Electronic Notes in Theoretical Computer Science 6 URL: http://www.elsevier.nl/locate/entcs/volume6.html 24 Constructive Design of a Hierarchy

of Semantics of a Transition by Abstract Interpretatio(Extended Abstract)

Patrick LIENS, Ecole Normale Supérieure, 45 rue d’Ulm, 75230 Paris cedex France, cousot@dmi.ens.fr, http://www.dmi.ens.fr/~cousot

We construct a hierarchy of semantics by successive abstract interpretations. Start-

ing from a maximal trace semantics of a transition system, we derive a big-step semantics, termination and nontermination semantics, natural, demoniac and gelic relational semantics and equivalent nondeterministic denotational semantics,

D. Scott’s deterministic denotational semantics, generalized/conservative/liberal predicate transformer semantics, generalized/total/partial correctness axiomatic semantics and corresponding proof methods. All semantics are presented in uniform fixpoint form and the correspondence between these semantics are through composable Galois connection.

Intromain idea of abstract interpretation is that program static analyzers ef-

fectively compute an approximation of the program semantics so that the specification of program analyzers should be formally derivable from the specification of the semantics [8]. The approximation process which is involved this derivation has been formalized using Galois connections and/or widening

narrowing operators [9]. The question of choosing which semantics one should start from in this calculation based development of the analyzer is not obvious: originally developed for small-step operational and predicate semantics [10], the Galois connection based abstract interpretation theory wlater extended to cope in the same way with denotational semantics order to make the theory of abstract interpretation independent of the initial

? Expanded version of an invited address presented at the Thirteenth Annual Conference on Mathematical Foundations of Programming Semantics (MFPS XIII, CMU, Pittsburgh, PA, USA, 24 March 1997) dedicated to Professor Dana S. Scott on the occasion of his 65th birthdayear. This work was supported in part by esprit atlantique, hcm netwabile and ltr project 8130 “lomaps”. ◯1997 Published by Elsevier Science B. V.

P. choice of the semantics we show in this paper that the speci↓cations of semantics can themselves be developed by the same Galois connection calculation process. It follows that the initial choice is no longer a since the initial semantics can later be re↓ned or abstracted exactly with-

out calling into question the soundness (and may be the completeness) of the previous semantic abstractions.

Abstraction of Fixpoint Seman2.1 FixpSemantics

A fixpoint semantic specification is a pair ⟨D, ⊒⟨⌉∇⌉ semantic domain ⟨⊑, ⊥, ⊔⟩ ⟩∫ ⊣ √≀∫⌉⊔ ⊒⟩⊔⟨ √⊣∇⊔⟩⊣↕ ≀∇⌈⌉∇ ⊑⇔ ⟩\⊙⇕⊓⇕ ⊥ √⊣∇⊔⟩⊣↕↕† ↕⌉⊣∫⊔ ⊓√√⌉∇ ⌊≀⊓\⌈ ⇐↕⊓⌊⇒ ⊔ ⊣\⌈ ⊔⟨⌉ semantic transformer F −DatotalmonotonemapfromD to D assumed to be such that the iterates of from ⊥⇔ ⊔⟨⊣⊔ ⟩∫ = ⊥⇔ δ= F ↼↽ for successor ordinals δ⇁1

Δ δ<λ δ limitordinals λarewelldeβned↼e▷g▷when⟨D, ⊑, ⊥, ⊔⟩ ⟩∫⊣⌈⟩∇⌉⌋⊔⌉⌈↖⌋≀⇕√↕⌉⊔⌉√⊣∇⊔⟩⊣↕≀∇⌈⌉∇≀∇DCPO∪∞⊎⇒↙ B† ⇕≀\≀⊔≀\†⇔ ⊔⟨⌉∫⌉ ⟩⊔⌉∇⊣⊔⌉∫ {≀∇⇕ ⊣\ ⟩\⌋∇⌉⊣∫⟩\} ⌋⟨⊣⟩\⇔ ⟨⌉\⌋⌉ ∇⌉⊣⌋⟨ ⊣ ⊙§√≀⟩\⊔ ∫≀ ⊔⟨⊣⊔ ⊔⟨⌉ iteration orcan be defined as the least ordinal ϵ such that F ↼↽ / F ▷ speciβes fixpoint semantics S as the ⊑↖↕⌉⊣∫⊔ ⊙§√≀⟩\⊔ S = F / of F 2.2 Fixpoint Semantics TrIn abstract interpretation, the concrete semantics is approximated by ↼usually computable↽ abstract semantics , , ⟩ and ⟨, ♯

, , , ♯ , ⟩ are complete latticIf the abstraction function α ∈ ♮ −−isacomplete⊓-morphismsatisfyingthe commutationinequality∘ α♯ ∘ andthe post-fixpoint correspon- dence ∀y ∈ ♯ . ♯ ↼y↽ ♯ y /⇒ ∃x ∈ ♮ . α↼x↽ / y ∧ ♮ ↼x↽ x α↼lfp = lfp .

2.3 Semantics AbstrAn important particular case of abstraction function α ∈ −−→ is when

α preserves existing lubs ( i∈Δx) i∈Δ α↼i ↽▷ In this case there exists unique map γ D ♯ −D^♮ ↼socalledtheconcretizationfunctionsuch thatthepair⟨α,⟩ ⟩∫ ⊣ Galois connection, written: ⟨D^♮ , ⊑^♮⟩ →← ⟨D^♯ , ⊑⟩ which means that ⟨D , ⊑ ⟩ ⊣\⌈ ⟨D , ⊑ ⟩ ⊣∇⌉ √≀∫⌉⊔∫⇔ α ∈ D−D γ∈ −−→ and ∀x ∈ . ∀y ∈ . α↼x↽ ⊑ y ⇒ x γ ↼yα surjective ↼resp▷ injective bijective↽ then we have a Galois insertion written

→→

←α^γ embedding^{written}

−→←−

α bijection written →−→←α^{↽▷ The use of} Galois connections in abstract interpretation was motivated by the fact that α↼x↽ is the best possible approximation of x ∈ D^♮ within ♯ ♭910♯▷ We use the fact that Galois connections compIf ⟨, Δ

= + ∪ ω , ∞ i∈X^+ i∈Δ ∪ ω_{i∈} X^ω , ∞ i∈Δ X_{= + i∈Δ} ∪ ω_{i∈} X^ω If ⟨℘↼), ⟩ and ⟨℘↼↽, ⟩ are posets (respectively DCPOs, complete

lattices) then so is ⟨℘↼∞ ⇒, ∞ ⟩. + and ω are monotone (resp. Scottcontinuous, a complete ⊔-morphism) then so is ∞In all cases, ∞ = + + ∪ ω 2.5 FixpIterates ReorFor some fixpoint semantic specifications ⟨D, ⟩ ⊔⟨⌉ ⊙§√≀⟩\⊔ ∫⌉⇕⊣\⊔⟩⌋∫ =

⊑ F lfp F can be characterized using several diαerent orderings ⊑⇔ ⪯⇔ ⌉⊔⌋↙ ≀\ ⊔⟨⌉ ∫⌉⇕⊣\⊔⟩⌋ ⌈≀⇕⊣⟩\ D in which case the iterates are the same just ordered diαerenTheorem 2.4 (Fixpoiniterates reordering) L⟨⟨, ⊑, ⊥, ⊔⟩, be fixpoint semantic specification (the iterates of F i.e. F

0^= ⊥, F δ= F ↼F γν�Γτ�λα�αΔq�EUnϖτ 0 ⃗= [0, n − ∞⊎ −−Aisthesetofβnitesequencesσ..n−length|σ=n∈N⋊≿�∖⅁⋖≂⅁�≈A= ∪ n>⃗thesetof nonemptyβnitesequencesoverA▷ The βnite sequences are ⃗ = A A^{while the infinite ones} σ / . .^n . . . are = N −→ A▷ The length of an inβnite sequence σ ∈ ⃗|σ=ωsequencesare= ∪ while the nonempty ones are ⃗∞ = ∪ 4.2 Concatenation and Junction of SequencThe concatenation of sequences η, ξ ∈ ⟩∫ η · ξ / η when |η| ℑ ω whereas it

is η · ξ / . . η_{n−1}0 . . . when |η| ℑ n▷ empty sequence is neutral ⃗ϵ · η / η ·⃗ϵ / η▷ The concatenation extends to sets of sequences A and B ∈ ℘↼∝ ⌊† A · Δ = {η · ξ | η ∈ A ∧ ξ ∈ B}N≀\↖⌉⇕√⊔† ∫⌉∐⊓⌉\⌋⌉∫ η, ∈ ⃗⊣∇⌉ joinable, written ξ if |η| ℑ ω which case the join ξ is η or |η| ℑ n and n−= in which case the ξ is . . n−. . .▷ The junction of sets A and B ∈ ℘↼⃗⇒ ≀{ \≀\↖⌉⇕√⊔∫⌉∐⊓⌉\⌋⌉∫ ⟩∫ ⌢

Δ = {ξ | η ∈ A ∧ ξ ∈ B ∧ ⌢ ξ}↙ M⊣§⟩⇕⊣↕ T∇⊣⌋⌉ S⌉⇕⊣\T⟨⌉ maximal trace semantics ⃗≀{ ⊔⟨⌉ ⊔∇⊣\∫⟩⊔⟩≀\ ∫†∫⊔⌉⇕ ⟨±, τ ⟩ ⟩∫ ⊔⟨⌉ |≀⟩\

⃗= + ∪ ω of the infinite traces Δ

= {σ ∈ ⃗ω | ∀i ∈ N ⇍ σ_i τ σ

i+1⊣\⌈ maximal finite traces τ Δ = n>⃗allsets⃗= {σ ∈ ⃗| n−∈ ≤τ ≀{ ⊔∇⊣⌋⌉∫ ≀{ ↕⌉\}⊔⟨ n terminating with a βnal◁blocking state in κ= {s ∈ ± | ∀′ ∈ ± ¬ ¬⇐s τ ′⇒} ⊒⟨⌉∇⌉ ⃗n^Δ= {σ ∈ ⃗n | ∀i < n − ∞ ¬ σ_i τ σ_{i+1}} ⟩∫ ⊔⟨⌉ ∫⌉⊔ ≀{ partial execution traces of length n⃗⃗⃗⟩ with X ⊑

⃗∞ = ⊆ ω ⊇ ω , = X ∩ ⊤^⃗⊤^{⃗ℑ} , = X ∩ ⊥^⃗and ⊥^{⃗ℑ ⃗}The non-determinism of the transition system ⟨±, τ ⟩ ⇕⊣† ⌊⌉ ⊓\⌊≀⊓\⌈⌉⌈↙

O⌊∫⌉∇⊑⌉ ⊔⟨⊣⊔ ⊔⟨⟩∫ ⌈≀⌉∫ \≀⊔ ⟩⇕√↕† ⊣⌊∫⌉\⌋⌉ ≀{ S⌋≀⊔⊔↖⌋≀\⊔⟩\⊓⟩⊔† ≀{ ⊔⟨⌉ ⃗≀{ ⊔⟨⌉ ⊙§√≀⟩\⊔ ∫⌉⇕⊣\⊔⟩⌋∫ ⃗⃗⊥ ⃗⃗⊣∫⊣↕∇⌉⊣⌈†≀⌊∫⌉∇⊑⌉⌈⌊†∪△⊎⊓∫⟩\} √∇≀}∇⊣⇕⌉§⌉⌋⊓⊔⟩≀\O\⌉⇕⊣†⊒≀\⌈⌉∇⊒⟨†⇔{≀↕↕≀⊒⟩\}∪∞∈⊎⇔⊒⌉⟨⊣⊑⌉⌋⟨⊣∇⊣⌋⊔⌉∇⟩‡⌉⌈⊔⟨⌉⊔∇⊣⌋⌉∫⌉↖

⇕⊣\⊔⟩⌋∫⊣∫⃗ℑ ↕{√ ⃗∞ ⃗⃗τ^{⃗}{√} ⃗⃗∞ ⟩∫ ⌊≀⊔⟨ ⇕≀∇⌉ {∇⌉∐⊓⌉\⊔↕† ⟩\ ⊔⟨⌉ ↕⟩⊔⌉∇⊣⊔⊓∇⌉ ⇐⌉↙}↙ ∪∋⊎⇒ ⊣\⌈ ⊣√√⊣∇⌉\⊔↕† ∫⟩⇕√↕⌉∇↙ T⟨⟩∫ ⟩∫ ⌊⌉⌋⊣⊓∫⌉ τ ⃗⃗⊥

⃗⃗⇕⊣† ↕⟩{⊔ ⊔≀ {⊓∇⊔⟨⌉∇ ⊣⌊∫⊔∇⊣⌋⊔⟩≀\∫ ⊒⟨⟩↕⌉ ⃗ℑ ⃗⃗⌈≀⌉∫ \≀⊔↙ F≀∇ ⊣\ ⌉§⊣⇕√↕⌉⇔ ↕⌉⊔ ⊓∫ ⌋≀\∫⟩⌈⌉∇ √≀⊔⌉\⊔⟩⊣↕ 5.4 Potential Termination The potential termination semantics � � � � ⟨±, τ ⟩ √∇≀⊑⟩⌈⌉∫

⊔⟨⌉ ∫⌉⊔ ≀{ ∫⊔⊣⊔⌉∫ ∫⊔⊣∇⊔⟩\} ⊣\ ⌉§⌉⌋⊓⊔⟩≀\ ⊒⟨⟩⌋⟨ may terminate, that is Δ= ⊴ ⃗∞ ⊒⟨⌉∇⌉⊔⟨⌉G⊣↕≀⟩∫⟩\∫⌉∇⊔⟩≀\⟨℘⃗∞ ⇒, ⃗∞ ⟩→→

←γ

⟨℘↼Σ↽⊆⟩⟩∫⌊†�ΓXRS0�μΦΘUζ�ϱκRaζ�ϵ,0suchthat k>(↽ / k>{⟨a, b⟩} ℑ {⟨a, b⟩} ⊒⟨⟩↕⌉ k>/ ∅

∫⟩\⌋⌉ n b ∈ k>0k for n > 0 is in contradiction with n b ∉ n+1 so that ( k>↽ / (∅⇒ ℑ ∅

P. 32

s 31