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Chapter 1

The transition matrix

1.1 The distribution of a Markov chain

A particle moves on a denumerable set E. If at time n, the particle is in position
X, =1, it will be at time n + 1 in a position X, ;1 = j chosen independently of
the past trajectory X,,_;, X, _o with probability p;;. This can be represented by a
labeled directed graph, called the transition graph, whose set of vertices is F, and
for which there is a directed edge from i € F to j € I with label p;; if and only
the latter quantity is positive. Note that there may be “self-loops”, corresponding
to positions ¢ such that p;; > 0.

P11 P32

This graphical interpretation of as Markov chain in terms of a “random walk” on a
set F is adapted to the study of random walks on graphs. Since the interpretation
of a Markov chain in such terms is not always the natural one, we proceed to give
a more formal definition.
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Recall that a sequence { X, },,>0 of random variables with values in a set F is called
a discrete-time stochastic process with state space E. In this chapter, the state
space is countable, and its elements will be denoted by i, j, k,...If X,, = i, the
process is said to be in state i at time n, or to visit state ¢ at time n.

Definition 1.1.1 If for all integers n > 0 and all states ig,i1,...,0n_1,1%,],
P(Xn+1 :j|Xn :Z',Xn,1 :’l.nfl,...,XO :Zo) :P<Xn+1 :]|Xn :’l),
this stochastic process is called a Markov chain, and a homogeneous Markov chain

(HMC) if, in addition, the right-hand side is independent of n.

The matrix P = {p;; }i jer, where
Pij = P(Xp1 =j| Xn =),

is called the transition matriz of the HMC. Since the entries are probabilities, and
since a transition from any state ¢ must be to some state, it follows that

pij = 0, and Zpik =1

keE

for all states 7, j. A matrix P indexed by F and satisfying the above properties is
called a stochastic matriz. The state space may be infinite, and therefore such a
matrix is in general not of the kind studied in linear algebra. However, the basic
operations of addition and multiplication will be defined by the same formal rules.
The notation z = {z(i)};cr formally represents a column vector, and z' is the
corresponding row vector.

The Markov property easily extends (Exercise 1.5.2) to
P(A|X,=1,B)=PA|X,=1),
where
A={Xo11=J1,. . X =i}, B={Xo =0, .., Xp1 = in1}.
This is in turn equivalent to
P(ANB|X,=1) =PA|X,=1)P(B| X, =1).

That is, A and B are conditionaly independent given X,, = 4. In other words, the
future at time n and the past at time n are conditionally independent given the
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present state X,, = ¢. In particular, the Markov property is independent of the
direction of time.

Notation. We shall from now on abbreviate P(A| Xy = 1) as P;(A). Also, if u is
a probability distribution on E, then P,(A) is the probability of A given that the
initial state X is distributed according to pu.

The distribution at time n of the chain is the vector v, := {1,(7) }scg, where
vn(i) == P(X,, =1).

From the Bayes rule of exclusive and exhaustive causes, v,41(j) = > .cp Vn(1)pij,
that is, in matrix form, /L, ; = vI'P. Tteration of this equality yields

vl =P (1.1)

n

The matrix P™ is called the m-step transition matriz because its general term is
piJ'(m) = P(Xn+m =J ‘ Xn = Z)

In fact, by the Bayes sequential rule and the Markov property, the right-hand side
equals ) . i PiiDiis * " Pim_1j> Which is the general term of the m-th power

of P.

The probability distribution vg of the initial state Xy is called the initial distri-
bution. From the Bayes sequential rule and in view of the homogeneous Markov
property and the definition of the transition matrix,

P(Xo =10, X1 =t1,..., Xk = 1) = vo(i0)Digiy - * * Din_ix -

Therefore,

Theorem 1.1.1 The distribution of a discrete-time HMC is uniquely determined
by its initial distribution and its transition matriz.

Sample path realization

Many HMC’s receive a natural description in terms of a recurrence equation.

Theorem 1.1.2 Let {Z,},>1 be an 1ID sequence of random variables with values
i an arbitrary space F. Let E be a countable space, and f : E X ' — E be some
function. Let X, be a random variable with values in E, independent of {Z,}n>1-
The recurrence equation

Xnt1 = f(Xm Zn+1) (1'2)
then defines a HMC.
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Proof. Iteration of recurrence (1.2) shows that for all n > 1, there is a function
gn such that X, = ¢,,(Xo, Z1, ..., Z,), and therefore P(X, 11 =j| X, =1, X,-1 =
in_l,...,Xo = ZQ) = P(f(l,Zn+1> = ]an = ’i,Xn_l = in—l;w-;XO = Zo) =
P(f(i, Zns1) = j), since the event {Xy = ig,..., X1 = ip_1,X,, = 1} is express-
ible in terms of Xy, Z,...,Z, and is therefore independent of Z, ;. Similarly,
P(X,41 =7 X, =1) = P(f(i, Zns1) = j). We therefore have a Markov chain,
and it is homogeneous since the right-hand side of the last equality does not depend
on n. Explicitly:

pij = P(f(i, Z1) = j) . (1.3)

ExAamMPLE 1.1.1: 1-D RANDOM WALK, TAKE 1. Let X, be a random variable
with values in Z. Let {Z,},>1 be a sequence of 11D random variables, independent
of Xy, taking the values +1 or —1, and with the probability distribution

P(Z, = +1) = p,
where p € (0,1). The process {X,, },>1 defined by
XnJrl = Xn + Zn+1

is, in view of Theorem 1.1.2, an HMC, called a random walk on Z. 1t is called a
“symmetric” random walk if p = 1.

Not all homogeneous Markov chains receive a “natural” description of the type
featured in Theorem 1.1.2. However, it is always possible to find a “theoretical”
description of the kind. More exactly,

Theorem 1.1.3 For any transition matriz P on E, there exists a homogeneous
Markov chain with this transition matriz and with a representation such as in
Theorem 1.1.2.

Proof. Define

j—1 J
Xpy1 =g if prnk < Zpt1 < prnk,
k=0 k=0

where {Z,},>1 is 1ID, uniform on [0, 1]. By application of Theorem 1.1.2 and of
formula (1.3), we check that this HMC has the announced transition matrix. [

As we already mentioned, not all homogeneous Markov chains are naturally de-
scribed by the model of Theorem 1.1.2. A slight modification of this result con-
siderably enlarges its scope.
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Theorem 1.1.4 Let things be as in Theorem 1.1.2 except for the joint distribu-
tion of Xo,Z1,Zs,.... Suppose instead that for all n > 0, Z,.1 is condition-
ally independent of Z,,..., 721, Xn_1,...,Xo given X, and that for all 1,7 € F,
P(Zu1 = k| X, = 1) is independent of n. Then {X,,}n>0 is a HMC, with transition
probabilities

piy = P(f(i, 21) = j| Xo = i).

Proof. The proof is quite similar to that of Theorem 1.1.2 (Exercise 77). U

EXAMPLE 1.1.2: THE EHRENFEST URN, TAKE 1. This idealized model of dif-
fusion through a porous membrane, proposed in 1907 by the Austrian physicists
Tatiana and Paul Ehrenfest to describe in terms of statistical mechanics the ex-
change of heat between two systems at different temperatures, considerably helped
understanding the phenomenon of thermodynamic irreversibility (see Example ?7).
It features N particles that can be either in compartment A or in compartment
B.

Suppose that at time n > 0, X,, = ¢ particles are in A. One then chooses a particle
at random, and this particle is moved at time n + 1 from where it is to the other
compartment. Thus, the next state X, is either i — 1 (the displaced particle was
found in compartment A) with probability +, or i + 1 (it was found in B) with

probability NJQ ¢, This model pertains to Theorem 1.1.4. For all n > 0,

Xn+1 - Xn + Zn—l—la

where Z, € {—1,+1} and P(Z,;; = —1| X, = i) = . The nonzero entries of
the transition matrix are therefore

N —1 7
Piiv1 = N Dii—1 = N
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i—1 _ i 1
1 1_N 1 N N
1 i i+1 1
N N N

First-step analysis

Some functionals of homogeneous Markov chains such as probabilities of absorption
by a closed set (A is called closed if )., pi; =1 for all i € A) and average times
before absorption can be evaluated by a technique called first-step analysis.

ExAMPLE 1.1.3: THE GAMBLER’S RUIN, TAKE 1. Two players A and B play
“heads or tails”, where heads occur with probability p € (0, 1), and the successive
outcomes form an 11D sequence. Calling X, the fortune in dollars of player A at
time n, then X, 11 = X,, + Z,41, where Z,,1 = +1 (resp., —1) with probability
p (resp., ¢ := 1 —p), and {Z,},>1 is ID. In other words, A bets $1 on heads at
each toss, and B bets $1 on tails. The respective initial fortunes of A and B are
a and b (positive integers). The game ends when a player is ruined, and therefore
the process {X,, },>1 is a random walk as described in Example 1.1.1, except that
it is restricted to £ = {0,...,a,a+1,...,a+b = c¢}. The duration of the game is
T, the first time n at which X,, = 0 or ¢, and the probability of winning for A is
u(a) = P(Xr = ¢| Xo = a).

Instead of computing u(a) alone, first-step analysis computes

for all states i, 0 < 7 < ¢, and for this, it first generates a recurrence equation
for u(7) by breaking down event “A wins” according to what can happen after the
first step (the first toss) and using the rule of exclusive and exhaustive causes. If
Xo=1,1<i<c—1,then X; =i+1 (resp., X; = i—1) with probability p (resp.,
q), and the probability of winning for A with updated initial fortune i + 1 (resp.,
i—1)is u(i+1) (resp., u(i — 1)). Therefore, for i, 1 <i<c—1,

w(i) = pu(i + 1) + qu(i — 1),

with the boundary conditions u(0) = 0, u(c) = 1.
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A wins
c=a+b

12 3 4 5 6 7 8 9 10 T=11

The gambler’s ruin

The characteristic equation associated with this linear recurrence equation is pr? —
r+4q = 0. It has two distinct roots, 71 = 1 and ry = %, if p # %, and a double root,

ry =1, if p = 1. Therefore, the general solution is u(i) = A} + ury = A + p (%)

when p # ¢, and u(i) = M\l + piry = A+ pi when p = q = % Taking into account
the boundary conditions, one can determine the values of A and p. The result is,
for p # q,

and for p = ¢ = 3,

In the case p = ¢q = %, the probability v(7) that B wins when the initial fortune of
B is c—i is obtained by replacing i by c—i in expression for u(i): v(i) = <* = 1-1.
One checks that u(i) + v(i) = 1, which means in particular that the probability
that the game lasts forever is null. The reader is invited to check that the same is
true in the case p # q.

First-step analysis can also be used to compute average times before absorption
(Exercise 1.5.5).
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1.2 Communication and period

Communication and period are topological properties in the sense that they concern
only the naked transition graph (with only the arrows, without the labels).

Communication and irreducibility

Definition 1.2.1 State j is said to be accessible from state i if there exists M > 0
such that p;;(M) > 0. States i and j are said to communicate if i is accessible
from j and j is accessible from v, and this is denoted by i <> 7.

In particular, a state 7 is always accessible from itself, since p;(0) = 1 (P = I,
the identity).

For M > 1, p;;(M) = Zil,uqikjflpiil -+ Diy_j» and therefore p;;(M) > 0 if and
only if there exists at least one path i,41,...,43_1,7 from 7 to j such that

Diiy Pivio " * Ping_1j > 0,

or, equivalently, if there is a directed path from 7 to j in the transition graph G.
Clearly,

i<»i  (reflexivity),
i1 j= i (symmetry),
1, k=i k (transivity).

Therefore, the communication relation («) is an equivalence relation, and it gen-
erates a partition of the state space F into disjoint equivalence classes called com-
munication classes.

Definition 1.2.2 A state i such that p; = 1 is called closed. More generally, a
set C' of states such that for all i € C, ZjeC pij = 1 s called closed.

Definition 1.2.3 If there exists only one communication class, then the chain, its
transition matriz, and its transition graph are said to be irreducible.

Period

Consider the random walk on Z (Example 1.1.1). Since 0 < p < 1, it is irreducible.
Observe that £ = Cy + C7, where Cy and (', the set of even and odd relative
integers respectively, have the following property. If you start from ¢ € Cy (resp.,
(1), then in one step you can go only to a state j € Cy (resp., Cy). The chain
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{X,} passes alternately from cyclic class to the other. In this sense, the chain
has a periodic behavior, corresponding to the period 2. More generally, for any
irreducible Markov chain, one can find a unique partition of E into d classes Cy,
Ci, ..., C4_1 such that for all k,7 € C},

Z pi; = 1,

J€CK+1

where by convention Cy = Cy, and where d is maximal (that is, there is no other
such partition C{, C},...,C%_; with d" > d). The proof follows directly from
Theorem 1.2.2 below.

The number d > 1 is called the period of the chain (resp., of the transition ma-
trix, of the transition graph). The classes Cy, C1,...,Cq_1 are called the cyclic
classes. The chain therefore moves from one class to the other at each transition,
and this cyclically.

We now give the formal definition of period. It is based on the notion of greatest
common divisor of a set of positive integers.

Definition 1.2.4 The period d; of state i € E is, by definition,
d; = GCD{’H >1; p“(n) > O},

with the convention d; = 400 if there is no n > 1 with p;(n) > 0. If d; = 1, the
state i 18 called aperiodic .

Theorem 1.2.1 If states v and j communicate they have the same period.

Proof. Asiand j communicate, there exist integers N and M such that p;; (M) >
0 and p;;(N) > 0. For any k > 1,

pii(M +nk + N) > p;;(M)(pj; (k)" pji(N)

(indeed, the path XO = Z,XM = .j7XM+k‘ = j, ey XM+nk = j, XM+nk-+N =1 1S
just one way of going from i to i in M + nk + N steps). Therefore, for any k£ > 1
such that p;;(k) > 0, we have p;(M + nk + N) > 0 for all n > 1. Therefore, d,
divides M +nk+ N for all n > 1, and in particular, d; divides k. We have therefore
shown that d; divides all k such that p;;(k) > 0, and in particular, d; divides d;.
By symmetry, d; divides d;, and therefore, finally, d; = d;. U

We can therefore speak of the period of a communication class or of an irreducible
chain.
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The important result concerning periodicity is the following.

Theorem 1.2.2 Let P be an irreducible stochastic matrix with period d. Then for
all states 1,7 there exist m > 0 and ng > 0 (m and ng possibly depending on i, j)
such that

pij(m+nd) >0, for all n > ny.

Proof. It suffices to prove the theorem for i = j. Indeed, there exists m such
that p;;(m) > 0, because j is accessible from ¢, the chain being irreducible, and
therefore, if for some ny > 0 we have p;;(nd) > 0 for all n > nyg, then p;;(m-+nd) >
pij(m)p;;(nd) > 0 for all n > ny.

The rest of the proof is an immediate consequence of a classical result of number
theory (Theorem A.1.1). Indeed, the GCD of the set A = {k > 1;p,;(k) > 0} is
d, and A is closed under addition. The set A therefore contains all but a finite
number of the positive multiples of d. In other words, there exists ng such that
n > ng implies p;;(nd) > 0. O

Behaviour of a Markov chain with period 3

1.3 Stationarity and reversibility

The central notion of the stability theory of discrete-time HMC’s is that of station-
ary distribution.

Definition 1.3.1 A probability distribution m satisfying
al =7'P (1.4)

is called a stationary distribution of the transition matrix P, or of the corresponding
HMC.

The global balance equation (1.4) says that for all states i,

m(i) = Z 7(J)pji-

JEE
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Iteration of (1.4) gives 77 = 77 P™ for all n > 0, and therefore, in view of (1.1), if
the initial distribution v = , then v, = 7 for all n > 0. Thus, if a chain is started
with a stationary distribution, it keeps the same distribution forever. But there is
more, because then,

P(X, =i, Xny1 = 115+, Xngr = ix) = P(Xn = 10)Digiy - - - Pir_yin
= W(io)pioil o Pig_qiy,
does not depend on n. In this sense the chain is stationary. One also says that the

chain is in a stationary regime, or in equilibrium, or in steady state. In summary:

Theorem 1.3.1 A HMC whose initial distribution is a stationary distribution is
stationary.

The balance equation 77P = 77, together with the requirement that = be a
probability vector, that is, 771 = 1 (where 1 is a column vector with all its entries
equal to 1), constitute when E is finite, | F|+1 equations for | E'| unknown variables.
One of the | E| equations in 7/ P = 7T is superfluous given the constraint 771 = 1.
Indeed, summing up all equalities of 77P = 77 yields the equality 77 P1 = 771,
that is, 771 = 1.

EXAMPLE 1.3.1: TWO-STATE MARKOV CHAIN. Take F = {1,2} and define the

transition matrix
11—« e
P= ,
( g 1= 5)

where «, 5 € (0,1). The global balance equations are
(1) =a()(1-a)+7(2)8, w(2)=7r1)a+7(2)(1-75.

These two equations are dependent and reduce to the single equation 7(1)a =
7(2)B, to which must be added the constraint m(1) + 7(2) = 1 expressing that =
is a probability vector. We obtain

EXAMPLE 1.3.2: THE EHRENFEST URN, TAKE 2. The global balance equations
are, for i € [1, N — 1],

(i) = (i — 1) (1 - 2&1) +7r(i+1)i;1
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and, for the boundary states,

1 1
7(0) = W(l)N, 7(N)=n(N — 1>N
Leaving 7(0) undetermined, one can solve the balance equations fori = 0,1,..., N

successively, to obtain 7(i) = W(O)(Jj ). The value of 7(0) is then determined by
writing that 7 is a probability vector: 1 = SN (i) = w(0) 31, (M) = m(0)2".

This gives for 7 the binomial distribution of size N and parameter %:

- ().

This is the distribution one would obtain by placing independently each particle
in the compartments, with probability % for each compartment.

Stationary distributions may be many. Take the identity as transition matrix.
Then any probability distribution on the state space is a stationary distribution.
Also ther may well not exist any stationary distribution. See Exercise 2.5.5.

Reversible chains

The notions of time-reversal and time-reversibility are very productive, as we shall
see in several occasions in the sequel.

Let {X,}n>0 be an HMC with transition matrix P and admitting a stationary
distribution 7 > 0 (meaning 7(i) > 0 for all states 7). Define the matrix Q,
indexed by F, by

m(i)qi; = 7(J)pji (1.5)

This is a stochastic matrix since

B o N ¥) R T o UV 1 O R
qu Zﬂ'(i)pﬂ W(Z)Z (])pj’l 7T(Z) L,

JEE JEE JjeEE

where the third equality uses the global balance equations. Its interpretation is the
following: Suppose that the initial distribution of the chain is 7, in which case for
allm >0, alli € E, P(X,, =4) = 7(i). Then, from Bayes’s retrodiction formula,

P(Xn+1 :Z|Xn :])P(Xn :j)

that is, in view of (1.5),

P(Xn = Xnp1 =1) = qji.
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We see that Q is the transition matrix of the initial chain when time is reversed.

The following is a very simple observation that will be promoted to the rank of a
theorem in view of its usefulness and also for the sake of easy reference.

Theorem 1.3.2 Let P be a stochastic matriz indexed by a countable set E, and
let  be a probability distribution on E. Define the matriz Q indexed by E by (1.5).
If Q is a stochastic matrix, then 7 is a stationary distribution of P.

Proof. For fixed i € E, sum equalities (1.5) with respect to j € E to obtain

> w(D)ay = Y m()pj

JEE JEE

This is the global balance equation since the left-hand side is equal to 7(i) > ¢ij =
7(i). O

Definition 1.3.2 One calls reversible a stationary Markov chain with initial dis-
tribution ™ (a stationary distribution) if for all i,j € E, we have the so-called
detailed balance equations

m(@)pi; = 7(J)pji- (1.6)

We then say: the pair (P, ) is reversible.

In this case, ¢;; = p;j, and therefore the chain and the time-reversed chain are
statistically the same, since the distribution of a homogeneous Markov chain is
entirely determined by its initial distribution and its transition matrix.

The following is an immediate corollary of Theorem 1.3.2.

Theorem 1.3.3 Let P be a transition matrix on the countable state space E, and
let ™ be some probability distribution on E. If for all 1,7 € E, the detailed balance
equations (1.6) are satisfied, then 7 is a stationary distribution of P.

EXAMPLE 1.3.3: THE EHRENFEST URN, TAKE 3. The verification of the detailed
balance equations m(i)p; ;11 = w(i + 1)p;41,; is immediate.

1.4 Strong Markov property

The Markov property, that is, the independence of past and future given the
present state, extends to the situation where the present time is a stopping time,
a notion which we now introduce.
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Stopping times

Let { X, }n>0 be a stochastic process with values in the denumerable set E. For an
event A, the notation A € X" means that there exists a function ¢ : E"*' — {0,1}
such that

La(w) = p(Xo(w),..., Xn(w)).

In other terms, this event is expressible in terms of Xy(w), ..., X,(w). Let now 7
be a random variable with values in ~ . It is called a XJ-stopping time if for all
m €, {T = m} € XJ". In other words, it is a non-anticipative random time
with respect to {X,, },>0, since in order to check if 7 = m, one needs only observe
the process up to time m and not beyond. It is immediate to check that if 7 is a
X(-stopping time, then so is 7 +n for all n > 1.

EXAMPLE 1.4.1: RETURN TIME. Let {X,},>0 be an HMC with state space E.
Define for ¢ € E the return time to i by

T, :=inf{n >1; X,, =1}

using the convention inf @ = oo for the empty set of ~. This is a X{-stopping
time since for all m €

{E:m}:{Xl#Z,XQ#Z,,Xm_l%Z,Xm:Z}

Note that 7; > 1. It is a “return” time, not to be confused with the closely
related “hitting” time of i, defined as S; := inf{n > 0; X,, = i}, which is also a
X§-stopping time, equal to 7; if and only if X, # i.

EXAMPLE 1.4.2: SUCCESSIVE RETURN TIMES. This continues the previous ex-
ample. Let us fix a state, conventionally labeled 0, and let Ty be the return time
to 0. We define the successive return times to 0, 7., £ > 1 by 7, = T and for
k>1,

Ter1 = inf{n > 7, +1; X,, =0}

with the above convention that inf @ = oco. In particular, if 7, = oo for some k,
then 7,1y = oo for all £ > 1. The identity

for m > 1 shows that 7, is a X{-stopping time.
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Let {X,,}n>0 be a stochastic process with values in the countable set E and let
7 be a random time taking its values in = U {+oo}. In order to define X,
when 7 = oo, one must decide how to define X,,. This is done by taking some
arbitrary element A not in F, and setting

Xo = A,
By definition, the “process after 77 is the stochastic process

{STXn}nZO = {Xn+7}n20-

Y Y

or the “process stopped at 7,” is the process

{X;}HEU = {Xn/\‘r}n207

The “process before 7,

which freezes at time 7 at the value X.

Theorem 1.4.1 Let {X,,},>0 be an HMC with state space E and transition matric
P. Let 7 be a X{-stopping time. Then for any state 1 € E,

(o) Given that X, = 1, the process after T and the process before T are independent.
(B) Given that X, = i, the process after T is an HMC with transition matriz P.
Proof. (a) We have to show that for all times & > 1,n > 0, and all states
Z.()y v 7in7i7j17 s 7.j]€7
P(XT-‘rl :jla s 7XT+k :jk|XT = iuXT/\O - i07 s 7XT/\TL - Zn)
- P(X7-+1 :j17"'7XT+I€ :jk"XT — 7/)

We shall prove a simplified version of the above equality, namely

P(XT+I€:]|X7227XT/\n:Zn):P(Xr—i-k:]’XT:Z) (*)

The general case is obtained by the same arguments. The left-hand side of ()

equals
P<X7+k =J Xr = inTAn = Zn)

P(XT - Z'va‘r/\n - Zn)

The numerator of the above expression can be developed as

ZP(T:T7XT+IC :jaXr :iaXT’/\n :Zn) (**)

re

(The sum is over  because X, = i # A implies that 7 < co0.) But P(r =
rer-l—k = jaXr - i7XTAn - Zn) - P(Xr-l—k = j|X7‘ = i) Xr/\n = ian =T
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P(t = r,Xopn = i, X, = i), and since r An < r and {r = r} € X[, the
event B := {X,n, = in, 7 = r} is in XJ. Therefore, by the Markov property,
P(Xoir =71 X, =0, Xonn = 1n, 7 =71} = P(X,44 = j| X, = 1) = p;;(k). Finally,

expression (%) reduces to

Zpij (k)P(T =T, Xr/\n - in; Xr - l) - pz‘j (k)P(X’T:’L) XT/\n - ln)
re

Therefore, the left-hand side of () is just p;;(k). Similar computations show that
the right-hand side of (x) is also p;;(k), so that (a) is proven.

(6) We must show that for all states i, 5, k, i1, ..., 11,

P(X7+n+1 =k | XT+n = ja X7'+n—1 = Z.n—ly o aXT - Z)
= P(XT+n+1 =k | Xrjn = j) = Pjk-

But the first equality follows from the fact proven in («) that for the stopping time
7' = 7 + n, the processes before and after 7" are independent given X, = j. The
second equality is obtained by the same calculations as in the proof of («). 0

The cycle independence property

Consider a Markov chain with a state conventionally denoted by 0 such that
Py(Ty < o0) = 1. In view of the strong Markov property, the chain starting
from state 0 will return infinitely often to this state. Let 74 = Tg, 7, ... be the
successive return times to 0, and set 7 = 0.

By the strong Markov property, for any k£ > 1, the process after 73 is independent
of the process before 7, (observe that condition X, = 0 is always satisfied), and
the process after 7, is a Markov chain with the same transition matrix as the
original chain, and with initial state 0, by construction. Therefore, the successive
times of visit to 0, the pieces of trajectory

{XTk7 XTk-i-la s 7X7'k+1—1}a k Z 07

are independent and identically distributed. Such pieces are called the regenerative
cycles of the chain between visits to state 0. Each random time 7 is a regeneration
time, in the sense that {X,, 1, }n>0 is independent of the past Xo,..., X, 1 and
has the same distribution as {X,},>0. In particular, the sequence {7, — 7%—1 }x>1
1S IID.
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1.5 Exercises

Exercise 1.5.1. A COUNTEREXAMPLE.

The Markov property does not imply that the past and the future are independent
given any information concerning the present. Find a simple example of an HMC
{Xn}n>o with state space E = {1,2,3,4,5,6} such that

P(Xo=6]X; € {3,4}, Xg=2) % P(Xo = 6| X; € {3,4}).

Exercise 1.5.2. PAST, PRESENT, FUTURE.
For an HMC {X,, },>0 with state space E, prove that for all n € N, and all states

i(bila"'ain—la i?jl?j?a"'?jk € E7
P(Xrn+1 :jl,...,XnJrk :jk | Xn :Z‘,anl :infl,...,Xo :Zo)

:P(Xn+1 :]1,,Xn+k:jk|Xn:Z)

Exercise 1.5.3.

Let {X,,}n>0 be a HMC with state space E and transition matrix P. Show that for
allm > 1, all k > 2, X, is conditionally independent of X, ..., X, o, Xy10,..., Xpik
given X, 1, X,,.1 and compute the conditional distribution of X,, given X,,_1, X,,11.

Exercise 1.5.4. STREETGANGCS.

Three characters, A, B, and C, armed with guns, suddenly meet at the corner of a
Washington D.C. street, whereupon they naturally start shooting at one another.
Each street-gang kid shoots every tenth second, as long as he is still alive. The
probability of a hit for A, B, and C' are «, 3, and ~ respectively. A is the most
hated, and therefore, as long as he is alive, B and C' ignore each other and shoot
at A. For historical reasons not developed here, A cannot stand B, and therefore
he shoots only at B while the latter is still alive. Lucky C' is shot at if and only if
he is in the presence of A alone or B alone. What are the survival probabilities of
A, B, and C', respectively?

Exercise 1.5.5. THE GAMBLER’S RUIN.
(This exercise continues Example 1.1.3.) Compute the average duration of the
game when p = %

Exercise 1.5.6. RECORDS.
Let {Z,}n>1 be an 11D sequence of geometric random variables: For k > 0, P(Z,, =
k) = (1 — p)*p, where p € (0,1). Let X,, = max(Z,...,Z,) be the record value
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at time n, and suppose Xj is an N-valued random variable independent of the
sequence {Z, },>1. Show that {X,,},>0 is an HMC and give its transition matrix.

Exercise 1.5.7. AGGREGATION OF STATES.

Let { X, }n>0 be a HMC with state space E and transition matrix P, and let (A, k >
1) be a countable partition of E. Define the process {X,}n>o with state space
E = {i,?,} by X, = k if and only if X,, € A,. Show that if ZjEAgpij is
independent of i € Ay, for all k, ¢, {X,,},>0 is a HMC with transition probabilities
Dii = D jea, Pij (any i € Ay).



Chapter 2

Recurrence

2.1 The potential matrix criterion

The potential matrix criterion

The distribution given Xo = j of N; =} -, 1(x, =, the number of visits to state
1 strictly after time 0, is

Pi(Ni=r)= fifi '(1= fa) (r > 1)

Pi(N; =0) =1- fj,

where f;; = Pj(T; < oo) and 7; is the return time to i.

Proof. We first go from j to i (probability f;;) and then,  —1 times in succession,
from 7 to i (each time with probability f;), and the last time, that is the r + 1-st
time, we leave i never to return to it (probability 1— f;;). By the cycle independence
property, all these “cycles” are independent, so that the successive probabilities
multiplicate. 0

The distribution of N; given Xy = j and given N; > 1 is geometric. This has two
main consequences. Firstly, Pi(T; < 00) = 1 <= F,(N; = o0) = 1. In words: if
starting from ¢ the chain almost surely returns to ¢, and will then visit ¢ infinitely
often. Secondly,

BN =) rP(Ni=r) =) rfil— fa) = 5 ff
r=1 n

r—1

23
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In particular, Pi(T; < 00) < 1 <= E;[V;] < oc.
We collect these results for future reference. For any state i € F,
P(Ti<o0)=1<= PB(N;, =) =1

and
P(T; < 0) <1 <= Pi(N; = 00) =0 <= E;[N;] < 0. (2.1)
In particular, the event { N; = oo} has P,-probability 0 or 1.

The potential matriz G associated with the transition matrix P is defined by

G:ZP”.

n>0
Its general term
g =Y _pii(n) => Pi(X,=j)=> Ellx,—yl = Ei | Y 1{an}]
n=0 n=0 n=0 n=0

is the average number of visits to state 7, given that the chain starts from state i.
Recall that T; denotes the return time to state i.
Definition 2.1.1 State : € E is called recurrent if
P(T; < ) =1,
and otherwise it is called transient. A recurrent state 1 € E such that
18 called positive recurrent , and otherwise it is called null recurrent.
Although the next criterion of recurrence is of theoretical rather than practical

interest, it can be helpful in a few situations, for instance in the study of recurrence
of random walks (see the examples below).

Theorem 2.1.1 State i € E is recurrent if and only if
Z pii(n) = 0.
n=0

Proof. This merely rephrases Eqn. (2.1). O
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ExAMPLE 2.1.1: 1-D RANDOM WALK. The state space of this Markov chain is
E := " and the non-null terms of its transition matrix are p; ;41 = p, pii-1 = 1 —p,
where p € (0,1). Since this chain is irreducible, it suffices to elucidate the nature
(recurrent or transient) of any one of its states, say, 0. We have pyo(2n + 1) = 0

and
2n)!

Poo(2n) = (n'ﬁ (1 —p)".

By Stirling’s equivalence formula n! ~ (n/e)"v/2mn, the above quantity is equiva-

lent to
[4p(1 — p)]"
NLTD

and the nature of the series >~ >°  poo(n) (convergent or divergent) is that of the
series with general term (x). If p # %, in which case 4p(1 —p) < 1, the latter series
converges, and if p = 3, in which case 4p(1 — p) = 1, it diverges. In summary, the
states of the 1-D random walk are transient if p # 3, recurrent if p = 5.

(%)

EXAMPLE 2.1.2: 3-D RANDOM WALK. The state space of this HMC is E =
Z3. Denoting by e, ey, and es the canonical basis vectors of R3 (respectively
(1,0,0), (0,1,0), and (0,0,1)), the nonnull terms of the transition matrix of the
3-D symmetric random walk are given by

1
Pz xte; = 6

We elucidate the nature of state, say, 0 = (0,0,0). Clearly, ppo(2n + 1) = 0 for all
n > 0, and (exercise)

) (2n)! 1™
poo(2n) = Z (i15)(n — i — j))2 (6) '

0<i+j<n

This can be rewritten as

1 (2n n! A
Poo(2n) = —( ) ( - — ) (—) .
0<§<n 220\ n iljl(n — i —j)! 3

Using the trinomial formula

iljlin—i—'\3)

0<i+j<n
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1 [(2n "
2 < Kn_ a9 ’

n!
max —— 5 N7
0<itj<n iljl(n —i — j)!

we obtain the bound

where
K, =

For large values of n, K, is bounded as follows. Let 7y and jy be the values of i, j
that maximize n!/(i!j!(n+ —i — j)!) in the domain of interest 0 < i+ j < n. From
the definition of 7y and jy, the quantities

n!
(i0 — D)ol (n — ip — Jo + 1)1,

n!

(io + D)ol (n — ig — jo — 1)1,
n!
n!

are bounded by
n!

ioljol(n — io — jo)!

The corresponding inequalities reduce to

n—ig—1<2jg<n—ig+landn—jy—1<2ip <n—jo+1,

and this shows that for large n, ig ~ n/3 and jy ~ n/3. Therefore, for large n,

Poof2n) ~ <n/3>!(n773>!22"e" (27? )

By Stirling’s equivalence formula, the right-hand side of the latter equivalence is
in turn equivalent to
3v/3

2(mn)3/2’
the general term of a convergent series. State 0 is therefore transient.

One might wonder at this point about the symmetric random walk on 2, which
moves at each step northward, southward, eastward and westward equiprobably.
Exercise 77 asks you to show that it is null recurrent. Exercise 77 asks you to
prove that the symmetric random walk on P, p > 4 are transient.
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A theoretical application of the potential matrix criterion is to the proof that
recurrence is a (communication) class property.

Theorem 2.1.2 Ifi and j communicate, they are either both recurrent or both
transient.

Proof. By definition, ¢ and 7 communicate if and only if there exist integers M and
N such that p;;(M) > 0 and p;;(N) > 0. Going from ¢ to j in M steps, then from
J to 7 in n steps, then from 7 to ¢ in N steps, is just one way of going from 7 back
to i in M +n+ N steps. Therefore, p;;(M +n+ N) > pi;(M) X pj;j(n) X pji(N).
Similarly, p;j;(N +n + M) > pji(N) X pi(n) x p;ij(M). Therefore, with o :=
pij (M) p;ji(N) (a strictly positive quantity), we have p;(M + N +n) > ap;;(n)
and p;;(M + N +n) > ap;(n). This implies that the series >~ pi;(n) and
Yo o pjj(n) either both converge or both diverge. The potential matrix criterion
concludes the proof. O

2.2 Stationary distribution criterion

Invariant measure

The notion of invariant measure plays an important technical role in the recurrence
theory of Markov chains. It extends the notion of stationary distribution.

Definition 2.2.1 A non-trivial (that is, non-null) vector x (indexed by E ) of non-
negative real numbers (notation: 0 < x < 00) is called an invariant measure of the
stochastic matriz P (indexed by F) if

v’ =2TP. (2.2)

Theorem 2.2.1 Let P be the transition matriz of an irreducible recurrent HMC
{Xn}n>0. Let 0 be an arbitrary state and let Ty be the return time to 0. Define for

allv e B
To
> 1{X”}] : (2.3)
=1

(For i # 0, x; is the expected number of wvisits to state i before returning to 0).
Then, 0 < x < oo and x is an invariant measure of P.

CUZ':EO

Proof. We make three preliminary observations. First, it will be convenient to
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rewrite (2.3) as

{L'i:E()

Z 1{Xn=i}1{n<To}] :

n>1

Next, when 1 < n <Tpy, X,, = 0 if and only if n = Ty. Therefore,
o = 1.
Also, > e anl Lixo=iylin<my) = anl (ZzeE 1{Xn:i}) Lin<nyy = anl Ln<myy =
Ty, and therefore
icE
We introduce the quantity
0poi(n) = Eo[lix,=iyLin<ryl = Po(X1 # 0, , X1 # 0, X, = 0).

This is the probability, starting from state 0, of visiting ¢ at time n before returning
to 0. From the definition of z,

Ty = Z OPOi(n) . (T)

We first prove (2.2). Observe that opo;(1) = po;, and, by first-step analysis, for all
n > 2 opoi(n) = Z#O oPoj(n — 1)pj;. Summing up all the above equalities, and
taking (1) into account, we obtain

Ti = Poi T Z TjDjis
i#0
that is, (2.2), since zo = 1.
Next we show that x; > 0 for all i € E. Indeed, iterating (2.2), we find 27 = z7P",
that is, since o =1,
;= Z z;pji(n) = poi(n) + Z zipji(n).
JeE J#0

If z; were null for some i € E, i # 0, the latter equality would imply that po;(n) =
0 for all n > 0, which means that 0 and ¢ do not communicate, in contradiction to
the irreducibility assumption.

It remains to show that x; < oo for all i € E. As before, we find that

L=ao=) a;p0(n)

JEE
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for all n > 1, and therefore if z; = oo for some ¢, necessarily p;o(n) = 0 for all
n > 1, and this also contradicts irreducibility. 0

Theorem 2.2.2 The invariant measure of an irreducible recurrent HMC is unique
up to a multiplicative factor.

Proof. In the proof of Theorem 2.2.1, we showed that for an invariant measure y
of an irreducible chain, y; > 0 for all 7 € E, and therefore, one can define, for all
1,7 € E, the matrix Q by

Yi
5i = Lpy. (*)
j v; J

It is a transition matrix, since ), pq; = yi D icp Yilij = z—’ = 1. The general
J J
term of Q" is

45i(n) = ;’—p (n). (4%)

Indeed, supposing (xx) true for n,

Y Yi
giln+1) = Z 4jkqri(n) = == prj—Pir(n)
keE keE iUk

Yi
= szk pkj - ng (n + ]—)
Yi ver Yi

and (xx) follows by induction.

Clearly, Q is irreducible, since P is irreducible (just observe that ¢;;(n) > 0 if
and only if p;;(n) > 0 in view of (%%)). Also, pi(n) = ¢i(n), and therefore
Y ons0Gii(n) = D, 5o pii(n), and therefore Q is recurrent by the potential matrix
criterion. Call g;;(n) the probability, relative to the chain governed by the tran-
sition matrix Q, of returning to state ¢ for the first time at step n when starting
from j. First-step analysis gives

gzO n+ 1 Z qujo
J7#0

that is, using (%),

vigio(n+1) =Y (y;950(n))psi-
J#0
Recall that opoi(n +1) = >, opoj(n)pji, or, equivalently,

Yo opoi(n +1) = Z(yo 0po; (1))pji-
i#0
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We therefore see that the sequences {yo opoi(n)} and {y;g:,0(n)} satisfy the same
recurrence equation. Their first terms (n = 1), respectively yo opoi(1) = yopo; and
Y:9i0(1) = y;qio, are equal in view of (). Therefore, for all n > 1,

Yi
OpOz‘(n) = —gio(n)-
Yo

Summing up with respect to n > 1 and using > -, gio(n) = 1 (Q is recurrent),

we obtain that x; = ?% O

Equality (2.4) and the definition of positive recurrence give the following.

Theorem 2.2.3 An irreducible recurrent HMC is positive recurrent if and only if
its invariant measures x satisfy

ZIZ'<OO.

ieE

Stationary distribution criterion of positive recurrence

An HMC may well be irreducible and possess an invariant measure, and yet not be
recurrent. The simplest example is the 1-D non-symmetric random walk, which
was shown to be transient and yet admits x; = 1 for invariant measure. It turns
out, however, that the existence of a stationary probability distribution is neces-
sary and sufficient for an irreducible chain (not a priori assumed recurrent) to be
recurrent positive.

Theorem 2.2.4 An irreducible HMC is positive recurrent if and only if there exists
a stationary distribution. Moreover, the stationary distribution 7 is, when it exists,
unique, and T > 0.

Proof. The direct part follows from Theorems 2.2.1 and 2.2.3. For the converse
part, assume the existence of a stationary distribution 7. Iterating 77 = 7P, we
obtain 7" = 7" P", that is, for all i € F, 7(i) = Y. p7(j)pji(n). If the chain
were transient, then, for all states 7, 7,

liTm pji(n) =0.
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The following is a formal proof:

iji(”) = ZZPJ(Tz = k)pii(n — k)

=Y BT =k) > piln—k)
= P;i(T; < o0) (ZZM(”)) < Zpu(n) < 00.

In particular, lim,, p;;(n) = 0. Since pj;;(n) is bounded uniformly in j and n by 1,
by dominated convergence (Theorem A.2.1):

()= lin S 0s0n) = 3 70 (1)) =0

This contradicts the assumption that 7 is a stationary distribution (Y., 7 (i) =
1). The chain must therefore be recurrent, and by Theorem 2.2.3, it is positive
recurrent.

The stationary distribution 7 of an irreducible positive recurrent chain is unique
(use Theorem 2.2.2 and the fact that there is no choice for a multiplicative factor
but 1). Also recall that m(:) > 0 for all i € E (see Theorem 2.2.1). O

Theorem 2.2.5 Let w be the unique stationary distribution of an irreducible pos-
itive recurrent HMC, and let T; be the return time to state v . Then

m(6) B[] = 1. (2.5)

Proof. This equality is a direct consequence of expression (2.3) for the invariant
measure. Indeed, 7 is obtained by normalization of x: for all i € F,

(i) =

X
ZjeE z;’
and in particular, for i = 0, recalling that xo = 1 and using (2.4),

1
- By[Ty]

7(0)

!Rather awkward, but using only the elementary tools available.
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Since state 0 does not play a special role in the analysis, (2.5) is true for all i € E.
O

The situation is extremely simple when the state space is finite.

Theorem 2.2.6 An irreducible HMC with finite state space is positive recurrent.

Proof. We first show recurrence. We have

sz‘j(n) =1,

JEE
and in particular, the limit of the left hand side is 1. If the chain were transient,
then, as we saw in the proof of Theorem 2.2.4, for all 7,7 € F,

nToo

and therefore, since the state space is finite

a contradiction. Therefore, the chain is recurrent. By Theorem 2.2.1 it has an
invariant measure x. Since E is finite, ), o ; < 0o, and therefore the chain is
positive recurrent, by Theorem 2.2.3. ]

2.3 Foster’s theorem

The stationary distribution criterion of positive recurrence of an irreducible chain
requires solving the balance equations, and this is not always feasible. Therefore
one needs more efficient conditions guaranteeing positive recurrence. The following
result (Foster’s theorem) gives a sufficient condition of positive recurrence.

Theorem 2.3.1 Let the transition matriz P on the countable state space E be
irreducible and suppose that there exists a function h : E —  such that inf; h(i) >
—00 and

Zpikh(k) < oo for alli € F, (2.6)
keE
> pih(k) < h(i) — € for all i & F, (2.7)
keE

for some finite set F' and some € > 0. Then the corresponding HMC s positive
recurrent.
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Proof. Since inf; h(i) > —o0, one may assume without loss of generality that h > 0, by
adding a constant if necessary. Call 7 the return time to F’, and define Y;, = h(Xp)1<7-
Equality (2.7) is just E[h(X,41)| Xn =1 < h(i) —eforalli ¢ F. Fori ¢ F,
EilYor1|Xg] = EilYarilpeny | X0+ Ei(Yas1lgnzny | Xo]

= EilYot1linery [ X0] < EilM(Xn41)1nery | X0

= lineny Bilh(Xn41) | X0 = Linery Bil(Xns1) | X5

< 1{n<7’}h(Xn) - 61{n<7'}7
where the third equality comes from the fact that 1y, .y is a function of X, the fourth

equality is the Markov property, and the last inequality is true because P;-a.s., X,, & F'
on n < 7. Therefore, Pi-a.s., E;[Yn 41| Xg] <Y, — €lg,ry, and taking expectations,

Ei[Yn—l-l] < Ez[Yn] — EF)Z‘(T > n)

Iterating the above equality, and observing that Y,, is non-negative, we obtain

0< Ez[Yn+1] < Ez[YO] — 6ZB(T > k)
k=0

But Yy = h(i), Pi-a.s., and > ;- Pi(7 > k) = E;[7]. Therefore, for all i ¢ F,
E;i[r] < e 'h(i).
For j € F, first-step analysis yields
Ei[r] =14 pjiElr].
idF
Thus Ej[7] < 1+¢ ! >_igr Pjih(i), and this quantity is finite in view of assumption (2.6).

Therefore, the return time to F' starting anywhere in F' has finite expectation. Since F'
is a finite set, this implies positive recurrence in view of the following lemma. ]

Lemma 2.3.1 Let {X, },>0 be an irreducible HMC, let F' be a finite subset of the
state space E, and let T(F') be the return time to F. If E;[7(F)] < oo forallj € F,
the chain is positive recurrent.

Proof. Select i € F, and let T; be the return time of {X,} to 7. Let 7 =
7(F), T2, 73, ... be the successive return times to F. It follows from the strong
Markov property that {Y, },>¢ defined by Yy = Xo =i and Y,, = X, forn > 1
is an HMC with state space F. Since {X,} is irreducible, so is {Y,,}. Since F' is
finite, {Y,} is positive recurrent, and in particular, E;[T}] < oo, where T} is the
return time to i of {Y,,}. Defining Sq = 7 and Sy = 741 — 7% for k > 1, we have

Ti= ) Silgery,

k=0
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and therefore -
= EilSileryl-
k=0

Now,
Ei[Silgery) = ) BilSilyerylix, ol
teF

and by the strong Markov property applied to {X, }n>0 and the stopping time 7y,
and the fact that the event {k < T;} belongs to the past of { X, },>0 at time 7,

EilSilgeiylix, =) = EilSelk <T, X, =Pk <T;, X, =)
= BEi[Si| X, =Pk <T, X, =1).

Observing that E;[Sy | X5, = (] = Ey[7(F)], we see that the latter expression is
bounded by (maxsep Ey[r(F)]) Pi(k < T}, X,, = (), and therefore

leF leF

BT} < <mang ) i — <max Eg(T(F))) E[T)] < oc.
O

The function h in Foster’s theorem is called a Lyapunov function because it plays a
role similar to the Lyapunov functions in the stability theory of ordinary differential
equations. The corollary below is refered to as Pakes’s lemma.

Corollary 2.3.1 Let {X, },>0 be an irreducible HMC on E = such that for all
n>0andalli € F,
E[Xpi1 — X | X = i] < 00
and
limsup F[X,.1 — X, | X,, =] < 0. (2.8)

iToo

Such an HMC is positive recurrent.

Proof. Let —2¢ be the left-hand side of (2.8). In particular, e > 0. By (2.8), for i
sufficiently large, say ¢ > 19, E[X,11 — X, | X, = i] < —e. We are therefore in the
conditions of Foster’s theorem with h(i) =i and F' = {i;i < ig}. O

EXAMPLE 2.3.1: A RANDOM WALK ON N. Let {Z,},>1 be an IID sequence of
integrable random variables with values in Z such that

E[Zl] < 07
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and define {X,, },>0, an HMC with state space ' = N, by
Xn+1 - (Xn + Zn+1)+7

where X is independent of {Z,, },,>1. Assume irreducibility (the industrious reader
will find the necessary and sufficient condition for this). Here

E[Xoy1 —i | Xy =] = E[(i + Zuy1)* — 1]
= E[~ilyz, 1<y + Zns1l{z,1>—y) < E[Z111z,5 3]

By dominated convergence, the limit of E[Z,1{z,~_;] as i tends to oo is E[Z;] < 0
and therefore, by Pakes’s lemma, the HMC is positive recurrent.

The following is a Foster-type theorem, only with a negative conclusion.

Theorem 2.3.2 Let the transition matriz P on the countable state space E be
wrreducible and suppose that there exists a finite set F' and a function h : E —
such that

there exists j ¢ F such that h(j) > max h(7) (2.9)
sup Y _ pil (k) — h(i)] < oo, (2.10)
1S kCE

> pir(h(k) — h(i)) < 0 for all i & F. (2.11)
keE

Then the corresponding HMC cannot be positive recurrent.

Proof. Let 7 be the return time to F. Observe that

B(X) Loy = h(X0) + 3 (h(Xo1) = h(X0)) Loy

n=0

Now, with j € F,

ZEj “h(XnJrl) - h(Xn)‘ 1{T>n}}

WE

3
Il

[M]8

E; [B; [|M(Xnt1) = h(X0)1X0] Lirsny]

3
Il

A
N o
NE

Py(r > n)

S
I
o
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for some finite positive constant K by (2.10). Therefore, if the chain is positive
recurrent, the latter bound is K E; [1] < co. Therefore

E; [M(X,)] = E; [h(X)1rc00]
=h(j) + Z E; [(h(Xn+1) — h(X,)) 1{T>n}} > h(j),

by (2.11). In view of assumption (2.9), we have h(j) > max;ep h(i) > E; [h(X,)],
hence a contradiction. The chain therefore cannot be positive recurrent. 0

2.4 Examples

Birth-and-death Markov chain
We first define the birth-and-death process with a bounded population. The state

space of such a chain is £ = {0,1,..., N} and its transition matrix is
To Po
qa T pP1
G2 T2 P2
P= ,
4 T Di
qN-1 TN-1 PN-1

PN N

where p; > 0 for all i € E\{N}, ¢; > 0 for all i € E\{0}, r; > 0 for all i € F, and
pi +¢q; +7; =1 for all i € E. The positivity conditions placed on the p;’s and ¢;’s
guarantee that the chain is irreducible. Since the state space is finite, it is positive
recurrent (Theorem 2.2.6), and it has a unique stationary distribution. Motivated
by the Ehrenfest HMC which is reversible in the stationary state, we make the
educated guess that the birth and death process considered has the same property.
This will be the case if and only if there exists a probability distribution = on E
satisfying the detailed balance equations, that is, such that for all 1 < ¢ < N,
7(i — 1)p;i_1 = 7(i)g;. Letting wy =1 and for all 1 <i < N,

wy = ﬁ Pr—1

el 3

we find that
w

() = ——— 2.12
0= (2.12)
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indeed satisfies the detailed balance equations and is therefore the (unique) sta-
tionary distribution of the chain.

We now consider the unbounded birth-and-death process. This chain has the state
space F = N and its transition matrix is as in the previous example (only, it is
unbounded on the right). In particular, we assume that the p;’s and ¢;’s are positive
in order to guarantee irreducibility. The same reversibility argument as above
applies with a little difference. In fact we can show that the w;’s defined above
satisfy the detailed balance equations and therefore the global balance equations.
Therefore the vector {w;};cp the unique, up to a multiplicative factor, invariant
measure of the chain. It can be normalized to a probability distribution if and

only if
oo
Z U)j < 0.
j=0

Therefore, in this case and only in this case there exists a (unique) stationary
distribution, also given by (2.12).

Note that the stationary distribution, when it exists, does not depend on the r;’s
The recurrence properties of the above unbounded birth-and-death process are
therefore the same as those of the chain below, which is however not aperiodic.
For aperiodicity, it suffices to suppose at least one of the r;’s to be positive.

Di—1 Di

=1 P1 D2
e‘e « . e 9 ° @ « . e
q2 93

q; qi+1

We now compute for the (bounded or unbounded) irreducible birth-and death
process, the average time it takes to reach a state b from a state a < b. In fact, we

shall prove that
Z w; . (2.13)

Since obviously B, [T;] = Y20_, 1 B [T i, it suffices to prove that

Z w - (%)

Ep 1 [Ty =

kak



38 CHAPTER 2. RECURRENCE

For this, consider for any given k € {0,1,..., N} the truncated chain, which moves
on the state space {0,1,...,k} as the original chain, except in state k where it
moves one step down with probability ¢; and stays still with probability pj + 7%.
Write F for expectations of the modified chain. The unique stationary distribution

of this chain is given by
~ Wy

Zj:() Wy
for all 0 < ¢ < k. First-step analysis shows that Ej[T}] = (ri + pr) x 1 +
A (1 + Ek—1 [Tk]>, that is
Ej, [Ti] =1+ QkEk—l [T%] .
Also

Ey, [T}) = w_:w_kzwj’

and therefore, since Ep [Tx] = Ex—1[Tk], we have (%).
In the special case where (p;,q;,7;) = (p,q,r) for all j # 0,N, (po,q0,70) =
(p,q+7,0) and (pn, qn, 7n) = (0,p+7,q), We have w; = (§> and for 1 <k < N,

B i = q() Z() q(l_(z%)k)‘

In the further particularization where p = ¢, w; = 1 for all 7 and

k
B [T =~ .

The repair shop

During day n, Z,.; machines break down, and they enter the repair shop on
day n + 1. Every day one machine among those waiting for service is repaired.
Therefore, denoting by X,, the number of machines in the shop on day n,

Xn+1 - (Xn — 1)+ + Zn+1, (214)

where a™ = max(a,0). The sequence {Z,},>1 is assumed to be an 11D sequence,
independent of the initial state X, with common probability distribution

P(Zy=k)=ap k>0
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of generating function gz. The stochastic process {X,, },>0 is a HMC of transition
matrix

ap a3 a2 asg
ap a; a2 as

0 0 ag aq

Indeed, by formula (1.3), p;; = P(t —1)" + 2y = j) = P(Z1 = j— (i — 1)7).
The repair shop model may also be interpreted in terms of communications. It
describes a communications link in which time is divided into successive intervals
(the “slots”) of equal length, conventionally taken to be equal to 1. In slot n
(extending from time n included to time n+1 excluded), there arrive Z,, 1 messages
requiring transmission. Since the link can transmit at most one message in a given
slot, the messages may have to be buffered, and X,, represents the number of
messages in the buffer (supposed of infinite capacity) at time n. The dynamics of
the buffer content are therefore those of Eqn. (2.14).

A necessary and sufficient condition of irreducibility of this chain is that P(Z; =
0) > 0 and P(Z; > 2) > 0 as we now prove formally. Looking at (2.14), we make
the following observations. If P (Z,,; =0) =0, then X,,,; > X, a.s. and there is
no way of going from i toi—1. If P(Z,41 <1) =1, then X, ; < X,, and there is
no way of going from i to i + 1. Therefore, the two conditions P (Z; = 0) > 0 and
P (Zy > 2) > 0 are necessary for irreducibility. They are also sufficient. Indeed
if there exists k > 2 such that P (Z,.; =k) > 0, then one can go form any
1t >0toi+k—1>7orfromi=0tok >0 with positive probability. Also if
P(Z,:1=0) > 0, one can go from ¢ > 0 to ¢ — 1 with positive probability. In
particular, one can go from ¢ to j < ¢ with positive probability. Therefore, to go
from 7 to j > 4, one can take several successive steps of height at least k — 1, and
reach a state [ > 7, and then, in the case of [ > i, go down one by one from [ to i.
All this with positive probability.

Assuming irreducibility, we now seek a necessary and sufficient condition for pos-
itive recurrence. For any complex number z with modulus not larger than 1, it
follows from the recurrence equation (2.14) that

ZXnbrtl — (Z(X"_1)++1) Zén+1 — (ZX" — lix,=0} + zl{Xn:O}) gt
and therefore zzXntt — z¥nzZnit = (2 — 1)1y, —g327*'. From the independence

of X,, and Z,41, E[zXrz%1] = E[z*"g4(2), and E[l{x,—027"'] = 7(0)gz(2),
where 7(0) = P(X,, = 0). Therefore, zE[z%"1] — g (2) E[2%"] = (2 — 1)7(0)gz(2).
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But in steady state, E[z%m+1] = E[2%"] = gx(2), and therefore

9x(2) (2 = gz(2)) = m(0)(z = 1)gz(2). (2.15)

This gives the generating function gy (z) = > - 7(i)z", as long as 7(0) is avail-
able. To obtain m(0), differentiate (2.15): ¢’ (2) (z — g2(2)) + g9x(2) (1 — g%(2))
= m(0) (92(2) + (2 — 1)¢%(2)), and let z = 1, to obtain, taking into account the
equalities gx (1) = gz(1) = 1 and ¢%(1) = E[Z],

7(0) =1— E[Z]. (2.16)

But the stationary distribution of an irreducible HMC is positive, hence the neces-
sary condition of positive recurrence:

E[Z)] < 1.

We now show this condition is also sufficient for positive recurrence. This follows
immediately from Pakes’s lemma, since for i > 1, E[X, 1 — X, | X,, = i] = E[Z] —
1 <0.

From (2.15) and (2.16), we have the generating function of the stationary distri-
bution:

iﬂ(i)zi (1 - plz)E=bezlz) (2.17)

o z—9z(2)

If E[Z;] > 1, the chain is transient, as a simple argument based on the strong law
of large numbers shows. In fact, X, = Xo+ >/, Zx —n+ >, lix,—0}, and
therefore

Xn 2 Z Zk —n,
k=1
which tends to co because, by the strong law of large numbers,

ZZ:l Zy—n

— E[Z]—1>0.
n

This is of course incompatible with recurrence.

We finally examine the case F[Z;] = 1, for which there are only two possibilities
left: transient or null recurrent. It turns out that the chain is null recurrent in
this case.



2.4. EXAMPLES 41

The pure random walk on a graph

Consider a finite non-directed connected graph G' = (V,€) where V is the set
of vertices, or nodes, and £ is the set of edges. Let d; be the index of vertex ¢
(the number of edges “adjacent” to vertex i). Since there is no isolated nodes (a
consequence of the connectedness assumption), d; > 0 for all ¢ € V. Transform
this graph into a directed graph by splitting each edge into two directed edges of
opposite directions, and make it a transition graph by associating to the directed
edge from ¢ to j the transition probability d%- (see the figure below). Note that

Siev i = 20E]

(2) 4
(3

A random walk on a graph

The corresponding HMC with state space F = V is irreducible (G is connected).
It therefore admits a unique stationary distribution 7, that we attempt to find a
stationary distribution via Theorem 1.3.3. Let ¢ and 5 be connected by an edge,
and therefore p;; = dli and pj; = dij, so that the detailed balance equation between
these two states is

-1
This gives 7(i) = Kd;, where K is obtained by normalization: K = (Z ek dj> =

(2|€])~t. Therefore
(i) = di
(i) = el

EXAMPLE 2.4.1: RANDOM WALK ON THE HYPERCUBE, TAKE 1. The random
walk on the (n-dimensional) hypercube is the random walk on the graph with
set of vertices F = {0,1}" and edges between vertices = and y that differ in just
one coordivate. For instance, in three dimensions, the only possible motions of
a particle performing the random walk on the cube is along its edges in both
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directions. Clearly, whatever be the dimension n > 2, d; = % and the stationary
distribution is the uniform distribution.

The lazy random walk on the graph is, by definition, the Markov chain on V' with
the transition probabilities p; = % and for 7, 7 € V such that ¢ and j are connected
by an edge of the graph, p;; = % This modified chain admits the same stationary
distribution as the original random walk. The difference is that the lazy version is
always aperiodic, whereas the original version maybe periodic.

2.5 Exercises

Exercise 2.5.1. TRUNCATED HMC.

Let P be a transition matrix on the countable state space F, with the positive
stationary distribution 7. Let A be a subset of the state space, and define the
truncation of P on A to be the transition matrix Q indexed by A and given by

g; = Dpiyifi,j e A i# g,

Qi = pii+zpik-
keA

Show that if (P, 7) is reversible, then so is (Q, #)

Exercise 2.5.2. EXTENSION TO NEGATIVE TIMES.

Let { X, }n>0 be a HMC with state space E, transition matrix P, and suppose that
there exists a stationary distribution 7 > 0. Suppose moreover that the initial
distribution is 7. Define the matrix Q = {g;; }i jer by (1.5). Construct {X_,,},>1,
independent of { X, },>1 given X, as follows:

P(X,l :Z‘l,X,QZZ'Q,...,X,k :ik’XOZi,Xl :jlaaXn:jn)
=P(X_ =01, X 9="g,...., X py =i | Xo = 1) = Qi Qiris " ** Uir_1in

forall k > 1,n > 1,4,41,...,9, J1,---,Jn € E. Prove that {X,, },ez is a HMC with
transition matrix P and P(X,, =) = n(i), for all i € E, all n € Z.

Exercise 2.5.3. MOVING STONES.

Stones Sy, ..., Sy are placed in line. At each time n a stone is selected at random,
and this stone and the one ahead of it in the line exchange positions. If the
selected stone is at the head of the line, nothing is changed. For instance, with
M = 5: Let the current configuration be 53535515554 (Ss is at the head of the
line). If Sy is selected, the new situation is 595355515y, whereas If Sy is selected,
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the configuration is not altered. At each step, stone S; is selected with probability
a; > 0. Call X,, the situation at time n, for instance X, = S;, ---.5;,,, meaning
that stone S, is in the jth position. Show that {X},>o is an irreducible HMC
and that it has a stationary distribution given by the formula

_ M _M-1
W(Sl o S'LM) - Cail a;, C Qs

for some normalizing constant C.

Exercise 2.5.4. APERIODICITY.
a. Show that an irreducible transition matrix P with at least one state ¢ € E such
that p; > 0 is aperiodic.

b. Let P be an irreducible transition matrix on the finite state space E. Show
that a necessary and sufficient condition for P to be aperiodic is the existence of
an integer m such that P™ has all its entries positive.

c. Consider a HMC that is irreducible with period d > 2. Show that the restriction
of the transition matrix to any cyclic class is irreducible. Show that the restriction
of P4 to any cyclic class is aperiodic.

Exercise 2.5.5. NO STATIONARY DISTRIBUTION.
Show that the symmetric random walk on Z cannot have a stationary distribution.

Exercise 2.5.6. AN INTERPRETATION OF INVARIANT MEASURE.

A countable number of particles move independently in the countable space F,
each according to a Markov chain with the transition matrix P. Let A, (i) be the
number of particles in state ¢ € F at time n > 0, and suppose that the random
variables Ag(i), i € E, are independent Poisson random variables with respective
means ((i),i € E, where pu = {u(i) };cp is an invariant measure of P. Show that
for all n > 1, the random variables A, (i), i € E, are independent Poisson random
variables with respective means (i), i € E.

Exercise 2.5.7. DOUBLY STOCHASTIC TRANSITION MATRIX.

A stochastic matrix P on the state space F is called doubly stochastic if for all
states i, » jepPji = L. Suppose in addition that P is irreducible, and that F
is infinite. Find the invariant measure of P. Show that P cannot be positive
recurrent.

Exercise 2.5.8. RETURN TIME TO THE INITIAL STATE.
Let 7 be the first return time to inital state of an irreducible positive recurrent
HMC {Xn}nzo, that is,

T=inf{n > 1; X, = X},
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with 7 = 400 if X, # X, for all n > 1. Compute the expectation of 7 when
the initial distribution is the stationary distribution 7. Conclude that it is finite
if and only if F is finite. When E is infinite, is this in contradiction to positive
recurrence?



Chapter 3

Long-run behaviour

3.1 FErgodic theorem

An important application of the strong law of large numbers is to the ergodic theo-
rem for Markov chains. This theorem gives conditions guaranteeing that empirical
averages of the type

N

1

N E 9( Xk, .o, Xitr)
=1

converge to probabilistic averages. As a matter of fact, if the chain is irreducible
positive recurrent with the stationary distribtion =, the above empirical aver-
age converges P,-almost-surely to E[g(Xo, ..., X)] for any initial distribution g
(Corollary 3.1.2), at least if E[|g(Xo,...,X1)|] < oc.

We shall obtain this result as a corollary of the following proposition concerning
irreducible recurrent (not necessarily positive recurrent) HMC’s.

Let {X,}n>0 be an irreducible recurrent HMC, and let x denote the canonical
invariant measure associated with state 0 € F,

,fi:E()

> 1{Xn=i}1{n<To}] : (3.1)

n>1
where Tj is the return time to 0. Define for n > 1, v(n) := >7)_| lix, o).

45
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Theorem 3.1.1 Let f : E — R be such that

> 1f (@) < oo. (3.2)

i€E

Then, for any initial distribution u, P,-a.s.,

L& .
lim o D FX) =) f6)zs. (33)

Proof. Let Ty = 1,79, 73, ... be the successive return times to state 0, and define

Tp+1

X

n=1p+1

By the independence property of the regenerative cycles, {U,},>1 is an IID se-
quence. Moreover, assuming f > 0 and using the strong Markov property,

E[Ul] = Ey if(Xn)]
= Ep XO:Zf(i>1{Xni}] > Fi)E,

Ln=1 icF& el

= Y fl)a

1€l

Z 1{Xn Z}]

By hypothesis, this quantity is finite, and threfore the strong law of large numbers

1 — L — ; iy

1€ER
that is,
Tn+1
%rgloﬁ > (X = Z Fi)a. (3.4)
k=Tp+1 i€l

Observing that
Tu(n) <n< Tu(n)+1s

we have

ST (XY Y (X) SR F(X)
W) S v S )
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Since the chain is recurrent, lim,. v(n) = oo, and therefore, from (3.4), the
extreme terms of the above chain of inequality tend to Y., f(i)z; as n goes to
oo, and this implies (3.3). The case of a function f of arbitrary sign is obtained by
considering (3.3) written separately for f+ = max(0, f) and f~ = max(0, —f), and
then taking the difference of the two equalities obtained this way. The difference
is not an undetermined form oo — oo due to hypothesis (3.2). O

Corollary 3.1.1 Let { X, }n>0 be an irreducible positive recurrent Markov chain
with the stationary distribution w, and let f : E — R be such that

D 1 (@)r(i) < oo (3.5)

S

Then for any initial distribution u, P,-a.s.,

tim 3" £(X) = 3 F(iym(i). (36)

i€l

Proof. Apply Theorem 3.1.1 to f = 1. Condition (3.2) is satisfied, since in the
positive recurrent case, Y, x; = Ey[Ty] < oo. Therefore, P,-a.s.,

N
lim = T
Ntoo V(N) ; !

Now, f satisfying (3.5) also satisfies (3.2), since z and m are proportional, and
therefore, P,-a.s.,

N .
T ; f(Xi) =D f(i)a

i€l

Combination of the above equalities gives, P,-a.s.,

N N .
o w1 e (i)
lim — » f(X;)= lim (X)) = =5,
N%OONE]- N—oo N I/(N) kz:; ZjeExj
from which (3.6) follows, since 7 is obtained by normalization of x. O

Corollary 3.1.2 Let {X,},>1 be an irreducible positive recurrent Markov chain
with the stationary distribution m, and let g : EY*' — R be such that

Z |9(i0, e 7iL)|7T(i0)pi0i1 o Dipqip <00
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(see Example 3.5.8) Then for all initial distributions p, P,-a.s.

lim

N
> 90Xk Xt X)) = Y glioyin, . in)m(i0)Pigis =+ iy iy

k=1 10,81,

1
N

Proof. Apply Corollary 3.1.1 to the snake chain {(X,, X,11,. .., Xontr) }nso,
which is irreducible recurrent and admits the stationary distribution

W(io)Pioil s Pip g -

Note that

Z 9o, 01y, i0)T(90) Digiy - - * Piy iy = Er9(Xos ..., X1)]

20501550

3.2 Convergence in variation

The purpose is to bound the “distance” between two probability distributions,
this distance being the variation distance. One interest of this, among others, is
to replace a random element by another for which computations may be easier.

Definition 3.2.1 Let E be a countable space. The distance in variation between
two probability distributions o and 5 on E is the quantity

dv(a, 8) = 5 3 loli) — (0] (37)

icE
That dy is indeed a distance is clear.

Lemma 3.2.1 Let o and [ be two probability distributions on the same countable
space E. Then

dy (e, ) = sup{a(A) — 5(A)}

ACE

= sup{la(A) = (A}

ACE
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Proof. For the second equality observe that for each subset A there is a subset B
such that |a(A) — B(A)| = a(B) — B(B) (take B = A or A). For the first equality,

write
a(A) = B(A) =D 1a(i){ali) — B(i)}

i€E
and observe that the right-hand side is maximal for A = {i € F; «(i) > £(i)}.
Therefore, with ¢(i) = a(i) — (1),

sup {a(4) — A(A)} = 3 g7 (0) = 5 310l

ACE icE i€E

where the equality ) .., g(i) = 0 was taken into account. O

The distance in variation between two random variables X and Y with values in
E is the distance in variation between their probability distributions, and it is
denoted (with a slight abuse of notation) by dy(X,Y). Therefore

1 . )
@uﬂq:ﬁgjmng—myzm.
i€l
The distance in variation between a random wvariable X with values in E and a

probability distribution o on E denoted (again with a slight abuse of notation) by
dy (X, a) is defined by

1 . .
dv(X.a)i= 5 " [P(X = i)~ ali)].
i€l
The coupling inequality

Coupling two discrete probability distributions 7’ on £’ and 7" on E” consists in
the construction of a probability distribution 7 on E := E’ x E” such that the
marginal distributions of 7 on E' and E” respectively are «’ and 7, that is

> i, j) =a'(i) and Y (i, j) = 7"(j).

jJEE" =04

For two probability distributions o and 5 on the countable set E, let D(«, 3) be
the collection of pairs of random variables (X,Y’) taking their values in E x E,
and with marginal distributions « and f, that is,

P(X = i) = a(i), P(Y = i) = B(i). (3.8)
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Theorem 3.2.1 For any pair (X,Y) € D(«, 3), we have the fundamental cou-
pling inequality

and equality is attained by some pair (X,Y) € D(«, ), which is then said to
realize maximal coincidence.

Proof. For arbitrary A C F,
PX#£Y)>P(XeAYeA)=PXecA-PXecAYecA>PXecA-PYecA),
and therefore

P(X#Y)>sup{P(X € A) — P(Y € A)} =dy(a, B).
ACE
We now construct (X,Y) € D(a, f) realizing equality. Let U, Z,V, and W be
independent random variables; U takes its values in {0, 1}, and Z, V, W take their
values in E. The distributions of these random variables are given by

PU=1) = 1—dv(ap),

P(Z=1i) = (a(i)AB(i)/ (1 —dv(a, b)),
P(V=i) = (a(i) - B(i)"/dv(e,B),
P(W =) (B(1) — a(i))" /dv(a, B).

Observe that P(V = W) = 0. Defining
(X,Y)=(2,2)itU =1
= (V,W)ifU =0,
we have
P(X=i) = PU=1,Z=4)+PU=0,V=1)
PU=1)P(Z=1i)+PU=0)P(V =1)
a(i) AB(i) + (a(i) — B(4)" = ali),

(i
and similarly, ( =14) = [(i). Therefore, (X, ) D(a, B). Also, P(X =Y) =
PU=1)=1- ( , ), that is P(X # Y) dy(a, ). O

A sequence {X,},>1 of discrete random variables with values in E is said to
converge in distribution to the probability distribution 7= on E if for all i € F,
lim 100 P(X,, = i) = (7). It is said to converge in variation to this distribution if

lim Z |P(X, =i) —x(i)| =0.
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Observe that Definition 3.2.3 concerns only the marginal distributions of the
stochastic process, not the stochastic process itself. Therefore, if there exists an-

other stochastic process { X/ },>o such that X, R X, for all n > 0, and if there
exists a third one {X/'},>¢ such that X/ R 7 for all n > 0, then (3.13) follows
from

lim dy (X7, X") = 0. (3.10)

ntoo

This trivial observation is useful because of the resulting freedom in the choice of
{X/} and {X/}. An interesting situation occurs when there exists a finite random
time 7 such that X/ = X/ for all n > 7.

Definition 3.2.2 Two stochastic processes { X }n>0 and {X]'},>0 taking their val-
ues in the same state space E are said to couple if there exists an almost surely
finite random time T such that

n>17=X, =X/ (3.11)

The random variable T 1s called a coupling time of the two processes.

Theorem 3.2.2 For any coupling time 7 of {X] }n>o and {X]'}n>0, we have the
coupling inequality
dy(X],X!) < P(t >n). (3.12)

Proof. For all A C FE,

P(X e A)—P(X!ecA) = PX, €A 7<n)+P(X,€A, 7>n)
— P(XeA 7<n)-P(X]e€AT>n)
= P(X, €A 7>n)—P(X/ €A 7>n)
< P(X, €A 7>n)<P(tr>n)
Inequality (3.12) then follows from Lemma 3.2.1. O

Therefore, if the coupling time is P-a.s. finite, that is lim,+o P(7 > n) =0,

lim dy (X, 7) = lim dy (X, X") = 0.

ntoo nToo

Definition 3.2.3 (4) A sequence {a, }n>0 of probability distributions on E is said
to converge in variation to the probability distribution B on E if

lim dy (e, ) = 0.

ntoo
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(B) An E-valued random sequence { X, }n>o such that for some probability dis-
tribution ™ on F,
lim dy (X, 7) = 0, (3.13)

ntoo

15 said to converge in variation to .

Kolmogorov’s HMC convergence theorem

Consider a HMC that is irreducible and positive recurrent. If its initial distribution
is the stationary distribution, it keeps the same distribution at all times. The chain
is then said to be in the stationary regime, or in equilibrium, or in steady state.
A question arises naturally: What is the long-run behavior of the chain when the
initial distribution pu is arbitrary? For instance, will it converge to equilibrium? in
what sense? The classical form of the result is that for arbitrary states ¢ and j,
lim p;;(n) = 7(j), (3.14)

nToo

if the chain is ergodic, according to the following definition:

Definition 3.2.4 An irreducible positive recurrent and aperiodic HMC is called
ergodic.

If the state space is finite, computation of the n-th iterate of the transition matrix
P is all that we need, in principle, to prove (3.14). Such computation requires some
knowledge of the eigenstructure of P, and there is a famous result of linear algebra,
the Perron-Frobenius theorem, that does the work. We shall give the details in
Subsection 3.2. However, in the case of infinite state space, linear algebra fails to
provide the answer, and recourse to other methods is necessary.

In fact, (3.14) can be drastically improved:

Theorem 3.2.3 Let { X, },>0 be an ergodic HMC on the countable state space E
with transition matrix P and stationary distribution w, and let p be an arbitrary
initial distribution. Then

lim ) ~|P,(X,, = i) — x(i)| =0,

ntoo
i i€E

and in particular, for all j € F,

tim > |psi(n) — 7)) = 0.

ntoo
U el

The proof will be given in Section 3.2.
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The coupling proof
The proof of Theorem 3.2.3 will be given via the coupling method.

Proof. We prove that, for all probability distributions x4 and v on F,

lim dy (1" P™, v P™) = 0.

ntoo
The announced results correspond to the particular case where v is the stationary
distribution 7, and particularizing further, y = ¢;. From the discussion preceding
Definition 3.2.2, it suffices to construct two coupling chains with initial distribu-
tions p and v, respectively. This is done in the next lemma. 0]

Lemma 3.2.2 Let {X,(LI)},LZO and {Xﬁz)}nzo be two independent ergodic HMCs
with the same transition matriz P and initial distributions p and v, respectively.
Let 7 = inf{n > 0; XV = Xflz)}, with T = oo if the chains never intersect. Then
T 18, in fact, almost surely finite. Moreover, the process {X| }n>o defined by

XM ifn <
X%:{ ynsm, (3.15)

" x? ifn>T1

is an HMC with transition matriz P (see the figure below). FIGURE?

Proof. Step 1. Consider the product HMC {Z, },>¢ defined by Z,, = (Xr(bl),Xf)).
It takes values in E x E, and the probability of transition from (i, k) to (j,¢) in n
steps is p;j(n)pre(n). We first show that this chain is irreducible. The probability
of transition from (¢, k) to (4, £) in n steps is p;;(n)pre(n). Since P is irreducible and
aperiodic, by Theorem 1.2.2, there exists m such that for all pairs (7, j) and (k, ¢),
n > m implies p;;j(n)pre(n) > 0. This implies irreducibility. (Note the essential
role of aperiodicity. A simple counterexample is that of the the symmetric random
walk on , which is irreducible but of period 2. The product of two indepencent
such HMC’s is the symmetric random walk on 2 which has two communications
classes.)

Step 2. Next we show that the two independent chains meet in finite time. Clearly,
the distribution & defined by &(i,j) := 7w(i)7(j) is a stationary distribution for
the product chain, where 7 is the stationary distribution of P. Therefore, by
the stationary distribution criterion, the product chain is positive recurrent. In
particular, it reaches the diagonal of E? in finite time, and consequently, P(1 <
o0) = 1.
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It remains to show that {X] },,>0 given by (3.15) is an HMC with transition matrix
P. For this we use the following lemma.

Lemma 3.2.3 Let X}, X2, Z} 72 (n > 1), be independent random variables, and
suppose moreover that Z' Z% (n > 1) are identically distributed. Let T be a non-
negative integer-valued random variable such that for allm € | the event {T = m}
is expressible in terms of X}, X2, Z} Z2 (n < m). Define the sequence {Z,}n>1 by

Zn=2ifn<T
=Z2ifn>T1

Then, {Z}n>1 has the same distribution as {Z}},>1 and is independent of X}, XZ.

Proof. For any sets sets C, Cs, Ay, ..., A in the appropriate spaces,
P(Xy € C1, X €Cy,Zy € Ap,1 < U< k)

m=0
P(X; €0, X; €Cy Zy €A, ..., 7 € A, T > k)
m=0

k

ZP(XﬂlECl’X(?ECmZeGAe,lSfék,T:m)

_'_

k

Y P(X)eC,Xg€Co,Z} €A1 <L <mT=m,Z} €A ,m+1<r<k)

+P(Xy €C,, X5 €Co, Z) € Ap, 1 < U< k,7>k).

Since the event {7 = m} is independent of Z2, .| € Api1,..., 27 € Ay (k> m),

P(Xi€eC,X2€Cy,Z} € A1 <l <m,T=m)P(Z> € A,,m+1<7r<k)

WE

0
P(XéEC’l,XgGC’Q,ZZI6A4,1§€§k:,7‘>k:)

3
|

P(Xg € C, X2 €Cy,Z} € A1 <l <m,T=m,Z} € A, m+1<7r<k)

E

0
+P(X5ECl,XgGCQ,Zzl6A[,1§€§k,7>k)
:P(Xéecl,XSGCQ,leGAl,...,Z;GAk).

3
|

O

Step 3. We now complete the proof. The statement of the theorem concerns
only the distributions of {X!},>0 and {X?},>0, and therefore we can assume a
representation

Xé+1 - f(Xﬁ, Zﬁ—&-l) (f = 172) )

n
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where X}, X2, Z1 Z2 (n > 1) satisfy the conditions stated in Lemma 3.2.3. The
random time 7 satisfies the condition of Lemma 3.2.3. Defining {7, },>; in the
same manner as in this lemma, we therefore have

Xn+1 - f(X’rw Zn—i—l) )

which proves the announced result. O

Null recurrent case

Theorem 3.2.3 concerns the positive recurrent case. In the null recurrent case we
have Orey’s theorem:

Theorem 3.2.4 Let P be an irreducible null recurrent transition matriz on E.
Then for all i, € F,
lim p;;(n) = 0. (3.16)

ntoo

Perron—Frobenius

When the state space of a HMC is finite, we can rely on the standard results of linear
algebra to study the asymptotic behavior of the n-step transition matrix P", which
depends on the eigenstructure of P. The Perron—Frobenius theorem detailing the
eigenstructure of non-negative matrices is therefore all that is needed, at least in
theory.

The main result of Perron and Frobenius is that convergence to steady state of
an ergodic finite state space HMC is geometric, with relative speed equal to the
second-largest eigenvalue modulus (SLEM). Even if there are a few interesting
models, especially in biology, where the eigenstructure of the transition matrix
can be extracted, this situation remains nevertheless exceptional. It is therefore
important to find estimates of the SLEM.

From the basic results of the theory of matrices relative to eigenvalues and eigen-
vectors we quote the following one, relative to a square matrix A of dimension r

with distinct eigenvalues denoted Ay, ..., \.. Let uy,...,u, and vy,...,v, be the
associated sequences of left and right eigenvectors, respectively. Then, uq, ..., u,
form an independent collection of vectors, and so do vy, ..., v.. Also, u]v; =0 if

1 # j. Since eigenvectors are determined up to multiplication by an arbitrary non-
null scalar, one can choose them in such a way that u;fpvl- =1forallz, 1 <i<r,
We then have the spectral decomposition

i

A" = Z Mol (3.17)
i=1
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EXAMPLE 3.2.1: TWO-STATE CHAIN. Consider the transition matrix on £ =

{1,2}
p_ (1;(1 165)’

where «, f € (0,1). Its characteristic polynomial (1 —a —A)(1 -8 —X) —af
admits the roots A\; = 1 and
)\2 =1—a-— 6

Observe at this point that A = 1 is always an eigenvalue of a stochastic r x r matrix
P, associated with the right eigenvector v = 1 with all entries equal to 1, since

P1 = 1. Also, the stationary distribution 77 = ﬁ(ﬁ ,a) is the left eigenvector

corresponding to the eigenvalue 1. In this example, the representation (3.17) takes

the form ) 5 (1 By
n « —a— a -
i ‘aw(ﬁ a)* at B (—6 +@>’

and therefore, since |1 —a — ] < 1,

) w1 b «
1111T1§10P _a+ﬁ(ﬁ a)'

In particular, the result of convergence to steady state,

liTm P" = 177 = P>,
is obtained for this special case in a purely algebraic way. In addition, this algebraic
method gives the convergence speed, which is exponential and determined by the
second-largest eigenvalue absolute value. This is a general fact, which follows from
the Perron—Frobenius theory of non-negative matrices below.

A matrix A = {a;;}1<; j<r with real coefficients is called non-negative (resp., posi-
tive) if all its entries are non-negative (resp., positive). A non-negative matrix A
is called stochastic if Y77, a;; = 1 for all 4, and substochastic if 3 7_ a;; < 1 for
all 7, with strict inequality for at least one .

Non-negativity (resp., positivity) of A will be denoted by A > 0 (resp., A > 0).
If A and B are two matrices of the same dimensions with real coefficients, the
notation A > B (resp., A > B) means that A — B > 0 (resp., A — B > 0).

The communication graph of a square non-negative matrix A is the directed graph
with the state space E' = {1,...,r} as its set of vertices and an directed edge from
vertex ¢ to vertex j if and only if a;; > 0.
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A non-negative square matrix A is called irreducible (vesp., irreducible aperiodic) if
it has the same communication graph as an irreducible (resp., irreducible aperiodic)
stochastic matrix. It is called primitive if there exists an integer k such that A* > 0.

EXAMPLE 3.2.2: A non-negative matrix is primitive if and only if it is irreducible
and aperiodic (Exercise 77).

Let A be a non-negative primitive r X r matrix. There exists a real eigenvalue
A1 with algebraic as well as geometric multiplicity one such that A; > 0, and
A1 > |\j| for any other eigenvalue A;. Moreover, the left eigenvector u; and

the right eigenvector v; associated with A\; can be chosen positive and such that

ulv; = 1.

Let Ag, A3, ..., A, be the eigenvalues of A other than A\; ordered in such a way that

We may always order the eigenvalues in such a way that if |\y] = |);| for some
J > 3, then my > m;, where m; is the algebraic multiplicity of A\;. Then

A" = Nou] + O(n™ ™). (3.19)

If in addition, A is stochastic (resp., substochastic), then Ay =1 (resp., A\ < 1).

If A is stochastic and irreducible with period d > 1, then there are exactly d
distinct eigenvalues of modulus 1, namely the d-th roots of unity, and all other
eigenvalues have modulus strictly less than 1.

ExXAMPLE 3.2.3: CONVERGENCE RATES VIA PERRON-FROBENIUS. If P is a
transition matrix on £ = {1, ..., 7} that is irreducible and aperiodic, and therefore
primitive, then

n=1, u =m,

where 7 is the unique stationary distribution. Therefore
P" = 177 4+ O(n™ | X\, (3.20)

which generalizes the observation in Example 3.2.1.
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3.3 Monte Carlo

Recall the method of the inverse in order to generate a discrete random variable
Z with distribution P(Z = a;) = p; (0 <i < K). A crude algorithm based on
this method would perform successively the tests U < po?, U < pg+p17, ..., until
the answer is positive. Although very simple in principle, the inverse method has
the following drawbacks when the size r of the state space F is large.

(a) Problems arise that are due to the small size of the intervals partitioning
[0, 1] and to the cost of precision in computing.

(b) Another situation is that in which the probability density 7 is known only
up to a normalizing factor, that is, m(i) = K7 (i), and when the sum ), . 7(i) =
K~! that gives the normalizing factor is prohibitively difficult to compute. In
physics, this is a frequent case.

Approximate sampling

The quest for a random generator without these ailments is at the origin of the
Monte Carlo Markov chain (MCcMC) sampling methodology. The basic principle
is the following. One constructs an irreducible aperiodic HMC { X, },,>0 with state
space E and stationary distribution 7. Since the state space is finite, the chain
is ergodic, and therefore, by Theorem 3.2.3, for any initial distribution p and all
1€ E,

nh_{](f)lo P(X,=1)=m(1). (3.21)

Therefore, when n is “large,” we can consider that X, has a distribution close to
.

The first task is that of designing the MCcMC algorithm. One must find an ergodic
transition matrix P on E, the stationary distribution of which 7. In the Monte
Carlo context, the transition mechanism of the chain is called a sampling algorithm,
and the asymptotic distribution 7 is called the target distribution, or sampled
distribution.

There are infinitely many transition matrices with a given target distribution, and
among them there are infinitely many that correspond to a reversible chain, that
is, such that

m(0)pi; = 7(J)pji-
We seek solutions of the form
Dij = QijQij (3.22)
for j # i, where Q) = {¢;;}:ijer is an arbitrary irreducible transition matrix on
E. called the candidate-generator matrix. When the present state is ¢, the next
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tentative state j is chosen with probability ¢;;. When j # ¢, this new state is
accepted with probability c;;. Otherwise, the next state is the same state <. Hence,
the resulting probability of moving from i to j when i # j is given by (3.22). It
remains to select the acceptance probabilities a;.

ExXAMPLE 3.3.1: METROPOLIS, TAKE 1. In the Metropolis algorithm

W(j)qy‘z‘) _

7(1)ij

(vjj; = min (1,

In Physics, it often arises, and we shall understand why later, that the distribution
7 is of the form 3.23.

m(i) = 7 (3.23)

where U : E — [ is the “energy function” and Z is the “partition function”,
the normalizing constant ensuring that 7 is indeed a probability vector. The
acceptance probability of the transition from ¢ to j is then, assuming the candidate-
generating matrix to be symmetric,

;= min (17 6—(U(j)—U(i))) )

EXAMPLE 3.3.2: BARKER’S ALGORITHM. The Barker algorithm, corresponds to
the choice

m(J)ai
m(j)qji +7(i)qi;
When the distribution 7 is of the form 3.23, the acceptance probability of the tran-
sition from ¢ to j is, assuming the candidate-generating matrix to be symmetric,

(3.24)

g

—U(@)

i T U0 4 e UG
This corresponds to the basic principle of statistical thermodynamics: when two
states 1 and 2 with energies F; and Es, choose 1 with probability - G

7E1+67E2 .

EXAMPLE 3.3.3: THE GIBBS ALGORITHM. Consider a multivariate probability
distribution
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on a set £ = AN, where A is countable. The basic step of the Gibbs sampler for
the multivariate distribution 7 consists in selecting a coordinate number 1 < i <,
at random, and choosing the new value y(i) of the corresponding coordinate, given
the present values z(1),...,z(i — 1),z(i + 1),...,x(N) of the other coordinates,
with probability

2 (i) | 2(1), ..l = 1),2( 4+ 1), ..., 2(N)).
One checks as above that 7 is the stationary distribution of the corresponding
chain.

Exact sampling

We attempt to construct an ezact sample of a given 7 on a finite state space F,
that is a random variable Z such that P(Z = i) = m(i) for all i € E. The following
algorithm (Propp—Wilson algorithm) is based on a coupling idea. One starts as
usual from an ergodic transition matrix P with stationary distribution m, just as
in the classical MCMC method.

The algorithm is based on a representation of P in terms of a recurrence equation,
that is, for given a function f and an 1ID sequence {Z,},>1 independent of the
initial state, the chain satisfies the recurrence

Xpar = (X, Znir) . (3.25)

The Propp-Wilson algorithm constructs a family of HMC with this transition ma-
trix with the help of a unique 11D sequence of random vectors {Y,, },e-, called the
updating sequence, where Y, = (Z,41(1),- -+, Zp41(r)) is a r-dimensional random
vector, and where the coordinates Z,,1(7) have a common distribution, that of Z;.
For each N € and each k € E, a process { X (k)},>n is defined recursively by:

Xy (k) =F,
and, for n > N,
Xowa (k) = FXY (R), Za (X5 (R)).
(Thus, if the chain is in state i at time n, it will be at time n 4 1 in state j =
f(i, Z,41(7).) Each of these processes is therefore a HMC with the transition matrix
P. Note that for all k&, € E, and all M, N € , the HMC’s {X(k)},>ny and

{XM(0)},>r use at any time n > max(M, N) the same updating random vector
Y.

If, in addition to the independence of {Y},},c~, the components 7, ,1(1), Z,.1(2),
-+, Zny1(r) are, for each n € | independent, we say that the updating is compo-
nentwise independent.
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Definition 3.3.1 The random time
™ =inf{n > 0; X°(1) = X2(2) = --- = X°(r)}
is called the forward coupling time (Fig. 3.1). The random time
7 =inf{n > L X;"(1)=X,"(2)=---=X,"(r)}

is called the backward coupling time (Fig. 3.1).

E
A \
» 5
s /4
3
y 2
s 1
;1 N N N N N N N N N N N ;n
-7 -6 -5 -4 -3 -2 -1 0 0 +1 +2 +3 +4
T = =4

Figure 1. Backward and forward coupling

Thus, 77 is the first time at which the chains {X°(i)},>0, 1 < i <7, coalesce.

Lemma 3.3.1 When the updating is componentwise independent, the forward cou-
pling time 7 is almost surely finite.

Proof. Consider the (immediate) extension of Lemma 3.2.2 to the case of r inde-
pendent HMC’s with the same transition matrix. It cannot be applied directly to
our situation, because the chains are not independent. However, the probability
of coalescence in our situation is bounded below by the probability of coalescence
in the completely independent case. To see this, first construct the independent
chains model, using r independent 1ID componentwise independent updating se-
quences. The difference with our model is that we use too many updatings. In
order to construct from this a set of r chains as in our model, it suffices to use for
two chains the same updatings as soon as they meet. Clearly, the forward cou-
pling time of the so modified model is smaller than or equal to that of the initial
completely independent model. 0
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For easier notation, we set 7~ = 7. Let
Z=X,"(i).

(This random variable is independent of i. In Figure 1, Z = 2.) Then,

Theorem 3.3.1 With a componentwise independent updating sequence, the back-
wardward coupling time T is almost surely finite. Also, the random variable Z has
the distribution 7.

Proof. We shall show at the end of the current proof that for all k € ., P(1 <
k) = P(rT < k), and therefore the finiteness of 7 follows from that of 7% proven
in the last lemma. Now, since for n > 7, X7"(i) = Z,

P(Z=j)=P(Z=j,1>n)+P(Z=j,7m<n)
=P(Z=j,7>n)+P(X,"(i)=j,7<n)
=P(Z=j,7>n)—P(X;"()=j4,7>n)+ P(X;"() =7)
=P(Z=j,7>n)—P(X;"(@)=7,7>n)+pjn)
= A, — B, +pij(n)

But A, and B,, are bounded above by P(7 > n), a quantity that tends to 0 as
n 1 oo since 7 is almost-surely finite. Therefore

P(Z = j) = lim p;(n) = (5).

It remains to prove the equality of the distributions of the forwards and backwards
coupling time. For this, select an arbitrary integer k € ... Consider an updating
sequence constructed from a bona fide updating sequence {Y,,},c=, by replacing
Y pi1, Y gy, ..., Yy by Y1, Y5, ... )Y, Call 7/ the backwards coupling time in the
modified model. Clearly 7 an 7" have the same distribution.

E

— DN W Ut

\ \ — — — \ — I I
-7 -6 -5 -4-3-2-10 0 +1 +2 +3 +4 +5 +6 +7

Yo i Yo V3 Yy Y5 Y Y2 Yo i Yo Y3 Yy Y5 Y V7

Figure 2. 7% < k implies 7/ < k



3.3. MONTE CARLO 63

Suppose that 77 < k. Consider in the modified model the chains starting at
time —k from states 1,...,r. They coalesce at time —k+7" < 0 (see Fig. 2), and
consequently 7/ < k. Therefore 77 < k implies 7/ < k, so that

P(rT <k)< P <k)=P(r<k).

B
. ° ° ° . ° 5 ° . ° .
° ° ° ° ° 4 . . ° .
° ° ° ° ° 3 ° e ° .
° ° ° ° . 2 ° S o’ °
. ° . ° . 1 ° . ° .

I — I I B I \ I \
-7 -6 -5 -4-3-2-10 0 +1 +2 +3 +4 +5 +6 +7

Yo i Yo Y3 Yy Y5 Yo Yo Yo Y1 Yo Y3 Yy Y5 Ys V%
Figure 3. 7 < k implies 717 < k

Now, suppose that 7 < k. Then, in the modified model, the chains starting at
time k — 7/ from states 1,...,r must at time —k + 77 < 0 coalesce at time k.
Therefore (see Fig. 3), 77 < k. Therefore 7" < k implies 77 < k, so that

P(r<k)=P(r <k)<P(r+ <k).
O

Note that the coalesced value at the forward coupling time is not a sample of m
(see Exercise 3.5.12).

Sandwiching

The above exact sampling algorithm is often prohibitively time-consuming when
the state space is large. However, if the algorithm required the coalescence of
two, instead of r processes, then it would take less time. The Propp and Wilson
algorithm does this in a special, yet not rare, case.

It is now assumed that there exists a partial order relation on E, denoted by =,
with a minimal and a maximal element (say, respectively, 1 and r), and that we
can perform the updating in such a way that for all¢,7 € E,all N € ., alln > N,

i ==XV = X))
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However we do not require componentwise independent updating (but the updat-
ing vectors sequence remains 11D). The corresponding sampling procedure is called
the monotone Propp—Wilson algorithm.

Define the backwards monotone coupling time

Tm = inf{n > 1; X;"(1) = X;"(r)} .

— DN W o Ut

Figure 4. Monotone Propp—Wilson algorithm

Theorem 3.3.2 The monotone backwards coupling time 7, is almost surely finite.
Also, the random variables X, ™ (1) = X, ™ (r) has the distribution .

Proof. We can use most of the proof of Theorem 3.3.1. We need only to prove
independently that 7" is finite. It is so because 71 is dominated by the first time
n > 0 such that X°(r) = 1, and the latter is finite in view of the recurrence
assumption. O

Monotone coupling will occur with representations of the form (3.25) such that for
all z,

i2j= fli,2) 2 [, 2),
and if for all m € [ allie {1,...,r},

Zp41(8) = Zp1.

ExaMPLE 3.3.4: A DAM MODEL. We consider the following model of a dam
reservoir. The corresponding HMC, with values in £ = {0,2,...,r} satisfies the
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recurrence equation
X1 = min{r, max(0, X,, + Z,11)},

where, as usual, {Z,,},>1 is 1ID. In this specific model, X,, is the content at time
n of a dam reservoir with maximum capacity r, and Z,,,; = A, 1 — ¢, where A,
is the input into the reservoir during the time period from n to n+ 1, and c¢ is the
maximum release during the same period. The updating rule is then monotone.

3.4 Absorption

Before absorption

We now consider the absorption problem for HMC’s based only on the transition
matrix P, not necessarily assumed irreducible. The state space E is then decom-
posable as E =T+ ; R, where Ry, Ry, ... are the disjoint recurrent classes and
T is the collection of transient states. (Note that the number of recurrent classes
as well as the number of transient states may be infinite.) The transition matrix
can therefore be block-partitioned as

P, 0 0
0 P, 0
P - .
B(1) B(2) Q
or in condensed notation,
D 0
P (2 2) 52

This structure of the transition matrix accounts for the fact that one cannot go
from a state in a given recurrent class to any state not belonging to this recurrent
class. In other words, a recurrent class is closed.

What is the probability of being absorbed by a given recurrent class when starting
from a given transient state? This kind of problem was already addressed when
the first-step analysis method was introduced. It led to systems of linear equations
with boundary conditions, for which the solution was unique, due to the finiteness
of the state space. With an infinite state space, the uniqueness issue cannot be
overlooked, and the absorption problem will be reconsidered with this in mind,
and also with the intention of finding general matrix-algebraic expressions for the
solutions. Another phenomenon not manifesting itself in the finite case is the
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possibility, when the set of transient states is infinite, of never being absorbed by
the recurrent set. We shall consider this problem first, and then proceed to derive
the distribution of the time to absorption by the recurrent set, and the probability
of being absorbed by a given recurrent class.

Let A be a subset of the state space E (typically the set of transient states, but
not necessarily). We aim at computing for any initial state i € A the probability
of remaining forever in A,

v(i) = P(X, € A; r > 0).

Defining v, (i) := P(X; € A,..., X, € A), we have, by monotone sequential
continuity,

lim | v, (i) = v(7).

ntToo

Butforje€ A, P(X1 €A,... . Xo 1 €A, X0 =7) =D ca " 2i_caPiis " Pin_sj
is the general term ¢;;(n) of the n-th iterate of the restriction Q of P to the set
A. Therefore vy, (i) = 3, 4 ¢ij(n), that is, in vector notation,

Un = Qn]-/h

where 14 is the column vector indexed by A with all entries equal to 1. From this
equality we obtain

Un4+1 = Qvna

and by dominated convergence v = Qu. Moreover, 04 < v < 14, where 04 is the
column vector indexed by A with all entries equal to 0. The above result can be
refined as follows:

Theorem 3.4.1 The vector v is the maximal solution of
v=Quv,0,4 <v <1y

Moreover, either v =04 or sup;eav(i) = 1. In the case of a finite transient set T,
the probability of infinite sojourn in T is null.

Proof. Only maximality and the last statement remain to be proven. To prove
maximality consider a vector u indexed by A such that u = Qu and 04 < u < 14.
[teration of u = Qu yields u = Q"u, and u < 14 implies that Q"u < Q"1 4 = v,,.
Therefore, u < v, which gives u < v by passage to the limit.

To prove the last statement of the theorem, let ¢ = sup,;c 4 v(7). From v < 1,4, we
obtain v < cv,, as above, and therefore, at the limit, v < cv. This implies either
v=04 or c=1.
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When the set T is finite, the probability of infinite sojourn in 7" is null, because
otherwise at least one transient state would be visited infinitely often. U

Equation v = Qu reads

o(i) = 3 pyely) (i € A).

JEA

First-step analysis gives this equality as a necessary condition. However, it does
not help to determine which solution to choose, in case there are several.

EXAMPLE 3.4.1: THE REPAIR SHOP ONCE MORE. We shall prove in a different
way a result already obtained in Subsection 2.4, that is: the chain is recurrent if
and only if p < 1,. Observe that the restriction of P to A; := {i + 1,1+ 2,...},
namely

ap az as

apg ap ag -

e R

does not depend on ¢ > 0. In particular, the maximal solution of v = Quv, 0, < v <
14 when A = A; has, in view of Theorem 3.4.1, the following two interpretations.
Firstly, for ¢ > 1, 1 — v(7) is the probability of visiting 0 when starting from i > 1.
Secondly, (1 — (1)) is the probability of visiting {0,1,...,7} when starting from
i + 1. But when starting from i + 1, the chain visits {0, 1,...,47} if and only if it
visits ¢, and therefore (1 — v(1)) is also the probability of visiting ¢ when starting
from 7 + 1. The probability of visiting 0 when starting from i + 1 is

I—v(i+1)=(1—-ov(1))(1—wv(i)),

because in order to go from ¢ + 1 to 0 one must first reach ¢, and then go to 0.
Therefore, for all ¢ > 1,

U(Z) =1- 5ia
where 8 =1 —wv(1). To determine S, write the first equality of v = Qu:
v(1) = a1v(l) + agv(2) + - - -,

that is,
(1=p)=a(l =) +ax(l = F) +--- .

Since ) .., a; = 1, this reduces to

ﬂ:g<ﬂ)7 (*)
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where g is the generating function of the probability distribution (ay, & > 0). Also,
all other equations of v = Qu reduce to (x).

Under the irreduciblity assumptions ag > 0, ag + a; < 1, (%) has only one solution
in [0,1], namely 5 = 1 if p < 1, whereas if p > 1, it has two solutions in [0, 1],
this probability is § =1 and 5 = y € (0,1). We must take the smallest solution.
Therefore, if p > 1, the probability of visiting state 0 when starting from state
i>1is1—w(i) =B} <1, and therefore the chain is transient. If p < 1, the latter
probability is 1 — v(i) = 1, and therefore the chain is recurrent.

EXAMPLE 3.4.2: 1-D RANDOM WALK, TAKE 5. The transition matrix of the
random walk on N with a reflecting barrier at 0,

0
q

P:

S e R
< o3
o3

where p € (0,1), is clearly irreducible. Intuitively, if p > ¢, there is a drift to the
right, and one expects the chain to be transient. This will be proven formally by
showing that the probability v(i) of never visiting state 0 when starting from state
i > 1 is strictly positive. In order to apply Theorem 3.4.1 with A = N — {0}, we
must find the general solution of © = Qu. This equation reads

and its general solution is u(i) = wu(1) Z;;B (%)]. The largest value of u(1) re-

specting the constraint u(i) € [0, 1] is u(1) = 1— < ) . The solution v(7) is therefore

aq
p

v(i) = 1— (%)i .
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Time to absorption

We now turn to the determination of the distribution of 7, the time of exit from the
transient set T'. Theorem 3.4.1 tells that v = {v(i) }ier, where v(i) = Pi(1 = 00),
is the largest solution of v = Qu subject to the constraints 0 < v < 17, where
Q is the restriction of P to the transient set 7. The probability distribution of 7
when the initial state is ¢ € T is readily computed starting from the identity

P(r=n)=P(r>n)—P(r>n+1)

and the observation that for n > 1 {7 > n} = {X,,_; € T}, from which we obtain,
forn > 1,

Pt =n)=F(Xp €T) = P(X, € T) =Y _(py(n— 1) = py(n)):
JET
Now, p;j(n) is for ¢, j € T the general term of Q", and therefore:

Theorem 3.4.2
P(r=n)={(Q"" —Q")1r}:. (3.27)

In particular, if P;(T = c0) =0,

Proof. Ounly the last statement remains to be proved. From (3.27),

m—1
P(n<7<n+m)=)Y {(Q"-Q" i}
j=0

(@ - Q") 1),

and therefore, if P;(7 = c0) = 0, we obtain (3.27) by letting m 1 oco. O

Absorption destination

We seek to compute the probability of absorption by a given recurrent class when
starting from a given transient state. As we shall see later, it suffices for the theory
to treat the case where the recurrent classes are singletons. We therefore suppose
that the transition matrix has the form

p— (é g) | (3.28)
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Let f;; be the probability of absorption by recurrent class R; = {j} when starting
from the transient state i. We have

W (1 0
P‘(Ln Q“)’

where L, = (I + Q + --- + Q")B. Therefore, lim,4o L,, = SB. For i € T, the
(1,7) term of L, is
L.(i,5) = P(X, = j|Xo =1).

Now, if Ty, is the first time of visit to R; after time 0, then
Ln(l,j> = P’i(TRj < TL),

since IR; is a closed state. Letting n go to oo gives the following:

Theorem 3.4.3 For a HMC with transition matriz P of the form (3.28), the prob-
ability of absorption by recurrent class R; = {j} starting from transient state i is

Pi(Tg, < 50) = (SB)ig,

The general case, where the recurrence classes are not necessarily singletons, can
be reduced to the singleton case as follows. Let P* be the matrix obtained from
the transition matrix P, by grouping for each j the states of recurrent class R;
into a single state J:

1 0 0 O
01 0 0
P = . (3.29)
00 "~ 0
by by -+ Q

where b; = B(j)17 is obtained by summation of the columns of B(j), the matrix
consisting of the columns 7 € R; of B. The probability f;r, of absorption by class
R; when starting from 7 € T' equals ﬁj, the probability of ever visiting 7 when
starting from 4, computed for the chain with transition matrix P*.

EXAMPLE 3.4.3: SIBMATING. In the reproduction model called sibmating (sister—
brother mating), two individuals are mated and two individuals from their offspring
are chosen at random to be mated, and this incestuous process goes on through
the subsequent generations.

We shall denote by X, the genetic type of the mating pair at the nth genera-
tion. Clearly, {X,},>0 is a HMC with six states representing the different pairs
of genotypes AA x AA, aa X aa, AA x Aa, Aa X Aa, Aa X aa, AA X aa, de-
noted respectively 1, 2, 3, 4, 5, 6. The following table gives the probabilities of
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occurrence of the 3 possible genotypes in the descent of a mating pair:

AA Aa aa )
AA AA 1 0 0
aa aa 0 0 1
AA Aa 1/2 1/2 0 parents’ genotype
Aa Aa /4 1/2  1/4
Aa aa 0 1/2 1/2
AA aa 0 1 0 )

A\

descendant’s genotypé

The transition matrix of {X,,},,>0 is then easily deduced:

1
1
p_| 14 1/2 1/4
~ | 1/16 1/16 1/4 1/4 1/4 1/8
1/4 1/4 1/2

1

The set R = {1,2} is absorbing, and the restriction of the transition matrix to the
transient set T' = {3,4,5,6} is

1/2 1/4 0 0

| o1/4 174 174 18
Q=1 0o 14 12 0
0 1 0 0

We find

N
I

—~
[S—y
|

O
S~—
L
I
=
=~
oo
—_
(=}

o = N =

and the absorption probability matrix is

1/4 0 3/4 1/4
1/16 1/16 1/2 1/2
SB=51" 1/4 | | 174 3/4
0 0 1/2 1/2

For instance, the (3, 2)entry, %, is the probability that when starting from a couple
of ancestors of type Aa X aa, the race will end up in genotype aa X aa.
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3.5 Exercises

Exercise 3.5.1. ABBABAA!

A sequence of A’s and B’s is formed as follows. The first item is chosen at random,
P(A) = P(B) = 3, as is the second item, independently of the first one. When
the first n > 2 items have been selected, the (n + 1)st is chosen, independently of
the letters in positions £ < n — 2 conditionally on the pair at position n — 1 and
n, as follows:

P(A| AA) = 5 P(A| AB) = | P(A| BA) = P(A| BB) = b

o |

What is the proportion of A’s and B’s in a long chain?

Exercise 3.5.2. FIXED-AGE RETIREMENT POLICY.

Let {U,},>1 be a sequence of 11D random variables taking their values in ., =
{1,2,...,}. The random variable U, is interpreted as the lifetime of some equip-
ment, or “machine”, the nth one, which is replaced by the (n + 1)st one upon
failure. Thus at time 0, machine 1 is put in service until it breaks down at time
Uy, whereupon it is immediately replaced by machine 2, which breaks down at
time Uy + Us, and so on. The time to next failure of the current machine at time n
is denoted by X,,. More precisely, the process {X,, },>0 takes its values in £ = N,
equals 0 at time Ry = Zle U;, equals U1 — 1 at time Ry + 1, and then decreases
of one unit per unit of ime until it reaches the value 0 at time Ry ;. It is assumed
that for all k € «.,, P(U; > k) > 0, so that the state space E is «. Then {X,,},>0
is an irreducible HMC called thr forward recurrence chain. We assume positive
recurrence, that is F[U]| < oo, where U = Uj.

A. Show that the chain is irreducible. Give the necessary and sufficient condition
for positive recurrence. Assuming positive recurrence, what is the stationary dis-
tribution? A visit of the chain to state 0 corresponds to a breakdown of a machine.
What is the empirical frequency of breakdowns?

B. Suppose that the cost of a breakdown is so important that it is better to replace
a working machine during its lifetime (breakdown implies costly repairs, whereas
replacement only implies moderate maintenance costs). The fized-age retirement
policy fixes an integer 1" > 1 and requires that a machine having reached age T
be immediately replaced. What is the empirical frequency of breakdowns (not
replacements)?

Exercise 3.5.3. CONVERGENCE SPEED VIA COUPLING.
Suppose that the coupling time 7 in Theorem 3.2.3 satisfies

E[y(r)] < o0
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for some non-decreasing function ¢ : N — R, such that lim, ¢(n) = co. Show
that for any initial distributions p and v

Tpn _ ,ITpn| — L
P = O(w<n>>'

Exercise 3.5.4.
Let {Z,}n>1 be an 1ID sequence of 11D {0, 1}-valued random variables, P(Z, =
1) =p e (0,1). Show that for all £ > 1,

lim P(Zy + Zy + - -+ Z, is divisible by k) = 1.

ntoo

Hint: modulo k.

Exercise 3.5.5.

Let P be an ergodic transition matrix on the finite state space E. Prove that
for any initial distributions p and v, one can construct two HMC’s {X,,},>0 and
{Y,.}n>0 on E with the same transition matrix P, and the respective initial dis-
tributions p and v, in such a way that they couple at a finite time 7 such that
E[e®™] < oo for some v > 0.

Exercise 3.5.6. THE LAZY RANDOM WALK ON THE CIRCLE.

Consider N points on the circle forming the state space F := {0,1,..., N — 1}.
Two points ¢, j are said to be neighbours if j = ¢ £ 1 modulo n. Consider the
Markov chain {(X,,, Y, ) },>0 with state space £ x E and representing two particles
moving on E as follows. At each time n choose X,, or Y,, with probability % and
move the corresponding particle to the left or to the right, equiprobably while
the other particle remains still. The initial positions of the particles are a and b
respectively. Compute the average time it takes until the two particles collide (the
average coupling time of two lazy random walks).

Exercise 3.5.7. COUPLING TIME FOR THE 2-STATE HMC.

Find the distribution of the first meeting time of two independent HMC with state
space F = {1,2} and transition matrix

11—« o'
P= ,
( poo1- 5)
where «, 5 € (0,1), when their initial states are different.

Exercise 3.5.8. THE SNAKE CHAIN.
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Let {X, }n>0 be an HMC with state space E and transition matrix P. Define for
L Z 1, Yn — (Xn7 Xn+1, N 7X7L+L)'

(a) The process {Y,, },>o takes its values in F' = E**1. Prove that {Y,},>0 is an
HMC and give the general entry of its transition matrix. (The chain {Y},},>0 is
called the snake chain of length L 4 1 associated with {X,,},>0.)

(b) Show that if {X,, },>0 is irreducible, then so is {Y}, },>¢ if we restrict the state
space of the latter to be F' = {(iq,...,iz) € EX™ piipiin -+ Piy iy > 0}. Show
that if the original chain is irreducible aperiodic, so is the snake chain.

(c) Show that if {X,,},>0 has a stationary distribution 7, then {Y, },>0 also has a
stationary distribution. Which one?

Exercise 3.5.9. TARGET TIME.

Let 7 be the stationary distribution of an ergodic Markov chain with finite state
space, and denote by 7; the return time to state 7. Let Sz be the time necessary
to visit for the first time the random state Z chosen according to the distribution
7, independently of the chain. Show that E;[Sz| is independent of i, and give its
expression in terms of the fundamental matrix.

Exercise 3.5.10. MEAN TIME BETWEEN SUCCESSIVE VISITS OF A SET.

Let {X,,}n>0 be an irreducible positive recurrent HMC with stationary distribution
7. Let A be a subset of the state space £ and let {7(k)}r>1 be the sequence of
return times to A. Show that

lim T(k) B 1
kteo k0 Y oieam(d)

(This extends Formula (2.5)).

Exercise 3.5.11. IRREDUCIBILITY OF THE BARKER SAMPLING CHAIN.
Show that for both the Metropolis and Barker samplers, if () is irreducible and U
is not a constant, then P(7) is irreducible and aperiodic for all 7" > 0.

Exercise 3.5.12. FORWARD COUPLING DOES NOT YIELD EXACT SAMPLING.
Refer to the Propp—Wilson algorithm. Show that the coalesced value at the for-
wards coupling time is not a sample of 7. For a counterexample use the two-state
HMC with F = {1,2}, P12 = 1, P22 = D21 = 1/2

Exercise 3.5.13. THE MODIFIED RANDOM WALK.
Consider the usual random walk on a graph. Its stationary distribution is in
general non-uniform. We wish to modify it so as to obtain a HMC with uniform
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stationary distribution. Now accept a transition from vertex ¢ to vertex j of the
original random walk with probability a;;. Find one such acceptance probability
depending only d(7) and d(j) that guarantees that the corresponding Monte Carlo
Markov chain admits the uniform distribution as stationary distribution.



