Ecole normale supérieure, MPRI, M2 Year 2007/2008

Course 2-6 “Abstract interpretation: application to verification
and static analysis”

P. Cousot

Questions and answers of the partial exam of
Friday November 23", 2007, 8:45-11:45

The questions can be considered in any order (assuming the results of the previous ones).
The grade of each question will be marked independently of the others. If a question is
ambiguous or even erroneous, it is part of the question to solve the ambiguity or error. The
difficulty of each question is estimated by one star for the easiest and three stars for the more
difficult ones. Course handout and personnal notes are the only authorized documents.

1. Traces

Given a set S, we let S* be the set of finite sequences over the set § including the empty
sequence €, St 2 S*\ {e}, 8 be the set of infinite sequences over S, S* 2 §* U S¥ be the
set of finite or infinite sequences over S!, and S® £ ST U S* be the set of nonempty finite or
infinite sequences over S. We let |o| € NU {w} be the length of o € S, in particular |e| = 0
and 8™ = {0 € 8* | |o| =n}. We let « be the concatenation of traces so that cs0 = cee =0
and 0+¢ =0 when 0 € §¥. If 0 € ST then |o| >0 and 0 = 0ge01e...00p-1. f 0 € S
then |[o| =wand 0 = 0ge01e...00 . ...

Given X,Y € p(8%), we define X* 2 X NSt XY 2 XNSand X T Y £ X+ C
YTAXY DYV,

Question 1.1 (%) Prove that (p(S*), C) is a complete lattice (and provide the infimum,
supremum, least upper bound (lub) U and greatest lower bound (glb) M).

Answer to question 1.1
See the course, we have |_| X, = U Xy ﬂ X7 O
i€A i€A i€A

2. Trace semantics of the eager A-calculus

2.1 Syntax

The syntax of the A-calculus with constants is

IThe “proportional to” symbol o is used as a pictogram similar to “infinity” oo but with the possibility of
emptyness.



X,¥,Z,... € X variables
c € C constants (XN C = @)
c == 0]1]
v €V values
v = c| Ax-a
e € L errors
e »= calea
a,a’,ay,...,b,,... € T terms
a == x|v]aad

We write a[x < b] for the capture-avoiding substitution of b for all free occurences of x within
a. We let FV(a) be the free variables of a.

2.2 Trace semantics

We define the call-by-value semantics of closed terms (without free variables) T 2 {a € T |
FV(a) = o}.

The application (Ax+a) v of a function Ax «a to a value v is evaluated by substitution
a[x < v] of the actual parameter v for the formal parameter x in the function body a. This
cannot be understood as induction on the program syntax since a[x < v] is not in general a
strict syntactic subcomponent of (Ax «a) v. Recursion will be handled using fixpoints in the
complete lattice (p(T>), C) of traces defined in Question 1.1.

For a € T and o € T, we define the application a@Qo of a term a to a trace o to be
o' € T* such that Vi < |o| : 0, = a 0; and similarly the application c@a of a trace o to a
term a to be ¢ such that Vi < |o| : 0} = 0; a.

The bifinitary trace semantics S € ©(T™) of the closed call-by-value A-calculus T can be
specified in fixpoint form S = 1fp~ F where the set of traces transformer F' € p(T™) — o(T™)
describes big steps of computation

—

F(S) & {veT |veViu (a)
{(Ax*a)veax«—v]eo|veVAalx«—v|.oeS}U (b)
{c@b | o € S¥} U (c)
{(c@b)e(vb)eo |o£eNoeveE STAVEVA (VD)o € STU (d)
{a@o |a e VAG € S} U (e)
{(a@c).(av)ed' |a,vEVAT#eNTvE ST A(avVv).0' €S} . (f)

The definition of F has (a) for termination, (b) for call-by-value S-reduction, (c) and (d)
for left reduction under applications and (e) and (f) for right reduction under applications,
corresponding to left-to-right evaluation. (b), (d) and (f) cope both with terminating and
diverging traces.

Question 2.1 (xx) Prove that ' is C-monotone but not C-monotone (e.g. using the term
0 0 where 6 = Ax +x x).



Answer to question 2.1

C-monotony holds for (a) and U and can be proved for all cases (b)—(f) of the form
F(S) = {f(a,d,...,0,0") | p(a,a’,..) ANg(o) € ST Ah(c') € S} so that S C S implies
F(S) C F(9).

For a counter-example to C-monotony, define X+ £ X NT*, X¥ £ X N T* and consider
02 Axexx, X ={(06)} (where a® £ asasa....) and Y = {Ax+x 0).0, (0 6)°}. We have
XLCVYsince XT=2 C{(Ax+*x0).0} =Y and X« ={(0 0)} 2 {(0 0)“} = Y“. However
F(X) Z F(Y). Indeed by (d), we have (Ax+x 8) 8)+(6 6) (0 6)* = (Ax+x0) 6).(0 6)~ €
F(Y) while (Ax+x 6) 0)+ (0 0)* ¢ F(X) by examining all cases (a)—(F). O

Recall that ST 2 SNTH, 8¢ £ 5NT so ST NSY =2 and define
St 2 1fp” F* where FH(S) £ (F(S)'.
Define
S L ofp” ¥ where F¥(S) £ (F(StUsS¥))”.

Question 2.2 (x) Prove that St and S are well-defined.

Answer to question 2.2 B

By Question 2.1, F* € o(T*) — o(T*) is C-monotone so lfp- It does exist on the
complete lattice (p(T1), C, &, TT, U, N) by Tarski’s fixpoint theorem [2].

By Question. 2.1, F¥ € p(T¥) — o(T¥) is C-monotone so gfp~ F* does exist on the
complete lattice (p(T¥), C, @, T¥, U, N) by Tarski’s fixpoint theorem [2]. O
Question 2.3 (xx) Let LT and L™ be a partition of the set L. For all X,Y C L, define
XtTE2XNLT, X" 2XNL ,and (XCY)2 (Xt CYN)A(X DY), Let F € p(L) —
o(L) be C-monotone® such that VX C L: (F(X))* = F(X*). Define F*(X) £ (F(X™))*,
St=ifp Ft, F-(X)2 (STUF(X))", S =gfp F.

Prove that 82 St UGS~ = ifp- F.

Answer to question 2.3

{p(L), C) is a complete lattice and F' is C-monotone when so are F'* and F'~ proving that

Ifp- Ft and gfp~ F~ exist by Tarski’s fixpoint theorem [2]. We first prove that S is a fixpoint

of F.

S
= S5TuUS”
= FFSHUF(5)
(by fixpoint definitions St £ 1fp~ F* and S~ £ gfp~ F~§

= (F(S")TU(F(STUS))” {def. F'* and F~§
(F(S)TU(F(9))” (since (F(ST))" = (F(9))" and S5=STUS™ §
= F(5) (sinceVX CL: X=XTUX§

2hut not necessarily C-monotone.



To prove that S is the C-least fixpoint of F', let T' be another fixpoint of F' that is T' = F(T).
It follows that TTUT~ = (F(T))T U (F(T))” so Tt = (F(T))" and T~ = (F(T'))~ since
L* ﬂ L_ = @. Therefore TT = (F(T))" = (F(T*))t = FT(T") hence St C T since
S+ £ 1fp° Ft. Moreover T = (F(T))” =(F(TTUuT™))” 2 (F(STuUT))" F (T™) by
C-monotony of F. Tt follows that T— C S~ by Tarski’s fixpoint theorem [2] for gfp- . We
conclude that S C T by def. of C. O

By Question 2.1 and 2.3, it follows that
§ 2 StUSY = p F . (1)

Question 2.4 (xx) Prove that

§ = gj"pg ﬁ .
Answer to question 2.4

By Question 2.1, F' is C-monotone so gfp~ F exists by Tarski’s fixpoint theorem [2].

By Question 1, F’(lfpE ﬁ) =1p- Fsolfp- F Cgfp- F by def. gfp, proving (lpr ﬁ)+ C
(gfpg ﬁ)+ and (lfpE ﬁ)w C (gfpg ﬁ)‘“ Moreover ﬁ(gfpg ﬁ) = gfpg F so lfpg F c gfpg F by
def. Ifp , proving that (ifp~ F)“ D (gfp- F)* hence (fp- F)* = (gfp~ F)* by antisymmetry.

It remains to prove (ifp- F)* D (gfp- F)*. Given a trace < € (gfp” F)" = (F(gfp~ F))™,
we prove that ¢ € (F(ifp- F))* = (ifp~ F)™. The case (a) is trivial, the cases (c) and (e) are
impossible since ¢ is finite and cases (b), (d), and (f) follow by induction on the length ||
of ¢. In all these case, we have ¢ = f(0,0") € (F(gfp~ F))" with \a! < |§\ and |o'| < |§| SO
o,0' € (fp- F)* by induction hypothesis proving that < = f(o,0’) € (F(ifp- F))* = (ifp- F)*
by respective def. (b), (d), and (f) of F. O

Question 2.5 (%) Prove that the bifinitary trace semantics S is suffix-closed in that
VoeT®:a.0€8 — 0€5.

Answer to question 2.5

We proceed by structural induction on the closed term a. Assume a.o € S=F (§) The
case a.+0 = v is impossible since Vo € T : 0 # e.

Ifaeo=(Ax- a)v.a[x&v] o' then o = a'[x < v] « o’ € S by def. of F.

If a«0 = o’@b where o’ GS“’CSthena—(a b) and o' =a'.0” € Ss0 0" € 5% C S by
induction hypothesis proving that o = ¢”@b € F (S) S.

Ifaeo= (o ’@b) (v b).a where o’ « v E S+ and (v b)«0” € S then ¢/ = a’« 0" where
a=(a'b)soa.0”.ve §+C§ proving ¢ «v € St C S by induction hypothesis and so
o= (0"@b). (v b) .o" € F(S)=5.

If a. 0o = a'@Qo’ where o GS“’CSthena—(a b) and o/ = b.o" s0o 0" € 5¥ C S by
induction hypothesis proving that o = a’@¢” € F(S) = S.

Finally, if ae 0 = (a ’@J) (a’ v).a where a’,v € V, ¢’ .ve St and (a’ v)«o” € S then

=(ab)and 0’ =beo” sobec"” v E S+ proving that ¢’ «v € S* by induction hypothesis
hence o = (a’@¢”) « (3’ v) . 0” € F(5) =S. O



Question 2.6 (x) Prove that the bifinitary trace semantics S js total in that it excludes
intermediate or result errors

VaGT:/HU,O'/ETO(,EE[Eia-O'.e.U/€§.

Answer to question 2.6
Assume, by reductio ad absurdum, that a.c.e.o’ € S then e. 0 € S since S is Sufﬁx—closed.

By structural induction on e, if e = e; a then, by definition of S = (S) 30" s e1.0” €5,
which is impossible by induction, or e = ¢ a and then 30" : ce0” € S = F (S) so 0" = €, which
excludes all cases (¢)—(f), the only possible ones for e. O

Question 2.7 (x) Prove that the finite mazimal traces are blocking in that the result of a
finite computation is always a final value

Vo e T®U{el:0.beS" = beV.

Answer to question 2.7 .
By induction on the length of o and definition of St = F(S)NT*. O

3. Relational semantics of the eager A-calculus

3.1 Relational abstraction of traces

The relational abstraction of sets of traces is
a € p(T%) — (T x (TU{Ll})) (2)

alS) = {{oo, opn-1) o€ SA|o|=n}U{(op, L) |o € SA|o| =w}
7€ p(Tx (TU{l})) — o(T%)
YT) & {oeT®|(lo|=nA{oy, 0n1) €T)V (lo| =wA (oo, L) €T)}

Question 3.1 (%) Prove that

(p(T®), C) —= (p(T x (TU{L})), C) . (3)

Answer to question 3.1

a(S)CT
— {{o0, opn_1) |c€SN|o|=n}U{{op, L) |oc€SA|o|=w}CT
{def. af
<~ VoeSt: (o, Olo|-1) € TY AVo € S : {0p, L) €T¥
{def. C, ST £ 5NTH, and S¥ £ SN TS
<~ ST C{o|lo|=nA {00, 0n1) €TINS C{o||o|=wA (0g, L) €T}
{def. S, TT2TN(TxT),and T 2T N (cT x {L})§
— SCH(() (S =STUSY and def. v(T)S§



O
The bifinitary relational semantics S £ «(S) = a(lfp- F) can be defined in fixpoint form
as Ifp- F' where the big-step transformer F € o(T x (TU{L})) — o(T x (TU{L})) is
F(T) £ {{v,v)|veViu (4)
{{(Axsa)v, ) |[veVA(ax«—v], r)eT}U

)

), Y| {a, vy eTTAveVA((vb), ryeT}U
), LY |laeVA(b, L)yeT}U

), ryla,veEVA(b,v)eT A {(av), r)eT}.

Question 3.2 (x) Prove that F is C-monotone but not C-monotone.

Answer to question 3.2

C-monotony holds for the first constant case and U and can be proved for all other cases
of the form F(S) = {f(a,a,...,0,0") | p(a,a’,...) Ag(o) € ST Ah(c’) € S} so that S C 5’
implies F'(S) C F(5).

The counter-example of Question 2.1, X = {((# 0), L)} and Y = {(Ax-x 0, 0),(0 6, L)}
with X C Y but F(X) Z F(Y) shows the absence of monotony. O

Question 3.3 (xx ) Prove the commutation property o(F(S)) = F(a(S))
Answer to question 3.3

o is a complete U-morphism, so we calculate a(F(S)) by cases.

— a({veT? |veV)

= {{v,v)|veV} (def. @ and |v| = 1§
— a({(Ax+a)veax«—v]eo|veVAalx—v].oce S}
= a({(Ax+a)veax —Vv]eo|veVAaax—v].ce ST}HU

a({(Axea)vealx —v]eo|vEVAax«—V|.o€ S}

(S =STUSYand «a preserves lubs§

= {((Ax+a)v,r)|veVA(ax V], r)€alS)T}u
{{(Ax=a)v, L) |veVA(alx —v], L) e a5} {def. af

= {{((Axea)v,r)|veVA(alx —v], r)e€alS)}
{def. T*2TN(TxT)and T* 2T N (T x {L})§

— a({c@b| o e S}

= {{(oob), L) o€ S5} {def. o« and @§
= {{(oo b), L) [ (00, L) € a(5)} Ldef. of
= {{(ab), L) | (a, L) € a(S)} (S CT®s00peT§

(
{
{
{
— a({(c@b).(vb)ec' |ceve STAVEVA(vb).o' € 5})

—6—



{(c@b)e(vb)ed' |ceveE STAVEVA (VD)oo € STHU
a({(c@b)e(vb)eo' |ceve STAVEVA(vD).o € S})
(S =STUSYand «a preserves lubs§

= {{(ogb), 7)|ceveSTAVEVA((vb), r)ealS)"}U
{{(cb), L)|oceve STAvEVA((vb), L)€ a(S)“}) {def. o and @§

= {{(o¢ b), ) | {00, V) € a(S)T AveVA{(vb), r) € a(S)}
{def. TH2TN(TxT), T*2TnN(T x{L}), and af
= {(@ab), r)| (@ v) €a(S) " AveVA((vb), r)ealS)}
(S CT*®soaoy€eT§

— a({a@o |a e VA0 € S¥Y})
= {{(aog), L)|aeVAceS“} {def. @ and @§
= {{(a o), LY|a€e VAo L)€ als)} {def. aand T* 2 TN (TU{L})S
= {{((ab), L)|aeVA(b, L)€ a(S)} (SCT*®so0p€eT§
— a({(@@o).(av).o'|a,veEVAT.vE ST A(aV)eo €S})
= oa({(a@o).(av)ed’' |a,veVAT.vESTA(av)ed' € STHU

a({(a@c)«(av).o' |a,vEVAT.vESTA(av).o' € 5¥Y})

(S = ST USYand «a preserves lubs§
= {{(a o), ) |a,veEVA{gy, v)€al(S)T A{(av), r) € alS)T}uU
{{(a 00), L) |a,v EV A (og, v) € a(S)" A{((av), L) € a(9)“} {def. of
= {((ab), r)|a,ve VA (b, v) € a(S)A((av), r) € a(S)}
(T* 2 TN (TU{L}) and S C T so oy € T§

—

Hence, we have the commutation property a(EF(S)) = F(a(S)) when defining F by (4). O
Question 3.4 (x) Prove that g§' 2 a(SH) = ifp” F+ where FH(S) 2 F(SH).
Answer to question 3.4

To prove that a(St) = a(ifp~ F*) is equal to lfp~ F+ = @Jr, we observe that « preserves
Uand a o F* = F* o a by Question. 3.3 so a(lfp- F*) = 1fp~ Ft by [1, Th. 3]. O
Question 3.5 (xxx) Prove that 572 a(S%) = gfp"~ F* where F*(S) £ (ﬁ(§+ U S«))v.
Answer to question 3.5

We must prove that a(S¥) = a(gfp” F*) is equal to gfp”~ F* = 5",
— To prove that a(gfpg ﬁ”) Cgfp- ﬁ*’, we let X% § € O and 75, 0 € O be the respective
transfinite iterates of £ and F* from X° = T% and X = T x {1} so that a(X°) C X"
hence X° C v(yo) by (3) in Sect. 3.1. Assume, by induction hypothesis, that V5 < ¢ :
X% € (X”). We have V3 < 8 : (Nys X¥) € 4(X”) hence (Nses X7) € (Npes7(X7))
by definition of the greatest lower bound (glb) N and theregore (Nges X”) C v(Np<s Yﬂ)
by (3) in Sect. 3.1 so X° = F(Nzs XP) C ﬁw(v(ﬂﬁ<5yﬂ)) by monotony. It follows
that X° C v(ﬁ”(ﬂﬁ<57’g)) = v(X’) since @ o F* = F* o a by Question. 3.3 implies

-7



oo F¥ory=F“oqo~hence ao F¥ oy C F¥ by (3) in Sect. 3.1 and monotony that is
F“ o~y Cvo F¥ by (3) in Sect. 3.1. Hence I\ € O : gfp~ F* = X* C 7(7/\) = (gfp" F*)
and we conclude by (3) in Sect. refsec:Relational-abstraction-of-traces.

— To prove that gfp" Fe C Oé(gfpg ﬁ“’), we show that V(a, 1) € efp” F¥ : Jo € gfp” F¥
0o = a. To do so for any (a, 1) € gfp- F “ we prove by transfinite induction on 9 that

Vo e O >0:VYa, L>ngpgﬁwzﬂaeﬂ“’:00:a/\ae ﬂXﬁ.
B<o

For § =1, Nses X° = X° = T® and a € T.

Assume by induction hypothesis, that 30 € T : 69 =aAVn € O:0<n < :0 €
Np<n XP. We have 0 € M5 Ny X = Npws X” et we must show that Jo € T : 0y =
aNo e X0 = ﬁw(ﬂﬂ<5 X7?). Because the iterates X° & € O are decreasing, this implies
HUE-H—WZUOIE]/\O'EﬂﬁQ;Xﬁ.

It remains to show, by structural case analysis on a, that if ¢ € S : 09 = a, then
Jo’ € F(S) : o) = a where S = N5 X".

— IfaeVthen (a, 1) ¢ gfpg s

— Ifa= (Ax-a) v, v eVthen (a, L) € gip F¥ = F¥(gfp- F*) so by (4), (a[x — v],
1) € gfp- F. By induction on d, we have 3o’ € T : 0, = a/[x «— V] Ao’ € Np<s X7 so that,
by (b), (Ax=a’) ved[x «—vVv]e0o' € ﬁ(ﬂﬂ<5 XP) = X°.

— If a = (a’ b) then there are four subcases.

— If (@, 1) e gfp” Fv C Np<s X then, by induction hypothesis on d, we have 3o’ € T* :
oy =a' Ao’ € Nes X7 50 that, by (c), 0’@b € F(Ngs X) = X? is such that o = (a’ b) = a
by definition of @.

— If (', v) € g = a(St),veV, and ((vb), L) € gfp- F* then, by induction hypothesis
on §, we have 3o’ € T : o) = (v b) A 0’ € N5 X?. By definition (2) of v in Sect. 3.1, there
exists ¢ € Tt : ¢ € ST Alg] = n A (S, sa_1) = (a', v) proving by definition (d) of F that
do” = (s@b)so’ € ﬁ(ﬂ6<5 X?) = X% where, by definition, cec3cs¢’ £ ¢oce¢’. We have
oy = (s@b)y = (s@b) = (a’@b) = a.

— Ifa’ € Vand (b, 1) € gfp- F* then by induction hypothesis on 8, 30/ € T% : gy =
b Ao’ € Nges X proving by definition (e) of F that o = a’Qo’ € F(Nses XP) = X? with
oo = (a'@Qo")y = (' o) = (' b) = a.

— Ifa,veV, (b v)e g = a(§+), and ((a’ v), L) € gfp” F* then, by induction hypothesis
on ¢, we have 3o’ € T : o = (a’ v) Ao’ € N XP. By definition (2) in Sect. 3.1 of «,
there exists ¢ € TT: ¢ € ST Alg| =n A (g0, su_1) = (b, v) proving by definition (f) of F that
('Q¢) 30" € F(Nges X7?) = X% with o = (a’Qc)y = (2 ) = (a’ b) = a. O

Question 3.6 (x) Prove that sS4 a(g) = a(ifp ]3) =1ifp F.
Answer to question 3.6 B B

By (1) and Question 3.3, we have S = F(S) so S £ a(S) = a(F(S)) = F(a(S)) = F(5)
proving that S is a fixpoint of F. By Questions 3.4, 3.5, and 2.3, we have S5 = 1fp- F. O

Contrary to the case of the trace semantics in Question. 2.4, the relational semantics
cannot be defined coinductively.



Question 3.7 (%) Prove that (ifp- F)™ C (gfp- F)* and (ifp- F)* = (gfp- F)* so
S # app F.

Answer to question 3.7

By Question 3.2, F is C-monotone so gfp~ F exists by Tarski’s fixpoint theorem [2].

By Question. 3.6, F(ifp- F) =1fp- F so Ifp- F C gfp- F by def. gfp , proving (1fp- F)t C
(gfp” F)* and (ifp~ F)* C (gfp” F)*. Moreover F(gfp~ F) = gfp~ F so Ifp- F C gfp~ F by
def. 1fp , proving that (lfpg ﬁ)“’ ) (gfpg ﬁ)“’ hence (lfpg ﬁ)“’ = (gfpg ﬁ)“’ by antisymmetry.

Let 0 2 Axexxand 0 £ Xf+ Ax+x. (66, 0) belongs to T . If (9 6, 0) = (x x[x — 4], 0)
belongs to an iterate of F' then, by def. (4) of F, (Ax+x x) 0, 0) = (8 6, 0) belongs to the
next iterate, heqnce7 by transfinite induction on the iterates, to gfpg F. However, there is no
finite trace in S starting with term 6 6 and ending with term 0 so, by Question. 3.6, (6 6,

0) € o(S) =1fp- F, proving (ifp- F)* # (gfp~ F)*. O
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