inductive state cover of a non-empty set y € p(X)
of states is tree encoded as a set C € €(y) of (finite) sequences S of
non-empty members B € ¢(y) \ {0} such that

1.if §S" e Cthen S € C (prefix-closure)

2.ifS eCthendS’ : § = xS’ (root)
3.if SBB e Cthen BD B’ (well-foundedness)
4. if SBB’ € C then B C B (cover). O

SBB'eC

By the prefix-closure condition Def. 1.1, the inductive cover is a
tree (so that proofs based on the cover C are by case analysis on the
tree width and induction on the tree depth). By the root condition
Def. 1.2, the tree is rooted at y (which ensures that inductive proofs
based on the cover C are valid for y). By the strictly-decreasing
condition Def. 1.3, the sequences S are necessarily finite so the
immediate component relation between a node of the tree and its
sons is well-founded. It follows that proofs on states can be done
by induction on this well-founded relation. And, by the covering
condition Def. 1.4, the states in a node are covered by the join of the
states in its sons (which ensures that proofs based on the cover C do
not forget any possible case). Inductive state covers are abstractions
of inductive trace covers introduced in forthcoming Sect. 15.3 but
are introduced first for simplicity. An example is [45].



15.2 Examples of semantic structural induction

15.2.1 Loop invariants and variants

In Floyd’s total correctness proof method, a L
one typically provides a loop invariant and d
a loop variant function for termination. It

is not necessary for the variant function b B

to strictly decrease at each program step
but only once around each loop iterate.
This corresponds to a cover of the states
of the loop according to their control
component which induces a decomposition
of executions into trace segments for the
loop containing trace segments for the
loop body considered as one step in the
inductive reasoning on loop iterations.

a b c b @ b c b c d
00 -0-000-00090-0000-000

5
-

cCe

Moreover a different variant function is used for each loop so that
this decomposition is applied recursively for nested loops.

15.2.2 Hoare logic

Inductive definition/verification in the form of structural induction
on the program syntax originates from axiomatic semantics [43],
denotational semantics [57], and operational semantics [51].
Hoare logic for a structured imperative language [43], and
its extension to total correctness [44], can be understood as the
inductive state cover based on the control states of a command
(ignoring its memory states). For example, a while loop can be
covered by the states which control is in the condition and the states
which control is in the loop body. The states of the loop body can
themselves be covered recursively, by structural induction on the
program syntax. This structural induction on the program syntax
can be understood as induction on a state cover which itself induces
a cover of the execution traces by segments which states are in a
block of the state cover. A termination proof by structural induction
on the program syntax [44] has the advantage, a.o., to be able to
handle unbounded non-determinism without requiring transfinite
ordinals (equivalent to a lexicographic ordering on nested loops).

{P, PF,PL, PLE, PLD,
PLDB, PLDC}

15.2.3 Burstall intermittent assertion proof method

Burstall’s total correctness proof method [3, 29] can be understood
as an inductive reasoning by recurrence on data (as well as control
as in Floyd/Turing and Hoare’s methods). Although Burstall’s proof
method [3] is equivalent in power to Floyd/Turing’s method [25],
it is much easier to use in practice. The formalization of Burstall’s
total correctness proof method [3] in [25] can be understood as
a tree cover on both control and data. The example below shows
how hand-simulation/symbolic execution (HS) and lemmas (L,, L,)
apply to a particular execution trace.
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The inductive cover contains the pro-
gram P, the hand-simulation/symbol-
ic execution blocks P HS,, P HS,,
P HS;, and two lemmas with re-

spective blocks P L{, P L} L', L I HS3
PLiLF - LandpPLLPLIL, :
o, PLILT .o L9 corresponding to 0] - 0

proofs by recurrence on the data with
respective ranks A and 7.

Observe that the termination analysis method of [9] can be seen as
implicitly relying on Burstall’s proof method.

15.3 Trace-based semantic structural induction

The previous examples of Sect. 15.2 show the need to go beyond
purely syntactic, language-dependent induction and that induction
on states can be generalized to induction on trace segments. Con-
sequently, we introduce a general form of inductive reasoning on
the semantic structure of computations, first starting by induction
on blocks of trace segments and then their abstractions in Sect. 16.

15.3.1 Trace segment abstraction
We first observe that considering segments of traces is an abstraction.
The segment abstraction {(p(X**), C) y: (P(E*F), C)
at
o (T) & {cex™ |0’ e, 0" e 0'g0" €T}

is the set of segments of traces of 7. If T, T’ € p(X**), we define

TET 2 Tco'(T') = YoeT:30,0" 000" €T’
to mean that all traces of T are segments of the traces of 7”. We
define the join

L‘f_‘JT,‘ £ 7+(UT,) = {0','1 Oy, | Vk € [],i’l] Oy € Tik}

i€eA i€eA
to be the set of all the traces made out of segments in the 7}, i € A.

15.3.2 Inductive trace segment cover

Definition 2. An inductive trace segment cover of a non-empty set
X € p(X*°) of traces is a set C € €(y) of sequences S of members
B of p(a*(y)) such that

1.ifSS" e Cthen S € C (prefix-closure)
2.if S e Cthen 45’ : § = xS’ (root)
3.if SBB' € Cthen B ® B’ (well-foundedness)
4. if SBB’ € C then B C L—ij B (cover). O

SBB'eC
Example 19. An example of inductive trace segment cover is trace
partitioning [56]. O

Example 20. A variant function v € ¥ w5 N defines a trivial
inductive trace cover. Each value v € codom(v) defines segments
starting with states o~ such that v(o") = v of length at most v. O

The following definitions are classical for trees C € €(y).

root(C) = x
leaves(C) 2 (Bep(y)|3S:SBeCAVS' :SBS’ ¢C)
inner(C) £ {Begp(x)|3S,B.S’ :SBR'S’ € C}
nodes(C) £ leaves(C) Uinner(C)
sonsc(B) £ (B enodes(C)|3S,S’ : SBB'S’ € C}.



The immediate component relation B ¢ B = B’ € sons¢(B) =
S : SBB’ € C is well-founded, so that proofs on segments can be
done by induction on this well-founded relation. The component
relation . is its reflexive transitive closure. The blocks of a cover

C are nodes(C) £ {B € p(T) | B > Z}.

15.4 State cover induced by an inductive trace cover

Given an inductive trace cover C € €(y), y € 9(X**) of Def. 2,
define the abstractions

a®(C) 2 {®(S)|S €C} C € p((p(a* ()N*)
a®(S8") £ a®(5)a™(S") 5.8 € (pla())*
a®(B) £ {a®()|o€B) Be p(a*(y))
a®) £ {o;|i€[0,]o]-1]) ceat(y).

Then o'®(C) is an inductive state cover in the sense of Def. 1.

15.5 Trace cover induced by a inductive state cover

Inversely, given an inductive state cover C € €(y), y € 9(X) of
Def. 1, define

YO & (HS)IS e} C € p((p()))
YSS) & PSS 5,8 € (p())*
y'(B) £ B* Bep(y)

st
We have (p((9(E)"), € < (p((9(2))"), C) and y*(C) is an
inductive trace cover of y*. !

15.6 Syntactic trace cover

Similarly one can define the inductive state cover induced by the
syntax of commands of a programming language by considering the
states which control is in a given command. This in turns induces
a trace cover which is the basis for e.g. Hoare logic or structural
static analysis by induction on program commands, as opposed to
induction on program transitions as in dataflow analysis.

15.6.1 Inductive proof method

We have a sound and complete inductive proof method of a semantic
property @ [P] N y € P for an inductive trace cover C € €(y)

O™ [PnBe®P, Becleaves(C)
VB’ € sonsc(B) : @**[P[NB €P
O+ [PfNnBeP ’

basis

induction

B € inner(C)

In particular, for termination 7**[P] € X*[P] with a trace cover
C € C(Z*°[P]), we get

O™ [P] < BCZX*, Beleaves(C) basis

VB € sonsc(B): ©*[P] € B’ C X*
0[P c BC ="

Example 21. Another form of decomposition of reasonings on
termination is proposed by the transition invariants proof method of
Podelski-Rybalchenko [53] based on a relational semantics [15].

The transition invariants proof method of [53] can be seen as
the o abstraction of the above inductive proof method based on an
inductive trace cover of height 1 with root *[P] and sons a*(T}),
oo, a(T,) where Ty, ..., T, € (X*[P]) such that

O™[P]cX[P] < Viell,n]:0*[P[NT;CX".

, B einner(C) induction

The generalization by inductive trace covers is both on the use
of trace segments (instead of their relational abstraction of Sect.
7.1), and the possibility of recursive application of the method by
induction, including on data, a la Burstall [3]. O
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16. Abstract semantic structural induction

Assume that we can prove a program trace property in the concrete
using an inductive trace cover. Can we prove an abstract program
property using the abstraction of the inductive trace cover? We
have seen an example in Sect. 15.5. The question is whether this
observation is general.

16.1 Abstract inductive cover

Definition 3. An inductive abstract cover of a trace semantics
X € 9(Z*%) is an element C € A¢ of an abstract domain A¢ such

that yat
(PUPEN)T), S) == (Ac, Ec)

O

A standard way to define such inductive abstract covers is to
follow the example of Sect. 15.5 generalized to a block abstrac-
at

and y*(C) is an inductive trace cover of .

tion (p(X*), <) ; (Ap, Ep). We get the cover abstraction

(PU(Pp(ENN), ©) &= :/':'— (p((Ap)*), C) by generalizing a® to se-

(02
quences of abstract blocks and sets of such abstract sequences as
follows

YH(SS") S (ST S,8" € (Ap)”
y¥(O) SIS ecy C e p((Ap)") .

Then Ac is chosen to be the set of elements C € p((Ap)*) of
sequences S of members B of Ap such that

1.ifSS"eCthen S € C

2.if S € Cthen IS’ : § = a®(y)S’

3. if SBB' € C then y*(B) ® y*(B)

4. it SBB € Ctheny*(B) C 4] +*(B)

SBB’eC

Y
Y

(prefix-closure)
(root)

(well-foundedness)

(cover).

It follows that any C € A is an inductive abstract cover of the trace
semantics y € (%) in the sense of Def. 3.

Example 22. The transition invariant proof method of [53] follows
from the relational abstraction {(p(Z*), C) % (p(X x %), C)[15]
where a®(B) £ {(oo, 0, — 1) | n>0A0 € ;?ﬂ 3"} is limited to the
trace covers of the form given in Ex. 21. O
16.2 Abstract inductive proof

The inductive proof method of Sect. 15.6.1 can be abstracted as
follows.

@®(@*[P]) Cc B, B € leaves(C)
VB’ € sonsc(B) : @®(©*°[P]) C¢ B’
aa!(®+oo HP]]) Ce B+
The proofs a®(@**[P])) C¢ B can be done in the abstract by fixpoint

induction using a fixpoint abstraction of the fixpoint definition of
the trace semantics @ [P].

basis

induction

, Beinner(C)

17. Related work

Most directly relevant work has been cited in the text. For programs
with unbounded executions, any finite homomorphic abstraction
must introduce a loop so that finite model-checking [4] or bounded
model-checking [2] are unapplicable (or unsound) to prove termina-
tion (or non-termination). Nevertheless, predicate abstraction [41]
remains applicable since it is a finite encoding of an infinite ab-
stract interpretation [16]. With predicate abstraction the end-user
is left with the hard problem of providing candidate variant func-
tions [14], as in [1]. Moreover [27] shows that infinitary abstractions



with widening/narrowing, as considered in this paper, are definitely
strictly more powerful than finite abstractions. The computation
of variant functions by abstraction is new, and different from the
counter-example guided ways to find disjunctive ranking functions,
used in tools like Terminator [7] and derivatives.

18. Conclusion

Abstract interpretation has established constructive principles for
reasoning about semantics. A semantics is a fixpoint so proving a
semantic property at some level of abstraction consists in verifying
properties of abstract fixpoints which have to be checked (in
checking/verification methods), guessed (in proof methods), or
automatically inferred or approximated (in static analysis methods).

This principle was mainly applied in the past to invariance and
indirectly to termination by reduction to invariance. We have shown
that the abstract interpretation principle directly applies to both
safety (generalizing invariance) and termination.

Moreover we have generalized the classical syntactic structural
induction into the language-independent semantic concept of seman-
tic structural induction based on (abstractions of) inductive trace
covers which includes induction on syntax, control states, mem-
ory states, and execution trace segments and thus generalizes all
verification and static analysis methods.

This methodology allowed us to establish new principles for
proving termination by abstract interpretation of a termination
semantics. It remains to design a suitable collection of abstract
domains beyond the examples proposed in this paper and the
corresponding implementations.

The present abstract interpretation termination framework has to
be extended to liveness [6, 53] and more generally to inevitability
under fairness hypotheses [35, 52, 55].
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