Methods and Logics for ProvingPrograms 1Patrick COUSOT�cole Polytechnique, LIX91128 Palaiseau Cedex (France)22Further work by C. A. R. Hoare on Hoare logic3Further work by C. A. R. Hoare on methods of reasoning about programs4669Logical, set and order theoretic notationsSyntax and semantics of the programming language1418Relational semantics22Partial correctness of a commandFloyd-Naur partial correctness proof method and some equivalent variants

Cousot, P.Methods and Logics for Proving ProgramIn ‘‘Handbook of Theoretical Computer Science�, J. van Leeuwen (Ed.), vol. B ‘‘ Formal Models and SemanticsCh. 15, pp. 843--993, Elsevier, 1990.

262828Representing a global invariant on configurations by local invariants on states attachedto program points30Construction of the verification conditions for local invariants31Semantical soundness and completeness of the stepwise Floyd-Naur partial correctness353636Compositional verification conditions38Semantical soundness and completeness of the compositional Floyd-Naur partial3940414244Liveness proof methods46474849515253Hoare logic555557Proof outlines58606163Hoare’s proof system H64Hoare’s proof system for proof outlines67Syntactical rules of substitution6868Bound and free variables appearing in a term, predicate, command or correctness69Formal definition of substitution of a term for a variable in a term or predicate707171Semantics of substitution747676777780808384858586

86Incompleteness of Hoare logic for an interpretation with undecidable8787The non-halting problem is not semi-decidable for Peano89The set of valid Hoare formulae for Peano arithmetic is not909192939395Expressiveness � la Cook and its equivalence with Clarke’s notion of97Relative completeness of Hoare logic for arithmetical while-programs and99101102halting problem for finite interpretations103The halting problem for finite interpretations is undecidable for Clarke’s103109110Complements on Hoare logic111113113113115118124126130133133133Goto statements134135135137137140Using a single global invariant142Using an invariant on memory states for each control state143Using an invariant on memory states for each program point144146148150151Using an invariant on memory states with auxiliary variables for each program152152154

156156Owicki & Gries logic156Stirling compositional logic157161164164165167167167168169170172172

Formalizing ideas of FLOYD [1967a] and NAUR [1966] which, in essence, were alreadypresent in GOLDSTINE˚&˚VON NEUMANN [1947] and TURING [1949] (as recalled inMORRIS˚&˚JONES [1984]), C.˚A.˚R.˚Hoare introduced in October 1969 an axiomatic methodfor proving that a program is partially correct with respect to a specification (HOARE [1969],see the genesis and reprint of this paper in HOARE˚&˚JONES [1989, pp.). This paperintroduced or revealed a number of ideas which originated an evolution of programmingfrom arts and crafts to a science. Hoare logic had a very significant impact on programverification and design methods. It was an essential step in the emergence of �structuredprogramming� in the 1970’s. It is also an important contribution to the development ofof mathematical investigations was also crucial in the development of a theory ofprogramming. This is reflected in the fact that is one of the most widely citedA brief review of HOARE [1969]The � of HOARE [1969] claims that �computer programming is an exactindependently of their computer representation (such as �x + y = y + x�, �x˚+˚0 = x�, etc)implementations. For example a finite representation of natural numbers (� x. 0 x £maxint�) can lead to various possible interpretations of overflow such as �´ x. (x =maxint + 1)� i.e. program execution should be stopped, �maxint˚+˚1˚=˚maxint� i.e. theresult of an overflowing operation should be taken as the maximum value represented or�maxint + 1 = 0� i.e. arithmetic operations should be computed modulo this maximumThe second part of HOARE [1969] introduces an axiomatic definition of �. It defines Hoare correctness formulae �{P}˚C˚{Q}� where C is a program andthe precondition P and postcondition Q are logical formulae describing properties of datamanipulated by program C. Such a formula �{P}˚C˚{Q}� means that if execution of C isstarted in any memory state satisfying precondition P and if this execution does terminatethen postcondition Q will be true upon completion (Hoare correctness formulae wereoriginally written �P˚{C}˚Q� but are now written as �{P}˚C˚{Q}� to emphasize the r�le of assertions P and Q as comments). The main contribution of HOARE [1969] is theelucidation of a set of axioms and rules of inference which can be used in correctnessproofs (termed �partial� since termination is not involved). For example if X is a variableidentifier, E is an expression, P[X˚˚E] is obtained from P by substituting E for alloccurrences of X then �{P[X˚˚E]}˚X˚:=˚E˚{P}� is an axiom for the assignmentcommand �X˚:=˚E�. Intuitively, it simply states that what is true of expression E beforethe assignment is true of X after assignment of E to X. Another example is the sequentialcomposition �C� of commands C and C. From �{P}˚C{Q}� and{R}�, one can infer �{P}˚C{R}�. Intuitively this rule of inference statesthat if Q is true after execution of C1 starting with P true and if R is true after execution of starting with Q true then R is true after the sequential execution of C and C startingwith P true. This second part of HOARE [1969] ends with the formal partial correctness proofof a program for computing the Euclidian division of nonnegative integers by successivesubtractions.effects are excluded. Then, and most importantly, termination is not considered. Finally aadvocated in view of the cost of programming errors and program testing. It is also usefulpart being clearly identified by the use of implementation dependent axioms). Thedifficulties such as unreliable specifications or proof complexity are also foreseen:�program proving, certainly at present, will be difficult even for programmers of highinference can be understood as �the ultimate definitive specification of the meaning of theHoare logic: "The formal material presented here has only an expository status andrepresents only a minute proportion of what remains to be done. It is hoped that many ofFurther work by C. A. R. Hoare on HoareA number of these problems were treated by C. A. R. Hoare himself. A famous andnon trivial proof, that of the program �Find� (HOARE [1961]), was later given in

. This paper shows a significant move in the use of Hoare logic from a programverification method (i.e. an a˚posteriori proof of a complete program) to a program designprocess of coding it�. The use of data abstractions to handle complex data structures wasFOLEY˚&˚HOARE [1971]), jumps and functions (, CLINT˚&˚HOARE [1976]), parallel programs (HOARE˚[1972c], HOARE˚[1975]). Hoare logic had animportant influence over the design of modern programming languages, Pascal notablyWIRTH [1971], HOARE˚&˚WIRTH˚[1973]). However progresses were sometimes slower than) and communication primitives (HOARE [1978b], ) had to be betterunderstood before introducing formal proof methods (HOARE [1981],ZHOU˚CHAO˚CHEN˚&˚HOARE [1981]Further work by C. A. R. Hoare on methods ofreasoning about programsWith regard to program proofs, HOARE [1969] suffers from a number of weaknesses,some of which were corrected later (HOARE˚&˚HE JIFENG [1986] [1987], HOARE, HEJIFENG˚&˚SANDERS [1987] HOARE, HAYES, HE JIFENG, MORGAN, ROSCOE, SANDERS, SORENSEN &SUFRIN [1987]). First of all, termination is not involved. For example �{true}˚while˚true˚doskip˚{Q}� holds for all assertions Q. This can be considered as a regrettable omission (seethe �Envoi� to HOARE˚&˚JONES˚[1989, p.˚391]) or as an historically fruitful simplification(since, for example, total correctness was not that simple to understand in the presence ofnondeterminism, HOARE [1978a]). Later work by C.˚A.˚R. Hoare insists upon totalcorrectness (). Second, the postcondition Q in Hoare correctness formulae�{P}˚C˚{Q}� is a predicate of the final states alone. Adopting postconditions which areHE, JIFENG [1986] [1987], HOARE, HE JIFENG & SANDERS [1987], HOARE, HAYES, HE JIFENG, MORGAN,has to use so-called logical auxiliary variables such as x in �{X˚=˚x} C {X˚=˚x}� toexpress that execution of C leaves the value of the programming variable X unchanged(assuming that x does not appear in C). Third, Hoare correctness formulae �{P}˚C˚{Q}�do not describe the course of computation of the program C, a flaw in the presence ofparallelism. For example �{X˚=˚x}˚C˚{X˚=˚x}� does not mean that X is not modifiedduring execution of C so that we do not know whether �{X˚=˚x}[C˚||˚X˚:=˚1]{X˚=˚1}�of intermediate states (more precisely messages) were latter used in HOARE [1984]. Fourth

Hoare logic imposes a standard form of reasoning about programs which, for example,lacks the flexibility of choosing between positive or contrapositive arguments or ofchoosing the most adequate form of induction (the only one allowed being structuralcorrectness formulae �{P}˚C˚{Q}�, predicates P, Q and programs C are quite separated.For example predicates can be conjuncted but not Hoare correctness formulae. The use ofnames for designating objects obeys quite different conventions in predicates andprograms. Finally Hoare logic was a very important step in the understanding that�computers are mathematical machines�, �computer programs are mathematicalexpressions�, that �a programming language is a mathematical theory� and that�programming is a mathematical activity� (). However, the main emphasis ofadhering to rigorous and well-understood proof methods without using exclusively formalWith regard to program semantics, HOARE [1969] was somewhat optimistic: theaxiomatic semantics can no longer be considered as universal but as one of theSurveys on Hoare logicOver the past twenty years, Hoare logic has been considerably studied. Most results, , , BARRINGER [1985], DE˚ROEVER [1985a], , & DE˚ROEVER˚[1989]) and books (MANNA [1971], DE BAKKER [1980], L˛CKX & SIEBER [1984]), tocite a few. This chapter is an elementary but rigorous introduction to Hoare logic. We justvery rudimentary practice of the so-called intermediate assertions method of Floyd butnevertheless do the necessary recalls. We hope that this survey will be useful to readerswilling to understand the abundant and often very technical literature on Hoare logic.In paragraph ⁄ 2 we fix up the logical, set and order theoretic notations which areused subsequently.

(that is a set of finite or infinite sequences of configurations representing successiveand their relational semantics (directly defining the relationship between initial and finalIn paragraph ⁄ 4 we define the partial correctness �

� of a command Cgiving a simple introductory example, we formally derive Floyd-Naur’s method from theoperational semantics using an elementary stepwise induction principle and predicatesattached to program points to express invariant properties of programs. This systematicconstruction of the verification conditions ensures that the method is semantically sound(i.e. correct) and complete (i.e. always applicable). Then we explain a compositionalpresentation of Floyd-Naur’s method inspired by Hoare logic where proofs are given byinduction on the syntactical structure of programs. These two approaches are shown to beexactly the same conditions. Few other partial correctness proof methods are shortlyIn paragraph ⁄ 6, we study total correctness (that is the conjunction of partialcorrectness, absence of runtime errors, deadlock freedom and termination) and morerelations, well orderings and ordinals, we review Floyd’s well-founded set method andIn paragraph 7.1, we first start from a semantical point of view (mathematiciansproving partial correctness by structural induction on the syntax of commands. Thisapproach is sound (correct) and complete (always usable) with respect to the operationalsemantics. In practice, proofs can be presented informally using Owicki’s proof outlinesIn paragraph 7.2, we study Hoare logic from a syntactical point of view(mathematicians would call it a logical approach) where predicates are required to bemachine representable and proofs to be machine checkable (but not necessarily machinederivable). Therefore predicates P, Q and correctness formulae �{P} C {Q}� are now considered as strings of symbols written according to a precise syntax with no fixedmeaning. Provability is formalized by rewriting rules for deriving valid theorems bysuccessive transformations of given axioms. More precisely, we first define the syntax offunctions) and correctness formulae �{P} C {Q}�. Then we introduce Hilbert-likedeductive systems (consisting of axioms such as �{P[X˚˚E]}˚X˚:=˚E˚{P}� and rulesof inference such as �from {P}˚C{Q} and {Q}˚C{R} infer {P}˚C{Q}�) andelse follows from earlier formulae by a rule of inference). This leads to Hoare’s classicalproof system and to Hoare’s proof system for proof outlines. Finally we define freeand bound variables in predicates so as to precisely specify the syntactical rules ofsubstitution P[X ‹ E].Paragraph ⁄ 7.3 makes the link between the semantical point of view (i.e. the usual by the operational semantics) and the syntactical point of view (where isunderstood as correctness formulae manipulations according to the formal rules of Hoaredeductive system ). For that purpose we define the semantics of predicates P, Q andcorrectness formulae �{P} C {Q}� in accordance with the relational semantics butParagraph ⁄ 7.4 studies the link between truth (the semantical point of view) andnot necessarily coincide: provable implies true, refutable implies false but some formulaemechanically) although they are either true or false. Therefore the question is whetherHoare’s formal proof system captures the true partial correctness formulae, only theseSoundness is proved in paragraph ⁄ 7.4.1.7.4.2. It is shown that the formalism of while-programs is more powerful than theformalism of first-order predicates in the sense that, for example, the reflexive transitivefirst-order definable (except when full arithmetic on natural numbers is available).Incompleteness results for Hoare logic follows since intermediate assertions needed in thecorrectness proofs of while loops cannot in general be expressed. The consequence is thatalthough the logical language might be simple enough so that all true facts about dataexpressible in this language are machine derivable, some programs using the same basicsymbols might be either unspecifiable or unprovable within this restricted language. Itfollows that the logical language must be enriched up to the point where arithmetic isthen, as shown by Kurt G�del, the deductive system is not powerful enough to prove all true facts expressible in the logical language. It follows that we can only prove Cook’srelative completeness of Hoare logic assuming that the logical language is expressiveenough to specify the intermediate assertions and that all needed mathematical facts aboutthe data of the program are given. (The alternative which consists in using richer second-order logical systems is not considered since proofs would then not even be machinecheckable). Expressiveness can be defined � la Clarke (using Dijkstra’s weakest liberalpreconditions) or � la Cook (using strongest liberal postconditions), both notions ofexpressiveness being equivalent. Examples of inexpressive (abacus arithmetic) andexpressive (Peano arithmetic) first-order languages are given. It is shown thatexpressiveness is sufficient to obtain relative completeness but it is not necessary. Finallywe study Clarke’s characterization problem which consists in characterizing whichprogramming languages have a sound and relatively complete Hoare logic. This is not thecase of Algol-like or Pascal-like languages (since soundness and relative completeness ofHoare logic would imply the decidability of the halting problem for finite interpretationswhere variables can only take a finite number of values). The intuitive reason is again thatfirst-order logical languages are less powerful than Algol or Pascal-like languages whichIn paragraph ⁄ 8, we briefly consider complements on Hoare logic: data structures(⁄˚8.1), undefinedness due to runtime errors (⁄˚8.3), aliasing and side effects (⁄˚8.4),block structured local variables (⁄˚8.5), goto statements (⁄˚8.6), functions andexpressions with side effects (⁄˚8.7), coroutines (⁄˚8.8) and a guide to the literature onIn paragraph ⁄ 8.2 we consider procedures. First we define the syntax and relationalsemantics of recursive parameterless procedures. Then we consider partial correctnessto Hoare’s recursion rule. Since this only rule is not complete, we consider Park’s fixpointinduction, which, using auxiliary variables, can be indirectly transcribed into Hoare’s ruleof adaptation. Then these rules are generalized for value-result parameters and numerousexamples of application are provided. References to the literature are given for variableParallel programs are handled in paragraph ⁄ 8.9. First we define the syntax andpoint of view of paragraph ⁄˚5 where proof methods are shown to derive from a singleinduction principle and only differ by the way of decomposing the global invariant onmemory states and control states (or auxiliary variables) into local invariants. In particularor weakened versions, its stepwise (� la Floyd) and syntax-directed (� la Hoare) presentations. This proof method is formalized by Owicki & Gries logic and acompositional version is given as introduced by Stirling following Jones. We end by aIn paragraph ⁄ 8.10 we consider proof systems for total correctness. Such proofsystems cannot be of pure first-order logical character and must incorporate an externalwell-founded relation. We first consider Harel proof rule for while-programs with finitelybounded nondeterminism and its arithmetical completeness. Then we explain the use oftransfinite ordinals to deal with unbounded nondeterminism, a situation where a programHints for reading this surveyThis chapter can be read in a number of ways. In all cases, proofs should be omitted¥Readers purely interested in Hoare logic can read as follows: ⁄ 2 (logical, set andorder theoretic notations), ⁄ 3 (syntax and semantics of the programming language), ⁄ 4(partial correctness of a command), ⁄ 5.1 (an example of partial correctness proof byFloyd-Naur method), ⁄ 5.3 (a Hoare style presentation of Floyd-Naur partial correctnessproof method by syntax-directed induction), ⁄ 7.1.1 (general theorems for proofconstruction), ⁄ 7.2.1 (syntax of predicates and correctness formulae), ⁄ 7.2.2 (deductivesystems and formal proofs), ⁄˚7.2.3˚(Hoare’s proof system ), ⁄ 7.2.5 (syntactical ruleson by ⁄ 7.1.2 (semantical soundness and completeness), ⁄ 7.3 (the semantics of Hoarelogic), ⁄ 7.4 (the link between syntax and semantics˚: soundness and completeness issues¥Readers interested in liveness proof methods but willing to ignore logic can readsuccessively ⁄ 2 (logical, set and order theoretic notations), ⁄ 3 (syntax and semantics ofthe programming language), ⁄ 4 (partial correctness of a command), ⁄ 5 (Floyd-Naurpartial correctness proof method and some equivalent variants), ⁄ 6 (liveness proofmethods), ⁄˚8.9.1 (operational semantics of parallel programs with shared variables), ⁄8.9.2 (� la Floyd proof methods for parallel programs with shared variables), ⁄ 8.10.4

Logical, set and order theoreticFor terms of logical character we use the following notations˚: tt denotes , ff, ´˚, , inclusive disjunction, logical implication, =˚(or(there is a unique v such that p is true). " v ˛ E. p is an abbreviation for ˚v .((v ˛ E) p)and $ v ˛ E. p is ˚E) p). " , �, v ˛ E. p is an abbreviation for " ˛ � v ˛ E. p. The same way $ , �, v ˛ E. p is an abbreviation for $ ˛ E. � v ˛ (respectively , ) is the set of integers (positive, strictly positive integers). Asusual in computer science, + is the addition, - the subtraction, * the product, thedivision, the modulus and ** the exponentiation of integers. (x) (respectivelyset. The notation ˚E means that e is an element of the set E and e˚The void set is denoted˚¿. E˚˚E’, E˚˚E’ and E = E’ respectively denote , and of sets and (E˚˚E), (E˚and (E E’)˚=˚´(E = E’). We use the set theoretic operations ), )and -˚(). If a set D is fixed then for subsets E of D the ´E of E is (DP(E) (called the power set, �, E are sets, the Cartesian product is the set of n-tuples, with e for i˚=˚0,˚�,˚n - 1. In symbols˚: E = : e � e} where �:� reads �for those which satisfy�.The is the i-th component e of the n-tuple . If n> 1, the elimination ~i is the (n˚-˚1)-tuple . If E˚=˚E then E = E. We define E to be {¿} andidentify E1 with E. The cardinality of a set E is denoted |˚E˚| hence if E is finite, |˚E˚| is theGiven a positive integer n and a set E, we define an n-ary relation r on E as a subsetof E. n˚is called the arity of r and is denoted r. We say that r is when r˚=˚2 andoften use the infix notation x r y for <x, y> ˛ r. For example we write x y to mean that xIf r, r’˚˚E are binary relations on E then r r’ = {e, e’ :˚r � ˚r’} is the of r and r’, r- r} is the of r. If, moreover, p˚˚E is a subset of E then p ø r = { r : e p} is the left restriction of r to p and r Ø p = { r : e’˚˚p} is the right restrictionof r to p. The equality relation on E also called the of E is = {e, eThe of a binary relation r on a set E is defined by recurrence as r = , r r for n 0. The () transitive closure r of r is r = : n > 0} and the ** r+.A partially ordered set is a pair E, £ where E is a nonvoid set and is a binaryrelation on E which is (" a ˛ E. a a), (" a, b ˛ E.(a b b˚˚a) (a = b)) and transitive (" a, b, c ˛ E.(a b b c) (a c)). Given P E, a ˛ E is anupper bound of P if ˚P.˚b a; a is the least upper bound of P (in symbols P) if alubunique. Lower bounds and the (greatest lower bound) are defined dually, that is byreplacing by its inverse (also called ) defined by (a˚˚b) = (b a). A is a partially ordered set E, £ such that P and P exist for all P, P E. Itfollows that E has a greatest element or T = ˚E = ˚¿ and a least element or = ˚E = ¿. (E), is a complete lattice such that = , = , T = Eand ^ = ¿.Given two sets A and B and a binary relation on A B, we call a of Ainto B (and write : A B) if (a, b ˛ f) (a ˛ A � b ˛ B) (" a ˛ A. >˛ f). A = is called the and B = is the of . We use the functionalnotation b = (a) instead of ˚ ˛ f. The set of all functions of A into B will be denoted We specify a function f : A fi B without giving it a name using the lambda notation˚B.˚e� where the expression e is such that " a ˛ A. (a) = e(a). We write l x ˛fA B then ˚b] is the function {b} such that ’(a) = b and "a’ ˛ A .((a’ a) � ’(a’) = (a’))). A function , �, b} such that) = b for i = 1, �, n will be simply written [a, �, a] so that [a,�, a) = b.A = ˚:˚i ˛ of elements of E is a function from the index set I into theset E, where gi = (i). When I , g is called a sequence of elements of E. More precisely,if I = ¿ then is called an empty sequence and is written . When I = , it is an sequence and we write , �, , � . When n ˛ and I = {i˚:˚0˚˚i˚<˚n}, iscalled a finite sequence of n and we write g = g0, �, g. We define n E to be theset of sequences of elements of E of length n˚˚0, n 0 E, E to be theset of infinite sequences of elements of E and ˚E˚= E E. Moreover, theconcatenation of e ˛ E to the right of is defined by e˚=˚e, , �, , e if is afinite sequence of length n and gg if g is an infinite sequence.Let A, £ and B, be partially ordered sets. : A B is (or) if ˚E. (a b) ((a)

(b)). x ˛ A is a of : A A if (x) =x. It is a if x (x) and a if (x) x. Let L, £ be a complete lattice with infimum and ˚L be monotone. The set {x˚(x)˚=˚x} offixpoints of is a (nonempty) complete lattice for with infimum = {x ˛ x} and supremum f = (x)} (). An is a sequence of elements of A such that ˚-˚{0}. . : L L is if ) : i } = }) for any increasing chain ofL. If ˚L. (x) = x" n ˛ . " x ˛ L. (x) = (x)), (KLEENE [1952]). In particular, if r is a binaryrelation r on a set E then r is uniquely determined by the facts that r = r ß (or r* ß r) and if x˚E is such that x˚= r ß x (or x˚x ß r) then rxthat is r. r ß x (or rl x : 2 fi . x ß r). If> is a complete lattice, P, is a poset with infimum ’, : L P is strict ()= ’), upper-continuous and = and moreover : L L and ˚: P P aremonotone then ) = .

S y n t a x a n d s e m a n t i c s o f t h e programming languageof well-formed programs. We use an abstract syntax describing the structure ofprograms by trees () and leave unspecified the concrete syntax (whereprograms are linear strings of tokens to be parsed unambiguously (AHO, SETHI &)). Then we define the of the language that is theeffect of executing syntactically correct programs. Traditionally, one imagines theprogram running on an abstract machine with primitive instructions (Its execution steps can be idealized by mapping abstract syntactic constructs in theprogram to a transition relation on configurations (). The language is non-have several possible successors. An execution of the program is a finite or infinitesequence of configurations representing successive observable states of the machineduring execution. When observation of intermediate configurations is unnecessary, weuse a relational semantics directly defining the relationship between initial and finalconfigurations of program executions (HOARE˚&˚LAUER˚[1974]). This relational semanticsis latter used as a basis for justifying Hoare’s logic (). This associates an axiom or a rule of inference with each kind of basic orSuch complementary definitions of programming language semantics, , ) are useful fordescribing the semantics at various levels of details. This is a natural extension of and primitive idea that �the specification of proof techniquesthe nondeterministic assignment �X˚:=˚?� of a random value to X. Commands C, C2can be composed sequentially �(C1; C2)� and conditionally �(B fi C1 � C2)� according to the value of a Boolean expression B. A command C can also be iterated �(B * C)�while B holds.This abstract syntax is more formally defined below. For the time being, the sets of programming variables (ranged over by X), of expressions (ranged overby E) and of Boolean expressions (ranged over by B) are assumed to be given. and will be detailed later. The set of commands (ranged over by C) isexpressed in Backus-Naur Form (BNF, Syntax of commandsX:E:ExpressionsB:C:Commands(1)1 ; C2fi C12.A program to compute x ** y(2)(3) Y<>0 odd(Y) ;(4)nThe components of a command C are C itself and the commands appearing in CC should be considered as different components of C. Therefore we mark components of a command C by the Dewey number designating the root of thesubtree of C’ in the syntactic tree of C. For example, ((X := 1; X := 1); X := 1)]= {((X := 1; X := 1); X := 1), (X˚:=˚1;˚X˚:=˚1), X := 1, X˚:=˚1, X˚:=˚1} sothat �X˚:=˚1 is the first, �X˚:=˚1 the second and �X˚:=˚1 the third instance ofassignment command �X := 1� in the sequence �((X := 1; X := 1); X := 1)�. More

Components of a command(5) =}if C is skip, X := E or X := ?; C]=; C} ](B C C]={(B C C} ](B * C) ={(B * C)} ] =. =] {(B*C’) : B C’ Com {0, 1}} = : C ˛ }= : C ˛ }Components of program (4)(6)Cfi

CCCCCCCCC10nWhen there is no ambiguity, the exponent of a component C will be omittedand we identify with .Operational semanticsA (or ) is a function s with domain a given set of variables(including the set of programming variables) and range a nonempty set D d:D(7)s: = D(8)The operational semantics of a command C is a model of its execution. Such anexecution will be understood as a finite or infinite sequence �, �, , � of such that and is the operational transitionrelation. The initial configuration has the form , C where s records the initialgn<sn, Cn>nvalues of variables after execution of n program steps and C records the commandremaining to be executed. If execution terminates in configuration gl then gll where records the final values of variables. In particular, s, C, s’, C’ means of C to be executed. If then execution of C in state s can lead tog: = (S ) S(9)op: )(10)The definition of the semantics of expressions will be postponed. For the timebeing, we will assume that the semantics of expressions is given: if E ˛ and s ˛ Sthen

(s) = ˛ is the value of expression E in state s. The same way, if B ˛I[B]

BI: (S fi D),

= I]Semantics of expressions(11)I:

= ]expressions(12)syntax of commands (in the style of PLOTKIN [1981] but using a direct recursivedefinition) as follows˚:˚˚Operational transition relation (13) =s, skip>, s : s ˛ }X := E =s, X := E, s[X˚

: s ˛ }X := ? =s, X := ?, s[X˚ : s ˛ S d ˛ } ; C =: ˛ } {s, (C’; Cs’, C : s, C, s’ ˛ } ] ]=s, (B C C, s, C : s ˛

} {s, (B C C, s, C : s ˇ

} ](B * C) =s, (B * C), s, (C; (B * C)) : s ˛

} {s, (C’; (B * C)), s’, (C"; (B * C)) :s, C’, s’, C" ˛ } {s, (C’; (B * C)), s’, (B * C) : s, C’, s’ ˛ } {s, (B * C), s : s ˇ

}Operational semantics of program (4)(14)Using the components (5) of program (4) given at example (2), we can define(15)

= Ce = C, L = C, L = (C; C), L = (C; C), L = (C; C), L= (C; C), including a final label L represented by the(16)L

LLLLL

L2L1fi345678when control is at that point L. According to definition (13), the operational transition]=s, L, ˚1], L : s }(17)¨s, L, s, L : s(Y) 0}¨s, L, s, L : ¨s, L, ˚s(Y) - 1], L : s }¨s, L, ˚s(Z) * s(X)], L : s }¨s, L, s, L : ¨s, L, ˚s(Y) 2], L : s }¨s, L, ˚s(X) * s(X)], L : s }¨s, L, s : s(Y) = 0}[X 3, Y 2, Z 0], L, [X 3, Y 2, Z 1], L, [X 3, Y 2, Z 1],, 3, Y 2, Z 1], L, [X 3, Y 1, Z 1], L, [X 9, Y 1, 1], L, 9, Y 1, Z 1], L, [X 9, Y 1, Z 1], L, [X 9,Y 0, Z 1], L, 9, Y 0, Z 9], L, [X 9, Y 0, Z 9]. nRelational semantics relation between states such that s, s’

if and only if an execution of command C

Relational semantics(18)I: S x )]=

= {s, s’ : s, C, s’ }

, (19) skip =s, s : s ˛ }

=s, s[X

: s ˛ }

=s, s[X d] : s ˛ d ˛ }

; C =1 ß2(B C C = ø) (´ ø)(B * C) = øB= l X. (

) ( ø) ß 2.r ( ´

) ." q . (q ø) q) (q r .(

(B ø

C) ß r) ˝ r.

) ( r)Calculus of the relational semantics of a simple program(20)Assume D = , the relational semantics of C = (Y <> 0 * Y := Y - 1) is

˚:˚s(Y) 0}.To prove this, observe that by (19.7),

= F where F(X) = (

) ¨) ß X) = {s, s s, s[Y 0} ßX. Define X(¿). We have X = ¿, Xs, s[Y˚˚:˚s(Y) = 0}. Assumeby induction hypothesis that X = {s, s[Y˚˚:˚0 s(Y) i - 1}. Then X =) = {˚:˚s(Y)˚=˚0} {s,˚s[Y s(Y) - 1]˚:˚s[Y] 0} ß˚:˚0 s(Y) i - 1} = {s, s˚: s(Y)˚=˚0} {˚: $ s[Y]˚˚0 � s" = s[Y˚˚s(Y) - 1] 0 s"(Y) i - 1 s’˚= s"[Y˚˚0]} =˚:˚s(Y)˚=˚0} {˚:˚s[Y] 0 �˚s(Y) - 1](Y) i˚-˚1} = {˚:˚s(Y)˚=˚0} { :1˚˚s(Y)˚˚i} = {˚: 0˚˚s(Y)˚˚i}. It follows that

= F = = {˚ i ˚ ˚ 0 . ˚ 0 ˚ ˚ s ( Y ) ˚ ˚ i } = ˚:˚0˚˚s(Y)}. nProof of theorem 10:[]¥(19.1), (19.2)˚:˚

and

X := E are handled the same way as :¥

X := ? = {s, s’ : s, X := ?, s’} [by (18)] = {s, s’ :˛ d ¨ op ß } [since r* = d ¨ r ß ] = {s, s’ : $ g ˛ G.s,˚X˚:= ?, ˛ } [since s,˚X := ? s’] = {s, s’ : d ˛ D �˚d], s’> ˛ } [by (13.3)] = { : s ˛ d ˛ D} [since by (13),", > ˛ implies " ˇ so that > ˛ if and only if s" = s’ ˛

¥s, s’> ˛

; C s, (C; C, s’> ˛ [by (18)] �> ˛ � s", C, s’> ˛ ) [by (13.4)] ($ s". s, s"> ˛

1� s", s’> ˛

) [by (18)] ˛

1 ß [by definition of ¥

(Bfi1 C = {s, s’ : $ g ˛ Gs, (B fi 1 C, > ˛ �> ˛ } = {s, s’ : s ˛ s, C, s’> ˛ } {s, s’ : s ˇ

�> ˛ } = ( ø) (ǿ) [by (13.5)].¥s, s’ ˛ ø Ø if and only if there are n 1 and s, �, s Ssuch that s˚= s and for all i˚=˚1, �, n - 1, s ˛ and , s> ˛ and sn = s’ ˇ

Bthat is if and only if there is an execution sequence of the form �, (B * C),,˚(C;˚(B * C)), �, , (B * C), ,˚(C;˚(B * C)), �, , (B * C), s�with s = s, �, s and sn = s’ hence if and only if s, s’ ˛

(B * C).¥(19.7)˚: Let F = l X.

ø) X and G = l X. (d Ø

) ø) ß X. Wehave F

= G(¿) = (

). Assume by induction hypothesis that

= G(¿) then F

= F(F

= () ( ø) ß(¿) Ø

) = (d Ø

) ((¿)) = G(¿). Since r = l x. r ß x, itfollows that

(B * C) =

= ( = ( =) = (¿) = G.¥(19.8)˚: We first show that

(B * C) satisfies conditions (a)-(d)˚:- ø* Ø.-(b)If (q r q) then by induction on n 0, (q ø q). This is truefor n = 0 since q˚ = ˚q q. Moreover q˚ = q˚n r) = (q˚ r ˝ q) r = ˚r) q) = q. Whence if (q˚

) q) then q) so that q˚

= q˚

˝ ø

=n0

) =) q = q.-Since

(B * C) = (d Ø

) ( ø) ß(B * C)), we have ø) ß(B * C)

(B * C).-(d)Since

) ( ø) ß(B * C)) we have (d Ø

) ˝. so that (

) =)(B * C).¥Assuming that r satisfies conditions (19.8), we show that r =

(B * C)˚:-d Ø

) = r r and ø) ß r r so that r is a postfixpoint of F =Ø

) (ß X) whence

(B * C) = F r.-To show that r

(B * C), we assume that s, s’ ˚r and prove that s, s’ ˛

. Let q = {s1 ˛ S : s, s

ø}. We have q ø

ø) = {, s>

)˚: s, s

ø} ˝ , s : s, s ø} ˝ , s : s, s> ø} q. By (19.8.b), (q r q) so that s ˛ q and s, s’ ˚r imply s’˛ q whence s, s’ ø. Moreover s, s’ ˚r and (19.8.a) imply s’ ˛

, sothat s, s’

ø* Øn

(21)Assuming = , C = �Y := 0� and C’ = �(Y := ?; (Y <> 0 * Y := Y - 1)) havethe same relational semantics

= = {s, s[Y˚˚:˚s ˛ }. We have

=˚:˚s ˛ } by (19.2) and

=Y := ?

(Y <> 0 * Y := Y-1) [by 10.4] =s, s[Y˚ : s ˛ d˚} ß ˚:˚0 s(Y)} [by (19.3) andexample (20)] = {s, s[Y˚˚0] : 0˚˚d} = {˚:˚s ˛ Hence no distinction is made between program C for which termination with Y = 0 isguaranteed and program C’ for which termination with Y = 0 is possible but notnIt follows that if we choose (19) (or latter Hoare logic) as definition of thesemantics of then a faithful implementation of should ignores the possibilityof nontermination as a viable answer whenever termination is possible. This �angelic�to simultaneously examine all possible choices offered (we have to assume in a finitenumber) by random assignments () The �demonic� nondeterminism of is a radically different alternative where results are valid only ifthe program examined always terminates. Again a strictly faithful implementationshould use depth-first backtracking to guarantee nontermination if this is possible forone choice in random assignments. In practice, nondeterminism is implemented bychoosing arbitrarily or sometimes fairly one of the alternatives offered by (19). Thenangelic and demonic nondeterminism can be understood as describing the best andworst possible situation (, ). In conclusion (19) isan approximate version of (13) where �details� about termination are deliberately

P a r t i a l c o r r e c t n e s s o f a An is a set of states. A is a pair p, q of assertions onstates (where p is called the input specification or and q is the to a specification p, q (written

) if any terminating execution of Cstarting from an initial state s satisfying p must end in some final state s’ satisfying q.

FLOYD [1967a], NAUR [1966]Partial correctness(22)p, q: = )Assertionsp, q>: = p q}: {tt, ff} p q =(p ø

) ( x q)Partial correctness of program (4)(23)Assume for program (4) that is {X, Y, Z, x, y} and is the set of integers.p = {s ˛ : s(X) = s(x) s(Y) = s(y) 0}q = {s ˛ : s(Z) = s(x) ** s(y)}Otherwise stated, if x and y 0 respectively denote the initial values of programmingequal to x ** y.˚nObserve that definition (22) of partial correctness is essentially of semanticaltheory. No reference is made to a particular formal logical language for describing thesets of states p and q (called �assertions� for convenience). Therefore we make nodifference between a predicate P (such as �Y˚˚0 Z * (X ** Y) = x ** y�) and theassertion which its denote (that is �{s S : s(Y) 0 s(Z) * (s(X) ** s(Y)) =s(x)˚**˚s(y)}� in this example). The consequences of restricting assertions p, q tothose that can be formally described by first-order predicates will be studied later atparagraph ⁄ 7.2.

F l o y d - N a u r p a r t i a l c o r r e c t n e s s p r o o f m e t h o d a n d s o m e equivalent variantsThe first method for proving partial correctness was proposed by FLOYD [1967a]Naur’s method from the operational semantics (13) using an elementary stepwiseinduction principle and predicates attached to program points to express invariantproperties of programs. This systematic construction of the verification conditionsensures that the method is semantically sound (i.e.˚correct) and complete (i.e. alwaysapplicable). Then we introduce another presentation of Floyd-Naur’s method inspiredby Hoare logic where proofs are given by induction on the syntactical structure ofto a difference of presentation, they require to verify exactly the same conditions. Fewother partial correctness proof methods are shortly reviewed and shown also to beAn example of partial correctness proof byFloyd-Naur methodPartial correctness proof of program (4)(24)¥The informal partial correctness proof of program (4) by Floyd-Naur’s methodfirst consists in discovering predicates (X, Y, Z, x, y) associated with each label L,k˚=˚1,˚�,˚8 which should relate the values , , of variables , , whenever}{ P(X, Y, Z, x, y) = (X = x Y = y 0) }(25)}{ P(X, Y, Z, x, y) = (Y 0 Z * (X ** Y) = x ** y) } {-- loop invariant --} Y <> 0 }{ P(X, Y, Z, x, y) = (Y > 0 Z * (X ** Y) = x ** y) } odd(Y) }{ P(X, Y, Z, x, y) = (Y > 0 Z * (X ** Y) = x ** y) }}{ P(X, Y, Z, x, y) = (Y 0 Z * (X ** (Y + 1)) = x ** y) } }{ P(X, Y, Z, x, y) = (even(Y) Y > 0 Z * (X ** Y) = x ** y) }

}{ P(X, Y, Z, x, y) = (Y 0 Z * (X ** (2 * Y)) = x ** y) } ;}{ P(X, Y, Z, x, y) = (Z = x ** y) }¥Observe that predicates P associated with labels L, k = 1, �, 8 can be k = {s ˛ : s(Y) 0 s(Z) * (s(X) ** s(Y)) = s(x) ** s(y)}¥)p P(X, Y, Z, x, y)where p is the input specification(26)(i1)(X, Y, Z, x, y) P(X, Y, 1, x, y)(i2)(X, Y, Z, x, y) Y 0] P(X, Y, Z, x, y)(i3)(X, Y, Z, x, y) Y = 0] P(X, Y, Z, x, y)(i4)(X, Y, Z, x, y) odd(Y)] P(X, Y, Z, x, y)(i5)(X, Y, Z, x, y) even(Y)] P(X, Y, Z, x, y)(i6)(X, Y, Z, x, y) P(X, Y - 1, Z, x, y)(i7)(X, Y, Z, x, y) P(X, Y, Z * X, x, y)(i8)(X, Y, Z, x, y) P(X, Y div 2, Z, x, y)(i9)(X, Y, Z, x, y) P(X * X, Y, Z, x, y))(X, Y, Z, x, y) q ¥ holds whenever control is at point L, that is to say, according to (15), whencommand L remains to be executed. In practice it is only necessary to discover loopinvariants since other local invariants can be derived from the loop invariants using¥It follows that the local invariants on states attached to program points are(27) i = ¨7 {<s, L> : s

}8s, C : s p} ) i(p ø

) ( x n

The stepwise Floyd-Naur partial correctnessproof methodto the discovery of local invariants which are then shown to satisfy elementaryverification conditions corresponding to elementary program steps. To show this, wewe specialize the induction principle for the operational semantics (13) of language. This consists in representing the global invariant on configurations by localchosen to be expressed in this way, Floyd’s verification conditions can be derived bycalculus from the operational semantics (13). This construction of the verificationconditions for local invariants a priori ensures semantical soundness and completenessStepwise induction principle): to prove that some property i of a program is invariant during thecourse of the computation, it is sufficient to check that i is true when starting thecomputation and to show that if i is true at one step of the computation, it remains trueafter the next step. This means that Floyd-Naur’s method consists in applying theStepwise induction principle(28)if p, p’, q ˛ P(E) and r ˛ P(E x E) then: [(p ø * Ø p’) (E x q)] [$ i ˛ (E). (p i) (i ø r E x i) (i ˙ p’ q)]¥For , we observe that i = {e ˛ E : $ e’ ˛ p. e’, e> r} satisfies conditions p iand i˚ x i whereas p ø ˚p’ E x q implies i˚˚p’ q.¥For , we observe that, by induction on n 0, p i and i ø r E x i imply that x i whence p ø E x i so that p ø * Ø p’ E x (i ˙ p’) E x nFloyd-Naur partial correctness proof method consists in discovering localassertions on states attached to program points which must be shown to satisfy localverification conditions. As shown by example (24), this can be understood as the

[]KELLER [1976], PNUELI [1977], COUSOT [1981]Induction principle for(29) p q = [$ i ). gvc[p, q](i)][p, q](i) = (" s ˛ s, C> ˛ i) (i x i) (i ˙ q)¥ p q = (p ø x q) [by (22)] = (p ø s’, s : s’, C, s> ˛ } ˝ x q) [by (18)] = ({s, C : s ˛ } ø * Ø x q) = ($ i ˛ ). ({s, C : s ˛ ˝i) (i˚i) (i ˙ q)) [by (28)] = ($ i " s ˛ s, C> ˛ i) �i) (i˚n Any i satisfying the verification condition gvc[p, q](i) is always true duringis a global invariant which implies all others and can be characterized as aPARK [1969], CLARKE [1979b], COUSOT [1981]Fixpoint characterization(30) I = { : s p. s, C, ˛ }I = l X : ). {s, C : s p} { : ’. ’, ˛ X }if p q then gvc[][p, q](I) holds and i. gvc[][p, q](i) (I i).¥), , ¿> is a complete lattice. f = X : ). X ß and =˚: s p} { : ’. ’, ˛ X } are monotone. = ) : ˚p. , ˛ X} is strict, upper-continuous and = ˚= X. { ) : ˚p. s, C, ˛ X ß }. Therefore) = ) = I = .¥Obviously {s, C : s ˛ ˝ I. Moreover I ø = {, : s p., ˛ � , ˛ } {, : s p. s, C, ˛ } Gx I). Finally p q (p˚ x q) [by (22)] (p ø s’, s : , s> ˛} x q) [by (18)] (Iq) (I ˙ q).¥if (" s ˛ <s, C> ˛ i) (i x i) then (i) i so that I = =) : ˚X} [by TARSKI [1955]] i.˚n

(31)¥" s ˛ p. s, C i is equivalent to p

.¥i ø x i is equivalent to the conjunction {s, L : s ˛

} ø ]i for k˚=˚1,˚�, 7 and

8 ø x i so that the proof can be done by casescorresponding to each possible transition from configurations s, L for any ssatisfying predicate Pk attached to point Lk. Using in each case the definition of [C],-For the assignments Xk := E, k = 1, 4, 5, 6, 7 we have s, L, s’, L ˛ if and only if k’˚=˚succ(k) where succ = [1˚˚2, 4˚˚5, 5˚˚2, 6˚˚2]. Therefore the corresponding verification conditions are of the following formgiven by Floyd:

(s)]

.For example when k = 4, we have to prove that [s(Y) > 0 s(Z) * (s(X) ** s(Y))= s(x)˚**˚s(y)] � ˚s(Y) - 1] {s’ : s’(Y) 0 s’(Z) * (s’(X) ** (s’(Y) + 1)) =s’(x)˚**˚s’(y)}] or equivalently [s(Y)˚>˚0 s(Z)˚*˚(s(X)˚**˚s(Y))˚= s(x)˚**˚s(y)]� [(s(Y)˚-˚1)˚˚0 s(Z)˚*˚(s(X)˚**˚((s(Y)˚-˚1)˚+˚1))˚= s(x)˚**˚s(y)] which is-For the test k = 3, we have s, L, s’, L if and only if s’ = sand if s˚ then k’˚=˚4 else k’˚=˚6, so that we have to prove that

) ().-P2 ˙

) ˝ ().¥((i ) q) = ( q) is equivalent to

= q.˚nRepresenting a global invariant on configurations bylocal invariants on states attached to program pointsFloyd and Naur proposed to use local invariants on states attached to program points(originally, arcs of flowcharts). Such program points L for commands C can be understood as labels specifying where control can reside at before,when or after executing a step within C. According to the operational semantics (13), can be chosen as the set of control states C’ of configurations s, C’ ˛ encountered during execution of command C, together with a final label,g ˛ S

Labels designating program control points(32) = ] = {C} = ¿ if C is skip, X := E or X := ?; C = {(C’; C) : C’1 ˛ } ](B C C = ](B * C = {(C’; (B * C)) : C’ } = { } Labels of program (4)(33)The labels of program (4) have been defined at (15). We have = {C}and ˚= {C, C, C, C} whereas = {L}, = {L, L,, L, L, L} and = {Ln The local invariants are assertions on states attached to program points. MoreLocal invariants(34): Local invariants for program (4)(35)Local invariants for program (4) have been given at (25): inv(L) =

,k˚=˚1,˚�, 8.˚n ]invariant g(inv) ˛ P(G), which is the set of configurations such that when control is at Lthe memory state belongs to inv(L). Reciprocally, a global invariant i ) can bedecomposed into local invariants (i)(L), L , defined by the fact that whencontrol is at L the only possible memory states s are those for which the configuration<s, L>COUSOT & COUSOT [1982]Connection between local and global(36) : ( ) )(inv) = { : s inv(L) L - { }} inv( )(37) : ) ( )(i)( L ) = {s : s, L i}if L ](i)( L ) = i Sif L ] ag ([]local invariants inv(L), L satisfying verification condition(inv)˚). This leads to the construction of the local verificationconditions by calculus (COUSOT & COUSOT [1982]). This equivalence is of theoreticalinterest only since, from a practical point of view, each local invariant is simpler than[]gConstruction of the verification conditions for localwe first express the operational semantics (13) in an equivalent form using programsteps. From a syntactic point of view, the next elementary step [L] which willbe executed when control is at point L˚˛ of command C˚ is anElementary steps within a command(38)[(...((C’; C); C) ...; C)] = C’ if C’ is skip, X := E or X := ?[(...(((B C’ C"); C); C)...; C)] = B[(...(((B * C’); C); C)...; C)] = B Elementary steps of program (4)(39)For program C defined by (4) with labels (15), we have =, L, L, LY := Y - 1, LZ := Z * X,Y := T˚div˚2, LnAgain from a syntactic point of view, the next label [L] which will bereached after execution of an elementary step when control is at point L ˛ of command C˚ can be defined by cases as follows (where n ‡0 and (...(C; C)...; C) is the final label for n˚=˚0):Successors of a program control point(40)[(...((C’; C); C)...; C)] = ; C)...; Cif C’ is skip, X := E or X := ?[(...(((B C’ C"); C); C)...; C) ] = ˚(...((C’; C); C)...; C), ff˚˚(...((C"; C); C)...; C[(...(((B * C); C); C)...; C)] = ˚(...(((C; (B * C)); C); C)...; C), ff˚; C)...; C

Successors of control points of program (4)(41)For program C defined by (4) with labels (15), we have = [L,, ff˚], L, ff˚], L, L,, LnStep[C][L]in memory state s can lead to any successor state s’s, L as follows:Successor states(42)s, L = {s}if [L] is skips, L = {s[X˚ if [L] is X := Es, L = {s[X˚˚d] : d } if [L] is X := ?s, L = {s}if [L] is B Again from a semantical point of view, the next label s, L which can<>˛ can be defined by cases as follows:Successor control point(43)s, L = {if [L] is skip, X := E or X := ?s, L = {[L](s if [L] is BThe operational semantics (13) can now be given an equivalent stepwise˚˚(44) = {s, L, final s’, L’ :s ˛ ˚L ˛ �s’ ˛ s, L˚L’ s, L }where final s’, � = s’ and otherwise final = .We have seen that a partial correctness proof of p q by Floyd-Naur’smethod consists in discovering local invariants inv ˛ ] satisfying gvc[]q]( g(inv) ). This global verification condition is equivalent to a conjunction of simpler

NAUR [1966], FLOYD [1967], MANNA [1969] [1971]Floyd-Naur partial(45)A partial correctness proof of p q by Floyd-Naur’s method consists indiscovering local invariants inv , which must be proved to satisfy the.if L ].inv(L) inv([L]) if L ] ¨ [L] is skip.inv(L) {s ˛ S : s[X ‹

(s)] ˛ if L ] ¨ � [L] is X := E.{s[X ‹ s ˛ d ˛ if L ] ¨ � is X := ?.(inv(L) ˙

) inv([L](tt)) if L ] ¨ [L] is B.(inv(L) ˙

) inv([L](ff)) if L ] ¨ [L] is B.if L ]The verification condition (45.3) for assignment is backward. This name arises out ofthe fact that the postcondition inv([L] is back-transformed into the assertion˛ S : s[X˚

[L])} written in terms of the states beforeassignment. Verification condition (45.4) for random assignment is forward.Verification condition (45.3) can also be given an equivalent forward form.{s[X ‹ s ˛ if L [L] is X:=EBy (29), we have to show that (inv(L)) satisfies gvc[p, q]( (inv(L)) ). We¥First, (" s ˛ p. s, C ˛ g(inv(L))) (" s ˛ p. C ˛ � s ˛ [by (36.2)] (p˚˚inv(C)) [by (32.2)] (" L . p inv(L)) [by (32.2)].¥Then, according to (36) and (44), the condition (inv) ø x (inv) can be(inv) ø x �s, L : s ˛ inv(L) � L ˛ ] - {}} ø G x s, L : s ˛ inv(L) �˚-˚{}} �s, Ls’, L’ : s˚ � L˚] ¨ � L’˚} G x s, L : s ˛ inv(L) �L ˛ ] - {}}

�" L ˛ ] ¨ . " s ˛ inv(L). {final˚s’, L’ : s, L �s, L} [{s", L" : s" ˛ inv(L") L" ˛ ] - {}} ¨-If ][L] is X := E (skip and X: = ? are handled the same way), then we haveto check that˚:s’, L’ :

(s)]} L’ } [{s", L" : s" ˛inv(L") ] - {}} �

(s)], [{s", L" : s" ˛ inv(L") L" ˛ ] -{}} �

(s)] ˛ " s ˛ inv(L). s[X˚

(s)] ˛ [L]) is obviously equivalent to inv(L) ˝{s ˛ S : s[X˚‹

(s)] ˛ [L])} and to {s[X ‹ s ˛ ˝-If [L] is B then we have to check that˚:s’, L’ : {s} L’˚[L](s ˛

} [{s", L" : s" ˛ L"˚] - {}} �s, [L](s ˛

[{s", L" : s" ˛ inv(L") L" ˛ ] - {}} ¨�s inv([L](s ˛

¥Finally, ((inv) ˙ q) (inv() q) [by (36.2)] (" L . inv(L) q)[by (32.7)].˚nSemantical soundness and completeness of thestepwise Floyd-Naur partial correctness proofA proof method is if it cannot lead to mistaken conclusions. It is (46)The stepwise presentation of Floyd-Naur partial correctness proof method isThe method is sound since if inv satisfies (45) then, by construction of (45),(inv)˚) holds so that derives from (29). It is semanticallycomplete since if is true then by (29) we know that Is, C : s ˛ p} ø satisfies gvc[p,q](I) so that by construction, (45) holds for invn

We insists upon soundness and completeness as in DE BAKKER &MEERTENS [1975] or MANNA & PNUELI [1970] since (46) is relative to a given semantics ofprograms (13) and to a representation of invariants by sets as opposed to the existenceof a formal calculus in a given language to prove partial correctness of programs(, ).T h e c o m p o s i t i o n a l F l o y d - N a u r p a r t i a l correctness proof methodHOARE [1969] introduced the idea (often called ) that thespecification of a command should be verifiable in terms of the specifications of itscomponents. This means that partial correctness should be proved by induction on thesyntax of programs using their relational semantics (19) instead of an induction on thenumber of transitions using their operational semantics (13). Following OWICKI [1975],we give a syntax-directed presentation of Floyd-Naur’s method without appeal to ais composed of the proofs of its constituent parts. Although this later turns out to beredundant, we prove the semantical soundness and completeness of the method sincethe underlying reasoning constitutes a simple introduction to relative completenessproofs of Hoare logic.Preconditions and postconditions of commandsA partial correctness proof of p q by Floyd-Naur’s method consists indiscovering a precondition pre(C’) and a postcondition post(C’) specifying the partialcorrectness {pre(C’) of each component C’ of command C. Thisincludes an invariant linv(C’) for each loop C’ within C. Formally �pre�, �post� and(47)pre, post: : Ass Preconditions, postconditions and loop invariants for program (4)(48) pre(Ce) = pre(C0) =

P1) = pre(C) = linv(C) = post(C) = post(C) = post(C) = post(C) =) =

2) =

3) = pre(C) =

4) = pre(C) =

5) = pre(C) =

6) = pre(C) =

7) = post(C) =

8nCompositional verification conditionsThen these assertions should be proved to satisfy the following verificationconditions which are defined compositionally, that is by recursion on the syntax ofOWICKI [1975]Compositional Floyd-Naur partial correctness(49)A partial correctness proof of p q by Floyd-Naur’s method consists indiscovering preconditions, postconditions and loop invariants (47) which must be.p ˝ pre(C) � post(C) ˝ qFor each component C’ of C˚:.if C’ is skip. {s ˛ S : s[X˚

(s)] ˛ if C’ is X := E.˚d] : s ˛ pre(C’) d ˛ if C’ is X := ?. pre(C’) pre(C) post(C) ˝ ) �) ˝ if C’ is (C; C).(pre(C’) ˙

) ˝ ) (pre(C’) ˙

) ˝ ) �) ˝ post(C’) post(Cif C’ is (B fi 1 C). pre(C’) linv(C’) (linv(C’) ˙

) pre(C) �) ˝ linv(C’) (linv(C’) ˙

) ˝ if C’ is (B * C)Observe that these compositional verification conditions could also have been definedby an attribute grammar (KNUTH [1968b]) using context-free grammar (1) with attributes(see GERHART [1975] and Compositional verification conditions for program (4)(50)

These verification conditions are given below for program C defined by (4).Some of them, corresponding to assertions attached to the same label, are obviously) post(C) post(C) � ) post(C ) post(C ) � ˝) post(C ) post(C )Moreover, (49.7) distinguishes the precondition of a loop (e.g. ) = (X = x Y =y ‡0 Z˚=˚1)) from its invariant (e.g. ) = (Y 0 Z * (X ** Y) = x ** y)pre(C1) ˝ linv(C1)The remaining verification conditions correspond to elementary steps of the program.))(i1) {s ˛ S : s[Z1] ˛ (i2)) ˙ {s ˛ S : s(Y) 0}) pre(C)(i3)) ˙ ´{s ˛ S : s(Y) 0}) ˝ )(i4)10) ˙ {s ˛ S : (s(Y))}) ˝ pre(C)(i5)) ˙ ´{s ˛ S : (s(Y))}) ˝ pre(C)(i6) {s ˛ S : s[Ys(Y) - 1] ˛ (i7) {s ˛ S : s[Zs(Z) * s(X)] ˛ (i8) {s ˛ S : s[Ys(Y) 2] ˛ (i9) {s ˛ S : s[Xs(X) * s(X)] ˛ ) qnSemantical soundness and completeness of thecompositional Floyd-Naur partial correctness proofand complete˚:Soundness of the compositional Floyd-Naur proof method(51)" C’ ˛ .

pre(C’) post(C’)

It follows from (49.1) that

{ p q} holds.

We prove that " C’ ˛ .

or equivalently by(22) that

) x post(C’)) by structural induction on¥I f C ’ i s X ˚ : = ˚ E t h e n b y ( 4 9 . 3 ) w e h a v e

˚pre(C’)} ˝ x by (19.2). The cases skip and X˚:=˚?¥If C’ is (C) then (pre(C’)˚ø

) = (pre(C’)˚

) [by (19.4)] =

( x

[since (pre(C x )) byinduction hypothesis] =

) [by (49.5)] ˝ x )) [since (pre(C

) x )) by induction hypothesis] = x ) x post(C’) [by (49.5)]. The case C’ = (B˚) is handled thesame way.¥If C’ is (B˚*˚C) then (pre(C x)) holds by inductionhypothesis which implies (linv(C’)˚ x linv(C’)) by (49.7). Also˚linv(C’) and (linv(C’)˚ ´

) post(C’) by (49.6) so that x post(C’)) by (28) hence (pre(C’)˚

(B * C

) Sx post(C’)) by (19.6).˚n(52)If holds then there are functions pre, post and linv verifying¥If C is X˚:=˚E then

}X := E{

(pX̊ := E) x q) [by (22)] �

(s)]˚: s˚˚p} q [by (19.2)] (49.1) (49.3) if we let pre(X˚:=˚E)˚=˚pand post(X˚:=˚E)˚=˚q. The cases skip and X˚:=˚? are handled the same way.¥If C is (C) then we let pre(C)˚=˚pre(C)˚=˚p, post(C)˚=˚post(Cand post(C

}. Then (49.1) and (49.5)are satisfied. It remains to show that (49.2), �, (49.7) hold for all components C’ ofC. By induction hypothesis, we just have to show that

}and

.We have because (p˚

) =˚p } { } = x˚p.

}. Moreover

; C (p˚ø

; C) ˝˚x q) [by (22)] ((p˚

) x q) [by (19.4)] (s’, s, s" ˛ . (s’ ˛ p �s’, s ˛

˛ (s" ˛ q)) (({s˚:˚$ s’ ˛ p. s’, s ˛

} ø) ˝q)) � post(C) by (22).¥The proof is similar when C is (B fi 1 C2) choosing pre(c’) = p, pre(C1) = p ˙

, pre(C)˚=˚p ˙ and post(C’) = post(C) = post(C) = q.

¥If C is (B * C) then

}(B * C

(p ø

(B * C

) x q) [by (22)] �

) x q) [by (19.6)] [$ i ˛ . (p ˝ i) (i ø ø x i) � q)] [by (28)]. We now define pre((B * C)) = p, linv((B * C)) = i,))˚= q, pre(C) = i ˙ and post(C) = i. It follows that (49.1) and (49.7)hold for C. It remains to show that

. This immediatelyfollows from the definitions of pre(C) and post(C), (i x i) and (22).˚nEquivalence of stepwise and compositionalFloyd-Naur partial correctness proofsExamples (26) and (50) show that the compositional Floyd-Naur partialcorrectness proof method introduces some trivially satisfied verification conditionswhich do not appear in the stepwise version. Apart from this difference in thepresentation, the stepwise and compositional Floyd-Naur partial correctness proofs ofprogram (4) are equivalent. This property is general in the sense that a proof using oneassertions are the same in both presentations, (30.3) and (36) imply that preconditionsand postconditions in the compositional presentation (hence later in Hoare logic) arelocal invariants, a fact which is often taken for granted. By (46), this also implies thatthe syntax-directed presentation is semantically sound and complete, a fact alreadyproved by (51) and (52).The compositional presentation of a stepwise Floyd-Naur partial correctness proofThe precondition pre(C’) of a component C’ of a command C (and loopinvariant linv(C’) when C’ is a loop) can always be chosen as the local invariant inv(L)attached to the label L = ][C’] designating where control is just before executingthat component C’. The same way, the postcondition post(C’) of a component C’ of a][C’] designating where control is just after executing that component C’.

Program points before and after components of a command(53)The label just before and after a component C’ of a command C ˛ Com˚: ] ]. [C] = C. [C] = �For each C’ - {C} when C is (C), (B C C) or (B * C¥; C[C’] = ([C’]; C)if C’ ˛ ]. ; C[C’] = if C’ ˛ ]. ; C[C’] = C2if C’ ˛ [C’] = �. ; C[C’] = ([C’]; C)if C’ ˛ [C’] �. ; C[C’] = if C’ ˛ ](B fi 1 C[C’] = if C’ ˛ ]. (B fi 1 C[C’] = if C’ ˛ ]. (B fi 1 C[C’] = if C’ ˛ ]. (B fi 1 C[C’] = if C’ ˛ ]. (B * C[C’] = ([C’]; (B * Cif C’ ˛ ](B * C[C’] = (B * C)if C’ ˛ [C’] = �. (B * C[C’] = ([C’]; (B * Cif C’ ˛ [C’] �˚˚Compositional presentation of a stepwise proof(54)If inv satisfies (45) then˚:pre = C’ . inv( [C’] )linv = C’ . inv( [C’] )post = C’ . inv( [C’] )satisfies (49).

The stepwise presentation of a compositional Floyd-Naur partial correctness proof˚˚Stepwise presentation of a compositional proof(55)If pre, post Ass and linv Ass satisfy (49) then defined as follows by structural induction on C˚:.if C .if C - .inv( ) = post(C).inv( (C’; C) ) = inv(C’)if C = (C; C) C’ ].inv( (C’; (B * C)) ) = inv(C’)if C = (B * C) C’ ]satisfies (45).Variants of Floyd-Naur partial correctnessproof methodLemma (29) hence Floyd-Naur’s method has a great number of equivalentvariants, each one leading to a different partial correctness proof methodologyCOUSOT˚& COUSOT [1982]). For example MANNA [1971] uses an invariant i and an outputspecification q which relate the possible configurations during execution to the initialstates of variables. Otherwise stated, one uses relations between the current and initialvalues of variables instead of assertions upon their current values. More formally, weMANNA [1971]Relational partial correctness(56)p: = )q: = S x ) p qæ: {tt, ff} p qæø, ˚˚(57) p qæ=[ $ i ˛ S x s, s, C˚:˚s ˛ p} i {s, : $ gs, > ˛ i , > ˛ } i� i q ]

MORRIS & WEGBREIT [1977], COUSOT & COUSOT [1982]˚˚Subgoal induction(58)

pÆ qæ=[ i ˛ ). {s, s : s } i {, s : $ g’. , ] i} i {s, s’ : s p s, C, s’> i} q ]Assume that s, s’

so that execution , �, of command C started inconfiguration = with s p, such that <, ˛ for k = 1, �, n doesterminate in state gn = s’. Then <gn, s’> i by (58.1) and by downward induction on k =n, n-1, �, 0, , s’ i follows from (58.2). In particular , s’ i whence s, s’>˛ q by (58.3). It follows that (p

) q whence holds. Semantical[]*ØS.methods are all equivalent. This is also true in the stronger sense that the necessaryCOUSOT & COUSOT [1982], DIJKSTRA [1982a]Equivalence of stepwise(59) -if i satisfies (57) then i’ = {, s : s’. s’, > ˛ i s’, s> ˛ q} satisfies (58) -if i’ satisfies (58) then i = {s, : s". , s" ˛ i’ s, s" ˛ q} satisfies (57)¥If i satisfies (57) then i ˙ q so that " s ˛ . " s’ ˛ . s’, s ˛ i s’, s ˛ qhence {˚:˚s ˛ } i’ [by 33.1]. Moreover (, ˛ ] ’, s ˛ i’ � ˛ i) (˚i ’, s ˛ i’) [by (57)] (s’, ˛ i � (" s’. s’, ˛ i �s’, s ˛ q)) [by (59.1)] s’, s ˛ q so that {, s : $ g ’. , ˛ ] �˚i’} i’. Finally, (s ˛ p s, C, s’> ˛ i’) (s, s, C ˛ i �s, C ˛ i s", s’> ˛ q)) [by (57) and (59.1)] s, s’> ˛ q hence : s ˛ p > ˛ i’} q.¥If i’ satisfies (58) then {s, s˚:˚s ˛ } i’ so that i ˙ = {s, s’ : " > ˛ i’ > ˛ q} {s, s’ : s’, s’> ˛ i’ s, s’> ˛ q} = q. Moreovers, > ˛ i , > ˛ ’, s"> ˛ i’) ((" s’. , s’> ˛ i’ s, s’> ˛ q) �> ˛ i’) [by (59.2) and (58)] s, s"> ˛ q so that {s, : $ g. s, > ˛ i �˛ } i. Finally, " s ˛ p. " s". s, C, s"> ˛ i’ > ˛ q [by (58)]hence {s, s, C˚:˚s ˛ p} i [by (59.2)].˚nReplacing i by ´j in (58), we obtain an equivalent relational partial correctness proof

COUSOT & COUSOT [1982]˚˚Induction principle for contrapositive proofs(60) p qæ=[ $ j ˛ G x S). p ø ´q {s, s’ : s, C, s’> j} j {, s : " g’. , > ˛ ] ’, s> ˛ {s, s : s ˛ S} ´j ]This consists in proving an invariance property by considering the situation where thecontrary property should be true and in establishing that this situation is impossible.Assume that so that execution , �, of command C started inconfiguration = with s˚ p, such that <, ˛ for k = 1, �, n doesterminate in state = s’. Assume, by reductio ad absurdum, that s, s’ q. Then ,> j by (60.1) and by induction on k = 1,˚�,˚n, , s’ j follows from (60.2). Inparticular , s’ j in contradiction with j following from (60.3).chosen as ´(

Liveness proof methodsObviously termination is not implied in partial correctness since for example if

= = then true * skip = ¿ so that

}true * skip{ is true for all. originally introduced total correctness as the conjunction ofpartial correctness and termination. Hoare logic has also been extended to cope withtermination and more generally with properties of programs (ALPERN &SCHNEIDER [1985]).as to define total correctness and prove that it is the conjunction of partial correctness,deadlock freeness and termination. After giving a short mathematical recall on wellfounded relations, well orderings and ordinals, we introduce ’s well-this method to prove liveness properties P˚˚Q stipulating that starting from aconfiguration of P, program C does eventually reaches a configuration of Q). Finally we study intermittent assertion method forproving total correctness (MANNA & WALDINGER˚[1978], GRIES˚[1979]) and generalize it toarbitrary liveness properties. After proper generalization, Burstall’s method includesFloyd’s method (COUSOT & COUSOT˚[1987]) and is more flexible since it allows thecombination of inductions on various underlying structures of the program (syntax,computation, data, etc.).Execution tracesWe use execution traces to record the successive configurations that can beencountered during a terminating or non-terminating execution of a program. Sincewe have to use sets of finite or infinite traces. The theory of traces is surveyed by.Let be given a set of programs, a set of states so that the set ofconfigurations is S x ) and an operational semanticsExecution traces(61) +starting in configuration g ˛ G is˚: = ˛ :˚0 = " i ˛ {1, �, n - 1}. , ˛ ]

" g ˛ G. , }the set of infinite traces of execution of command C ˛ Com starting in configuration g ˛ is˚:g= { ˛ : 0 = " i ˛ < , ˛ }so that the set of traces of execution of command C ˛ Com starting inconfiguration g ˛ G is˚:g= : n ˛ }and the set of traces of execution of command C ˛ Com starting in configuration g ˛ Gg= � ¨ gGiven p ˛ , we can define the traces of command C starting in a state of p ˛ as˚:= s, C : s ˛ = s, C : s ˛ = s, C : s ˛ = s, C : s ˛ .Total correctness specification <p, q> (written

{}) if any terminating execution of C starting froman initial state s satisfying p must end in some final state s’ satisfying q. C is said to betotally correct with respect to p, q (written

) if any execution of C startingPartial and total correctness

[p]C[q]: {tt, ff}(62)

[p]C[q] = " s ˛(p). $ n ˛ . s ˛ (p) n-1 ˛ q

}: {tt, ff}(63)

= " s ˛ (p). " i ˛ . (i ˛ ) (i ˛ q) because definition (62) does not imply that all states i ˛ belong to q. However thisfollows from (13) because final states s ˛ have no possible successor, an hypothesisFinal states are blocking states(64)

" C ˛ . " s ˛ . " g ˛ G. s, ]�(65)t

[p]C: {tt, ff}t

[p]C=" s ˛ (p). $ n ˛ . s ˛ Termination is or for final states n-1 ˛ . Execution may also end withs - Sa run-time error such as division by zero or a parallel program may be permanentlycommand C starting with initial states sp can be if and only if it can reachsn-1Blocked execution(66)

: {tt, ff}

=$ n ˛ . $ s ˛ (p). n-1 ˇ SWhen no execution of a command C starting with initial states s ˛ p can end in aDeadlock freedom(67)´

= " n . " s ˛ (p). n-1 ˛ SUnder hypothesis (64), total correctness is the conjunction of partial correctness,(68)(64) implies

= � ´ � tAccording to (13), final states s are the only possible states with no possibleFinal states are the only blocking states(69)" C ˛ . " g ˛ G. (" g’ ˛ G. , ) (g ˛ )Under hypotheses (64) and (69), total correctness can be expressed as the conjunction

Characterization of total correctness (70)(64) and (69) imply

[p]C[q] ={p}C{q

} �[p(69) implies that

= = " s ˛ (p). $ i ˛ . i ˛ where

= = and that

=ff since no execution can be blocked. By (64) and(69),

= (p). $ i ˛ . i ˛ q =

�nWell founded relations, well orderings andminimal element that is (W, ) = [" E

W. (E ¿ $ y ˛ E. (´ $ z ˛ E. z -< y))] istrue. If wf(W, -<) then obviously there is no infinite decreasing sequence x0 >- x1 >- �-<.A relation on a class W is a strict partial ordering if and only if it is anti-reflexive and transitive that is (W, ) = [(" x ˛ W. ´(x -< x)) " x, y, z ˛ W. (x partial ordering such that any two different elements of W are comparable: lo(W, -<) =(W, ) [" x, y ˛ W. ((x y) (x -< y y˚˚x))]. A relation on a class W is if and only if it is a well-founded linear ordering on W: (W, ) =(W, ) (W, ). A is a pair <W, > such that (W, To study common properties of well-ordered relations independently of theirOrd of ordered by <. We say that two well-orderings <W1, -<1> and <W2, -<2>have the same order type if there exists a bijection i from W1 onto W2 such that x -<1 y (x) 2 (y). An ordinal can be understood as the class of all well-orderings of thesame order type. Intuitively is the transfinite sequence 0˚< 1 < 2 <˚� < < +1 <+2 < � < = .2 < .2+1 < .2+2 < � < = .3 < � <˚.4 < � < = < +1 <˚� < 3 <� < = 2 < � < = 3< � <˚= < � < < � and so on (although what is behind may seems inaccessiblegbg is the order type of well-ordered by <. If C then C is the least upperbound of C [˚C.˚x˚ C . ((" x ˛ C. x a) ( C a)] and C is the least strict upper bound of C [˚C. x < ˚C " a ˛ . ((" x ˛

C. x < a) (˚C˚˚a)]. A more detailed and rigorous presentation of ordinals canbe found in .A well-founded relation on a set W can be embedded into a well-orderedrelation on W (using topological sorting algorithm when W is finite)rank function (W, (for short ) defined by (x) = (y) : y -< x}.not minimal but which are such that y -< x only for minimal objects y of W will haverank 1, and so on. One can easily verify by induction on -< that (x) is an ordinal.Observe also that (x -< y) ((x) < (y)). We call (W) = -˚W} the of (W, Termination proofs by Floyd’s well-foundedset methodTo prove termination, we must discover a well-founded ( proposedwell-ordered) relation on a set W and a variant function f : W and show that itsvalue decreases after each program step: g, g’ []. f(g’) -< gProof of termination of program (4)(71)Program (4) was proved to be partially correct at example (24) using localinvariants (25). To prove termination, let W be N x , �, L} and be the well-founded relation on W defined by if and only if (0 YY’) �Y’ L ˙ L’) where < is the usual ordering on natural numbers 0 < 1 < 2 <� and˙ is defined by L ˙ L ˙ L ˙ L ˙ L ˙ L ˙ L ˙ L. Let fW be defined by, s) = f(s(Y)) for i = 1, �, 7 and f(s) = f(s(Y)) where fy, L. Theproof that the value of f decreases after each program step amounts to the followinglocal arguments˚:(i1)(X,Y,Z,x,y) Z’ = 1 P(X,Y,Z’,x,y)] f(Y) f(since L2 ˙ L1)(72)(i2)(X,Y,Z,x,y) Y 0 P(X,Y,Z,x,y)] f(Y) f(since L3 ˙ L2)(i3)(X,Y,Z,x,y) Y = 0 P(X,Y,Z,x,y)] f(Y) f(Y) (since L8 ˙ L2)(i4)(X,Y,Z,x,y) odd(Y) P(X,Y,Z,x,y)] f(Y) f(since L4 ˙ L3)(i5)(X,Y,Z,x,y) even(Y) P(X,Y,Z,x,y)] f(Y) f(Y) (since L6 ˙ L3)(i6)(X,Y,Z,x,y) Y’ = Y - 1 P(X,Y’,Z,x,y)] f(Y’) f(Y) (i7)(X,Y,Z,x,y) Z’ = Z * X P(X,Y,Z’,x,y)] f(Y) f(Y) (since L2 ˙ L5)(i8) Y’ = Y div 2 P(X,Y’,Z,x,y)] f(Y’) f(Y) (i9)(X,Y,Z,x,y) X’ = X * X P(X’,Y,Z,x,y)] f(Y) f(Y) (since L2 ˙ L7)

In practice it is only necessary to prove that all program loops terminate since thenFloyd’s method for proving termination is sound because no infinite decreasingsequence f() ¨ f() ¨ � ¨ f() ¨ � where (p) is possible, so that definition of �(p) we have . , .For completeness, observe that the distance n - i - 1 of the current state i to thefinal state of any execution trace of a terminating program is finite and that thisdistance strictly decreases after each program step. Hence we can hope to be alwayssiwe say after that the program strongly terminates. The nondeterminismof a program C is if and only if no configuration of C can have infinitely manypossible successors: " g ˛ G. $ n ˛ . |˚{}˚| n. It is when there is an upper bound on the number of possible successors: $ n ˛ . " g ˛ G., > ˛ }˚|˚˚n. When the nondeterminism of a program is finite then itterminates if and only if it strongly terminates. Then termination can always be provedwith (W, ) chosen as (, <). We say that the nondeterminism of a program is if and only if any configuration of C has a enumerable set of possiblesuccessors: , > ˛ }˚|˚˚| |˚=˚. When theexecution traces starting with the same given initial state = s, C with no finiteupper bound on the length n of these traces . In this case, the program is said to(X <> 0 * (X < 0 (X := ? ; (X < 0 X := -X skip)) X := X - 1))XND N)for f.<> P(G) x P(G x GPto Q (written P˚�C�fi˚Q, using a variant of LAMPORT [1977]’s notation) if any executionof C starting from an initial configuration of P inevitably reaches a configuration ’such that <g, g’> ˛

BURSTALL [1974], LAMPORT [1977], ALPERN & SCHNEIDER(73):) G x ) {tt, ff}˚Q = " g ˛ P. " s ˛ . $ i ˛ . , QIn particular

= {s, C : s ˛ , : g ˛ G � s’ ˛ Generalization Floyd’s total correctnessproof method to livenessFloyd’s total correctness proof method can be generalized to liveness propertiesPNUELI [1977], COUSOT & COUSOT˚[1985]˚˚Floyd’s liveness proof method(74)˚Q = [$ a ˛ . $ i a fi G x " g ˛ P. $ b < . , > ˛ �" b < . (b > 0)� " g, ’ ˛ G. (, > i( ($ g" ˛ G. ’, > ˛ �" b < . (b > 0)� " g, ’, " ˛ G. (, > ˛ ’, > ˛ ) ($ b’ < . , > ˛ �¥�a ˛ and iG x ) satisfying verification conditions (74) and there is aconfiguration g ˛ P and a trace s ˛ such that " j ˛ . , > ˇ Q. Then therewould be an infinite strictly decreasing sequence of ordinals b ˛ seqw Ord such that " j ˛. j ˛ , > ˛ ), a contradiction since < is well-founded on . We define:˚j ˛ inductively as follows: by (74.1), $ b0 < . ) whence , > ˛) since 0 = . If j ˛ , > ˛ ) then j 0 since otherwise by (74.4) , i() Q so that by (74.2), $ g ˛ G. , > ˛ so that by (61.1), j˚+˚1˚. Moreover by (61.1), , > ˛ so that by (74.3), < .¥To prove completeness (), assume " g ˛ P. " s ˛ . $ i ˛ . , >˛ Q. Define

= [g ˛ P $ s ˛

. $ i ˛ . (" j < i. , > ˇ (, > ˛ Q) (

) $ k < i. ((g = ) (’ =

We prove by reductio ad absurdum that ˙ is well-founded on G x . Assumethere is a infinite sequence < s0, s0> ¨ < s1, s1> ¨ �. If s0 = s0 then we have (" k ˛ .

sk=, > ˇ Q ) so that s ˛ in contradiction with $ i˛ s. <g, si> ˛ Q. If

s0 „ s0 then the same reasoning can be done by concatenation ofa finite prefix

, ¨ � ¨

, > such that [

1 ˛ P ’ ˛

$ i ˛ $ k < i. (" j < i. , > ˇ Q) (, > ˛ Q) (

) (1 = ) (0 =’)] to the left of this sequence

, ¨, ¨ �.We choose = G x ) and i() = {, > ˛ P x G : $ s ˛ . $ i ˛ .˚j˚<˚i. ˚Q) (, > ˛ Q) (g = ) ($ k i. ’ = ) (b = ,)}. Obviously, (˚P. , < , > ˛ , )) so that (74.1) holds.If 0 < b < and , > ˛ ) then , is different from 0 so that $

, ˙ , >whence ’,

> ˛ and (74.2) is true. If 0 < b , , > ˛ ) and ’, > ˛ then let s ˛ , i ˛ and k i be such that (" j < i. , > ˇ Q) (,> ˛ Q) (g = ) (’ = ) (b = , ). Since , is different from 0, $

, ˙ , whence [g ˛ P $ s’ ˛ . $ i’ ˛ ’. (˚Q) (, > ˛ Q) (

= g = ) $ k’ < i’. ((’ = ) (

= so that ˚Q, hence , > ˇ Q so that k < i. Moreover $ s" ˛ g with 0 =0 = , 1 = , �, k = k = ’, k+1 = ". Then [$ i" ˛ ". $ k" < i". (" j < i"., > ˇ Q) (˛ Q) (g = g = ) (’ = ) (" = )] with k"= k so that , ˙ , . It follows that , < , = and , >˛ ") whence (74.3) holds. Finally, if , > ˛ i(0) and , > ˇ Q then rk, > = 0whence there is no

, so that [. " i ˛ . ($ j < i. ,> ˛ Q) (, > ˇ Q) " k < i. ((g )

))] so that for any s˛ , choosing the least i ˛ . , Q, we have i > 1 and " k < i. (g a contradiction for k=0.˚nBurstall total correctness proof method andits generalization’s total correctness proof method is by induction on the structurestructure of computations. For example, this is the case for a program computing thesize of a list L ::= <> | <A; tl(L)> (where A is an atom and tl(L) is a list) since itsstructure is of the form: size(L)˚=˚(L˚=˚<>˚ 0˚˚1˚+˚size(tl(L)). remarked that programs (at least those written in structured languages with no gotos,etc) often have a tree-like structure of computations similar to their syntactic structure,so that correctness proofs are better handled by induction on this syntactic structure.

often similar to that of these data structures. For example, an iterative program using astack for computing the size of a tree T˚::=˚<> | <lf(T); A; rg(T)> (where lf(T) andrg(T) are trees) would have a structure of computations of the form: size(T) = (L = <> 0 1 + size(lf(L) + size(rg(L)). The following induction principle generalizes theseby a well-founded relation (W, ) (or from a mathematical point of view (, <))COUSOT & COUSOT˚[1987]Burstall’s liveness proof method(75)˚Q = [$ L ˛ . $ q L fi G x ). $ a ˛ . $ i L fi a fi G x $ p ˛ L. P Q)�" l ˛ L" g ˛ G. $ b < . , ˛ �" l ˛ L. " b < . , ’ ˛ G., ’ > ˛ )) �[ ($ g" ˛ G. ’, ˛ ]� " g" ˛ G. (’, ˛ $ b’ < . , ˛ ($ l’ < . " g" ˛ G. ’, ˛ q $ b’ < . , ˛ (, To prove P˚˚Q, we must prove for l ˛ L so that by (75.1) = P˚˚Q holds. The liveness proofs for l ˛ L can bedone using (75.2), (75.3) and (75.5) hence by Floyd’s liveness proof method (74).However, it is better to exhibit a proof showing up the recursive structure of thecomputations. The basis corresponds to elementary program steps (75.3) whereasinduction is described by means of lemmata , ’ < which are first proved to becorrect () and can then be used in (75.4) for proving . More precisely,, ˛ ) if and only if starting execution in configuration may lead toconfiguration ’ from which some final configuration such that ,

˛ q willg<g, g"> il(bgoal (since ’ < ) or else use lemma ’ which, according to a previous proof (’ < states that zero or more program steps inevitably lead to a state " with the sameproperty (, ˛ ’)) but closer to the goal (since

Hoare logic introduced the idea that partial correctness can be provedcompositionally, by induction on the syntax of programs. This idea turned out to be offunctionally on the values of its parts - the exact connection being found through theclauses of the syntactical definition of the language� () but had also introduced the idea that such proofs can be formalized using aformal logic. The first motivation is that �axioms may provide a simple solution to theproblem of leaving certain aspects of a language undefined�. To illustrate this point ofview, Hoare gives the example of addition () and multiplication () of naturalnumbers. These operations can be formalized by a few axioms of which is a model.They can also be given different consistent interpretations corresponding to various�, maxint} of is representable. These interpretations include modulo arithmetic˚y) = (x + y) (maxint+1), firm boundary arithmetic (x y) = (x + y > maxint maxint x˚+˚y) and overflow arithmetic (x y) = (x + y > maxint undefined �x˚+˚y). More generally the idea would be that a program text may have differentinterpretations (a computer scientist would say computer implementations) but itscorrectness should be established once for all its possible interpretations (hence in amachine-independent way). This leads to the second motivation of Hoare’s axiomaticof a programming language�. The idea first appeared in and wasillustrated by HOARE & WIRTH˚[1973] on a part of Pascal. The trouble with this axiomaticruled out (BERGSTRA & TUCKER˚[1984], WAND [1978]).Hoare logic considered from a semanticalpoint of viewGeneral theorems for proof constructionIn paragraph ⁄ 5.3, we have considered Hoare logic from a semantical point ofview that is to say with respect to the conventional operational semantics (13). In summary this essentially consists in the natural extension of the relational semantics(19) of commands from pairs of states to pairs of sets of states (22). This leads to theproof of partial correctness by structural induction on commands using theorem (49) COOK [1978]Semantic interpretation of Hoare logic(76)

{pp} = tt

{s ˛ : s[X

(s)] ˛

}X := E{

= tt}X := ?{d] : s ˛ p d ˛

= tt; C = ($ i ˛

)}(Bfi1 C = (p ˙p ˙ ´)p ˙}(B * C){p ˙ p’, q’ . (p p’)

(q q’)) =

}In these theorems, the consequence rule (76.7) has been isolated whereas in (49) it isdistributed over all theorems (76.1) to (76.6). The idea is interesting because proofsconcerning properties of objects manipulated by the program (which turn out to bealways of the form p p’) are isolated from proofs concerning the computationexcessively tedious proofs. The method proposed by �of reducing thetedium of formal proofs is to derive general rules for proof construction out of thesimple rules accepted as postulates�. For example derived theorems such as

(s)] ˛ q})

� or �({s’[X

(s’)] : s’ p} ˝q)

� are directly applicable hence often more useful than (76.2). Alsot h e r e c i p r o c a l o f ( 7 6 . 6 ) i s n o t t r u e ( f o r e x a m p l e ˚´true}� holds but˚true}˚X˚:=˚X˚+˚1˚{X˚=˚0}� does not). Hence (76.6) does not make˚˚Partial correctness proof of while loops(77)

}(B * C){

= ($ i ˛ . (p i) i ˙ ((i ˙

) Partial correctness proof of assignments(78)Let us derive �({s’[X

(s’)] : s’ ˛ p} q)

� from (76)˚:

(s’)] : s’ ˛ p} qby assumption,(b)(s ˛ p)

(s)] ˛ p {s ˛ S : s[X

(s)] ˛ (d)

{s ˛ S : s[X

}by (76.2),(f)

}by (c), (d), (e) and (76.7).

nProof of theorems (76) and (77)¥

= ((p

) p)) [by (22)] = ((p ø s, s : s ˛ S}) p))[by (19.1)] = tt.¥

{s ˛ S : s[X

(s)] ˛

}X := E{

= (({s ˛ S : s[X

(s)] ˛ p} {

: s˚}) p)) [by (22) and (19.2)] = ({s, s[X

:(s)] ˛ p} {s, s’ : s’˚˚p}) = tt .¥

}X := ?{d] : s ˛ p d ˛ is tt since (p

X := ?) = {s, s[X :s ˛ p d˚} by (22) and (19.3).¥

; C = ((s, s’, s".(s ˛ p s, s’ ˛

1 s’, s" ˛

) s" ˛ q) by(22) and (19.4). This implies that if we let i bet {s’: $ s ˛ p. s, s’ ˛

} then (p ø

) i) and (i˚

) q) whence holds. Reciprocally if i ˛ is such that then (p ø

) i) and (i ø

) q) by(22) so that (p ø

; C)) = (p˚ (

)) = ((p

) (( i)

) = (2 ß (i ø

)) 2 ß 2 ø q)) = (2 ø ¥

}(B

fi1 C = [((p ˙

) (p ˙

) ( q)] =

�˙ ´) by (22) and (19.5).¥

}(B * C){

= ((p ( ø) q) [by (22) and (19.6)] = ($ i ˛ . (p i) (i˚ i) ((i ˙

) ˝ q)) [by (28)] = ($ i ˛ . (p ˝ i) i ˙ ((i˚

) ˝ q)) [by (22)]. It follows that p ˙ ((p ˝ p) p ˙ ((p˚

)))}(B * C){p ˙

.¥((p ˝ p’) �

� (q ˝ q’)) ((p ˝ p’) ((p’ ø

) q’)) (q q’)) � q)) by (22).˚nSemantical soundness and completenessIf we have proved by application of theorems (76) to components C’ ˛ of C then we conclude, by structural induction, that holds. This iscalled semantic soundness. If we can prove by (22) using (13) that holds,then this can always be proved by application of theorems (76) to components C’ ˛ of C. This is called semantic completeness. We use the epithet �semantic�because soundness and completeness are relative to partial correctness as defined by(22) with respect to operational semantics (13), that is are defined in terms of˚˚Semantical soundness and completeness of Hoare logic(79)(80)

¥If holds then p ˝ q by (22) and (19.1). Also p ˝ p. Therefore theproof is � by (76.1) whence by p ˝ p, p ˝ q and (76.7)�.¥If

}X := E{ holds then {s’[X

(s’)]˚:˚s’ p}˚q by (22) and (19.2).Also p˚

(s)] ˛

(s’)] : s’ ˛ p}}. Therefore the proof issimply as follows˚: �

S : s[X

(s’)] : s’ ˛

X :=

(s’)] : s’ by (76.2) whence by p˚˚{s ˛ S :

(s’)] : s’p}}, {s’[X

˚q and¥If

}X := ?{ holds then {s[Xd]˚:˚s ˛ p d q by (22) and (19.3).Also p˚˚p. Therefore the proof is �

}X := ?{d] : s ˛ p d ˛ by (76.3)whence by p˚˚p, {s[Xd]˚:˚s ˛ p d ˛ ˚q and (76.7)�.¥If

; C holds then by (76.4) there is an assertion i ˛ such that and are true. Hence, by induction hypothesis, i2 are provable by induction on C1 and C2 using theorems (76). Then applying(76.4), we conclude

; C.¥If}(B

fi C holds then by (76.5) p ˙ andp ˙ are true whence provable by induction on C and C using theorems (76).Then we conclude by (76.5).¥If

{p}(B * C){q

} holds then by (77) there is an assertion i ˛ such that (p ˝ and (i˚ q) are true. Hence, by induction hypothesis, i ˙}is provable by induction on C using theorems (76). The proof goes on with �

}(B * i ˙ by (76) whence

}(B * C){ by (p i), (i ˙ q) and (76.7)�.˚nProof outlines was aware that a formal proof is often tedious and claimed that �itwould be fairly easy to introduce notational conventions which would significantlyshorten it�. From a practical point of view, it is indeed essential to be able to presentproofs by Hoare’s method informally together with the program text. showed that a proof � la Hoare can be presented as a proof outline that is to say as aProof outline(81)

: , linv : such that pre(C) = p, post(C) = q and bystructural induction on C’ ˛ :-If C’ is (B fi 1 C) then pre(C) = pre(C’) ˙

, pre(C) = pre(C’) ˙

,) = post(C) = post(C’),

-If C’ is (C; C) then we can only prove

C byapplication of (76.4) once and of (76.7) n 0 times. Therefore we have pre(C’) = p ˝� p,

, q � q = post(C’). We let pre(C) = pre(C’),) = pre(C) = i and post(C) = post(C’).-If C’ is (B * C) then we can only prove

}(B * C byapplication of (76.6) once and of (76.7) n 0 times. Therefore we have pre(C’) = p ˝� p = i, i ˙, i˚ q � q post(C’). We let pre(C) = i ˙

,) = i and linv(C’) = i.The following two theorems show that Hoare’s method (76) is equivalent to thesyntax-directed presentation of Floyd’s method of paragraph 5.3, hence by (55) is˚˚¸ la Floyd presentation of a proof by Hoare logic(82)

{p}C{q

}(49.1) is true by definition (81). If C is skip then can only be provedusing (76.1) and (76.7). It follows that p q so that (49.2) holds. The proof is similarwhen C is X := E or X := ?. (49.5), (49.6) and (49.7) directly follow from definitionn¸ la Hoare presentation of a proof by Floyd’s method(83)If assertions attached to program points are local invariants in the sense of Floyd (i.e.satisfies (45) or equivalently by (54) and (55) satisfies (49)) then they can be used tois �p˚

˚q} [which is true by (81) and (49.3)],

}X˚:= E{

[by (76.2) and q ˝ q] hence

}X := E{

}[by (76.7)]�. The proofs are similar when is is skip or X := ?.If C is (C; C) then by induction hypothesis there are proofs � la Hoare of and

. It follows from (81) and (76.4)that p˚=˚pre(C) and post(C) = q. If we let i be post(C) = pre(C) then we can use(76.7) to prove and conclude by (76.4). The proofsare similar when C is (B˚1 C) or (B * Cn

Hoare logic considered from a syntacticalpoint of viewthe structures with which the mathematician work, and to study the methods of proofavailable to them. introduced the same idea in computer science:�Computer programming is an exact science in that all the properties of a program andall the consequences of executing it in any given environment can, in principle, befound out from the text of the program itself by means of purely deductive reasoning.axioms. It is therefore desirable and interesting to elucidate the axioms and rules ofHoare logic consists of first order predicates P, Q, � for describingassertions p, q, � and correctness formulae {P}C{Q} for describing the partialcorrectness of commands C. First we define the set of Hoare’s formulaethat is the syntax of predicates P, Q, � and correctness formulae {P}C{Q}. We alsofill in the details of the syntax (1) of expressions and Boolean expressions of theprogramming language . This syntactical definition is parametrized by a =, , , # (also called , ,�) that is sets of constant, function andHoare logic are provable to be true. The proof system consists of sets of postulates(axioms) and of syntactic rules of manipulation of formulae by rewritting (rules ofinference) to logically derive conclusions from hypotheses. These axioms and rules ofinference are defined finistically so that given formal proofs are checkable byalgorithmic means (although the proof itself may not be derivable by a machine). Thissystem for deriving proofs based upon combinatorial manipulations of formalassertions. Proofs are parametrized by a set of axioms, which are supposed to describeproperties of the data manipulated by the programs into all the details of which we donot want to enter. This is usual in logic where the primitive notions (0, +, �) ofmathematical theories (such as groups,�) have no fixed meaning. This is alsoconsistent with point of view that �Another of the great advantages ofusing an axiomatic approach is that axioms offer a simple and flexible technique forof floating point, and choice of overflow technique. This is absolutely essential forefficiently on different hardware designs. Thus a programming language standard should consist of a set of axioms of universal applicability, together with a choice ofor interpretations of Hoare logic. Otherwise stated we define which formulae of Hoarelogic HL are

C˛. This programming language semantics (19) itself depends upon the semantics(also called a or ) , of the basis = , , , # thatis upon the domain of data on which programs operate and the exact interpretation of the basic constants c ˛ , of the functions f˚ and of therelations r˚˛˚RelKurt G�del showed that and do not necessarily coincide:is neither provable nor refutable (using proofs that can be checked mechanically)although they are either true or false (). Therefore the question iswhether Hoare’s formal proof system captures the true partial correctness formulae,Syntax of predicates and correctness formulaeWe have defined the syntax of the programming language at (1). We nowdefine the syntax of the logical language which will be used to specify the partialover elements, but not over subsets or functions (for example �" A ˛ P(N). (0 ˛ A � " x˛ A. (x + 1) ˛ ˚(A = )� or �" . {P}skip{P}� are not a first-In order to specify the syntax of predicates, we consider given disjoint sets ofsymbols as follows˚:(84)X, Y:x, y:v, u: = c: Constant symbolsf:Function symbolsr:

Arity of function and relation symbols(85)#: fi +At any moment we shall use only a finite number of variables but assume that we aregiven a countably infinite supply of these (in the examples we use capital letters forprogramming variables and lower-case letters for logical variables). The basis =, , , # of the logical language is assumed to be given but is otherwiseThe purpose of the syntactical definition of the logical language is to definealgorithmically which finite strings of symbols (chosen in {,, , , , , , , , , , , , , , , , , }) belong to , logicians would sayare well-formed formulae. The sets of , atomic formulae, first-order predicates,correctness formulae and formulae are the smallest sets closed under the followingSyntax of formulaeT:TermsT ::= v | c | f(T1, �, T#f)(86)A:A ::= (T1 = T2) | r(T1, �, T)(87)P, Q:P ::= A | ´P | (P P) | (P P) | (P P) | x. P | x. P (88)H:H ::= {P}C{Q}(89)F:F ::= P | H (90)from the relations in is that its intended interpretation is fixed as the diagonal(equality) relation whereas the interpretations of members of can be specifiedIn paragraph ⁄ 3.1 the syntax of expressions was left unspecified. From now on,we assume that is included in the set of terms containing only programmingvariables and that is included in the set of (i.e. quantifier-free

Syntax of expressionsE:ExpressionsE ::= X | c | f(E1, �, E)(91)B:B ::= (E = E) | r(E, �, E) | ´B | (B B) | (B B) | (B B) (92)Definitions (84) to (90) are justified by the (restrictive) assumption that all weshall ever have to say about programs is expressible by sentences of . To formallydefine the axiomatic semantics of the programming language , it only remains todefine exactly all we can assert to be true about programs. This consists in partitioning into (what is truth) and (what is falsity). To do this logicians have-I with ˚=˚{F ˛ HL : ] = tt} and ˚=˚{F ˛ HL : = ff}.-The syntactical point of view consists in defining which sentences of areDeductive systems and formal proofsprovided by a set of , that is a set of formulae of the truth of which isi } of axiom schemata AS the instances of which are axioms. Otherwise stated anaxiom schema AS is a syntactic rule specifying a set {A ˛ : IsAxiom(A, AS)} ofaxioms by their syntax. This set of axioms is said to be because membershipis that is there is a program IsAxiom(A, AS) (called a recognizer) whichgiven any formula A ˛ will always terminate and answer "tt" or "ff" whether or noti.The induction step in the definition of formal proofs is provided by a set of with n˚˚1, traditionally written under the form:n�Fwhich means that if formulae F, �, F are provable then so is formula F. A furtherrequirement is again that this set of valid inferences should be recursive. Hence the setof inferences is usually specified by a finite set IR = {IR : i } of syntactical rules

(called rules of inference) so that there is a program IsInference(F,˚�, F, F, IR)which given any formulae F1,˚�, Fn, F of will always terminate and answer "tt" orby the rule IRi. Deductive system(93)AS = {ASi : i ˛ Da}Axiom schemata,i)IR = {IRi : i Di},˚�, F, F, IR) = {{A ˛ : IsAxiom(A, ASi)} : i ˛ D}¨ , �, F, F ˛ : IsInference(F,˚�, F, F, IR)} : i ˛ D}

HL of axioms, the truth of which is taken for granted. Th can be understood as a. A of F from Th in the deductive system is a finite sequence F offormulae, with F= F, each of which is either a member of Th, an axiom of , or elsei:Formal proof(94), �, F, F, Th, ) == F] � " i ˛ {0,�,n}. [(Fi ˛ Th) $ k ˛ D. , AS)) �$ k ˛ D. $ m 1. $ 1 < i, �, $ m < i. IsInference(F,˚�, F, F, IRClearly from the above specification we can write a simple combinatorial program tocheck proofs (provided Th is recursive). Using the more traditional notations of logic) we say that F is provable from Th in , and write |- F, if:(95) |- Th ¨ H F |- Th ¨ H F if F H F, ..., F |- Th ¨ H F if |- F, ..., |- F and� ˛ HF

Hoare’s proof system HIn ’s proof system below, P[v˚˚T] denotes the predicate obtainedP. If the substitution would cause an identifier in T to become bound (e.g. " x .(f(x) =˚˚x]) then a suitable replacement of bound identifiers in P must take place beforethe substitution in order to avoid the conflict (e.g." z. (f(z) = y)[yx] is " z. (f(z) =Hoare proof system{P} skip {P}Skip axiom(96)E]} X := E {P}(97){P} X := ? {$ X. P}(98)(A schema of axioms of the form {P}skip{P} means that " . � " . {Q} skip {Q}is true for all formulae Q with free variables v. This is an approximationof the second-order axiom " P. " . � " . {P} skip {P} where quantification overpredicates is mimicked by a recursive set of axioms corresponding to all possibleRules of inference of H:} C1 }, {P} C2 }�(99)} (C; C) {P}˚{P B} C1 {Q}, {P ´B} C2 �(100)˚˚˚{P} (B C C) {Q} ˚{P B} C {P}�(101)˚{P}(B * C) {P ´B}˚P P’,˚{P’} C {Q’},˚Q’ Q�(102)˚˚˚˚˚˚{P} C {Q}

The backward assignment axiom (97) which corresponds to (45.3) can be given an:{P} X := E { X’. P[X X’] X = E[X X’]} (Forward) assignment axiom(103)Formal partial correctness proof of program (4) using H(104)(a){(Y-1)0 Z*X*(X**(Y-1))=x**y} Y := Y-1 {Y0 Z*X*(X**Y)=x**y}by (97){Y0 � Z*X*(X**Y)=x**y} Z := Z*X {Y0 � Z*(X**Y)=x**y}by (97)(c){(Y-1)0 � Z*X*(X**(Y-1))=x**y} (Y := Y-1; Z := Z*X) {Y0 � Z*(X**Y)=x**y}by a, b, (99)(Y>0 Z*(X**Y)=x**y odd(Y)) ((Y-1)0 Z*X*(X**(Y-1))=x**y)from Th(e)(Y0 Z*(X**Y)=x**y) (Y0 Z*(X**Y)=x**y)from Th(f){Y>0 � Z*(X**Y)=x**y � odd(Y)} (Y := Y-1; Z := Z*X) {Y‡0 � Z*(X**Y)=x**y}by d, c, e, (102){(Y div 2)0 Z*((X*X)**(Y div 2))=x**y} Y := Y 2 {Y0 Z*((X*X)**Y)=x**y}by (97){Y0 � Z*((X*X)**Y)=x**y} X := X*X {Y0 � Z*(X**Y)=x**y}by (97){(Y div 2)0 Z*((X*X)**(Y div 2))=x**y} (Y := Y 2; X := X*X){Y0 Z*(X**Y)=x**y}by g, h, (99)(Y>0 Z*(X**Y)=x**y ´odd(Y)) ((Y div 2)0 Z*((X*X)**(Y div 2))=x**y)from Th{Y>0 Z*(X**Y)=x**y ´odd(Y)} (Y := Y 2; X := X*X) {Y0 Z*(X**Y)=x**y}by j, i, e, (102){Y>0 �fi div{Y0 � by f, k, (100)(m)(Y0 Z*(X**Y)=x**y Y<>0) (Y>0 Z*(X**Y)=x**y)from Th�(Y := Y 2; X := X*X)) {Y0 � by m, l, e, (102)�(Y := Y 2; X := X*X))) {Y0 � Z*(X**Y)=x**y ´(Y<>0)}by n, (101){Y0 1*(X**Y)=x**y} Z := 1 {Y0 Z*(X**Y)=x**y}by (97){Y‡0 �fi (Y := Y 2; X := X*X)))) {Y0˚by p, o, (99)(r)(X=x Y=y0) (Y0 1*(X**Y)=x**y)from Th(Y0 Z*(X**Y)=x**y ´(Y<>0)) (Z=x**y)from Th( Y := Y 2; X := X*X)))) {Z=x**y}by r, q, s, (102)nHoare’s proof system for proof outlines in example (104)). Proof outlines (81), as introduced by OWICKI [1975] and OWICKI &GRIES [1976a], offer a much more useful linear notation for proofs in which the programof proof outlines was first presented in CONSTABLE & O’DONNELL [1978]. Hoare proofoutline system below is due to BERGTRA & KLOP [1984], . Further.Hoare proof outline system:(105)} {P}|} X := E {P}|} X := ? {P}|} ; } {P}|} (B 2 } {P}|} (B * {P } {P {P}|{P} |{P} {P}Skip axiom(106)E]} X := E {P}Assignment axiom(107){P} X := ? { X. P}(108)} 1 }, {P} 2 }�(109)} ; } ) }˚˚˚{P � B} 1 {Q}, {P ´B} �(110){P} {P B} {P ´B}) ˚˚˚˚˚˚˚{P B} C’ �(111){P} {P � ) {P ´B}(P P’), {P’} C’ �(112)˚˚{P} {P’} C’ {P} C’ {Q’}, (Q’ Q)�(113)˚˚{P} {Q’} {Q}

Proof outline of program (4) using (114)by (112), (113){Y 0 1*(X**Y) = x**y}by (107), (109)(Z := 1;{Y 0 � Z*(X**Y) = x**y}by (111)(Y <> 0 *{Y ‡ 0 � Y <> 0}by (112){Y > 0 � Z*(X**Y) = x**y}by (110)(odd(Y) fi�by (112){(Y-1) 0 Z*X*(X**(Y-1)) =x**y}by (107), (109)(Y := Y - 1;{Y 0 � Z*X*(X**Y) = x**y}by (107)Z := Z * X)�{Y > 0 � Z*(X**Y) = x**y � ´odd(Y)}by (113){(Y div 2) 0 � Z*((X*X)**(Y div 2)) = x**y}by (107), (109)(Y := Y div 2;{Y 0 � Z*((X*X)**Y) = x**y}by (107)X := X * X)){Y 0 � Z*(X**Y) = x**y}{Y 0 � Z*(X**Y) = x**y � ´(Y <> 0)}{Z = x**y}nSyntactical rules of substitutionUp to now, we have used informal definitions of variables, bound variables andfree variables occurring in a predicate or a command and of the substitution P[v˚˚of a term T for a variable v in a predicate P. We now give the fully formal definitions.

Variables appearing in a term, predicate, command orcorrectness formulaThe set of variables appearing in a term, predicate, command or correctnessVariables appearing in a formula(115), �, T) : 1 i #f}12))) ) , �, T) : 1 i #r} P)) = P)) = P) ) $ v. P) = " v. P) =˚{v} (P) =˚{X} 12))) )Var((B fi C1 � C2))(B) 1) 2)(B) =˚Var(P) ¨ Var(C) ¨ Var(Q), � , F)) � )Bound and free variables appearing in a term, predicate,command or correctness formulaIn the formula $ x. ((+(x, y) = 0)), variable x is "bounded" up by $ whereas y isas follows˚:Bound variables appearing in a formula(116)(A) =˚¿(´P) =˚ (P) )) =˚) ) $ v. P) = " v. P) =˚(P) {v}(C) =˚¿({P} C {Q}) =˚ , � , F) =˚ )

Free variables appearing in a formula(117)1 � P2)) = 1 � P2)) = 1 P2) ) $ v. P) = " v. P) (P) - {v} , � , F) ¨ � )Formal definition of substitution of a term for a variable ina term or predicateThe substitution P[v˚‹˚T] denotes the result of renaming bounded occurrences ofVarSubstitution of a term for a variable(118)T] if v’=v= v’if v’vT] = f(T = T= (TT] = T= r(T= ´(P[v P= (PT] P P= (PT] P P= (PT] P=if v’ = v=if v’ v and v’ ˇ =T] where w {v}if v’ v and v’ ˛ = if v’ = v=if v’ v and v’ ˇ =T] where w {v}if v’ v and v’ ˛

The semantics of Hoare logicWe now define the semantics of Hoare logic that is an interpretation I : HL fi {tt,semantics (19) of the programming language . This programming language<, >of Hoare logic with respect to a family of possible relational semantics of theSemantics of predicates and correctness formulaeA or , of the basis = , , , # specifiesof a nonempty set of data and a function with domain whichInterpretation of symbols(119) D : fi D Dto variables v ˛ (8) and s[vd] for the state s’ which agrees with s except thats’(v) = d :States and assignmentss: = D(120)d](u) = (v = u d s(u))(121)first order predicates. Remarkably, programming and logical variables can be handledthe same way . This is not always possible for more complicated programminglanguages.We now define the semantics or interpretations

= of terms T,

= ofpredicates P and

= of correctness formulae {P}C{Q} with<D,˚V>

Interpretation of terms(122) : ( fi

= ]= s(v)= ], �, T= (s), �, Interpretation of predicates(123) : ,˚˚

= ] = T] {s : (s), }, �, T]= {s S : (s), �, } ]= - ] P]= ] P]= ] P]= ( - ) ] $ v. P] {s : ({s[vd] : d } ) ¿} " v. P]= {s : {s[vd] : d } Interpretation of correctness formulae(124) : {tt, ff}{P} C {Q}]=

}where

= (p ø

) ( x q)Observe that the truth or falsity of a formula {P}C{Q} just depends upon the model<D,˚V> since the semantics

C of command C (19) itself depends only on the semantics

EBof terms (with no logical variables) and predicates (with no quantifiers and logicalvariables). An interpretation of {P}C{Q} different from (124) is investigated inANDR�KA & N�METI [1978] GERGELY & �RY [1978], ANDR�KA, N�METI & SAIN [1979] [1981], CSIRMAZ [1981a] [1981b], HORTAL�-GONZ�LEZ & RODRŒGUEZ-ARTALEJO [1985], , .Interpretation of formulae(125) : {tt, ff}˚= (F ˛ ] = )(The function is polymorphic, so that when P , and depending upon the context,we have either ] ) (by (123)) or ] {tt, ff} (by (125))).

Proof of a formula with two different interpretations(126)Let us consider the basis {0, 1}, {+}, ¿, # with #(+) = 2. Then H ={X˚=˚1}˚(´(X˚=˚0)˚*˚X˚:=˚X˚+˚1) {X˚=˚0} is a formula of .A first interpretation would be , with ] = 0, ] = 1, (x, y) = x y. With this interpretation formula H is semantically true (] = tt) becauseexecution of program (´(X = 0)˚*˚X := X + 1) starting in a state s such that s(X) = 1A second interpretation would be , 1}, with ] = 0, ] = 1,(x, y) = (x˚+y) 2. With this interpretation formula F is semantically truebecause execution of program (´(X = 0) * X := X + 1) always terminates in a state ssuch that s(X) = 0.Formula H can be proved to be formally correct from tautologies Th = {((true �´(X˚=˚0)) true), (true true), ((X = 1) true), ((true ´´(X = 0)) (X˚=˚0))}where true denotes truth e.g.. (x = x), as follows:(a)(true � ´(X = 0)) trueby Thby (97)(c)by Thby a, b, c, (102)(e){true} (´(X = 0)˚*˚X := X + 1) {true � ´´(X = 0)}by d, (101)(f)by Th(true � ´´(X = 0)) (X = 0)by Th{X = 1} (´(X = 0)˚*˚X := X + 1) {X = 0}by f, e, g, (102)nSemantics of substitutionIn (118) we have defined the substitution of a term for a variable in a predicatesound we shall need a semantical characterization of substitution. This paragraph ⁄ Informally substitution commutes with interpretation. More precisely, theinterpretation

(s) of term T where T’ is substituted for v in state s is theinterpretation

(s)]) of term T in state s’ =s [v

(s)] which agrees with s(127)

(s) =

¥(s) =

(s) [by (118.1)] = s

(v) [by (121)] =

(s)]) [by (122.1)],¥when v’ v,

(s) =

(s) [by (118.1)] = s(v’) [by (122.1)] =

(v’) [by (121)] =

(s)]) [by (122.1)],¥

(s) [by (118.2)] = [by (122.2)] =

(s)]) [by¥

(s) [by (118.3)] =

(s)) [by (122.3)] =

(s)])) [by induction hypothesis (127)] =

(s)]) [bynThe same way, substitution of a term for a variable in a predicate can be(128)

= {s : s[v

(s)]

}difficulty is for (" v’. P)[vT] when v’ v and v’ (T) because " w. P[v’is not a syntactic component of " v’. P. However they have the same shapes and morevariables of T appear in ˚v’. P than in " w. P[v’w]. Thus we define the heighthh(A,T) = 0; (´P, T) = 1 + (P, T); 1 � , T) = , T) = , T) =,˚T), ,˚T)); $ x. P, T) = " x. P, T) = 1˚+˚(T) |. For a given term T, the proof is by induction on the height ¥

=T] = T

[by (118.4)] = {s ˛ :

(s)} [by (123.1) and definition of ] = {s ˛ S :

) =)} [by (127)] = {s : s[v = T }[since (

) =)) (s

{s’ :

(s’) =

(s’)}) �

), by (123.1)].¥

P = P [by (118.9)] = (S -

) [by (123.6)] = (˚-˚{s ˛ S : s

}) ¨ {s ˛ S : s

˛} [by induction hypothesis (128)] = {s˚

} ¨ {s ˛ S :

} = {s ˛ S : s

(} = {s˚

] P} [by (123.6)].¥

˚v. P)[v

="v. P [by (118.11)] = {s ˛ : " d ˛ . s[vd]

} [by(123.8)] = {s˚˛ : ˚d . (s[v d]} [since (s[vd] =d] by (121)] = {s ˛ S : s[v

"v. P} [by (123.8)].

¥if v’ v and v’ ˇ (T) then

"v’. P)[v

="v’. (P[v

[by (118.11)]= {s ˛ : {s[v’d] : d ˛ }

} [by (123.8)] = {s ˛ : {s[v’d] : d ˛} {s : s[v

(s)]

}} [by induction hypothesis (128) since (P, T) < " P, T)] = {s ˛ : . ((s[v’

)} = {s ˛ : " d ˛ .

d])} [by (121) since v v’] = {s : s[v

(s)] ˛

} [by (123.8)].¥if v’ v and v’ ˛ (T) then

="w. (P[v’

[by(118.11)] = {s ˛ : s[v

"w. (P[v’

} [by induction hypothesis (128)since v’ ˛ (T) and w˚ {v}˚(P) imply " v’. P)) (T) =" w . ( P [ v ’ w ] ) ) ˙ ( T ) ) ¨ { v ’ } w h e n c e ˚v’.˚P,˚T) since (P,˚T) and(T)] = {s˚ : s[v

(s)] {s’˚ :d] : d˚}

}} [by (123.8)] = {s˚ : .

d]}} = {s˚ :

d] ˛ : s’[v’

(s’)]

}} [by induction hypothesis (128) since <

˚v’.˚P),˚T) because w˚(T) whence w],˚T) £(P,˚T)] = {s˚ : s[v d])] ˛

} = {s˚ : s[v d]} [by (122.1) and (121)] ={s ˛ : " d ˛ s[v d]} [by (121) since w v’] = {s ˛ :" d ˛ s[v d]} [since w ˇ (P)] = {s : s[v

"} [by (123.8)]. nThe link between syntax and semantics:soundness and completeness issues in HoareIn paragraph ⁄ 7.2 we have defined the language of Hoare logic and then theTh ¨ Hof that is the truth of formulae F. We now investigate the relationship betweentrue ?) and the completeness of provability (is a true formula always provable ?). Thedeductive system is sound for (provided all theorems in Th are true). Thequestion of completeness is more subtle because this depends upon which class ofinterpretations I (induced by the semantics (, ) of the basis ) is considered. Hencewe can only prove relative completeness, a notion first delineated by and.

Soundness of Hoare logicHoare deductive system H is sound: if we have proved {P} C {Q} from Th usingH<

P,Q>Th are true)˚:Soundness of Hoare logic(129)" T ˛ Th. = tt) (|- {P} C {Q})

{P} C {Q}The proof of (129) shows that Hoare’s formal proof system simply consists in).Assuming " T ˛ Th. ] = tt and given a proof H, �, H of {P} C {Q}, weI[Hi]

¥If Hi ˛ Th, then by hypothesis i = tt.¥If H is an axiom of , then three cases have to be considered for any given P ˛-For a skip axiom (96),

{P} skip {P} obviously holds by (76.1),-For a backward assignment axiom (97), we have

X := E

=} X˚:=˚E {P} [by (128)] which is true by (76.2),-For a forward assignment axiom (103), we have

X’. P[X

X’] X = = {s˚ : ({s[X’ d] : d }

P[X

X = E[X˚

) ¿}[by (124) and (123.7)] = {s : ({s[X’ d] : d } {s : s[X s(X’)]

} ˙{s : s(X) =

˚s(X’)])}) ¿} [by (123.4), (128), (122.1) and (127)] = {s ˛ : $ d . s[X d] s(X) =

˚d])} whence

{P} X := E {

‹X’] X = E[X˚

˚X’]} =

X˚:= E S {s : $ d . s[X d]

˚d])} [by (124)] = {s[X˚

(s)] : s ˛

} {s : $ d . s[X d]

�s(X) =

˚d])} [by (19.2)] = s ˛

. $ d . s[X

(s)][X d] s[X ‹

(s)](X) =

(s[X

˚d]) = s ˛

. $ d . s[X d]

(s) =

(s[X ‹d]) which is obviously true by choosing d˚=

-For a random assignment axiom we have

{P} X := ? {

={P} X := ? {˛ ˚: ({s[Xd] : d ˛

[by (123.7)] =

{P} X := ? {{ s ˛ $ d ˛ .d] ˛

={P} X := ? {d’] : d’ ˛ s’ ˛

[by (121) since we lets’ = s[Xd] and d’ = s(X)] = tt by (76.3).¥ If H follows from an inference of , then four cases have to be considered for anygiven P, P, P, P’, Q, Q’˚

-For a composition inference, assuming and byinduction hypothesis, we have

} (C; C) {P = tt by (76.4),-For a conditional inference (100), assuming

{P�B} C

{P� by induction hypothesis, we have

˙B} C

{Q} and by(123.4) and (123.3) hence

{P} (B

) {Q} is true by (76.5),-For a while inference (101), assuming

{P�B} C {P}, we have

˙B} C {P}[by (123.4)] =

{P}˚(B * C) {P ˙

[by (76.6)] =

{P} (B * C) {P

� [by(123.4) and (123.3)],-For a consequence inference (102), assuming

(P�,{P’} C {Q’} and

(Q’� by induction hypothesis, we have by (123.6) hence

{P} C {Q}by (76.7).˚nRelative completeness of Hoare logicCompleteness and incompleteness issues for Hoare logicHaving defined the syntax Com of programs [see (1) with later complements (91)for expressions and (92) for Boolean expressions] parametrized by a basis , ,, # [(84), (85)], we have approached Hoare’s ideas on formal definition of the˛ ¥From the semantic point of view of computer scientists (corresponding to thepoint of view of mathematicians using normal everyday set-theoretic apparatus whereobjects are thought of in terms of their representation, e.g. sets are understood ascollections of objects), we have assumed that the semantics , of the basis ,, , # is given (119), from which we have defined the sets of states (120), theset ) of assertions as well as the semantics

= (122) of expressions E(91) and the semantics

= (123) of Boolean expressions B (92), whence theop[C]

C = I[C]of programs C ˛ . This leads to the introduction of Hoare’s partial correctness) = (130)where the dependence upon the interpretation is a shorthand for denoting thedependence upon the basis , , , # and its semantics , . A triple >(Iis the output specification of program C where p and q are sets of states specifying allpossible combinations of values of the variables. The set ) has been partitioned

(22) into a subset representing truth (i.e. which programs C are partially correct with =p, C, q : p ˛ �(131)˚˚C ˛ q ˛

= tt}and a subset representing falsity (i.e. all we know not to be true about the partial =p, C, q : p ˛ �(132)˚˚C ˛ q ˛

= ff}methods by decomposition of the proof that

= tt into simpler elementaryproofs based upon stepwise induction (45) as in NAUR [1966] and FLOYD [1967a] orcompositional induction (49), (76) as in HOARE [1969]. In this development, we havelinguistic constrain (for example we felt free to use second order sentences [such as¥Then we have defined the language Hcf (89) of Hoare logic for describing partialcorrectness (or incorrectness) of programs. By choosing the particular language ,we deliberately limit our means of expression. Hence we have adopted the syntacticalpoint of view of computer scientists (corresponding to the use of specific formallanguages by logicians, where objects are thought of in terms of their denotation andpartial correctness formulae by two disjoint sublanguages

(). We have used two methods to specify the sublanguage , one¥Following the semantic development of logic (also called �model theory�,BARWISE [1977] part A), we have defined the semantics of , by means of aninterpretation : {tt,ff} (124) which depends upon the semantics , of thebasis , , , # and induces a partition of the language into true and false) = {H ˛ : = tt}(133)) = {H ˛ : = ff}(134)I[] I) = {H : |= H} of sentences of true in would be called the of

¥Following the calculative development of logic (also called �proof theory�,BARWISE [1977], part D), we have presented Hoare deductive system H (93) with its axiom ¨H H of formulae H ˛ H with respect to a set Th of postulates (95). Therefore we get the (Th) = {H ˛ : |- H (135)In order to compare syntactical objects Th, (Th), ) with semanticobjects , ), we can map Hoare correctness formulae H = {P}C{Q} into triples(H) = , C, of ) and assume that the interpretation is a model ofpostulates Th, that is to say that every formula t of Th is true for interpretation :˚Th. = tt. Then we get the following picture of inclusion between these sets

( )Iff( )I( )Iff( )IThe fact that (Th)

) follows from the soundness theorem (129): everyprovable formula is true. The inclusions )) and ))

-. )): is every true fact about the partial correctness of?-. ) (Th): is every true formula of provable by the deductivesystem ?In both cases, and without additional hypotheses, the answer is no. Intuitively, theorigin of these incompleteness problems is that there exist programs C constructing (input-output) relationships between objects of the domain D of data that,under the assumption that the programming language and first-order formulae must have the same signature , cannot be described by a predicate of usual arithmetic with 0, Su(x) = x + 1 and Pr(x) = x - 1 (with 0 - 1 = 0) as only non-Abacus arithmeticThe purpose of this section is to show that addition cannot be defined by someformula of abacus arithmetic defined by (88) where the basis is A = , ,, # with Cte = {0}, = {Pr, Su}, Rel = ¿, #(Pr) = #(Su) = 1 for interpretation defined by (123) where D = , ] = 0,(x) = (x = 0 0 x -N 1) and(x)˚=˚x +N 1. It is also shown that the of abacus arithmetic (i.e.) = {P : = tt}) is , that is there is an algorithm whichgiven P will always terminate and answer �tt� if P ) and answer �ff�if this is not true. We will also show that abacus arithmetic has nonstandardInexpressibility of addition in abacus arithmeticENDERTON [1972]˚˚Disjunctive normal form(135)A quantifier-free predicate P and its negation ´P have equivalent disjunctive normal P and P

(i.e. and ] = for all interpretations ) = i = 1, m � j = 1, n

= � k = 1, p l = 1, q

¥If P is an atomic formula A then P = i =1, 1 j = 1, 1 A and P

=¥If P is ´Q then P = Q

and P

= Q.¥If P is (Q R) then P = (Q R) whereas P

= ´(Q R) = ´Q ´R =

�) = ((� i = 1, m˚j = 1, n˚

) (� k = 1, p˚� l = 1, q˚

)) = � r = 1, n*m with = (j˚=˚1, n˚ ij � l = 1, q˚

) for i = 1, �, m; k = 1, �, p; using ageneralized form of the distributive law ((P (P)) = (P) �) (P) (P¥If P is (Q R) = ´(´Q ´R) or P is (Q R) = (´Q R) then we use theprevious transformations.˚nENDERTON [1972]˚˚Quantifier elimination(136)

Any predicate P˚ is equivalent to a quantifier-free predicate P’˚ (i.e.), (with no occurrence of the Pr symbol or of terms with twoGeneralizing the simultaneous substitution P[x˚˚t] of term t for all occurrencesof variable x in predicate P, we can define on the model of (118) the substitutionF] of F for all occurrences of F’ in predicate P. We obtain P’ from P byI[] I[]¥into P[Pr(t)x] (((t = 0) � (x = 0)) (´(t = 0) � (Su(x) = t))), where x ˛ Var -¥of P into P[" v. Q$ v. ´Q)].¥Finally we eliminate all subformulae $ x. Q from P, starting from the innermostones (so that Q can be assumed to be quantifier-free), by repeated application of-Q is replaced by its disjunctive normal form $ x. Q = $ x. Q = $ x. i = 1, m � j= 1, n ij = $ x. j = 1, n ) so that in the following we can assume that Qis of the form j˚=˚1,˚n with all Q being an atomic formula A or the negation ´A-$ x. i˚=˚1,˚n i where x does not appear in Q 1 k n is replaced by Q �i˚=˚1,˚k-1 � j = k+1, n ). Afterwards, using the commutativity of =, all Qican be assumed to be of the form A or ´A where A is (Supq(t)) and t is 0, x oranother variable y x, with Su0(t) = t and Su(t) = Sup-All (Su(x)) are replaced by (0 = 0) if p = q and by ´(0 = 0) when p „.If all Q are of the form ´(Su(t)) then x.� i = 1, n assert than we$ Qi is replaced by (0˚= 0) representing truth..Else some Q is of the form (Su(x)˚=˚t’) where t’ is a term of the form Suwith t = 0 or t˚=˚y˚˚x so that intuitively x can be chosen as (t’ - p) 0. Therefore Qkis replaced by (0 = 0) if p = 0 else by (´(t’ = 0) ´(Su(t’) = 0) � � (t’) =0)) expressing that x 0 whereas all terms Qi, i = 1, �, n, i k, which are of the form) or (Su), are respectively replaced by ´(Su(t’) = Su)) orq(t’) = Suq(ti)) since intuitively x = (t’ - p) 0 and q + x = ti is equivalent to x = (t’ -p) 0 and q + t ’ = ti + p. Since formula Q no longer contains variable x, $ x. Q can bereplaced by Q.˚n

˚˚ENDERTON [1972]˚˚Definability in abacus arithmetic (137)A subset E is definable by P ˛ (i.e. $ v ˛ . E = {s(v) ˛ : s˚}) if Let P’ be the quantifier-free predicate equivalent to P (136) in disjunctive normalform (135). If v˚(P’) then d . (s ˛ d] ˛ ) whenceE˚=˚{s(v) : s˚} = is cofinite so that in the following we can assume thatv occurs free in P’. Then we proceed by induction on the syntactical structure of P’. IfP’ is an atomic formula A, it is of the form (Su(t)) where t is 0 or x vwhence if t is 0 then E = ¿ (when q < p) or E = {q˚-˚p} (when q p) is finite else t is x v and E = {v ˛ : $ x 0. p + v = q + x} = (p˚˚q˚˚ {v˚: v (q - p)})is cofinite. If P’ is a negated atomic formula Aij then E is the complement of a finite orcofinite set hence is cofinite or finite. If P’ is a conjunction of atomicformulae A or negations A of atomic formulae then E is the intersection of finite orcofinite sets. If all are cofinite then it is cofinite else it is finite. Finally if P’ is adisjunction then E is the union of finite or cofinite sets hencen˚˚ENDERTON [1972]˚˚Inexpressibility of addition in abacus arithmetic(138)There is no formula P ˛ PreA equivalent to A + B = C (more precisely such that IA[P] ={s ˚: (s(A) + s(B)) = s(C)}).Otherwise the set of even naturals would be definable by $ k. (k + k = v) (moreprecisely ˚k. P[Av]), in contradiction with (137).˚nArecursive function (such as addition of natural numbers) can be computed by somecommand C (LAMBEK [1961]; BOOLOS & JEFFREY [1974], ⁄˚7). However (138)shows that addition is not expressible in . It follows that has a greaterexpressive power than A. This is the source of incompleteness problems with Hoarelogic.Decidability of abacus arithmetic˚˚ENDERTON [1972]˚˚ Decidability of abacus arithmetic(139)The theory (IA) = {P ˛ A : I[P] = tt} of abacus arithmetic is decidable.

The algorithm used in the proof of (136) transforms a predicate P into an1,�,vnwe can transform ´. � v. ´P’ into a quantifier free formula P" with novariables and atoms of the form (Sum(0) = Sun(0)) which are replaced by tt if m=n andff otherwise. Then the answer is obtained using truth tables (tt tt = tt, tt ff = ff,nThe decidability of ) shows that the fact that true correctness formulae in) are not provable by does not necessarily come from unprovability problemsNonstandard interpretations of abacus arithmetic˚˚(140)The interpretation defined by = ({0} ( ), ˚= , i, x) = (i = 0 fi (x = 0 0, 0 0, x -N ) i, x -Z ) and(x)˚= (x = 0 0, x -N i, x -Z ) has the same theory than the standardinterpretation i.e. is such that ) = This is an extension of the standard naturals: <0, 0> 0 < <0, 1> Su(0) < <0, 2> Su< � <˚�˚< <i, -2> < <i, -1> < <i, 0> < <i, 1> < <i, 2> < � < �˚< <j, -1> < <j, 0> < <j, 1> <integers (however is not a model of Peano arithmetic with addition andmultiplication, because there are too few nonstandard numbers, see BOOLOS & JEFFREY, Proof of lemmaIf P’ and s ˛ then obviously s’ = l v. 0, s(v) .Reciprocally, if s’˚ then we define s ˛ where P is equivalent to P’,quantifier free and in disjunctive normal form i = 1, m j = 1, n , with the P beingatoms Q of the form (Su(0)), (Su(0)), (Su(y)) withx y or their negation ´Q [(136), (137)]. One of the j = 1, n hence all P must be true in s’ and we define s so that all P are also true ins. If x˚ = j = 1, n ) and s’(x) = k, p then s(x) = (k = 0 p (k * ) + p- ) else s(x) = 0 where is a natural greater than [max({p : x s’(x) = k, p}) -] + + 1, = min({0} {p : x˚ s’(x) = }) and is greater than all nsuch that the term Su(0) appears in P. Hence the idea is to map finitely many finitesegments of groups of nonstandard numbers into disjoint segments of in the sametruth of (Su(0)) or its negation does not depend upon the states s’ and s. If(0)) is true in s’ then s’(x) = 0, n - m and n - m 0 so that it is also true for s(x) = n˚-˚m. If ´(Su(0)) is true in s’ then s’(x) = k, p withcase m + s(x) = m + (k * ) + p - > > n. If (Su(y)) is true in s’ thens’(x) = k, p and s’(y) = k, q with m + p = n + q. Therefore it is also true of s(x) =(k * ) + p - and s(y) = (k˚*˚) + q - . If ´(Su(y)) is true in s’ thens’(x) = k, p and s’(y) = l, q with k˚= l and m + p n + q in which case m + s(x) =m + (k * ) + p - n + (k * ) + q - = n˚+˚s(y) or else k l in which case m + s(x)= n + s(y) would imply (k - l) * = m - n + (q˚-˚) - (p - ) + (q˚-˚) < nNo predicate of the standard theory ) can distinguish nonstandard numbersfrom the standard naturals. Whence partial correctness is unchanged when consideringnonstandard interpretations. For example {0˚=˚0}˚C˚{X˚=˚0} with C˚= (´(X = 0) *X˚:=˚Pr(X)) is true in the above nonstandard interpretation since C is either startedwith some value <0, p> of X and terminates with the value or else X is initially and takes successive values <i, p>, , <i, p˚-˚2>, � so that execution of CIncompleteness results for Hoare logic(a) the partial correctness of a program C may not be expressible by a formuladeductive system ˚Th where Th is the set of all theorems P true in a giveninterpretation and (c) Th may not be axiomatizable by a deduction system so thatincompleteness problems for the first-order language show in Hoare logic throughUnspecifiable partially correct programsA program based upon abacus arithmetic which computes addition bysuccessive increments is not provable in since, by (138), addition is not expressiblein . It follows that Hoare logic is incomplete since partial correctness of this:THEOREM˚˚BERGSTRA & TUCKER [1982a]˚˚Unspecifiable partially correct programs(141) . ))

Choosing the basis A = {0}, {Su, Pr}, ¿, # of abacus arithmetic , p = {s S: s(X) = s(x) � s(Y) = s(y)}, C = (´(X = 0) * (Y := Su(Y); X := Pr(X))) q = {s :s(Y) = s(y) + s(x)} we have hence p, C, q ˛ whereas by (138) thereis no Q such that ˚=˚q whence no {P}C{Q} ˛ such that ({P}C{Q}) =p, C, qnThe proof shows that �{X = x Y = y} (´(X = 0) * (Y := Su(Y); X := Pr(X))) {Y = y+ x}� is not expressible in abacus arithmetic because addition cannot berepresented in this logic (138). Hence we can enrich the basis A with the additionsymbol + to get Presburger arithmetic PB = {0}, {Su, Pr, +}, ¿, #. But then �{X =x Y = y} (Z := 0; (´(X = 0) * (Z˚:=˚Z˚+˚Y; X˚:=˚Pr(X))) {Z = x * y}� is not). Presburger arithmetic has no sound and complete Hoare logic for its whileprograms (COOK [1978], BERGSTRA & TUCKER [1982a]) although one can be found whenmust enrich the basis PB with the multiplication symbol * to get Peano arithmetic PE{0}, {Su, Pr, +, *}, ¿, # (but then by G�del second incompleteness theorem, Peanoarithmetic IPEby HAREL [1979], MEYER & HALPERN˚[1980] [1981], BERGSTRA, TIURYN & TUCKER˚[1982],MEYER [1986]Sby a Hoare correctness formula {P}C{Q}with predicates P, Q ˇ using extrasymbols of Peano arithmetic PA = (0, Su, +, *, <) which may not appear in theprograms and whose semantics may not be expressed in the language . This isbecause the functions and relations computed by the program are recursive, hence canbe coded in arithmetic (JOHNSTONE [1987], ). But then incompleteness problems inPrePAA similar incompleteness argument can be given using the fact that the transitivemay not be first-order expressible (GUREVICH [1984], GAIFMAN & VARDI [1985]). Thentransitive closures (IMMERMAN [1983]) or least fixpoints (AHO˚& ULLMAN˚[1979]) can beturned into logical operators. Such extented first-order logics are studied in [1985] [1988].Unprovable partially correct programsIt may also happen that partial correctness can be specified by a Hoare formula{P}C{Q}, but may not be provable using Hoare’s deductive system [(96) to (102)],even with the help of all true postulates Th = {P : = tt} in the intendedinterpretation I. As independently shown by GERGELY & SZ�TS [1978] and WAND [1978] itmight be the case that given P, Q the proof of

}(B * C){ by (77) would

$ P ˛ . ] = i). In this case, the proof using (77) cannot be carried out into Hbecause intermediate (and in particular loop) invariants are not first-order definable.Otherwise stated, intermediate states in the computation of a program (e.g. withrecursive procedures) are often much more complicated than the initial and final statesinvolved in paragraph ⁄ 7.4.2.3.1. Hence the language of first order logic may bea program.Incompleteness of Hoare logic for an interpretationwith decidable first-order theoryA program based upon abacus arithmetic which involves a loop invariant Iexpressing addition is not provable in since, by (138), the invariant I is notexpressible in PreA (BERGSTRA˚&˚KLOP [1984]). It follows that Hoare logic is incomplete:GERGELY & SZ�TS [1978], WAND [1978]˚(142)$ . ) BERGSTRA & KLOP [1984])Let us choose abacus arithmetic and define P = ((X = x) (Y = 0)), C =, C’ = (X := Pr(X); Y := Su(Y)) and Q˚=˚(Y= x).The proof of {P}C{Q} in must involve the while inference rule (101) withsome I such that {I˚˚´(X = 0)}C’{I} and the consequence rule (102) so that (P I)and ((I (X = 0)) Q). Then by the soundness theorem (129), we have

, whence {s, s[Xs(X) -0 1] [Ys(Y) + 1] : s˚

˚(s(X) 0) } ˝s’, s": s" ˛

} by (19.2), (19.4) and (22) so that by (123) we must have:{s S : (s(X) = s(x)) (s(Y) = 0)}

,(b)s(X) - s(Y) + 1] : s ˛

(s(X) 0)}˚

,{s ˛

: s(X) = 0} {s S : s(Y) = s(x)}.Let us show that i = {s S : s(x) = s(Y) + s(X)} is the unique solution

I of (a), (b), (c).If s[Xs(X) + s(Y)] ˛ then 0 s(X) + s(Y) and by (c) we have s(X) +s(Y) = s(x) whence s i. By (b), we have s[Xn + 1][Ys(X) + s(Y) - (n + 1)] ˛ n + 1 s(X) + s(Y) which implies s[Xs(X) + s(Y) - n] ˛

n s(X) +s(Y). It follows, by induction, that m n 0 implies (s[Xs(X) + s(Y) -m] ˛ m s(X) + s(Y)) (s[Xs(X) + s(Y) - n] ˛ n s(X) + s(Y)) �(s i). When m = s(X) + s(Y) n = s(X) 0, we get (s[Xs(X) + s(Y)][Y0] ˛

) (s ˛

) (s i). Moreover, if s i then s’ = s[Xs(X) + s(Y)][Y0] is suchthat s’(X) = s(Y) + s(X) = s(x) = s’(x) and s’(Y) = 0 so that by (a) we have s˚

Iwhence (s ˛ i) � (s ˛

I) � (s ˛ i). In conclusion i = I.

Now, by (138), an invariant I expressing that x = (Y + X) is not expressible innThe same way, ABRAMOV [1981] proves that an invariant I expressing that A + B > C isneeded to prove {A > C} (A > 0˚*˚(A := Pr(A); B := Su(B))) {B > C} ABRAMOV [1984] shows that I is not expressible in the first-order logic with basis {Su, Pr}, {>}, #.Incompleteness of Hoare logic for an interpretationwith undecidable first-order theoryAs above (⁄˚7.4.2.3.1) we could enrich the predicate language with Peano, , p. 85, this would not solve the completeness problem: if the halting problemis undecidable for interpretation of then the set of valid Hoare formulae of theform {true}C{false}, C ˛ is not recursively enumerable hence cannot be includedin the recursively enumerable set of provable Hoare formulae in any formal deductivesystem Th . The rest of this paragraph is devoted to a detailed explanation of theto an interpretation whose first-order theory Th is decidable is given by FERNANDO [1987], Theorem 1The set of provable Hoare formulae is recursivelyis recursively enumerable if there is an algorithm that list elements of E in some order(of course since E may be infinite, the list may never be completed but any particularRecursive enumerability of provable Hoare formulae(143) is recursively enumerable. If Th is recursive then (Th) is recursivelyComputer scientists know that symbols, finite lists of symbols, finite lists of liststhat from this representation it is possible to recover the original object. is a similar idea. An odd code is associated with the n basic logical or programming symbols : ˚=˚3, Ø�ø˚=˚7, ˚=˚9, ˚=˚10, ˚=˚15, ˚=˚17, ˚=˚19, ˚=˚21, �, ˚= 2 n + 1 and with the constantsymbols = 2 (n + 1) + 10˚i˚+ 1 where {c}, function symbols ø=˚2 (n+1) + 10 i + 3 where {f}, relation symbols ˚=˚2(n+1) + 10˚i+ 5 where {r : i }, programming variables = 2˚(n+1)˚+˚10 i˚+˚7 where {X : i } and logical variables ˚= 2˚(n+1) + 10˚i˚+ 9 where {x : i } are assumed to be enumerable. Then a command or a predicate that is a finitestring of symbols will be coded as ˚=˚2 3 5 n øwhere pn is the n prime number. Then a Hoare correctness formula {P}C{Q} will becoded as = 2 3 ø 5 . Then a proof in that is a finite string of predicates or Hoare correctness formulae will be coded as = 2 3 m where p is the m prime number.Now given an integer n it is possible to decode it. If n is odd then n is the code of asymbol = . Else it is even and can be decomposed into its prime factors n. The decomposition is unique. If each n is odd then n is the codeof a finite string of symbols Øø = Ø1ø Ø2ø � Øø. A syntactical recognizer willtell if the string is a syntactically correct command or predicate. Else each n can bedecomposed into its prime factors. If m = 3, Øn1ø-1 is a predicate P, Øn2ø-1 is a commandC and Øn3ø is a predicate Q then n is the code of Hoare formula {P}C{Q}. Else it canbe checked if each ni is the code of a predicate or a Hoare formula Fi˚= i so that nis the code of a proof Øø = Ø1ø Ø2ø � Øø. Else n is not the G�del number of aproof, Hoare formula, predicate, command or symbol. Observe that the numbering isinjective: different objects have different G�del numbers, coding and decoding isrecursive that is can be done by a terminating algorithm as informally described aboveand the set of codes is recursive that is given any natural number n the algorithmØøTo do the recursive enumeration of , we just have to enumerate the naturalnumbers, for each one we check if it is the G�del number of a Hoare formula and thenoutput the corresponding formula. Since all Hoare correctness formulae H have a code and no two different formulae can have the same code, no formula H can beTo do the recursive enumeration of (Th), we just have to enumerate thenatural numbers, for each one we check that it is the G�del number of a proof F1 ... Fniji ˛ assumed to be recursive). If the proof is correct we output the formula Fn.˚n

The non-halting problem is not semi-decidable forPeano arithmetic A problem P depending upon data d ˛ D with a logical answer "yes" or "no" is (or ) (written (P)) if and only if there exists an algorithm((P) : D {tt, ff}) which when given the data d always terminates with output"tt" or "ff" corresponding to the respective answer "yes" or "no" to the problem. AA problem P depending upon data d ˛ D with a logical answer "yes" or "no" is (written (P)) if and only if there exists an algorithm ((P) : D˚˚{tt,˚ff}) which when given the data d always delivers an answer "tt""ff" or may be blocked or else may not terminate when the problem for d has answerThe halting problem is the problem of deciding whether execution of a command C ˛Com˛ SIthe basis {0, 1}, {+,˚*}, ¿, # has its natural arithmetical interpretation on CHURCH [1936], TURING [1936] [1937]˚˚Undecidability of halting problem(144)Sketch of proof¥Following HOARE & ALLISON [1972], we now briefly sketch a coarse proof for asubset of Pascal. A Pascal program is a finite sequence of characters. It can befunction of type �˚F,˚D˚:˚text)˚: Boolean� such that if F is the textof a Pascal function of type � F( D : text) : Boolean� and D is the text ofthe data of then is the result

(D) of executing function with data D.

issimply a Pascal interpreter written in Pascal but specialized in execution of Boolean¥

;¥To show that the halting problem is undecidable, we prove by reductio adabsurdum that we cannot write a termination prover in Pascal that is a function of type

˚F,˚D˚:˚text) : Boolean� such that for all texts F of Pascal functions

F of type �

F( D : text) : Boolean� and all data D of type �text�, executionof T with data F and D would always terminate and yield a result

(F, D) which is�True� if and only if execution of

(F,˚D) i.e. of with data D does terminate.Assuming the existence of such a

, we let TC be the text : �˚F : text): Boolean;

(F, F) C :=

(F,˚F) C˚:=˚True ;�. Observethat

(F, F) terminates and either

(F,˚F) = True and �C˚:=˚

(F,˚F)� terminatesor

(F, F) = False and �C := True� terminates so that

(TC,˚TC) is �True�. Then

(TC,˚TC) =

˚True =

(TC,˚TC), acontradiction. In conclusion there is no algorithm by means of which we can test an¥The argument can be rephrased for using a coding of text files into naturalnumbers (or for Turing machines, see rigorous details in BOOLOS & JEFFREY [1974], ⁄ 3 & DAVIS [1977]; ENDERTON [1972], ⁄ 3.5; KLEENE [1967], ⁄ 43 or ROGERS [1967], ¥�yes� or �no� is the problem of answering the opposite of P : ´P(d) = (P(d) = �yes� fi�no� �yes�). We have (P) [(P) (´P)]. isobvious. For define (P)(d) by executing alternatively one step of (P)(d) and one step of ´(´P)(d) as long as both are not terminatedand by terminating (P)(d) as soon as one of these fairly interleaved executionsof (P)(d) and ´(´P)(d) is terminated.If the non-halting problem were semi-decidable then [(halting) �(´halting)] would imply (halting), in contradiction with thenThe set of valid Hoare formulae for Peano arithmeticis not recursively enumerable(145)tt(I where the basis {0, 1}, {+,˚*}, ¿, # has its natural arithmetical interpretation on˛ S1nC with initial values x = s(X),˚�, xn = s(X and P = (X = Su(0)) � (Xn= Su(0)) where Su(0) = 0 and Su(0) = (Su(0) + 1). Execution of C in state snever terminates if and only if = tt (where false is (0 = 1)). Hencefound in the recursive enumeration of ). It would follow that the non-haltingn

Incompleteness of Hoare logic for Peano arithmeticCOOK [1978], APT [1981a]Incompleteness of Hoare logic for (146) . (Th)˚˚˚(where Th is recursive and is Peano arithmetic).(Th) is recursively enumerable by (143) but ) is not by (145) hencethese sets are different.˚nWe say that the interpretation domain D is Herbrand definable when all elements of DHerbrand definability(147)D is Herbrand definable if and only if (" d ˛ D. $ T ˛ . I[T] = d)Theorem (146) is also a consequence of (145) combined with the following˚˚BERGSTRA & TUCKER [1982a], BERGSTRA & TIURYN [1983](148)if Th is recursive, | D | = | N |, is Herbrand definable and (Th) then) is recursive.If C˚ then for all n there is C - running at most n(assignments or test) steps of C. Indeed, since | D | = | N |, is finite and isHerbrand definable there is a bijection between and some finite subset) = {L, �, L} of with L = (˚˚) and L = (C). Let Xc˚ -(C) be a fresh variable used as program counter. C is (˚�˚((Xc˚:=˚L ; I) ; I) ;� I) where each Ii = (´(Xc˚= L) (S ; (S; � (S ; S)�)) skip) executes onejjand updates the program counter Xc therefore S is (Xc = L (]) skip) when [L] is skip, X := E or X := ? and S is (Xc= L˚Xc˚:= Xc˚:=˚](ff))) skip) when] is B.n of Prennis true. R is (P , Q)) where by induction on the syntax of C - ,(skip, Q) = Q, (X := E, Q) = Q[XE], (X := ?, Q) = X.Q, ((B C1

C), Q) = ((B˚,˚Q)) � (´B � , Q))), ; C), Q) = ,wlp(C2, Q)). wlp(C, Q) is explained in more details below, see (151).If (Th) and Th is recursive then ) is recursively enumerableby (143). Moreover ) is also recursively enumerable because {P}C{Q}) if and only if R˚Th so that ) can be recursively enumerated bygenerating all formulae {P}C{Q} according to the syntax (89) and recursively testingfor each of them that R˚Th. We conclude that ) is recursive by runningtt(Iff(InBERGSTRA, CHMIELINSKA & TIURYN [1982a] have shown that the converse of (148) is nottrue : we may have (Th) with ) recursive.Unprovable valid predicates, mechanical proofsFollowing COOK [1978], definition (95) of provability |- Th H includes the useof a given set Th of postulates which are indispensable in the consequence rule (102).Hence Hoare’s system can be thought of as being equipped with an infallible oracleanswering questions on the validity of first-order predicates. In this way, the reasoningabout the programs is separated from the reasoning about the underlying language However FLOYD [1967a] propounded the definition of this set Th of postulates asthe set of provable theorems in a formal deductive system. This approach was furtheradvocated by (with the additional idea that �a programming languagestandard should consist of a set of axioms of universal applicability, together with achoice from a set of supplementary axioms describing the range of choices facing animplementor�). More precisely, we should define Th˚=˚{P˚T P} bymeans of a set of non-logical axioms A and a deductive system . The set A of non-consistent (A should have at least one i.e. an interpretation such that " t A.] = tt). The existence of this deductive system A depends upon the class ofMore precisely, by G�del’s 1930 completeness theorem (see BARWISE [1977], BOOLOS & JEFFREY [1974], ⁄˚12; ENDERTON [1972], ⁄˚2.5; JOHNSTONE [1987], ⁄˚3 KLEENE [1967], ⁄˚52), there is a deductive system such that all (and only) formulae

all interpretations I

�Pre are provable in A ¨ T:{P : |-A P} = {P :. (" t ˛ A. ] = tt) = tt}.(149)

However when considering given intended interpretation (for example Peanoarithmetic) or a restricted non-empty class k of such interpretations satisfying allaxioms of A, it may happen, by G�del’s 1931 second incompleteness theorem (seeSMORYNSKI [1977], ⁄˚A.1.4; BOOLOS & JEFFREY [1974], ⁄˚16; ENDERTON [1972], ⁄˚3.5;JOHNSTONE [1987], ⁄˚9 or KLEENE [1967], ⁄˚44) that some P is true for (or all in )but is neither provable nor refutable in A . By G�del’s 1930 completeness theorem(149), this simply means that P may be true for some interpretations and false forother interpretations . Hence we should add P or ´P to A in order to eliminate theunintended interpretations or . But then there is some P which is true for I(or all in ) but is neither provable nor refutable in A {P} , and so on. Thisconcepts (ANDR�KA, N�METI & SAIN˚[1979], BERGSTRA & TUCKER [1982a], CARTWRIGHT [1983],N�METI [1980]Since program hand-proving is tedious, long and sometimes difficult, the1970s have lived in hopes of mechanical verification of program correctness (, IGARASHI, LONDON & LUCKHAM [1975], BOYER & MOORE [1979]). This approach hastheoretical limits determined by uncomputability problems: no computer (even idealones without size and time limits) can be used to prove program partialcorrectness. This follows from G�del’s 1931 second incompleteness theorem whichimplies that the theory {P : I ˛ k. = tt} of a class of interpretationssatisfying the axioms A (i.e. I ˛ k. ( t A. I[t] = tt)) and including Peano arithmeticis not recursive (because otherwise proofs would simply consists in using theterminating algorithm to check that = tt). Hence the discovery of theinvariant needed in the while rule (101) can be partly automated (WEGBREIT [1974],GERMAN & WEGBREIT [1975], ) but ultimately requires humaninterventions. The same way, the use of the consequence rule (102) may also call forsuch error-prone human interactions. But then, lonesome individuals have to carefullylimits discussed in DE MILLO, LIPTON & PERLIS [1979]. Experience with a proof editor forinteractive proof checking is discussed in REPS & ALPERN [1984] and that with moreambitious verification environments in BOYER & MOORE [1988], CONSTABLE, JOHNSON &EICHENLAUB˚[1982] and GOOD [1984].Cook’s relative completeness of Hoare logic circumscribed these incompleteness problems by assuming that theset Th of mathematical theorems P � P’ which have to be used in the consequence rulenotions and structures as basic and work axiomatically from there on, even if we are composition rule (99) and while rule (101) can be expressed in the first order language, , , ) (150)" C ." P, Q . (

|- H { P }C{ Q } )where Th = {P : = tt} and , , , ) is a sufficient (andin . This implies that true Hoare formulae are provable: , , , ) ) Expressiveness � la ClarkeSuch a condition Rc(, , , ) was first proposed in , anequivalent one was later proposed by . Observe that in the proof of; C){Q} we can choose an intermediate invariant I such that

=. (s, s’ ˛

(s’ ˛ )} whereas in the proof of {P}(B *C){Q} we can choose an intermediate invariant I such that

= {s˚ : . ( ˛

B * C

(s’ ˛ )}. This leads to the following:Weakest liberal precondition(151) ) ) )(r, q) = {s : . (s, s’ ˛

(s’ q)}so that execution of a command C starting from a state s ˛

,) cannot reach afinal state not satisfying the predicate Q. The qualifier �liberal� means that non-restrictions on initial states�. More precisely,

˚˚(,) is another notation for { P}C{ Q }˚:Definition of partial correctness using wlp(152) p q p (, q) p q (p ø q) [" s, s’ S. (s ˛ p) ((s, s’ ˛

) � (s’ q))] �

,nTermination is obviously not implied since, for example, if execution of command Cnever terminates then

= ¿ whence

, q) = . ’s most commonly wpalternative definitions of wlp are studied in .Expressiveness � la Clarke(153)I is said to be expressiveCom and Pre if and only if" C ˛ " Q ˛ . $ P ˛ .

=,The expressiveness requirement rules out the interpretations that have been used inparagraph ⁄˚7.4.2.3 to prove incompleteness results for Hoare logic. For example:Non-expressiveness of abacus arithmetic(154)The standard interpretation of abacus arithmetic is not expressive forASketch of proofbelow. One can also prove that for Q = (Z = 0) and C = (´(X = 0 � Y = 0) * ((X = 0 fiY := Y - 1 X˚:=˚X - 1); Z := Z - 1)) we have

,) = {s˚˚: Z(s) = X(s) +Y(s)} but, by (138), no formula of is equivalent to (Z˚=˚X˚+˚Y).˚nExpressiveness of Peano arithmetic(155)The standard interpretation of Peano arithmetic PE {0}, {Su, Pr, +, *}, {<}, #>on the domain of natural numbers is expressive for and .We have, by induction on ,

,) =,X˚:= E,

) =,) ="X. Q,

,) =,)),(Bfi,) =(B�, Q))

(´B

�, Q)). For a while-loop (B * C), theidea is to code the values 1), �, s(Xk) of free variables X1, �, Xk of B and C in<s0 of the loop by their G�del number. To do this we observe that for all n thecoding of any finite sequence of naturals , �, a into a natural c and thelater decoding of c into the a is representable in Peano arithmetic by a predicate with ) = {c, n, i, a} such that: . . , �, a ˛. ˚i˚˚n. (a = a) and . " , �, a c˚. i n. d (a = a) (see ENDERTON˚[1972], p. 247-248). Now

(B * C),

) = {s : .. (s, s’ ˛

) (s’ ˛

´B Q)} [by (151) and (19.6)] =

P ´B Qwhere we have to find P such that

= {s : . . s, s’ ˛

} = {s : . . (˚n. (s ˛

) � ˛

)) ˚=˚s)}. Assume that X is the only free variable in B and C, P

= {s : . , �, d. (˚n. (s[X] ˛

) �], s[X ˛

)) (s(X)˚=˚d)}. Let x be a fresh variable notappearing in B or C. Let, by induction hypothesis, R˚ be such that

=,(X = x)). We have

˚= {s˚ : . , �, d. (˚i˚<˚n. s

�)} =

˚n.˚c. (

˚i˚<˚n.

˚X.˚x.X]�x] B�R)� dnBERGSTRA & TUCKER˚[1982c] have shown that the expressiveness concept isawkward to apply for two-sorted data types. For example two independent copies of NRelative completeness of Hoare logicI intermediate invariants which are sufficient to prove the partial correctness ofRelative completeness of Hoare logic(156) is for and Th = {P ˛ Pre : ] = tt})˚�" C ." P, Q . (

|- H { P }C{ Q } )If then

P� is true [by (123.6) and (125)] and so is

P� [by(22), (19.1), (123.6) and (125)]. It follows by hypothesis that (P � P) and (P � belong to Th. Therefore the proof of {P}skip{Q} consists in applying the skip axiomIf

}X := E{

{s : s[X

(s)]

} [by (22) and (19.2)]whence is true [by (123.6) and (128)]. Therefore the proof of {P}X:= E{Q} consists in applying the assignment axiom (97) and the consequence ruleIf

}X := ?{ then {s[Xd] : s ˛ d ˛ }

[by (22) and (19.3)]whence {s˚:˚d ˛ . s[Xd]

} so that

$X. P

� is true [by (123.7),(123.6), and (125)]. The proof of {P}X := ?{Q} consists in applying the randomIf

; C then

; C),) [by (152)] =

,)) [by (151) and (19.4)]. By expressiveness let I and J be such that

=,)and

=,). By induction hypothesis we can prove {I}C{J} and {J}CMoreover

P� and

Q� are true so that the proof of {P}(C; C){Q} ends by

If}(B

C C then we can prove {P � {Q} and {P �{Q} [by (22), (19.5), (123.4), (123.3) and induction hypothesis] and concludeIf

}(B * C){ then let I, J be such that

=(B * C),

) and

=,). We have

,),) whence

,) [by (152)] so that byinduction hypothesis we can prove that {J}C{I}. Moreover

= {s : . ( ˛

(B * C)

(s’˚

)} [by (151)] = {s : . (s, s’ ˛

´) ø) ß(B * C)

(s’

)} [by (19.7)] = {s˚ : (s ˛

) (s

)} {s :. (s, s’ ˛ ø) ß(B * C)

)} = (

) {s

: .s, s’ ˛ ß(B * C)

)} [by (123)] = (

´B Q) ( ß(B * C),

)) [by (151)] = (

) (,(B * C),

))) [by (151)]. It followsthat (

˚B)�. Whence applying the consequence rule (102) with (I˚˚B) � {J}C{I} and I ˚I, we can prove {I � B}C{I} so that {I}(B * C){I � ´B} derivesfrom the while rule (101). Finally

P� [by (152)] and (

˚´B)

� so that the proof¥Observe that in the above proof Cook’s expressiveness is only used to guaranteeweak expressiveness () that is that loop invariants for thewhile rule (101) and intermediate invariants for the composition rule (99) can beexpressed in nExpressiveness � la Cook and its equivalence withClarke’s notion of expressivenessThe original notion of is due to and was expressed inslp(

C,Pwhen started in a state satisfying P, such that p, p) and p q �(C, p) ˝ q):Strongest liberal postcondition (157)(r, p) = {s ˛ S : $ s’ ˛ p. s’, s ˛ Expressiveness � la Cook(158)I is said to be expressiveCom and Pre if and only if" C ˛ " P ˛ . $ J ˛ . =,

Relationships between wlp and slp(159) p q ( q), (r, q) = ´, ´q) and (r, p) = ´, p q (p ø q) [" s, s’ S. ((s ˛ p) (s, s’ ˛

)) � (s’ ( q). Moreover ´, ´q) = {s ˛ S : ´( s’. s’ ˛ ´q s’, s ˛ [by (157)] = {s ˛ S : ˚s’. s’˚˚q s, s’ ˇ r} = (r, q) [by (151)]. Finally p) = ´´, ´´p) = ´nSemantic inversion(160)if {X} = (C), {x} ˙ (C) = ¿, {x} ˙ (P) = ¿,

, = x

� = x

) and Q’ = ($ . � $ . Q �] then

=,¥We let n = 1 for simplicity. We first prove that ($ s". s"(X) = s"(x) � ˛

) (s, s[X ˛

). If ˛ then s"(y) = s[Xs(X)](y) for y˚(C) ={X} since execution of C does not modify the value of variables not appearing in C. Itfollows that s"(y) = s(y) for y {x, X} and s"(x) = s(X). Whence s"(X) = s"(x)implies s"(X) = s(X) that is s"(y) = s(y) for y x and s"(x) = s(X) so that s" =s(X)]. It follows that s(X)], s[X ˛ whence that ˛ for all d’ since x˚(C). For d’ = s(x)we conclude that ˛

. Reciprocally if s, s[X ˛ then ˛ for all d’ since x˚(C) so that for d’ =s(X) we get ˛ that is ˛ with s" = s[xs(X)] so that s"(X) = s"(x) since x „¥ ˚X. Q � = {s : s[xs(X)] ˛ ˚X. Q � } [by (128),and (122.1)] = {s : ˚d . s[xd] ˛

˙} [by (123.7) and(123.4)] = {s : . s[xd] ˛

) ˙} [by hypothesisof (160)] = {s : . $ s". s"(X) = s"(x) ˛

�d] ˛

} [by (157), (123.1), (122.1) and (121) since Xx] =˚: . s, s[X ˛ s[x } [by the aboveargument] = {s˚˚: . s, s[X ˛ s[Xd] ˛

} [since X˚˚ximplies s[xd] = s[Xs(X)] and x˚(P) so thatd’] implies s[Xd]

] = {s˚˚: s, s’ ˛ s’ ˛

}[since implies s(y) = s’(y) when y ˇ (C) so that s’=s[Xd] whered˚=˚s’(X)] =

,) [by (157)].˚n

, , (161)definitions of expressiveness�˚(158)If " C ˛ . " P ˛ . $ J ˛ .

=,) then if {X, �, X} =(C), {x} ˙ (C) = ¿, {x, �, x} ˙ (P) = ¿,

=, = x1� = x) and Q’ = (" . � " . Q � ] then

= ´,) [by (160)] =

) [by (159)] is expressible in .The same way if

=, = x1� = x) and R’ = (. � .Q � ] then

=,nRelative completeness of Hoare logic for arithmeticalwhile-programs and nonstandard interpretationsTHEOREM COOK˚[1978]˚˚ Relative completeness of Hoare logic for arithmetical (162)H˚¨˚Th(N) is relatively complete for the standard interpretation IPE of Peano arithmeticPE {0}, {Su, Pr, +, *}, {<}, # on the domain of natural numbers where Th() ={P : I[] = tt} is the number theory.By (155), I is expressive for and so that, by relative completeness(156), the Hoare logic ) is relatively complete for n has pointed out that any interpretation can be expanded to aninterpretation with a complete Hoare logic by expanding it to an arithmetical universe(but this expansion may increase the degree of undecidability of the theory of ). Asimpler expansion when ) is recursive is proposed in BERGSTRA, CHMIELINSKA &.In (162) the facts about arithmetic one needs in a program correctness proof aregiven by the oracle Th(). BERGSTRA & TUCKER˚[1983] use instead Peano’s first-orderaxiomatization of arithmetic (KLEENE˚[1967], ⁄ 38; JOHNSTONE˚[1987], ⁄ 3). Second-orderPeano arithmetic PE over the basis Cte = {0, 1}, Fun = {+, *} and =˚¿ can beformalized by the following axioms (axioms (163.4) to (163.7) are not strictlynecessary since addition and multiplication can be defined the same way as (x y) is$

˚˚ Second-order Peano arithmetic PE2(163)" x. ´(x + 1 = 0)" x. " y. (x + 1 = y + 1) " x. ´(x = 0) y. (x = y + 1)" x. (x + 0 = x)" x. " y. (x + (y + 1)) = ((x + y) + 1)" x. (x * 0 = 0)" x. " y. (x * (y + 1)) = ((x * y) + y)" P. (P[x0] " x. P � x + 1]) " x. P)The last axiom (163.8) states that if a property P is true for 0 and is true for thesuccessor x + 1 of x whenever it is true for x then it is true for all x. Since P rangesN2 P(N) | = subsets of . To stay in the realm of first-order logic, one can define first-orderPeano arithmetic PE which consists of axioms (163.1) to (163.7) plus the axiom˚˚ First-order Peano arithmetic PE1(164)" x. ´(x + 1 = 0)�" x. " y. (x * (y + 1)) = ((x * y) + y)For all P ˛ .0] " x. P � x’]) " x. P)There are | | = = predicates P (the proof uses an enumeration of by G�delnumbers, see (143)) and |˚)˚| whence (164.8) describes less subsets of Nthan (163.8) (The proof that | | | | is by reductio ad absurdum using Cantordiagonal argument˚: if || then ) is of the form {s : j } where sj for all j . Then the set {i˚˚: i ˇ } would be some element s of )whence a contradiction since either k ˛ and sk = {i ˛ : i˚} implies k˚ or k and sk = {i : i } implies k s). Since PE imposes less constrains on itsinterpretations than PE2, PE1 can have nonstandard interpretations that are disallowedby PE. Such nonstandard models of PL ( BOOLOS & JEFFREY˚[1974], ⁄ 17or KLEENE˚[1967], ⁄ 53) consists of the naturals followed by infinitely many blocksisomorphic to : 0,˚1,˚2, � � �-2’ -1’ 0’ 1’ 2� � �-2" -1" 0" 1" 2"�, without least nor greatest block and between any two blocks lies a third. Itfollows that N is not first-order axiomatizable (although it is by PE2 since N is the only221 (using again the diagonalization argument : if Pi is the predicate with i) = xand G�del number i then Q such that i . Q[xi] = ´Pi] is not one of them). So why not use second-order logics ? Essentially because PE deals with finitesets of integers (as in pure arithmetic) whereas PE deals with infinite sets of integersP(NN proved that there are infinitely many different ways to conceive of )from the same ). The same way Hoare logic deals with finite sets of variables andterminating programs i.e. finite execution traces and BERGSTRA & TUCKER˚[1983] haveshown that Hoare logic for while-programs is essentially first order : the strongestpostcondition calculus can be represented in Peano arithmetic PE (because

)can be expressed by a predicate SLP(C, P) of PE1, see the proof of (155) and (159)) so11(SLP(C, P) Q) by (159)). The comparison of Hoare-style reasoning about programsto reasoning about programs with first order rendering of predicate transformers ispursued by .On the unnecessity of expressiveness Expressiveness is sufficient to obtain relative completeness but it is notnecessary: BERGSTRA˚& TUCKER˚[1981] have shown that Hoare logic can be complete foran inexpressive interpretations whose first-order theory has some expressive model(i.e. interpretation with the same first-order theory {P˚ : = tt}). This pointBERGSTRA & TUCKER˚[1982a]˚˚ Unnecessity of expressiveness(165)H ¨NIthat P˚). = tt where Th() = {P˚ : = tt}) but is notPrePE and ComPE when IIPEBy (162), the Hoare logic H ¨ Th(N) is relatively complete for IPE. Since any P ˛ is true for the standard interpretation if and only if it is true for theI, H˚¨NI.Let C = (X := Y; ((´(X=0) * X := Pr(X)); X := Y)). Execution of C for thenonstandard interpretation terminates only if the initial value of Y is standard. Itfollows that (C, ) = {s˚˚: (s(X) = s(Y)) s(Y) }. Now is not expressivefor and since otherwise there is a P such that

= (C, ), sothat $ Y. P is true of X only if X is a standard natural number in contradiction with thefact that no predicate of can be used to distinguish among standard andnonstandard numbers.˚n

BERGSTRA & TIURYN˚[1983] have identified and studied two necessary (but notIcomplete for this given : first they prove that the first order theory of must be all models of a finite subset of the theory (if Th = {P˚ = tt} then H ˛ ˚Th. (| Th’ |˚) (H ) where = {H ˛ : ". ( P T. [] = tt ) ([] = tt)}). Secondly they prove that the partial correctnesstheory ) must be decidable relative to its first order theory Th (as shown inFrom a practical point of view, the incompleteness results about Hoare logic arenot restrictive for hand-made proofs, just as G�del’s incompleteness theorems do notprevent mathematicians to make proofs. Only the semantic counterpart of Hoare logicmatters and it is complete in the sense of (80). As far as expressiveness is concerned,the limited power of first order logic can always be overcome using infinitary logics1 a countable set of formulae, ) as noticed in ENGELER˚[1968] [1975] andBACK˚[1980] [1981] (but then the finitary nature of proofs in ordinary first order logic Lwwis lost). Also the use of a given theory Th corresponds to the common mathematicalpractice to accept certain notions and structures as basic and work axiomatically fromthere on. However when considering more complicated programming languageClarke’s characterization problem has shown that some programming languages have no sound andrelatively complete Hoare logic. The formal argument is first that if a programminglanguage possesses a relatively complete and sound Hoare logic then the haltingproblem for finite interpretations must be decidable and second that Algol-like) or Pascal-like () languages have an undecidable haltingproblem for finite interpretations with | D | 2. The intuitive reason is that names inpredicates P,˚Q˚ and in commands C are used in a similar way: allconsidered objects, at a given instant of time, are given different names. Hencevariables of P, Q and C can be interpreted in exactly the same way by means of states

Clarke’s languages(166)A Clarke’s language is a programming language allowing procedures (with a finitenumber of local variables and parameters taking a finite number of values, without-----(v)jThe non-existence of Hoare logic for Clarke’s languages (and other variants of (166),see and LEIVANT & FERNANDO˚[1987]) introduces the (): what criteria guarantee that a programming language has alogics for Clarke languages and next review the literature on the characterizationproblem.Languages with a relatively complete and sound Hoarelogic have a decidable halting problem for finite˚˚Decidability of the halting problem �(167)If has a sound and relatively complete Hoare logic then the halting problem.Let be given some particular finite interpretation I. There is a decision procedureto verify that P Th that is ] = tt: we just have to check using truth tables that Pholds for the finitely many possible combinations of values of the free variables of P.Moreover since is finite and Herbrand definable, is expressive with respect to and : any subset of can be represented as a finite disjunction of termsrepresenting its elements. Then by the soundness theorem (129) and relativecompleteness (156) we have

|-}where true = (x = x) and false = ´(x = x). Since Th is recursive, it follows from (143)that (Th) is recursively enumerable whence so is {C˚:˚|- } = {C :

} so that the non-halting(see (144)).˚n

The halting problem for finite interpretations isundecidable for Clarke’s languagesmay test for termination (at least theoretically) by watching the execution trace of theprogram to see if a state is repeated, JONES & MUCHNICK˚[1977]). For recursion one mightexpect that the program could be viewed as a type of push-down automaton for whichthe halting problem is also decidable (, JONES & MUCHNICK˚[1978]). However, JONES & MUCHNICK˚[1978]˚˚Undecidability of the halting(168)Clarke’s languages have an undecidable halting problem for finite interpretationsThe proofs of JONES & MUCHNICK˚[1978] (modified in ) consist inshowing that such languages can be used to simulate a queue machine which have anundecidable halting problem. Clarke’s languages can also simulate the more well-known Turing machines ( , ⁄ 2; BOOLOS &JEFFREY˚[1974], ⁄ 5; KLEENE˚[1967], ⁄˚41; , ⁄ 1.5). Since, by Church thesis(i.e. formally unprovable mathematical assertion), all functions intuitively computablealgorithmically are computable by Turing machines (, ,), it follows that all computable functions are programmable in Clarke’slanguages with | D | ˛ N+ - {1}. Hence by (144), the halting problem is undecidable. Asimilar result was previously obtained by , where it is shown that theA Turing machine has a finite number of internal states Q, �, Q. It can readand write symbols chosen in a finite alphabet S0, �, S (containing the blank symbol11

______________ jSiQi0An instruction has the form M(Q, S, S, D, Q) where D is ’Left’ or ’Right’. Thisinstruction is executable if the machine is in the configuration , S, that is itsi i jji, Si, Sj, D, Qj),i = 1, �, l. Its execution consists in repeatedly executing any one of the executableinstructions. The execution of the program halts when no instruction is executable.By induction on the number of steps, it follows that only finitely many squarescan be non-blank at any time during execution of the program. Therefore TuringM1, �, Mn consisting only of two squares:

Qi__01

Machine M is empty. The internal state of each machine consists of two squares(Square[Left] and Square[Right]), an indication of whether the head of the Turing= Right), on a square of one of the machines M, �, M (Head_Position =On_Subtape), or on a square of one of the machines M, �, Mn (Head_Position =No_Head) and an indication of whether machine M is empty (Is_Empty_Subtape =true). We could have used only Boolean variables as done by the Pascal compiler. Ton stored in the global variable Present_State (using feature (166.iv) of Clarke’slanguages). Execution of an instruction of the Turing machine (such as) when the head is on the left square of machine Mn Head_Position = Left) containing Si (i.e. Square[Left] = Si)) may require to extend thetape by one square on side D (D = Left in the example). In this case, machine Mn(currently simulated by procedure Turing_Machine) assigns S to its D square,No_Head to its Head_Position, Q to Present_State and creates a new machine M(by a recursive call to procedure Turing_Machine, using feature (166.ii) of Clarke’slanguages). This machine M has two blank squares and Head_Position =Initial_Head_Position = D. M is now in charge of executing the program of theTuring machine. To do this, machine M can ask the cooperation of machine Mn(hence recursively of machines M, ..., M) using functions and procedures local to and passed to procedure Turing_Machine upon creation of machine M (using features (166.i) and (166.v) of Clarke’s languages). These functions and procedurescan be used by M to read (Scanned_Symbol_On_Ends_Of_Subtape) or write(Write_On_Ends_Of_Subtape) the squares of M and to read( H e a d _ P o s i t i o n _ O n _ E n d s _ O f _ S u b t a p e ) o r w r i t e (Set_Head_Position_On_Ends_Of_Subtape) the Head_Position of M. ProcedureM_On_Subtape can be used by machine M to execute an instruction) of the Turing machine when M knows that the head of theTuring machine is not on the squares of machine M (by callingHead_Position_On_Ends_Of_Subtape) so that after execution of this instruction, thehead will remain on the subtape represented by machines M. It follows thatin order to simulate the Turing machine, machine M has just to take care of headmoves from its squares to those of machine M. For example when the head is on theleft square of machine Mn+1 (i.e. Head_Position = Left) and reads Si (i.e. Square[Left]= S), execution of M(Q) consists in writing Sj in this left square,in changing Head_Position to On_Subtape, in changing the Head_Position of machinethe next state by assignment of Qj to Present_State. When n = 0, the Head_Position ofmachine M is simply changed to Right. Details are given in the following Pascalare interpreted in the environment of the procedure’s declaration rather than in theenvironment of the procedure call, thus allowing to access values normally buried D ;

;;;; Dump_Tape;; {M};;

(Head_Position = D) then beginif (Square[D] = S) then begin; ;; ( Stopped) { ( Configuration_Found) ;;;;;;

; Dump_Empty_Tape; begin end;;Execution of the above program leads to the following initial and finalnLanguages with no sound and relatively complete HoareNon-existence of Hoare logics for Clarke’s languages(169)The Hoare logic for Clarke’s languages (166) is not relatively complete in the class ofnFirst order logic is not expressive for Clarke’s languages because their controlC = (y := x; (´(y = 0) * y := x + y)) where (0, +) is a torsion-free Abelian group) andyet for which no relatively complete logic exists in the sense of Cook. The idea is thatthe notion of torsion-free group ( n 1. x. (x 0) (n.x˚ 0), where 1.x is x and(n + 1).x abbreviates (n.x) + x) is not finitely axiomatizable in first-order logicBARWISE˚[1977], proposition 2.2) but is completely captured by {x 0}C{false}. In thiscase the poverty of the language is precisely what permits certain interpretations to beexpressive, interpretations which would not be expressive had the program constructsbeen used more freely. This result is not in contradiction with relative completeness(156) which holds for as defined by (1) and (13).

proved a form of converse of (167) further extended by GERMAN & HALPERN˚[1984], GERMAN & HALPERN˚[1983] and who showedthat for a deterministic acceptable programming language (see the long definitionin CLARKE, GERMAN & HALPERN˚[1983] or and know that almost allAlgol-like programming languages are acceptable (CRASEMANN & LANGMAACK˚[1983]with recursion, the relative completeness of Hoare logic in the class of expressive andfor the programming language must be decidable for finite interpretations. proved that the requirement of Herbrand definability can be droppedin the case of partial correctness. The result of CLARKE, GERMAN & HALPERN˚[1983] also and Nonstandard semantics and logical completeness Observe that soundness (129) is proved for all interpretations satisfying alltheorems of Th whereas completeness in the sense of Cook (156) is relative to a givenII’with theory Th (i.e. such that Th is exactly the subset of formulae of Pre which are truefor ). However this second understanding fits better with and original idea that Hoare logic defines the semantics of the program wheresemantics of the programming language is not the semantics about which the logic istheorems: the first (ANDR�KA & N�METI˚[1978], GERGELY & �RY [1978], ANDR�KA, N�METI &SAIN˚[1979] [1981] [1982], B E R G S T R A & T U C K E R ˚ [ 1 9 8 4 ] , ,CSIRMAZ˚[1980]˚[1981a]˚[1981b], GERGELY˚&˚�RY˚[1980], HORTAL�-GONZ�LEZ˚& RODRŒGUEZ-ARTALEJO˚[1985], MAKOWSKY & SAIN [1986], N�METI˚[1980], ) consists inconsidering �explicit time semantics� or �nonstandard semantics� which can permit oftransfinite execution traces, the second (BERGSTRA & TUCKER˚[1982b]˚[1982c]) consists inconsidering another notion of completeness called logical completeness such that˚Th is logically complete if and only if any partial correctness formula H which isvalid in models of the specification Th is provable in Th (that is ) ˝(Th)) whereas CSIRMAZ & HART [1986] only consider finite models. Another variantcompleteness of Hoare logic is studied from an algebraic point of view in

Complements on Hoare logicData structuresThe assignment axiom (97) is correct for simple variables but cannot be used tohandle all data structures. For example, considering one dimensional arrays, we coulddeduce {1˚=˚1}˚T[T[2]]˚:=˚1˚{T[T[2]] = 1} from the assignment axiom (97) andsince (T[1]˚=˚2˚˚T[2]˚=˚2) (1 = 1) we deduce that {T[1]˚=˚2˚T[T[2]]˚:=˚1 {T[T[2]] = 1} from the consequence rule (102) but this is not correct.¥One way to handle arrays correctly is to understand the value of an array T as afunction T˚:˚ T where T is the domain of its indexes and T is thedomain of its elements and to consider assignments to an element as a modification ofthe whole array (, HOARE & WIRTH [1973], MANNA & WALDINGER [1981]For example from {T˚=˚t˚˚(t(2) = 2) � (t(1) = 1)} we derive that after assignmentT[T[2]] := 1 we have {T˚=˚t[t(2)1] (t(2) = 2) � (t(1) = 1)} so that T[T[2]] =1](2)) = t[t(2)1](t(2) = 2 1 t(2)) = ( t(2) = 2 t(1) 1 ) =¥Another way to handle arrays correctly is to understand them as a collection ofsimple variables with possible aliases (IGARASHI, LONDON & LUCKHAM [1975]). Forexample, suggests the following assignment axiom for subscripted]} T[E] := E {P}(170)] = ( I = E E T[I] )(171)and the case when an arbitrary expression stands for I is not handled. By way of� 1] = (˚I.˚T[I] = 1 � T[2] = I)[T[T[2]]1] = ($ I. (I =T[2] 1 T[I]) = 1 (2 = T[2] 1 T[2]) = I). Now the last formula is implied by˚(T[1]˚=˚1) since if T[2] = 2 holds then we choose I = 1 else we choose¥data structures are given in DEMBINSKI & SCHWARTZ [1976], CARTWRIGHT & OPPEN [1978], , GRIES & LEVIN [1980], JANSSEN & VAN EMDE BOAS [1977],

, LUCKHAM˚& SUZUKI [1979], MANNA & WALDINGER [1981], MORRIS˚[1982], PRATT [1976],SCHWARTZ˚&˚BERRY [1979]. One can also consult HOARE [1972a], COOK & OPPEN [1975],, JONES [1980], TIURYN˚[1985] and HOARE, HE JIFENG & SANDERS [1987]on proving partial correctness properties of programs with user-defined data types andFirst we define the syntax and relational semantics of recursive parameterlessprocedures. Then we consider partial correctness proofs based upon computationinduction (a generalization of Scott induction) which leads to Hoare’s recursion rule.Since this only rule is not complete, we consider Park’s fixpoint induction, which,using auxiliary variables, can be indirectly transcribed into Hoare’s rule of adaptation.application are provided. References to the literature are given for variable parametersRecursive parameterless proceduresSyntax and relational semantics of a parameterlessprocedural languageLet us now consider programs of the form Pn :: C; C which consists of a:˚˚Syntax of a parameterless procedural language(172)::Pg ::= Pn :: C1; C2C:CommandsC ::= skip | X := E | X := ? | (C1; C2) | (B fi C1 � C2) | (B * C) | PnThe relational semantics of a procedure Pn is a relationship between statess’ such that s, s’> ˛

. When a command C contains a procedure call, the relationalsemantics of the command can only be defined if the semantics of the procedure isknown. Therefore, we define the semantics of a command C as a function of thesemantics r of the procedure Pn :: C1. The definition of

(r) = I[](r) is similar to (19) program:

Pn :: C

; C =(r) where r is the semantics of procedure Pn. If procedurePn is not recursive then its semantics is simply r =

(¿). If it is recursive, thedefinition is circular since r =

(r). To avoid paradoxes, we must prove that thisequation has a solution and, if it is not unique, we must specify which one is to be( where ¿ is the infimum, S x is the supremum, is the least upper bound and isthe greatest lower bound. Also is monotone i.e. r ˝ r’

(r)r’). Therefore,according to TARSKI [1955], has a least fixed point

= {r ˛ (S x ) :

(r) r}such that

=) and r =

(r) (

˚r). The semantics of procedure

(173) : (S ) S skip (r)=s, s : s ˛ }

(r)=s, s[X

: s ˛ }

X := ? (r) =s, s[X : s ˛ d ˛ }

; C) (r)=

1 (r) ß

2(B C C (r)= ø1 (r)) (´ ø2(B * C) (r)= øCB (r)=r

1; C2=)HITCHCOCK & PARK [1973], DEBAKKER [1976], DE ROEVER [1976], PLOTKIN [1976], MAJSTER-CEDERBAUM [1980] and APT &PLOTKIN [1986]. A semantics of nondeterministic recursive programs based uponfixpoints of relations on functions rather than fixpoints of functions on relations isThe recursive programming language (172) with its relational semantics (173) isstrictly more powerful than the iterative language (1) with its semantics (19) since, forexample, when the data space D is finite,the first may use an unbounded storage spacewhile the second may not (the comparison is pursued in KFOURY [1983], KFOURY &).

The recursion rule based upon computational induction To prove partial correctness, we need, in addition of theorems (76), means ofproving or, more generally, of proving a property P( F) of the least˚˚ SCOTT & DE BAKKER [1969]Computation induction (174)<, , ^>) P(F(X)) X L. ( )) P( )] � F) F is one of the elements of the transfinite sequence X = , �, X = F(X)for successor ordinals , �, X b < a for limit ordinals a (see COUSOT &COUSOT [1979]). Therefore we can prove that P( F) holds by proving " a. P(Xwhich, by transfinite induction, is implied by P(� " X. P(X) P(F(X)) �˚X. ()) P(n in MANNA, NESS & VUILLEMIN [1972]) which corresponds to the particular casewhen F is upper-continuous (if so F = X where = | |) and P is (i.e. X L. ()) P( X)) so that (P(� "P(X) � P(lfp

{p}lfpC1{q} of arecursive procedure Pn˚::˚C, computation induction leads to the following theoremwhere the assumption s, s’ r. ). s(v) = s’(v) d .d], s’[v r states that the relational semantics r of C1 is without side-effects, more precisely that the variables v not appearing in C1 cannot be modified and:(175)˚r ˛ s, s’ r. ). s(v) = s’(v) d . d], s’[v (

�}We prove ( s, s’

. v ). s(v) = s’(v) d . ˛

�) by computation induction (174). ( s, s’ ¿. v ). s(v) = s’(v) � " d . d], s’[v ˛ ¿ �

) isobviously true. If, by induction hypothesis, s, s’ r. v ). s(v) = s’(v) � d . d], s’[v r is true then holds by hypothesis of theorem (175) and we can prove "

(r). s(v) = s’(v) d . d], s’[v

(r) by structural induction on thesyntax (172) of C. Finally . r. ( < . ( s, s’ r. ). s(v) =s’(v) � ". d], s’[v ) � (p r q)) (( ˛. ˚v ). s(v) = s’(v) � ". d], s’[v ˛ ) � q) is again obviously true.˚nComputation induction (175) can be directly translated into Hoare logic by the:{P}Pn{Q} |- {P}C�(176) {P}Pn{Q}1nproof of Hn using:�H¨�if and only if �H, H1, �, Hn� is a formal proof of Hn (as defined at (94)) using:�H¨�Formally, the metarule (176) can be avoided by transforming the proof system into in.Partial correctness proof by computation induction(177)The following program terminates with X = n and Y = n˚! when initially X = n ‡ F;(178);;

{ true } F {Y = X˚! }by induction hypothesis{ true X = 0 } Y := 1 { Y = X˚! }by (97), (102){ Y * X = X˚! } Y := Y * X { Y = X˚!}{ Y * (X + 1) = (X + 1)˚!} X := X + 1 { Y * X = X˚}{ Y = X ! } { Y * (X + 1) = (X + 1)˚! }from Th{ Y = X ! } X := X + 1 { Y * X = X ! }by e, d, (102){ true ´(X = 0) } (((X := X - 1; F); X := X + 1); Y := Y * X) { Y * X = X ! }by g, a, f, c,{ true } (X = 0 fi Y := 1 (((X := X - 1; F); X := X - 1); Y := Y * X)) { Y = X ! }by b, h, (100)by a, i, (175)Observe that the recursion rule (176) is powerful enough to prove �{true} F {Y =X˚!}� because this conclusion (j) can be used as induction hypothesis (a). This is notthe case for proving �{X˚=˚n} F {X˚= n Y˚=˚n˚!}� since then we need inductionhypothesis �{X˚=˚n˚-˚1}˚F˚{X˚=˚n˚-˚1˚˚Y˚=˚(n˚-˚1)˚!}� which cannot bedirectly derived from the conclusion �{X˚=˚n} F {X˚= n Y = n˚!}� using theconsequence rule (102). Hence a proof method using (175) or (176) only is notrelatively complete (APT [1981a]nVarious proof rules, known as copy-rule induction, have been proposed byGORELICK [1975], CLARKE [1977], LANGMAACK & OLDEROG [1980], APT [1981], OLDEROG [1981][1983b] [1983c], TRAKHTENBROT, HALPERN & MEYER [1983] to extend the recursion rule (176)The rule of adaptation based upon fixpoint induction Since the proof method (175) based upon computation induction is notcomplete, we come back to the problem of proving a property P( F) of the leastfixpoint lfplfp F) is of theform X ˙ F Y, which is the case for

˚1, we can use fixpoint induction:PARK [1969]Fixpoint induction(179)<, , ^>(X ˙ F Y) � Z L. F(Z) Z X ˙ Z Y)For we can choose Z = F so that F(Z) = Z and for we have (F(Z) Z) � F £ Z) since F = {Z : F(Z) Z} by TARSKI [1955] whence X F X ˙ Z £n

{p}1{q}, fixpoint induction (179) leads to the following proof method (a version of which is used in COURCELLE [1985] to establish the partial correctness of clausal, ˚˚(180)¥( $ r ˛ ).

(r) ˝ ) �

}¥ � ( $ r ˛ ).

(r) ˝

� "> r. v (C). ( s(v) = s’(v)) d . d], s’[v )We have ($ r ˛ ).

) � $ r ˛ ).

˚r (p ) ˙r q) � ) ˙ q) � (p ø q) �

.Reciprocally, if then obviously for r =

.Moreover we can prove P(

) where P(r) = ( > r. v (C). (s(v) =s’(v)) d . d], s’[v r) by computation induction (174). P(¿) isobvious. Assuming P(r) we can prove P(

C1(r)) by structural induction on the syntax of. For example P(

(r)) = P(r) [by (173.8)] = tt [by induction hypothesis].

(r)) = v {X} ¨ (E). s(v) = s[X

(s)](v) d .

> s", s"[X

: s" ˛ } is true, etc. Finally )) P() is obvious.˚nPartial correctness proof by fixpoint induction I(181)Partial correctness �{ X = n } F { X = n Y = n˚! }� of program (178) can beproved using (180.1) as follows:r = {<s, s’> : s’(X) = s(X) s’(Y) = s(X)˚!} by definition of r

Y := 1(r) {<s, s[Y0˚!]> : s }by (173.2)

X = 0 ø

Y := 1(r) ˝ rby b, a

X := X - 1(r) {<s, s[Xs(X) - 1]> : s }by (173.2)

(r) {<s, s’> : s’(X) = s(X) s’(Y) = s(X)˚!}by (173.8), a

X := X - 1; F)(r) {<s, s’> : s’(X) = s(X) - 1 s’(Y) = (s(X) - 1)˚!} by d, e, (173.5)

X := X + 1(r) {<s, s[Xs(X) + 1]> : s }by (173.2)

X := X - 1; F); X := X + 1)(r) {<s, s’> : s’(X) = s(X) s’(Y) = (s(X) - 1)˚!}by f, g, (173.5)

Y := Y * X(r) {<s, s[Ys(Y) * s(X)]> : s }by (173.2)

X = 0 (((

X := X - 1; F); X := X + 1); Y := Y * X)(r) ˝ rby f, g, (173.5)

(X = 0 fiY := 1 (((X := X - 1; F); X := X - 1); Y := Y * X))(r) ˝ rby c, j, (173.6)

{} r{�}by a, (22)

{s : s(X) = n} fiY := 1 (((X := X - 1; F);

X := X - 1); Y := Y * X))

{s : s(X) = n s(Y) = n˚!}

}by j, k, (178.1)n

Theorem (180) is not directly expressible in Hoare logic since (˚˚().

˝ r) does not use only formulae of the style p’ ˝ q’ and

. Toenforce this, we can let , p’ = {s, s> : s ˛ },

= {, s,, s’ : s, s’>˛

(r)} and q’ = r so that

=s, s’> : s ˛

{, s,, s’ : > ˛

(r)}

= (p’˚ q’) = ({

, : s, s> ˛

(r)} {,,

, s :, s> ˛ r} ) =

˚r. In this translation the relationship r betweenstates before and after the procedure call is expressed using predicates upon states butthe state space has been changed into 2 (as in MANNA & PNUELI [1974]. To remain inthe spirit of traditional Hoare logic, it is better to use logical auxiliary variables notprocedure call (the importance of these auxiliary variables in correctness proofs forrecursive procedures was first realized by GREIBACH [1975] and and laterthoroughly investigated in GALLIER˚[1978] [1981], APT, BERGSTRA & MEERTENS [1979], APT &MEERTENS [1980], MEYER & HALPERN [1980] and APT [1981b]). Let X = , �, X be thevector of variables ) = {X, �, X} appearing in command C. FollowingOLDEROG [1983], we write X || x whenever X = , �, X, x = , �, x m =n and {X1, �, Xn} 1, �, x} = ¿ and extend all notations to vectors, for example = x means X = x � X = s(X) stands for , s[X]means s[X], {X} is {X, �, X}, etc. Then we let p’ = {s ˛ :) = s(x)} and q’ = {s’ S : )], s’ r} where {X} = ) and || x so that implies

˚r. More precisely, we have:OLDEROG [1983](182) || x = [X = , �, X � = , �, x m = n � , �, X} , �,} = ¿]Partial correctness proof of procedures by fixpoint induction II(183)$ r ˛ ).

(r) ˝

}� p’, q’ ˛ ." r’ ˛ s, s’> r’. v ). s(v) = s’(v) d . d], s’[v (

)� s ˛ p. . ( s’ . s’[X)] s’[X] q’) s[X] qø(C1øø(The assertion s, s’ r’. ). s(v) = s’(v) d . ˚˚ r’ states that the relational semantics r’ of C1 is without side-effects, moreprecisely that the variables v not appearing in C1 cannot be modified and can have any value during execution of C. We have so that in the assertion s ˛ . ( s’ . s’[X)] p’ s’[X] q’) s[X] q, theassumption s’ . s’[X)] p’ s’[X] q’ states that p’, q’ is the11started with initial values s(X) of the variables X satisfying p’ must terminate withfinal values d of X satisfying q’ and this whatever the possible values s’(v) of theˇø1øøø satisfying specification p’, q’ must satisfy the postcondition q whenever the¥For assume

(r) ˝ then by (180.1) so that by(180.2) we can assume that s, s’> r. v ). s(v) = s’(v) d .d], s’[v . Let p’ = {s ˛ : s(X) = s(x)} and q’ = {s’ S :)], s’ r} where {X} = ) and X || x.Assuming s, s’> r’. v ). s(v) = s’(v) d . r’ and we first prove

.We first prove that p’

(r’) p’

(r). We have (p’ q’) [by (124)]so that . (s(X) = s(x) � s, s’ r’) )], s’ r. Itfollows that if ˚r’ then )], s’[x r’ [since v ˇ). d . r’] in which case s[x)](X) =) = s(X) [by (121) since X hence {X} } = ¿] so that)], s’[x r and, after simplificationby (121), )], s’[x r hence r since "v ). s’(v) = s(v). We conclude r’ r, whence by monotony

(r’) ˝

(r) sothat p’

(b)Then we prove that is true. We have

= (p’ q’)[by (124)] = ( ˛ r : s(X) = s(x) )], s’ r ) which is truesince ˛ r implies ˛ r [since v ). d .d], s’[v r] hence > r [since s(X) = s(x)]. Weconclude since r.Finally, is true since (b) implies (p’ q’), whence q’ by (a) so that holds.(B)Let be given s ˛ p and d . Assuming ( s’ . s’[X)] p’ �] q’) we prove that s[X] q. We have s[x) =) = s(X) [by (121) since X || x hence {X} } = ¿] so that)] p’. By definition of p’, this implies s(X) = s[X) =) = s(x) [since X || x]. Also s[X)] p’ implies s[X] ˛q’ that is )], s[X r , after simplification by

(121), )], s[X r hence )], s[X r [since) = s(x)] so that r [by (121)] whence s[X] q [since s ˛p and

¥For , we have " r’ ˛ ). ( s, s’> r’. v ). s(v) = s’(v) d ˛. d], s’[v r’) (

) and (175) whichimply

. Hence by (180.2) there exists r ˛ ) such that

(r) ˝ � "> r. x ). (s(x) = s’(x)) d . To prove we assume that s p and r so that s’ =)] since {X}. s(x) = s’(x). Also s" . r since }. ˚d . d], s’[x r. Hence implies s" . s"[X)] p’ s"[X)] q’. Then ( s" ˛. s"[X)] p’ s"[X q’) where d = s’(X) implies s[X] qthat is s[X)] q so that, in conclusion, s’ q.˚n�(184) x. (" . (P’ Q’[X])) Q[Xwhere X || x with {x} (P’, Q’, C, Q) = ¿ and {y} = (P’, Q’) - {X}A first version of this rule of adaptation was introduced by HOARE [1971b] and slightlythat it is sound and relatively complete and can replace the substitution rule I, therule is relatively complete, MORRIS [19??] and OLDEROG [1983a] showed that it does notgive the best possible precondition and proposed a strengthened version. An incorrectversion of HOARE [1971b] adaptation rule was designed by GUTTAG, HORNING & LONDON and LONDON, GUTTAG, HORNING & LAMPSON [1978]. The error was pointed out byGRIES & LEVIN [1980] who proposed a sound version. A slightly simpler version of theadaptation rule of GRIES & LEVIN [1980] and GRIES [1981] was proposed by MARTIN [1983]but BIJLSMA, WILTINK & MATTHEWS [1986] showed that both versions were equivalent. As& LEVIN [1980] and GRIES [1981] is relatively incomplete. They proposed a sound andby .

APT [1981a]˚˚Recursive factorial procedure with global variables(185)To prove partial correctness { X = n } F { X = n Y = n˚! } of procedure F ofprogram (178) we use the recursion rule (176). Assuming {X = n} F {X = n � Y =n˚!} by induction hypothesis, we must prove {X = n - 1} F {X = n - 1 Y = (n - 1)˚!}for the recursive call of F. By the rule of adaptation (184) where Xø = X, Y, xø = and y = n> we derive { n. ((X = n) (x = n y = n˚!))) (x = n -1 y = (n - 1)˚!)} F {X = n - 1 Y˚=˚(n - 1)˚!}. By the consequence rule (102), itremains to show that (X = n - 1) ˚n’. ((X = n’) (x = n’ y =n’˚!))) (x = n - 1 y = (n - 1)˚!)) which is obviously true. Then the correctness F; X = 0 { X = n X = 0 } Y := 1 { X = n Y = n˚! } { X = n - 1 Y = (n - 1)˚! } X := X + 1; { X = n Y = (n - 1)˚! } Y := Y * X;;{ X = n Y = n˚! };{ X = y } F; { X = y Y = y˚! }For the main call of procedure F it remains to prove {X = y} F {X = y � Y = y˚!}.Since (X = y) x’. y’. (" n. ((X = n) (x’ = n y’ = n !)) (x’ = y y’ =y˚!))) this follows from the rule of adaptation (184) and the consequence rule (102).˚nDE BAKKER & MEERTENS [1975]˚˚Showing the usefulness of auxiliary(186)2n00 F;{ N = n 0 S = s } N > 0 then begin{ N = n > 0 S = s } N := N - 1; { N = n - 1 0 S = s }{ N = n - 1 0 S = s + 2 - 1 } S := S + 1; { N = n - 1 0 S = s + 2 }{ N = n - 1 0 � S = s + 2 + 2 - 1 } N := N + 1;;{ N = n 0 S = s + 2 - 1 };{ N = n0 0 S = 0 } F; { N = n0 0 S = 2 - 1 }

{ N= n 0 S˚= s } F { N = n˚ 0 S = s + 2 - 1 } and the adaptation and consequencerules (184) and (102) for the main and recursive calls of F. For example { = n - 1 ‡ 0 S } F { N 0 S = s + 2 - 1 } follows from the fact that (N = n - 1 0 �S = s) implies ( n’, s’. "

,. ((N˚=˚

0 S˚=

) (n’ =

˚ 0 s’ =

+ 2 -) (n’ = n - 1 0 s’ = s + 2 - 1)). The proof proposed in DE BAKKER & MEERTENS uses an infinite pattern of assertions (one for each program step) because in theirproof system one cannot use logical variables (n, s) to relate the different values of theprogram variables (N, S) at different stages of the computation so that the invariants0of a representation of the computation history (see GREIBACH [1975], GORELICK [1975],GALLIER [1978] [1981], APT, BERGSTRA & MEERTENS [1979], APT & MEERTENS [1980], MEYER &HALPERN [1980] and APT [1981b]nHoare-like deductive systems with context-dependentHoare deduction systems are Hilbert-style systems (BARWISE [1977]) where proofsproceed by induction on the syntax of programs. Since this syntax is specified by acontext-free grammar (AHO, SETHI˚& ULLMAN [1986]) it is not directly possible to expresscontext-dependent conditions such as the correspondence between procedure calls andprocedure declarations (specifying which procedure bodies are associated withobjects which can be represented by a mapping from names to objects called an (SCOTT & STRACHEY [1972]). Therefore, most often, Hoare correctnessformulae have the form > where is an environment associatingprocedure bodies to procedure names (and informally all procedure names occurringfree in C are declared in and there are no procedure names occurring free in ). The(187) [Pn] | {P} C {Q} >�—�˚˚˚˚˚˚{P} Pn :: C; C {Q} | {P} skip {P} >Skip axiom

Value-result parameters˚˚(188)::12C:Commands1; C2) | (B fi U, V and W are distinct formal parameters of recursive procedure Pn with body C1which are respectively passed by value, value-result and result. Therefore a call Pn (E,

to the value of Y and to any value d of , then in executing the body C of procedurePn (which may modify the values of local variables U, V, W as well as that of theglobal variables (but not the ones named U, V and W which are hidden by their localhomonyms)), and finally in assigning the values of the local variables V and W to the(189)¥

Pn (E, Y, Z) (r)˚=s, s’[U : d .

d], s’ ¥

12=)(190)Let Pg be Pn(? A ?! B ! C) :: C1; C2 where C1 is (B := A + B; (A := A + 1; (C :=A + 1; D˚:=˚C + 1))) and C is (C; Pn(A + 1, B, B)) with C = (A := 1; (B := 10; C :=100)). By (173.3) and (173.5), the relational semantics of the procedure body is

1=(¿) = {s(A) + 1] [Bs(A)˚+˚s(B)] [Cs(A)˚+˚2] [Ds(A) + : s }. By (189.1), the semantics of the procedure call is

Pn(A + 1, B, B) = {s(A)] [Bs(B)] [Cs(C)] [Bs’(B)] [B : d .

A+ 1(s)] [Bs(B)] [Cd], s’

} = {s(A) + 4] [Bs(A) + 3] :s ˛ S}. The semantics of the initialization part of the program body is

C3(C1) = {<s,1] [B10] [C : s } so that the semantics of the program is

=) = {s, s[A1] [B10] [C100] [D

+ 4] [B100](A)) + 3] : s˚} = {1] [C5] [B4] : s˚n(the rule of adaptation (192) could be simplified as in GRIES & LEVIN [1980], GRIES [1981],MARTIN [1983] and BIJLSMA, MATTHEWS & WILTINK [1989] by restricting the use of global;(191){P} Pn (? U ?! V ! W) {Q} |- {P}� ˚˚˚{P} Pn (? U ?! V ! W) {Q}(192){P’} Pn(?U, ?!V, !W) � x. �u, �v, �w, �y, �z, v�, w�.((U = �u) � (V = �v) � (W = �w) � (Y = �y) � (Z = �z) �" .˚˚ ( u�, y�, z�. Q’[X] [Uu�] [Vv�] [Ww�] [Yy�] [Z) Q [Zw�] [Yv�] [X] [U�u] [V�v] [WPn(E, Y, Z)¥ =(E, C) - {U, V, W, Y, Z} is the value of the global variables (notused as actual result parameters and not homonyms of actual or formal parameters)before the call Pn(E,˚Y,˚Z),¥ such that X || x are fresh variables denoting the value of X after the callPn(E, Y, Z),¥�u, �v, �w, �y, �z are fresh variables denoting the values of the global¥�w is a fresh variable denoting the undetermined initial value d of formal¥u�, v�, w� are the values of the local formal parameters U, V and W after

¥ø} = (P’, Q’) - ({Xø} {U, V, W, Y, Z}) is the set of logical variables,¥y�, z� are the values of the global variables Y and Z after execution of the¥all fresh variables are distinct and do not appear in (P’, Q’, C, E, Q) ¨{U, V, W, Y, Z}.say P[Xy] is P’[Yy] where P’ = P[XMARTIN [1983]Once used to show the inconsistency of erroneous(193)Assuming {P’} Pn(! Z) {Q’} where P’ = true and Q’ = ((Z = 1) (Z = 2)), wecan determine P such that {P} Pn(C) {Q} holds with Q = (C = 2) by the rule ofP= �w, �z, w�. (Z = �w) (C = �z) � �w. P’[Z ( z�. Q’[Z) Q [Cw�] [Z= �w, �z, w�. (Z = �w) (C = �z) � ((w� = 1) (w� = 2)) (w� = 2)=MARTIN [1983] gives David Gries the credit for this example who used it todemonstrate the inconsistency of a number of procedure-call proof rules. The Euclidproof rule (LONDON, GUTTAG, HORNING, LAMPSON, MITCHELL & POPEK [1978]), for example,gives P = truenBIJLSMA, MATTHEWS & WILTINK [1989]˚˚On the use of auxiliary variables(194)Consider a procedure Pn(? X ! Z) for rounding the real number X to a nearbyinteger Z (such as Z := floor(X), Z := ceil(X) or Z = round(X)). The specification{P’}Pn{Q’} where P’ = (m˚˚X˚˚m + 1) and Q’ = (Z = m Z = m + 1) states that Zby using X itself if X happens to be an integer. Now consider the call Pn(A, C) withpostcondition Q = (C = 0). The corresponding precondition P such that {P} Pn(A, C)P= �u, �w, �z, w�.(X = �u) (Z = �w) (C = �z) �" �w. P’[X�z]] [Z�w] [C ( u�, y�, z�. Q’[Xu�] [Zw�] [C) Q [Cw�] [X�u] [Z= w�. (" m. ((m˚˚A˚˚m + 1) (w� = m w� = m + 1))) (w� = 0)=(A = 0).

This example was designed by BIJLSMA, MATTHEWS & WILTINK [1989] to show thatthe precondition in GRIES [1981, Th. 12.4.1 p. 161]’s rule (which would be P = false) is notnHomonym formal and actual parameters(195)Let Pg be Pn(? A ?! B ! C) :: C1; C2 where C1 is (B := A + B; (A := A + 1; (C :=A + 1; D˚:=˚C + 1))) and C is (C; Pn(A + 1,B, B)) with C = (A := 1; (B := 10; C :=a B = b C = c} C1 {A˚=˚a + 1 � B = a + b � C˚=˚a˚+˚2 � D = a + 3} whence bythe recursion rule (191 we derive {P’} Pn (? A ?! B ! C) {Q’} where P’ is (A = a B =b C = c) and Q’ is (A˚=˚a + 1 � B = a + b � C˚=˚a˚+˚2 � D = a + 3). Let Q be (A =a B = b C = c D = d). In order to derive the corresponding precondition P by therule of adaptation (192) we observe that X = >, a,˚b, c whence:P= x. �u, �v, �w, �y, �z, v�, w�.((A = �u) � (B = �v) � (C = �w) � (B = �y) � (B = �z) �" a, b, c. ( u�, y�, z�. Q’[Dx] [Au�] [Bv�] [Cw�] [B Q[Bw�] [Bv�] [Dx] [A�u] [B�v] [C=(A = a = b - 3 = d - 4 C = c).˚n (196) F(?X !Y); X = 0 ;{X = n Y = n˚!};To prove partial correctness {X = n} F(?X !Y) {X = n Y = n˚!} of procedure F, weuse the recursion rule (191). Assuming {X = n} F(?X !Y) {X = n Y = n˚!} byinduction hypothesis, we must prove {X = n X 0} F(X -1, Y) {X = n Y = (n -1)˚!} for the recursive call of F. By the consequence rule (102) and rule of adaptation

(192) (where {x} = {x = ¿ and m = n, P’ = (X˚=˚n), Q’ = (X = n Y = n˚!) and Q= (X = n Y = (n - 1)˚!)) we must show that:(X = n X 0) � �u, �w, �z, w�.((X = �u) � (Y = �w) � (Y = �z)� " �w. P’[X(X - 1)[X�z]] [Y�w] [Y ( u�, z�. Q’[Xu�] [Yw�] [Y) Q [Yw�] [X�u] [Y(X = n X 0) � �u, w�. (X = �u) (w� = (�u - 1)˚!)) (�u = n w� = (n- 1)˚!))which is obvious. Then the correctness proof of procedure F can be completed asshown by the above proof outline. Knowing that {X = n} F(?X !Y) {X = n Y = n˚!}holds, it remains to prove {X = y} F(X, Y) {X = y � Y = y˚!} for the main call ofprocedure F. This follows from the rule of adaptation (192) and the consequence rule(102) since: (X = y) � �u, �w, w�. (X = �u) (Y = �w) � " n. �w. (X =�u] [Y�w]) ( u�. (X = n Y = n˚!)[Xu�] [Y) (X = y �Y = y˚!)[Yw�] [XnComplements on variable parameters and proceduresas parametersAPT [1981a]’s survey on Hoare logic is mainly concerned with procedures andparameter mechanisms. More recent progresses concerning procedures have beenreported in LANGMAACK & OLDEROG [1980] and OLDEROG [1983b]. In particular, for atreatment of variable (reference, address,�) parameters, see HOARE [1971b], LONDON & LUCKHAM [1975], ERNST [1977], SCHWARTZ [1979], DE BAKKER [1980, Ch.˚9], GRIES &LEVIN [1980], APT [1981a], CARTWRIGHT & OPPEN [1981], GERMAN, CLARKE & HALPERN [1983][1988], SIEBER [1985]. A separation of procedural abstraction and parameter passing isattempted is MORGAN [1988a] [1988b] [1988c].CLARKE [1977]’s theorem (169) put a borderline to sound and relatively completeHoare logics for programs with procedures. CLARKE [1977] also claimed that theLj For j 4 these claims were either proved in CLARKE [1977] or later established byj there is a bound on the number of procedure environments (associating a procedureas a separate case. The case of was more difficult because it can give rise to non-Example (197) L4;; X > 0 then P(X - 1, L) else Q(X) ; M;; M .the main procedure M reads the value n of N and calls P(n, L) with L = R whichrecursively calls P(n - 1, L), P(n - 2, L), � , P(1, L) and P(0, L) thus creatinga chain of procedures (X : integer); L(X - 1) ; for i = n, �, 1 so that execution of P(0, L) consists in calling L(0) whence L(-1), L(-2), �,(-n+1) and Ln(-n) that is R(-n) which finally prints -n.˚nThe first axiomatizations of Clarke’s language proposed by DAMM & JOSKO [1983a] and OLDEROG [1983c] [1984] used higher-order assertion languages to makeassertions about this unbounded number of procedure environments (i.e. state-transformation): all concepts for Hoare logic are lifted from programs transformingstates into states to programs transforming state-transformations into state-transformations. This leads to completeness not relative to the first-order theory of thecompleteness proof for with a first-order oracle and COOK [1978]’s notion ofexpressiveness. However the logic extends Hoare logic by allowing quantifiers overfirst-order variables (˚x.˚H,˚�) and other logical connectives (H H’,�) to beused on the level of Hoare formulae (an idea going back to HAREL, PNUELI & STAVI [1977]formulae H. Later GOERDT [1987] proposed an indirect axiomatic proof method for 4the application of GOERDT [1985]’s Hoare calculus. This calculus was shown to berelatively complete (without Herbrand definability hypothesis) in GOERDT [1988]. Hoarelogic has also been extended to other types of languages with higher-order concepts inERNST, NAVLAKHA & OGDEN [1982], DE BAKKER, KLOP & MEYER [1982], GOERDT˚[1985] [1987], , LANGMAACK [1983], TRAKHTENBROT, HALPERN & MEYER˚[1983].

When the evaluation of expressions in the programming language can lead toruntime errors, it is necessary to deal with partially defined functions. Hoare logic canbe easily extended when the domain of these partial functions is given (for example inthe case of array bounds outside their declared range) or can be easily defined (forexample in the case of dangling pointers) as shown by SITES [1974], GERMAN [1978] [1981],COLEMAN & HUGUES [1979] and BLIKLE [1981]. Contrary to mathematicians, the computerscientists are often confronted with the problem of proving properties about partialinadequate as pointed out by ASHCROFT, CLINT & HOARE [1972] who have discovered anerror in CLINT & HOARE [1976] for nonterminating functions. Alternatives consist into behave like a �divergent� or �undefined� data object (CARTWRIGHT [1984]) or, moregenerally, in using a 3-valued logic covering undefinedness in program proofs as.Aliasing and side effectsThe assignment axiom (97) is incorrect when aliases (i.e. distinct identifiersdesignating a shared storage location) are allowed. One can hide the source of thein the proofs (REYNOLDS [1978] [1989], MASON [1987]) or consider augmented versions ofHoare logic which allows aliasing between variables (JANSSEN & VAN EMDE BOAS [1977],SCHWARTZ [1979], CARTWRIGHT & OPPEN [1981], OLDEROG [1981], LANGMAACK [1983],The same way the assignment axiom (97), conditional (100) and while (101)rules are incorrect when the evaluation of expressions can have side effects (MANNA &expressions with side effects (CUNNINGHAM˚&˚GILFORD [1976], KOWALTOWSKI [1977],PRITCHARD [1977], SCHWARTZ & BERRY [1979]) modify Hoare logic by introducing Hoarecorrectness formulae for expressions {P}E{Q} where the precondition P andpostcondition Q explicitly depend upon a distinguished variable standing for the valuereturned by the evaluation of expression E. Alternatives consist in considering otherlogics explicitly referring to the state of computation (MANNA & WALDINGER [1981]), inusing the value of a programming language expression as the underlying primitive

Block structured local variablesC ::= ( X; C1)(198)preserves the meaning of the block: (˚X; C) is equivalent to (˚Y; C[Xprovided that Y does not occur free in C. For example, according to this static scoperule, ( X; (( X; C); C)) is equivalent to ( Y; (( Z; CY])) where Y, Z , C ). This leads to the following rule (, HOARE & WIRTH [1973], APT [1978] [1981a], DE BAKKER [1980]) where the renaming ofX for Y is performed to distinguish between the occurrences of local X in C and˚˚{P} C[XY] {Q}�(199)˚{P} ( X; C) {Q} Observe that rule (199) may necessitate alteration C[X˚‹˚Y] of the program text C, butthis can be avoided (na�ve solutions such as DONAHUE [1976] fail to treat the scope ruleproperly, see the discussion in APT [1981a] and FOKKINGA [1978], OLDEROG [1981] [1983] forof new storage locations into account (TRAKHTENBROT, HALPERN & MEYER [1983]). ThereSIEBER [1988], for a discussion). For example, mapping local variables into a global X; X := 0); (˚Z; Y˚:=˚Z)) {Y = 0} would hold because X and Z are allocatedat the same address. Although this phenomenon can be observed in a number ofthe initial value of local variables is usually so that, as shown by (199), X; C) should be equivalent to ( X; (X := ?; C)), see WIRTH [1971] for example.in paragraph ⁄ 8.10.2). Another way to cope with uninitialized local variables () is to use an extra uninitialized value so that ( X; C) is equivalent to

X; (X := ; C)). But then one can prove {true}˚(( X; Y˚:=˚X); ( X; Z :=variables is undetermined. DE˚BAKKER [1980] introduces simple conditions whichupon declaration with the syntax () (and use union types to allow forGoto statementsproof method. For each label L, if {P, i = 1, �, n} is the set of preconditions of thestatements L in the program (including the postcondition of the commandsequentially preceding the command labeled L) and Q is the precondition of thecommand labeled L then FLOYD [1967a]’s verification condition is simply () Q. The difficulty with Hoare logic is to express this verification conditionalcompositionally, by induction on the syntax of programs (O’DONNELL [1982]). Varioussolutions have been proposed by CLINT & HOARE [1972], DONAHUE [1976], WANG [1976],CLINT & HOARE [1972], DONAHUE [1976] and KOWALTOWSKI [1977] goto rules is noticed byARBIB & ALAGIC [1979] and O’DONNELL [1982]. Scope problems with jumps out ofprocedures have not been explicitly dealt with (but for weakened forms of procedureescapes, FOKKINGA [1978]).incompleteness results for programming languages that include label variables withretention (CLARKE [1977] [1984]).Functions and expressions (with side effects)capture - but to return a value. In the proof rule proposed by CLINT & HOARE [1972] theresult returned by the function call f(x) (in the computer science sense) is simplydenoted in predicates by f(x) (in the mathematical sense). This excludes side-effects infunctions (since for example the mathematical identity f(x) + f(x) = 2 f(x) is not validwhenever a call to f increments x by 1). Moreover ASHCROFT, CLINT & HOARE [1976] havenoticed that the proof rule of CLINT & HOARE [1972] yields an inconsistency whenever adefined function fails to halt for some possible argument, even if the value of thefunction is never computed for that argument, as explained in O’DONNELL [1982]. Hence the problem is again the one of undefinedness which is not correctly handle inpredicates (see 8.3).The problem can be circumvented by reduction of expression evaluation toexecution of a sequence of assignment statements (DE BAKKER, KLOP & MEYER [1982]), byby modifying Hoare logic by explicitly introducing one or more symbols to denoteexpression values (, KOWALTOWSKI [1977], about the value of programming language expressions (BOEHM˚[1982] [1985],CLINT [1973] extended Hoare logic to simple coroutines (block-body and singlecoroutine combination) based upon the semi-coroutine concept of Simula 67 (WANG &DAHL [1971], DAHL & NYGAARD [1966]). It was further extended by PRITCHARD [1976] tomultiple coroutines and DAHL [1975] to multiple dynamic instances of coroutines. Theyuse auxiliary variables to accumulate the computation and communication history instacks of arbitrary size. CLARKE [1980] showed that, in the case of simple staticcoroutines, history variables are useless and that auxiliary variables of bounded sizesimulating program counters are enough. CLINT [1981] argues that history variables,Techniques similar to that used in theorem (169) have also been used to obtainincompleteness results for programming languages that include coroutines with localParallel programsThe controversy on the usefulness of program verification (DE MILLO, LIPTON &PERLIS [1979]) can hardly be extended to parallel programs because their correctnesstests. Therefore, clear programming notations as well as correctness proofs areDIJKSTRA [1968],ANDREWS [1981]).The evolution of Hoare logic for parallel programs is tightly coupled with theslow emergence of clear notations for expressing process synchronization andcommunication to which C. A. R. Hoare largely contributed, from shared variablesHOARE [1972c] [1975], OWICKI & GRIES [1976a] , �), then monitors (HOARE [1974],

HOWARD [1976], OWICKI [1978]) and finally synchronous message passing (HOARE [1978b],survey the case of synchronous message passing in HOARE [1978b]’s communicatingsequential processes CSP.Operational semantics of parallel programs withshared variablesWe consider (a simplified version of) parallel programs with shared global:Syntax of parallel programs(200).Pp :Pp˚::= [C || C || � || C] ˚˚˚n 2.C:skip | X := E | X := ? | (C1; C2) | (B fi C1 C2)Execution of a program �[C || C || � || C]� consists in executing processes C, C,� and C in parallel. These commands act upon implicitly declared shared global�X := ?� and execution of await commands �(B˚�˚C)� are or condition B is true. Then the command C is executed as an indivisible action.variables so as to make B false after B has been evaluated but before C beginsprocesses are waiting for the same condition B, any one of them may be allowed toproceed when B becomes true, while the others continue waiting. The order in whichthat no nonterminated hence permanently enabled process C can be indefinitelydelayed. A strong fairness hypothesis would be that no process can be indefinitelydelayed if condition B can be infinitely often evaluated to true while that process iswaiting, see LAMPORT [1980a], LEHMANN, PNUELI & STAVI [1981], MANNA & PNUELI [1984] and FRANCEZ [1986] for more details on fairness hypotheses. OWICKI [1975] andOWICKI & GRIES [1976a] assume that await commands (B � C) cannot be imbricated sincethis could lead to deadlocks (as in �[(true˚�˚(false � skip)) || skip]�). Execution of a program �[C || C || � || C]� is terminated when all processes have finished theirTo define the operational semantics of parallel programs, we introduce controlLabels designating control states (201)12n.(B � C)]={(B � C)}, (B � C) = ¿, (B � C) = {}.]= � ].= : Pp }.]= � ].]= � ].]= - - ]The operational semantics of parallel programs is defined by interleavedOperational semantics of parallel programs (compositional(202)d:Ds: = Dg: = ( x ) ( x )op: ) [ (B � C) ˚= {s, (B � C), s’ : s ˛ s, C, s’ ˛ [ [C || C || � || C] s, L, s’, L[k : k {1, �, n} � s, L <s’, L’ ˛ }¨ s, L, s’, L[k] : k {1, �, n} � s, L ˛ }Example (203)We illustrate the proof methods for parallel programs on the following programPp which increments the value of variable X by a + b where a and b are given integer(204)[ X := X + a || X := X + b ]

LLLL

11122122Its operational semantics is (for simplicity we write s, , � , L as s, L, L, s(X) + a], L, L : s } s, L, L, s(X) + a], L, L : s } {s, L, L, s(X) + b], L, L : s } s, L, L, s(X) + b], L, L : s }where L = (X := X + 1) L = �, L = (X := X + 1) and L = �. This program

{pq}˛ S˛ : s(X) = s(x) + a + b}.˚nBy (44), the operational semantics (202) can also be given a stepwise(205) [C || C || � || C] ˚=, : k˚˚{1,˚�˚, n} L ˇ ] � > L’s, L}[(�(((B �˚C’); C); C)�; C)] = (B �˚C’)[(�(((B �˚C’); C); C)�; C)] = (�(C; C)�; C)if [L] is (B �˚C’) thens, L> = {s’ : s ˛ s, C’, s’ ˛ s, L = {[L] : s

}˚˚Stepwise operational semantics of parallel program (204)(206)12]defined at (204) is specified by C = (X := X + a), C = (X := X + b), = {L = ¿, = {L}, = {L, L}, = {L}, = ¿, = {L}, = {L, L}, s, L = {s[Xs(X) + a]},s, L = {L}, s, L = {s[Xs(X) + b]}, = {Ln¸ la Floyd proof methods for parallel programs withshared variablespoint of view, proofs of partial correctness consist in discovering localinvariants I ˛ attached to control points and in proving that they satisfy local[] of local invariants we can assume that � la Floyd proof methods are of the$ I ˛ . [p, q](I)](207)Up to a connection (a,˚g) between local invariants I ˛ ] and global invariants i ˛()(208) )(209) i ). gvc[p, q](i)](210)This induction principle involves a single global invariant i on configurations (i.e.(211)[p, q](i) =˚s ˛ p. s, C, � C> ˛ (i i) ( s, , � , � ˛ i. s ˛ By theorem (29.1) this induction principle (210) is semantically sound () and i ). gvc[p, q](i)](212)The connection i = g(I) and I = a(i) between (207) and (210) expresses the fact that the I . lvc[p, q](I) gvc[p, q]((213) i ). gvc[p, q](i) lvc[p, q]((214)which, together with (212), ensures the soundness and semantical completeness of

$ I ˛ . [p, q](I)](215)

This approach can also be used to formally construct proof methods by symboliccalculus: Given gvc[p,˚q], and , we can let lvc[p, q](I) be gvc(I)) (so that the proof method is sound by construction) and check semanticalcompleteness by showing that gvc[p,˚q](i) � [p, q]((i)) = gvc(i))) (which is often obvious because gvc[p, q] is monotone and (, ) is aGalois connection so that i ). i (i))). For example, this point of view was& COUSOT [1980].We now explain a few partial correctness proof methods for parallel programsUsing a single global invariant partial correctness proof method and the one of (216)s, L, L : s(X) = s(x)} s, L, L : s(X) = s(x) + a} {, L : s(X)˚= s(x) + b} s, L, L: s(X) = s(x) + a + b}and show that (for all s, s’ (s ˛ p) (s, L, L> ˛ s, L, L> i � s’ = s[Xs(X) + a]) � s’, L, L i)s, L, L> i � s’ = s[Xs(X) + a]) (s’, L, L> i)s, L, L> i � s’ = s[Xs(X) + b]) � s’, L, L i)s, L, L> i � s’ = s[Xs(X) + b]) (s’, L, L> i)s, L, L ˛ i) (s ˛ nIn Ashcroft-Keller method, is chosen as ) and () isidentity. According to the operational semantics (205), the verification condition (i ø i) of (210) can be decomposed into simpler verification conditionscorresponding to each atomic action. Otherwise stated (i˚ø˚[] i) is equivalent" s, s’ . " . " ˚{1, �, n}.(217) s, L i � ˇ ] ˚s’ s, L> L’s, L) s’, L[k This means that starting with i true of s, L, � , L , � , L and executing anyatomic action labeled L of any process C of the program (that is a transition in thatprocess C from configuration s, L to configuration s’, L’) leaves i true of , � , L’ , � , L.The difficulty with this method is that for large programs the single globalUsing an invariant on memory states for each control state Early attempts towards the decomposition of the global invariant such asASHCROFT & MANNA˚[1970] and LEVITT [1972] involves the transformation of the parallelprogram into an equivalent nondeterministic one upon which Floyd-Naur’s partialcorrectness proof method is applied. As observed by KELLER [1976], this simply consistsin using induction principle (210) with local invariants on memory states attached toPartial correctness proof of program (204) by Ashcroft & Manna’s(218)To prove partial correctness of parallel program (204) by (220), we can use the, L = {s S s(X) = s(x)} , L = {s S s(X)˚= s(x) + b}, L = {s S s(X) = s(x) + a}, L = {s S s(X) = s(x) + a + b}and show that (for all s, s’ (s ˛ p) � (s ˛ I[L11 || L21])(s I, L s’ = s[Xs(X) + a]) (s’ I, L)(s I, L s’ = s[Xs(X) + a]) (s’ I, L)(s I, L s’ = s[Xs(X) + b]) (s’ I, L)(s I, L s’ = s[Xs(X) + b]) (s’ I, L)(s ˛ , L) (s ˛ n

To formally construct this proof method, we exactly follow the development ofparagraph ⁄ 5.2 for Floyd-Naur method.Then we introduce local invariants and their˚˚Connection between local and global invariants(219). = fi ˚˚(where = . : , (i)(L) = {s : s, L i}. : ), (I) = {s, L : L ˛ s Then we derive local verification conditions by lvc[p, q](I) = gvcgAshcroft & Manna partial correctness proof method for parallel(220)Pp is [C || C || � || C] then holds if and only if their exists I ˛ fi .if L ] then p I(L).if s, s’ , L , k˚˚{1, � , n} then(s I(L) � ˇ ] ˚s’ s, L> L’s, L) (s’ .if L then I(L) qOtherwise stated, starting with I, � , L , � , L true of s and executing anyatomic action labeled L of any process C of the program (that is a transition in thatprocess C from configuration s, L to configuration s’, L’) leaves I, � , L’knfor each possible kind of atomic action. In particular when the atomic action] labeled L is an await command (B � C) with next label L’ =] we must prove

I(L)

I(L[k] to which Floyd’s stepwiseAs shown by the success of Floyd-Naur partial correctness proof method, this= [C || C || � || C] the number of local invariants I(L), L grows as thenumber | | of control states that is as the product |˚˚|˚. |˚˚| . �. |˚˚| of the sizes of the processes C, C, �, C. Apart for trivial programsUsing an invariant on memory states for each program point

In paragraph ⁄ 8.9.2.2, Floyd-Naur partial correctness proof method wasstate , � , L . For sequential programs this is equivalent to the use ofan invariant I(L) on memory states for each program point L ˛ . Thesetwo points of view do not coincide for parallel programs. So, as first suggested by˚˚Connection between local and global invariants(221). [C || � || C] = : k {1,�, n}}. = fi . : , (i)(l) = {s : L ˛ s, L[k i}. : ), (I) = {s, L : j {1, � , n}. s The induction step ((I) (I)) of the corresponding verificationconditions lvc[p,˚q](I) = gvc[p, q]((I)) can be, following OWICKI & GRIES, decomposed into a sequential proof and a proof of interference freedom (alsocalled �monotony condition� in ). Sequential correctness asserts thatexecuting any atomic action labeled L of any process C of the program (that is atransition of that process C from configuration s, L to configuration )starting with I(L) true of s makes I(L’) true of s’. Interference freedom asserts that forevery label L" in a different process C, starting with both I(L") and I(L) true of sleaves I(L") true of s’:(222)if Pp is [C || C || � || C] then holds if their exists I ˛ fisuch that˚:.if k˚˚{1, �, n} and L then p I(L).if s, s’ , k˚˚{1, �, n}, L and L’ then [s I(L) � s’ s, L> � L’ s, L>] s’ .if s, s’ , k˚˚{1, �, n}, L , m {1, �, n} - {k}and L" then[s I(L") � s I(L) � s’ s, L � s’ . {I(L) : ˚{1, �, n}. L } q(223)Assuming a = 1 and b = 2, we can apply (222) to prove partial correctness of p ˝ I(L)p ˝ I(L)s I(L) s(X) + 1] )s I(L) s(X) + 2] ) s I(L) � s I(L) s(X) + 2] ) s I(L) � s I(L) s(X) + 2] ) s I(L) � s I(L) s(X) + 1] ) s I(L) � s I(L) s(X) + 1] )) ˙ ) q = {s : s(X) = s(x) s(X)˚= s(x) + 2}] = {s : s(X) = s(x) + 1 s(X) = s(x) + 3} = {s : s(X) = s(x) s(X)˚= s(x) + 1}] = {s : s(X) = s(x) + 2 s(X) = s(x) + 3}n and haveIncompleteness of method (222) for program (204)(224)Formally, the strongest global invariant satisfying the global verificationcondition gvc[p,˚q] in (210) for program (204) is given by its fixpoint i=). {s, C, �, C : s p} { : ’. ’, ˛ X }=s, L, L : s(X) = s(x)} ¨ s, L, L : s(X) = s(x) + a}¨ , L : s(X)˚= s(x) + b} s, L, L: s(X) = s(x) + a + b}

= {s S s(X) = s(x) � s(X)˚= s(x) + b}

) = {s S s(X) = s(x) + a s(X) = s(x) + a + b}

) = {s S s(X) = s(x) � s(X)˚= s(x) + a}

) = {s S s(X) = s(x) + b s(X) = s(x) + a + b}

When a = b = 1 they are too weak to satisfy the interference freedom (222.3) andnUsing an invariant on memory and control states for eachprogram pointThe use of an invariant on memory states for each program point is incompleteby using local invariants I(Lk) attached to program points Lk of each process Ck of theprogram Pp specifying the relationship between the memory state and the control state = {I ˛ ) : k {1, �, n}. " ˛ .(225)) � � }clear in LAMPORT [1977]. These local invariants can be written as a proof outline (as in7.2.4 and OWICKI & GRIES [1976a]) in which a predicate P representing I(L) is attachedto control point L. Control predicates � la LAMPORT [1977] and LAMPORT &SCHNEIDER [1984] can be used in P to explicitly mention the control state. Such controlpredicates can, to some extent, be defined in a language independent way (COUSOT &COUSOT [1989]Proof outline for parallel program (204)To prove partial correctness of parallel program (204), we can use the following = {s, L : s(X) = s(x)} {s, L : s(X)˚= s(x) + b}(226)] = {s, L : s(X) = s(x) + a} {s, L : s(X) = s(x) + a + b} = {s, L : s(X) = s(x)} {s, L : s(X)˚= s(x) + a}{ X = x }(227)[ : { (at(L) � X = x) (at(L) � X˚= x + b) }X := X + a : { (at(L) � X = x + a) (at(L) � X˚= x + a + b) } : { (at(L) � X = x) (at(L) � X˚= x + a) }

X := X + b : { (at(L) � X = x + b) (at(L) � X˚= x + a + b) } ]{ X = x + a + b }nThis decomposition of the global invariant can be specified by the followingconnection between local and global invariants (recall that , � , L is , � ,, L, � , L˚˚Connection between local and global invariants(228). : ) = {s, L : s, L i}. : (I) = {s, L : k {1, �, n}. s, L Observe that (, ) is a bijection between ) and which ensures theThe strengthened Lamport and Owicki & Gries methodThe local verification conditions lvc[p,˚q](I) = gvc[p, q](corresponding to the above definition of and () were first designed byCOUSOT & COUSOT [1984] and later by LAMPORT [1988]. The proof method is similar to thatof LAMPORT [1977] and OWICKI & GRIES [1976a] but for the fact that it is strengthened byallowing the use of the proof outline of the processes not involved in the sequential or(229)(226) and check the following local verification conditions (for all s, s’ , c {L,} and c¥The initialization step (˚s ˛ p. s, C, � C> ˛ g(I)) states that the inputspecification p implies the invariants attached to entry points of the processes C, � , of˚Pp:.s p s, L I(L).s p s, L I(L)¥The induction step ((I) (I)) must be checked for all atomicactions of all processes Ck of program Pp that is all transitions of that process Ck from configuration to configuration s’, L’. The proof can be decomposed into-To prove sequential correctness we must show that starting with I(L) true of, �, L, L, �, L (as well as the assertions I(L) attached to controlpoints L of the other processes C, j {1, �, n} - {k} true of s, L, �, L, L,�, L, L, L, �, L) makes I(L’) true of s’, L, �, L, L, �, L:. ¨ ).s, c I(L) s, L I(L) ¨ )] <s(X) + b], c )- Interference freedom asserts that for every label L" in a different process Cm,˚{1, � , n} - {k} starting with both I(L) true of s, L, �, L, L", L, �,, L, � , L and I(L") true of s, L, � , L, L, � , L, L, L, � , (as well as the assertions I(Lj) attached to control points Lj of the other processes, j˚˚{1, �, n} - {k, m} true of s, L, � , L, L", L, � , L, L, � ,, L, L, � , L) leaves I(L") true of s’, L, � , L, L, � , L, L’,, � , L.s, c I(L) � s, L I(L)] s(X) + b], c ).s, c I(L) � s, L I(L)] s(X) + b], c ).s, c I(L) � s, L I(L)] s(X) + a], c ).s, c I(L) � s, L I(L)] s(X) + a], c )¥The final step of the partial correctness proof ( s, [ || � || ] ˛ g(I). s ˛.s, L I(L) � s, L I(L)] s ˛ qnThis proof method [$ I ˛ . [p, q](I)] directly follows from thechoice lvc[p,˚q](I) = gvc[p, q]((I)) with gvc[p, q](i) defined by

(230) where Pp is [C || C || � || C] is true if and only if their exists] such that for all k˚˚{1, �, n}, m ˚{1, �, n} -{k} and s, s’ :.if l and L then s p I(l).if l and L then I(l) � " j {1,�,n} - {k}. s, L[k I(L �> � s, l] s’, L .if l , l" and L then I(l") I(l) � " j {1, � , n} - {k, m}. > � s, l> � s, l] .if L then [ ˚{1, �, n}. I(L)] s qNewton’s methodNEWTON [1975] proof method (although designed for a quite different definition ofconcurrent programs) is a weakened version of LAMPORT [1977] and OWICKI & GRIESlocal invariant I(L"), L" ˛ remains true after execution of any atomic actionlabeled L of any other process C k m (and this without assuming that I(L) holdsPartial correctness proof of program (204) by Newton’s method(231)(226) and check the following local verification conditions (for all s, s’ , c {L,} and c¥.s p s, L I(L).s p s, L I(L)¥.s, c I(L) s(X) + a], c ).s, c I(L) <s(X) + b], c )¥.s, c I(L) s(X) + b], c ).s, c I(L) s(X) + b], c ).s, c I(L) s(X) + a], c ).s, c I(L) s(X) + a], c )¥.s, L I(L) � s, L I(L)] s ˛ q nThis proof method [$ I ˛ . [p, q](I)] is sound (since[p,˚q](I) lvc[p,˚q](I) gvc(I)))

) andrelatively complete (since any I˚ satisfying lvc[p,˚q](I) can bestrengthened into I’ such that I’(l) = { I(l) : " j {1,�,n} - {k}. I(L)} satisfying lvcNewton’s method(232) where Pp is [C || C || � || C] is true if and only if their exists] such that for all k˚˚{1, � , n}, m ˚{1, � , n} -{k} and s, s’ :.if l and L then s p I(l).if l and L then I(l) � s’ s, l> � s, l] s’, L .if l , l" and L then I(l") s’ s, l> � l’ s, l] .if L then [ ˚{1, � , n}. I(L)] s qObserve that interference freedom (232.3) disappears when considering monoprocessprograms (n˚= 1, in which case (232) exactly amounts to Floyd’s stepwise partialthe store such that only operations acting upon separate parts may be performedAlthough partial correctness proof methods (230) and (232) are bothsemantically complete, it may be the case that some assertions I˚ satisfyWeak invariants for program (204)(233)Parallel program (204) with a = 1 and b = 2 is partially correct with respect tospecification such that p = {s S : s(X) = 0} and q = {s : s(X) = 3}. This = {s, L : ] = {s, L : s(X) = 1 s(X) = 3} = {s, L : s(X) = 0 s(X) = 1}] = {s, L : s(X) = 2 s(X) = 3}

These invariants are too weak to satisfy the verification conditions of (232) given atexample (231).˚nThe lattice of proof methods including Lamport’s methodAny proof method [$ I ˛ . [p, q](I)] with local verificationconditions lvc[p, q] such that lvc[p, q](I) lvc[p,˚q](I) lvcq](I) for all I ˛ is sound (since lvc[p, q](I) lvc[p, q](I) �[p, q]((I))

) and semantically complete (since i ˛). gvc[p, q](i)] ). lvc(i))] I ˛ .[p, q](I)] I ˛ . lvc[p, q](I)]). This is the case of LAMPORT [1977]Lamport’s partial correctness proof method(234) where Pp is [C || C || � || C] is true if and only if their exists] such that for all k˚˚{1, �, n}, m ˚{1, �, n} -{k} and s, s’ :.if l and L then s p I(l).if l and L then I(l) � s’ s, l> � s, l] s’, L .if l , l" and L then I(l") I(l) � s, l> � s, l] s’, L[k .if L then [ ˚{1, �, n}. I(L)] s qPartial correctness proof of program (204) by Lamport’s method(235)(226) and check the following local verification conditions (for all s, s’ , c {L,} and c¥.s p s, L I(L).s p s, L I(L)¥.s, c I(L) s(X) + a], c ).s, c I(L) <s(X) + b], c )¥.s, c I(L) � s, L I(L)] s(X) + b], c ).s, c I(L) � s, L I(L)] s(X) + b], c )

.s, c I(L) � s, L I(L)] s(X) + a], c ).s, c I(L) � s, L I(L)] s(X) + a], c )¥.s, L I(L) � s, L I(L)] s ˛ qnUsing an invariant on memory states with auxiliaryvariables for each program pointA stepwise presentation of Owicki & Gries methodOWICKI & GRIES [1976a] partial correctness proof method is based upon (234) usingOWICKI & GRIES [1976a]Auxiliary variables(236) is a set of auxiliary variables for a parallel program Pp and aspecification if and only if is finite, any X appears in Pp only inassignments of the form X := E and q does not depend upon some X (i. e. X. s . . s[Xd] q). can be obtained from Pp’ by deleting all assignments to the variables of andsubsequently replacing some of the components of the form �(true � Y := E)� by , � , X} if and only if . �