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A B S  T  R A C T

' the absty.act  tn tez,pretat ion of  orograrns is  a mathemat ica l  r ' rodel

f o r  s t a t i c  a n a l y s i s  o f  p r o g r a n s  :

a  ne \ {  i n te rp re ta t i on  i s  g i ven  to  t he  D rog ran  tex t  and  th i s  a1 lows

the  bu i l d i ng  o f  a  sys tem o f  esua t  i ons  .  The  ana l  ys i  s  o f  t he  p rog ram t l " I en

c o n s i s t s  i n  v e r i f y i n g  t h e t  a  s o l u t i o n  o r o v i d e d  b y  t h e  u s e r  i s  c o r r e c t ,

o r  i n  c o m p u t i n g  t h i s  s o l u t i o n ,  o r  e l s e  i n  d i s c o v e r i n 3  a  g o o d  a n n r o x i r n a -

t i o n  o f  t h i s  s o l u t i o n .

*  A t t a c h 6  d e  R e c h e r c h e  a u  C . N . R . S " .  L a b o r a t o i r e  A s s o c i 6  n o  7 .

* *  Th i s  wo rk  was  suppo r ted  by  IR IA -SESORI  unde r  g ran ts  75 -035  and  76 -160 .



?

T h e  a b s t r a c t  i n t e r p r e t " a t i o n  o f  o r o g r a m s  \ r a s  f o r n a l i z e d  i n  C o u s o t

I � 1 9 7 7 a 1 .  0 n 1 y  a  f e w  l a t t i c e  t h e o r e t i c a l  r e s u l t s  a r e  r e c a l l e d  h e r e  f o r

t h e  o a p e r  t o  b e  s e l f - c o n t a i n e d .

Our  ma in  pu rpose  i s  t o  sho rv  t ha t  mos t  D roq ram ana l ys i s  t echn i c rues

m a y  b e  u n d e r s t o o d  a n d  n o d e l l e d  a s  a b s t r a c t  i n t e r p r e t a t i o n s  o f  p r o g r a n s .

T h i s  i s  i l l u s t r a t e d  b y  t h e  f o l l o w i n g  e x a m o l e s  :

-  G l o b a l  d a t a  f l o w  a n a l y s i s ,

-  A n a l y s i s  o f  p r o g r a m  o e r f o r m a n c e ,

-  D e n o t a t i o n a l  s e m a n t i c s  o f  o r o q r a m s ,

-  P r o o f s  o f  D r o g r a m  D a r t  i a l  c o r r e c t n e s s ,

-  P r o o f s  o f  p r o g r a m  t e r n i n a t i o n ,

-  S y m b o l i c  e x e c u t i o n  o f  p r o q r a m s "

-  T y p e  v e r i f i c a t  i o n / d i s c o v e r y ,

-  F i n i t e / i n f i n i t e  s t a t e  D r o g r a n  a n a l y s i s .

T h e  a p p l  i c a t i o n  o f  a b s t r a c t  i n t e r p r e t a t i o n  i n  s t u d v i n . q  t h e s e  a D p a -

ren t l y  un re la ted  techn iques  rende rs  t he  connex ion  be tween  them c lea r  and

s t ra igh t f  o rwa rd .  Moreove r ,  nu rT le rous  m is -unde rs tood  n rob le rns  a re  h iq i r -

l  i gh ted  r , vhen  exp la ined  by  t he  node l  o f  abs t rac t  i n te rn re ta t i on  .

1 .  I N T R O D U C T I O N

Le t  us  i n t roduce  t i l e  abs t rac t  i n te r i : r r e ta t  i on  o f  p ro l l r a rns  by  neans

o f  a  ve ry  i n tu i t i ve  and  t r i v i a l  exa rnp le .  Suppose  \ ^ /e  a re  i n te res ted  i n  d i s -

c o v e r i n 3  t h e  s i g n  o f  t h e  i n t e q e r  v a r i a b l e  i  i n  t h e  ( n o n - t e r m i n a t i n g )  D r o g r a m :

i : =  I  ;  r . r h i l e  t r u e  d o  i : =  i + l  ;

L e t  u s  n o t e  i  t h e  f a c t  t h a t  i  i s  p o s i t i v e ,  :  t h a t  i  i s  n e g a t i v e ,

i  t he  f ac t  t ha t  i  i s  an  i n tege r  wh i ch  s i . qn  i s  unknown .  l Jo r  reasons

wh ich  w i l l  be  exp l i c i t ed  l a te r  we  no fe  r  t he  f ac t  t ha t  no th ing  i s  kno r l n

a b o u t  i .

B e s i d e s  w e  a s s o c i a t e  i n v a r i a n t s  p , ,  p 2 ,  p 3  w i t h  v a r i o u s  o o i n t s

{ t } ,  { 2 }  a n d  { f }  o r  t h e  p r o g r a m  :

i  : =  I  { t }  ;  w h i l e  t r u e  d o  { 2 }  i  : =  i + l  { 3 }  t

T h e  v a l u e  o f  P ,  ,  P z ,  P ,  m a y  b e  i ,  l ,  i  o r  a  d e p e n d i n g  o n  t h e  d y n a m i c  p r o -

p e r t i e s  o f  i  a t  t h e  r e s D e c t i v e  D r o g r a m  p o i n t s  { t } ,  { Z }  o r  { : } .



Acco rd ins  t o  t he  seman t i cs  o f  usua l  p rog ramrn inq  l anquaqes ,  \ , r e

know that  :

*  i  i s  p o s i t i v e  a t  p r o € i r a m  p o i n t  { l }  s i n c e  i t  i s  e q u a l  t o  l .

The re fo re  :

P . = i_ I

-  T h e  s i g n  o f  i  a t  n o i n t  { 2 }  m a y  b e  P ,  w h e n  c o m i n q  f r o m  p o i n t  { l }

o r  P ,  w h e n  c o m i n g  f r o m  r o i n t  { 3 } .  T h e r e f o r e

P ^ = P . o r P -
z L 5

where  the  ope ra to r  c r r  i s  de f i ned  by  :

i o r i = i

i g t t = i

i o t i = i

i o r r = i

e t c .

-  F i n a l  l y  s u p p o s e  t h e  s i g n  o f  i  i s  P 2 ,  t h e  s i g n  o f  " i + 1 "  i s " , o 2  0  * " ,

w h e r e  t h e  o p e r a t o r  S  i s  d e f i n e d  b y  t h e  r u l e s  o f  s i g n s  :

i  s  i -

: B * =

r $ + -

6 f o

H e n c e  t h e  s i g n  P ,  o f

f o r e

P  = P- 3  ' 2

r  s imp le  reason ing  ! . e r rn i t s  t o  es tab l i sh  a  sys tem o f

w e e n  t h e  t h r e e  i n v a r i a n t s  P 1  ,  P 2 ,  P 3  :

n r P" *  3

t s +

e d  n o t  s a l i s f y  a n y  o t h e r  c o n s t r a i n t ,  a n y  s o l u t i o n  o f

i o n s

o r X
3

f f i ;

b l e  c a n d i d a t e  f o r  t h e  i n v a r i a n t s  -

+

-

T

I

i  a f t e r  t h e  a s s i g n e m e n t " i  : =  i + 1 " i s " P ,  s  i " . T h e r e -

8 ;

Not i ce  t ha t  ou

t h r e e  r e l a t i o n s  b e t

l P .  = i
\ ,
( P ,  = P l

I
\ P t = P 2

S i n c e  P l  ,  P 2 ,  P ,  n e

the  sys tem o f  equa t

/ r . = ir
] V  - Y
\ . ' c . . 1

t . . '
I x " = Y .
l J . -

r v o u l  d  b e  a n  a c c e p t a

L



S o l u t i o n s  o f  t h a t sys tem ex i s t ,  and  i n  gene ra l  a re  no t  un ique  :

( a )

( b )

a  b e s t  s o l u t i o n  ( a )  e x i s t s  s i n c e  i i s  a  m o r e  p r e c i s e  r e s u l t  t h a n

can  be  au toma t i ca l l y  cons t ruc ted  by  success i ve  ap -

Hnt^ ror ro  r

i

s  o b t a i n e d  b y  r e c l a c i n e  X ,

tern of  equat ions "  I 'Je get  :

I

I

+

1

+

i

s that  no change occurs in

,  X 2 ,  X 3 b1z r in the

t h e  v a l u e s  o f  X , ,  X 2 ,

T h e  b e s t  s o l u t i o n  ( a )

prox imat  ions ,  a  s  f  o l  lorvs :

F i r s t  a p p r o x i m a t i o n :

l A .

\ '( X  = r
l '
1 X - = 1
1 5

The  second  app rox ima t i on  i

r i g h t  h a n d  s i d e  o f  t h e  s y s

l . \  = +

\ '
l X  = r o r I =
t 2
t -
l X -  = 1 t l l  + -
\ '

T h i r d  a p o r o x i m a t i o n :

l .

l X = +
I( X = + o r l =
l 2
l .

l X ^ = l t B + =
i J

Four th  apo rox ima t i on  :

I X . = r
l l

I  -_
{ x r = + o r 1 =
l 'r v _ + B + _
\ ^ r -

A  l a s t  i t e r a t i o n  r e c o g n i z e

X :
3

X - = +
i.

X ^ = + o r + = +
2 -

X - - + E + = +- -  
I



T h i s  i s

au tonat  i zab le

i  : =  I

A  e e r r A i n l w  f o i l s o r n e
J  

L v t l

way  to  p rove  tha f  i

i l j  ;  w h i l e  t r u e  d o

bu t  a t  l eas t  sys tema t i c  and  s i rnp l

i s  o o s i t i v e  i n  t l r e  p r o l r s m  :

{ z }  i  : =  i + l  { : }  ;

i l o r+eve r  t h i s  abs t rac t  i n te rp re ta t i on  i s  no t  ve ry  po r . re r fu l  s i nce

c h a n g i n g  " i  : =  i + I "  b y  " i  : =  i - Z t ' ,  \ , z e  q e t  a  n o d i f i e d  s y s t e n  o f  e q u a -

f l o n s  :

v  = i" 1

X ^ = X . o r X ^
Z L - J

X ,  = X 2  E  ' ;

s o l u t i o n  i s  :w h i c h  l e a s c

T h e  f a c t  t l ' r a t  i  i s  n e e a t i v e  a t  D r o q r a r r  n o i n t  {  3 }  j s  n o t  c a p t u r e d  b v  t h i s

a b s t r a c t  i n t e r p r e t a t i o n  b e c a u s e  o f  t h e  r u l e  " i  E  i  =  1 " .  A  m o r e  c a r e f u l

a n a l y s i s  t a k i n g  a c c o u n t  o f  t h e  a b s o l u t e  v a l u e  o f  i  w o u l d  b e  n e c e s s a r y  t o

d i s c o v e r  t h i s  f a c t .

The  same inaccu racy  occu rs  w i t h  o the r  abs t rac t  i n te rp re ta t i ons  ( such

as  cas t i ng  ou t  o f  n i nes  i n  a r i t hme t i c ,  oa r i t y  checks  i n  i r a rdware ,  d i rnen -

s i o n a l  a n a l y s i s  i n  p h y s i c s ,  .  .  .  )  :  t h e y  p e r r l i t  t o  a u t o m a t i c a l l y  v e r i f  y

su f f i c i en t  ( ye t  i n  gene ra l  no t  necessa r : y )  cond i t i ons  o f  t r u th  o r  f a l se -

n e s s  o f  a  p r o D e r t y ,  ( S i n t z o f f l l 9 7 2 f ) .

Howeve r  no re  re f i ned  (bu t  may  be  no t  f u1 l y  au toma t i zab le )  abs t rac t

i n te rp re ta t i ons  may  be  used  to  ana l yze  s t ronge r  p rope r t i es  o f  p rog rams .

For example the Droqram

i  : =  1  { l }  w h i l e  i  <  N  a a  { Z }  i  : =  i + l { : }  t

o v e r  o r e d i c a t e s  :may  be  ana l yzed  us ing  the  fo l l o r v i ng  equa t i ons

/ T )
I  1 1

I
l 1 )

t p

( i
( D
\ ' 1

-  t )

9 j  P e ) a n d ( i  <  N )

i  o  i - l )



w h i c h  s o l u

i . N )

i < N )

t  t o n

i P

\ '
1 p

l '
t p
l J

i s  :

=  ( i  =  t \

=  ( l  <  N ) a n d ( l  <  i ) a n d (

=  ( l  <  N ) a n d ( 2  <  i ) a n a (

The  pu rpose  o f  t h i s  pape r  i s

Tyz ing  p rope r t i es  o f  p rog rams  may

i n t e r o r e t a t  i o n s  .

I N T R O D U C T I O N  T O

I  N T E R  P R E T A T  I  O N

f o

be

show tha t  mos t

unde rs tood  as

techn iques  fo r  ana -

p a r t i c u l a r  a b s t r a c t

T H E  M A T H E M A T I C A L  M O D E L  U S E D  I N  A B S T R A C T

O F  P R O G R A M S

2.1 The Comolete Lattice of Abstract Conterts

T h e  s e t  A  o f  a b s t r a c t  c o n t e x t s  i s  s u p p o s e d  t o  b e  a  l a t t i c e

the  synbo l s  :

I.Je use

E ,  r ,  T ,  ; 1 ,  l l  ,  u ,  i l

t o  d e n o t e  r e s p e c t i v e l y  t h e  p a r t i a l

t h e  j o i n  o f  t v r o  e l e m e n t s ,  t h e  m e e t

e le rnen ts ,  and  the  mee t  o f  a  se t  o f

t i c a l  p r o p e r t i e s  o f  t h e s e  n o t i o n s

B i r k h o f f [ 1 9 7 3 , 1  .

o rde r i ng ,  t he  i n f i r num,  t he  suo remun ,

o f  t w o  e l e m e n t s ,  t h e  i o i n  o f  a  s e t  o f

e lemen ts .  The  de f i n i t i ons  anC ma thema-

can  be  found  i n  i nany  o laces ,  f o r  examp le

: ,  i ]  whe re  r  was  deno ted

iagram :

,_Equnpl-g
I
I

!  I n  t he
I
l The  o rCer ing

,

i n t roduc t i on  r ve  used  A

r e l a t i o n  =  i s  d e f i n e d

=  { r  ;
L + t  t

b y  i t s  d



l Fo r  i ns tance  +

l .
l r e s s  u n p r e c l s e
I
I t r o d u c t r o n  o t  I

E +

than

i s

s i n c e  t h e  a s s e r t i o n  t h a t  i  i s  a  p o s i t i v e  i n t e q e r

t h e  a s s e r t i o n  t h a t  i  i s  s i m p l y  a n  i n t e  e r .  T h e

n e c e s s a r y  t o  m a k e  t h e  p o s e t  { i ,  i ,  i l  a  l a t t i c e .

I S

Ln-

t o  b e

o f A

I I { x ,  I  i  e

c o n s i d e r  i n f i n i t e  l a t t i c e s  a n d  w i l l  r e q u i r e  t h e m

by de f in i t ion  fo r  any  non-vo id  par t  {x ,  I  i  .  a }

^ )

and meet  :

n { x i l i  e  ̂ }

m u s t  e x i s t  f o r  a n y  a r b i t r a r y  i n d e x i n g  s e t  A .

Le t  A  be  the  subse t  o f  r a t i ona l  numbers  i nc luded  i n  t he  i n te rva l

i [ 3 ,  4 ] .  I t  i s  a  l a t t i c e  v i i t h  o r d e r i n q  s ,  i n f i m u m  3 ,  s u o r e n u m  4 ,  j o i n

j m a x ,  m e e t  m i n .  T h e  s t r i c t l y  i n c r e a s i n g  c h a i n  P ,  =  3 ,  P e  =  3 . 1 ,  P 3 =  3 . 1 4 ,
l -

|  -  ^  r / r -

1 . . . ,  P ,  =  3 . 1 4 1 5 9 ,  . r .  c o n v e r g e s  t o w a r d s  I  w h i c h  d o e s  n o t  b e l o n q  t o  A .

i c o n s e q r r e n t l y  U { e . ,  I  i  >  l }  d o e s  n o t  e x i s t  i n  A  w h i c h  p r o v e s  a n r a  o  i s  n o t
r  '  '  I '
!

I  c o m p l e t e .

T n  . e n e r a  I  w e  w i  I  1

c o m n l  e t e  -  r h a r  i s

t h e  j o i n  :

s e t A  o f  a b s t r a c t  c o n t e x t s  i s  s u p p o s e d  t o  b e  a  c o m p l e t e  l a t t i c e

n,  L I ,  n) .i-l t

Lentna
i-__-
I  r .
|  - ,  ^ N

I  T h e  s e t  A . '  i s  a  c o m p l e t e

The  fo l l ow ing  de f i n i t i ons  a re

l a r t i c e  ( = u ,  - L u ,  , L ,  i J k ,  l - l k ,  U k ,  l l k ) .

usua l  :

. y i ,  . . . ,  t k r ) . - r  { ( X .  E y . ) ,  V i  =  t , . . . , k }

. Y r ,  . . . ,  Y k t  -  . X r  l J  Y l  ,  . . . ,  X k  I J  V u >

{  < X r

t x , , . .  x .

> -

>  i l

t n e

- L r  T t

We d rop  the  subsc r i p t  k  when  unamb iguous l y  ava i l ab le  f r om con tex t .



A  f i x p o i n t  e q u a t i o n :

X  =  F ( X )

w i t h  k  v a r i a b l e s ,  t h a t  i s  o f  t h e  f o r m
/
l x , = f , ( ) { ,  , x , )
l K)
1
t '
l v = F ( v v \
\  

- ' k  -  ' k t " r  t  ^ k '

i s  assoc ia ted  to  t he  k  cu tpo in t s  o f  t he  p rog ram.

T h e  v a r i a b l e s  ( X r ,  . . . ,  X , - )  r a n g e  o v e r  t h e  c o m p l e t e  l a t t i c e  A .

The  syn tac t i c  p rocess  wh ich  pe rm i t s  t o  assoc ia te  a  sys te rn  o f  equa t i ons

w i th  a  pa r t i cu la r  p rog ram i s  no t  f o rma l i zed  he re ,  and  v r i 11  be  i n fo rma l l y

ske tched  fo r  each  o f  t he  f u r the r :  examo les .

2.2 Sgstem of lquattoyp Assoeiated uith a P\ogr@n

Dei tn i t ton
t - ' - - - - - - -

A  f u n c t i o n  f  :  D  +  D r  f r o r n  t h e  p o s e t  ( D ,  < )  i n  t h e  D o s e t  ( D ' ,  E )  i s

:o rde r -p rese rv ing  ( synonymous l v  mono ton i c  o r  i so tone )  i f  and  on l y  i f  :

1  { V ( x ,  y )  €  D 2 ' ,  { x  <  y }  : t  { f  ( x )  q  r ( y ) } }

Hupothesis

1 , .
I  

tne  func t ions f .  :  A"  -  A  are  supposed to  be  order -preserv ing .
I
i  ( f n "  po in t  o f  mono ton i c i t y  i s  t ha t  t he  be t te r  we  de f i ne  t he  a rqumen t
I

l con tex ts  ( l ( t  ,  Xk)  ,  the  be  t te r  \ , r 'e  de f  ine  the  resu l  t ing  contex t

f  . r Y  ' {  ) ) .
i - i . . ' t ,  . . . ,  1 \ k ' )

Lemma
i -  

- -  
t ,  t .

:  n t  A  r A  .

'  
T h e  m a p  F  :  A - ' +  A - '  i s  o r e s e r v i n g  t h e  o r d e r i n e  = O .

2.3 Enistence of Sotuttons to the _QU%of_Eqr@

!@9!gI  ( rarsk i l  19ss ] )  .
1 -

The  o rde r -p rese rv ing  map  F  o f  t he  comp le te  l a t t i ce  A "  i n  i t se l f  has

f i x p o i n t s  ( t h a t  i s  F ( a )  =  a  f o r  s o n e  a  €  A ^ ) .  I n  f a c t ,  t h e  f i x n o i n t s  o f  F

f o r m  a  c o m p l e t e  l a t t i c e  f o r  o r d e r i n a  = u .



C g n ' , L L a v , u  I  ( L e a s t  f  i x o o i n t ) .

i  t t r e l e a s t  f i x p o i n t  U ( F )  o f  F  i s  g i v e n  b y  :

i - L

I  u( r )  =  l l * {x  e  .c^  I  F(x)  uo x}

C_pypJLqtU 2  (Greates t  f i xpo in t ) .

The  g rea tes t  f i xpo in t  M( l )  o f  F  i s  g i ven  by  t he  fo rmu la  :

tz
M ( F )  =  U u { x  e  a ^  I  x  e o  r ( x ) }

T h e  a b o v e  r e s u l t s  p e r m i t  t o  d i s c u s s  t h e  e x i s t e n c e  o f  s o l u t i o n s  t o

the  sysLem o f  equa t i ons "  Howeve r  t hey  do  no t  p rov ide  an  a lgo r i t hm ic  cons -

t ruc t i on  o f  t he  ex t reme  f i xpo in t s .  Add i t i ona1  hypo thes i s  a re  necessa ry

to  p rov ide  cons t ruc t i ve  me thods .

2.4 Co"gt w"tio"_of the Ertreme Solutions of the_SUgtem_of !q@.":

2.4.1 Constywctton of the Lea.st Fi .rpotnl ;  cf  F

a-ftzztiqa

,  A  map f  :  D  +  D '  f rom the  comple te  la t t i ce  ( t l  ,  = ,  l_J )  in  the  comole te

i lat t ice (D' ,  E'  ,  L-.1 ' )  is cal  1ed ur:per.-semi-conttnuous i f  whenever
- ,  I  IX  =  t x t ,  x 2 ,  X n ,  " . " J  w h e r e  X  s  D  a n d  x  q  x  F  . . .  q  x  E  . . .

n -  I  2  n

i t hen
I
l . - -
I  r ( U x )  =  I l ' { r ( " )  l x  <  x }

Note  tha t  uppe r - sem i -  con t i nuous  func t i ons  have  the  mono ton i c i t y

p rope r t y  and  p rese rve  uppe r  l im i t s .

f ( 1 i m  ( x  ) )  =  l i m  ( f ( x  ) )'  n - -  n '
n+o n+m

IluootLrcsis
I
i  t he  f unc t i ons  f -  :  AK  *  A  a re  supposed  to  be  uppe r - sem i - con t i nuous ,
i

i i  =  1 .  . k .
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Lenrna
i--
j  fnu  map F  ,  Ak  *  Ak  is  an  upper*semi -cont inuous  funcL ion  f rom the

l c o m p l e t e  l a t t i c e  A k  i n  i t s e l f  .

TLteoy,em (Kleenel 1952f,  f i rst  recursion theorem)
I

The  l eas t  f i xpo in t  U (F )  o f  an  uppe r - sem i - con t i nuous  func t i on  F  f rom

the complete la t t ice AK in i tse l f  is  the l imi t  o f  the incy,easing aopror i -

imat ion sequence given by the formula :
Ii m

i  u r r l =  u  F ' ( r k )
I:  n=0
I

where
'-n

i  F "  i s  t h e  n - f o 1 d  c o m p o s i t i o n  o f  F  w i t h  i t s e l f  ( F 0 ( X )  =  X ,
I  n + l  n  l .  1 ,

l E " " ( X )  =  F ( F " ( X ) ) )  a n d  L ^  i s  L h e  l e a s t  e l e m e n t  o f  A ^  ( a  k - t u p l e  w h i c h
I
j e l e m e n t s  a r e  e q u a l  t o  r ) .

No t i ce  t ha t  i
k  k .

t "  = k  F ( r ' ' )

. k - 1 ,
s i nce  -1 "  i s  t he  i n f imumof  t he  l a t t i ce  A^ .  Hence

F n  ( l k )  c .  p t * l  (  , k )/  = k  r  \ f  /

i s  easy  to  D rove  by  rec r : r rence  on  n  us ing  the  p rope r t y  t ha t  F  i s  o rde r  p re -

se rv ing .  Th i s  imp l i es  t ha t  t he  success i ve  app rox ima t i ons  :

k  n  k '  '  -  k .  n  l '
r  =  F u  ( r , - ) ,  F ' ( r , - ) ,  i  .  . ,  F , ' ( 1 . ^ ) ,

f o rm  an  i nc reas ing  cha in  :

k  ,  F o l , r k \  -  r . 1 , . , k .  -  - o r . k tL  =  l "  t r  /  ! k  r  \ j  )  E k  . . .  E k  t  ( r  J  E k

Hence
m - 1 . 1 ,

U  F " ( f ^ )  =  F " ' ( t ^ )
n=0

and m

u  F t ( r l )  =  1 i m  F n ( r k - )
n=0 n+e

In f i n i t e l y  many  success i ve  app rox ima t i ons  nay  be  necessa ry  t o  r rass  t o  Lhe

l i m i t  w h e n  t h e  a p p r o x i m a t i o n  s e q u e n c e  i s  i n d e f i n i t e l y  s t r i c t l y  i n c r e a s i n q .
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O t h e r w i s e ,  t h e  f i r s t  p  t e r m s  o f  t h e  s e q u e n c e  a r e  s t r i c t l y  i n c r e a s i n g

b u t  t e r m s  o f  h i g h e r  r a n k  a r e  e q u a l  t o  F D ( r K ) .  T h i s  s i t u a t i o n  o f  u t -

m o s t  p r a c t i c a l  i n t e r e s t  i s  f o u n d  i n  p a r t i c u l a r  w h e n  t h e  l a t t i c e  A k

( o r  s i m p l y  A )  s a t i s f i e s  t h e  a s c e n d i n g  c h a i n  c o n d i t i o n .

Qeig l l t jngy (ascending c.hain condi t ion)
I
I

i  A  D a r t l y  o r d e r e d  s e t  ( P ,  < )  s a t i s f i e s  t h e  a s c e n d i n e  c h a i n  c o n d i t i o n  ( r e s p .

l d " " t o " " i n g  c h a i n  c o n d i t i o n )  i f  a n d  o n l v  i f  e v e r y  s t r i c t l y  i n c r e a s i n g
I

l ( r e s l .  d e c r e a s i n g )  c h a i n  i s  f i n i t e .

2.4,2 ConstruettorL of the Greatest Ftrr :oint  of  ! .

S i rn i la r i l y ,  suppos inq  the  f  i ,  i  e  [  1 ,  k - - - ]  to  be  lo rver -semi -cont i -

nuous  func t ions  f ro rn  the  comple te  la t t i ce  AK in  A ,  the  grea tes t

f ixpoint M(r ' )  of  F is the l i r , r i t  of  the; lecy.easinq aporor imatt-on sequence

r i v e n  h v  t h e  f o r m u l a  :

@

M ( F )  =  n  F n ( r * )
n=0

2.4.3 Exty,eme Fi.rooints of F.

T h e  f u n c t i o n s  f . ,  i  e  [ 1 ,  k ]  w i l l  b e  s a i d  t o  b e  c o n t i n u o u s  w h e n  b o t h

lower -semi -cont inuous  and upper -semi -cont inuous .  Tn  tha t  case,  the  ex t reme

f ixpo in ts  o f  F  may be  cons t ruc ted  as  the  l im i ts  o f  the  inc reas ing  and de-

c reas ing  approx imat ion  sequences .

2.5 Diseussion on Alteyna.te Mathematieal Models

A r b i t r a r y  p o s e t s  a r e  n o t  i n  g e n e r a l  c o m p l e t e  l a t t i c e s .  O t h e r  r . v e 1 1 -

known  f i xpo in t  t heo rems  m igh t  be  used  i n  such  a  case  (a .o .  Ab ian  and  B ro r , rn

[ 1 9 6 1 ] ,  g i j f t 1 1 9 7 6 l ,  e t c . ) .  O t h e r  c o n v e n i e n t  a l g e b r a s  p e r m i r  t o  g i v e  c o n s -

t r u c t i v e  d e f i n i t i o n s  o f  f i x o o i n t s  ( a . o .  c h a i n  c o m p l e t e  p a r t l y  o r d e r e d  s e L s ,

c o m p l e t e  o r d e r e d  F r n a s m a  N i v a t [ 1 9 7 4 1 ,  C o u r c e l l e  a n d  N i v a t [ 1 9 7 6 1 ,

i n i t i a l  c o n t i n u o u s  a l g e b r a s  G o g u e n  e t  a 1 . 1 1 9 7 7 1 ) "  H o w e v e r  w e  c h o e r s e  t o  u s e

the  comp le te  l a t t i ce  mode l  because  i t  i s  we l l - known .  l 4o reove r  any  pose t  can

b e  m a d e  a  c o m p l e t e  l a t t i c e  b y  k n o w n  s y s t e m a t i c  m e t h o d s  ( a . o " ,  M a c  N e i l 1 e [ 1 9 3 7 ] ) .
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2.6 Wmmtng_

Sub  se  quen t l  y

c a r e f u l  a t t e n t i o n

Th i s  examp le

unde rs tand  the  u t

l y s i s  t e c h n i q u e s .

o f  a p p l i c a t i o n

lLized rnathemat

i s  p r e s e n t e d  f i r s t ,  s i n c e

i ca l  r node l  by  ana logy  w i th

i t  pe r rn i t s  t o

numer ical  ana-

we

f o

w i l l  aop l y  t he  above  theo rens  ra i t hou t  oay ing

f o r m a l  i t i e s .

3 A P P L I C A T I O NT O  P E R F O R M A N C E  A N A L Y S I S  O F  P R O G R A M S

3.1 Assocdating a System of Equations to a Progran

The per formance of  programs may be anaLyzed by der iv ing for  each

p rog ram po in t  t he  f i na l  va lue  o f  an  imag ina ry  coun te r  wh i ch  i s  i nc remen-

t e d  e a c h  t i m e  c o n t r o l  g o e s t h r o u g h  t h a t  p o i n t .

t r r l e  w i l l  mode l  t he  p rog ram by  a  d i rec ted  g raph  wh ich  nodes  a re  j unc -

t i o n ,  b r a n c h  o r  s e p a r a t i o n  ( t e s t )  l o i n t s .

Suppose  we  a re  g i ven  fo r  each  tes t  o .  i n  t he  p rog ram the  r r robab i l i t y

p (o , )  t ha t  t h i s  t es t  w i l l  be  t r ue  a f  t e r  be ing  eva lua ted .  I ^ Ie  w i sh  to  de te r -

m ine  the  expec ted  f requency  C .  o f  t r ave rs ing  each  a rc  i  i n  t he  D rog ram

dur ing  a  s i ng le  execu t i on  o f  t he  who le  D rog ram.  Unde r  s imp l i f y i ng  I n la r l cov

assumpt ions  (Coc l ce  and  Kennedy l l 9741 )  t he  expec ted  f requenc ies  a re  g i ven

b y  t h e  s o l u t i o n  o f  a  s y s t e m  o f  e q u a t i o n s  g e n e r a t e d  f r o m  t h e  p r o g r a m  b y

a p p l i c a t i o n  o f  K i r s c . h o f f r s  l a w s  o f  c o n s e r v a t i o n  o f  f l o r u  :



l 3

/  w r
t -
\ C ,
{ -
l c t
I

I

u 1

u 2

( s i n g l e  e n t r y  a r c )

c 3

P (cx,)

( l  -  p ( c r ) )

T h e  m a i n  d i f f i c u l t y  i s  t o  o b t a i n  t h e  p r o b a b i l i t i e s  p ( c r ) .  I n  q e n e r a l ,

an  exac t  exp ress ion  i n  t e rms  o f  kno rvn  DroDer t i es  o f  t he  i npu t  canno t  be

o b t a i n e d ,  € . 8 .  i n t e r n a l  t e s t s  m a y  d e o e n d  o n  c o m p u t e d  q u a n t i t i e s  h a v i n q

n o  s i m p l e  r e l a t i o n  t o  t h e  i n p u t .  A  m a j o r  s i m p l i f i c a t i o n  i s  t o  c o n s i d e r

t e s t s  a s  M a r k o v  p r o c e s s e s ,  i " e .  t h e  p r o b a b i l i t y  i s  c o n s t a n t  a n d  i n d e p e n -

d a n t  o f  p r i o r  h i s t o r y .  T h e  v a l u e s  o f  t h e s e  p r o b a b i l i t i e s  a r e  s u p p o s e d  t o

b e t t g i v e n " ,  e . e .  m i g h t  b e  d e t e r m i n e d  b y  r n e a s u r e m e n t s .

3.2 The Conrplete Lattice of Abstract Contents

Abs t rac t  con tex t s  a re  pos i t i ve  rea l s  IR -  o rde red  by  t he  na tu ra l  o r -

der ing < (s) .  The least  upper bound operat ion i - .J  is  the rnaximum max,  and

the  g rea tes t  l ower  bound  ope ra t i on  f l  i s  t he  rn in imum q i l  ope ra t i on .  The

in f  imum .L -  o f  t he  pose t  tR ' *  i s  equa l  t o  0  =  
U IN{ i  I  I  .  m* } .  No t i . e  t ha t

we  a re  no t  cons ide r i ng  a  comp le te  l a t t i ce  s i nce  the  exp ress ion

I ' tA,X{i I  i  u n*}

_ +
6  r o  l R  f h e l -  1 s

- = l l A x { i l i e n . * }

N o w  I R +  ( < ,  0 ,

t  I  e 7 3 l ) .

? 7 Qplptrysthe Equations

t he  equa t i ons  by  e l im ina t i on  o f  t he  va r i ab les  C l

t he  va lue  o f  p ( cv , )  i s  g i ven  by  p )  :

c z  P

.  ( l - p )

4 r r u  u 3

(and

] -S

by

no t  de f i ned .  Le t  us  i nc lude  a  sup remum T  deno ted

d e f i n i t i o n :

o ,  max ,  m in ,  MAX,  M IN)  i s  a  comp le te  l a t t i . ce  (g i r kho f  f

n l  i f r z

f l r  a +

= l +

2

s im

i n o

l c ,
l -
I C\ 4

on ly

L e t  u s

suppos

t 1  ) ^ - ^ . . . t ^w 2  u E P s r r u D o n  i t s e l f  s o  t h a t  w e  c a n  s o l v e  f i r s t  t h e  s u b s y s t e m :
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1 " " =  I  + c 2  p

i . e .  C ,  =  F ( C " )  w h e r e  F ( x )  =  1 + x .  p .

I t  i s  obv ious  tha t  the  so lu t ions  o f  th is  equat ion  are  I  / ( t -  p )  and

oo. However let us go on with the example applying the theorems of para-

g r a p h s  3 . 3  a n d  3 . 4 .

The funct ion F is order-preserving, s ince :

{ *  <  y }  : >  { l  +  x  .  p  <  I  +  y  p }

( R e c a l l  0  <  p  <  l ) .

The prove that

part icular program.

cont inui ty) of  F is

is  u t i l i zed  to  bu i l t

F is order-preserving needs not be done for every

In general  i t  is possible to show that the isotony (or

a direct consequence of the syntact ic method which

the system of equat ions.

Tarskirs theorem then states that the extreme f ixpoints of F are

U(F) = l t lu{" e n+ | t  + x.p < x}
=  M I N I \  /  ( l  - p ) ,  * ]

=  |  I  ( l  - p )

M(r ;  =  MAx{"  e  R+ |  I  * * .p  > * }

: p t t o '  
t  / ( t  - p ) l  u  { - } }

whieh is easi ly understood by the fol lowing geometr ic interpretat ion :

F  (x )

2

i r l ( l - p )  t l p

M ( F )  + -
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Note that this def ini t ion of the f ixpoint is not construct ive,

however the approximation sequence,s give an algorithm to compute them.

The map F is clear ly cont inuous since i t  is inf ini tely distr ibut ive

Ehat is for any indexing set A we have :

I  + i " I A x { x -  |  i e A }  .  p  =  M A X { l . r - X :  .  p  I  i  e  A }
! l

The descending approximation sequence leads to the maximal fixpoint :

I0  =  oo

) . 1  =  F ( l o )  =  I  + o o .  p  =  @

- 1
" 0

The ascending approximation sequence leads to the minimal fixpoint :

The lirnit

which sunr

I o

) =, . 1

' t _
t ' 2  -

5

; =
n

of  the

i s  u ( p )

= 0

F ( l o )  =  I  + 0 .  p  =  I

F ( t r I )  =  1 +  I  .  p

F ( I 2 )  =  l + ( l + p ) . p  =  l + p  +  p 2

r ( t r n - t )  =  1  + p + p 2  +  . . .  +  n n - l

ascending approximation sequence is an inf ini te ser ies

= t / ( l - p ) .

The classical  geometr ic interpretat ion is the fol lowing :

F  (x )

Approximation
Sequence

l / ( l - p )
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Not i ce  t ha t  t h i s  abs t rac t  i nLe rp re ta t i on  o f  p rog rams  l eads  to  a

sys tem o f  l i nea r :  equa t i ons .  The  i nc reas inq  app rox ima t i on  sequence  co r -

responds to t i re  Jacobi  t  s  i terat  ive rnethod known as t tsuccess i \ re apDro-

x i m a t i o n s "  ( f o r  n u m e r i c a l  c o e f f i c i e n t s ) .

4 .  C O P I N G  W I T H  I N F I N I T E  A P P R O X I M A T I O N  S E Q U E N C E S

Since  app rox ima t i on  sequences  may  be  i n f i n i t e  t he  a lgo r i t hn r i c  cons -

t r u c t i o n  o f  e x a c t  s o l u t i o n s  a s  t h e i r  l i m i t s  m a y  b e  i m p o s s i b l e .  H e n c e

o the r  me thods  mus t  be  used  to  ana l yze  the  p roq ram p rope r t i es .  I ' / e  can

rough l y  c l ass i f y  t hese  me thods  as  f o l l ows  :

a. t @fySatio"_of
iyegw

/ 1 1

2 1 9

the Coryeetness of a SoLution Prouided by the

A so lu t i on  S  o f  t he  sys tem o f  equa t i ons  i s  p rov ided  by  t he

u s e r .  T h e  p r o b l e r n  s i m p l y  c o n s i s t s  i n  v e r i f y i n g  t h a t  I ' ( S )  =  S .

The  use r  may  a l so  p rov ide  the  so lu t i on  o f  t he  equa t i ons  by

g i v i ng  the  va lue  S (n )  o f  t he  gene ra l  t e rm  S r . ,  o f  t he  apo rox ima t i on

s e q u e n c e  S o ,  S - ,  . . . .  T h e  p r o b l e m  i s  t h e n  t o  v e r i f y  t h a t

S ( 0 )  =  t ^  ( o r  t ^ )  a n d  S ( n +  l )  =  F ( S ( n ) ) "  T h e  s o l u t i o n  S  o f  t h e

e q u a t i o n s  i s  o b t a i n e d  b y  o a s s i n g  t o  t h e  l i r n i t  S  =  1 i m  ( S ( n ) ) .
n+ao

q. Z @rnd Crfpt/.tation of tle Eraet SoLution

The  exac t  so lu t i on  o f  t he  equa t i ons  rnay

l im i t  o f  t he  app rox ima t i on  sequeRce  ruhen  the

i s  f i n i t e .

be  ob ta ined  by  t he

l e n o t h  n €  t h r ' e  e- - ^ . r ) - . -  - -  - . - - -  - e q u e n c e

For  i n f i n i t e  app rox ima t i on  sequences  the  exac t  so lu t i on  may  a l so

b e  o b t a i n e d  b y  o t h e r  r e s o l u t i o n  m e t h o d s  :

4 D 1
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, q o Forma l  reso lu t i on  o f  t he  equa t i ons  by  e l im ina t i ons  and

s  imp l  i f  i ca t  i ons  ,

Reso lu t i on  o f  d i f f e rence  equa t i ons  as  f o l l ows  :  t he  recu r rence

re la t i onsh ip  So  =  tK  and  S r ra l  =  F (Sn )  be tween  consecu t i ve  t e r rns  o f

t he  app rox ima t i on  sequence  l eads  to  a  sys tem o f  d i f f e rence  equa -

t i o n s ,  w h i c h  m a y  b e  s o l v e d  t o  g e t  S '  a s  a  f u n c t i o n  o f  n ,  S r ,  =  S ( n )

w h i c h  g i v e s  t h e  l e a s t  s o l u t i o n  S  a s  1 i m  ( S ( n ) ) .
n+m

4 . 2 . 3

a. s usyfteatnprz_of P"opnZlk:_of the Enaet Solutions

Genera l l y  some  p rope r t i es  o f  o rog rams  may  be  p roved  to  ho ld  w i t hou t

f u l l  k n o r ^ r l e d g e  o f  t h e  s o l u t i o n  S  o f  t h e  s y s t e m  o f  e q u a t i o n s .  I t  j u s t

s u f f i c e s  t o  p r o v e  s o m e  p r o p e r t y  P ( S )  o f  S .  S i n c e  t h e  s o l u t i o n  S  o f  t h e

e q u a t i o n s  i s  d e f i n e d  a s  t h e  l i m i t  o f  a n  a p p r o x i m a t i o n  s e q u e n c e  S 0 r
n

S r . ,  =  F - - ( S o ) ,  , . .  o n e  c a n  p r o v e  P ( S )  u s i n g  o n e  o f  t h e  f o l l o w i n g  i n d u c t i o n

r u l e s :

4 . 3 . 1

4 . 4

F r n m  { p f q  )  r . d  { - ' - n ' -  
"  / F n + l  / ^  \ \ r ' l  : . - F ..  r - 0 /  t = =  . P ( F " ( S 0 ) )  - >  P ( F " ' ' ( S 0 ) )  j  j  i n f e r  P ( S )

(  e  . g  .  De  Bakke  r  and  Sco t  t  i -  1  969  , l )  .

4 . s . 2  F r o m  V i  {  ( Y j  I  j  <  i )  p ( F i ( s 0 ) )  : '  p ( F i + 1 { s o ) ) }

( e . g .  M o r r i s l _ 1 9 7 1 1 ) .

i n f e r  P ( S )

The  p rev ious  ru les  may  be  a l so  r v r i t t en  more  s t y l i sh l y  :

4 . 3 . 3  p r o m  { P ( s ^ )  a n d  { { ( V x ) p ( x ) }  : ' { p ( F ( x ) ) } } }  i n f e r  p ( S )

I , , I a rn ing  :  These  i nduc t i on  ru l . es  may  be  used  on l y  f o r  I ' adm iss ib le "  o red i ca tes

P .  (  See  e .  q  .  Manna l  197  4 l )  .

hlhen

r t r - ^  I  ^ ^ ^ *
L I I E  I E d S  L

that  S Fk

mat ion  S r ,

4ppfo*[r"!ipy_"f the Solution

t he  apo rox ima t i on  sequences  a re  i n f i n i t e  one  can  app rox ima te

(g rea tes t )  f i xpo in t  S  o f  F  by  an  uppe r  app rox ima t i on  S .  such

S . .  a n d  S - -  i s  " s u f f i c i e n t l y  c l o s e r r t o  S  ( o r  b y  a  l o w e r  a p p r o x i -u u
s u c h  t h a t  S o  E ' .  S  e n d  Q  i  "  r r q , , F f  i c i e n t l y  c l o s e t t  t o  S )  .- r  

k  ' -  * " - '  " 9 - ' "
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The  app rox ima tes  Sn  and  S '  may  be  ob ta ined  by  s t reng then ing  the  i t e ra tes

i n  t h e  i n c r e a s i n g  o r  d e c r e a s i n g  a p l r o x i m a t i o n  s e q u e n c e s  ( e . g .  C o u s o t [ 1 9 7 6 ) ,

C o u s o t [  1 9 7 7  a l ,  S i n t z o f t l l 9 7 6 ] )  .

N o L e  t h a t  i n  m e t h o d s  4 . 1 , 4 . 2 , 4 , 3  o n e  c a n  a l s o  u s e  a p D r o x i m a t i o n s  o f

t he  so lu t i on  (o rov ided  tha t  one  can  de f i ne  ruha t  i s  a  co r rec t  app rox ima t i on

o f  t h e  s o l u t i o n  ,  t h i s  i s  u s u a l l y  t h e  p u r p o s e  o f  t h e  p a r t i a l  o r d e r i n g  = , - ) .
N

4 . 5 F,ranptL_: sgyf9 fryt Sg_An"Lyslt s_of Py,ogry

Numerous  techn iques  fo r  s ta t i c  ana l ys i s  o f  p rog rams  use  the  above

a l t e rna t i ve  ne thods  and  th i s  w i l l  be  examp l i f i ed  i n  t he  subsequen t  pa ra -

g r a p h s .

Le t  us  see  fo r  examp le  how 4  .2 .3  and  4 .2 - .? -  pe rm i t  t o  unde rs tand  the

pape rs  o f  i r l egb re i t I  I 975a ]  and  Kennedy  and  Zuccon i [  1977 ]  dea l i ng  r v i t h  pe r -

f o rmance  ana l ys i s  o f  p r c l g rams .

The  l i nea r  equa t i ons  may  be  so l ved  by  es tab l i sh ing  a  recu r rence  re -

l a t i onsh ip  be tween  consecu t i ve  t e rms  o f  t he  ascend ing  app rox ima t i on  se -

quence .  Th i s  l eads  to  a  sys tem o f  d i f f e rence  equa t i ons  wh i ch  may  be  au to *

m a t i c a l l y  s o l v e d  ( C o h e n  a n d  K a t c o f f [ 1 9 7 6 _ ] )  :

Ermnle

T h e  r e c r r r s i v e  e q u a t i o n  C ,  =  1 + C r . p  h a s  a  s o l u t i o n  C r ( - )  d e f i n e d  b y  :

{ c 2 ( o )  =  o

( c r ( n + l )  =  I  + c r ( n ) . p

T h e s e  s i m p l e  d i f f e r e n c e  e q u a t i o n s  h a v e  t h e  s o l u t i o n :

c r ( n )  =  ( t + p n ) / ( l - p )

a n d  l i t  p t  =  0  s i n c e  0  <  p  <  I  t h u s  C ( - )  =  l / ( l  -  p ) ,  ( o r  -  i f  p =  1 ; .
n+@

T h e  l i n e a r  e q u a t i o n s  m a y  a l s o  b e  s o l v e d  b y  f o r m a l  s u b s t i t u t i o n s ,  s u c -

c e s s i v e l y  a p p l y i n g  s i m p l i f i c a t i o n  r u l e s  u n t i l  o b t a i n i n g  e q u a t i o n s  r v h i c h

so lu t i on  i s  known .  Th i s  i s  t he  me thod  usua l l y  used  when  so l v i ng  equa t i ons

by  hand .
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Th is  s imp l i f i ca t i on  p rocess  i s  gene ra l l y  p resen ted  as  a  sequence  o f

reduc t i ons  o f  t he  p roq ram g raph  by  c l emen ta ry  t r ans fo rma t i ons  (Grahaml19721 ,

K e n n e d y  a n d  Z u c c o n i [ 1 9 7 7 ] ) .

- l

n r l

l r '
( c "

l c '
( c u

I '
( c

3

^  =  C '  +  C
z 4

c 2

C" .  p (c r )
l  -  p ( o )  < :
c t t

C  t r r

c t i l

C  
l r l

l a " '  =  r

The  me thod  i s  app l i cab le  on l y  when  cons ide r i ng  app rop r i a te  app l i ca t i ons

(us ing  a lgeb ras  a l l ow ing  the  above  fo rma l  man iou la t i ons )  and  apo roo r i a te

p rog rams  r vh i ch  pe rm i t  a  s imp le  s i r np t i f i ca t i on  a leo r i t hm ( i . e .  t he  p rog ra rn

f l o w  g r a p h  m u s t  b e  " r e d u c i b l e " ,  w h i c h  i s  a  f r e q u e n t  c a s e  b u t  n o t  a  s e n e r a l

o n e  ( K e n n e d y  a n d  Z u c c o n i l  1 9 7 7 ] ) .

A P P L I C A T I O N  T O  G L O B A L  D A T A  F L O W  A N A L Y S I S

In  anaLyzing a computer  program for  purposes of  code improvement- ,  i t  is

necessa ry  t o  be  ab le  t o  t r ace  a t  comp i l e  t ime  the  f l ow  o f  i n fo rma t i on

th rougha  p rog ram.  Th i s  ana l ys i s  i s  ca l l ed  "g loba l  da ta  f l o rn i  ana l ys i s " ,  and

i s  used  i n  connec t i on  w i th  code  improvemen t  t echn iques  ( such  as  cons tan t

p ropaga t i on ,  common  subexp ress ion  e l im ina t i on ,  mov ing  i nva r i an t  compu ta t i ons

ou t  o f  l oops  o r  reduc t i on  o f  t he  number  o f  s to re - l oad  sequences  be tween

m e m o r y  a n d  h i g h - s p e e d  r e g i s t e r s ) ,  ( A h o  a n d  U l 1 m a n [ 1 9 7 3 ] ,  A l l e n l 1 9 7 1 1 ,

B r a n q u a r t  e t  a 1  . [  1 9 7 3 ) ,  C o c k e [  1 9 7 0 , ] ,  F o n g  e t  a l . [  1 9 7 5 1 ,  H e c h t [  1 9 7 5 ] ,  H e c h t

a n d  U l l m a n l  1 9 7 3 - ] ,  J e n s e n l  1 9 6 5 ] ,  K a m  a n d  U l h n a n l  1 9 7 6 1 ,  K e n n e d y l 1 9 ] 1 ) ,

K i l d a l l l 1 9 7 3 J ,  M o r e l  a n d  R e n v o i s e l , l 9 7 4 l ,  S c h a e f e r l  1 9 7 3 ) ,  S c h w a r t z l l g T 5 f ,

U l l m a n l  1 9 7 5 ) ,  U r s c h l e r l  1 9 7 4 1  ,  I r r e g b r e i t t  1 9 7 5 b ]  )  .
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Globa l  da ta  f l ow  ana l ys i s  i nvo l ves  so l v i ng  a  c l ass  o f  p rob lems

each  o f  wh i ch  can  be  dea l t  w i t h  essen t i a l l y  t he  same manner  t ha t  i s

s o l v i n g  a  s y s t e m  o f  e q u a t i o n s  e s L a b l i s h e d  b y  a  s u i t a b l e  i n t e r p r e t a t i o n

o f  t he  p rog ram.

T h e  c l a s s i c a l  s y s t e m a t i , c  t e c h n i q u e s  f o r  g l o b a l  f l o w  a n a l y s i s ,

t ha t  i s  :

( a )  -  T h e  C o c k e - A l l e n  i n t e r v a l  a n a l y s i s ,  t y p i f i e d  b y  A l l e n [ 1 9 7 1  1  a n d

C o c k e [  l 9 7 O ] .

( b )  -  T h e  i t e r a t i v e  m e t h o d s ,  t y p i f i e d  b y  l t e c h t  a n d  U l l m a n [ 1 9 7 3 ] .

d i f f e r  on l y  by  t he  way  they  so l ve  t he  sys tem o f  equa t i ons .

Me thods  (a )  a re  a  g raph  fo rmu la t i on  o f  an  a lgo r i t hm wh ich  fo rma l l y

s o l v e s  t h e  e q u a t i o n s  ( s e e  4 . 2 . 2 ) .  T h e y  a r e  a p p l i c a b l e  o n l y  t o  a  l i m i t e d

c lass  o f  r ecu rs i ve  equa t i ons  ( co r respond ing  to  I ' r educ ib le "  p rog ram f l ow

g r a p h s )  a n d  t o  a  l i m i t e d  c l a s s  o f  i n t e r p r e t a t i o n s .

Me thods  (b )  co r respond  to  t he  reso lu t i on  o f  t he  equa t i ons  by  success i ve

a p p r o x i m a t i o n s  ( s e e  4 . 2 " 1 )  a n d  t h e r e f o r e  a r e  n o t  s u b j e c t  t o  t h e  l i m i t a t i o n s

o f  t he  Cocke*A l1en  i n te rva l  apo roach .

( A s i d e ,  g i v e n  a  p a r t i c u l a r  i n t e r p r e t a t i o n  t h e  p r a c t i c a l  q u e s t i o n  o f

wh i ch  o f  t he  two  app roaches  i s  t he  mos t  e f f i c i en t  has  no t  ye t  r ece i ved  a

c o n c e p t u a l  a n s w e r ,  s e e  a . o .  K e n n e d y l  1 9 7 6 1 ) .

S.t C"nutqrt Popggqlp!

A fa i r : l y  s imp le  case  o f  p rog ram ana l ys i s  and  op t im iza t i on  occu rs

when  cons tan t  compu ta t i ons  a re  eva lua ted  a t  comp i l e - t ime .  Cons ide r  t he

fo l l ow ing  ske le ta l  p rog ram,  K i l da l1 t , 19737  :

{ r } -  . -  r .  ^  . -  n .
4  . -  I  t  L  . -  W t

T L J
w h r l e  . . .  d o

{ : , }  b  : =  z ;
{ 4 } d  : =  a + b ;

{ s i e  : =  b + c ;
{ 6 }  c  : =  4 ;
{ r }

o o ;
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The  abs t rac t  con tex t s  assoc ia ted  to  t he  va r i ous

vec to rs  P ,  r  P ,  wh i ch  assoc ia te  an  abs t rac t

va r i ab les  o f  t he  p rog ram.  We  w i l l  no te  P ,  (b )  t he

the  abs t rac t  con tex t  assoc ia ted  to  p rog ram po in t

v a l u e s  i s  t h e  i n f i n i t e  l a t t i c e :

The  sys tem o f  equa t i ons  co r respond ing

p ro€ l ram po in t s  a re  s ta te

va lue  w i th  each  o f  t he

abs t rac t  va lue  o f  b  i n

{ : } .  r n e  s e t  o f  a b s t r a c t

The  symbo l  r  w i l l  be  t he  va lue  o f  non -cons tan t  va r i ab les

I f  t h e  p r o g r a m  h a s  n  v a r i a b l e s  x r ,  . . .

a re  s l a te  vec to rs  be long ing  to  t he  p roduc t

,  x '  t hen  abs t rac t  con tex t s

l a t t i c e  L n .

to our  example is  :

P t  =  ( T r  T r  T t  T t

P z = P r ( a - l ) ( c

P3 = P,  L_J,  P,

P q = P . r ( b * 2 )

P s  =  P u  ( d  *  P , ,  ( a )

P o  =  P s  ( e  < -  P ,  ( b )

P ,  =  P u ( c  < -  4 )

w i th  t he  f o l l ow ins  no ta t i ons  i

P ( x  < ,  v )  i s  t h e  s t a t e  v e c t o r

t o  v ,  h e n c e  :  P ( x  < -  v )  ( y )  =

P i lsQ designates the component

T h o r a F n r a  1 P  I  t  n ) ( x )  =  P ( x )  l lr -  . _ 5  y

f i ned  by  :

x ,  V x

1  | - l _ r a n

where  the  va lue  o f  va r i ab le  x  i s  changed

x  =  y  t h e n  v  e l s e  P ( y )  f i

T >

* o )

ts  P, ,  (b)  )

e  e r ( c ) )

P

i f

by  componen t  un ion  o f  t he

n / ' . . \  f ^ -  - ,  -  ^  |t l \ X /  r o r  X  =  a r  D r  . . . ,  e

- q

l a t t l c e  L " .

where l - l  is  de-

t ! A -

r  l t  |  
-

A  - l

I I  L  _

€ L

- r

I  E T  > g r  f i ,  V i , j  e  I N
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-  0  i s  t h e  a b s t r a c t  a d d i t i o n  o p e r a t o r  :

r  B  x  =  x  E  r  =  t ,  Y x  e  L

T  E  x  =  x  E  T  =  T ,  Y x  e  L - { r }

i  A  j  =  i  +  j ,  Y i , j  e  I N

No t i ce  t ha t  t he  sys tem o f  equa t i ons  i s  o f  t he  f o rm  :

x  =  F ( x )  w i r h  F  :  ( L t ) 7  *  ( L s ) 7

S i n c e  e v e r y  s t r i c t l y  i n c r e a s i n g  c h a i n  o f  L  i s  o f  l e n g t h  a t  m o s t  3 ,  ( I - t ) t

s a t i s f i e s  t h e  a s c e n d i n g  c h a i n  c o n d i t i o n  ( s e e  2 . 4 . 1 ) .  T h i s  i m p l i e s  t h a t

the  i t e ra t i ve  me thod  o f  r eso lu t i on  o f  t he  sys tem o f  equa t i ons  conve rges  i n

a t  m o s t  3  x  5  x  7  +  I  s u c c e s s i v e  i t e r a t i o n s .

The  success i ve  aop rox i rna t i ons  a re  t he  fo l l ow ing  :

b c A e

1
l <  r < 7 t_ I 1

p

P

r

P

r
5

/
b

r
7

T T T T T

l T O T T

I T O . | T

l 2 0 r r

1 2 0 3 r

1 2 0 3 2

1 2 4 3 2

v- 3

P
4

Y
5

P
b

P
7

l r r r r

l 2 r r r

1 2 r 3 r

1 2 T 3 7

1 2 4 3 r

Y
J

P
tr

P- 6

D

7

I T T T T

l 2 r r r

1 2 T 3 7

l 2 r 3 r

1 2 4 3 r

I n i  t i a l  i s a t  i o n

S t e p  I

S t e p  2

S t e o  3 ,  s t a b i l i z a t i o n ,  s t o p
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T h e  f  i n a l  r e s u l  t  i s  t h a t  t t a "  i s  c o n s t a n t  e q u a l  t o  I  ,  a n d  t t b t t  a n d  " d t t

a r e  c o n s t a n t  i n  t h e  l o o p  a s  s o o n  a s  t h e y  h a v e  b e e n  a s s i g n e d .

5.2 Liue VuiahLes

Th is  examp le  i s  rep resen ta t i ve  o f  t he  "boo lean  techn iques  o f  o rog ram

o p r i m i z a t i o n " .  I t  h a s  b e e n  i n t e n s i v e l y  s t u d i e d  i n  t h e  l i t t e r a t u r e  ( a . o . ,

A l 1 e n  a n d  C o c k e l l 9 T 6  l ,  H e c h t  a n d  U l 1 m a n [  1 9 1 3 1 ,  K e n n e d y I  I  9 7  I  ] ,  S c h a e f e r [  1 9 7 3 7 ,

U l l m a n [ 1 9 7 3 ] )  s o  t h a t  v e r y  e f f i c i e n t  a l g o r i t h m s  e x i s t  ( A h o  a n d  U l l m a n [ 1 9 7 5 f ,

K e n n e d y [  1 9 1 5 ) ,  T a r j a n l  l 9 7 6 . 1 )  .

G i ven  a  va r i ab le  X ,  wh i ch  i s  de f i ned  a t  va r i ous  po in t s  i n  a  p rog ram,

we  w ish  to  de te rm ine  fo r  each  po in t  p  i n  a  p rog ram f l o r v  g raph  whe the r  o r

no t  X  w i l l  be  used  a f t e r  con t ro l  l eaves  p .  I ^ l e  say  t ha t  X  i s  L lue  a t  p

i f  i t  can  be  used  aga in  and  dead  a t  p  o the rw ise .  The  "1 i ve ' r  i n fo rma t i on  r rou ld

be  use fu l  i n  reg i s te r  a l l oca t i c l n  f o r  examp le  s i nce  the  va lue  o f  a  va r i ab le

wh ich  can  neve r  be  used  aga in  needs  no t  be  saved .

Suppose  the  p rog ram has  been  rep resen ted  by  i t s  eon t ro l  f l ow  g raph

in  roh i ch  each  node  rep resen ts  a  bas i c  b lock  and  each  edge  reDresen ts  a  pos -

s i b l e  b l o c k  t o  b l o c k  t r a n s f e r  "

Fo r  each  b lock  b  i n  t he  p rog ram we  have  to  de te rm ine  the  se t  l i ve (b )

o f  va r i ab les  X  fo r  r vh i ch  t he re  i s  a  pa th  f r om the  en t r y  po in t  o f  b  t o  a

use  o f  X ,  wh i ch  pa th  i s  r l e f i n i t i on -c lea r  u i t l z  r espec t  t o  X  ( i . e .  con ta ins

n o  r e d e f i n i t i o n  o f  t h e  v a r i a b l e  X ) .

L e t  u s e ( b )  b e  t h e  s e t  o f  v a r i a b l e s  w h i c h  h a v e  e x p o s e d  u s e s  i n  b l o c k

b ,  i . . . ,  t h o s e  v a r i a b l e s  w i t h  a  d e f i n i t i o n - c l e a r  p a t h  f r o m  t h e  e n t r y  o f

b l o c k  b  t o  a  u s e  w i t h i n  b .

Le t  c l ea r (b )  be  the  se t  o f  va r i ab les  X  fo r  wh i ch  the  pa th  t h rough

t h e  b a s i c  b l o c  b  i s  d e f i n i t i o n - c l e a r  w i t h  r e s p e c t  t o  X .

No te  t ha t  t i - r e  se t s  used (b )  and  c lea r (b )  can  be  compu ted  by  a  l oca l

e x a m i n a t i o n  o f  b l o c k  b .
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Now the re  ex i s t s  an  X -de f i n i t i on -c .1ea r  pa th  f r om the  en t r y  o f  b

to  a  use  o f  X  i f  and  on l y  i f  t he re  ex i s t s  such  a  pa th  t o  a  use  w i th in

b  o r  t he re  ex i s t s  an  X -de f i n i t i on  c l ea r  pa th  t h rough  b  t o  a  successo r

o f  b  a n d  t h e r e  t o  a  u s e .

In  equa t i on  f o rm  :

l i v e ( b )  =  u s e ( b )  u  ( ( c l e a r ( b )  n  l i v e ( x ) ) ) f  i g .  5  . 2 . a
xe  Succ  (b  )

Fo r  an  ex i t  node

have :

l i v e ( e )  =  A

wh ich  has  no  successo rs  and  con ta ins  no  commands  we

Note

Since  the  above  sys tem o f  equa t i ons  does  no t  necessa r i l y  have  a

u n i q u e  s o l u t i o n  w e  w a n L  t h e  s m a l l e s t  s u c h  s o l u t i o n  ( t h e  o r d e r i n g  i s  s e t

i n c l u s i o n  s ) .

C o n s i d e r  f o r

b e g i n  i

w h e r e  t t i t t  a n d

c o n s  i d e r  t t  i t t

example a program such as :

: =  I  ;  w h i l e  . . .  d o  . . .  o d  ;  j

" j "  a r e  n o L  u s e d  i n  t h e  l o o p

- - ^ r  i l . 1  i l  + ^  L ^  1 - ' v e  j n  t h e  l o o pd r r u  J  L w  u s  ! !

l u t i o n  r v i l 1  o n l y  c o n s i d e r  " i "  t o  b e  l i v e  i n

: =  i  e n d .

b o d y .  T h e  g r e a t e s t

body,  wi rereas the

t h e  l o o p ) .

s o l u t i o n  w o u l d

s m a l l e s t  s o -

L e t  u s  i l l u s t r a t e  t h e  d e t e r m i n a t

f low graph wi th two var iables o,  and $

u s e ( 0 )  -  A

u s e ( 1 )  =  { g }

u s e ( 2 )  =  0

u s e ( 3 )  =  @

u s e  ( 4  )

I  1  \ t a  |  \  |

= {cx}

= a

o f  t h e  l i v e  s e t s  f o r  a  s i m p l e

c l e a r ( 0 )  =  O

LOn

a 1  o a r (

c l e a r  (

l )  =  { s ,  3 }

2 )  =  { a ,  3 }

c l e a r ( 3 )  =  { c v , ,  B }

c l e a r ( 4 )  =  { c r }
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Thus  the  va r i ab le  o  i s  de f i ned  i n  node  0  and  used  i n  node  4

whereas  va r i ab le  g  i s  de f i ned  i n  nodes  0  and  4  and  used  i n  node

The  ascend ing  app rox ima t i on  sequence  l eads  to  t he  f o l l ow ing

A n d  t h e r e f o r e  2 0  a p p l i c a t i o n s  o f  e q u a t i o n  5 . 2 . a  a r e  n e e d e d ,  p l u s  5

more  app l i ca t i ons  wh i ch  a re  requ i red  be fo re  no  change  to  t he  se ts  i s  re -

cogn i zed  wh ich  then  Le rm ina tes  t he  i t e ra t i on  D rocess .

5.3 ]eti*"L Apptorimati.on fuquence

Not i ce  t ha t  t he  f i xpo in t

X  =  F ( X )

shou ld  be  so l ved ,  acco rd ing  to

( 2 , 4 . 1  )  b y  J a c o b i r s  m e t h o d  o f

x r + l  =  r ( x r )  ( r

w h i c h  c a n  b e  d e t a i l l e d  i n  :

t i on  o f  t he  app rox ima t i on  sequence

app rox ima t i ons  :

. . . )

equa t ] . on  :

t h e  d e f i n i

succe  s  s  i ve

- n l a
- t

l i v e ( b )

S t e p s

l n l t l a I a

{ B }

{ B }

{ B }

{c l ,  B}

{ c x , 3 }

o

{ B }

{ B }

{cr ,  B}

t c r ,  5J

{o, '  B}

{ s , 8 }  { u }

{ o , 3 {  { o }

r  ^ l  r  f

1 0 , ,  I J J  1 0 i

{ c ,  B }  {o }
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\
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l
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o f t
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v e a

meE

rary

Jac

rvhich co

r e s u l t s

t i on  and

Gau s s -Se

s u c c e s  s  i

J a c o D l ' s

The cont

a l  though

used  the  Gauss -Se ide l  me thod  on

r r Ir r l  I  r
X  -  L 1 \ X '  e  A .

i '

r l l  * r l
r . t  t r l

^ .  -  t . \ A  . . ,
1  r ' I

r + l

t s  i

h e c

g I g I

met

ppro

hod

i s

O D L '

r ,
xt,)

T
x ,

1

f

xt, )

r + l  r \
* k - 1 ,  * k /- , r + 1=  t k t x r

c t i ng  i n  t he  compu ta t i ons  t he  l as t

es .  Th i s  reduces  the  memory  conges -

e .  l l oweve r  Robe r t l l 976 l  shows  tha t

i c l y  m o r e  r e l i a b l e  t h a n  J a c o b i r s

h o u t  s u f f i c i e n t  h y p o t h e s i s  o n  F

h  t h e  o n e  o f  G a u s s - S e i d e l  c y c l e s .

auss -Se ide l ' s  me thod  may  conve rge

For tuna te l y  t he  con t i nu i t y  hypo thes i s  on  F  imp l i es  t ha t  any  chao t i c

i t e ra t i on  me thod  conve rges  to  t he  r i gh t  so lu t i on .  0 the rw ise  s ta ted  th i s

s ign i f i es  t ha t  one  can  randomly  de te rm ine  a t  each  s tep  wh ich  a re  t he

componen ts  o f  t he  sys tem o f  equa t i ons  wh i ch  w i l l  evo l ve  (unde r  t he  con -

d i t i o n  t o  n e v e r  f o r g e t  o n e  d e f i n i t i v e l y ) .

A lLhough  the  conve rgence  to  t he  l eas t  so lu t i on  does  no t  depend  on

t h e  o r d e r  o f  c o m p u t a l i < l n s  t h e  e f f i c i e n c y  o f  t h e  i t e r a t i o n  p r o c e s s  d o e s .

Un t i l  now  the  i n te res t i ng  ques t i on  o f  de te rm in ing  the  op t ima l  app rox ima*

t i on  sequence  has  rece i ved  no  gene ra l  concep tua l  answer  and  i s  un l i ke l y

to  rece i ve  one  ( i f  we  th ink  t o  numer i ca l  ana l ys i s  whe re  the  p rob lem has

b e e n  e x t e n s i v e l y  s t u d i e d  u s i n g  v e r y  p e c u l i a r  h y p o t h e s i s ) .

Howeve r ,  expe i : imen ta l  and  theo re t i ca l  r esu l t s  have  been  ob ta ined  fo r

p a r t i c u l a r  a p p l i c a t i o n s .  I ^ l i t h  r e g a r d  t o  t h e  p r o b l e m  o f  l i v e  v a r i a b l e s  t h e

o p t i m a l  a p p r o x i m a t i o n  s e q u e n c e  h a s  b e e n  s h o w n  t o  e x i s t  ( ' i n o d e  l i s t i n g "

m e t h o d  o f  K e n n e d y L l 9 7 5 l ,  g e n e r a l L z e d  b y  T a r j a n l 1 9 7 6 ] ) ,  a n d  m a y  b e  a l g o -

r i t h m i c l y  s p e c  i f  i e d  f  o r  p a r t  i c r - r l a r  a b s t r a c t  i n t e r p r e t a t i o n s  ( o n  r e d u c i b l e
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f l ow  g raphs ,

i n  t e rms  o f

Aho  and  U l lman [1975 f

o rde r  o f  sea rch  ove r

a l t hough  these

a  f l o w  g r a p h ) .

re  su l  t s a r e  e x p r e s s e d

[ h e  e q u a t i o n  l i v e ( b )In i t ia l  rz lng

in  t he  o rde r  b  =  I

l i v e ( b )  b y  u s e d ( b )  a n d

, 2 1 3 r 4 r 3 r 2 r l r o

apo ly ing

; \{e have

l i v e ( b )

S t e p s

In  i t  i a1  i za t  i on

I

2

4

5

o

7

8

There fo re  B  app l i ca t i ons  o f  t he

tead of  20)  and no supplementary

i t e ra t i on  p rocess  has  conve rged

e q u a t i o n  5 . 2 . a  a r e  s t r i c t l y  n e c e s s a r y  ( i n s -

app l i ca t i ons  a re  needed  to  p rove  tha t  t he

( i n s t e a d  o f  5 ) .

A P P L I C A T I O N  T O  L O G I C A L  A N A L Y S I S  O F  P R O G R A M S

The  me thod  i n t roduced  by  F1oyd i | 967  I  and  Naur [19661  fo r  o rov ing  co r -

rec tness  o f  p rog rams  has  been  i n tens i ve l y  s tud ied ,  ex tended  and  even  pa r t l y

a u t o m a t t z e d .  I t s  p r e s e n t a t i o n  a s  a n  a b s t r a c t  i n t e r p r e t a t i o n  o f  p r o g r a n s

t c l r  15J
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perm i t s  t o  unde rs tand  the  e f f ec t i ve  o r i g i na l i t y  and  respec t i ve  Dower

o f  va r i ous  me thods  wh ich  a re  o f t en  s ta ted  to  be  new and  d i f f e ren t  f r om

prev ious  ones .  Moreove r ,  t h i s  pe rm i t s  t o  e luc ida te  seve ra l  m is -unde r -

s t o o d  p r o b l e m s .

6.L Abstract Contents

I n  t h i s  i n t e r p r e t a t i o n  a b s t r a c t  c o n t e x t s  w i l l  b e  l - o g i c a l  f i r s t  o r d e r

p red . i ca tes  P (X ,  i )  . t , r . r  t he  se t  X  o f  p rog ram va r i ab les  and  the  se t  - {  o f

i n i t i a l  v a l u e s  o f  t h e s e  p r o € l r a m  v a r i a b l e s .  X  a n d , T  a r "  t h e  f r e e  v a r i a b l e s

i n  t h e  p r e d i c a t e  P .

T h e  a s s e r t i o n  P - ( X ,  X )  a s s o c i a t e d  w i t h  a  p o i n t  i  o f  t h e  p r o g r a m  c a n

be  though t  o f  as  desJ r i b i ng  the  va lues  X  wh ich  the  p rog ram va r i ab les  w i l l

t ake  a t  p rog ram po in t  i  du r i ng  an  execu t i on  s ta r t i ng  w i t h  an  i n i t i a l  s ta te

X  o f  t h e  p r o g r a m  v a r i a b l e s .

T h e  s e t  o f  p r e d i c a t e s  P ( X ,  X )  f o r m  a  c o m p l e t e  l a t t i c e  ( s ,  r ,  T ,  i - 1 ,  [ ] ,

U ,  | ] )  b y  c h o o s i n g  r e s p e c t i v e l y  ( : r ,  f a l s e ,  t r u e ,  o r ,  a n d ,  O R ,  A N D ) .

6 .2 System of LogicaL Eoru*d Equation\

I t I e  u s e  t h e  n o t a t i o n  " { P ( X ,  X ) }  S  { q ( X ,  X ) } "  t o  m e a n  t h a t  f o r  e v e r y

X ,  X ,  i f  P ( X ,  X ;  h o t a s  p r i o r  t o  e x e c u t i o n  o f  t h e  s t a t e m e n t  S  t h e n  Q ( X ,  X )

i s  t h e  s t r o n g e s t  p o s t - c o n d i t i o n  s u c h  t h a t  s t a t e m e n t  S  f a u l t l e s s  e x e c u t e s

and  p rope r l y  t e rm ina tes  l eav ing  the  p rog ram va r i ab les  i n  a  f i na l  s ta te

^ ^ r - i ^ € - - - : - ^  nD d L r D r y ! r r B  v .

Acco rd ing  to  t he  deduc t i ve  seman t i cs  o f  p rog ramrn ing  l anguages

( l i j k s t r a l l 9 7 6 l ,  H o a r e l 1 9 6 9 1 )  t h e  f o l l o w i n g  r u l e s  p e r m i t  t o  a s s o c i a r e  a

sys tem o f  equa t i ons  w i th  any  f l owcha r t  p rog ram :
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trtogrant entny point :

( /  ,  f

{ ( x .  =  v i ) ,  i  -  l ,  . . . ,  0 i

The  respec . t i ve  i n i t i a l  va lues  o f  t he  va r i ab le  x1  ,  . . . ,  xm a re  t he  sy rnbo l s

V 1 ,  . . . ,  V m .  T h e  v .  m a y  e v e n t u a l l y  b e  0  d e n o t i n g  t h e u n i n i t i a l i z e d  v a l u e .

Assrgnment statements :

{ p }  i  : =  E  i l i ' l  P ( i  * -  i ' )  g S  ( i  =  E ( i  *  i ' ) ) }

We no te  "o (x  *  y ) t t  a  copy  o f  o ,  i n  wh i ch  each  occu r rence  o f  t he  va r i ab le

x  i s  rep laced  b1 r  t he  va r i ab le  y .  The  above  ru le  mus t  be  en r i ched  i f ,  one

\ . . / an t s  t o  t ake  accoun t  o f  t he  f ac t  t ha t  t he  eva lua t i on  o f  E  may  fa i1 .

Test  s tatements :

{ p }  i f  Q  t h e n  { e  a n d  q }  < s t a t e m e n t  l i s t >  f i

Go to statements and Labels :

L  :  {  o n  P . }
i e r r e d  ( L )  r

w h e r e  p r e d ( L )  d e n o t e s  t h e  s e t  o f  p r o g r a m  p o i n t s  g o i n g  t o  L  ( s e q u e n t i a l l y

o r  by  an  uncond i t i ona l  j ump  "go  to  L ' r  t o  t he  cons tan t  1abe l  L ) .

I ' l e  w i l l  examp l i f y  t he  above  ru les  on  the  ve ry  s imp le  p rog ram (ove r

the  i n tege rs  IN*  =  I I r ]  u  {0 } )  :

{ p  }L ' o '

i  : =  1 ;
{ p  }1 . 1 ,

r o o p  z  l y 2 J
i f  i  <  1 0 0 0  t h e n

f - I
1  r : J

i  : =  i + l  ;
{ p  }

g o  t o  l o o p  ;

L  L ' i i  - J  .  L . d

r t
t

{ p  }
5
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The  co r respond inq  sys tem o f  f o rwa rd  equa t i ons  i s  t he  f o l l ow ing  :

( l )  P o  =  ( i  =  a )

( 2 )  P r  =  i l i '  e  D { *  |  r o t i  *  i ' )  a n d  ( i  =  r ) }

( 3 )  P z  =  P ,  o r  P u

( 4 )  P s  =  P z  a n d  ( i  <  l o o o )

( 5 )  P , ,  =  { l i '  .  D { *  l e r t i  *  i ' )  a n d  ( i  =  i ' * t ) }

( 6 )  P s  =  P z  a n d  ( n o t ( i  <  l 0 0 C ) )

f i s  6  . 2 . b

6.3 Optinal fntsariuzts

The  sys tem o f  equa t i ons  has  i n  gene ra l  seve ra l  so lu t i ons .

Exarnple

Le t  us  p rove  tha t  t he  asse r t i on  :

P ?  = ( i  <  l 0 0 l )

i s  an  ad rn i ss ib le  i nva r i an t  a t  p rog ram po in t  { 2 } .

Rep lac ing  i n  t he  sys te rn  o f  equa t i cns  we  ge t  :

P o  =  ( i  =  C I )

Pr 
ri1': ;,i lt 

i, ir.t 
:i 'f l. ' j l j-..mvariable and,here-

f o r e  i s  u n i n i t i a l i z e d )  .

" = li *.ii, ',:: '?l .,ooo)
=  ( i  <  l o o o )

p 4  =  { l i '  .  1 ' t *  l f r { i  - -  i ' )  a n d  ( i  =  i ' + t ) }

=  { l i '  e  l r v *  |  ( i '  <  1 0 0 0 )  a n d  ( i  =  i ' * t ) }

=  ( i  <  l o 0 l )

P s  =  P z  a n d  n o t  ( i  <  1 0 0 0 )

= l l  = i : : l i  
and nor ( i  < 1000)
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I t  i s  now  ve ry  easy  to  ve r i f y  t ha t  t he  i nduc t i ve  i nva r i an t  P ,  i s  co r -

r e c t  s i n c e  :

t '  
=  i i  i , i - . ,  ( i  <  1001)

( i  <  t o o ;

T h e  s a m e  w a y  o n e  c a n  p r o v e  t h a t  P ,  =  { 1  <  i  <  1 0 0 1 } i s  a n o t h e r  a d m i s -

s i b l e  s o l u t i o n  a t  p r o g r a n  p o i n t  { 2 } .

Y e t  a c c o r d i n g  t o  T a r s k i ' s  t h e o r e m  ( s e e  2 . 3 )  t h e r e  e x i s t s  a  l e a s t  s o -

l u t i o n  S  ( l e a s t  f o r  o r d e r i n g  = ,  t h a t  i s  : r r ) .  l d e  c a l l  t h i s  l e a s t  s o l u -o p E
t ion the opt 'unal  tnuav ' tants s ince they imply any other  solut ion of  the sys-

te rn  o f  equa t i ons .

Proof

S i n c e  S ^ ^ .  i s  t h e  i n f i m u m  i n  t h e  c o m p l e t e  l a t t i c e  o f  f i x p o i n t s  o f  F
o p c

( T a r s k i r s  t h e o r e m  2 . 3 )  w e  h a v e  :

( Y P l  P  =  p ( p ) ) ,  t o o .  r  t

( Y p  I  p  =  F ( p ) ) ,  S ^ ^ , : ' P

Erunole

T h e  o o t i m a ' l  i n v a r i a n t s  f o r  D r o s r a m  o f  f  i s  6 . 2 . a  a r e  t h e  l e a s t  s o l u t i o n

o f  t h e  s y s t e m  o f  e q u a t i o n s  o f  f i g  6 . 2 . b  t h a t  i s  :

P o = ( i = C I )

P 1  =  ( i  =  l )

P z = ( l < i < 1 0 0 1 )

P 3 = ( l < i < 1 0 0 0 )

P { = ( 2 < i < 1 0 0 1 )

P s = ( i = 1 0 0 r )

6.4 Proof of Total Corueetness

The  sys tem o f  equa t i ons  i s  gene ra ted  d i rec t l y  f r om the  p rog ram tex t  ac -

co rd ing  to  t he  ru les  o f  t he  deduc t i ve  seman t i cs  o f  t he  l anguage .  The re fo re

the  op t ima l  i nva r i an t s  a re  i ndependan t  o f  any  use r  p rov ided  i npu t /ou tpu t
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spec i f i ca t i on  and  re f l ec t  wha t  i s  ac t r ra l l y  happen ing  du r i ng  the  compu ta -

t i on ,  as  opposed  to  wha t  i s  supposed  to  be  happen ing .

Qr rnnnco  nn r r  f f t s f  t he  i n tended  behav iOur  o f  t he  n roo rem ' rT  i  sf n a r  E n e  l n f e n c e o  D e n a v l o u r  o r  * - . -  r -  r -  s p e -

c i f i e d  b y  m e a n s  o f  a n  i n p u t  s p e c i f i c a t i o n  0 ( X )  a n d  a n  o u t p u t  s p e c i f i c a -

t i o n  f ( X ,  X ) .  T h e  i n t e n t i o n  i s  t h a t  f o r  a n y  i n i t i a l  v a l u e s  X  o f  t h e  o r o -

g ram va r i ab les  sa t i s f y i ng  t he  i npu t  spec i f i ca t i on  , l (X ) ,  t he  n rog ram te r i n i -

n a t e s  w i t h  f i n a l  v a l u e s  Y  o f  t h e  v a r i a b l e s  s a t i s f y i n g  r r ( Y ,  X ) .

The  ve r i f i ca t i on  o f  co r rec tness  o f  a  p rog ram 1T  fo r  i npu t /ou tpu t  spe -

c i f i c a t i o n s  0  a n d , f  t h e n  c o n s i s t s  i n  :

-  C o n s t r u c t i n g  t h e  s y s r e m  o f  a s s e r t i o n  e q u a t i o n s  P  =  F ( P )  o f  T ,  a n d  f i n d i n g

i * ^  ^ - . + . i * ^ 1  ̂ ^ l u t i o n  s! L D  U P L  r l l d !  D U - u L  - v . ,  " o p t .

-  P rov ing  tha t  f o r  eve ry  i npu t  F  such  tha t  0 (X )  i s  t r ue ,  t he re  ex i s t s  a

ha l t po in t  h ,  t he re  ex i s t  ou tpu t  va lues  Y  o f  t he  va r i ab les  such  tha t  :

sop, (r t )  (Y,  x)  "rd (soo.(h) (Y, x)  :> U(Y, x)  )

wh ich  requ i res  t ha t  t he  p rog ram te rm ina tes  a t  some  ha l t po in t  h  r v i t h  a

s ta te  Y  o f  t he  p rog ram va r i ab les  sa t i s f y i ng  t he  ou tpu t  soec i f  i ca t i on  ' . ! .

In  formulas (adapted f rom Kat  z  and.  Manna l1g76l)  rve must  prove :

{ ( V x l 0 ( t ) ) ,  l h ,  l Y I s  ^ . ( h ) ( Y ,  x )  a n d  U ( Y ,  X ) }
U Y L

hlhere,  f rom ry l ' ra t  preceded we have :

s  -  =  u ( F ) .
o D t

LXQMDLE

Cons ide r  t he  p rog ram segmen t  :

{ e ,  }

f o 1
t  L  2 )

w h i l e x > y d o

x : = x - y ;
{ p  }r r  3 r

o d ;
{ e  i

f  i g  6  . 4 . a
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Applying

l P ,  =  ( x
{
\ P ,  =  ( P ,
( -
/ P ,  

=  t J x
I
\ P = ( P\  - +  \ - I

H o a r e ' s  r u l e s  w e  o b t a i n  t h e  f o l l o w i n g  s y s t e m  o f  e q u a t i o n s  :

=  x o )  a n d  ( y  =  y o )

9 .  P a )  a n d  ( x  >  y )

' l  P r ( x ' )  a n d  *  =  * ' - y ]

o r  P , )  e l d  ( *  .  y )

t i g  6 . 4 . b

and  the  co r respond ing  op t ima l  i nva r i an t s  a re  :

P I  =  ( x  =  x o )  a n d  ( y  =  y o )

o l

P ,  =  O R  ( A N L ( x o - k y o > y s )  a n d  ( x = x o - j V o )  a n d  ( y = y 0 ) )- 
:-l-n ;:: 

-
J  

- v  K - \ J

@ j

P 3  =  
9 R  ( A N D ( x o  - k y o  >  y o )  a n d  ( x = x o  -  ( j  +  1 ) y o )  a n d  ( y = y o ) )-^ -

J - w  N - V

@  i - l

P *  =  0 R  ( A N D ( x o - k y o > y o )  a n d  ( x o - j y o < y o )  a n d  ( x = x o - j y o )  a n d  ( y = y o ) )
j=0 k=0

f i g  6 . 4 . c

Suppose  now tha t  one  wan ts  t o  p rove  tha t  f o r  any  i npu t  va lues  ( xo ,  yo )

o f  ( x ,  y )  s a t i s f y i n g  t h e  i n p u t  s p e c i f i c a t i o n  :

O ( x o ,  y o )  =  { ( " 0  >  0 )  a n d  ( y o  >  0 ) }

t he  p rog ram te rm ina tes  r , r i t h  ou tpu t  spec i f  i ca t i on  :

, l ( x ,  y ,  X o ,  y 6 )  =  { ( x  >  0 )  a n d  ( y  >  0 )  a n d  ( x  <  y ) }

We must  p rove

{ ( Y x o  l * o  =  0 ) ,  ( V y o  l y o  >  0 )  l ( x ,  v )  l r u ( x , y , X ' , y o )  a n d ' } ( x , y , x ' , y 0 ) } .

A f t e r  t r i v i a l  s i m p l i f i c a t i o n s  t h i s  c o n s i s t s  i n  p r o v i n q  t h a t  :

( * o  >  0 )  a n d  ( V o  >  0 )  i m p l i e s

i  - t
{ l j > o l S g ( " 0 - k y o > y o )  a n d  ( x o - . i v o < y o )  a n d  ( " 0 > 0 )  a n g  ( y o > 0 ) }

N - U

r,^Je know from

- Q Y o = r a n d 0

prove :

q - l
AND (xo - kyo
1 . - n

ar i t hme t i cs  t ha t  Y*o  t

<  r  <  y s .  C h o o s i n g  j  =

>  0 ,  l q ,  J r  s u c h  t h a t

the above forrnula i t  remains

o ,  Y Y o

n  i n, . 0

t o

>  Y o )
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But  xs  >  Qyo  then  fo r  any  1<  sa t i s f y i ng  q  >  k  >  0  we  have  q  >  k+ l  t hus

eyo  >  ( k+ l  ) y0  and  by  t r ans i t i v i t y  xo  >  ( k+1 )y6  l oe  comp le te  t he  p roo f

o f  t e r m i n a t i o n  a n d  c o r r e c t n e s s w h e n  x o  >  0 ,  y o  >  0 .

Howeve r  i n  t he  rema in ing  case  x0  >  0 ,  yo  =  0  t he  p rog ram i s  obv ious l y

i nco r rec t  s i nce  we  canno t  have  ( xo  <  0  and  xo  t  0 ) .  Fo r  t he  same reason

P u ( x ,  y ,  x o ,  0 )  i s  a l w a y s  f a l s e  w h e n  x o  >  0  h e n c e  t h e  p r o g r a m  m u s t  e n t e r

a n  i n f i n i t e  l o o p  f o r  s u c h  i n p u t  v a l u e s .

6.5 Approrimate rnueirllts, sastems of nequtrions mdpf, of p""t*l

Carrectness

Mos t  p rog ram p rov ing  me thods  use  i nequa t i ons  o f  t he  f o rm  :

P i . :  g . ( P r  ,  t k )  ( i  =  t ,  . . . ,  k )

whe reas  we  used  the  equa t i ons  :

P .  =  f r ( P s ,  . . . ,  P k )  ( i  =  l ,  . . . ,  k )

Fo r  examp le ,  i ns tead  o f  :

{ i ' O }  i  : =  i + t  { i  '  l }

o n e  c a n  l e g a l l y  w r i t e  a  l e s s  p r e c i s e  a s s e r t i o n ,  s u c h  a s  :

{ i t 0 i  i : = i + l  { i r 1 / ? _ )

s ince  the  s t ronges t  pos t - cond i t i on  resu l t i ng  f r om the  p re -cond i t i on  {  I  t  O }

i s  { i  >  l }  w h i c h  i m p l i e s  { i  >  t / 2 } .

T a r s k i ' s  t h e o r e m  ( 2 . 3 )  i m p l i e s  t h a t  :

S  = u ( F )  = l l ( p l r ( p )  =  p )
o p t

: >  Y p ,  ( F ( p )  E  p )  : v  ( t o o .  r  n )

: >  V p ,  ( F ( p )  _ >  p ) : >  ( t o n a  : >  p )

Therefore in  order  to f ind a correct  approximate inuar iant  S hence such

tha t  :

s - > p- o o t

i t  s u f f i c e s  t o  f i n d  a  s o l u t i o n  S  t o  t h e  s y s t e m  o f  i n e q u a t i o n s

P  < :  F ( P )
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Acco rd ing  to  Ka tz  and  Manna l  1976 ]  t he  reason ing  fo r  p rov ing  the  pa r -

t  i a l  co r rec tnes  s  o f  a  p rog ram ' l I  i s  t he  f  o1  I  ow ing  :

t i r e  p r o g r a m  1 I  i s  p a r t i a l l y  c o r r e c t  w i r h  r e s p e c t  t o  O  a n d  l !  i f  a n d  o n l y  i f  :

( J r  I  e  . :  F ( P ) ) ,  ( Y x  I  O { x ) ) ,  Y h ,  V Y

P ( h ) ( Y ,  f ;  : '  0 ( Y ,  x ;

I n Ie  can  eas  i l y  show tha t  t h i s  reason ing  i s  co r rec t  s  i nce  unde r  t he

h y p o t i r e s i s  t i r a t  T  t e r m i n a t e s  r v e  h a v e :

l i r . ' l Y l s  ( h ) ( T .  x )- - I  * o p t

a n d  i f  t h e  p r o g r a n  i s  p a r t i a l l y  c o r r e c t  w e  h a v e

P(h)(Y,  X)  : t  , l . r (Y,  X)

bu t  s i nce  P  < :  F (p )  we  have  Sooa  :>  P  hence

S ^ ^ , ( h ) ( Y ,  x )  : '  r l ( Y ,  x ;
U P L

ErctrnpLe

Suppose  r {e  wan t  t o  p rove  the  pa r t i a l  co r rec tness  o f  t he  s imp le  p ro -

g r a m  o f  t i g  6 . 2 . a ,  f o r  a n  i n p u t  s p e c i f i c a t i o n  0 ( i ,  i o )  =  t r u e  a n d  a n  o u t -

p u t  s p e c i f  i c a t i o n  ' . J . t ( i ,  i o  )  =  ( i  =  1 0 0 1  ) .  T h e  s y s t e m  o f  i n e q u a t i o n s  c o r r e s -

pond ing  to  t ha t  p rog ram i s  eas i l y  de r i ved  f rom the  equa t i ons  6 .2 .b .  Th i s

sys tem o f  i nequa t i ons  admi t s  an  i n f i n i t y  o f  so lu t i ons .  Fo r  examp le ,  we  can

eas i l y  de r i ve  an  i n f i n i t y  o f  app rox ima t i on  i nva r i an t s  f r om the  i nduc t i ve

inva r i an t s  :

P z  =  ( a  <  i  <  l 0 0 l )  f o r  a n y  a  3  I

r ep lac ing  i n  t he  sys tem o f  equa t i ons  we  ge t  :

P o = ( i = a )

P l  =  1 i  =  l )

P 3  =  P ,  a n d  ( i  <  1 0 0 0 )

=  ( a  <  i  <  1 0 0 0 )

P u  =  { - J i r  e  N *  l e r ( i  n -  i ' )  a l q  ( i  =  i ' + l ) J

=  { l l ' l  ( a  <  i '  <  l o o o )  a n 4  ( i  =  i ' * t ) }

=  ( a + t ) <  i  <  1 0 0 1 )
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I t  i s  now  ve ry  easy  to  ve r i f y  t ha t  t he  app rox i rna te  i nduc t i ve  i nva r i an t

i s  c o r r e c t  s i n c e  :

P 2  ' :  P ,  o r  P u

P 2  < :  ( i  =  l )  o r ( ( a + 1 ) <  i  <  1 0 0 1 )

w h i c h  i s  o b v i o u s  s i n c e  P ,  =  ( a  <  i  <  1 0 0 1 )  a n d  a  (  1 .

Now the  ou tpu t  apDrox ima te  i nva r i an t  i s  :

P s  =  P z  a n d  n o t  ( i  (  l 0 0 l )

=  ( a  <  i  <  l 0 C 1 )  a n d  ( 1 0 0 0  <  i )

=  ( i  =  1 0 0 1 )

and  obv ious l y  Pu  :>  ! .

Discusston

The  ve r i f i ca t i on  o f  p rog ram pa r t i a l  co r rec tness  has  been  shown  to  be

a m e n a b l e  t o  m e c h a n i z a t i o n  ( s e e  a . o .  D e u t s c h [  1 9 7 3 ] ,  K i n g [  1 9 6 9 ] ,  I . , l a l d i n q e r

a n d  L e v i t t L l 9 T 4 l ) .  S i n c e  t h e  a u t o m a t i c  d i s c o v e r y  o f  o p t i n a l  i n v a r i a n t s  i s

an  unso l vab le  p rob lem the  p rog ra rnmer  mus t  p rov ide  i nduc t i ve  app rox i rna te

inva r i an t s  wh i ch  cu t  t he  l oops  i n  t he  p rog ram tha t  i s  p rov ide  the  i nva r i an t s

r v h i c h  r e c u r s i v e l y  d e p e n d  o n  t h e n s e l v e s  i n  t h e  e q u a t i o n s .  T h i s  i n  f a c t  p r o -

v i d e s  t h e  e n t i r e  s o l u t i o n  o f  t h e  i n e q u a t i o n s  s i n c e  a  s i m p l e  p r o p a g a t i o n  i n

the  equa t i ons  oe rm i t s  t o  deduce  the  rema in ing  i nva r i an t s "  Thus  p rog ram pa r -

t i a l  c o r r e c t n e s s  m e t h o d s  c o n s i s t s  i n  v e r i f y i n q  t h a t  a  s o l u t i o n  o f  t h e  i n e -

q r : a t i o n s  p r o v i d e d  b y  t h e  u s e r  i s  c o r r e c t  ( s e e  4 . 1 " 1 ) .  a n d  t h a t  t h i s  s o l u -

t i on  imp l i es  t he  ou tpu t  spec i f i ca t i on  when  assu .m ing  the  i npu t  spec i f i ca t i ons

t o  h o l d .

The  on l y  c r i t e r i on  t o  choose  the  i nduc t i ve  app rox i rna te  i nva r i an t s  a :nong

the  i n f i n i t e l y  many  ones  i s  t ha t  t hey  mus t  be  s i rnp le  enouqh  to  be  eas i - l y

proved by the theorem prover  and vet  powerfu l  enough for  the theorern prover

t o  d e d u c e  t h e  o u t p u t  s p e c i f j c a t i o n .  T h i s  c r i t e r i o n  i s  c e r t a i n l y  n o t  a  u s e -

fu1  eu ide  fo r  t he  use r  t o  d i scove r  t he  conven ien t  i nduc t i ve  i nva r i an t s .

s.0lpp@fust*n" qf f"qquat"o"g @ ?"gofs of Terrnination

Le t  T  be  a  o rog ram wh ich  co r respond ing  sys tem

The  te rm ina t i on  cond i t i on  w i t h  resDec t  t o  an  i nouc

o f  e q u a t i o n s  i s  P  =  F ( P ) .

q - o c i  F i e q r  i ^ .  O i / naS  3 lVen
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a t  D a r a g r a p h  6 . 4  a s  :

{ ( v x  I  o ( x ) ) ,  l h ,  t Y l  s o o t ( h ) ( Y ,  x ) }
r vhe re  S  =  U (F )

oDf

A p p l y i n g  T a r s k i ' s  t h e o r e m  ( s e e  2 . 3 )  w e  h a v e  :

s- - -  =  AND {e  I  r1e ;  :>  P}
o D t

t he  t e rm ina t i on  cond i t i on  becomes  :

{ C V x  1  o ( x ) ) ,  J h ,  l Y l  a x o  { p ( t ' ) ( Y ,  x )  |  F ( p )  : ' p } }

=  { ( Y p  I  r  . :  F ( p ) ) ,  ( V x  I  o t x l ) , 1  h ,  l Y l  p ( h ) ( Y ,  x ) }

wh ich  i s  t he  t e rm ina t i on  cond i t i on  o f  Ka tz  and  i { anna [  1976 ) .

Howeve r  t hey  obse rved  tha t  t h i s  l as t  cond i t i on  i s  no t  u t i l i zab le  i n

p r a c t i c e  s i n c e  i t  i s  e x p r e s s e d  i n  t e r m s  o f ,  e v e r y  p o s s i b t e  s e t  o f  a p p r o x i -

m a t e  i n v a r i a n t s  s a t i s f y i n g  t h e  s y s t e m  o f  i n e q u a t i o n s  p  4 -  F ( P ) . " t r h i c h

a d m i t s  i n f i n i t e l y  r n a n y  s o l u t i o n s .  T h i s  f a c t  i s  n o t  s u r p r i s i n g  a t  a l l  s i n c e

t h i s  c o n d i t i o n  i s  b a s e d  o n  T a r s k i r s  t h e o r e m  w h i c h  i s  n o t  c o n s t r u c t i v e .

The i r  r epa r tee  was  to  use  o the r  me thods  to  p rove  te rm ina t i on  such  as  F loyd

1 1 9 6 7  I ' s  m e t h o d  b a s e d  o n  w e l l - f o u n d e d  s e t s  w i t h  n o  i n f i n i t e l y  d e s c e n d i n q

cha ins .

Ye t  ou r  t e rm inaL ion  cond i t i on  i s  u t i l i zab le  p rov ided  tha t  we  may

f i n d  a  c o n s t r u c t i v e  d e f i n i t i o n  o f  t h e  o p t i m a l  i n v a r i a n t s  S o p t .  T h e  a s c e n -

d ing  sequence  o f  success i ve  app rox ima t i ons  i s  t he  key  to  t ha t  p rob lem.

6 . 7 Qiseouery _o f_)ptimal fnuari,ants

TL^  ^^+ ' i * ^1  i nva r i an t s  S^ - *  a re  t he  l im i t  o f  t he  ascend ing  app rox i -r r r c  U P L  r l l l d l  
o p E

mat ion  sequence  s ta r t i ng  f r : om the  i n f imum fa1se .  Le t  us  use  the  sys tem

o f  e q u a t i o n s  o f  f  i g  6 . 2 . b  a s  e x a m p l e  :

I n i t i a l  i z a t i o n  :

P .  =  f a l s e  i  =  0 . . 5
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I t e ra t i on  I  :

P o = ( i = n )

P r  =  { l i '  e  n  I  e o ( i  *  i f )  a n d  ( i  =  1 ; 1
=  { l i '  €  n i l  l ( i '  =  0 ) a n d  ( i  =  t ) }
=  ( i  =  t )

P z = P r o r P .

=  ( i  =  l )  o r  f a l s e
=  ( i  =  l )

Ps  =  Pz  and  ( i  <  1000 )
=  ( i  =  l )  a n d  ( i  <  t 0 0 0 )
=  ( i  =  l )

P q  =  { l i '  e  I N  l P 3 ( i  *  i ' )  a n { ( i  =  i , + l ) }
=  ( i  =  2 )

Ps  =  Pz  g lg  ( i  >  1000 )
=  ( i  =  l )  a n d  ( i  >  1 0 0 0 )
=  f a l s e

I t e ra t i on  2  :

r o = ( i = a )

P r  =  ( i  =  l )

P r = P r o r P u

= ( i = l ) o r ( i - = 2 )

=  ( t  <  i  <  2 )

P r = ( l < i s 2 )

P u = ( 2 < i < 3 )

P  =  f r l c o

I t e r a t i o n  k  :

P o = ( i = s l )

P r  =  ( i  =  l )

P r = ( l < i < k )

P . = ( l  . - < i < k )

P u  =  ( 2  <  i  <  k + l )

P,  = f j r l  sc

; r : . " r i o n  r o o r  :

P o = ( i = n )

P r = ( i = l )

P :  *  ( l  <  i  <  l 0 0 l )

P 3 = ( l < i r l 0 0 ! )

P ,  =  ( 2  5  i  : <  1 0 0  l )

P ,  =  ( i  =  l 0 0 l )
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A t  i t e r a t i o n  1 0 0 2  w e  f i n d  t h e  s a m e  r e s u l t ,  s o  t h a t  f u r t h e r  i t e -

r a t i o n s  a r e  u s e l e s s ,  t h e  i t e r a t e s  h a v e  c o n v e r g e d .  I n  1 0 0 1  +  I  i t e r a t i o n s ,

t he  op t ima l  i nva r i an t s  a re  gene ra ted  d i rec t l y  f r om the  sys tem o f  equa t i ons .

I t  i s  a  b i t  as ton i sh ing  to  d i scove r  t ha t  t he  aop rox ima t i on  sequence

r e a l l y  d e s c r i b e s  t h e  e x e c u t i o n  o f  t h e  p r o g r a m .  Y e t  i n  g e n e r a l  i t  i s  a

m e a n s  o f  c o m p u t a t i o n  w h i c h  d i f f e r s  f r o m  u s u a l  e x e c u t i o n  s i n c e  a l l  n o s s i b l e

p rog ram pa ths  a re  f o l l owed  pa ra l t e l l y ,  and  the  pa ths  a re  i n i t i a ted  f rom

a1 l  p rog ram po in t s  (and  no t  f r om p rog ram en t r y  po in t s  on l y ) .

I t  i s  obv ious  tha t  f o r  some  non - te r rn ina t i ng  D roq rams  the  app rox ima-

t i on  sequence  m igh t  be  i n f i n i t e ,  so  t ha t  i t s  l i r n i t  canno t  be  au toma t i ca l l y

c o m p u t e d .  T h e  r e p a r t e e  t o  t h a t  p r o b l e m  c o n s i s t s  i n  u s i n g  i n d u c t i o n ,  i . e .

r e a s o n i n g  b y  r e c u r r e n c e  o n  t h e  l e n g t h  o f  t h e  s e q u e n c e  ( s e e  4  . 1 . 2 )  .

ErmnpLe

Suppose we want  to prove that  t i re  opt imal  invar iants of  the program

o f  f i g .  6 . 4 . a  a r e  g i v e n  a t  f i g , 6 . 4 " c .

By  compu t i ng  the  f i r s t  t e rms  o f  t he  app rox ima t i on  sequence  and  nex t

us ing  some heu r i s t i cs  we  rnus t  f  i r s t  d i scove r  t he  qene ra l  t e rm  S  ( i )  o f  t i - r e

approximat ion sequence-"  Ide have found :

I
\"'l

P ,  =  ( 1  =  x o )  a n d  ( y  =  y o )

1 - t

P ,  =  
9 B  ( n u o  ( * o  - k y o  t  y o )  a n d  ( x = " 0  -  j v o )  a n a  ( v  =  v o ) )' 
i=0 r=6'

i j
P 3  =  

9 1  
( A N P  ( x o  - k y o  >  y o )  a n d  ( x  =  x o  -  ( j  +  l ) y o )  a n d  ( y  =  y 0 ) )

j = 0  k = 0

i  j - l
P , *  =  0 R ( A N D  ( * o * k y o > y o )  a n d  ( * 0 - j y o . y o )  a n d  ( x = x o - i v o )  a n d  ( y = y 0 ) )

il-n ll]Ti
J - w  N - v

We mus t  f i r s t  show tha t  t h i s  i s  a  co r rec t  exp ress ion  o f  Lhe

f i r s t  t e rms  o f  t he  ascend ing  app rox ima t i on  sequence .
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The in i t  ia l izat ion is  :

P .  =  f a l s e  i  =  1 . . 4

t h e  f i r s t  i t e r a t r o n  i s  :

p r  =  ( x = x o )  a n d  ( l = v o )".ji:*trf-i"'l ,,
=  ( x = x o )  a n d  ( v = v o )  a n d  ( x o >  v o )

P ,  =  { 1 x '  I  e r ( " ' )  g g |  x  = ( x '  -  y ) }

=  ( x o  z  y o )  a n d  ( x '  -  * o )  " r 4  ( y  =  y s )  a r 4  ( x  =  x r * y )

=  ( x o > y o )  a n d  ( x = x o - y o )  a n d  ( l = v o )

Pu =  (P ,  o r  P ,  )  " r4  no t  (x  >  y )

=  ( x = x o )  a n d  ( V = v 6 )  a n d  ( * o . y o )

T h e s e  i t e r a t e s  a r e  c l e a r l y  o f  t h e  g e n e r a l  f o r m  S ( i )  f o r  i = 0 .  F o r  t h e

i n d u c t i o n  s t e p ,  s u p p o s i n g  S ( i )  t o  b e  e o r r e c t  a n d  r e o l a c i n q  i n  t h e  e q u a t i o n s

\ r e  m u s t  s h o w  t h a t  w e  o b t a i n  s ( i  +  I  ) .

P l  =  ( 1 =  x 6 )  a n d  ( y =  y o )

P,  =  (P ,  g r  Ps  )  a "4  ( x  >  y )

=  ( P i  a n d  x >  y )  a n d  ( P u  a n d ( x >  y ) )

= i ( ( x o > y e )  a n d  ( x = x o )  a n d ( y = y o ) )

gI
i j

O R  ( A N D ( x o  - k y o  >  y 6 )  a n d  ( x = x o  -  ( j * l ) l o )  a n d  ( v = v o ) ) )
j  =0 k=0

anci {x > y}

=  ( ( x o  >  y o )  a n d  ( x  =  x o )  a n d  ( y  =  y o ) )

o r

i + l  j '
o R  ( A N D  ( x o - k y o > y 6 )  a n d  ( x = x o -  j ' y o ) . r y |  ( v = v o ) )

7---;-
- l ' = t  K = u

i + l  j
=  0 R  ( A N D  ( * o - k y o > y e )  a n d  ( x = x o - j y o )  a n d  ( y = y 0 ) )

iA k;6-
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P s  =  { l x '  I  e ,  ( x ' )  a n d  x  =  x ' - y }

1 + l  J
=  o R  { l x '  ;  a t l o  ( x o  - k y o  >  y s )  a n d  ( x '  =  x o  -  j v o )  a n d  ( : r =  y s )  a n d  ( x = x ' - y ) }

j=o k=o

i + l  j
=  O R ( A N D  ( x o - k y o > y o )  a n d  ( x = x o - ( j * t ) y o )  a n d  ( y = y 0 ) )

j=0  k=o

P u  =  ( P 1  o r  P r )  a n d  ( x  .  y )

=  ( P r  a n d  ( x <  y ) )  o r  ( P ,  a n d  ( * .  y ) )

=  ( ( x = x o )  _ 4  ( y = y o )  a n d  ( x o c v o ) )

0 R  ( A N D  ( x o  - k y o  >  y 6 )  a n d  ( x = x o  -  ( j * l ) v 6 )  a n d  ( y =  y o )  a n d  ( x .  y ) )
i=0  l<=0

i + l  j - t
=  

9 B  ( A N D  ( x o - k y o > y s )  a n d  ( x o - j y o < y o )  a n d  ( x = x o - j f o )  a n d  ( y = y 0 ) )
j  =o  k=0

Since now we have proved the  genera l  fo rn  S( i )  o f  tne  i ! !  te rm o f  appro-

x ima l ion  sequence to  be  cor rec t ,  the  op t ima l  invar ian ts  a re  ob ta ined by  :

S  ,  =  t i m  S ( i )
o D t

w h i c h  d i r e c t l y  t " " " i ;  i n  f o r m u l a s  o f  f i g  5 . 4 . c .

Dt  scusston

I t  c o u l d  b e  c l a i m e d  t h a t  t h e  u s e r s  w i l l  h a v e  e v e n  m o r e  d i f f i c u l t i e s

to  f i nd  op t ima l  i nva r i an t s  t han  they  have  to  f i nd  app rox ima te  i nva r i an t s .

T h i s  m a y  b e  t r u e .  Y e t ,  d i s c o v e r y  o f  i n v a r i a n t s  i s  n e c e s s a r y  i n  b o t h  c a s e s

and  i t  m igh t  t u rn  ou t  t ha t  t he  d i scove ry  o f  op t ima l  i nva r i an t s  p resen ts

no  more  d i f f i cu l t i es  t ha t  t he  d i scove ry  o f  s imp ly  app rox ima te  i nva r i an t s .

The  key  to  t ha t  p rob lem i s  ce r ta in l y  symbo l i c  execu t i on .

o r

i  + l  ;
J
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Synbo l i c  execu t i on  i s  a  w ide l y  used  p rog ram ana l ys i s  t echn ique .

( a . o . ,  B u r s t a 1 I l 1 9 7 4 1 ,  C h e a t h a m  a n d  T o r , i n l e y [  1 9 7 6 ) ,  E f  f  i g y [ 1 9 7 5 f  ,  I ] a n t l e r  a n d  K i n g

119767 ,  i { oa re [  19761 ,  K ing l  19761 ,  Se lec t [  19751 ,  S in t zo f  f 119751 ,  yonezawa  119767 )  .

We  w i l l  show tha t  symbo l i c  execu t i on  cons i s t s  i n  so l v i nq  a  s - - r ' s t em

o f  e q u a t i o n s  b v  s u c c e s s i v e  a p o r o x i m a t i o n s .

6 .8.  1 Absty,act  Contents

i , l i t h  each  p rog ram po in t  w i l l  be  assoc ia ted  an  abs t rac t  con tex t  wh i ch

i s  t h e  s e t  o f  d i f f e r e n t  p r o g r a m  p a t h s  :

{ p '  p ,n }

w h i c h  m a y  l e a d  r o  t h a t  p r o g r a m  p o i n t .  E a c h  D r o g r a m  p a t h  n  o f  { p r ,  . . . ,  p ' n }

i s  o f  t he  f o r rn  :

T h e  p a t h  c o n d i t i o n  n  i s  e q u a l  t o  a n  a s s e r t i o n  Q  s t a t i n g  t h e  c o n d i t i o n s

w h i c h  h a d  t o  b e  s a t i s f i e d  i n  o r d e r  f o r  t h a t  p a t h  t o  b e  e x e c u t e d .

The  x .  a re  t he  p rog ram va r i ab les  whe reas  the  E .  a re  f o rma l  exp ress ions  de -

p e n d i n g  o n  f o r n a l  s y n b o l s  V r ,  . . . ,  V "  r v h i c h  r e o r e s e n t  t h e  a r b i t r a r y  i n i t i a l v a l u e s

o f  t h e  v a r i a b l e s  x r ,  . . . ,  X n  o n  p r o g r a m  e n t r ; r .

I n  gene ra l ,  abs t rac t  con tex t s  mav  have  d i f f e ren t  reDresen ta t i ons ,  and

ru les  o f  equ i va lence  i nus t  be  de f i ned .  F rom now on  r ve  w i l l  cons ide r  t ha t

abs t rac t  con tex t s  a re  equa l  r vhen  fo rma l l y  equ i va len t .

I n  t h e  f o l l o w i n g  p ( n )  d e n o t e s  Q ,  p ( " i )  d e n o t e s  E .  a n d  p ( c l  *  B )  i s  a

copy  o f  p  mod i f i ed  so  tha t  t he  va lue  o f  q ,  beco rnes  $ .

6 .8 .2  Sysb ln  o f  Equab ions

The  dependance  be tween  abs t rac t  con tex t s  assoc ia ted  to  ad jacen t  D roq ran

po in t s  i s  de f i ned  by  t he  fo l l ow ing  fo rward  ru les  :
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Entry points :

C  =  i . ( n  =  t r u e ) ,  ( * i  =  V o . ) ,  j  =  l ,  . . . ,  n > ie _ J * j

w h e r e  V " . ,  j  =  l ,  . . . ,  n  a r e  d i f f e r e n t  f o r r n a l  s } ' r n b o l s  w i c h  r e p r e s e n t  t h e
J

symbol ic  inpu t  va lues  o f  the  var iab les .

Assignnent statenents :

{ c }
x  : =  E

{ p ( x  *  E ( x i  ( p ( x i ) ) ,  i  =  1 ,  . . . ,  n ) ) ,  Y p  e  C } .

T h e  v a r i a b l e s  x -  i n  t h o  r i o h t - h : n d - s i d e  e x D r e s s i o n  E  a r e  r e p l a c e d  b y  t h e i r] .  
- - '

v a l u e s  p ( x . ) ,  ( p a r e n t h e s i z e d  t o  r n a i n t a i n  t h e  D r o p e r  s c o p e  o f  o p e r a t o r )  a n d
t ' '

t h e  r e s u l t  i s  a s s i g n e d  t o  t h e  l e f t - h a n d - s i d e  v a r i a b l e  x .  ( A l g e b r a i c  s i m p l i -

f i c a t i o n s  a r e  u s u a l l y  p e r f o r m e d  b u t  i n  t h e o r y  s u p e r f l u o u s ) .

If statements :

{ c }
i f  B th_en

{ p ( n  - ( p ( n )  g 1 5 |  B ( x .  < -  ( p ( x i ) ) ) ,  i  =  1 , . . . , o ) ,  Y p  e  C }

<s ta temen t  1 ;

I 1

T h e  p a t h  c o n d i t i o n  i s  u p d a t e d  f o r  e a c h  p o s s i b l e  o a t h .

La.bels and gJo to statements :

L : {  U  C r }
iep lgd  (L )

rahere  pred(L)  denotes  the  se t  o f  p rogram po in ts  rvh ich  may Dreceed L  dur inq

any  p rog ram execu t l - on .

T h e  o p e r a t i o n  [ - i  d e s c r i b e s  t h e  u n i o n  o f  t w o  a b s t r a c t  c o n t e x t s  C ,  =  i p r , . . . , p * ]

a n d  C ,  =  { e '  q n } .  c 1  i l  c 2  i s  t h e  s e t  { p r ,  . . . ,  p m ,  e r ,  . . , ,  g r r }  r v h e r e

poss ib le  equ i va len t  p rog ram pa ths  a re  e l im ina ted  and  rep laced  by  t he  rep re -

s e n L a n t  o f  t h e  e q u i v a l e n c e  c 1 a s s .

6 .8 .3 QlpbolT_c_ \qeSyt:glt lfee.

I a l e  i l l us t ra te  t he  app l i ca t i on  o f  t he  above  ru les  t o  t he  D ros ram :
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{ c }
x  : =  l ;

{ t }

l o o p  :  {  2 i
i f x < a t h e n

t ' )  J

x  : =  x + b ;
{ 4 } g o t o  l o o p  ;

f i ;

{ s }
f i q -  6 . 8 . 3 . a

The  co r respond ing  sys tem o f  equa t i ons  i s  :

C o  =  { . ( n  =  t r u e ) ,  ( x  =  5 - l ) ,  ( a  =  c r ) ,  ( b  =  B ) t }

C 1  =  { p ( x  * -  l ) ,  V p  e  C o }

c - t - t n

C ,  =  { p ( n  n -  p ( r )  a n d  ( p ( x )  3  p ( a ) ) ) ,  S p  e  c r }

C 4  =  { p ( *  *  ( p ( x )  +  p ( b ) ) ,  V p  e  C r }

C ,  =  { p ( r  * -  p ( n )  a g l  ( p ( x )  >  p ( a )  )  ) ,  Y p  e  C r }

f t - g  6 . 8 . 3 . b

Synbo l i c  execu t i on  cons i s t s  i n  compu t i ng  the  i nc reas ing  sequence  o f

s u c c e s s i v e  a o p r o x i m a t i o n s  ( 2 . 4 . 1 )  :

I n i t  i a 1  i z a t  i o n  :

C .  =  { < f a l s e ,  - 1  ,  t - ,  r r }
1 _

( w e  u s e  t h e  n o t a t i o n  < Q ,  o ,  3 ,  y >  t o  d e n o t e

. ( n  =  Q ) ,  ( x  =  o ) ,  ( a  =  B ) ,  ( b  =  y ) t )

I t e r a t i o n  I  :

C o  =  { < t r u e ,  Q ,  & ,  B t }

C r  =  i p ( "  * -  1 ) ,  Y p  e  C o )

=  { . t r u e ,  1 ,  0 ,  B r }

C ,  =  C ,  L J  C u  =  { < l r u e ,  l ,  o r ,  B t }  u  { < f a 1 s e ,  r ,  1 ,  - L r }

=  { < t r u e ,  l ,  0 ,  B r }

s i nce  the  pa th  cond i t i on  ( t t  =  f a l se )  desc r i bes  an  i naccess ib le

pa th  wh i ch  needs  no t  be  cons ide red  "
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C ,  =  { p ( n

=  { . ( l

u r +  =  t P \ x

=  { . ( l

c ,  =  { P ( r
=  { < ( 1

*  p ( r )  a l d  ( p ( x )  <  p ( a ) ) ) ,  Y o

<  c r ) ,  l ,  u , ,  B t ]

*  ( p ( x ) )  +  ( p ( b ) ) ,  V p  e  C , )

<  c r ) ,  l + 8 ,  s ,  B > ]

*  p ( n )  3 l q  ( p ( " )  >  p ( a ) ) ) ,  V p

>  c x ) ,  I  ,  c r ,  B r ]

€  v 2 J

n l
€  v 2 J

f  i g  6 . 8 . 3 . c

I t e r a t i o n  2

= C, l_J Cu

=  { < t r u e ,  l ,  d ,  B > ,  < ( 1  <  0 ) ,  l + $ ,  c x , ,  B r }
=  { . ( l  <  o ) ,  l ,  o ,  B > ,  < ( l  <  o )  a n g  ( l + B  <  c l ) ,  l + 9 ,  c r , ,  B r }
=  { . ( l  <  r y ) ,  1 + 8 ,  c x ,  B > ,  < ( 1  <  o )  a n d  ( l + B  <  c t ) ,  1 + 2 8 ,  o ,  B t }
=  { < ( l  >  o ) ,  l , o ,  B t ,  < ( l  <  c r )  a n d  ( l + B > o ) ,  l + [ 3 ,  o , ,  B t ]

f i g  6 . 8 . 3 . d

So  tha t  a t  i t e ra t i on  2  we  have  bu i l t  t he  f o l l ow ing  sy rnbo l i c  execu t i on

t r e e ,  ( H a n t l e r  a n d  K i n g [ 1 9 7 6 ] )  :

" 2

J

C
c

C -)

0 ,  0 ,  3 >

l ,  c r ,  B >

1 r  0 ,  B >

< ( l  >  c x ) , l r  0 ,  B >

< ( l  <  c t )

< ( 1  <  c t ) ,

. ( t  <  c x ) ,  1 + 8 ,

< ( 1  <  0 ) ,  l + 8 ,

and  ( l  +B  -<  o t ) ,  I  +$ ,  o ,  B>

a n d  ( l  + B  <  o ) , 1  + 2 3 , 0 ,  B >

A l d  ( 1 + $  >  c x ) , 1 + $ , 0 , 8 >

<  t r u e ,

<  t r u e ,

< ( l < 0 )
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I t  i s  c l ea r  t ha t  we  rep resen ted  the  abs t rac t  con texL  C .  assoc ia ted

to  p rog ram po in t  i  by  t he  se t  o f  pa ths  assoc ia ted  to  each  o f  t he  nod .es

labe l1ed  i  i n  t he  above  execu t i on  t r ee .  Equ i va ten t l y  we  cou ld  have  rep re -

sented the asbtract  contexts assoc ia ted r , r i t l r  program point  i  by the maximal

sub t ree  (o f  t he  above  symbo l i c  execu t i on  t r ee )  r vh i ch  l eaves  wou ld  have

b e e n  l a b e 1 1 e d  b y  i .  T h e n  t h e  u n i o n  o f  a b s t r a c t  c o n t e x t s  p e r f o r m e d  a t  j u n c -

t i on  p roq ram po in t s  wou ld  be  the  mere ing  o f  sy rnbo l i c  execu t i on  t r ees .

I t  i s  c l ea r  t ha t  t he  compu ta t i on  o f  t he  nex t  t e rms  i n  t he  app rox ima-

t i on  sequence  wou ld  cause  the  s l . r nbo l i c  execu t i on  t r ee  to  g rov / .  I d i t hou t  pa r -

t i c u l a r  h y p o t h e s i s  o n  c r  a n d  B  t h i s  p r o c e s s  w o u l c r  b e  i n f i n i t e .

Thus  symbo l i c  execu t i on  mus t  cope  w i th  t he  p r :ob1 ,em o f  passaqe  to  t he

l i m i t  i n  i n f i n i t e  s e q u e n c e s  o f  s u c c e s s i v e  a p p r o x i m a t i o n s .  I n  p a r a g r a p h  4

we  i nves t i ga ted  the  va r i ous  ma themat i ca l  t echn iques  wh ich  pe rm i t  Eo  cope

w i t h  i n f i n i t e  a p p r o x i m a t i o n  s e q u e n c e s .  N o t  s u r p r i s i n g l y  e a c h  o f  t h e s e  m a *

L h e m a t i c a l  t e c h n i q u e s  g a v e  r i s e  t o  p r o g r a m  a n a l y s i s  t e c h n i q u e s .

6.8.4 venzfzcatton of Pz,opez.ties of 0otr.maL synbctlic conterts

s c o t t ' s  i n d u c t i o n  ( 4 . 3 . 3 )  c o n s i s r s  i n  p r o v i n g  p ( s )  w h e r e  s  =  u ( p )  b y

t h e  r u l e :

{ p ( s n )  a n d  { { ( v x ) ( p ( x ) ) i : >  { p ( F ( x ) ) } } }  : ,  { p ( s ) }

w h e r e  S o  i s  o n e  o f  t h e  f i r s t  t e r r n s  o f  t h e  i n c r e a s i n q  s e q u e n c e  o f  s u c c e s s i v e

aoprox imat  ion s .

T h i s  a p p r o a c h  i s  i m p l i c i t l y  u s e d  i n  t h e  t e c h n i q u e  o f r r c u t - t r e e s "  o f

H a n r l e r  a n d  K i n g l  1 9 7 6 1 .

Eramole

L e t  u s  p r o v e  t h e  t r i v i a l  f a c t  r h a r  a s s e r t i o n  ( x - b  <  a )  h o l d s  a t  p r o -

g r a m  p o i n t  { 4 } ,  ( s e e  f i g  6 . 8 . 1 1 . a ) "
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Base

A f t e r  i t e r a t i o n  I  t h e  a b s t r a c t  c o n t e x t  C u  i s  ( s e e  f i g  6 . 8 . 3 . c )  :

C , +  =  { < ( l  <  c r ) ,  l + $ ,  0 , ,  B r }

T h e r e f o r e  t r i v i a l l y ,  ( C u ( x )  -  C 4 ( b )  <  C + ( a ) ) .

frtCuction Step

S u p o o s e  i t  i s  t r u e  o f  a l l  p a t h s  i n  C u  a t  i t e r a t i o n  l .  :

C 4 ( g )  =  { . p i ,  y i ,  o i ,  B i t ,  i  e  D }  w i t h  y .  -  B .  <  o .

rep lac ing  in  the  r igh t  members  o f  the  equat ions  we ge t  :

c ,  ( . Q , + 1 )  =  c u  ( t  )  L l  C 1  ( t )

=  { < t r u e ,  l ,  0 ,  B r ,  . p i ,  y i ,  0 i ,  B i > ,  i  €  D }

c r ( [ + t )  =  { . ( l  <  c l ) ,  l ,  o ,  B > ,  < p i  a n d  ( y i  a  c r g ) ,  y ' ,  o i ,  B i r ,  i  e  D }

c u  ( 1 , + l )  =  { <  ( 1  <  s ) ,  l + p ,  o t ,  B > ,  < p '  a n d  ( y i  =  o i ) ,  y i + B i ,  d i ,  B i t ,  i  e  D }

And now we have to  p rove (x -b  <  a)  fo r  a l l  pa ths  o f  C* ( [+1)  tha t  i s  bo th  :

.  ( 1  <  s )  : >  ( 1 + B - B < s )

.  ( Y , - 8 .  <  c l t )  a n d  ( Y . ,  - '  o - ;  : >  ( Y r * B - . - 8 ,  <  o r )
r I t r M !

o;--
c o n d i t i o n

No Les

No t i ce  t ha t  t he  i nduc t i on  s tep  cons i s ted  i n  reason ing  on  the  cu t  t r ee

t o r  { 4 } .

i ,  Y i ,  0 i ,  B i t ,  i  e  D ]

{ < t r u e ,  l ,  0 ,  B j ,  . p , . ,  . / . . ,  0 j ,  B ; t ,  i e  D }
f

induc t  ion
hypo thes i  s

{ . ( l  <  s ) ,

^ ^ A  I  v- P - '  o r t u  1 t
I -

{ < l  (  0 ,  I

<p ;  and  (
I -

l (

I

6
a -

1

1 ,  0 ,  B t ,

i <  
0 i ) , Y i , 0 i r B i t ,

+ 8 ,  0 ,  B t  ,

Y i  <  c x .  ) , Y i + 3 i , c r i ,

{ < t  >  c } ) ,  l ,  0 ,  B > ,

< n -  a n d  ( y . ,  >  0 , ) .  y r , 0 - . , 8 . > ,  i  e  D ]
I I I I I

c u t  { 4 }

r  I €  U J



4 8

T h i s  a p p r o a c h  i s  a l s o  t h a t  o f  S i n t z o t t l 1 9 7 5 l  a l t h o u g h  t h e  j o i n i n g

pa ths  ope ra t i on  L l  does  no t  j ux tapose  the  d i f f e ren t  oa ths  bu t  ra the r  merges

them us ing  "a l t e rna t i ve  exp ress ions t t  i ns tead  o f  s i r np le  f o rma l  va lues .  Th i s

s i m p l i f i e s  t h e  d e s c r i p t i o n  o f  t h e  t r e e  o f  c o n s i d e r e d  a l t e r n a t i v e s  s i n c e

conmon  pa r t s  o f  t he  d i f f e ren t  a l t e rna t i ves  a re  merged  toge the r .  Moreove r

t h e  t e c h n i q u e  i s  a p p l i e d  t o  t h e  v e r i f i c a t i o n  o f  p r o c e d u r e s .

6.8.5 Ver i f i .cat ion of  the Coz,r ,ectness of  )ot imal  Symbol ic  Conter ts

A c c o r d i n g  t o  4 . 1 . 2  w e c a n  d i s c o v e r  t h e  l i m i t  S *  o f  t h e  i n c r e a s i n g

a p p r o x i m a t i o n  s e q u e n c e  S o  ,  S 0 ,  . . .  b y  u s i n g  ( a s k i n g  t o  t h e  D r o g r a m m e r )

the  gene ra l  f o rm  f  ( . { , )  o f  Sn .  Th i s  cons i s t s  i n  p rov ing  the  co r rec tness  o f

Sq  =  f  ( ! , )  bV  show ing  tha t  :

-  S 0  =  f ( 0 )  ( o r  e q u i v a l e n t l y  S ,  =  f ( l ) )

-  f  ( . Q , + t )  =  F ( f  ( 1 , ) )

a n d  n e x t  p a s s i n g  t o  L h e  l i m i t  b y

S_ = l i in f (.{.)
9"->a

T i r i s  m a t h e m a t i c a l  t e c h n i q u e  i s  e s s e n t i a l l y  t h e  o n e  u s e d  b y  B u r s t a l l

1 1 9 7 4 ) .

ilrqnole

I n  o u r  e x a m p l e  o f  f i g  6 . 8 . 3 . a ,  f ( [ )  i s  e n t i r : e 1 y  d e f i n e d  b y  :

i  - r
C z Q )  =  { . A N l  ( 1  + i $ < c l ) ,  1 + j $ ,  o ,  B r ,  j  =  0  ! , - l }

i =0

wi th  t he  conven t i on  t ha t  AND (e . , )  i s  t r ue  f o r  an  emp ty  i ndex ing  se t  A  =  0 .
i ; T I

R e p l a c i n g  i n  t h e  s y s t e m  o f  e q u a t i o n s  o f  f i g  6 . 8 . 3 . b  w e  g e t  :

J
C " ( 0 )  =  { < A N D  ( l + i B <  c , [ ) , 1 + j B ,  o ,  B r ,  j  =  0 ,  . . . , . q ,  - 1 }

1 = U

j
C , * ( [ )  =  { < A N D  ( t + i B < c x ) , 1 + ( j + l ) 9 ,  o ,  B r ,  j  =  0 , . . . ,  g - 1 ]

i=0



/ , o

C z ( 9 " + l  )  =  C u  ( ! , )  . l  C 1  ( . 4 . )  =  C u  ( . 0 )  u  { <  t r u e ,  l ,  o ,  3 t }

=  { a t r u e ,  l ,  0 ,  B r ,

l - ,
. A N D  ( l + i B < r r ) ,  l + j ' 8 , c r ,  B > ,  j '  =  1 , . . . , r , ]

i=g
l - r

=  { < A N D  ( 1 + i B < c x ) ,  l + j B ,  o ,  B > ,  j  =  0 , . . . , t }
i=0

which  is  o f  the  fo rm used as  hypothes is  o f  the  induc t ion  s tep  and there fore

i s  c o r r e c t .  I t  i s  o b v i o u s  t h a t  i n  i t e r a t i o n  2  w e  d i s c o v e r  C z Q )  ( s e e

t i e  6 . 8 . 3 . d )  .

Now the  f ina l  resu l t  o f  the  symbol ic  execut ion  is  ob ta ined as

1 im f  ( .Q, )
[->a

and  we  ge t  t he  resu l t  :

C n  =  { < t r u e ,  f , ) ,  0 ,  B t }

C l  =  { . t r u e ,  1 ,  0 ,  B r }

j - l

c 2  =  { < A r y D  ( 1 + i B  <  c x ) ,  l + j B ,  c r ,  B > ,  V j  >  0 }
r - v

j
C :  =  { < A N D  ( l + i B  <  c x ) ,  1 + j 3 ,  c r , ,  B r ,  V j  >  0 }

: - n
l - u

j
c u  =  { < A u l  ( l + i g  <  o ) ,  l + ( j + 1  ) 9 ,  c r ,  B > ,  V j  >  0 }

i=0

j - l
c s  =  { . 1 i r i n  ( t + i B  <  o ) )  a n d  ( l + j g  >  o ) ,  1 + j 3 ,  o ,  B o ,  V j  >  0 }

i=0
f i e  6 . 8 . 5 . a

Note

Since rve  have the  op t ima l  so lu t ion  to  the  equat . ions  u7e can prove or

d i s p r o v e r e r m i n a t i o n  ( s e e  6 . 4 ) .  F o r  e x a m p l e  t h e  p r o g r a m  o f  f  i _ g  6 . 8 . 3 . a  d o e s

not  te rmina te  over  the  inpr : t  soec i f  i ca t ion  O (cx ,  B)  =  (B  =  0 ,  c r t  >  I  )  s ince

( V ( o ,  3 )  |  o ( o ,  B ) ) ,  : t r  I  ( V p  .  c h ,  c n ( n )  =  f . 1 - ! " ) .
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Taking h =

( ' =
f,

under  t he

o f  C -  a r o

wnen t  r f  =

1 ) J ,  a n o

-  j  - t
t . ( A N D  ( l +

:-:iit - u

c o n d i t i o n

r d ! D g t  4 L I U

O ,  "  t  l ) ,

c s

i B

a s  d e f i n e d  a t  f i g  6 . 8 . 5 . a  w e  h a v e  :

<  0 c r ) )  a n d  ( l + j B  >  c x ) ,  . . . > ,

B  =  0  and  c I  >  I  t he  pa th  cond i t i ons  o f  a l l  oa ths

the re fo re  Lhese  pa ths  a re  i naccess ib le .  Hence

the  p rog ram cyc les .

N o t e  a l s o  t h a t  B u r s t a l l [ 1 9 7 4 )  d o e s  n o t  u s e  i n d u c t i o n  o n  t h e  l e n q t h

o f  t he  app rox ima t i on  sequence  bu t  i ns tead  s t ruc tu ra l  i nduc t i on .  Moreove r

he  does  no t  requ i re  f ( . 0 )  t o  co r respond  the  l eas t  f i xpo in t  o f  t he  symbo l i c

equa t i ons  so  tha t  he  canno t  p rove  te rm ina t i on .

6.8.6 Discouery of  the Opt tmal  Symbol ic  Conter ts

The  l as t  ma themat i ca l  t echn ique  we  w i l l  i nves t i ga te  t o  cope  ru i t h

i n f i n i t e  s y m b o l i c  e x e c u t i o n  t r e e s  i s  4 . 2 . 3  s i n c e  i t  p e r m i t s  t h e  d i s c o u e r y

o f  t he  op t ima l  symbo l i c  con tex t s  as  opposed  to  s imp le  ue r i f i ca t i ons  t r , -

t he  p rev ious  pa rag raph .  Reca11  tha t  t he  recu r rence  re la t i onsh ip  S0  =  1^

and  Sn - ,  =  F (Sn )  be tween  consecu t i ve  t e rms  o f  t he  i nc reas ing  app rox ima t i on
,L? I  X-

sequence  l eads  to  a  sys tem o f  d i f f e rence  equa t i ons ,  wh i ch  may  be  so l ved

t o  g e t  S n  a s  a  f u n c t i o n  f ( [ )  o f  g ,  w h i c h  g i v e s  t h e  l e a s t  s o l u t i o n  S -  a s

1 i m  ( f  ( . q . ) ) .
R,->*

T h i s  a p p r o a c h  i s  i m p l i c i t e l y  u s e d  i n  G r i e f  a n d  l ^ l a l d i n g e r f 1 9 7 4 ) ,  r n

Cheatham and Townleyl  1976]  and in the ' ra lqor : i thmic aporoachrr  of  Katz and

Manna [  197  61 ,  e t c  .

Eramole

L e t  u s  a p p l y  t h i s  t e c h n i q u e  t o  t h e p r o g r a m  q i v e n  a t  f i g  6 . 8 . 3 . a .

e q u a t i o r s f i g  6 . 8 . 3 . b  d e p e n d  o n  C r ,

i n  t h e  f i r s t  p 1 a c e .

S ince  a l l  cc ;n tex t s  i n  t he  sys  t em o f

r ve  v r i l l  t r y  t o  d i scove r  t he  va lue  o f  C ,

A  f i r s t  i t e ra t i on  o f  t he  ascend ing  app rox ima t i on  sequence  co r respond ing

t o  t h e  e q u a t i o n s  f i g  6 . 8 . 3 . b  l e a d s  t o  t h e  b a s i s  f o r  d i f f e r e n c e  e q u a t i o n s .
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C z ( 1 )  =  { . t r u e ,  1 ,  o ,  B t }  =  C ,  w h i c h  i s  c o n s t a n t .  ( S e e  f i g  6 . 8 . 3 . c  a n d

n o t i c e  t h a t  a  p a t h  w i t h  a  p a t h  c o n d i t i o n  e q u a l  t o  f a l s e  i s  i n a c c e s s i b l e

a n d  t h e r e f o r e  n e e d s  n o t  b e  c o n s i d e r e d ) .

T h e n  w e  e s t a b l i s h  a  r e c u r r e n c e  r e l a t i o n s h i p  b e t w e e n  C z ( 9 , + l )  a n d

C 2 ( r " )  u s i n g  t h e  e q u a t  i o n s  f  i g  6 . 8 . 3  . b  :

C z ( L )  =  { . p i , g . ,  \ i , t ,  0 i , q ,  B i , [ t ,  i  e  D ( ! . ) ]

c 3 ( ! , )  =  { < p i , [  " r d  ( t r , u  .  o i , . Q , ) ,  y i , L ,  a i , g . ,  B i , n t ,  i  e  D ( 1 , ) ]

c , - ( t )  =  { . p i , I  u r d  ( " ( i , L .  o i , t ) ,  y i , [  *  3 i , t ,  c r i , Q , ,  3 i , . 0 t ,  i  e  D ( . q ) ]

C r ( 9 " + t  )  =  C r  ( t )  i l  C 4  ( . Q , )

=  C r  L l  C *  ( . Q , )  s i n c e  C ,  i s  c o n s t a n t .

No r  i ce  t ha t  Cu  ( .Q . )  =  I - ( c ,  (  [ )  )

w h e r e  A  { . p ,  n ,  y _ .  o r  0 , :  n ,  B - .  n ) ,  i  e  D }' I r t '  
r r ( -  I r t '  I r t

=  { l ( ' P i , g ,  \ i , g . ,  o i , 0 ,  3 r , U t ) ,  i  c  D }

and

A ( < P i , L ,  \ i , L '  d i . , g , ,  B i , . q , t )

-  < P i , . 0  g n g  ( Y i , r ,  t  o i , g ) '  Y i , ! , *  8 i , 9 . ,  c \ i - , L ,  B r , g , '

thu s

c r (e "+ t  )  =  c ,  L l  [ ( c  2 { . ' - ) )

Hence  the  recu r rence  re la t i ons  de f i n i ne  C ,  a re  :

I c ? ( l )  =  c ,
{
(  c ,  ( 1 . + r )  =  c ,  l J  l t c r t l ) )

w h i c h  c a n  b e  s o l v e d  d i r e c t l y ,  u s i n g  t h e  p r o p e r t y  t

o v e r  l l ,  t h i s  y i e l d s  :

.t- I
c z ( L )  =  U  l t { c ' )

i=0

=  { n ' ( < t r u e ,  l ,  o [ ,  B r ) ,  i  =  0 , . . . ,  [ - l ]

h a t  A  i s  d i s t r i b u t i v e
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I t  r ema ins  now to  de te rm ine  the  mu l t i va lued  func t i on  A1 .

T h i s  i s  d o n e  u s i n g  t h e  f a c t  t h a t  A i  i ,  d e f i n e c l  f r z  r o c r r r r ^ n . p  A i + l  =  A o A i

and  Ao  i s  t he  i den t i t y  f unc t i on .

Irle have :

A o  ( < t r u e ,  1 ,  0 ,  B r )

=  ( t f u e r  l ,  0 ,  B >
-  < P 0 ,  Y g ,  O ( g ,  B o t

f

L e t  A ' ( < t r u e ,  l ,  0 ,  B r )

o"  I ]  y i ,  0 i ,  B i '
- i  r t

t h e n  A ' "  ( < t r u e ,  l ,  0 ,  B r )

=  O ( . 0 , ,  y i ,  o i ,  B r ' )

=  < p :  a n d  ( y ;  <  c r ) ,  y :  + B : ,  c J : ,  3 - t
r ! r l t t

=  ' P i * 1 ,  Y i + I ,  0 i ,  3 i t

These recur rence re la t ions  may be  so lved d i rec t l y ,  y ie ld ing  :

c lo = o, and 0i . .1 = 0i  : r  oi  = 0

B o  =  f f  a n d  3 . * ,  =  B i  : t  B i  =  B

Y o  =  I  a n d  Y . * ,  =  Y i * B i

: >  y . . ,  =  y .  + 3
l + t  I

: >  y .  =  I  +  i B' 1

( p o  =  t r u e )  u t t d  ( p i + l  =  p i  a n d  ( V ,  <  o r )  )

: )  p . , ,  =  p :  a n d  ( l  +  i $  <  c l )
l r t

i - l
: >  p :  =  A N D  ( t  +  j B  <  a )

1 = l  I

we have found :

. 1 .
A - ( < t r u e ,  l ,  c x ,  B t )

+,=  ( < A N D  ( t  +  j B  <  o ) ,  l + i B ,  c ,  B > )
l=b
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and therefore

.  / 0 \  -  r , r iv 2 \ ! /  -  1 -  ( < t r u e ,  I

i - r
=  { < A N D  ( l + j B

-. - n. - \ ,
J

,  0 ,  B t ) ,  i  =  0 r . . . ,  [ - l ]

<  0 ) ,  l + i B ,  C ) { , ,  B > ,  i  =  0 , . . . ,  ! , - l ]

Thus the

l i m
9"-+oo

= {

o p t i m a l  s o l u t i o n  t o  e q u a t i o n s  f  i g  6 . 8 . 3 . b  i s  f o u n d  t o  b e  :

(c ,  (  { , )  )
i - 1

< A N D  ( 1 + j p 4  <  c r ) ,  1 + i $ ,  c r ,  B r ,  V i  >  0 ]
J = U

The  o the r  s1 ' rnbo l i c  con tex t s  a re  s t ra igh t fo rwa rd l y  ob ta ined  rep lac ing  C2  ( * )

by  i t s  va lue  i n  t he  equa t i ons .  (One  can  ve r i f y  t ha t  t h i s  co r responds  to

t h e  s o l u t i o n  p r o v e d  t o  b e  c o r r e c t  i n  f i g  6 . 8 . 5 . a  b u t  t h i s  i s  u s e l e s s  h e r e

s i n c e  t h e  d i s c o v e r e d  r e s u l t  i s  s u a r a n t e e d  t o  b e  c o r r e c t ) .

A Note An Looc Countey,s

l t r o t i ce  t ha t  i n  t he  p rev ious  pa rag raphs  the  bas i s  f o r  t he  recu r rence

was  the  l eng th  o f  t he  ascend ing  aop rox ima t i on  sequence ,  whe reas  i n  t he  me-

thods  c i t ed  i n  examp le  one  uses  (even tua l l y  dunmy)  l oop  coun te rs .

These dummy counters are used to denote re lat ions arnong the number

o f  t imes  va r i ous  pa ths  have  been  execu ted  and  to  he lp  exp ress  the  va lues

ass r :med  by  t he  p rog ram va r i ab les .  Th i s  i s  accep tab le  f o r  s imp le  p rog rams

w i t h  s i m p l y  n e s t e d  l o o p s  f o r  w h i c h  t h e r e  e x i s t s  a  t r i v i a l  r e l a t i o n s h i p

be tween  the  coun te rs  and  the  rank  i n  t he  app rox ima t i on  sequence .  Ye t  when

cons ide r i ng  p rog ra rn  w i t h  i nex t r i cab l y  i n te rm ixed  l ooos  the  rank  i n  t he  ap -

p rox ima t i on  sequence  i s  no  l onge r  a  s imp le  f unc t i on  o f  t he  l ooo  coun re rs ,

h e n c e  t h e  u s e  o f  c o u n t e r s  f a i l s  ( s e e  a . o .  G r e i f  a n d  h l a l d i n g e r l 1 9 7 4 1  p a g e  1 1 4 ,

K a t z  a n d  M a n n a t 1 9 7 6 ) ,  p .  2 0 5 ) .

T i re  reason ing  on  the  app rox ima t i on  sequence  shou ld  be  the  pa rade  to

these  p rob lems ,  and  i n  f ae t  shou ld  be  used  i n  a l l  p rog ram ana l ys i s  t echn iques



6.9 ConeLudingRemarks

Prog ram pa r t i a l  co r rec tness  p rov ing  me thods  a re  non -cons t ruc t i ve

s ince  they  on l y  pe rm i t  t o  ve r i f y  t ha t  an  app rox ima te  so lu t i on  S  o f  t he

s y s t e m  o f  e q u a t i o n s  P  =  F ( P )  i s  c o r r e c t .  T h e  c r i t e r i o n  o f  v a l i d i t y  f o r

S  i s  t ha t  Sopa  : t  S  r vhe re  Sopa  i  s  t he  op t ima l  se t  o f  i nva r i an t s  de f  i ned

as  the  l eas t  f i xpo in t  o f  F .  Th i s  c r i t e r i on  has  been  sho r , i n  t o  be  equ i va -

l e n t  t o  g  < :  F ( S ) .

Heu r i s t i c  me thods  may  be  used  to  imorove  S .  ( l t egb re i t l l 9 l 4 ) ,  KaLz

and  }1anna t1976 f ) .  They  a re  based  on  the  fac t  t ha t  i f  Sooa :>  S  then

S o p a : r  F ( S ) ,  a n d  F ( S )  i s  g e n e r a l l y  b e t t e r  t h a n  S ,  ( b a c k r v a r d  e q u a t i o n s

a r e  a l s o  w i d e l y  u s e d  ( s e e  7 ) ) .  M o r e  g e n e r a l l y  h e u r i s t i c  n e t h o d s  c o n s i s t

i n  f i nd ing  an  app rox ima te  so lu t i on  o f  t he  sys tem o f  equa t i ons  by  s t reng -

t h e n i n g  t h e  i t e r a t e s  o f  t h e  a p p r o x i m a t i o n  s e q u e n c e  ( s e e  4 . 4 ) .

Synbo l i c  execu t i on  i s  a  cons t ruc t i ve  me thod  to  d i scove r  p rog ram p ro -

pe r t i es  s i nce  i n  f ac t  i t  cons i s t s  i n  compu t i ng  the  aop rox ima t i on  sequence

wh ich  conve rges  to  t he  oo t ima l  so l t r t i on  o f  t he  equa t i ons .  Ho rveve r  t he  ge -

ne ra l  p rob lem o f  f i nd ing  an  a lgo r i t hm to  gene ra te  op t ima l  i nva r i an t s  f o r

any  p rog ram i s  unso l vab le "  O the rw ise  s ta ted  app rox ima t i on  sequences  may

be  i n f i n i r e .  I l oweve r  some  me thods  ( see  4 )  pe rm i t  t o  d i rec t l y  pass  to  t he

l im i t  and  ob ta in  t he  op t i na l  i nva r i an t s .  Thus  symbo l i c  execu t i on  apnea rs  t o

be  a  p rom is ing  techn ique .  Moreove r  i t  i s  t he  na tu ra l  me thod  usua l l y  chosen

by prograunners to hand-prove thei r  programs.

7 .  A P P L I C A T I O N  T O  T H E  D E N O T A T I O N A L  S E M A N T I C S  O F  P R O G R A M M I N G

L A N G U A G E S

The  ma themat i ca l  ,  deno ta t i ona l  ,  f  i xpo in t  o r  t opo log i ca l  seman t i cs  r ^ ras

i n r r o d u c e d  b y  S c o t t  a n d  S t r a c h e y  ( S c o t t [ 1 9 7 0 - ] , S c o t t  a n d  S t r a c h e y [ l 9 7 l l )  a n d

fu r the r  deve lopped  by  seve ra l  au tho rs .  A  ve ry  he lp fu l  gu ide  to  t he  l i t e ra -

tu re  may  be  found  i s  Sco t t l 1976 f .  (Th i s  f undamen ta l  pape r  p rov ides  a  c l ose
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and  r i go rous  l ook  a t  ma themat i ca l  f ounda t i ons  wh i ch  de ta i l s  have  been

v o l u n t a r i l y  o m i t t e d  h e r e ) .

7.1 Ffurrct'f.ons

Supoose  tha t  each  p rog ram va r i ab le  t akes  i t s  va lues  i n  a  doma in  I )

i nc lud ing  some spec ia l  va lue  I  wh i ch  i s  t he  va lue  o f  un in i i i . a l i zed  va r i ab les .

I f  t he  p rog ram has  n  va r i ab les ,  we  s i ra l l  cons ide r  t he  s ta te  snace  Dn ,
- n t  ^ n  ^ n t

a n d  d e n o t e  D - -  =  D - ' u  { t ,  T } .  D  i s  m a d e  a  c o m D l e t e  l a t t i c e  u s i n g  t h e  o r -

d e r i n g  F  - r  d e f  i n e d  b y  :
D ' "

r  E . . , r  . ] .  E  - ,  - � =  . ^ ,  f  E  - ,  T  - .  - ,  r ,  V X e  D n
D - -  D n  D n '  D n  D t t

The  seman t i cs  o f  a  D rog ram P  i s  t he  pa r t i a l  f unc t i on  F ,  :  Dn  *  Dn

compu ted  by  t ha t  p rog ram.  The re fo re  i f  t he  i n i t i a l  va lues  o f  t he  p rog ram
::v a r i a b l e s  a r e  X o ,  r h e i r  f i n a l  v a l u e s  w i l l  b e  F r ( X o )  a f t e r  e x e c u t i o n  o f  t h e

pro€l ram.

A s  u s u a l  a  p a r t i a l  f u n c t i o n  F  :  D n  +  D n  i s  c o n s i d e r e d  t o  b e  a  t o t a l

f unc t i on  F  :  Dn  *  Dn  such  tha t  F (X )  =  - t .  wheneve r  f (X )  i s  unde f i ned  fo r
n f  n l

X  e  O n .  M o r e o v e r  w e  n a t u r a l l y  e x t e n d  F  t o  D "  *  f ) t t  h w  d e f . i n i n o  p ( 1 )  =  I

a n d  F ( r )  =  T .

- l  - l

Le t  us  no rn r  de f i ne  an  o rde r i ng ;  among  func t i ons  i n  D"  +  D"  by  :

{ r  =  c }  . - t  {V - {  u  D t ' ,  r ' ( i )  =  - ,  c ( x ) }
D N

a n d  l e t  l l  b e  t h e  c o r r e s p o n d i n g  l e a s t  u p p e r  b o u n d  o p e r a t i o n .

I n  o r d e r  t o  v i s u a l i z e  t h e s e  o p e r a t i o n s ,  c o n s i d e r  a  " p r o j e c t i o n t t o f  D n

o n  t h e  r e a l  o p e n  i n t e r v a l  J 0 ,  1 [ .  T a k e  r  =  0  a n d  r  =  l .  T h e  o r d e r i n g  g  _ ,
n I  n "

o n  D ' ^  =  [ 0 ,  l l  i s  n o t  t h e  u s u a l  o n e  ( < )  s i n c e  a n y  t w o  d i s t i n c t  p o i n t s " o f

Dn  a re  no t  comoarab le .
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An example of comparable functions F and G

F c G

An example of union of (non-comparable) functions F and G r.rould be :

7 .2 frtttctional EEqqtong

X

L e t

a systen

Junction

us now define the

of equat ions with

nodes :

syntactic mechanism which

any flowchart program.

permi ts  to  assoc ia te

F 1

Ass'funntant

n
P =  U  F -

i = l

r l-l c(x)

F ,  =  F o F ,



hIe c o n s i d e r  a  p a r a l 1 e l  a s s i g n m e n t  o f  n

The  seman t i cs  i s  g i ven  by  f unc t i ona l

v a l u e s  F ( X )  t o  t h e  n

compos i t i on  deno ted

va r  i ab les

Test nodes

h le  no te  1  t he  i den t  i t y

i s  a  f unc t i on  and  P  a

t h e  r e s t r i c t i o n  o f  t h e

d i c a t e  P ,  t h e r e f o r e  i

F  =  ( r  I  P )  "  F

F - = ( l l n o t P ) ^ F

f r r n n t . i n n  t h r t  i or u r r ! L r v r r t  L r r o L  t D

p r e d i c a t e  ( P  ,  D t '

f unc t i on  F  to  t he

1 ( i ) =  x ,
*  {  t r u e ,

s u b s e t  o f

n l

V x e o "  r f F :

f a l  se ]  )  ,  we  no te

v  > d L ! D l y r r r u )

D t t  - n  D t t

( F l P )

t he  p re -

- t

VX e  D t '

( F  I  P )  ( x )  =  i f  P ( X )

T h e  s e m a n t i c s  o f  a  t e s t  i s  s i m p l y  t h e  r e s t r i c t i o n  o f  t h e  i n p u t  f u n c t i o n  t o

t h e  d o m a i n  s a t i s f v i n e  t h e  t e s t .

Le t  us  no \ ^ /  quo te  some  use fu l  p rooe r t i es  o f  t he  f unc t i ona l  oDera t i ons

o  ( c o m p o s i t i o n ) ,  L l  ( u n i o n )  a n d  l ( r e s t r i c t i o n ) .

t h e n  F ( X )  e f s e  t  f i

t o  be  the  cons tan t  f unc t i on  wh j - ch  resu l t  j . s  a lways  the

F o  =  t  a r d  F n + l  =  F o F n .

i ' l e  de f  i ne  f  - ,
D , r  + D n .
-  _ h t

rn t lmum I  o f  D "

As  be fo re  we  no te

to t t *  
o t t

- C  -  - f  o  f  
- t  n l

D " + D "

I .  -  E .  t l  rr l u f t t
n T 1

D - - , >  D - -

- I

- a r r
n  n '

D - - +  D - -

- D- I

n '
D- -

( F l

( F l

f L J

+ D n

t rue )

f a l  s e )  =  l -  - r  - r
D "  o  D t t

f a l  s e
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( c l P ) . ( F l Q ) =

( G I P ) . r  =

G " ( F l Q )  =

p " ( U  G l )  =
t€ l.\

( c " F l e , F a n d

( c " F l p . r )

( c " r l o )

U  ( F  "  c - )
1 € A

a)

7.3 EfidtnpLn _of the Semqnti.cs of Vhi.Le Loops

A wh i le  loop such as

w h i l e  P ( X )  a o

o v e r  t h e  s e t  o f  v a r i a b l e s

F (X )  od

s  a  s y n t a c t i c  d e n o t a t i o n o f  t he  f l owcha r t

X < -

x i

I t s  seman t i cs  i s  g i ven  by  t he  l eas t  f i xpo in t  o f  t he  sys tem o f  equa t i ons  :

- 0

F l  = F o U F ,

F . = ( r l p ) ^ n ,
\ ' l  - /  v  ^ r

F ,  =  F  o  F ,

F q = ( , l n o t P ) o F r

The  l eas t  f i xpo in t  i s  t i r e  l im i t  o f  t he  ascend inq  aop rox ima t i on  sequence

a l s o  c a 1 1 e d  K l e e n e ' s  s e q u e n c e  i n  t h a t  p a r : t i c u l a r  a p p l i c a t i o n  ( K l e e n e [ 1 9 5 2 . ] ,

f i r s t  r ecu rs ion  theo r :em)  :

I n i t i a l  i za t i on  :

I '  / n \1 i  \ w , /  -  I  
n t  n f_ n

N  + 1 )

r * r ( X )

i  =  0  " ,  4
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S t e p  1  :

F o ( 1 )  =  1

F i  ( 1 )  =  F o ( t )  l _ l  F 3 ( 0 )  =  r  l 1  1 o , r ,  
D r ,  

=  l

F 2 ( l )  =  ( r l  P ) . F r ( 1 )  =  ( r l  e ) o 1  =  ( r l  e )

F 3 ( l )  =  F o F z ( 1 )  =  p "  ( r  I  p )  =  ( F  I  P )

F , , ( l )  =  ( , 1  n o t  P ) " F l ( t )  =  ( r l  n o r  p ) o r  =  ( , 1  n o t  p )

S t e p  2  :

F o ( 2 )  =  t

F l ( 2 )  =  F o ( 2 )  U  F 3 ( l )

=  r  r t  ( F l P )

F 2 Q )  =  ( ,  I  P )  "  F r  ( 2 )

= t r l p ) " ( r ! ( F l p ) )

=  ( ( r  I  p )  " r )  !  ( ( 1  I  p ) .  ( F l  p ) )

= ( r l P ) L l  ( F l p " " q P o F )

F 3 ( 2 )  =  F  " F r - ( 2 )

=  F "  ( 1 r  I  e )  !  ( F  I  p  a n d  p . F ) )

=  (F  I  P)  L l  (F2  |  r  and p"F)

F q ( 2 )  =  ( r  I  n o r  P )  "  F 1 ( 2 )

=  C r  I  n o r  p ) .  ( r  i _ l  1 n l  r ) )
=  ( ( r  l  q " r  p )  "  r )  U  ( ( i  I  n o r  p ) "  ( F  l  p ) )

=  ( r  I  n o t  P )  L l  ( F  I  P  a n d  n o t  P o F )

By  f i nd ing  these  f i r s r  f e r v  app rox ima t i ons  tn re  a re  l ed  t o  t he  f o r rnu las  :

S t e p  j  i

F o ( j )  =  
l - ,  k - r

F l ( j ) =  1 1  ( F K l A N p P . F r )
k=J i=0
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j - l  , .  k  :
F r ( j ) =  U  ( r ^ l e x t P o F ' )

k=0 i=0

3 - l  r . r r  k
F 3  ( j )  =  I f  ( F t t * '  I  a m  P .  F l )

k=c i=c
j - i  ,  k - t  ,

F , -  ( j )  =  I I  (Fk  I  ( ax r  p  o  F r )  and  (no r  p  "  l ' k ) )
k=0 i=0

T h e s e  m a y  t h e n  b e  p r o v e d  t o  b e  c o r r e c t  u s i n g  m a t h e m a t i c a l  i n d u c t i o n  ( 4  . 1 . 2 )  :

-  I t  i s  f i r s t  e a s y  t o  v e r i f y  t h a t  t h e  a b o v e  f o r m u l a s  a r e  c o r r e c t  f o r  j  =  0 , 1

and  2  w i t h  t he  f o l l ow ing  usua l  conven t i ons  :

U  F - .  =  I  . r  . f  when  the  i . ndex ing  se t  A  i s  emp ty
ieA  

t  
D ' -  *D"

AND P-  =  t r ue  when  the  i ndex ing  se t  A  i s  emp ty .
1 € A

-  Rep lac ing  the  unknowns  i n  t he  r i gh t  hand  s ide  o f  t he  equa t i ons  by  t he

h y p o t h e t i c a l  v a l u e s  o f  s t e p  j  w e  e e t  a t  s t e p  j + l  :

F o ( j + l )  =  r

F 1  ( j + 1 )  =  F o ( j + t )  l l  F 3 ( j )

j - t  1 _ . r  k
=  1  l J  (  U  (Fu* ,  I  A ryp  p .  F l ) )

k=0 i=0

i  ,  ,  k t - l
= 1 ! ( U  ( F *  l A N p p " p t ) )

k ' = l  i = 0

( j + t ) - r  , .  k - l  :
=  U  1 r ^ l a x o p o F ' )

k=0 i=0

F r ( j + 1 )  =  ( r  I  e )  "  F 1  ( j + r )

i  k - l
= ( r l r ) "  u  ( F K l A N p P , F l )

k=0 i=0

I  k - l
=  i l  ( r  I  r l o  ( F * l  a N o  P " F r ) )

k=0 i=0

J k v k - l l
=  

i l  ( r  o  F o  |  ( p  .  F K )  a n d  ( A N D  P  "  F t ) )
k=0 i=0

( j + l ) - t  u  l c  -
= I l  (F.-  |  A\p P " F-)

k=0 i=0
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F 3 ( j + l )  =  F . F r ( j + l )

t , k
J

=  F .  (  U  ( F K  I  A N p  p .  F 1 ) )
k=0 i=0

. . i , k :
=  I l  ( p  "  ( p K  I  + m  P .  F 1 ) )

k=0 i=0

( j + 1 ) - l  1 , r r  k
=  U  ( F * * ' l n l u  p . F r )

k=0 i=0

F u  ( : i + t  )  =  ( i  I  n o t  P )  o  F r  1 3 + 1 )

J  k - l
=  ( r  I  n o t  p )  "  T i  r r k  I  a n n  r , ^  F l )\  L  I  L r v L  !  /  o  L l  \ r  I  

n - \ u  :  o  _

1- -r1 - :  -n
N - U  I - V

j  k - i
=  T T  / i  I  n o t  P \  

r {  '  I

u  \ '  |  ' ^ - -  ^ ,  .  ( F - -  |  A N D  P  "  F - )
k=0 i=0

r  1 r - l

= n  ( r  o  F*  |  ( r ,o t  p .  FK)  and (AND p  "  l , t ) )
i=0

-  
( j + l ) - l  

< ro  t  rX*J  p  o  F i )  and  (no t  p  "  r k ) )
k=0 l=o

The  gene ra l  t e rm  o f  t he  (Gauss -Se ide l  t r ans fo rmed  o f )  K leene ' s  sequence

g i v e n  a t  s t e p  j  h a s  b e e n  p r o v e d  t o  b e  c o r r e c t  b y  r e c u r r e n c e  o n  j .  T h e  l i m i t

o f  l t l eene ts  sequence  i s  ob ta ined  when  j  +  - ,  so  t ha t  t he  f unc t i on  compu ted

b y  t h e  w h i l e - l o o p  s c h e m a  i s  :

1 i m  F u ( j )
j . *

w h i c h  i s :

6  k - l

U (FK I  (AND P "  Fr)  and (not  p .  l ' t t ) )
k=0 i=0
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7.4 Aprtlication to a Progran fo: sgpyUfs

B e f o r e  p r o c e e d i n g  i t  s e e m s  w i s e  t o  v e r i f y  t h a t  o u r  f o r n a l  d e f i n i t i o n

o f  t he  seman t i cs  o f  t he  wh i l e  schema indeed  cap tu res  ou r  i n tu i t i ve  unde r -

s t a n d i n q  o f  t h e  s c h e m a .  L e t  u s  c o n s i d e r  a n  e x a n p l e  o f  i n t e r n r e t a t i o n  o f

th is  schema which is  taken f rorn Manna and Vui l lern in[  19721 :

T h e  p r o g r a m  i s  t h e  f o l l o w i n q  :

r^rith a > 0

t { a t

i t  compu tes  t he  i n tege r  squa re  roo t

the  a r i t hme t i c  p rope r t y

Yn e IN,  I  + 3 + + 2n- l  =

The  seman t i cs  o f  t h i s  p rog ram i s  t he

R = w h i l e o r .

where

natura l i n t e g e r  t t a t t  u s i n gL/ i)  of  a

n 2

func t  ion

U ( < x , ! , 2 > )  =  < 0 , 1 , 1 >

o ' , -  k - l
while = U (rK I  (nrm p o Fl)  and (nor

k=0 l;b
P ( < x , y r z > )  =  ( y  <  a )

F ( < x r y r z > )  =  ( x * 1 :  y + z + 2 ,  z + 2 >

P  "  F k ) )

( X r Y r Z )  : =  < 0 r l r l t

l x r y  r z )  ' =  1 1 + l  t  y + z + Z ,  z t / >
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trrle have :

R  =  w h i l e o l r

o  k - l
=  ( L I  ( F k l ( ; N p  e . r i ;  a n d  ( n o r  p " F k ) ) )  o u

k=0 i=0

o  k - l
=  I f  C f r k  I  t em p  o  F i )  and  (no r  p ,  r , k ) )  .  u )

k=0 i=0

=  t  ( p k  "  u  f  f X - i  P ,  F i .  u )  a n d  ( n o t  p ,  l ' k  o  u ) )
t . - n

L e L  u s  f i r s t  c o m p u t e  F n o  U  f o r  n  )  C .

F o o U = 1 o U  = U = < 0 r l , l >

i n d u c t i o n  h y p o t h e s i s  :

F J  " U  =  < j , ( . j + l ' ) 2 , 2 j + 1 ,

i r l
r - ' - ' ' u  =  . - i * 1 ,  ( j + 1 ) 2  +  2 j  +  1 +  2 ,  2 j  +  |  +  2 >

=  < j + t ,  1 1 3 + l )  +  t ) 2 ,  2 ( j + t )  +  l >

h r r  r a n t r r f a n n 6

F n  o U  -  < n ,  ( n + l ) 2 ,  2 n + l > ,  V n  >  0

and  a l so

P o F n o U  =  ( n + l ) ' <  u

Rep lac ing  i n  "R t t  we  ge t  :

@  k _ l

R  =  U  ( < k ,  ( k + l ) 2 ,  2 k + l >  |  ( e r q l ( i + l ) 2  <  . )  a n d  n o r  ( ( k + l ) 2  <  r ) )
k=0 FO

S i m p l i f y i n g  u s i n g  t h e  a r i t h m e t i c  p r o p e r t y  :

k - t  k
( A l r D ( i + l ) 2  s  a )  < - v  ( A N D  i 2  (  a )  < - y  ( k 2  <  a ).:---?i

I  
- ' J

w e  o b t a i n  :

t -  I

R  -  t  ( < k ,  ( k + 1 ) 2 ,  2 k + 1 >  |  k '  <  *  .  ( k + t ) 2 ;
k=0

N o t e  t h a t  t h e  p r e d i c a t e  k 2  <  a  <  ( k + l ) 2  i s  t r , r e  o n l y  f o r  a  u n i q u e  v a l u e

l y ' a l  o f  k ,  E h e r e f o r e  R  s i m p l i f i e s  t o  :

R =  (  U  *  ( < k ,  ( k + l ) 2 , 2 k + 1 2  l r a t s e ) )  U ( < l G l , ( . , 4 - 1 + 1 ) 2 , z l G ) + l > l t r u e )
k+L'/;)
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R  =  (  I I  _  I  n f  - r  )  t . l  ( < 1 , 6 1 ,  ( L G J * I ) 2 ,  Z l 6 | * t r 1
k*L/;J D" *D"

R  =  < L u 6 J ,  1 / - a 1 + t ) z ,  z l / ; l + t >

I^ lh ich  is  the  expec ted  resu l t  o f  tha  nrnor rm

7 .5 Conelud't rg Remanks

Remay,T< 7 :  (  impl  ic i t  or  expl  ic i t  semant ics of  cornmands) .

There are two r . rays of  expressing the sernant i .cs of  the r . rh i le  command :

w h i l e  P ( X )  a o  X  < -  P ( T )  o a

a  -  " S t a t i c "  o r  i m p l i c i t  d e f i n i t i o n  :

The  func t i on  compu ted  by  t he  wh i l e  command  i s  t he  t e rm  F , ,  ( o )  o f  t he

F q  ( - )  > i ona l  equat ions  :

) )

c t

nd

1 ,

I

nc

a l I].

> o .

t i o

wh

and

0 {

h .

l e a s t  s o l u t i o n  < F ,  ( - ) ,

t -
l F ,  

=  1  L l  ( F  I  P )
(
(  u u  =  ( r  I  r o r  p )

b  -  " D y r a m i c "  o r  e x p l i c i t

The  func t i on  comou ted

@  l r - l

u (Fk I (;ND P\ r  I  \ 1 r r r v  r

k=0 i=0

F
1

Fr.

e f i n i t

r z  t h p

t he  f u

le comm

n l \ (no t  P

T i re  ques t i on  o f  wh i ch  o f  t he  two  (equ i va len t )  de f i n i t i ons  i s  t he  mos t

use fu l  f o r  exp ress ing  the  seman t i cs  o f  wh i "1e  conmands  i s  a  po len i ca l  one

(D i j ks t ra l l 976 f ,  Hehne r [19767 ) .  Ho ryeve r  bo th  app roaches  a re  "dua l "  and

have  the i r  equ i va len t  i n  mechan i ca l  sc iences  wh ich  exp ress  the i r  l aws  i n

two  equ i va len t  ways  :  a  dynamic  l aw  exp ress ing  tha t  a  quan t i t y  i s  f uncL ion

o f  r h e  t i m e  ( o - o .  f o r c e  F  =  m  9 I ;  a n a  a  s t a t i c  1 a w  e x o r e s s i n g  t h e  c o n s e r v a -\ L . r ' .  .  , . ,  
d t

t i o n  o f  s o m e  q u a n t i t y  ( e . q .  c o n s e r v a t i o n  o f  t h e  q u a n t i t y  o f  m o v e n e n t  n v ) .
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Remay,k 2 : (forward and backruard

The  seman t i cs

r  r  ^ r ^ l
L l 9 / z l  r s  t h e  l e a s t

e(x )  =  i f  P ( . t )

o f  t h e  w h i l e

L  ! A ' J U f  I I L  V I

then e(F (f)  )

e q u a t i o n s ) .

l o o p  a s  p r o p o s e d

the  fonc t i ona l  I

e l s e  n u l l  f i

( n o r  P  "  p k ) )

by l lanna and Vui l lemin

de f i ned  by  t he  equa t i on

i = l

F -

I

Ii ( r t l  P) tJ ( r ' I l ( )  i

i n  ou r  f o rma l i sm :

e - - g . F l p ) U ( 1  I n o r P )
w h i c h  s o l u t i o n

6  k _ l
,  K t  ,  I

e * =  U  ( F . ' l  ( A N D  P . F t )
k=0 i=0

i s  t he  same as  ou rs .

and

H o w e v e r  t h i s e q u a t i o n  i s  o b t a i n e d  b y  t h e  b a c k w a r d  r u l e s  o f  M c  C a r t h y [ 1 9 5 3 ]

( see  Manna l1974 f ,  pp .  324 -326 ) ,  r he reas  we  used  fo rward  ec tua t i ons .

These  t r ^ ro  a l t e rna t i ve  me thods  nay  be  compared  i n  t he  f o l l ow inq  tab le  :

B a s i c  c o n s L r u c t s F o r w a r d . r u l e s Backru'ard rules

Ent ry  node

l>__:_+
V

l - . , i ^ - - . ^ - r  . . . - - l  . .
/ r  J r  a : ^ r r -  l € l r  L  r r v r - i  E

I  
' r

i--:--*-:1

LI * t'(:t) I
I
t f ,
f  ' 2

J u n c t i o n  n o d e

, n
\ \  ' /
\\r'

I

I

i ^

i l c s l  n , ) J c s

t , .
I  r l

i
{ .  P ( \ )  )
/*-----'\.

/  i  i - i t t . '  i r r ' l  : , , " .
,i '\
,  r .

t  ; -
t 1

n
F =  i I  F '

i = l

F  = F' 2

F =- t :

' f  -

( l'r

( I"r

l ) )

! , , \ t  r ) )

l l = l
c
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App ly ing  the  backward  ru les  t o the  r vh i l e  l oop schema rve get

vl

n

J

F .
I

t l

( E  l p \  l l  ( E  I
\ r  r  I  r  7  r  \ r  r .  I

' 3  o '

1

n n r -  D \

F'' 2

F'- l +

w h i c h  s i m p l i f i e s  i n  :

s  =  ( 9 . F  I  p )  !  ( r  I  n o r  p )

The  uses  o f  f o rwa rd  o r  back rva rd  equa t i ons  a re  gene ra l l y  a  na t te r  o f  t as te

( D i j k s t r a l l 9 7 6 f ,  p a g e  2 1 4 ) .

A P P L I C A T I O N  T O  C O M P I L E R  V E R I F I C A T I O N  O R  D I S C O V E R Y  O F  P R O G R A M

P R O P E R T  I  E S

The  mos t  f an i l i a r  abs t rac t  i n te rp re ta t i on  pe r fo rmed  by  comp i l e r s  i s

s ta t  i c  t y f ' e  check ing .

i ' lhen the number of  tyoes involved in a program is  f in i te  the cornpi ler

can  so l ve  t he  sys tem o f  t ype  equa t i ons  us ing  a  f i n i t e  app rox ima t i on  se -

q u e n c e  ( 4 . 2 . 1 ) .  H o i + e v e r  m o s t  l a n g u a g e s  p e r m i t  t o  r v r i t e  D r o g r a n r s  u s i n g  a  p o -

[ c n t i a i ] y  i n f i n i t c  n u m b e r  o f  t y p c s .  T t r c  c o m p i l e r  m u s t  t h e n  c o p e  w i - t h  i n f i n i t e

app rox i - rna t i on  se r l t r ences .  The  t r ^ ro  mos t  conmon  a l t e rna t i ves  a re  :

-  T y p e  v e r i f i c a t i o n  ( 4 . 1 . 1 )  :  b y  m e a n s  o f  d e c l - a r a t i o n s  t h e  p r o g r a m n e r

p rov ides  a  so lu t i on  o r  a  co r rec t  app rox ima t i on  o f  t he  exac t  so lu t i on  o f  t he

s y s t e m  o f  e q u a t i o n s .  T h e  c o m p i l e r  s i m p l y  v e r i f i e s  t h a t  t h e  d e c l a r a t i o n s  o f

t he  p rog rammer  a re  co r rec t  ( Ledga rd [  19727 ,  A1go1  68 t19761 )  .

f a 1  s e

X < - F ( X )
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-  Type  d i scove ry  (4 .4 )  :  t he  p rog rammer  needs  no t  dec la re  t he  t ype

o f  t h e  o b j e c t s ; : a n i p u l a t e d b y i t s  p r o s r a m  ( A P L ,  S E T L ) ,  o r  n e e d s  o n l y  d e c l a r e

g ross  g loba l  t ype  p rope r t i es  r . i h i ch  a re  no t  a l ' r ays  su f f i c i en t  f o r  l oca l

t y p e  c h e c k i n g  ( P A S C A L ,  s e e  C o u s o " [ 1 9 7 7 b ] ) .  T h e  e o m p i l e r  m u s t  t h e n  d i s c o v e r

a  co r rec t  app rox ima t i on  o f  t he  exac t  so lu t i on  o f  t he  sys tem o f  t ype  equa -

t i ons  (Couso t [  197  6 f ,  Tenenbaum[  I  974  ]  )  .

l de  now i l l us t ra te  d i scove ry  o f  p rog ram p rope r t i es  us ing  a  f i n i t e  and

t h e n  a n  i n f i n i t e  i n t e r p r e l a t i o n  s p a c e .  T h e  q e n e r a l  i d e a  i s  t o  p a r t i r i o n

the  po ten t i a l  va lues  space  o f  each  va r i ab le  i n  a  f i n i t e  o r  i n f i n i t e  number

o f  s u b s e t s ,  e a c h  b e i n g  r e p r e s e n t e d  b y  a n  a b s t r a c t  v a l u e .  A t  e a c h  p r o g r a m

po in t  t he  p rob lem i s  t o  de te rm ine  to  wh i ch  subse ts  w i l l  be long  the  dynamic

va lues  o f  each  va r i ab le .  Th i s  i s  done  by  so l v i ng  a  sys tem o f  equa t i ons  r vh i ch

i s  ob ta ined  by  i n te rp re t i ng  t he  p rog ram bas i c  ope ra t i ons  and  tes t s  as  ac t i ng

o n  t h e  a b s t r a c t  v a l u e s  o f  t h e i r  o p e r a n d s .  T h i s  s t a t i c  a n a l y s i s  o f  l r r o g r a m

p r o p e r t i e s  r e s e m b l e s  t y p e  d i s c o v e r y  y e t  t h e  s p a c e  o f  a b s t r a c t  v a l u e s  m a y

in t roduce  a  pa r t i t i on  o f  t he  va lues  space  wh ich  i s  t h i ne r  t han  the  one  i n -

duced  by  conven t i ona l  t ypes .  Acco rd ing l y  t he  bu i l d i ng  o f  t he  sys te rn  o f  equa -

t i ons  may  i nvo l ve  a  deepe r  ana l ys i s  o f  t he  seman t i cs  o f  p r im i t i ve  ope ra t i ons

8.L Finite Abstraet hsaluation of Progruns

Examp les  o f  f i n i t e  abs t rac t  eva lua t i on  o f ,  p rog rams  may  be  found  i n

t ype  check ing  (Nau r [  19657 ) ,  check ing  o f  su f f i c i en t  cond i t i ons  f o r  p rog ram

p r o p e r t i e s  t o  b e  s a t i s f i e d  ( S i n t z o f f l l g T 2 l ) ,  f i n i t e  s t a t e  p r o g r a n  t e s t i n g

( H e n d e r s o n  a n d  Q u a r e n d o n l l 9 7 4 l ,  H e n d e r s o n [ 1 9 7 5 ] ) ,  e l i m i n a t i o n  o f  u n n e c e s s a r y

c o p y i n g  o p e r a t i o n s  ( S c h w a r t z l l 9 7 5 l ) ,  e t c .

8.1.L ExcnnpLe of  an Abstraet  fn fernrafnf . t 'nm nf  T4f ,egsns,  Stacks and Trees

In  o rde r  t o  g i ve  an  ex t reme ly  s imp le  examp le  o f  f i n i t e  abs t rac t  i n te r -

p re ta t  i on ,  l e t  us  cons ide r  a  p rog r€un rn ing  l anguage  a1  l o i n r i ng  t he  de f  i n i t i on

o f  da ta  t ypes  us ing  the  bas i c  i n tege r  t ype  and  the  s tack  and  b ina ry  t r ee

cons  t ruc  t o r s  .
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L e t  u s  p a r t i t i o n  t h e  s e t  o f  i n t e g e r  v a l u e s  a s  f o l l o r v s  :

,t-

I  =  + '

T h i s  p a r t i t i o n  o f  i n t e g e r s  p e n n i t s  t o  d i s t i n g u i s h  p o s i t i v e  f r o m  n e g a t i v e

i n t e g e r s  s e t t i n g  a s i d e  t h e i r  a b s o l u t e  v a l u e s .

The  se t  o f  t r ees  w i l l  be  pa r t i t i onned  i n to  e i t he r  n i l  t r ees  o r  non -n i l

t r e e s :

T

i
I

t r e e

r = n l /
.\

non-nr l

T

I
I

i  n  f  o c a r

- \
\_

.r'
\ .r'

n

I
I

1

- \  / /\ , /
\ . /

\ ,,'
.L

T h i s  p a r t i t i o n  o f  t r e e s  i s  e x c l u s i v e  o f  t h e  n o d e s  c o n t e n t .  o f  t h e  t r e e

s h a p e s ,  e t c .

The  pa r t i t i on  o f  t he  se t  o f  s tacks  w i l l  be  t h i ne r  t han  the  p rev ious

ones .  I ^ /e  w i l l  d i s t i ngu i sh  be tween  emp ty  and  non -emp ty  s tacks  bu t  a  f u r t he r  d i s -

t i nc t i on  w i l l  be  es tab l i shed  be tween  non -emp ty  s tacks  depend ing  on  the  na -

tu re  o f  t he  s tacked  e lemen ts .  Th i s  na tu re  o f  s tacked  e lemen ts  w i l l  be  rep re -

sen ted  by  t he  un ion  o f  t he  abs t rac t  va lues  o f  each  o f  t he  s tacked  e le rnen ts .

The re fo re  no  d i s t i nc t i on  i s  i n t roduced  be tween  i nd i v i dua l  e l emen ts  o f  t he

s r a c k '  A  f u r t h e r  r a d i c a l  s i m p l i f i c a t i o n  i s  i n t r o d u c e d  b y  c o n s i d e r i n g  o n l y

s t a c k s  o f  t r e e s  a n d  s t a c k s  o f  i n c e g e r s  :
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T

I
I
I

s t a c k  ( r )

t = s t a c k  ( n i 1  )

T h e  a b s t r a c t

w i t h  n  v a r i a b l e s

t r e e )

s tack (non-ni1 s tack  (+ ) s  t ack  (  - )

Wi th the above scheme an empty

s t a c k ( - L ) .  A  s t a c k  o f  p o s i t i v e

s tack

1

each  o rog ram po in t  o f  a  p rog ram

1  r e o r e s e n t  a n  a b s t r a c t  c o n t e x t

0

s  tack  ( r  )
I
I
I
.L

T '

A
i  o ' J
V

l r

c o n t e x t  a s s o c i a l e d  w i t h
_ . n

r s  a  m e m h e r  o t  A  .  W e  w I I

s tack (  i n tege r  )

( 0 )

s t a c k  i s  r e p r e s e n t e d  b y  t h e  a b s t r a c t  v a l u e

o r  nu l  i n tege rs  wou ld  be  rep resen ted  by

s tack (+ ) .  A  may  be  emp ty  s tack  con ta i . n i ng  nega t i ve  i n tege rs  and  non -n i l

t r ees  - . ^ rou ld  be  rep resen ted  by

i s  i n  f a c t  n o t  r e c o r d e d .

s t a c k ( r ) ,  s o  t h a t  t h e  c o n t e n t  o f  t h i s  s t a c k

F ina l l y  t he  space  A  o f  abs t rac t  va lues

c h o s e n  t o  b e  :

A = I + T + 2

fo r  each  p rog ram va r i ab le  i s

w h e r e  t h e  p l u s  o p e r a t i o n  b e t w e e n  l a t t i c e s  i s  d e f i n e d  a s

t _ l 9 7 l l )  :

f o l l o w s  ( S c o t t
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by  a  sequence  o f  co r rp le  ( va r i ab le  i den t i f i e r  < -  abs t rac t  va lue )  such  as  :

C ,  =  <STACK < -  s tack ( r ) ,  COUNT < -  0 ,  TREE < -  t r ee>

A s  b e f o r e  C i  ( V )  i s  t h e  v a l u e  o f  v a r i a b l e  " V "  i n  c o n t e x t  " C , "  a n d  ' t c i  ( V * a ) "

i s  a  c o p y  o f  " C , t t w h e r e  t h e  v a t u e  o f  v a r i a b l e  " V t t  i s  r e p l a c e d  b y  t h e  a b s t r a c t

va lue  t t a r t .  Fo r  examo le  :

C r  (TREE)  =  t r ee

c ]  (TREE -  n i l )  =  <STACK < -  s rack ( r ) '  COUNT < -  0 '  TR .EE  < -  n i l >

i ' l e  no te  L l  t he  un ion  o f  abs t rac t  va lues  i n  t he  l a t t i ce  A .  The  o r :e ra t i on

LJ '  i s  t he  co r respond ing  ope ra t i on  on  abs t rac t  con tex t s  :

C1  =  <STACK < -  s tack (+ ) ,  TREE *  . t i 1 t

c ,  =  <STACK +  s tack ( - ) ,  TREE < -  non -n i l >

C ,  ! ,  Cz  =  TSTACK < -  s tack (+ )  t  s rack ( - ; ,  TREE < -  n i l  L - J  non -n i l >

<STACK < -  s tack ( i n tege r ) ,  TREE < -  t r eg>

Le t  us  now pe r fo rm the  abs t rac t  eva lua t i on  o f  a  samp le  p rog ram wh ich

i t e r a t i v e l y  t r a v e r s e s  a  b i n a r y  t r e e  a n d  c o u n t s  i t s  t i p s  ( K n u t h [ 1 9 6 8 ] ,

B u r :  s  t a 1 1 [  |  9 7  4 ) )  z

( .  _  S T A C K  : =  e m p t y ;  c o u n t  : =  0 ;

^  l o o p  :

^  i f  TREE I  n i 1  t hen
u 3  -

c, .
c s

c 7

c 8

e l  s e

C r o  -

( - _"  t t

f  1 .- ! t

f i n i s h  :
' L2

Push TREE onto STACK;

TREE + '  lE f t (TREE) ;

g o  t o  l o o p ;

C 0 U N T  : =  C 0 U N T + I '

i f  STACK = emotv then

g o  t o  f i n i s h ;

i t .

,* ,*rU from STACK;

T R E E  : =  r i g h t ( T R E E ) ;

g o  t o  l o o p i

f i g  B . l . l . a
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Befo re  bu i l d i ng  the  co r respond ing  sys tem o f  equa t i ons  we  mus t  de f i ne

the  abs t rac t  i n te rp re ta t i on  o f  p r im i t i ve  ope ra t i ons  o f  t he  l anguage .

A r i t hme t i c  ope ra t i ons  a re  i n te rp re ted  by  t he  c lass i ca l  r u l es  o f

s  i gns  .

The  ope ra t i ons  " l e f t "  and  " r i gh t t r  a re  de f i ned  on  non -n i l  t r ees  and

d e l i v e r  a n  e v e n t u a l l y  n i l  t r e e .  T h e r e f o r e  t h e  o p e r a t i o n s  " l e f t ( T R E E ) r '

and  " r i gh t  (TREE) t '  i n  a  con tex t  t t c t '  q ro  i  n ra rn ra rec l  as  t t s " f i (C  (TREE)  ) t t

wh i ch  i s  de f i ned  by  :

s G ( t r e e )  =  r r e e

s"G(non-ni l  )  = tree
r t r ,  _
s o n ( l )  =  L

" G ( r )  =  T  f o r  a n y  o t h e r  a b s t r a c t  v a l u e  " a "  i n  A .

T h e  t e s t  " T R E E  
I  n i 1 "  i s  d e f i n e d  o n l y  f o r  t r e e s ,  s o  t h a t  i t  a b o r t s

f o r  o t h e r  v a l u e s .  T h e r e f o r e  o n  t h e  t r u e  p a t h t t T R E E t ' m u s t  b e  a  n o n - n i l  t r e e

w h e r e a s  o n  t h e  f a l s e  p a t h  i t  m u s t  b e  a  n i 1  t r e e .

F ina l l y  we  have  to  de f i ne  t he  abs t rac t  i n te rp re ta t i on  o f  s tack  p r i -

mi t  ive s .

The  ass ignmen t  TTSTACK :=  emp ty r r  i n  con tex t  t t c t r  de l i ve rs  a  con tex t
' r C  ( S T A C K  < -  s t a c k ( r )  ) " .

The  ope ra t i on  "Push  V  on to  STACKTT i s  i n te rDre ted  i n  con tex t  "C "  by

the  abs t rac t  ope ra t - i on  :

\.-!

C ( S T A C K  + .  P u s h ( C ( S T A C K ) ,  C ( V ) )

wh i ch  i s  de f i ned  by  :

r.--r

P u s h ( r ,  a )
1--r
P u s h ( s t a c k ( a ) ,  a ' )  =  s t a c k ( a  l J  a ' )

s i nce  the  p rope r t i es  o f  t he  s tacked  e lemen ts  a re  rep resen ted  by  t he  un ion

o f  i n d i v i d u a l  e l e m e n t s .  A  l a s t  r u l e  e x p r e s s e s  t h a t  " P u s h "  i s  n o t  d e f i n e d

fo r  non -s tack  va l r : es  :

P u s h ( a ,  b ) =  T  f o r  o t h e r  ( a ,  b )  e  A 2
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T h e  o p e r a t i o n ' r P o p

t h e  a b s t r a c t  o p e r a t i o n

c(V <- T?r.(srACK)
d p f i n a d  h r r  .

T o p ( r )  =  r ,

T o p ( s t a c k ( a ) )  =  r ,

T ' o P ( a )  =  1

w h i c h  s p e c i f y  t h a t

s tack  a rgumen ts .

V  on to  STACK"  i s  i n te rp re ted

t--r

) ,  s rACK <-  Pu l1 (C(STACK))

i n a c o n t e x t C b y

: : ,r u r r ( I )

ts"?(rtack(a) )

- I

=  s t a c k  ( a )

The  p rope r t i es  o f  t he  t op  e lenen t  i n  t he  s tack  a re  t he  ones  o f  t he  un ion

o f  s tacked  e lemen ts  s i nce  no  d i s t i nc t i on  i s  made  be tween  i nd i v i dua l  e l e -

men ts .  Th i s  i n te rp re ta t i on  does  no t  t ake  accoun t  o f  t he  l eng th  o f  t he  s tack

so  tha t  unCer f l ow  i s  i gno red  excep t  when  t ' a  -  ] . t t r r r h i ch  pe rm i t s  t o  repo r t

a  poss ib le  p rog ram abo r t i on .  The  rema in ing  cases  a re  cove red  by  t he  ru les  :

(.-l

,  I ) u 1 1 ( a )  =  r

s tack  ope ra t i ons  canno t  be  co r rec t l y  pe r fo rmed  on  non -

The  above  cons ide ra t i ons  pe rm i t  t o  assoc ia te  t he  fo l l ow ing  sys te rn  o f

e q u a t i o n s  t o  o u r  e x a m D l e  p r o g r a r n  ( f i g  8 . 1 . 1 . a )  :

<STACK < -  s tack (1 ) ,  COUNT < -  0 ,  TREE < -  t r ee>

C 2 = C , ! , C , U , C '

C,  =  C. (TREE <-  non-n i l )

C,+  =  C3  (STACK

Cs  =  Cu  (TREE

Cs  =  Cr (TREE

C 7  =  C 6 ( C O U N T

Cu =  C7  (STACK

- 9  '  w 7

C = C (TREE
l 0  9

Cr,  = C, ' (TREE

L Z  d

.  t6b(ce (srACK) ) ,
*  "G{C,O (TREE))

(.-r
STACK < -  Pu l l (C

e 
(srACK))

l<-r

<- Pusl i (C r  (STACK) ,  C3 (TR.EE)))
q , ^

<- son (U4 (  rKEE.)) )

<- ni1 )

< -  (Ce  (COUNT)  B  + )  )

*  s t a c k ( r ) )

f i g  8 " 1 . 1 . b



I J

t he  f

s t e P

The  compu ta t i ons  a re  t hen  a  b i t

d i r e c t l v  g i v e  t h e  f i n a l  r e s u l t  :

STACK

The  l eas t  so lu t i on  o f  t he  above  sys tem

in i t e  ascend ing  sequence  o f  success i ve

i s  g i ven  by  :

C i  =  .STACK < -  r ,  COUNT < -  r ,

o f  equa t i ons  i s  t he  l  i r n i t  o f

app rox ima t i ons .  The  i n i t i a l

T R E E < - t >  i = l  1 2

t e d i o u s  ( b u t  n o t  d i f f i c u l t )  s o  t h a t  r o e

COUNT TREE

t r e e

t r  ee

non-ni1

t I  e e

n i l

non-ni1

t r  ee

n i 1

5

c u , " 7

(." 1 0

c u

c 8 ,  c t z

Th is  ve ry  s imp le  abs t rac t  eva lua t i on  o f  t he  p rog ram a l l o ros  t he  com l i l e r

t o  d i scove r  o rog ram p rope r t i es  r vh i ch  t u rn  ou t  t o  be  essen t i a l  f o r  code  ce -

n e r a t i o n :

C O U N T  i s  a  p o s i t i v e  i n t e g e r

TREE i s  no t  n i1  a t  l i nes  4  and  10  and  the re fo re  t he  ope ra t i ons  " l e f t "

and  " r i gh t "  w i l l  no t  abo r t  ( p rov ided  tha t  TREE i s  co r rec t l y  i n i t i a -

l i z e d  b y  a  t r e e  v a l u e  w h i c h  h a s  b e e n  a s s u m e d  i n  t h i s  i n t e r p r e t a t i o n ) .

STACK i s  a  s rack  o f  non -n i1  t r ees  (when  no t  emp ty ) .

F ina l1y ,  i f  t he  p rog ram te rm ina tes  c l ea r l y ,  t he  f i na l  va lues  o f  s rACK

and  TREE w i l l  be  respec t i ve l y  l t e rnp ty "  and  "n i1 " .

8.1.2 comptL.ers i4ust Perform an Apnronimate Anall,lsis of r\,ogyams

One can  make  the  p rev ious  i n te rp re ta t i on  more  acc r r ra te  by  cons i c l e r i nq

a  s e t  o f  a b s t r a c t  v a l u e s  w h i c h  n a r : t i t i o n  m o r e  p r e c i s e l y  t h e  s o a c e  o f

s tack  ( l  )

s tack  (non -n i1  )

s tack (non-ni l  )

s tack  (non -n i1  )

s tack  (non -n i l  )

s tack (non -n i1  )

s tack  (non -n i1  )

s tack  ( r  )
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conc re te  p rog ram da ta .  Fo r  examp le

t ree  wh ich  nodes  con ta in  s tacks  o f

v a l u e  :

we  cou ld  have  rep resen ted  a  non -n i1

pos i t i ve  i n tege i : s  by  t he  abs t rac t

n o n - n i l  ( s t a c k ( + ) )

Ano the r  re f i nemen t  cou ld  be  to

t rees ,  o r  t he  max ima l  l eng th  o f

take account  of  the maximal  depth of

s  t acks  .

i n f i n i t e  s p a c e  o f

sequences  may  be

t r u c t i o n s  s u c h  a s  :

t  v a l u e  :

s t ack (1 ))))

Howeve r  t hese  re f i nemen ts  imp ly  cons ide r i ng  an
abs t rac t  va lues  and  consequen t l y  some  app rox ima t i on

in f i n i t e .  Fo r  examp le ,  an  e r roneous  sequence  o f  i ns

S T A C K  : =  e m p t y ;

w h i l e  . . .  d o

Push STACK onto STACK;

o d ;

wou ld  l ead  to  t he

s tack

in f i n i t e  abs t rac

( s t a c k ( s r a c k ( .  .  .

The  way  comp i l e r s  can  cope  w i th

ve r i ng  co r rec t  app rox ima t i ons  o f  t he

a l s o  a s k  p r o g r a m m e r s  f o r  r e s c u e  ( 4 . 1

i n f i n i t e  i n t e r p r e t a t i o n s  i s  b y  d i s c o -

e x a c t  p r o p e r t i e s ,  ( ( 4 , 4 ) ,  t h e y  c a n

I  )  b u t  t h i s  i s  n o t  c o n s i d e r e d  h e r e )  .

8 . 2 Apptpxtmgfugrl _o f _ ?t fi.!Z!" Ab s tr ac t Eoaluations !f_Pr_ogrsrys

B. 2. 1 Structuy'aL Appnorimati.on lkethod.

The  f i r s t  app rox ima t i on  techn ique

c o n c r e t e  d a t a  s p a c e  b y  a b s t r a c t  v a l u e s

x i m a t i o n  s e q u e n c e s .

r v e  u s e d  c o n s i s t s  i n  m o d e l l i n g  t h e

wh ich  canno t  wo rk  up  i n f i n i t e  aoo ro -

Examnle

Suppose  we  wan t  t o  s ta t i c l y  de te rm ine

in tege r  va r i ab le  may  take  a t  each  p rog ram

mina t i ng  p rog ram :

t he  se t  o f  va lues  wh ich  each

po i . n t ,  so  t ha t  f o r  t he  non  te r -
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- :  . -  r .

wh i l e  t r ue  do

i  : =  i + l ;

o d ;

we would have :

U r  =  < r  < -  t l  j >

c2  =  < i  < -  { z t+ t  I  t <  >  o }>

C r = . i - t 2 k + : l  k > 0 ] >

C 4  - < i + [ >

Th is  i n te rp re ta t i on  c l ea r l y  i nvo l ves  i n f i n i t e  app rox ima t i on  sequences .

We p roposed  two  abs t rac t i ons  :

-  D e t e r m i n a t i o n  o f  t h e  s i g n  ( s e e  1 )  w h i c h  r e p r e s e n t s  a n  e n p t y  s e t

b y  " r " ,  a  s e t  o f  p o s i t i v e  i n t e g e r s  b y  " i " ,  a  s e t  o f  n e g a t i v e  i n t e g e r s  b y

f r : t r  a n d  o t h e r  s e t s  b v  t t i t t .

-  C o n s t a n t  p r o p a g a t i o n  ( s e e  5 .  I  )  w h i c h  r e p r e s e n t s  a n  e m p t y  s e t  b y  " r " ,

a  s e t  r t { a } t r  c o n t a i n i n g  a  s i n g l e  i n t e g e r  b y  " . t t ,  a n d  o t h e r  s e t s  b y  t ' T " .

-  One  can  a l so  imag ine  pa r i t y  de te rm ina t i on  wh i ch  rep resen ts  an  emp ty

s e t  b y  t t J - t t ,  a  s e t  o f  o d d  i n t e g e r s  b y t t o d d " ,  a  s e t  o f  e v e n  i n t e g e r s  b y t t e v e n "

a n d  o t h e r  s e t s  b v  t t T t t .

Q q  q  . ^w^ . ,+ - t - . ' ^nn7 .  Annno r i .mn f t ' . nn  ! 4e thOda  .  a .  O  w U t t l y u  U q w  U r l t L q u  n t / l / t  \ J & u t t t q U  u \ / '

A second  app rox ima t i on  techn ique  r ve  w i l l  examp l i f y  now cons i s t s  i nmode l -

l i n g  t h e  c o n c r e t e  d a t a  s D a c e  b y  i n f i n i t e l y  m a n y  a b s t r a c t  v a l u e s .  T h e r e f o r e

t h i s  m i g h t  l e a d  t o  i n f i n i t e  a p p r o x i m a t i o n  s e q u e n c e s .  Y e t  i n  s u c h  a  c a s e ,

the  l im i t  o f  t hese  sequences  w i l l  be  app rox ima ted  i n  a  f i n i t e  number  o f

s t e p s  u s i n g  s i m p l e  h e u r i s t i c s .
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EranpLe

A se t  o f  i n tege rs  may  be  abs t rac ted  by  i t s  m in ima l  and  max ima l  mem-

b e r s .  F o r  e x a m p l e  t h e  a b s t r a c t i o n  o f  t h e  s e t  { - 1 ,  1 0 ,  5 , 7 }  r s o u l d  b e  t h e

i n t e r v a l  [ - 1 ,  1 0 ] .

Le t  us  examp l i f y  i n te rva l  ana l ys i s  f o r  i n tege r  va r i ab les  by  t he

t r i v i a l  p rog ram :

- '  . -  t .

i 5  i  .  1 0 0 0  t h e n

i  : =  i + l ;

g o  t o  l o o p ;

end;
P _

f  i g  8  . 2 . 2 . a

W e  n o t e  C ( i )  =  [ a ,  b ]  t h e  f a c t  t h a t  a  <  i  <  b  i n  c o n t e x t  C .  A n  o b v i o u s  a l g o -

r i t h m  ( s e e  C o u s o t [ 1 9 7 6 ] )  p e r m i t s  t o  e s t a b l i s h  t h e  f o l l o w i n g  s y s t e m  o f  e q u a -

t i ons  :

c l  =  < i  < -  [ 1 ,  l ]  >

C ,  =  C 1  L l 1  C 4

C z  =  C z ( i  < -  C r ( i )  i l  [ - * ,  1 0 0 0 ] )

c 4  =  c s ( i  *  C r ( i )  +  [ 1 ,  l ] )

C s  =  C r ( i  < -  C z ( i )  n  [ 1 0 0 ] ,  + * ] )

f  i g  8  . 2 . 2 . b

These equat ions  use  the  un ion  L-J  and in te rsec t ion  f l  o f  in te rva ls ,  and

the  opera t ion  +  on  in te rva ls  de f ined by  :

l a ,  b l l - l  t c ,  d l  =  [ m i n ( a ,  c ) ,  m a x ( b ,  d ) ]

I u ,  b ] n t c ,  d l  =  [ m a x ( a ,  c ) ,  m i n ( b ,  d ) ]

I a ,  b ]  +  [ c ,  d l  =  [ a + c ,  b + d ]

( ' -' 1

l o o p  :

3
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The leas t  so lu t ion  o f  the  above equat ions  is  g iven  by  :

C z  = . i  *  [ 1 ,  l 0 0 l - l >

lvhich permits to deduce the remaining unknowns :

C 3  =  C z ( i  < - . C 2 ( i )  [ l  [ - - ,  1 0 0 0 ] )

=  C z ( i  < _  [ 1 ,  l 0 0 t ]  T ]  [ _ - ,  1 0 0 0 ] )

=  < i  < -  [ m a x ( ] ,  - - ; ,  m i n ( 1 0 0 1 ,  1 0 0 0 ) l >

=  a l  < -  [ ] ,  1 0 0 0 ] >

C 4  =  C s ( i  < -  C r ( i )  +  f  l ,  l l )

=  C r ( i  < -  [ 1 ,  1 0 0 0 ]  +  [ ] ,  l ] )

=  < i  < -  1 2 ,  1 0 0 1 1 >

C s  =  C z ( i < -  C 2 ( i )  n  [ 1 0 0 1 ,  + * ] )

=  c z ( i  < -  [ ] ,  1 0 0 1 ]  n  [ 1 0 0 1 ,  + - ]  )
=  ( i  < -  [ m a x ( 1 ,  1 0 0 1 ) ,  m i n ( 1 0 0 1 ,  + - ) ] >

=  < i  < -  [ 1 0 0 1 ,  1 0 0 1 ] >

a n d  a 1 l o w s  t h e  v e r i f i c a t i o n  o f  t h e  e q u a t i o n  d e f i n i n g  C ,  :

c r = c r L r c u
< i  + . [ 1 ,  l 0 0 l ] >  I  . i  *  [ ] ,  l ] >  U 1  < i  < -  1 2 ,  l 0 0 l l >

?
:  < i  + . [ 1 ,  l ]  l J  [ 2 ,  l 0 0 l ] >
?
I  < i  *  [ m i n ( 1 ,  2 ) ,  m a x ( 1 ,  l 0 0 l ) ] >

-  < i  < -  [ t ,  1 0 0 1 ] >

The  p rob lem o f  d i scove r i ng  the  above  so lu t i on  i s  more  d i f f i cu l t  t han

a  s imp le  ve r i f i ca t i on .  Cons ide r  f o r  examp le  t he  app rox ima t i on  sequence  fo r

so l v i ng  the  equa t i ons  :

x  =  f  l ,  l ]

y  =  x  U  ( y + [ ] ,  1 ] )

I t  i s  an  i n f i n i t e  sequence  wh ich  f i r s t  t e rms  a re  :

y  =  r ,  [ 1 , 1 ] ,  [ 1 , 2 _ 1 ,  [ 1 , 3 ] ,  [ 1 , 4 ] ,  . . .

a n d  w h i c h  l i m i t  i s  [ ] ,  + - ] "
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Since  a  comp i l e r  mus t  no t  en te r  an  end less  cyc le ,  i t  mus t  app rox ima te

t h e  l i m i t s  o f  p o t e n t i a l l y  i n f i n i t e  a p p r o x i m a t i o n  s e q u e n c e s .  F o r  t h a t

pu rpose  one  can  use  heu r i s t i cs  r . r h i ch  i nduce  an  app rox ima t i on  o f  t he  ex -

pec ted  l im i t  f r om the  f i r s t  f e r v  t e rms  o f  t he  sequence .  The  rnos t  s imp le

heu r i s t i cs  r vh i ch  can  be  used  w i th  i n te rva l s  i s  o robab l y  t he  f o l l ow ing  :

i f  a  bound  o f  an  i n te rva l  i s  no t  cons tan t  t ake  i t  t o  be  i n f i n i t e .  I n tu i -

t i v e l y  t h i s  h e u r i s t i c s  i s  c o r r e c t  s i n c e  i t  p e r m i t s  t o  d i s c o v e r  a t  l e a s t

(bu t  no t  a t  nos t )  a l l  t he  va lues  r . i h i ch  a  p rog ram va r i ab le  may  take  du -

r i n g  e x e c u t i o n .

A p p l y i n g  t h i s  h e u r i s t i c s  t o  L h e  e x a m p l e  ( f i g  8 . 2 . 2 . a )  w e  g e t  :

I n i t i a l  i z a t i o n  :

C :  =  ( i  *  f > ,  j  =  I  . .  5
J

S t e p  I  :

c r  =  < i  < -  [ ] ,  1 ] >

C z  =  < i  *  [ 1 ,  l ] >

c .  = . i  < -  [ ] ,  l ] >

c +  =  < i  < -  [ 2 ,  2 f >

c 5  =  I

S t e p  2  :

c r  =  < i  < -  [ ] ,  1 ] >

C z  =  < i  +  [ ] ,  2 l >

C . j  = . i  < -  [ ] ,  2 ) >

cq  =  < i  < -  12 ,  3 l>

C s  =  1

App ly ing  the  s imp le  heu r i s t i cs  t o  t he  equa t i on  assoc ia ted  to  t he  l oop

c u t p o i n t  t h a t  i s  C ,  w e  g e t  :

I n d u c t i o n  S t e p  3  :

C z = r . i < - [ 1 ,  p ] >
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f rom which we der ive :

C l  -  < i  * - [ ] ,  l ] >

C 3  =  C z ( i  *  C r . ( i ;  1 - 1  ; * ,  1 0 0 0 1 )

=  < i  -  [ ] ,  + - ]  |  [ * ,  1 0 0 0 ] ) >

=  < i  < -  [  l ,  1 0 0 0 ] >

C 4  =  C a ( i  < -  C . ( i )  +  [ t ,  l ] )

=  < i  < -  [ 2 ,  l 0 0 l ] >

C s  =  C z ( i  .  C z ( i )  n  1 1 0 0 1 ,  + - l )

=  C z ( i  + . [ ] ,  + - ] n [ 1 0 0 1 ,  + * ] )

=  < i  < -  [ 1 0 0 1 ,  * * ] >

S t e p  4  :

c l  =  < i  < -  [ ] ,  l ] >

C ,  =  C ,  L i 1  C 4  =  < i  -  [ 1 ,  l 0 0 l ] >

C 3  =  < i  *  [ 1 ,  + - ]  f l  [ - * ,  1 0 0 0 ] )  =  . i  < -  [ 1 ,  1 0 0 0 _ l >

C 4  =  < i  *  1 2 ,  1 0 0 1  l >

C s  =  C z ( i  < -  C r ( i )  n  [ 1 0 0 1 ,  + * ] )

-  < i  < -  1 1 ,  1 0 0 1 1  l l  [ 1 0 0 1 ,  r - ] >

=  < i  < -  f  l 0 0 l ,  l 0 0 l l >

A  nex t  i t e ra t i on  wou ld  p rove  s tab i l i za t i on  and  the re fo re  t e rm ina tes  t he

app rox ima t  i on  sequence  "

No te  t ha t  by  chance  we  have  found  the  exac t  so lu t i on ,  bu t  t he  co rnp i l e r

i s  no l  aware  o f  t h i s  f ac t .  I t  s imp ly  knows  tha t  t he  exac t  so lu t i on  i s  i nc lu -

ded  i n  t he  app rox ima t .ed  one  wh ich  has  been  au toma t i ca l l y  d i scove red .  (The

i n c l u s i o n  o f  t w o  c o n t e x t s  i s  d e f i n e d  a s  t h e  c o n i u n c t i o n  o f  t h e  i n c l u s i o n  o f

t h e  a b s t r a c t  v a l u e s  o f  e a c h  v a r i a b l e  i n  t h e s e  c o n t e x t s .  T h e  i n c l u s i o n  o f

t w o  i n t e r v a l s  [ a ,  b ' ]  q  [ c ,  d 1  i s  d e f i n e d  b y  a  <  s  (  d  <  b ) .

I t  i s  impo r tan t  t o  no te  t ha t  because  o f  t he  undec idab le  p rob lems  we  a re

faced  w i th ,  t he  app rox ima t i on  o f  i n f i n i t e  eva lua t i ons  i s  va l i d  bu t  f unda -

men ta l l y  i ncomp le te .  Howeve r  i t  shou ld  be  c lea r  t ha t  t h i s  i ncomp le teness

i s  accep teb le  t o  comp i l e r s  wh i ch  neve r  need  fu l l  know ledge  o f  t he  p rope r t i es

o f  t he  comp i l ed  p rog rams .
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(A complete explanat ion of  the approximat ion method and

a  p roo f  t ha t  i t  co r rec t l y  app rox ima tes  t he  exac t  so lu t i ons  i s  beyond

the scope of  th is  paper and may be found in Cousot l lg77d.  Complemen-

ta ry  de ta i l s  w i t h  a  pa r t i cu la r  emphas i s  on  i n te rva l  ana l ys i s  a re  g i -

ven  i n  Couso t [  197  6 ) )  .

9 .  C O N C L U S I O N

Abs t rac t  i n te rp re ta t i on  o f f e r s  a  mode l  f o r  s ta t i c  ana l ys i s  o f  p ro -

g rams  wh ich  exh ib i t s  a  beau t i f u l  un i t y  i n  t he  appa ren t  d i ve rs i t y  o f  ap -

p roaches .  The  connec t i on  be tween  the  va r i ous  i n te rp re ta t i ons  can  be  made

very c lear  by observ ing that  some interpretat ions are a ref inement  of

o the rs  (o r  dua l l y  t he i r  abs t rac t i on )  so  t ha t  t he  seve ra l  i n te rp re ta t i ons

f o r m  a  l a t t i c e  w h i c h  m o r e  r e f i n e d  e l e m e n t  i s  t h e  s e m a n t i c s  ( C o u s o t [ 1 9 7 7 a ) ) .

From a theoret ica l  point  of  v iev we hope to have shown that  the re-

s u l t s  o f  l a t t i c e  t h e o r y  o r i g i n a l l y  u s e d  b y  S c o t t  f o r  d e f i n i n g  t h e  s e m a n t i c s

o f  p r o g r a n m i n g  l a n g u a g e s  ( s e e  r e f e r e n c e s  i n  S c o t t f l g l 6 l )  h a v e  a  w i d e  d o -

ma in  o f  app l i cab i l i t y  wh i ch  h igh l y  exceeds  the  s tudy  o f  seman t i cs .  i { ov ieve r

the  p resen t  deve lopmenL  o f  t he  t heo ry  does  no t  o f f e r  p rac t i ca l  me thods  to

compu te  f i xpo in t s .  By  compar i son  r v i t h  ma themat i cs  and  numer i ca l  ana l ys i s

i t  seems  o f  t he  u tmos t  i n te res t  t c l  o r i g i na te  resea rch  on  the  r ; r ob lem o f

e f f ec t i ve  gene ra t i on  o f  app rox ima te  so lu t i ons  t o  f i xpo in t  equa t i ons  i n

d i s c r e t e  d o m a i n s ,

F rom a  p rac t i ca l  po in t  o f  v i e r v  we  hope  tha t  t he  mode l  o f  abs t rac t

i n te rp re ta t i on  o f  p ro rg rams  i v i l 1  p rov ide  a  use fu l  f r amework  f o r  f o rmu la t i ng

t h e  ( e v e n t u e l l y  e x i s t i n g )  a l g o r i t h m s  f o r  s t a t i c  a n a l y s i s  o f  p r o g r a m s .  B y

e l  im ina t i ng  r , r ha t  i s  spec i f  i c  t o  e .ach  apo l  i ca t i on  one  can  hope  to  ge  E  ge -

n e r a l  m e t h o d s  f o r  e f f i c i e n t  r e s o l u t i o n  o f  f i x p o i n t  e q u a t i o n s .  T h i s  s e e m s

to  be  pa r t i cu la r i l v  t . r ue  f o r  t he  numerous  g loba l  da ta  f l ow  ana l ys i s  t ech -

n i q u e s  w h i c h  a r e  o f r e n  d e s i g n e d  t o  t a c k l e  s p e c i f i c  p r o b l e n s ,  a n d  c o u l d  b e

use fu l l y  gene ra l  i zed .  The  same way  the  numerous  me thods  fo r  auLona t i c
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genera t i on  o f  i nva r i an t s  i n  p rog rams  do  no t  a lways  expose  c lea r l y

the i r  unde r l y i ng  p r i nc ip les .  An  unde rs tand ing  as  t he  sene ra t i on  o f

app rox ima te  so lu t i on  t o  f i xpo in t  equa t i ons  i s  ce r ta in l y  t he  abs t rac -

t i on  s tep  wh ich  i s  necessa ry  t o  make  fu r the r  p rog ress .

I t  i s  o f  i n t e r e s t  t o  c o m p i l e r  w r i t e r s  t o  d e s i g n  a  c a t a l o q u e

o f  abs t rac t  i n te rp re ta t i ons  wh i ch  cou ld  be  used  to  ex t rac t  t hose  p ro -

pe r t i es  o f  p rog rams  wh ich  a re  comnon ly  used  by  co rnp i l e r s .  ye t  i t  i s

t he  i n tu i t i ve  f ee l i ng  o f  t he  au tho rs  t ha t  t he re  i s  no  con t i nuum be t -

I ' / een  the  deg ree  o f  r e f i nemen t  o f  t he  p rope r t i es  t o  be  ex t rac ted  and

the  cos t  o f  ex t rac t i on .  Hence  i n  p rac t i ce  t he  he lp  o f  t he  p rog rammer

s e e m s  i n d i s p e n s i b l e  t o  s h u n t  i n d e c i d a b i l i t y  p r o b l e m s .  T h i s  i m p l i e s  d e -

s ign ing  l anguages  wh ich  pe rm i t  t he  spec i f i ca t i on  o f  abs t rac t  p rope r t i es

o f  p rog rams ,  i n  pa r t i cu la r  wh i ch  a l l ow  the  dec la ra t i on  o f  1oca1  i nd i ca -

t i ons  abou t  apo rox i rna te  so lu t i ons  t o  t he  sys tem o f ,  equa t i ons .  The  nex t

s t e p  i s  t o  o f f e r  t h e  a b i l i t y  t o  d e s c r i b e  n e w  u s e r - d e f i n e d  a b s t r a c t  i n -

t e rp re ta t i ons  w i th  t he  comp lemen ta ry  p rob lem o f  des ign ing  the  comp i l e r

so  tha t  i t  can  rea l l y  t ake  accoun t  o f  t he  new in fo rna t i ons  sa the red

abou t  p rog rams .  Th i s  v i ew  i s  i n  f ac t  a  c l a im  fo r  en r i ched  daLa  t ype ,

an  a rea  where  the re  i s  much  cu r ren t  ac t i v i t y .
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