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ABSTRACT

Particle filtering — perhaps more properly named Sequential Monte
Carlo — approaches have a strong potential for signal and image
processing applications. A problem of great practical significance
in this field, which remains largely unsolved as of today, is the esti-
mation of fixed model parameters based on the output of sequential
simulations. 2
In this contribution, we investigate maximum likelihood esti-

mation approaches based either on gradient or EM (Expectation-
Maximization) techniques and show that several recently proposed
methods share the common feature of requiring the approximation
of the expectation of a sum functional of the hidden states, condi-
tionally on all the available observations. Considering this general
task, we discuss empirical results concerning the influence of the
number of particles and sample size. We also propose a robustifi-
cation of the basic particle estimator which is based on forgetting
ideas.

1. INTRODUCTION
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whereXg.n_1 denotes the collection of variabl¥g, ..., Xn_1.

. {MJk=0 is conditionally independent giveqX}x>o with

(marginal) transition density functiog such that, for arbitrary
functionsfo,..., fy,
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whereg is sometimes referred to as tfenditional) likelihood
function. In the following, we always considey as a function
of its first argument only and writgx(X) = g(x, Yx) for the con-
ditional likelihood function evaluated i¥.
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Using Bayes’ rule it is easily verified that — see e.g.[9] —jthiat

. smoothing densitywhich is the main quantity of interest in particle
In recent years, sequential Monte Carlo methods have been put fikering, is given by

use, sometimes very successfully, in applications as diverse as target

tracking, mobile localization, positioning, computer vision and dig-
ital communications [8, 13]. It is well-known however that calibra-
tion of model parameters based on the output of particle filtering is a
difficultissue. Note that although we focus here on likelihood-based
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methods the same observation holds true in the Bayesian fram#there the normalization factor,ls thelikelihood of the observa-

work.

Although the likelihood of the observations may readily be ap-
proximated from the simulated system of particles [12, 11], the use
of the obtained approximation for parameter estimation is not triv-

tionsYp. From (1) we may derive the recursive formulation

‘PO:n\n(XO:n) = CE1¢O:nfl\n—l(XO:nfl)Q(anl-,Xn)gn(xn) (2

ial. In particular, being able to approximate the value of a functionynerec, = L/L,_1. Marginalizing (2), taking the log and sum-

is argl,!ably not s.uf'ficie.nt for finding efficientlly. its maximum, part.ic- ming the obtained expression for all indices between Orayiglds
ularly in large dimensional models. In addition, the obtained like-the well-known expression of the likelihood

lihood approximation is non-smooth due to the Monte Carlo error
that affects the likelihood approximations computed for each value
of the parameters. Note that it is still the case, even when cleverly
fixing the random seeds used for simulating the system of particles
as proposed by [12], due to the fundamentally non-smooth nature
of the resampling operator.

We consider below the approximation of quantities which are
instrumental in effective maximization of the likelihood either when
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using EM-based or gradient-based methods. Our main concern wiyheregy is thefiltering density (marginal ofgyx in X)-

be to approximate reliably such quantities using particle filtering

Particle filtering, in its most basic form (also knownsegjuen-

methods. Note that we don’t consider specifically the task of recurtial importance sampling with resamplipgonsists in approximat-
sive or on-line estimation although the approaches discussed heirgg these exact smoothing relations by propagating particle trajec-

could obviously be adapted for this purpose.

2. THE MODEL
We focus on particle filtering techniques in the context of hidden

Markov models although the techniques discussed here also apply

for more general models such as Markov switching autoregressive

models [2]. A hidden Markov model is such that

1. {X}k=0 is Markovian with initial distributiorgp and transition
density functiong such that, for any functiorf, E[f(Xp)] =

tories in the state space of the hidden chain according to
e At time 0, drawN particles{éé}lgig,\, from a common prob-

ability density pg and compute the importance Weighg =
o(80)90(&p) /Po(&p)- .

For successive time indices, simulafg ; from a transition
density functionr(&y,-) and update the weight according to
@}, 1 = 0la(&), & )0k 1(8,1)/7 (8 & 1) and the trajectory
by g(I):k+1 = (étl):k7 €I|<+1)'



e From time to time resample by first normalizing the weights

{(J)Ii(}j_giSN by their sum so thay !\ ; | = 1 and then drawing
indiceslZ,...,INin {1,...,N} such that

E@#{1<j<N:I) =ig}) = Ne°

the weights are all reset to a common value and the trajectory is

updated according to
. i
Zox = S0k
Note that due to resampling, the notat'@becomes somewhat

ambiguous and we will use the notatiéﬁk(l) to denote the
point of index| in theith particle trajectory at indek (with
k>1). By conventiong),, (k) is denoted simply byj;.

At any indexk, the self-normalized estimate
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is an approximation of Ef (Xo«) | Yox] (wheref is an arbitrary in-
tegrable function of thé+ 1 first state variables). Compared to
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other more ad-hoc alternatives, particle filtering can be shown to be

convergent (in a suitable probabilistic sense) as the nurbef
particles increases [8, 5, 6, 2].

3. APPROACHES FOR MAXIMUM LIKELIHOOD
ESTIMATION

We now assume that the model characterisgiog andqg depend
on a parameter vectd. We will use6 as a superscript to indicate

which quantities depend on the parameter. Since we consider iterl'
ative maximization algorithms there are always two values of the
parameters which play a role at any given iteration: the current one

and its update. To avoid notational blow wg omit the iteration

index and make dependence with respect to the current value of thé

parameter implicit for instanceg refers to current estimate of the
hidden chain’s transition density, whit¢ refers to the same quan-

Quite naturally the approximation of (5) based on (4) then con-
sists in propagating a system of particle trajectories and associated
weights under the current value of the parameter, which we denote

by {&}. @) }1<i<n, and using the estimator
N i no
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i = Z N

=121 0n K

It is straightforward to verify that storing the whole particle tra-
jectories is indeed not required to evaluate (6): upon defining

ho=310s (), Eb (1 +1)) (for k> 1), we have
Yooy = {7li<+5k(§li<v§li<+1) .
k+1 = ‘

1 . .
s (%nl00:Ealk 1) (©)

in the abscence of resampling

I | Il .
R+ (T EET) when resampling occurs
o (M
wheret) is obtained ag N ; w)y,. Hence we only need to store for
each particle, its current positidf}, weight o, and partial cumu-

lated sumy,. The method thus necessitates only minor adaptations
once the patrticle filter has already been implemented. Note that this
algorithm may also be obtained directly as a particle approximation
of an equivalent recursive (im) formulation of (5) [1].

4. APPROXIMATION OF SMOOTHED SUM
FUNCTIONALS

The main question to be answered is to determine how good is the
approximation of (5) given in (6) for different values Nfandn?
Although we cannot actually provide a full theoretical analysis of
this issue, we give a number of hints in that direction, based on our
experience of this approach in several examples, one of which will
be discussed below.
Although the variance o\ grows asincreases (while keeping
the numbeiN of particles fixed) it does not blow up, as some-
times conjectured; note that normalization issues are important
here sincer, obviously is a quantity that increases with
2. As expected, the approximation improves with larger values of
N (the number of particles) but, whéis sufficiently large, it
is possible to modify slightlg) so as to reduce significantly its

tity for a different value of the parameter. variance (at the price of introducing a, usually, negligible bias).

For doing maximum likelihood estimation, one needs to esti- T he first point in particular is somewhat surprising becarse
mate quantities of the form as defined in (5) depends on the complete trajectory between indices

0 andn and it seems that the approximatigjl, with a fixed value

n—1 of N, could get arbitrarily bad asincreases. Typically, this is not
Tm=E z Sc(Xis Xi1) | Yo (5) the case and the rate of increase of the approximation erromwith
K=o is very moderate. This is particularly true whenis properly nor-

malized: 1y is a persistent sum (i.e. consisting of a number of terms

wheres to s, are, possibly vector-valued, functions. This is obvi- which increase as grows) whose value is always used normalized
ous in the context of the EM algorithm [7] since the joint density of by the number of processed observations (see example in Section 5
the states and Observations hﬁixo:k7y0:k) has precise|y the form belOW).. UHQGr thls normall.zatlon, the |n(.:rease Of the appl’OXImatlon
given in (5) withsq (X X1.1) = 1096° (X, X 1.1) +Ioggf(xk+1) for error withn is not very significant (see Figure 2).
k> 1andsy(Xp) = Ioggg (Xo) (assuming thatjp does not depend on
the paramete#).

It is also true with gradient based method since Fisher's iden
tity [7] states that the gradient of the log-likelihoggddefined in (3), 2
evaluated at the current value of the parameter, is obtained whe
Sk(X: Xier1) = 0109a(Xk, Xc-1) + Uloggk (% + 1) (for k > 1) and
so(x0) = Ologgo(Xp), whereD denotes the gradient taken at the
current value of the parameter. The approach followed in [4, 10
to derive the gradient approximation is slightly different since it is
based on the so-callezbnsitivity equationsbtained by differenti-
ating the filtering recursion with respect to the parameter. It car.
however be shown that the obtained recursion corresponds to a re-
cursive rewriting of Fisher’s formula and hence is equivalent to thé=igure 1: Typical particles trajectories fidr= 50 (see Section 5 for
formula given here [2]. Note also that (5) is obviously very differentdetails of model and algorithm).
from the expression of the log-likelihood in (3): equation (5) does
implies the joint smoothing distribution while (3) may be writenas ~ We now discuss some elements that justify the construction
a telescoping sum of terms, each of which only involves the filteringvhich makes it possible to reduce the variability of the particle ap-
distribution. proximation. To simplify the discussion, we consider in the sequel
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that resampling is used systematically (at each time index) so that

@, = 1/N for all k andi: in particular, the weights in (6) are all

equal to IN andgfl"( is systematically updated according to the sec-

ond option in (7).

It is important to understand that asncrease, there is indeed _g
a part of the sum in (6) that doesn't get updated anymore due t

the successive resamplings: there exists (with high probability)
finite random delayd, (which may vary withk) defined as the
smalled integer for whicl, (k—Ax+1) = &3, (k— A+ 1) for all
i,j€{1,...,N},i.e. all active trajectories at indéohave a common
ancestor back in the past at index Ag + 1 (see Figure 1 for an il-
lustration). Itis not hard to see that for amy kandl <k—Ay+1,
Ebn(1) = &3, (). Thus the contribution of indek (for | < k— Ay)

is fixed tog (&, (1), &), (1 +1)) for all later indicesn > k (as well

as for anyi, since all trajectories have collapsed into a single one at

this stage).

Because the collapsing timeég are random it is very hard
to tell anything about the distribution ojd:k(k—AkjL 1). On
the other hand, ifAx was deterministic and equal t8, then
S5 (Edy(k—8),&l4 (k— & +1)) would be and estimator of

B[S 5 (Xk—s,X—s5+1) | Yox!

that is the expectation &_g5 under thed-lag smoothing distribu-

5. SOME RESULTS

For illustration purposes we consider a one dimensional model for
which exact computation is also available, namely a noisily ob-
served Gaussian AR(1) model such thfx,x) = N(X; ¢x, 62),
(x,y) = N(y;x,p?), where N-; u,v) denotes the Gaussian pdf
robability density function) with meap and variancev. The

itial pdf qg is an improper constant (also called diffuse) prior;
meaning in particular that the initial filtering p@p(x) is given by
N(x; Yo, p2). Throughout this section we use a simulated dataset of
lengthn = 500 with parameterg = 0.98,06 =0.2,p = 1.

It is straightforward to check that the EM algorithm applied to

this model requires the approximation of

n-1

Th1=E 2| Yo

1 _kZOXk O.n:|
[n—1
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=
['n

T3 = E }E XE me}
=i
[ n
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tion. This remark naturally suggests the following question: is the

0-lag smoothing distribution PX_s € -, X 5.1 € -| Yox) close to
P(Xk_s € -, X_s+1 € | Yon) for n>k? This question is connected
to a more general concern known fasgetting propertiesof the

smoothing and filtering distributions. Very schematically the an-
swer to this question is known (empirically) to be yes in many situ-
ations but is fairly hard to establishes on solid theoretical grounds.

In all models for which the stability (im) of the particle filter has

and updates the parameters according to

0 =Tn2/T1 (10)
62 = (Thg— Tn2)/N (11)
p? =Ttna/(N+1) (12)

currently been proved however, the answer can be shown to be “ye&S mentioned before, the above update equations depend on the

at a rate which is exponential in the 1&§[5, 6, 2].

These arguments suggest that waiting for all the trajectories t
collapse — as (7) implies — is not a very efficient simulation princi-

ple. Hence wheN is sufficient so that forgetting occurs for values
of 6 which may be far smaller than typical values/f it is more
appropriate to impose the lagafter which resampling of the past
trajectories is inhibited. To do this, we modify the definitionaf

in (5) into

n-1
= 3 B[ Xa2) Yogers) ®)

which may be approximated by

=z

2N =
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Although a little bit more involved than in the case of (6), (9) may

be updated recursively by maintaining a cache of the recent histor

of the particles{&}.,(n— & + 1 :n) }1<j<n as well as the cumulated
contribution of terms that will not get updated anymore

N

iz&

{Sﬂﬂs <§o'i?n—1(n —96), §é%n_1(n+ 1- 5)) +

n-6-1
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Apart from increased storage requirements, computing the reduce

lag approximation%,‘?’N is clearly not computationally more de-
manding than computing®.

expected sumsn 1,...,Tn4 NOrmalized by terms of order (or by
notherry j which is equivalent) rather than on the expected sums
emselves.
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Figure 2: Box-and-whiskers plots of the approximate parameter up-
dates for two different observations lengths compared with exact
update (solid horizontal liney1: N = 10,J2: 100,J3: 1000 parti-

cles (plot based on 5000 independent replications of the particles).

Figure 2 displays the parameter updates (10)—(12) based on se-
uential Monte Carlo approximations af ; to 7,4 (here we used
e simple bootstrap filter with systematic resampling) using the ba-
sic approach described in (7) and compared to the exact EM up-
dates. The valueg = 0.8, c = 0.5 andp = 2 are used as current



estimates of the parameter (which are thus rather far from the ac ! R
tual maximum likelihood estimate, both wher= 50 andn = 500). 095 - )
Note that when the number of particles is really too snidl10) =
we observe a bias for some parameters which is coherent with tr
previous discussion (knowing that whiin= 10 the average values

of A is indeed not much larger than 10).
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0.46 %r * N = 25 particles superimposed on the exact EM trajectory (bold
0.44 ? line). Same data as in previous figures, witk 500.
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Figure 3: Same display as in Figure 2 foe= 500; comparison of
“joint” approximatiom“:,’}l with J2: N = 100 andJ3: 1000 particles

with “fixed-lag” approximation%,ﬁ$ N with F2: N = 100 andF3:
1000 particles and lag = 20.

In Figure 3, we report only the case= 500 and compare

(5]

Menaldi, E. Rofman, and A. Sulem, edito@ptimal Control
and PDE'’s - Innovations and Applications, in Honor of Alain
Bensoussan’s 60th Anniversanyages 231-240. 10S Press,
2001.

D. Crisan and A. Doucet. A survey of convergence results on

particle filtering methods for practitione&€EE Trans. Signal
Process.50(3):736—746, 2002.

P. Del Moral. Feynman-Kac Formulae. Genealogical and In-
teracting Particle Systems with ApplicatiorSpringer, 2004.

A. P. Dempster, N. M. Laird, and D. B. Rubin. Maximum
likelihood from incomplete data via the EM algorithh.Roy.
Statist. Soc. Ser.,B9(1):1-38 (with discussion), 1977.

A. Doucet, N. De Freitas, and N. Gordon, edito8equential
Monte Carlo Methods in PracticeSpringer, 2001.

A. Doucet, S. Godsill, and C. Andrieu. On sequential Monte-
Carlo sampling methods for Bayesian filterirgtat. Comput.
10:197-208, 2000.

A. Doucet and V. B. Tadi. Parameter estimation in general
state-space models using particle metho#isn. Inst. Statist.
Math,, 55(2):409-422, 2003.

M. Hurzeler and H. R. Kinsch. Monte Carlo approximations
for general state-space modeld. Comput. Graph. Statist.
7:175-193, 1998.

(ﬁZ] M. K. Pitt and N. Shephard. Filtering via simulation: Auxil-

We currently believe that a complete theoretical study of the be- lary particle filters. J. Am. Statist. Assqc94(446):590-599,
: . ; SRy : 1999.
havior of estimates based on the fixed-lag approximation is possible

using available results on the convergence of the particle filter anti3] B. Ristic, M. Arulampalam, and A. GordorBeyond Kalman
stochastic versions of the EM algorithm. Filters: Particle Filters for Target Tracking Artech House,

2004.

the basic approximation strategy with the one based on fixed-lag[e]
smoothing withé = 20, which is a reasonable value of the lag

for which forgetting is already quite strong in this example. It is [7]
obvious that fixed-lag smoothing drastically reduce the variance
without significantly raising the bias: boxes labelled “F2” (fixed-

lag smoothing) are roughly equivalent to those labelled “J3” (joint 8]
smoothing) which are obtained with 10 times more particles.

In any case, the approximations obtained using sequential
Monte Carlo appear sufficiently reliable (even for large values of
n) to be used in simulation-based maximume-likelihood algorithms
such as Monte Carlo EM. To give an idea of the type of results
that one may obtain we show in Figure 4 the first fifty iterations of[10]
the SEM (Stochastic EM) algorithm of [3] compared to the exact
EM trajectory. Here the SEM algorithm simply consists in using
(10)—(12) with the particle approximations substituted for the exacf11]
expectations. Although SEM is not an algorithm that converges to
the maximum of the likelihood in general, it is clear that it does
reasonably well in this case, even with a very moderate humber
particles N = 25) — see also [2] for other examples.

9]
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