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ABSTRACT Although several recursive EM implementations have been

We propose a new recursive EM (REM) algorithm that carProposed in the literature [2, 3, 4, 5], we feel that most efith

be used whenever the complete-data model associated to t& more related to the principle known as Fisher scoring in
observed data belongs to an exponential family of distributhe statistical literature than to the EM algorithm dirget
tions. The main characteristic of our approach is to use &€ (7) and discussion below. These algorithms involve com-
stochastic approximation algorithm to approximate the-conputing the gradient of the log-likelihood —which is readily
ditional expectation of the complete-data sufficient stati available due to Fisher formula [1]- but also some form of
rather than the unknown parameter itself. Compared to ex@pproximation of the observed-data Fisher information ma-
isting approaches’ the new a|gorithm requires no ana|yticérix. With those gradient—based algorithms, it is hard talde
gradient or Hessian Computation' it deals with parametﬂ.r co with the parameter constraints in some models and Setting th
straints straightforwardly and the resulting estimate ban scale of the gradient step-size usually is a non-trividi.tas
shown to be Fisher-efficientin general settings. This apgio In this communication, we propose a new recursive EM

is illustrated on the classic direction of arrival (DOA) nedd ~ algorithm that is clearly more reminiscent of the EM algo-
rithm and, in many cases, easier to implement than preyiousl|

1. INTRODUCTION mentioned algorithms, while alleviating some of the proie
discussed above. This algorithm may be used whenever the
The EM algorithm [1] is a very popular tool for maximum- f:omplete_-data model belongs Fo a (_curved) exponentiz_:ll fam-
likelinood (or maximum a posteriori) estimation. The com-ly. Section 2 covers the algorithm in the general setting of
mon strand to problems where this approach is applicable ;gdepen_dent observatl_ons .and. we next consider consider its
a notion ofincomplete-datawhich includes the conventional @Pplication to DOA estimation in Section 3.
sense of missing data but is much broader than that. The EM

algorithm demonstrates its strength in situations whenmeeso 2. RECURSIVE EM (REM)
hypothetical experiment yields “complete” data that are re N _
lated to the parameters more conveniently than the measureet {Y1, -+, Yx} be a sequence of i.i.d. random variables

ments are. The EM algorithm has several appealing prop¥hose common probability density function (pdf), with re-
erties. Because it relies on complete-data computations, $Pect to some measureon R", is denoted byr(y) and

is generally simple to implement; at each iteration, the E4{9(y;?); v € ©} a parametric family of pdfs. The maximum
step only involves computing conditional expectation give likelihood estimator (MLE) is given by

the observed date; the M-step only involves complete-data

N
maximum-likelihood estimation, which is most often insim-— ., (v4,--,Yy) = argmax N ! Z log g(Yo;9) . (1)
ple closed-form. Moreover, it is numerically stable, in the V€O -1
sense that it each iteration of the algorithm increaseskke | . o
lihood (of the observed data). Under standard regularity assumptiong}s, - - -, Yy) con-

For large sample sizes however, the EM algorithm beVverges, asV goes to infinity, to the value
comes time and memory consuming since each iteration in-
volves all the available observations. To overcome thig-lim
tation, it is of interest to consider recursive implemeiotad
of the EM algorithm. By “recursive” we mean that each ob-
servation is only used once and that the required compuatatio
can be carried out sequentially. Whereas the standard EM al-
gorithm is suitable only for batch or off-line processing; r pdfs{f(y,z9),9 € O},

cursive versions of the algorithm are suitable for on-lin@-p :
cessing. 9(y:9) = / f(y, z;9)A\(dz) ,

9" = argminK (m|lg(;,9)) ,

whereK (p|q) = 4@% p(y)u(dy) is the Kullback-
Leibler divergence betweanandg.
In the standard EM approach, we introduce a family of



where )\ denotes a measure d@i*=. The pdfsf(-;¢) and recursive implementation of the gradient EM algorithm pre-
g(-;9) are, respectively, referred to as the complete-data ansented in [6]. The works presented in [4, 5] build on the idea
observed (orincomplete) likelihood ands interpreted as un-  of [2], whereas [3] is actually closer to the present comutrib
observable or missing data. The EM algorithm is an iterativeion, although limited to a specific model.
optimization algorithm to compute the MLE. Each iteration = Our proposal consists in replacing the E-step by a recur-
consists of two successive steps, known as the E-step and thige stochastic approximation step, while keeping the maxi
M-step. In the E-step, one evaluates the conditional eapect mization step unchanged, that is
tion
8p = 8p_1 +7n(§(yn;1§n—l) - §n—1) ) 'gln = é(gn) )
1 & (8)
Q('ﬂfﬂp) = NZE[logf(YnaZn;ﬂﬂyn;ﬂp] ) (2)
n=1 where~,, is a sequence of decreasing step-sizes. This new

algorithm is fully analyzed in [7] where it is shown that it
is Fisher-efficient in rather general settings (not assgniin
particular thatr = ¢(-;9*) for some parameter valug®)
for choices of the step-sizes such thaf~, v, = oo and

whered,, is the current fit for the parameteér In the M-
step, the value of maximizing@ (¥; ¥,) is found, yielding
the new parameter estimatg_ ;. The essence of the EM

{ar:g?irlfgméi(;r[\f]t increasing) (9; ¥,) forces an increase of S 02 < oo (typically, takey, — n—o with 0.5 < o < 1).
. More precisely — see Theorem 5 of [7], we may show that
In the sequel, we assume that the complete-data model ; : . . N
i L under suitable assumptions and with step-siges=s n~ ¢,
belongs to a curved exponential family: . 212, A
with 0.5 < a < 1, v, " “ (49, — 9*) converges in distribution
log f(y, z:9) = h(y, z) — ¥(9) + (S(y, 2),p(¥)) , (3) o azero mean Gaussian distribution with covariance matrix
Y (9¥*) solution of the Lyapunov equation involving the FIM
where the symbol-, -) denotes the scalar product. The EM of a complete observation and the covariance of the observed
re-estimation functional (¢; ¥') may then be expressed as data Fisher score. Whenbelongs to the parametric family
of distributions under consideration; thatis= g(-, ¥*), the

, . N , solution of this Lyapunov equation is the FIM associated to
QW;¥) =L (N> 5(Yi;0);9 |, (4)  the observations.
1=1
* def 72 .
whereL (s; 9) = —(9) + (s, $(0)) and [x(07) = =V K{go- llgo)lo—- - ©
def otherwise it has a more complicated expression (see [7] for

5(y;9) = E[S(Y,2)|Y =y; 9] . (5)  details).
This first result is not entirely satisfying as it shows that

the rate of convergence ig, /2 rather tham—/2, that is,
N n—/2 with the choice discussed above, which can be much
Oppr =0 | N71 Z 5(Yn;9%) | (6)  slower. In addition, this result also suggests that usictpse
n—1 to 1,i.e, fast decreasing step-sizes, is the best option to max-
- imize the convergence rate. In practice, one should however
wheref (s) = arg maxyeo L(s;9). g .
. remember that this result pertains to the large sample behav
In a recursive framework, the data are run through once

sequentially and the parameter update must be computab'Per of the estimates and, in most models, takinglose to 1

from ¥, _, andY,,, whered, denotes the current value of the results in the algorithm converging too slowly. A bettensol

parameter estimate afterobservations. To our best knowl- tion propose_d by [8.] and further generah.zed in [9] consists
using step-sizes with slower decay (typicallycloser to 0.5

edge, the first recursive parameter estimation procedure f . . )
incomplete data model has been proposed by [2]. Itis give%han to 1) andto perforveraging 7 is then estimated by

by: X no

B =Dy 430l G U Vaibor) . () do=(n=no)™" > du,
k=ng+1

The k-th iteration of the EM algorithm updatek according
to

where{~, } is a non-increasing sequence of positive numbers,
U(y;9) = Vyglogg(y; ¥) is the score function anfl;(9) is  whereny is a lag after which averaging effectively starts. Itis
the Fisher information matrix (FIM) associated to a conglet proved in [7] that the averaged estimatbyis indeed Fisher-
observation. This recursion is recognized as a stochgstic aefficient, that is, it converges at raie /2 to a centered Gaus-
proximation procedure od. It is often referred to in the lit-  sian distribution with covariance matrix equal to the irseer
erature under the name of recursive EM, but we find that thisf the Fisher information matrix defined in (9). The pradtica
term is somewhat misleading because, contrary to the EMmplications of these results will be further illustrateeldaw

it is a gradient algorithm. This algorithm may be seen as &in Section 4) for the DOA model.



3. APPLICATION TO DOA ESTIMATION Thus, in the DOA model the complete-data sufficient stagsti

correspond to théd empirical covariance matrice$(z, 1),
Consider an array witld/ sensors receiving signals froki ey S(znK)-

far-field narrow-band sources withf > K. The measured We first turn to the E-step of the EM algorithm. Fol-
array output is a linear combination of the incoming waveqowing (5), we need to compute conditional expectation of
forms, corrupted by additive Gaussian noise. The vector 0f(z,, ;)

array outputs at time indexis represented as

5u(Vs ) B [ Z, 428, | Yo 0] (13)

K
Y, = A(0)X, + Bn = a(th)Xnk+ Bn,

— fork=1,..., K. Itis easy to derive that

where@ = (6,,...,0x) represents the unknown DOA pa- 5, (Y;¥) = Tx(¥) — T ()T (9T (0)

rametersa(0) is the complex array response to a unit wave- Co(NT19) (YYE) T (T H (9 14
form with incoming angle, X,, = (X, 1,..., Xs k) is the + Tx(9) (9) ( ) (L7 (W), (14)
emitted signal, and,, the additive noise. We assume that the\yherer (17) andI', (1)) are respectively given by (10) and (11).
array is linear and uniform, which implies that, for any an-  The M-step then consists in maximizidigs, . . . , sx; 9)
gled, a’ (f)a(6) = C. We further assume that the vector of gefined by (4). To do so, we note that it is first necessary

signal waveformsY,, is a stationary white complex Gaussian {5 maximize separately with respectép only the function
noise and that thé{ sources are independent with POWErSaH (g, )s,.a(6; ) to obtain

a = (aq,...,akx). The additive noisd3,, is also a station-
ary white complex Gaussian noise assumed for simplicity to

def H
! . . my, = maxa’ (0)sipa(f) ,
be spatially white with power. The parametet thus en- 0

compasses both the DOA parametérshe powersx, and 0x(sr) = argmaxa’ (0)sza(0) , (15)
the noise variance. The likelihood of one observation is o
9(y;¥) = N(0,T'(9)), with using one dimensional line searches. Now, the maximization
with respect to thé K + 1) positive parameters,, - - - , ak,
T'(W) = A(0)P(a) A (0) + vIy , (19)  ando yields

whereN denotes the complex multivariate Gaussian distribu-

K
tion, P(«) = diagaq, -+ ,ak), the superscriptf denotes o(s1,...,55) = 1 Z(trace(sk) —mg/C) (16)
the conjugate-transpose, ahg is the M -dimensional iden- (M —1) —

k=1
tity matrix.
We may represent the array respoigeas a superposi- and
tion of K independent complex Gaussian vectats;, with mi — Co(s1,. .., 5x)/K
zero mean and covariance k(S5 5K) = C’Q ’ 17)
Tx(0) = aja(Or)a (k) + viIm (11)  Following (8), the REM algorithm then consists in approxi-

X ) ) mating theK statisticss,, j by
where} ;" | v, = v; taking, for instancey;, = v/K. In the

EM terminology, the vectorg, 1,. .., Z, x form the com-

.. . . An = An— + Y | S Yn;'@n— - An— )
plete data. The joint pdf of the complete data is given by Smak = Sn—1k T (Sk( 1) =8 M)

Where§k(Yn;z§n,1) is computed according to (14). Then,
¥,, is obtained applying (15), (16), and (17), as in the (non-
recursive) EM algorithm.

log(f(zn,1, -, 2n,k;9)) = —Mlogm

K
—9(0) + Y tracelS(zn x)x (V)] , (12)
= 4. NUMERICAL RESULTS

where
% 5 In this section, we study the performance of the proposed al-
W) =M logv/K)+ S log(l1 +CKvtay), gorithm in the scenario considered in [10]: three sourcéls wi
) ; (v/K) ; ( ) equal power are located 8t = [24°,28°,45°]; the array
S(z) = 22" consists ofA/ = 15 sensors with equal inter-spacing of half
’ o wavelength; the signal-to-noise ratio for each path is lkeegpt
9) = — Ko~ n + V% o002t (0,) 0 dB. In the results below, we use the same initial parameter
?(%) MY CKu oy, (Or)a” (6) guess); as in [10].



The sequence of step-sizes is chosef,as n=%6. Note  small to intermediate sample sizes. This is due to the fatt th
that although, we could obviously select different seqesnc for small sample sizes, the estimation error is dominated by
that behaves similarly for large one of the merit of the pro- the bias caused by the mismatch between the initial value and
posed algorithm is that the absolute scaleygfis in some  ¢*. In this regime, averaging only worsens the problem and it

sense fixed by the fact thaf, = 1 amounts to taking,, =  is recommend to start the averaging process only when the es-
5(Y,;¥,-1), i.e, not performing any smoothing on the suffi- timate gets reasonably close to the true value. Figure 2 (wit
cient statistic. ng = 500) shows that in this case, averaging is very beneficial

The performance is estimated by averaging the squareathd that it does reach the CRB for larger sample sizes.
error||0 — O¢rue||? Over one hundred independent simulated
trajectories of array outputs. For reference, we also piet t 5. REFERENCES
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