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Chapter 1

The basic theory

1.1 Conditional expectation

We start with the conditional expectation given an event. Let Z be a discrete ran-
dom variable with values in £/, and let f : E' — R be a non-negative function. Let
A be some event of positive probability. The conditional expectation of f(Z) given
A, denoted by E [f(Z) | A], is by definition the expectation when the distribution
of Z is replaced by its conditional distribution given A:

P(Z = 2| A).

Therefore
E[f(Z)| A=) f(x)P(Z = z| A).

Let {A;}ien be a partition of the sample space. The following formula is then a
direct consequence of Bayes’s formula of total causes:

E[f(Z)] =) _E[f(2)| A] P(A)

1€N

The following elementary result will be often used, and therefore, we shall promote
it to the rank of theorem:
Theorem 1.1.1 Let Z be a discrete random wvariable with values in E, and let
f: E— R be a non-negative function. Let A be some event of positive probability.
Then

E[f(Z2)14] = E[f(Z) | A] P(4).

5
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Proof.

E[f(Z)|AJP(A) =) [(2)P(Z==z| A)P(A) =) [(:)P(Z =z, A).

zelk zeE

Now, the random variable f(Z)14 takes a non-null value if and only if this value
is of the form f(z) > 0, and this with probability P(Z = z, A). Therefore

E[f(Z)1a= ) [fEP(Z=z, A)=) [fR)P(Z==z,A).
1(2)

z;f(2)>0 zel

0

Next, we now introduce the notion of conditional expectation of some discrete
random variable Z given some other discrete random variable Y.

Definition 1.1.1 Let X and Y be two discrete random variables taking their val-
ues in the denumerable sets F' and G, respectively, and let the function g : FF'xXG —
R be either non-negative, or such that El|g(X,Y)|] < oo,. Define for each y € G

U(y) =) gz yPX =z |Y =y) (1.1)

if P(Y =y) > 0, = 0 otherwise. This quantity is called the conditional expectation
of g(X,Y) given Y =y, and is denoted by EY=[g(X,Y)], or E[g(X,Y) | Y =y].
The random variable ¥(Y') is called the conditional expectation of g(X,Y) given
Y, and is denoted by EY [g(X,Y)] or E[g(X,Y) | Y].

The sum in (1.1) is well-defined (possibly infinite however) when g is non-negative.
Note that in the non-negative case, we have that

S wWPY =y)=> Y glay)P(X =z |Y =y)PY =y)

yelG yeG zeF
=Y > gle,y)P(X =2,Y =)
= Efg(X,Y)].

In particular, if E[g(X,Y)] < oo, then

> W(y)PY =y) < oo,

yelG

which implies that (Theorem ?7?) P(¢(Y) < 00) = 1.
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Let now g : F' x G — R be a function of arbitrary sign such that E|[|g(X,Y)|] <
oo, and in particular E[g¥(X,Y)] < co. Denote by ¥* the functions associated
to g* as in (1.1). As we just saw, for all y € G, ¥*(y) < oo, and therefore
W(y) = YT (y) — ¥~ (y) is well-defined (not an indeterminate oo — oo form). Thus,
the conditional expectation is well-defined also in the integrable case. From the
observation made a few lines above, in this case,

|EY [g(X,Y)]] < o0, P —a.s.

ExamMpPLE 1.1.1: Let X; and X, be independent binomial random variables of
same size N and same parameter p. We are going to show that

X1+ X
EXHRX] = (X + Xp) = =

We have

P(X) =k, Xi + X, =n)
P(X,+ X; =n)

P(X; =k Xo=n—k)
P(X1 + X2 - n)

P(X) = k)P(Xs=n — k)

P(X, + Xo = n)

P(X, = kX, + Xo=n) =

Expliciting the probabilities thereof, and using the fact that the sum of two in-
dependent binomial random variables with size N and parameter p is a binomial
random variable with size 2N and parameter p, we find after a straightforward

computation
HInAY

()
This is the hypergeometric distribution. The right-hand side of the last display is
the probability of obtaining k& black balls when a sample of n balls is randomly

selected from an urn containing N black balls and N red balls. The mean of such
a distribution is (by symmetry) 7, therefore

P(X1:k|X1—|—X2:n):

EXEN] = £ = ()

and this gives the announced result.
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ExamMpLE 1.1.2: Let X; and X5 be two independent Poisson random variables
with respective means ¢; > 0 and 6 > 0. We seek to compute EX17¥2[X], that
is EY[X], where X = X, Y = X; + X,. For y > z, the same computations as in
Example 1.1.1 give

P(X1:$)P(X2:y—$)'

Expliciting the probabilities thereof, and using the fact that the sum of two inde-
pendent Poisson random variables with parameter #; and 65 is a Poisson random
variable with parameter 6, + 65, we find after a straightforward computation

Yy 00 \°( 6 \'°
P(X = Y =y)= )

01
014627

Therefore, with o =

o) =2 =x1= 3oVt - = =

=0
Finally, EY[X] = ¢(Y) = aY, that is,

01

BN (X = 0r + 6
1 2

(X1 4+ Xo).

Properties of conditional expectation

The first property of conditional expectation, linearity, is obvious from the defini-
tions: For all A\;, \s € R,

EYMgi(X,Y) + Xage(X,Y)] = MEY [91(X, V)] + X B [g2(X, )]

whenever the conditional expectations thereof are well-defined and do not produce
oo — oo forms. Monotonicity is equally obvious: if g1(x,y) < ga(x,y), then

EY[g1(X,Y)] < B [g2(X,Y)].

Theorem 1.1.2 If g is non-negative or such that E[|g(X,Y)|] < oo, we have

BEY[g(X,Y)]] = Elg(X,Y)].
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Proof.

E[E [g(X,Y)]| = Ep(Y)]| = Y ¢y PY =y)

yeG

:ZZg(x7y)P(X:x Y =y)P(Y =vy)

yeG zeF

=SS gy P(X = 2,Y = y) = Elg(X,Y)].

Theorem 1.1.3 If w is non-negative or such that E[Jw(Y)|] < oo,
EY[w(Y)] = w(Y),
and more generally,
EYlw(Y)h(X,Y)] = w(Y)EY [(X,Y)].
assuming that the left-hand side is well-defined.

Proof. We prove the more general identity. We do the case where w and h are
non-negative, since the general case follows easily from this special case. We have,

E"w()h(X,Y)] =) wy)h(z,y) P(X =z |V =y)

=w(y) Y e, y)P(X =z |Y =y)
= w(y)E" Y [h(X,Y)].
0

Theorem 1.1.4 If X andY are independent and if v is non-negative or such that
Ellv(X)]] < oo, then

Proof. We have

EY=[p(X)] = Zv(:v)P(X =z|Y =y)
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U

We now give the successive conditioning rule. Suppose that Y = (Y1,Y3), where Y}
and Y, are discrete random variables. In this situation, we use the more developed
notation

EY[g(X,Y)] = EM™"[g(X, Y3, Y.

Theorem 1.1.5 Let Y = (Y1,Y3) be as above, and let g be either non-negative or
such that E[|lg(X,Y)|] < co. Then

EY [EYMYQ [g(Xv Yi, }/2)]] = E" [g(X7 Y, YQ)]

Proof. Let
D(Y1,Yz) = BN 2[g(X, Y1, Ya)).
We must show that

E™[(Y1,Y2)] = B[g(X, Y1, Y2)].

But
Py, y2) Zg:vyl,yQ X=z|Yi=y,Ys=1p)
and
EY [ (Y1, Ys)] Zw 1, y2) P(Y1 =91 | Ya = 1),
that is,
EY=02 (Y1, Ya)] Zzgl’yhyz X=z|Yi=y,Ya=p)PYi=u|Ys=1).
But

PX=xz|Yi=uy,Yo=1p)PYi=y|Ys=1)
 PX =z, Yi=uy,Yo=1) P(Y1 =y1,Ys = 1)
 PMi=yYa =) P(Yy = ys)
=PX=xYi=y|Y2=1).

Therefore

B 21(Y1, Ya)] ZZgwyl,yg X =YY=y |Ys=1p)

= EY2 29(X, Y1, Ya)].
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1.2 The transition matrix

There is a particle moving on a denumerable set E. If at time n, the particle is
in position ¢, it will be at time n 4+ 1 in a position j choosen independently of
the past trajectory X, _;, X,_o with probability p;;. This can be represented by
a labeled oriented graph, whose set of vertices is F, and for which there is an
oriented edge from ¢ € F to j € F with label p;; if and only the latter quantity is
positive. Note that there may be “self-loops”, correspondings to positions 7 such
that p;; > 0. This graphical interpretation of a homogeneous Markov chain (to be
defined soon) in terms of a “random walk” on a set £ will be emphasized later on
when we shall study symmetric random walks on graphs. Since the interpretation
of a Markov chain in such terms is not always the natural one, we proceed to give
a more formal definition.

A sequence {X,, },>0 of random variables with values in a set E is called a discrete-
time stochastic process with state space E. In this chapter, the state space is
countable, and its elements will be denoted by i, 7, k,...If X,, = i, the process is
said to be in state ¢ at time n, or to visit state ¢ at time n.

Definition 1.2.1 If for all integers n > 0 and all states ig,i1,...,0n_1,%, ],
P<Xn+l :] |Xn:iaXn71 :Z’nflw"aXO:Z‘O) :P(XnJrl :j ’ Xn:Z>>

theis stochastic process is called a Markov chain, and a homogeneous Markov chain
(HMC) if, in addition, the right-hand side is independent of n.

The matrix P = {p;; }i jer, where
pij = P(Xos1 = J | X, =),

is the transition matriz of the HMC. Since the entries are probabilities, and since
a transition from any state ¢+ must be to some state, it follows that

pij = 0, and sz'k =1

keE

for all states 7, 5. A matrix P indexed by F and satisfying the above properties is
called a stochastic matriz'.

IThe state space may be infinite, and therefore such a matrix is in general not of the kind
studied in linear algebra. However, the basic operations of addition and multiplication will be
defined by the same formal rules. The notation © = {z(i)}icp formally represents a column
vector, and z7 is the corresponding row vector.
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The Markov property extends easily (exercise) to
PA|X,=1iB)=PA| X, =1),
where
A={Xpp1 =71, ... Xpyw = i}, B={Xo =g, ..., Xno1 =1}
This is in turn equivalent to
P(ANB| X,=1)=PA| X,=1)P(B| X, =1).

In other words, A and B are conditionaly independent given X, = ¢. In words,
the future at time n and the past at time n are conditionally independent given
the present state X,, = i. In particular that the Markov property is independent
of the direction of time.

Notation. We shall from now on abbreviate P(A | Xy = i) as P;(A). Also, if u is
a probability distribution on £, then P,(A) is the probability of A given that the
initial state X is distributed according to pu.

The distribution at time n of the chain is the vector v,,, where
v(i) = P(X, =1).

From the Bayes rule of exclusive and exhaustive causes, v,11(j) = > _.cp Vn(9)Dij,
that is, in matrix form, v2,, = v P. Tteration of this equality yields

n+
vl =yl P (1.2)
The matrix P™ is called the m-step transition matriz because its general term is
pij(m) = P(Xpim = J | Xn =1).

Indeed, the Bayes sequential rule and the Markov property give for the right-hand
side of the latter equality
Z DiiyPiviy ** " Piy1j>

i1, sim—1€E
which is the general term of the m-th power of P.

The probability distribution v of the initial state is called the initial distribution.
From the Bayes sequential rule and in view of the homogeneous Markov property
and the definition of the transition matrix,

P(Xo =10, X1 =t1,..., Xk = 1) = vo(i0)Digiy - * * Din_vix -

Therefore, t distribution of a discrete-time HMC is uniquely determined by its
initial distribution and its transition matrix.
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Sample path realization of the transition matrix

Many HMC’s receive a natural description in terms of a recurrence equation.

Theorem 1.2.1 Let {Z,},>1 be an 1ID sequence of random variables with values
in an arbitrary measurable space F'. Let E be a countable space, and f : EXF — E
be some measurable function. Let Xo be a random wvariable with values in F,
independent of {Z,}n>1. The recurrence equation

Xn+1 - f(XTm Zn-‘rl) (13)

then defines a HMC.

Proof. Iteration of recurrence (1.3) shows that for all n > 1, there is a measurable
function g,, such that X,, = ¢,(Xo, Z1,...,Z,), and therefore P(X,,,1 = j | X,, =
iaXn—l = in—la . ,XO = Zo) = P(f(i,Zn+1) = ] | Xn = i,Xn_l = in—ly . ,XO =
io) = P(f(i,Z,+1) = j), since the event {Xy = dg,..., Xy 1 = in_1, X, = i}
is expressible in terms of Xg, Z;,..., 7, and is therefore independent of 7, ..
Similarly, P(X,1 = j | X, = 1) = P(f(i,Zns1) = j). We therefore have a
Markov chain, and it is homogeneous since the right-hand side of the last equality
does not depend on n. Explicitly:

pij = P(f(i, Z1) = j). (1.4)

O

Not all homogeneous Markov chains receive a “natural” description of the type
featured in Theorem 1.2.1. However, it is always possible to find a “theoretical”
description of the kind. More exactly,

Theorem 1.2.2 For any transition matriz P on E, there exists a homogeneous
Markov chain with this transition matriz and with a representation such as in
Theorem 1.2.1.

Proof. Let
Jj—1 J
X1 =53 D pxor € Zugt <D Pk
k=0 k=0

where {Z,},>1 is 11D, uniform on [0, 1]. By application of Theorem 1.2.1 and of
formula (1.4), we check that this HMC has the announced transition matrix. [

ExamMpLE 1.2.1: 1-D RANDOM WALK, TAKE 1. Let Xy be a random variable
with values in Z. Let {Z,},>1 be a sequence of 11D random variables, independent
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of Xy, taking the values +1 or —1, and with the probability distribution
P(Z, = +1) =p,
where p € (0,1). The process {X,, },>1 defined by
Xny1 = Xn+ Zns1

is, in view of Theorem 1.2.1, an HMC, called a random walk on 7Z. It is called a
“symmetric” random walk if p = %

EXAMPLE 1.2.2: REPAIR SHOP, TAKE 2. During day n, Z,;; machines break
down, and they enter the repair shop on day n+ 1. Every day one machine among
those waiting for service is repaired. Therefore, denoting by X,, the number of
machines in the shop on day n,

Xop1 = (Xo = )"+ Zoj1, (1.5)

where at = max(a,0). In particular, if {Z,},>; is an 1ID sequence independent of
the initial state Xy, then {X,},>0 is a homogeneous Markov chain. In terms of
the probability distribution

P(Zy =k)=ay, k>0,
its transition probabilities are, by formula (1.4),

pij=P(i—-1)"+Z1=j)=P(Zi=7—(i—1)7") = a;__1+

As we already mentioned, not all homogeneous Markov chains are naturally de-
scribed by the model of Theorem 1.2.1. A slight modification of this result con-
siderably enlarges its scope.

Theorem 1.2.3 Let things be as in Theorem 1.2.1 except for the joint distribu-
tion of Xo, Z1,Zs,.... Suppose instead that for all n > 0, Z,.1 is condition-
ally independent of Z,,..., 21, Xn_1,...,Xo given X,,, and that for all i,j € F,
P(Zu1 =k | X, = 1) is independent of n. Then {X,,}n>0 is a HMC, with transi-
tion probabilities

pij = P(f(i,Z1) = j | Xo =1).

Proof. The proof is quite similar to that of Theorem 1.2.1 (exercise). 0
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EXAMPLE 1.2.3: THE EHRENFEST URN, TAKE 1. This simplified model of diffu-
sion through a porous membrane was proposed in 1907 by the Austrian physicists
Tatiana and Paul Ehrenfest to describe in terms of statistical mechanics the ex-
change of heat between two systems at different temperatures. (This model consid-
erably helped understanding the phenomenon of thermodynamic irreversibility.)

There are N particles that can be either in compartment A or in compartment
B. Suppose that at time n > 0, X,, = ¢ particles are in A. One then chooses a
particle at random, and this particle is moved at time n + 1 from where it is to
the other compartment. Thus, the next state X,,;; is either i — 1 (the displaced
particle was found in Compartment A) with probability N, or i+ 1 (it was found
in B) . This model pertains to Theorem 1.2.3. For all n > 0,

Xn+1 =X, + Zn+17

where Z,, € {~1,41} and P(Z,41 = —1 | X,, = i) = %. The nonzero entries of
the transition matrix are therefore

1
Piji+1 = N Dii—1 = N

NS \/\\/\\/ \/\
NN /\\/\\/\ N

First-step analysis

Some functionals of homogeneous Markov chains such as probabilities of absorption
by a closed set (A is called closed if » ., pi; =1 for all i € A) and average times
before absorption can be evaluated by a technique called first-step analysis.

EXAMPLE 1.2.4: THE GAMBLER’S RUIN, TAKE 1. Two players A and B play
“heads or tails”, where heads occur with probability p € (0, 1), and the successive
outcomes form an 11D sequence. Calling X,, the fortune in dollars of player A at
time n, then X,.1 = X,, + Z,11, where Z, 1 = +1 (resp., —1) with probability
p (resp., ¢ = 1 —p), and {Z,},>1 is ID. In other words, A bets $1 on heads at
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each toss, and B bets $1 on tails. The respective initial fortunes of A and B are
a and b (positive integers). The game ends when a player is ruined, and therefore
the process { X, }n>1 is a random walk as described in Example 1.2.1, except that
it is restricted to £ = {0,...,a,a+1,...,a+b = ¢}. The duration of the game is
T, the first time n at which X,, = 0 or ¢, and the probability of winning for A is
u(a) = P(Xp =c| Xo = a).

A wins
c=a+b

12 3 4 5 6 7 8 9 10 T=11

The gambler’s ruin

Instead of computing u(a) alone, first-step analysis computes

for all states 7, 0 < 7 < ¢, and for this, it first generates a recurrence equation
for u(7) by breaking down event “A wins” according to what can happen after the
first step (the first toss) and using the rule of exclusive and exhaustive causes. If
Xo=1,1<i<c¢—1,then X; =i+1 (resp., X; =i—1) with probability p (resp.,
q), and the probability of winning for A with updated initial fortune i + 1 (resp.,
i—1)is u(i+ 1) (resp., u(i — 1)). Therefore, for i, 1 <i < c¢—1 (see, however, a
rigorous proof at the close of the example),

u(i) = pu(i + 1) + qu(i — 1),

with the boundary conditions u(0) = 0, u(c) = 1.

The characteristic equation associated with this linear recurrence equation is pr? —
r+q = 0. It has two distinct roots, r; = 1 and ry = %, if p # ¢, and a double root,

ry = 1,if p = ¢ = 5. Therefore, the general solution is u(i) = Ar{+ury = A (%)
when p # ¢, and u(z) = A\r} + pirt = X+ pi when p =g = % Taking into account



1.2. THE TRANSITION MATRIX 17

the boundary conditions, one can determine the values of A and p. The result is,
for p # q,

%
c

1—

andforp:q:%,

In the case p = ¢ = 3, the probability v(¢) that B wins when the initial fortune of
B is ¢—1 is obtained by replacing i by ¢—i in expression for u(i): v(i) = < = 1—-£.
One checks that u(i) + v(7) = 1, which means in particular that the probability
that the game lasts forever is null. The reader is invited to check that the same is
true in the case p # q.

Communication

All the properties defined in the present subsection are topological in the sense that
they concern only the naked transition graph (without the labels).

Definition 1.2.2 State j is said to be accessible from state i if there exists M > 0
such that p;;(M) > 0. States i and j are said to communicate if i is accessible
from 7 and 7 is accessible from i, and this is denoted by 1 < j.

In particular, a state i is always accessible from itself, since p;(0) = 1 (P = I,
the identity).

For M > 1, pi(M) = >, i Diiy - Pip_j» and therefore py;(M) > 0 if and
only if there exists at least one path i,41,...,i3_1,7 from ¢ to j such that

DiirPiris *** Ping_1j > 0,

or, equivalently, if there is an oriented path from ¢ to j in the transition graph G.
Clearly,

1431 (reflexivity),
P> ] =i (symmetry),
i e k=ick (transivity).
Therefore, the communication relation («) is an equivalence relation, and it gen-

erates a partition of the state space F into disjoint equivalence classes called com-
munication classes.
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Definition 1.2.3 A state i such that p; = 1 is called closed. More generally, a
set C of states such that for all i € C, Zjec pij = 1 is called closed.

Definition 1.2.4 If there exists only one communication class, then the chain, its
transition matriz, and its transition graph are said to be irreducible.

Consider the random walk on Z (Example 1.2.1). Since p € (0, 1), it is irreducible.
Observe that F = Cy + C, where Cy and (', the set of even and odd relative
integers respectively, have the following property. If you start from ¢ € Cy (resp.,
(1), then in one step you can go only to a state j € C; (resp., Cy). The chain
{X,} passes alternately from cyclic class to the other. In this sense, the chain
has a periodic behavior, corresponding to the period 2. More generally, for any

irreducible Markov chain, one can find a unique partition of E into d classes Cy,
C1, ..., C4_1 such that for all k,7 € C},

E Dij = L,
J€CK11

where by convention Cy = Cjp, and where d is maximal (that is, there is no other
such partition C}, C{,...,C% _; with d > d). The proof follows directly from
Theorem 1.2.5 below.

The number d > 1 is called the period of the chain (resp., of the transition ma-
trix, of the transition graph). The classes Cy, C1,...,Cyq_1 are called the cyclic
classes. The chain therefore moves from one class to the other at each transition,
and this cyclically.

Period

We now give the formal definition of period. It is based on the notion of greatest
common divisor of a set of positive integers.

Definition 1.2.5 The period d; of state v € E is, by definition,
d; = acp{n > 1; pi(n) > 0},

with the convention d; = 400 if there is no n > 1 with p;(n) > 0. If d; = 1, the
state i 1s called aperiodic .

Theorem 1.2.4 [f states i and j communicate they have the same period.
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Proof. Asiand j communicate, there exist integers N and M such that p;; (M) >
0 and pj;(N) > 0. For any k > 1,

pii(M +nk + N) > p;;(M)(pj; (k)" pji(N)

(indeed, the path Xog = i, Xy = 7, Xyraw = 7, oy Xtank = Jo Xonkan = @18
just one way of going from i to i in M + nk + N steps). Therefore, for any k£ > 1
such that p;;(k) > 0, we have p;(M + nk + N) > 0 for all n > 1. Therefore, d,
divides M +nk-+ N for all n > 1, and in particular, d; divides k. We have therefore
shown that d; divides all k£ such that p;;(k) > 0, and in particular, d; divides d;.
By symmetry, d; divides d;, and therefore, finally, d; = d;. U

We can therefore speak of the period of a communication class or of an irreducible
chain.

The important result concerning periodicity is the following.

Theorem 1.2.5 Let P be an irreducible stochastic matrix with period d. Then for
all states 1,7 there exist m > 0 and ng > 0 (m and ng possibly depending on i, j)
such that

pij(m+nd) >0, for all n > ny.

Proof. It suffices to prove the theorem for ¢ = j. Indeed, there exists m such
that p;;(m) > 0, because j is accessible from ¢, the chain being irreducible, and
therefore, if for some ng > 0 we have p;;(nd) > 0 for all n > ng, then p;;(m+nd) >
pij(m)p;;(nd) > 0 for all n > ny.

The rest of the proof is an immediate consequence of a classical result of number
theory. Indeed, the GCD of the set A = {k > 1;p;;(k) > 0} is d, and A is closed
under addition. The set A therefore contains all but a finite number of the positive

multiples of d. In other words, there exists ng such that n > ng implies p;;(nd) > 0.
O

Behaviour of a Markov chain with period 3
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Stationarity

The central notion of the stability theory of discrete-time HMC’s is that of station-
ary distribution.

Definition 1.2.6 A probability distribution m satisfying
al =7TP (1.6)

is called a stationary distribution of the transition matrix P, or of the corresponding
HMC.

The global balance equation (1.6) says that for all states i,

m(1) = Z 7(J)pji-

JEE

Iteration of (1.6) gives 77 = 7T P" for all n > 0, and therefore, in view of (1.2), if
the initial distribution v = , then v, = 7 for all n > 0. Thus, if a chain is started
with a stationary distribution, it keeps the same distribution forever. But there is
more, because then,

P(Xn - Z.Ov Xn+1 = i17 e aXn-Hc - Zk) = P(Xn - iO)pioil e Dig 1

- 7T(i0>pioi1 s 'pik—lik

does not depend on n. In this sense the chain is stationary. One also says that the
chain is in a stationary regime, or in equilibrium, or in steady state. In summary:

Theorem 1.2.6 A HMC whose initial distribution is a stationary distribution is
stationary.

The balance equation 7/P = 77, together with the requirement that 7 be a
probability vector, i.e., 771 = 1 (where 1 is a column vector with all its entries
equal to 1), constitute when F is finite, | E|+1 equations for | E'| unknown variables.
One of the | E| equations in 7/ P = 7T is superfluous given the constraint 771 = 1.
Indeed, summing up all equalities of 77P = 77 yields the equality 77 P1 = 771,
that is, 771 = 1.

EXAMPLE 1.2.5: TwO-STATE MARKOV CHAIN. Take F = {1, 2} and define the

transition matrix
1 2

1/1—« o
P:2< 8 1—6)’
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where «, § € (0,1). The global balance equations are

m(1) = 7)1 —a)+m(2)p,
m(2) = m(l)a+7n(2)(1-p).
This is a dependent system which reduces to the single equation 7(1)a = 7(2)8,

to which must be added 7(1) 4+ m(2) = 1 expressing that 7 is a probability vector.
We obtain

EXAMPLE 1.2.6: THE EHRENFEST URN, TAKE 2. The global balance equations
are, for i € [1, N — 1],

7(i) = m(i — 1) (1_i]_\71) NS

and, for the boundary states,

1

3 g ey

Leaving 7(0) undetermined, one can solve the balance equations for i = 0 N

successively, to obtain
N
(i) = W(O)( , >
i

The value of 7(0) is then determined by writing that 7 is a probability vector:

1= iw(i) = 7(0) f: (jj) = 7(0)2".

=0 =0

This gives for 7 the binomial distribution of size N and parameter %:

w(i)zziN(]iV)

This is the distribution one would obtain by placing independently each particle
in the compartments, with probability % for each compartment.

Stationary distributions may be many. Take the identity as transition matrix.
Then any probability distribution on the state space is a stationary distribution.
Also ther may well not exist any stationary distribution.
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Recurrence equations can be used to obtain the stationary distribution when the
latter exists and is unique. Generating functions sometimes usefully exploit the
dynamics.

EXAMPLE 1.2.7: REPAIR SHOP, TAKE 3. For any complex number z with mod-
ulus not larger than 1, it follows from the recurrence equation (1.5) that

ZXn+1+1 — <Z(Xn_1)++1) ZZn+1
_ (anl{Xn>0} T Zl{Xn:O}) ZZn+1
= (ZX” — lix,=0y + Zl{ano}) ZZ"“,

and therefore
ZZX"H _ ZanZn-H _ (Z _ 1)1{Xn:0}ZZn+1.

From the independence of X,, and 7, ;, E[z%"2%+1] = E[2%"]g;(z), where gz(2)
is the generating function of Z, 41, and E[l{x, —oy2?"*'] = 7(0)gz (), where 7(0) =
P(X, =0). Therefore,

2Bz ] = gz(2) E[2*] = (2 = 1)m(0)g2(2).
But in steady state, E[z%m+1] = E[2%"] = gx(2), and therefore
9x(2) (2 = 92(2)) = 7(0)(z = 1)gz(2) (*)

This gives the generating function gx(z) = Y., 7(i)z", as long as 7(0) is available.
To obtain 7(0), differentiate (*):

9x(2) (2 = 92(2)) + gx(2) (1 = gz(2)) = 7(0) (92(2) + (z = 1)g(2)),

and let z = 1, to obtain, taking into account the equalities gx (1) = gz(1) = 1 and
9,(1) = ElZ],
m(0) =1—- E[Z]. (1.7)

Since 7(0) must be non-negative, this immediately gives the necessary condition
E[Z] < 1. Actually, one must have, if the trivial case Z,, 11 = 1 is excluded,

E|Z] < 1. (1.8)
Indeed, if F[Z] = 1, implying 7(0) = 0, it follows from (??) that
9x(2)(z = gz(x)) = 0

for all z € [0,1]. But excluding the case Z,,; = 1 (that is, gz(x) = z), the
equation x — gz(z) = 0 has only = 1 for a solution when ¢4 (1) = E[Z] < 1.
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Therefore, gx(z) = 0 for € [0,1), and consequently gx(z) = 0 on {|z| < 1}
(where gz is analytic). This leads to a contradiction, since the generating function
of an integer-valued random variable cannot be identically null.

We shall prove later that E[Z] < 1 is also a sufficient condition for the existence
of a steady state. For the time being, we learn from (??) and (1.7) that, if the
stationary distribution exists, then its generating function is given by the formula

>l = (1 - E[Z])%)jé(;). (1.9)

Reversible chains

The notions of time-reversal and time-reversibility are very productive, as we shall
see in several occasions in the sequel.

Let {X,}n>0 be an HMC with transition matrix P and admitting a stationary
distribution 7 such that
m™>0

(that is, w(i) > 0 for all states 7). Define the matrix Q, indexed by E, by

m(i)ai; = 7(J)pji- (1.10)
This matrix is stochastic, since
(7) 1 (e
S = 3 T = o St = T =1
; (i) w0 7 (i)
JEE JEE ck

where the third equality uses the global balance equations. Its interpretation is the
following: Suppose that the initial distribution of the chain is 7, in which case for
allmn >0,alli e E, P(X,, =1i) = 7(i). Then, from Bayes’s retrodiction formula,

P(Xn-&-l:i) ’

PX,=j|Xm1=1)=
that is, in view of (1.10),

We see that Q is the transition matrix of the initial chain when time is reversed.
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The following is a very simple observation that will be promoted to the rank of a
theorem in view of its usefulness and also for the sake of easy reference.

Theorem 1.2.7 Let P be a stochastic matrixz indexed by a countable set E, and
let © be a probability distribution on E. Define the matriz Q indexed by E by
(1.10). If Q is a stochastic matriz, then 7 is a stationary distribution of P.

Proof. For fixed i € E, sum equalities (1.10) with respect to j € E to obtain
Z m(i)qi; = Z m(J)pji-
jJEE jEE
But the left-hand side is equal to 7 (i) > .. ¢i; = 7(i), and therefore, for all i € F,
m(1) = ZWU)Pji-
jJEE

OJ

A stationary HMC with time index N can be extended to Z while preserving sta-
tionarity.

Theorem 1.2.8 Let {X, },>0 be a HMC with state space E, transition matriz P,
and suppose that there exists a stationary distribution m > 0. Suppose moreover
that the initial distribution is w. Define the matric Q = {q;;}ijer by (1.10).
Construct {X_, }n>1, independent of { X, }n>1 given Xy, as follows:

PXy=i1,X g=1iy,...,. X p =i | Xo=14,X1=J1,..., Xn = Jn)
=P(X_1 =0, X g=1dg,..., X} = | Xo=1) = Gis, Girir " Cix_rs
forall k > 1,n > 1,6,01,... 0k, J1,--,Jn € E. Then {X,}nez is a HMC with
transition matric P and P(X,, = i) = (i), for alli € E, alln € Z.

Proof. Exercise. O

Definition 1.2.7 One calls reversible a stationary Markov chain with initial dis-
tribution 7 (a stationary distribution) if for all i,j € E, we have the so-called
detailed balance equations

m(0)pi; = 7(J)pji- (1.11)

We then say: the pair (P, ) is reversible.
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In this case, ¢;; = p;j, and therefore the chain and the time-reversed chain are
statistically the same, since the distribution of a homogeneous Markov chain is
entirely determined by its initial distribution and its transition matrix.

The following is an immediate corollary of Theorem 1.2.7.

Theorem 1.2.9 Let P be a transition matriz on the countable state space E, and
let ™ be some probability distribution on E. If for allv,7 € E, the detailed balance
equations (1.11) are satisfied, then  is a stationary distribution of P.

ExamMpPLE 1.2.8: THE EHRENFEST URN, TAKE 3. Recall that we obtained the

expression
(i) 1 (N
(1) = —
2N \ 1

for the stationary distribution. Checking the detailed balance equations

7(4)piiv1 = (i + 1)piy1

is immediate.

EXAMPLE 1.2.9: RANDOM WALK ON A GROUP. Let GG be a finite associative
group with respect to the operation * (here called the “product”)and let the in-
verse of a € G be denoted by a~! and the identity by e. Let u be a probability
distribution on G. Let X, be an arbitrary random element of G, and let {Z,,},>1
be a sequence of 11D random elements of G, independent of X, with common
distribution p. The recurrence equation

X1 = Zpi1 x Xy, (1.12)
defines according to Theorem 1.2.1 a HMC whose transition probabilities are

Py hig = p(h)
for all g,h € G.

For H C G, denote by (H) the smallest subgroup of G containing H. Recall that
(H) consists of all elements of the type b, xb,_1*---xb; where the b;’s are elements
of H or inverses of elements of H. Let S = {g € G; u(g) > 0}. The random walk
is irreducible if and only if S generates G, that is, (S) = G.

Proof. Assume irreducibility. Let a € G. There exists r > 0 such that p. ,(r) > 0,
that is, there exists a sequence sy, ..., s, of S such that a = s, %---*xs;. Therefore
a € (S). Conversely, suppose that S generates G. Let a,b € G. The element
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bx a~! is therefore of the type u, * u,_q * - - - * u; where the u;’s are elements of

S or inverses of elements of S. Now, every element of G is of finite order, that is,
can be written as a power of some element of G. Therefore b * a~! can be written
as b* a~! = s, % -+ % s; where the s;’s are in S. In particular, p,,(r) > 0. O

The uniform distribution U on G is a stationary distribution of the chain.

Proof. In fact

1
E:waﬂm:=ﬁﬂ§:pva

geG heG

1 1
:@Z“(h):@‘

heG
O
The probability distribution pu on G is called symmetric iff u(g) = u(g=') for all

g € G. If this is the case, then the chain is reversible. We just have to check the
detailed balance equations

U(9)pgn = U(h)ph g

that is | .
—p(hg™") = —-p(gh™"),
G| G|

which is true because of the assumed symmetry of pu.

1.3 Recurrence

Strong Markov property and recurrence

The Markov property, that is, the independence of past and future given the
present state, extends to the situation where the present time is a stopping time.
More precisely, let 7 be a random time taking its values in N U {+o0}, and let
{X, }n>0 be a stochastic process with values in the countable set E. In order to
define X, when 7 = 0o, one must decide how to define X,. This is done by taking
some arbitrary element A not in E, and setting

Xoo = A



1.3. RECURRENCE 27

Y

By definition, the “process after 77 is the stochastic process

{S: X0 == {Xpsr fnzo-

The “process before 7,” or the “process stopped at 7,” is the process

{X;}HZO = {Xn/\T}nZO;
which freezes at time 7 at the value X.

We introduce the notion of stopping time. Let {X,},>0 be a stochastic process
with values in the denumerable set . For an event A, the notation A € A} means
that there exists a function ¢ : E" +— {0, 1} such that

la(w) = p(Xo(w),..., X,(w)).

In other terms, this event is expressible in terms of Xy(w),..., X,(w). Let now 7
be a random variable with values in N. It is called a X-stopping time if for all
m € N, {r = m} € XJ". In other words, it is a non-anticipative random time
(with respect to {X,, },>0, since in order to check if 7 = m, one needs only observe
the process up to time m and not beyond. It is immediate to check that if 7 is a
X(-stopping time, then so is 7 +n for all n > 1.

EXAMPLE 1.3.1: RETURN TIME. Let {X, },>0 be an HMC with state space E.
Define for ¢ € F the return time to i by

T, :=inf{n>1; X,, =1}

using the convention inf @ = oo for the empty set of N. This is a X{-stopping
time since for all m € N,

{Tz:m}:{Xl#z,Xz#z,,Xm_l#z,Xm:z}

Note that T; > 1. It is a “return” time, not to be confused with the closely
related “hitting” time of i, defined as S; := inf{n > 0; X,, = ¢}, which is also a
X(-stopping time, equal to 7; if and only if X, = i.

EXAMPLE 1.3.2: SUCCESSIVE RETURN TIMES. This continues the previous ex-
ample. Let us fix a state, conventionally named 0, and let 7 be the return time to
0. We define the successive return times to 0, 7, £k > 1 by 7 = Ty and for £ > 1,

The1 = inf{n >7,+1; X,, =0}
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with the above convention that inf @ = oco. In particular, if 7, = oo for some &,
then 75,y = oo for all £ > 1. The identity

m—1
{Tk:m}E {Zl{Xn=0} :k—l, Xm_O}

n=1

for m > 1 shows that 7, is a X{-stopping time.

Theorem 1.3.1 Let {X,,},>0 be an HMC with state space E and transition matric
P. Let 7 be a X{-stopping time. Then for any state 1 € E,

(o) Given that X, = 1, the process after T and the process before T are independent.

(B) Given that X, =i, the process after T is an HMC with transition matriz P.

Proof. (a) We have to show that for all times & > 1,n > 0, and all states

i07' . 7in7i7j17 s 7jk7

P(XT+1 :jla"'aX‘r—i-k = Jk | X = Z->AXV‘1'/\l) = iD)"'aXT/\TL = Zn)
=P(Xr1=J1, - Xoge = i | Xo = 10).

We shall prove a simplified version of the above equality, namely

P(X7+k:j|XT:Z7XT/\TL:ZTL):P(XT+]€:]|XT:Z) (*)

The general case is obtained by the same arguments. The left-hand side of (x)
equals
P<X7+k = j7 X = Z-7)(‘1'/\11 = Zn)
P(XT - Z‘7)(7'/\n - Zn) '

The numerator of the above expression can be developed as

Z P(T =, Xr+l~c = ja X, = i7X7‘/\TL = Zn) : (**)

reN

(The sum is over N because X, = i # A implies that 7 < o0.) But P(r =
TaXrJrk = juxr = inrAn = Zn) = P<Xr+k = ] | X, = (2 Xoan = I, T = T‘)
P(t = rXpn = i, X, = 4), and since r An < r and {7 = r} € X{, the
event B := {X,nn = iy, 7 = r} is in XJ. Therefore, by the Markov property,
P(Xr—i—k =] | X, = i7XrAn =n, T = T} = P(XT+I€ =] | X, = Z) = ng(k) Finau}]v
expression (%) reduces to

Zpij (k)P(T =T, Xr/\n - in7 XT‘ - Z) = Pij (k)P(XT=l7 XT/\n - Zn)

relN
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Therefore, the left-hand side of (%) is just p;;(k). Similar computations show that
the right-hand side of () is also p;;(k), so that («) is proven.

(8) We must show that for all states 7, j, k,ip_1,...,11,

P(Xr+n+1 =k | XT+n = ja XT+n—1 =lp_1,--- 7X7' = Z)
= P(Xrint1 =k | Xrpn = J) = pji-

But the first equality follows from the fact proven in («) that for the stopping time
7' = 7 + n, the processes before and after 7" are independent given X, = j. The
second equality is obtained by the same calculations as in the proof of («). 0

Regenerative cycles

Consider a Markov chain with a state conventionally denoted by 0 such that
Py(Ty < o0) = 1. In view of the strong Markov property, the chain starting
from state 0 will return infinitely often to this state. Let m = Ty, 7»,... be the
successive return times to 0, and set 79 = 0.

By the strong Markov property, for any k > 1, the process after 7 is independent
of the process before 7, (observe that condition X, = 0 is always satisfied), and
the process after 7, is a Markov chain with the same transition matrix as the
original chain, and with initial state 0, by construction. Therefore, the successive
times of visit to 0, the pieces of trajectory

{X‘I’ku X7k+17 s 7XT]€+171}7 k > 07

are independent and identically distributed. Such pieces are called the regenerative
cycles of the chain between visits to state 0. Each random time 7 is a regeneration
time, in the sense that {X,, i, }n>0 is independent of the past Xo,..., X, 1 and
has the same distribution as {X,},>0. In particular, the sequence {7 — 7%_1 }x>1
1S 1ID.

EXAMPLE 1.3.3: 1-D RANDOM WALK, TAKE 2. Let {X,},>0 be a symmetric
random walk on Z. We show that for all positive integers j, k and n,

Pk(TO <n, Xn:]) :Pk(Xn:_J>7
and therefore, summing over 7 > 0,

Pk(T0<TL,Xn>O):Pk(Xn<O).
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Proof. By the strong Markov property, for m < n,
P(To =m, X, = j) = Pe(To = m)Po(Xpom = J) -

Since the distribution of X, is symmetric when the initial position is 0, the right-
hand side is

Po(To =m)Py(Xym = —J) = Pe(To =m, X,, = —j),
and therefore
Pi(To =m, Xo = +j) = Pu(To =m, X, = —j).
Summing over m < n, this gives
P.(To <n, X, =j)=F(Ty <n, X,, = —j) = P(X,, = —)),

where we have observed for the last equality that starting from a positive position
and reaching a negative position at time n implies that position 0 has been reached
for the first time strictly before time n. O

EXAMPLE 1.3.4: THE GAMBLER’S RUIN, TAKE 2. A gambler with initial fortune
1 plays a heads and tails fair coin game with a one dollar stake at each toss.
What is the distribution of the duration of the game until he is broke? In other
terms, what is the distribution of the return time to 0 of a symmetric random walk
starting from position 17 Note that in this case T} is necessarily odd. We have by
the strong Markov property and the reflection principle (Example 1.3.3)

Pl(T() =2m + 1) = Pl(TO > 2m,X2m = 1,X2m+1 = 0)

= Pl(TO > 2m,X2m = 1)P1(X2m+1 =0 ’ Xgm = 1)

1
= Pl(TO > 2m,X2m = 1)5

1
= 5 {Pl(XQm = 1) - Pl(TO < 2m,X2m = 1)}

= %{Pl(X2m =1)— P (Xom =—-1)}

2m
— 1 2m 2—2m o 2m 2—2m — (m) 2—2m—1
2 m m—1 m+ 1 '
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Visits to a given state

Let the number of visits to state i strictly after time 0 be denoted by

N; = Z Lix, =i}

n>1

The distribution of N; given Xy = 7 is

Pi(Ni=r) = fifi "(1= fa) (r > 1)
Pj(N; =0) =1— fj,

where f;; = P;(T; < co) and 7T; is the return time to 1.

Proof. An informal proof goes like this: We first go from j to i (probability f;;)
and then, r — 1 times in succession, from i to i (each time with probability f;;), and
the last time, that is the r 4 1-st time, we leave ¢ never to return to it (probability
1 — fi;). By the independent cycle property, all these “jumps” are independent,
so that the successive probabilities multiplicate. Here is a formal proof if someone
needs it.

For r = 0, this is just the definition of f;;. Now let » > 1, and suppose that
P

(N; = k) = fiufE (1 — fu) is true for all k, 1 < k < 7. In particular,
Pi(Ni > 1) = fiifi-
Denoting by 7, the rth return time to state i,

Tr41

= Pj(TT-i-? — Tr41 = OO7XTT+1 = Z)

Pj<7-r+2 — Tpp1 = 0 | Xy = i)Pj(XTrH =1).
But
Pj(Tr-‘rQ — Tr+1 = O | XT’!‘+1 = l) =1- fll

by the strong Markov property (7,12 — 7,41 is the return time to ¢ of the process
after 7,,1). Also,
Py(x

Tr+1

= i) = BN > 1)

Therefore,
Pi(N; =1 +1) = P(Ti = 00) P(N; > r) = (1 = fa) fji fii-

The result then follows by induction. O
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The distribution of N; given Xy = j and given N; > 1 is geometric. This has two
main consequences. Firstly,

P(T; <o0) =1<«= P(N;, =0) = 1.

In words: if starting from ¢ you almost surely return to ¢, then you will visit ¢
infinitely often. Secondly, we have

E;[N;] = Zer(Nz =r)= ZT (1= fu) = 1 f”f
—1 i

r—1

In particular,
Pi(T; < ) < 1 <= E;[N;] < 0.

We collect these results for future reference. For any state ¢ € F,

P(Ti<o0)=1<= PB(N;,=x) =1
and

P(T; < 0) <1 <= Pi(N; = 00) =0 <= E;[N,;] < 0. (1.13)
In particular, the event {N; = oo} has P;-probability 0 or 1.
The potential matriz G associated with the transition matrix P is defined by
G=> P
n>0

Its general term

> 1{Xn:j}]
n=0

is the average number of visits to state j, given that the chain starts from state 7.

g9 = > _pii(n) = > Pi(Xp=4) =Y Eillix,—] = E;
n=0 n=0 n=0

Recurrence and the potential matrix

For the time being, we introduce the relevant definitions. First recall that T;
denotes the return time to state 1.

Definition 1.3.1 State i € E is called recurrent if
P(T; < o0) =1,
and otherwise it is called transient. A recurrent state i € E such that
Ei|T;] < o0,

15 called positive recurrent , and otherwise it is called null recurrent.
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Although the next criterion of recurrence is of theoretical rather than practical
interest, it can be helpful in a few situations, for instance in the study of recurrence
of random walks (see the examples below).

Theorem 1.3.2 State i € E is recurrent if and only if

> pii(n) = 00
n=0
Proof. This merely rephrases Eqn. (1.13). O

ExAMPLE 1.3.5: 1-D RANDOM WALK, TAKE 3. The corresponding Markov chain
was described in Example 1.2.1. The non-null terms of its transition matrix are
Piit1 =P, Piic1=1—p,

where p € (0,1). We shall study the nature (recurrent or transient) of any one of
its states, say, 0. We have pgo(2n + 1) = 0 and

poo(2n) = P (1—=p)".

By Stirling’s equivalence formula n! ~ (n/e)™\/27n, the above quantity is equiva-

lent to to(1 .
[ p( B p)] ( *)
NZZD
and the nature of the series > poo(n) (convergent or divergent) is that of the
series with general term ( ). If p# L, in which case 4p(1 — p) < 1, the latter series
converges, and if p = 3, in which case 4p(1 — p) = 1, it diverges. In summary, the
states of the 1-D random walk are transient if p # %, recurrent if p = %

EXAMPLE 1.3.6: 1-D RANDOM WALK, TAKE 4. We show that for the symmetric
(p = 3) 1-D random walk, the states are in fact null recurrent, as we proceed to

prove. Let 71 = Ty, 79, ... be the successive return times to state 0. Observe that
forn > 1,
Py(Xp, = 0) =Y Py(7, = 2n),
k>1

and therefore, for all z € C such that |z| < 1,

> Ro(Xon =0)2"" =) > Ry(m =2n)2"" =Y Eg[z™]

n>1 k>1 n>1 k>1
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But 7, =7 4+ (o — 711) + -+ + (7 — Tk_1) and therefore, in view of Theorem 7.4,
and since 7 = 71§,
Ey[z™] = (Eo[z"))".
In particular,
1

— 2n _
ZPO<X27L - O>Z - 1 — Eo[ZTO]

n>0

(note that the latter sum includes the term for n = 0, that is, 1). Direct evaluation
of the left-hand side yields

— =
227 nln! V1= 22

n>0

Therefore, the generating function of the return time to 0 given Xy = 0 is
Eolz™] =1 -1 —22.

Its first derivative .

V1= 22

tends to oo as z — 1 from below via real values. Therefore, by Abel’s theorem,
E() [To] = OQ.

We see that although the return time to 0 is almost surely finite, it has an infinite
expectation.

A theoretical application of the potential matrix criterion is to the proof that
recurrence is a (communication) class property.

Theorem 1.3.3 If i and j communicate, they are either both recurrent or both
transient.

Proof. By definition, ¢ and 7 communicate if and only if there exist integers M and
N such that p;;(M) > 0 and p;;(N) > 0. Going from ¢ to j in M steps, then from
j to j in n steps, then from j to 7 in N steps, is just one way of going from 7 back
to ¢ in M +n + N steps. Therefore, p;;(M +n+ N) > p;;(M) x p;j;j(n) x pj;(N).
Similarly, p;;(N +n + M) > p;i(N) x pi;(n) x p;j(M). Therefore, with a :=
pij (M) p;ji(N) (a strictly positive quantity), we have p;(M + N +n) > ap;;(n)
and p;;(M + N +n) > ap;(n). This implies that the series >~ p;;(n) and
> o pjj(n) either both converge or both diverge. The conclusion follows from
the potential matrix criterion. O
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Invariant measure

The notion of invariant measure plays an important technical role in the recurrence
theory of Markov chains. It extends the notion of stationary distribution.

Definition 1.3.2 A non-trivial (that is, non-null) vector x (indexed by E ) of non-
negative real numbers (notation: 0 < x < 00) is called an invariant measure of the
stochastic matriz P (indexed by E) if

v’ =2"P (1.14)

Theorem 1.3.4 Let P be the transition matriz of an irreducible recurrent HMC
{Xn}n>0. Let 0 be an arbitrary state and let Ty be the return time to 0. Define for

allte B
To
3 1] (19
=

(For i # 0, x; is the expected number of visits to state i before returning to 0).
Then, 0 < x < oo and x is an invariant measure of P.

ZL'Z':EO

Proof. We make three preliminary observations. First, it will be convenient to

rewrite (1.15) as
> 1{Xn=i}1{n<To}] :

n>1

ZEZ':EO

Next, when 1 <n < T, X,, = 0 if and only if n = Tj. Therefore,
o = 1.
Also, ZieE anl 1{Xn=i}1{n§To} = ZnZl {ZzeE 1{Xn=i}} 1{nSTo} = ZnZl 1{TLSTo} =

Ty, and therefore
> @ = Eo[Ty). (1.16)

ek
We introduce the quantity
0Poi(n) = Eo[Lix, =iy <y = Po(X1 # 0, , Xy # 0, X, = 1).

This is the probability, starting from state 0, of visiting ¢ at time n before returning
to 0. From the definition of x,

Ty = Z Op0i<n) . (T)

n>1
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We first prove (1.14). Observe that

opoi(1) = poi

and, using first-step analysis, for all n > 2,

opoi(n) = Z opoj(n — 1)pj; -

J#0
Summing up all the above equalities, and taking () into account, we obtain
T = po; + Z ZjPji
i#0
that is, (1.14), since o = 1.
Next we show that z; > 0 for all i € E. Indeed, iterating (1.14), we find 27 =
2TP™ that is, since z¢ = 1,
v =Y api(n) = poi(n) + > w;pi(n).
JeE J#0

If z; were null for some i € E, i # 0, the latter equality would imply that po;(n) =
0 for all n > 0, which means that 0 and ¢ do not communicate, in contradiction to
the irreducibility assumption.

It remains to show that x; < oo for all © € E. As before, we find that
L=wo=) x;p(n)
JEE
for all n > 1, and therefore if 2; = oo for some 4, necessarily p;o(n) = 0 for all

n > 1, and this also contradicts irreducibility. UJ

Theorem 1.3.5 The invariant measure of an irreducible recurrent HMC is unique
up to a multiplicative factor.

Proof. In the proof of Theorem 1.3.4, we showed that for an invariant measure y
of an irreducible chain, y; > 0 for all « € F, and therefore, one can define, for all
1,7 € E, the matrix Q by

Yi
dji = y_jpij . (%)
It is a transition matrix, since ), pq;i = inZeE YiDij = 3—7 = 1. The general
J J
term of Q™ is
Yi

y, L (n). (%%)

gji(n) =
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Indeed, supposing (**) true for n,

Yk Yi

giln+1) = Z Gkqri(n) = ) =—prj=—pix(n)
keE wep Ji Yk
Yi Yi
= = pix(n)pr; = =pi(n+1),
Yi ker Yi

and (*%) follows by induction.

Clearly, Q is irreducible, since P is irreducible (just observe that ¢;;(n) > 0 if
and only if p;;(n) > 0 in view of (xx)). Also, pii(n) = ¢i(n), and therefore
Dm0 @i(n) = > <o pi(n), and therefore Q is recurrent by the potential matrix
criterion. Call g;;(n) the probability, relative to the chain governed by the tran-
sition matrix Q, of returning to state ¢ for the first time at step n when starting
from j. First-step analysis gives

go(n+1) =Y a;950(n),
370
that is, using (%),

vigio(n+1) =Y (y;950(n))psi-
J#0
Recall that gpo;(n + 1) = Z#O oPo; (n)pji, or, equivalently,
Yo opoi(n +1) = Z(yo 0po; (1))pji-
i#0

We therefore see that the sequences {yo opoi(n)} and {y;gi0(n)} satisfy the same
recurrence equation. Their first terms (n = 1), respectively yo opoi(1) = yopo; and
Y:9i0(1) = yiqio, are equal in view of (). Therefore, for all n > 1,

Yi
opm(n) = —gio(”)-
Yo

Summing up with respect to n > 1 and using ) -, gio(n) = 1 (Q is recurrent),

we obtain that z; = ;’—; O

Equality (1.16) and the definition of positive recurrence give the following.

Theorem 1.3.6 An irreducible recurrent HMC is positive recurrent if and only if
its invariant measures x satisfy

ZLL'Z'<OO.

S
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The stationary distribution criterion

An HMC may well be irreducible and possess an invariant measure, and yet not be
recurrent. The simplest example is the 1-D non-symmetric random walk, which
was shown to be transient and yet admits x; = 1 for invariant measure. It turns
out, however, that the existence of a stationary probability distribution is neces-
sary and sufficient for an irreducible chain (not a priori assumed recurrent) to be
recurrent positive.

Theorem 1.3.7 An irreducible HMC is positive recurrent if and only if there exists
a stationary distribution. Moreover, the stationary distribution 7 is, when it exists,
unique, and m > 0.

Proof. The direct part follows from Theorems 1.3.4 and 1.3.6. For the converse
part, assume the existence of a stationary distribution 7. Iterating 77 = 7P, we
obtain 77 = 77P", that is, for all i € E,

(i) = Y 7 (j)psi(n).
JjEE
If the chain were transient, then, for all states ¢, 7,

lim pj;(n) =0.

nToo

(In fact, P;(X,, = i) < Pj(t > n) where 7 is the time of the last visit to i. But
this time is finite, and therefore lim,+o Pj(7 > n) = 0).) Since p;;(n) is bounded
uniformly in j and n by 1, by dominated convergence (Theorem ?7):

()= lin S 0s(n) = 370 (1 () 0.

JEE

This contradicts the assumption that 7 is a stationary distribution (Y, ., 7(i) =
1). The chain must therefore be recurrent, and by Theorem 1.3.6, it is positive
recurrent.

The stationary distribution 7 of an irreducible positive recurrent chain is unique
(use Theorem 1.3.5 and the fact that there is no choice for a multiplicative factor
but 1). Also recall that m(:) > 0 for all i € E (see Theorem 1.3.4). O

Theorem 1.3.8 Let m be the unique stationary distribution of an irreducible pos-
itive recurrent HMC, and let T; be the return time to state i . Then

7()E,[T) = 1. (1.17)
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Proof. This equality is a direct consequence of expression (1.15) for the invariant
measure. Indeed, 7 is obtained by normalization of z: for all 1 € F,

(i) = L7
ZjeE Lj

and in particular, for i = 0, recalling that o = 1 and using (1.16),

i) 1
m(0) = ZjeE z; = EolTo]

Since state 0 does not play a special role in the analysis, (1.17) is true for all i € E.
O

The situation is extremely simple when the state space is finite.

Theorem 1.3.9 An irreducible HMC with finite state space is positive recurrent.

Proof. We first show recurrence. We have

sz’j(n) =1,

jJEE

and in particular, the limit of the left hand side is 1. If the chain were transient,
then, as we saw in the proof of Theorem 1.3.7, for all 7,5 € F,

Too

and therefore, since the state space is finite

a contradiction. Therefore, the chain is recurrent. By Theorem 1.3.4 it has an
invariant measure x. Since £ is finite, >, . 2; < 0o, and therefore the chain is
positive recurrent, by Theorem 1.3.6. U

EXAMPLE 1.3.7: BIRTH-AND-DEATH, TAKE 1. The state space of such a chain
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is £ =1{0,1,..., N} and its transition matrix is
To Po
@i 1 P
qz T2 P2
P = ,
a4 Ti Di
dgN-1 TN-1 PN-1

PN N

where p; > 0 for all i € E\{N}, ¢; > 0 for all i € E\{0}, r; > 0 for all i € F, and
pi +¢q; +7; =1 for all i € E. The positivity conditions placed on the p;’s and ¢;’s
guarantee that the chain is irreducible. Since the state space is finite, it is positive
recurrent (Theorem 1.3.9), and it has a unique stationary distribution. Motivated
by the Ehrenfest HMC which is reversible in the stationary state, we make the
educated that the birth and death process considered has the same property. This
will be the case if and only if there exists a probability distribution 7 on F satisfying
the detailed balance equations, that is, such that for all 1 <i < N,

’/T(Z — 1)]71',1 = W(Z)ql .
Letting wyg =1 and for all 1 <i < N,

Pr—1
w; =
i1 Ik
we find that
. Ww;
W(Z) = N

> j=0 Wj
indeed satisfies the detailed balance equations and is therefore the unique station-
ary distribution of the chain.

EXAMPLE 1.3.8: BIRTH-AND-DEATH, TAKE 2. This chain has the state space
FE = N and its transition matrix is as in the previous example (only, it is unbounded
on the right) but this time with r; = 0 for all ¢ > 0. The same conditions that
guarantee irreducibility are otherwise assumed. The invariant measure equation
27 = 2P takes in this case the form

To = T14y,

r; = XiaPi-1+ Tip1Giv1, ¢ > 1.
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The general solution is, for i > 1, x; = xqw;, where w; is as in Example 1.3.7. The
positive recurrence condition ) . x; < 00 is

Zwi < 00,

i>0

and if it is satisfied, the stationary distribution 7 is obtained by normalization of
the general solution. This gives for all ¢ > 1,
wA
W(Z) = N -

Zj:[) wj
In the special case where p; = p, ¢; = ¢ = 1 — p, the positive recurrence condition

j
becomes ijo <§> < 00, that is to say p < ¢, or equivalently, p < %

1.4 Foster’s theorem

The stationary distribution criterion of positive recurrence of an irreducible chain
requires solving the balance equation, and this is not always feasible. The need
arises for more efficient conditions guaranteeing positive recurrence since. The
following result (Foster’s theorem) gives a more tractable, and quite powerful suf-
ficient condition.

Theorem 1.4.1 Let the transition matriz P on the countable state space E be
irreducible and suppose that there exists a function h : E — R such that inf; h(i) >
—00 and

Zpikh(k) < 0o for alli € F, (1.18)
keE
> pich(k) < h(i) — € for all i & F, (1.19)
keE

for some finite set F' and some € > 0. Then the corresponding HMC is positive
recurrent.

Proof. Since inf; h(i) > —o0, one may assume without loss of generality that » > 0, by
adding a constant if necessary. Call 7 the return time to I, and define Y;, = h(Xp)1 <7
Equality (1.19) is just E[h(X,41) | X5 =4 < h(i) —eforalli ¢ F. For i ¢ F,

Ei[You | Xg] = EilYairilgnen | X0+ Ei(Yari 1y | X0
EilYni1lpery | X0l < Eilh(Xnt1)1nery | X1
1{n<T}Ei[h(Xﬂ+1) | Xg] = 1{n<T}Ei[h(XTL+1) | Xn]
1{n<T}h(Xn) - 61{77,<’r}’

IN
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where the third equality comes from the fact that 1,y is a function of X, the fourth
equality is the Markov property, and the last inequality is true because P;-a.s., X,, € F'
on n < 7. Therefore, P;-a.s.,

Ei[Yni1 | Xg] < Yo — €lnery,
and taking expectations,
Ei[Yn—i-l] < Ez[Yn] — EPz‘(T > n)

Iterating the above equality, and observing that Y,, is non-negative, we obtain

0< EfLI:YnJrl] < EI[YO] — GZPi(T > k‘)
k=0

But Yy = h(i), Pi-a.s., and > Pi(T > k) = E;[7]. Therefore, for all i ¢ F,
Ei[r] < e th(i).

For j € F, first-step analysis yields
7'] =1 +ijiEz[7-]
iZF

Thus E;[r] < 1+ €'Y .pih(i), and this quantity is finite in view of assumption
J i¢F ]

(1.18). Therefore, the return time to F' starting anywhere in F' has finite expectation.

Since I is a finite set, this implies positive recurrence in view of the following lemma. [

Lemma 1.4.1 Let {X, },>0 be an irreducible HMC, let F' be a finite subset of the
state space E, and let T(F') be the return time to F. If E;[1(F)] < oo forall j € F,
the chain s positive recurrent.

Proof. Select i € F, and let T; be the return time of {X,} to i. Let 7 =
T(F), T2, T3, ... be the successive return times to F. It follows from the strong
Markov property that {Y, },>¢ defined by Yy = Xo =i and Y,, = X, forn > 1
is an HMC with state space F. Since {X,} is irreducible, so is {Y,,}. Since F is
finite, {Y,} is positive recurrent, and in particular, E;[T}] < oo, where T is the
return time to i of {Y,,}. Defining Sq = 7 and Sy = 741 — 7% for & > 1, we have

Ti=% Silpety -
k=0

and therefore

=Y EilSilpcryl-
k=0
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Now,

Ei[skl{k<ﬁ}] = ZEz [Skl{k<fi}1{XTk=f}] )
33

and by the strong Markov property applied to {X,} and the stopping time 73, and
the fact that the event {k < T;} belongs to the past of {X,} at time 7y,

EZ[Skl{k<T,}1{er:Z}] = Ez[Sk ‘ k< ﬂ,XTk = g]PZ(k < ﬁ,X.,-k = 6)
= B[Sy | X, =Pk <Tj, X, = 1) .

Observing that F;[Sy | X, = (] = Ey[7(F)], we see that the latter expression is
bounded by (maxep Eo[m(F)]) P(k < T;, X;, = (), and therefore

BT < (max Ei(r() ) :O P(Ti> 1) = (s B(r(P) ) BT < o

leF leF
=0

O

The function h in Foster’s theorem is called a Lyapunov function because it plays a
role similar to the Lyapunov functions in the stability theory of ordinary differential
equations. The corollary below is called Pakes’s lemma.

Corollary 1.4.1 Let {X, },>0 be an irreducible HMC on E = N such that for all
n>0and alli € F,

E[X, 1 | X =1 < o0 (1.20)
and
limsup E[X, 11 — X,, | X,, =] <O0. (1.21)
iToo

Such an HMC is positive recurrent.

Proof. Let —2¢ be the left-hand side of (1.21). In particular, ¢ > 0. By (1.21),
for i sufficiently large, say i > i, F[X,+1 — X, | X, =i < —e. We are therefore
in the conditions of Foster’s theorem with h(i) =i and F' = {i;1 < ip}. O

The following is a Foster-type theorem, only with a negative conclusion.
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Theorem 1.4.2 Let the transition matriz P on the countable state space E be
irreducible and suppose that there exists a finite set F' and a function h: E — Ry
such that

there ezists j ¢ F such that h(j) > max h(7) (1.22)
1€
supr,kUz h(i)] < oo, (1.23)
el ke E
szkh i) for alli & F. (1.24)
keE

Then the chain cannot be positive recurrent.

Proof. Let 7 be the return time to F. Observe that
h(XT)1{7—<oo} XO + Z n+1 Xn)) 1{T>TL}'

Now

Z Ej Uh(XnJrl) - h<Xn)‘ 1{T>n}}

I
Mg

Ej [B; [|M(Xat1) = h(Xa)1X3] Lrsny]

n=0

[
Mg

Ej [Ej [|M(Xnt1) = h(Xo) 1 X0] Lirsmy]

i
o

K

IN

1[M]8
s

(T >n)

for some finite positive constant K by (1.22. Therefore, if the chain is positive
recurrent, the latter bouund is KE;[r] < co. We can therefore apply Fubini’s
theorem to obtain

E; [h(X,)] = E [h(X >1{T<oo}]
)+ Z E; Xng1) — h(Xy)) 1{T>n}j| > h(j),

by (1.24). Choosing j that satisfies (1.22), we have h(j) > max;cp h(i) > E; [h(X;)],
hence a contradiction. The chain therefore cannot be positive recurrent 0

EXAMPLE 1.4.1: INSTABILITY OF THE ALOHA PROTOCOL. A typical situation
in a multiple-access satellite communications system is the following. Users—each
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one identified with a message—contend for access to a single-channel satellite com-
munications link for the purpose of transmitting messages. Two or more messages
in the air at the same time jam each other, and are not successfully transmit-
ted. The users are somehow able to detect a collision of this sort and will try to
retransmit later the message involved in a collision. The difficulty in such commu-
nications systems resides mainly in the absence of cooperation among users, who
are all unaware of the intention to transmit of competing users.

The slotted ALOHA protocol imposes on the users the following rules (see the Figure
below):

(i) Transmissions and retransmissions of messages can start only at equally
spaced moments; the interval between two consecutive (re-)transmission times is
called a slot; the duration of a slot is always larger than that of any message.

(i1) All backlogged messages, i.e., those messages having already tried unsuccess-
fully (maybe more than once) to get through the link, require retransmission in-
dependently of one another with probability v € (0,1) at each slot. This is the
so-called Bernoulli retransmission policy.

(iii) The fresh messages—those presenting themselves for the first time—immediately
attempt to get through.

oN X Xe O
cdoodee e oK X
O 0 eeeeeese e 0o

e A A A

O fresh message
@ Dbacklogged message, not authorized to attempt retransmission
‘ﬂ backlogged message, authorized to attempt retransmission

$ successful transmission (or retransmission)

The ALOHA protocol

Let X, be the number of backlogged messages at the beginning of slot n.
The backlogged messages behave independently, and each one has probability v of
attempting retransmission in slot n. In particular, if there are X,, = k backlogged
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messages, the probability that ¢ among them attempt to retransmit in slot n is

bi(k) = (k) V(1 — )b,

1

Let A, be the number of fresh requests for transmission in slot n. The sequence
{A, }n>0 is assumed i.i.d with the distribution

The quantity

A= E[A,)] =) ia;

=1

is the traffic intensity. We suppose that ag + a; € (0, 1), so that {X,,},>0 is an
irreducible HMC. Its transition matrix is

by(i)ag if j=i— 1,
= bi()ao + boli)ay i 5 =1,
P 1 = bo(i)an ifj=i+1,

@i if j >4+2.

The proof is by accounting. For instance, the first line corresponds to one among the
1 backlogged messages having succeeded to retransmit, and for this there should be
no fresh arrival (probability ag) and only one of the i backlogged messages allowed to
retransmit (probability b1(7)). The second line corresponds to one of the two events
“no fresh arrival and zero or strictly more than two retransmission requests from the
backlog” and “zero retransmission request from the backlog and one fresh arrival.”

We show that the system using the Bernoulli retransmission policy is not stable,
in the sense that the chain { X, },>¢ is not positive recurrent. Later on, in the next
subsection, a (theoretical) remedy to this situation will be proposed. To prove
unstability, we must, in view of the stationary distribution criterion, contradict
the existence of a stationary distribution 7. An elementary computation yields,
for the ALOHA model,

E[Xni1 — Xy | Xn =] = XA — by (i)ao — bo(i)as. (1.25)

Note that by(i)ag + bo(i)a; is the probability of one successful (re-)transmission in
a slot given that the backlog at the beginning of the slot is ¢. Equivalently, since
there is at most one successful (re-)transmission in any slot, this is the average
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number of successful (re-)transmissions in a slot given the backlog i at the start
of the slot. An elementary computation shows that lim;s(b1(2)ag + bo(i)ay) = 0.
Therefore, outside a finite set F', the conditions of Theorem 1.4.2 are satisfied when
we take h to be the identity, and remember the hypothesis that e [A;] < oco.

EXAMPLE 1.4.2: STABILIZATION OF ALOHA. Since the original ALOHA protocol
with a fixed retransmission probability v is unstable, it seems natural to try a
retransmission probability v = v(k) depending on the number k of backlogged
messages. We show that there is a choice of the function v (k) that achieves stability
of the protocol. The probability that ¢+ among the k£ backlogged messages at the
beginning of slot n retransmit in slot n is now v(k). The same is true for the
transition probabilities.

According to Pakes’s lemma and using (1.25), it suffices to find a function v(k) guaran-
teeing that

A < lim (b1 (7)ap + bo(i)a1) — e, (1.26)

iToo
for some € > 0. We shall therefore study the function
gk(v) = (1 =v)far + kv(1 —v)* ag,
since conditition (1.26) is just A < ¢;(v(i)) — e. The derivative of gx(v) is, for k > 2,
9t () = k(1 = v)*2[(a0 — a1) — v(kag — a1)].

We first assume that ag > aq. In this case, for k£ > 2, the derivative is zero for

ag — aj
= l{ = —
v=vlk) =T

and the corresponding value of gi(v) is a maximum equal to

) =ao (A1)

—ai/ag
Therefore, limpoo gr(v(k)) = ag exp {Z—é — 1}, and we see that
)\<a0exp{al—1} (1.27)
ao
is a sufficient condition for stability of the protocol.
For instance, with a Poisson distribution of arrivals

)\i
= €_>\

a; R
1!
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condition (1.27) reads

A<e !

(in particular, the condition ag > a; is satisfied a posteriori).

If ag < aq, the protocol can be shown to be unstable, whatever retransmission policy
v(k) is adopted (the reader is invited to check this).

1.5 The Markov chain ergodic theorem

This section gives conditions which guarantee that empirical averages of the type

| N
— Xiy ooy X
N 9( ks ) k+L)

k=1
converge to probabilistic averages. As a matter of fact, if the chain is irreducible
positive recurrent with the stationary distribtion m, the above empirical aver-
age converges P,-almost-surely to E[g(Xo, ..., X)] for any initial distribution g

(Corollary 1.5.1), at least if Er[|g(Xo,...,XL)|] < oc.

We shall obtain this result as a corollary of the following proposition concerning
irreducible recurrent (not necessarily positive recurrent) HMC’s.

Proposition 1.5.1 Let {X,,},>0 be an irreducible recurrent HMC, and let x denote
the canonical tnvariant measure associated with state 0 € F,

.QTZ':EO

> 1{Xn=i}1{n§To}] ) (1.28)

n>1

where Ty 1s the return time to 0. Define for n > 1

v(n) =Y lix,—op (1.29)
k=1

Let f: E — R be such that
> 1 f(i)]a < 0. (1.30)

i€l

Then, for any initial distribution p, P,-a.s.,

lim V&V) S HX0) = 3 i) (1.31)
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Proof. Let Ty = 1,7, 73, ... be the successive return times to state 0, and define

Tp+1

X

n=7p+1

In view of the regenerative cycle theorem (Theorem ?7?), {U,},>1 is an IID sequence.
Moreover, assuming f > 0 and using the strong Markov property,

ElUh] = E Zof(Xn)]

| n=1

To
- B[S fotna] - 0[S i)
| n=1 ick i€eE
1€l

By hypothesis, this quantity is finite, and threfore the strong law of large numbers
applies, to give

ilTrglon U Zf il

i€l
that is,
Tn+1
}LITI?OE > (X = Zf(i)xi- (1.32)
k=To+1 i€E

Observing that

Tu(n) <n< Tv(n)4+15

we have

S f(Xk) o 2k J(Xe) e f(Xi)

v(n) - v(n) - v(n)

Since the chain is recurrent, lim, o v(n) = oo, and therefore, from (1.32), the
extreme terms of the above chain of inequality tend to }._, f(i)z; as n goes to
oo, and this implies (1.31). The case of a function f of arbitrary sign is obtained
by considering (1.31) written separately for f* = max(0, f) and f~ = max(0, — f),
and then taking the difference of the two equalities obtained this way. The differ-
ence is not an undetermined form oo — oo due to hypothesis (1.30). U
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Theorem 1.5.1 Let {X,},>0 be an irreducible positive recurrent Markov chain
with the stationary distribution 7, and let f : E— R be such that

D 1F @) (i) < oo. (1.33)

S

Then for any initial distribution p, P,-a.s.,
.1 N
lim > F(X) =3 f@)m(). (1.34)

Proof. Apply Proposition 1.5.1 to f = 1. Condition (1.30) is satisfied, since in

the positive recurrent case, ) .., x; = Ey[Ty] < oo. Therefore, P,-a.s.,

N
lim = T
Ntoo V() ]GZE' !

Now, f satisfying (1.33) also satisfies (1.30), since « and 7 are proportional, and
therefore, P,-a.s.,

1 ¢ .
lim 2 D FXi) =D fli)e

k=1 S

Combination of the above equalities gives, P,-a.s.,

L v - f(i)z
lim — > f(X) = li 2ep SO
N—oo N ; N—oo k:l deE T
from which (1.34) follows, since 7 is obtained by normalization of x. 0

Corollary 1.5.1 Let { X, }n>1 be an irreducible positive recurrent Markov chain
with the stationary distribution m, and let g : EY*' — R be such that

Z ‘g(ioa - 7iL)’7T(i0)pi0i1 o Dip i < OO

Then for all initial distributions pu, P,-a.s.

N
.1 o . .
lim N EQ(XIW X1, Xprr) = Z 90,71, - -+, L) (90)Pigiy *** Pip_yiy.-

10,81 5eees0 L
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Proof. Apply Theorem 1.5.1 to the snake chain {(X,,, X,,41, ..., Xnir) }n>o0, which
is irreducible recurrent and admits the stationary distribution

ﬂ-(io)pioil © Pip_qip-

Note that

Z glioy i1, - in)T(i0)Pigiy *+* Pip_yir, = Exl[9(Xo, ..., X1)]

10581000,

ExXAMPLE 1.5.1: FIXED-AGE RETIREMENT POLICY. Consider the forward re-
currence time HMC defined as follows. Let {U,},>1 be a sequence of 11D random
variables taking their values in N, = {1,2,...,} . The random variable U, is
interpreted as the lifetime of some machine, the nth one, which is replaced by the
(n + 1)st one upon failure. Thus at time 0, machine 1 is put in service until it
breaks down at time Uy, whereupon it is immediately replaced by machine 2, which
breaks down at time U; + Us, and so on. The time to next failure of the current
machine at time n is denoted by X,,. More precisely, the process { X, },,>0 takes its
values in £ = N, equals 0 at time R = Zle U;, equals Upy 1 — 1 at time Ry + 1,
and then decreases of one unit per unit of ime until it reaches the value 0 at time
Ry41. It is assumed that for all £ € N, P(U; > k) > 0, so that the state space E
is N. Then {X, },>0 is an irreducible HMC. We assume positive recurrence, that
is E[U] < oo, where U = U;. In which case he stationary distribution is given by
the formula

P(U > 1)

w(0) = —pr (1.35)

A visit of the chain to state 0 corresponds to a breakdown of a machine, and
therefore, in view of the ergodic theorem,

7(0) = ]1[1%10 — Z Tix,=0y
is the empirical frequency of breakdowns. Recall that
m(0) = Eo[To) ",
where Tj is the return time to 0. Here,

Eo[To] = E[U],
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and therefore

N
1 1
lim — S 1y = ——. 1.36
#&Ng;““” E[U] (1.36)

Suppose that the cost of a breakdown is so important that it is better to replace
a working machine during its lifetime (breakdown implies costly repairs, whereas
replacement only implies moderate maintenance costs). The fized-age retirement
policy fixes an integer T' > 1 and requires that a machine having reached age T be
immediately replaced. We are interested in computing the empirical frequency of
breakdowns (not replacements).

The forward recurrence chain corresponding to this situation is the same as before,
except that the times U, are replaced by V,, = U, A T. Also, a replacement (not
breakdown) occurs at time n if and only if X,, = 0 and X,,_; = T — 1. But
X,—1 =T —1 implies X,, = 0, and therefore a replacement occurs at time n if and
only if

X, 1=T-1.

The empirical frequency of replacements is, therefore, in view of the ergodic theo-
rem,

N
I
lim — 3 1xeray = (T — 1),
ML 2 toneroy = 7= )

Formula (1.35) applied to the new situation gives

PV >T
m(T'—1) = W,
and therefore, since V=U AT,
PU>T)
T—-1)=——7-—.
(T =1 = AT

The empirical frequency of visits to state 0 is, by (1.36),
1
EUANT)
The empirical frequency of breakdowns is therefore

1 PU>T) PU<T)

E[UANT] E[UAT] E[UAT]
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1.6 Coupling of Markov chains

Variation distance

In rather general terms, the coupling of two given probability distributions of
random elements (random variables or stochastic processes) consists in the con-
struction on the same probability space of a pair of random elements with the
given distributions as marginal distributions, and correlated in an ad hoc manner
so as to obtain bounds on their variation distance, a notion that is now introduced

Definition 1.6.1 Let E be a countable space. The distance in variation between
two probability distributions o and 5 on E is the quantity

dy(@,8) = 5 3 la(i) = 600 (1.37)

S
That dy is indeed a distance is clear.

Lemma 1.6.1 Let o and (8 be two probability distributions on the same countable
space E. Then

dy (e, B) = sup{|a(A) — B(A)[}

ACE

= sup{a(4) — §(A)}.

ACE

Proof. For the second equality observe that for each subset A there is a subset B
such that |a(A) — (A)| = a(B) — B(B) (take B = A or A). For the first equality,

write
a(A) = B(A) =D 1a(i){ali) — B(i)}

S

and observe that the right-hand side is maximal for
A={ie E; a(i) > 8(i)}

Therefore, with g(i) = a(i) — 5(7),

sup {a(4) ~ B(A)} = g (0) = 5 D1l

ACE i€k i€k

since ), 5 g(i) = 0. O
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The distance in variation between two random wvariables X and Y with values in
E is the distance in variation between their probability distributions, and it is
denoted (with a slight abuse of notation) by dy(X,Y). Therefore

dy(X,Y) = %Z |P(X =i) — P(Y =1)]|.

The distance in variation between a random wvariable X with values in E and a
probability distribution « on E denoted (again with a slight abuse of notation) by
dy (X, «) is defined by

dy(X,a) = %Z IP(X = i) — a(i)].

el

The coupling of two discrete probability distributions, 7’ on E’ and 7" on E”, is
the construction of a probability distribution 7 on E := E’ x E” such that the
marginal distributions of 7 on E’ and E” respectively are 7’ and 7", that is

> @i, j) =7'(i) and Y (i, ) = 7"(j).

JEE" i€

For two probability distributions « and 5 on the countable set E. let D(a, 3) be
the collection of random vectors (X,Y’) taking their values in E' x F, and with
marginal distributions a and 3, that is,

P(X =1i) =ali), P(Y = i) = B(i). (1.38)

Theorem 1.6.1 For any pair (X,Y) € D(«, 3), we have the fundamental cou-
pling inequality
dv (0, B) < P(X £Y), (1.39)

and equality is attained by some pair (X,Y) € D(«, ), which is then said to
realize maximal coincidence.

Proof. For arbitrary A C F,
PX#£Y)>P(XeAYeA)=PXecA-PXecAYecA>PXecA-PYcA),
and therefore

P(X #Y) 2 sup{P(X € 4) = P(Y € A)} = dy(a. ).
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We now construct (X,Y) € D(q, ) realizing equality. Let U, Z,V, and W be
independent random variables; U takes its values in {0, 1}, and Z, V, W take their
values in . The distributions of these random variables is given by

PWU=1) = 1—dy(a.f).
P(Z=i) = a(i)AB()/ (1 dy(a,B)),
PV =i) = (ali)— BG)*/dv(a,B),
POW =i) = (B(i) - i) /dy(a, B).

Observe that P(V = W) = 0. Defining

(X,Y)=(Z,2)ifU =1

=(V,IW)ifU =0,
we have
P(X =1) PU=1,Z=i)+PU=0,V =1)
= PU=1)P(Z=1i)+PU=0)P(V =1)

I
Q
=
>
=
_l’_
=
|
=
=
=
I
Q
=

and similarly, P(Y = i) = [(i). Therefore, (X,Y) € D(a, ). Also, P(X =Y) =
PU=1)=1-dy(a,p). O

The coupling inequality

Definition 1.6.2 (4) A sequence {a, }n>0 of probability distributions on E is said
to converge in variation to the probability distribution B on E if

lim dy (e, ) = 0.

ntoo

(B) An E-valued random sequence { X, }n>o such that for some probability dis-

tribution ™ on F,
lim dy (X,,,7) =0, (1.40)

ntoo
15 said to converge in variation to .
Observe that Definition 1.6.2 concerns only the marginal distributions of the

random sequence (or stochastic process in the following context), not the stochastic
process itself. Therefore, if there exists another stochastic process { X/ },>0 with
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X, R X/ for all n > 0, and if there exists a third one {X/'},>o such that X/ R
for all n > 0, then (1.40) follows from

lim dy (X, X") = 0. (1.41)

ntoo

This trivial observation is useful because of the resulting freedom in the choice of
{X/} and {X/}. An interesting situation occurs when there exists a finite random
time 7 such that X/ = X/ for all n > 7.

Definition 1.6.3 Two stochastic processes {X| }n>0 and { X }n>0 taking their val-
ues in the same state space E are said to couple if there exists an almost surely
finite random time 7 such that

n>1= X, =X (1.42)

The random variable T is called a coupling time of the two processes.

Theorem 1.6.2 For any coupling time 7 of {X] }n>o0 and {X/'},>0, we have the
coupling inequality
dy(X), X)) < P(t>n). (1.43)

Proof. For all AC FE,

P(X e A)—P(X!ecA) = PX, €A 7<n)+P(X,€A, 7>n)
— P(X] €A 7<n)-P(X]€AT>n)
= P(X, €A 7>n)—P(X! €A 7>n)
< P(X, €A 7>n)
< P(r>n)
Inequality (1.43) then follows from Lemma 1.6.1. O

Therefore, if the coupling time is P-a.s. finite, that is lim, 4o P(7 > n) =0,

lim dy (X, 7) = lim dy (X, X)) =0.

ntoo ntoo

This situation will be exploited in the context of homogeneous Markov chains.

Convergence in variation of ergodic HMC’s

Consider an HMC that is irreducible and positive recurrent. In particular, if its
initial distribution is the stationary distribution, it keeps the same distribution at
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all times. The chain is then said to be in the stationary regime, or in equilibrium,
or in steady state.

A question arises naturally: What is the long-run behavior of the chain when the
initial distribution p is arbitrary? For instance, will it converge to equilibrium?
The classical form of the result is that for arbitrary states ¢ and 7,

}}nglopz‘j(n) =7(j), (1.44)

if the chain is ergodic, according to the following definition:

Definition 1.6.4 An irreducible positive recurrent and aperiodic HMC is called
ergodic.

We shall prove a much more powerful result.

Theorem 1.6.3 Let P be an ergodic transition matrix on the countable state space
E with stationary distribution 7, and let p be an arbitrary initial distribution. Then

lim ) ~|Py(X, = i) — m ()| =0,

ntoo
i IS

and in particular,

lim Z Ipji(n) — w(i)| = 0.

ntoo
U S

Proof.

We prove that, for all probability distributions p and v on F,

lim dy (1" P™, v P™) = 0.

ntoo

The announced results correspond to the particular case where v is the stationary
distribution 7, and particularizing further, y = ¢;. From the discussion preceding
Definition 1.6.3, it suffices to construct two coupling chains with initial distribu-
tions p and v, respectively. This is done in the next theorem. 0
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Theorem 1.6.4 Let {Xfll)}nzo and {X,(ZQ)}HZO be two independent ergodic HMCs
with the same transition matrix P and initial distributions p and v, respectively.
Let 7 = inf{n > 0; x\ = X,?)}, with T = oo if the chains never intersect. Then
T is, in fact, almost surely finite. Moreover, the process {X] }n>o defined by

X! =

n

O
X <7
{ ynsrt (1.45)

X7(l2) ifn>rT1
is an HMC with transition matriz P (see the figure below).

Proof. STEP 1. Consider the product HMC {Z,, },,>0 defined by Z,, = (X,gl), Xﬁz)).
It takes values in E x E, and the probability of transition from (i, k) to (j,¢) in n

steps is pij(n)pre(n).

We first show that this chain is irreducible. The probability of transition from
(i, k) to (7,¢) in n steps is p;;(n)pre(n). Since P is irreducible and aperiodic, by
Theorem 1.2.5, there exists m such that for all pairs (i, j) and (k, £), n > m implies
pij(n)pre(n) > 0. This implies irreducibility. Note the essential role of aperiodicity.
A simple counterexample is that of the the symmetric random walk on Z, which
is irreducible but of period 2. The product of two indepencent such HMC’s is the
symmetric random walk on Z? which has two communications classes.

STEP 2. Next we show that the two independent chains meet in finite time.
Clearly, the distribution & defined by & (i, j) := 7 (i)7(j) is a stationary distribution
for the product chain, where 7 is the stationary distribution of P. Therefore, by
the stationary distribution criterion, the product chain is positive recurrent. In
particular, it reaches the diagonal of E? in finite time, and consequently, P(7 <
o0) = 1.

It remains to show that {X] },>0 given by (1.45) is an HMC with transition matrix
P. For this we use the following lemma.

Lemma 1.6.2 Let X}, X2, Z} 72 (n > 1), be independent random variables, and
suppose moreover that Z' Z* (n > 1) are identically distributed. Let T be a non-
negative integer-valued random variable such that for allm € N, the event {T = m}
is expressible in terms of X¢, X2, Z1, Z2 (n < m), that is, more formally {1 =
m} € o(X}, X2, ZY, Z2 (n < m)). Define the sequence {Z, }n>1 by

Zn:Z,iifngT
=Z%ifn>T1

Then, {Zy}n>1 has the same distribution as {Z}},>1 and is independent of X}, XZ.
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Proof.

P(X; €0, X;€Cy, Zy €A, ..., 7 €A

k
:ZP(X&ECl,XgECQ,ZlEAl,...,ZkEAk,T:m)
m=0
+P(X&ecl,XSECQ,ZlEAl,...,ZkEAk,T>k)
k
=) P(Xy€C, X3 €Cy, 2} €A, Zy € Ay T =m, 2}y € Apir, .., 2 € Ay)
m=0

+P(X§ECl,XgECg,leEAl,...,Z,iEAk,T>k).

Since {7 = m} is independent of Z2, ., € Ap41,..., 2% € Ay (k> m),

P(X;€C, X5 €0y Z € Ay,..., 2} € Ay, T =m)P(Z2 1 € Ayt -, Z} € Ay)

Il
E

3
]
o

P(Xé S Cl,Xg c 027211 € Al)

P(X;€C, X5 €0y Zt € Ay,..., 2 € Ay, T =m)P(Z} 1 € Air, ..., Z4 € Ay)

Il
E

0
P(Xé S Cl,Xg c CQ,le € Al)

3
]

P(X,€C, X5 €0y Zy € Ay,..., 2 € Ay T =m), Zp 1 € Aty ..., Z)p € Ay)

Il
WE

0
+P<X&ECl,XgGCQ,le€A1,...,Z]1€Ak,7'>/€>
=P(Xy €C, X3 €0y, Z € Ay,.... 2} € Ay).

3
]

O

STEP 3. We now finish the proof. The statement of the theorem concerns
only the distributions of {X!},>o and {X?},>¢, and therefore we can assume a
representation

Xﬁ—i—l = f<X£7 Zﬁ—&-l) (E =1, 2) )
where X}, X3, Z 72 (n > 1) satisfy the conditions stated in Lemma 1.6.2. We
verify that 7 satisfies the condition of Lemma 1.6.2. Defining {Z, },>; in the same
manner as in this lemma, we have

Xn+1 - f(Xn) Zn-l—l) )

which proves the announced result. O



60 CHAPTER 1. THE BASIC THEORY

EXAMPLE 1.6.1:  Consider the random walk {X,},>0 on a group G (defined
by (1.12) and the lines following this equation) with increment measure p and
transition matrix P. Let {X,},>0 be another random walk on G, this time cor-
responding to the increment measure fi that is the symmetric of p, that is, for all
g€ G, i(g) = pu(g™). Let P be the corresponding transition matrix. Then, for all
n > 1, denoting by 7 the common stationary distribution of the above two chains
(equal the uniform distribution on G), we have that

dy (6TP", ) = dy (6T P", 7)

Proof. The sequences of increments g1, ¢, . . ., gx for the first chain and gk_l, gk__ll, e

for the second chain are equally likely, and therefore for all a = aj, * ap—1 *- - - x ay,
6IP"(a) = 61 P"(a™1), so that

Ton 1 o Ton/, —1 o THOn
Z|56P(a)—|a\—2|5ef’(a )—@\—Z@P(b)—@\-

a€G aeG

1.7 Monte Carlo

The problem that we adress now is to generate a discrete random variable with
prescribed probability. For this, one is allowed to use a random generator that
produces at will independent random variables, uniformly distributed on [0, 1]. In
practice, the numbers that such random generators produce are not quite random,
but they look as if they were (they are called pseudo-random generators). The
topic of how to devise a good pseudo-random generator is out of our scope, and
we shall admit that we can trust our favorite computer for providing us with an
11D sequence of random variables uniformly distributed on [0, 1] (from now on we
call them random numbers).

In order to generate a discrete random variable Z with distribution P(Z = a;) =
pi (0 < i < K) we can apply the sampling method of the inverse. A crude
algorithm based on this method would perform successively the tests U < py?,
U < po+ p1?7, ..., until the answer is positive. If it is positive at the i-th stage
(1 > 0) set Z = a;. The average number of iterations required would therefore be
Y isolt +1)p; = 14+ E[Z]. This number may be too large, but there are ways of
improving it, as the Example below will show for the Poisson random variable.

-1
y 91
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Although very simple in principle, the inverse method has the following draw-
backs when the size r of the state space E' is large.

(a) Problems arise that are due to the small size of the intervals partitioning
0, 1] and to the cost of precision in computing.
g

(b) In random field simulation, another, maybe more important, reason is the
necessity to enumerate the configurations, which implies coding and decoding of a
mapping from the integers to the usually very large configuration space.

(¢) Another situation is that in which the probability density 7 is known only
up to a normalizing factor, that is, (i) = K7 (i), and when, of course, the sum
> epm(i) = K~! that gives the normalizing factor is difficult, or impossible, to
compute. In physics, this is a frequent case.

Monte Carlo

The quest for a random generator without these ailments is at the origin of the
Monte Carlo Markov chain (McMC) sampling methodology. The basic principle is
the following.

One constructs an irreducible aperiodic HMC { X, },,>0 with state space E and
stationary distribution 7. Since the state space is finite, the chain is ergodic, and
therefore, by Theorem 1.6.3, for any initial distribution p and all ¢ € E,

lim P,(X, =1) = (i) (1.46)

n—oo

)

Therefore, when n is “large,” we can consider that X, has a distribution close to

.

The first task is that of designing the McMC algorithm. One must find an ergodic
transition matrix P on F, the stationary distribution of which 7.

In the Monte Carlo context, the transition mechanism of the chain is called a sam-
pling algorithm, and the asymptotic distribution 7 is called the target distribution,
or sampled distribution.

There are infinitely many transition matrices with a given target distribution,
and among them there are infinitely many that correspond to a reversible chain,
that is, such that

m(i)pi; = 7(J)pji- (1.47)

We seek solutions of the form
Dij = qij Qi (1.48)
for j # i, where Q) = {¢;;}:ijer is an arbitrary irreducible transition matrix on
E. called the candidate-generator matrix: When the present state is ¢, the next
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tentative state j is chosen with probability ¢;;. When j # ¢, this new state is
accepted with probability c;;. Otherwise, the next state is the same state ¢. Hence,
the resulting probability of moving from i to j when i # j is given by (1.48). It
remains to select the acceptance probabilities «;.

ExaMPLE 1.7.1: THE METROPOLIS ALGORITHM. In the Metropolis algorithm
ay; = min (1, ”(‘7,)%") . (1.49)
7 (4)qij
In Physics, it often arises, and we shall understand why later, that the distribution
7 is of the form 1.50.

(i) = , (1.50)

where U : F — R is the “energy function” and Z is the “partition function”,
the normalizing constant ensuring that 7 is indeed a probability vector. The
acceptance probability of the transition from ¢ to j is then, assuming the candidate-
generating matrix to be symmetric,

oy = min (1, " UG-V

EXAMPLE 1.7.2: THE MODIFIED RANDOM WALK. Consider the usual random
walk on a graph. Its stationary distribution is in general non-uniform. We are
going to modify it so as to obtain a HMC with uniform stationary distribution.
This can be done by accepting a transition from vertex i to vertex j of the original
random walk with probability a;; = % A 1. In this case the resulting probability
transition from ¢ to j, i # j, is

equal to ﬁ if d(i) > d(j), equal to ﬁ if d(i) < d(j). In particular, say with
d(i) > d(j), pij = pji = ﬁ and therefore, in all cases, p;; = p;i, and therefore the

detailed balance equations are satisfied by the uniform distribution.

ExAaMPLE 1.7.3: THE BARKER ALGORITHM. The Barker algorithm, corresponds

to the choice .
™(J)gji
m(7)aji + 7(i)qi;

(1.51)

Oéij =



1.7 MONTE CARLO 63

When the distribution 7 is of the form 1.50, the acceptance probability of the tran-
sition from ¢ to j is, assuming the candidate-generating matrix to be symmetric,

e_U(i)

i T UG 4 e-UG)

This corresponds to the basic principle of statistical thermodynamics: when two
. . . ey —-E

states 1 and 2 with energies F; and Es, choose 1 with probability —z :

—E1 +€_E2 .

What makes the Metropolis algorithm and the Barker algorithms, so interesting is
the fact that their implementation requires the knowledge of the target distribution
7 only up to a normalizing constant, since it depends only on the ratios 7 (j)/7(7)
(This in particular avoids the need to compute the normalizing constant Z in 1.50,
which is too often inaccessible to exact computation). The latter statement is true
only as long as the candidate-generating matrix () is known. This is not the case
in the following trivial example.

EXAMPLE 1.7.4: THE GIBBS ALGORITHM. Consider a multivariate probability
distribution

m(x(1),...,2(N))

on aset £ = AN, where A is countable. The basic step of the Gibbs sampler for the
multivariate distribution 7 consists in selecting a coordinate number i € [1, N|, at
random, and choosing the new value y(i) of the corresponding coordinate, given
the present values x(1),...,z(: — 1),z(i + 1),...,2(NN) of the other coordinates,
with probability

w(y() | 2(1), ... 20 — 1), 2(i + 1),...,2(N)).

One checks as above that 7 is the stationary distribution of the corresponding
chain.

The Propp—Wilson algorithm

We now raise our ambitions and construct an exact sample of a given 7 on a finite
state space F, that is a random variable Z such that P(Z = i) = w(7) for all7 € E.
The folowing algorithm is based on a coupling idea. One starts as usual from an
ergodic transition matrix P with stationary distribution 7, just as in the classical
MCMC method.

We shall use a representation of P in terms of a recurrence equation, that is, for
given a function f and an 1D sequence {Z,},>; independent of the initial state,
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the chain satisfies the recurrence

Xoi1 = (X, Zsn) - (1.52)

The Propp-Wilson algorithm constructs a family of HMC with this transition ma-
trix with the help of a unique 11D sequence of random vectors {Y}, },cz, called the
updating sequence, where Y,, = (Z,11(1),--- , Zp41(r)) is a r-dimensional random
vector, and where the coordinates Z,,1(7) have a common distribution, that of Z;.
For each N € 7Z and each k € E, a process { XY (k)},>n is defined recursively by:

XN (k) =k,

and, for n > N,
Ko (k) = FX (k) Za (X7 (R)).

(Thus, if the chain is in state ¢ at time n, it will be at time n + 1 in state j =
f(i, Z,11(7).) Each of these processes is therefore a HMC with the transition matrix
P. Note that for all k,¢ € E, and all M, N € Z, the umC’s {X(k)},>ny and
{XM(0)},>r use at any time n > max(M, N) the same updating random vector
Yn—i—l-

If, in addition to the independence of {Y},} ez, the components Z,,1(1), Z,+1(2),
-y Zni1(r) are, for each n € Z, independent, we say that the updating is compo-
nentwise independent.

Definition 1.7.1 The random time
™ =inf{n > 0; X°(1) = X°(2) = --- = X°(r)}
is called the forward coupling time (Fig. 3.1). The random time
P =inf{n > LX;"(1) = X;7(2) = - = Xg (1)
is called the backward coupling time (Fig. 3.1).

Thus, 77 is the first time at which the chains {X?(i)},>0, 1 <@ < r, coalesce.

Lemma 1.7.1 When the updating is componentwise independent, the forward cou-
pling time T is almost surely finite.

Proof. Consider the (immediate) extension of Theorem 1.6.4 to the case of r
independent HMC’s with the same transition matrix. It cannot be applied directly
to our situation, because the chains are not independent. However, the probability
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Figure 1. Backward and forward coupling

of coalescence in our situation is bounded below by the probability of coalescence
in the completely independent case. To see this, first construct the independent
chains model, using r independent 1ID componentwise independent updating se-
quences. The difference with our model is that we use too many updatings. In
order to construct from this a set of r chains as in our model, it suffices to use for
two chains the same updatings as soon as they meet. Clearly, the forward cou-
pling time of the so modified model is smaller than or equal to that of the initial
completely independent model. O]

For easier notation, we set 7= = 7. Let
Z =X, (1).

(This random variable is independent of i. In Figure 1, Z = 2.) Then,

Theorem 1.7.1 With a componentwise independent updating sequence, the back-
wardward coupling time T is almost surely finite. Also, the random variable Z has
the distribution .

Proof. We shall show at the end of the current proof that for all £k € N, P(7 <
k) = P(r™ < k), and therefore the finiteness of 7 follows from that of 77 proven
in the last lemma. Now, since for n > 7, X7"(i) = Z,

P(Z =j)=P(Z = j,7 >n)+ P(
P(Z—j,7'>n)+P(X_"(z)—y,7<n)

P(Z =j,7>n)—P(X,"(i) =7,7>n)+ P(X;"(i) =7)
P( ) — P(Xo"(

P(Xy"(i) = j,7 > n) + pi;(n)

=5,T>n

But A, and B, are bounded above by P(t > n), a quantity that tends to 0 as
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n 1 oo since 7 is almost-surely finite. Therefore

P(Z =j) = }Liglopz'j(”) = ().
It remains to prove the equality of the distributions of the forwards and backwards
coupling time. For this, select an arbitrary integer £ € IN. Consider an updating
sequence constructed from a bona fide updating sequence {Y,,}.cz, by replacing
Y pi1, Y gy, ..., Yy by Y1, Y5, ..., Y. Call 7/ the backwards coupling time in the
modified model. Clearly 7 an 7/ have the same distribution.

E

DO OOt

I R T T T T T
-7—-6-5-4-3-2-10 0 414243 +4 +5 +6 +7
Yo Vi Yo V3 Yy Y5 Y Yr Yo Y1 Yo Y5 Yy Y5 Ve Vs

Figure 2. 77 < k implies 7" < k

Suppose that 77 < k. Consider in the modified model the chains starting at
time —k from states 1,...,7. They coalesce at time —k + 7" < 0 (see Fig. 2), and
consequently 7/ < k. Therefore 77 < k implies 7/ < k, so that

P(rt <k)< P <k)=P(r <k).

=D O Ot e

— e e e o @
.
.

e o o o o

\ [ A A B R
7T—-6-5-4-3-2-10 0 +1+2+3 +4 45 +6 47
Yo Vi Yo Vs Yy Y5 Ys Y YoV Yo Y5 Y, Y5 Ys V7

Figure 3. 7/ < k implies 77 < k

Now, suppose that 7/ < k. Then, in the modified model, the chains starting
at time k — 7/ from states 1,...,r must at time —k + 77 < 0 coalesce at time k.
Therefore (see Fig. 3), 77 < k. Therefore 7/ < k implies 7+ < k, so that

P(r<k)=P(r <k)<P(rt <k).
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Note that the coalesced value at the forward coupling time is not in general a
sample of 7. (Exercise: try a counterexample with a two-state HMC.)

The above exact sampling algorithm is often prohibitively time-consuming when
the state space is large. However, if the algorithm required the coalescence of
two, instead of r processes, then it would take less time. The Propp and Wilson
algorithm does this in a special, yet not rare, case.

It is now assumed that there exists a partial order relation on E, denoted by =,
with a minimal and a maximal element (say, respectively, 1 and r), and that we
can perform the updating in such a way that for all¢,7 € E, all N € Z, all n > N,

i == XN =2 XN().

However we do not require componentwise independent updating (but the updat-
ing vectors sequence remains 11D). The corresponding sampling procedure is called
the monotone Propp—Wilson algorithm.

Define the backwards monotone coupling time

Tm = 1inf{n > 1; X;"(1) = X"(r)}.

— DN WO~ U

M6 5 4 -3 -2 -1 0
T=20

Figure 4. Monotone Propp—Wilson algorithm

Theorem 1.7.2 The monotone backwards coupling time T, is almost surely finite.
Also, the random variables X, ™ (1) = Xy ™ (r) has the distribution .

Proof. We can use most of the proof of Theorem 1.7.1. We need only to prove
independently that 7" is finite. It is so because 7" is dominated by the first time
n > 0 such that X2(r) = 1, and the latter is finite in view of the recurrence
assumption. U
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Monotone coupling will occur with representations of the form (1.52) such that for
all z,

i 2= f(i,2) 2 f(4,2),
and if for all n € Z, alli € {1,...,r},

Zps1(1) = Znt1.

ExAaMPLE 1.7.5: A DAM MODEL. We consider the following model of a dam
reservoir. The corresponding HMC, with values in £ = {0,2,...,r} satisfies the
recurrence equation

Xpy1 = min(r, max(0, X,, + Zn41),

where, as usual, {Z,},>1 is ID. In this specific model, X, is the content at time
n of a dam reservoir with maximum capacity r, and Z,,,1 = A, 1 — ¢, where A, 1
is the input into the reservoir during the time period from n to n+ 1, and c is the
maximum release during the same period. The updating rule is then monotone.



Chapter 2

Related topics

2.1 Random walks and spanning trees

Consider a finite non-oriented graph and call E the set of vertices, or nodes, of this
graph. Let d; be the index of vertex i (the number of edges “adjacent” to node
i). Transform this graph into an oriented graph by splitting each edge into two
oriented edges of opposite directions, and make it a transition graph by associating
to the oriented edge from i to j the transition probability dii (see the figure below).
It will be assumed, as is the case in the figure, that d; > 0 for all states i (That is,
the graph is connected).

@) :
(3)

A random walk on a graph

We attempt to find a stationary distribution via Theorem 1.2.9. Let ¢ and j be
connected in the graph, and therefore p;; = % and p;; = %, so that the detailed
i J

69
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balance equation between these two states is

This gives

-1
where K is obtained by normalization: K = (Z ek dj> :

ExXAMPLE 2.1.1: RANDOM WALK ON THE HYPERCUBE, TAKE 1. The random
walk on the (n-dimensional) hypercube is the random walk on the graph with
set of vertices £ = {0,1}" and edges between vertices = and y that differ in
just one coordivate. For instance, in two dimensions, the only possible motions
of a particle performing the random walk on the cube is along its edges in both
directions. Clearly, whatever be the dimension n > 2, d; = % and the stationary
distribution is the uniform distribution.

ExaMpPLE 2.1.2: COVER TIME OF THE RANDOM WALK. The cover time of a
HMC is the number of steps it takes to visit all the states. We derive a bound on
the maximum (with respect to the initial state) average cover time of the random
walk on a graph. For this we shall first observe that the average return time to a
d;

given state i € E is E; [T;] = ﬁ = & where d; is the index of . By first-step

analysis, denoting by N; the set of states (vertices) adjacent to i,

B 1
o BT =7 ) 1+ BT

JEN;

and therefore

Bl=) (1L+E;[L),

JEN;

from which we obtain the rough bound
By [T)] < |E]|

for any pair (7,7) of states. Let now ig be an arbitrary state and consider the
spanning circuit obtained by a depth-first census of the vertices of the graph (see
the figure below), say i, i1, ig|p|—2 = %0.
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|B| =7

ip = t12 = Izp|—2

Clearly, the average cover time from ig is lesser than or equal to

2|E|—3
S B, [T, < QIE| - 2) x |B| < 21EP.

=0

Let { X, }nez be an irreducible stationary HMC with the finite state space E, tran-
sition matrix P and stationary distribution 7. Let G = (E, A) be the associated
directed graph, where A is the set of directed edges (arrows), that is of ordered
pairs of states (4, j) such that p;; > 0. The weight of an edge (3, j) is p;;. A rooted
spanning tree of GG is a directed subgraph of G with the following properties:

(i) As an undirected graph it is a connected graph with E as set of vertices.
(ii) As an undirected graph it is without cycles.

(iii) As a directed graph, each of its vertex has out degree 1, except one vertex,
the root, that has out degree 0.

Denote by S the set of spanning trees of GG, and by §; the subset of S consisting
of rooted spanning trees with vertex ¢ € E. The weight w(S) of a rooted spanning
tree of S € § is the product of the weights of all the directed edges in S.

A directed graph and one of his directed spanning tree
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Theorem 2.1.1 The stationary distribution = of P is given by

7T(Z) _ ZSG& ’LU(S)

> ses W(S) '

Proof. We define a stochastic process {Y,, },ez taking its values in S as follows.
The root of Y,, is X,,, say X,, = 7. Now, by screening the past values X,, 1, X,,_o,...
in this order, let X,,_,, be the first value different from X, let X,,_4,, {5 > (1,
be the first value different from X, and X,,_,,, let X, _y,, ¢35 > {5, be the first
value different from X, X,_4, and X,_4,. Continue this procedure until you have
exhausted the (finite) state space E. The spanning tree Y,, is the one with directed
edges (Xn—men—fH-l = Xn)’ (Xn—fzv Xn—b-‘rl)v (Xn—fav Xn—fa-i—l) ce

X 1

5 5
4
3 3 2
2
16 n 1

1 T T T
n—Ily n—I3 n—Ily n—1

The stochastic process {Y,, } ez is a HMC.

The forward procedure, that is the procedure allowing to pass from S € § with
root i to T' € § with root 7 in one step is the following:

(a) Add to S the directed (i, j), thus creating a directed spanning graph with
a unique directed loop that contains ¢ and j (this may be a self-loop at )

(b) Delete the unique directed edge of S out of j, say (j, k), thus breaking the
loop and producing a rooted spanning tree 7' € § with root j.

A rooted spanning tree T with root j can be obtained from the spanning tree S if
and only if S can be constructed from 7" by the following reverse procedure based
on a suitable vertex k:

(o) Add to T the directed edge (7, k), thus creating a directed spanning graph
with unique directed loop containing j and k (possibly a self-loop at 7).

(8) Delete the unique directed edge (i, ) that lies in the loop, thus breaking
the loop and producing a rooted spanning tree 1" € S with root .
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Let Qg1 be the one-step transition probability of the rooted spanning tree process
{Y, }nez from S with root i to T with root j, and let k be the unique vertex used
in the reveres procedure. We have that Q¢sr = p;;. Remarking that to pass from
T to S we first added the edge (7,j) and then deleted the unique directed edge
(7, k), and that to pass from S to T, we added the directed edge (j, k) and then
deleted the edge (j,4). Therefore

w(S)QST = w(T)RTS
where Rrg := pji. It follows that
ZM(S)QST - Zw(T)RTS = w(T)
s S
Therefore, the stationary distribution of the chain, {p(95)}gses is

__w(S)
p(S) - ZS/w<S/) )

N . ZTG& ’LU(T)
W(Z) - Tezszp(T> - ZTGSw(T) .

and therefore,

O

Corollary 2.1.1 Let { X, }nez be the stationary random walk on the complete
graph built on the finite state space E. (In particular p;; = |—]{3| for all j # 1 and
the stationary distribution is the uniform distribution on E.) Let 7; = inf{n >
0; X,, =i}. The directed graph with directed edges

(X‘anfl)a i 7& Xo

1s uniformly distributed over S.

Proof. Use the proof of Theorem 2.1.1 and the time-reversibility of the random
walk. 0]
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2.2 Martingales and harmonic functions

Basic examples

Let {X,, }.>0 be a sequence of discrete random variables'.

Definition 2.2.1 A real-valued stochastic process {Y, }n>o such that for each n >
0

(i) Y, is a function of X = (Xo,...,X,), and
(i1) E[|Y,]] < o0 orY, >0,

is called a martingale (resp., submartingale, supermartingale) with respect to
{X, }n>0 if, moreover,

ElY, | X0 =Y, (resp., >Y,, <Y,). (2.1)

For short, we sometimes say “X(-martingale” for “martingale with respect to
{X,}n>0", with similar abbreviations for supermartingales and submartingales.

Observe that a martingale is a submartingale and a supermartingale.

EXAMPLE 2.2.1: SuMs OF 1ID. Let X = {X,,},>0 be a sequence of centered and
integrable 11D random variables. The stochastic process

is a X{-martingale. Indeed, for all n > 1,
EYn1 | Xg] = E[Yn [ Xo] + E[Xn | X§] = Yo + E[Xpn] = Yo,

where the second equality is due to the facts that Y, is a function of X (Theorem
1.1.3) and that X' and X,,;; are independent (Theorem 1.1.4).

EXAMPLE 2.2.2: PropuUCTS OF 1ID. Let X = {X,},>0 be a sequence of inte-
grable 11D random variables with mean 1. The stochastic process

Yn:ﬁXk, n >0
k=0

'We are dealing in these notes with discrete random variables, and therefore the mention
“discrete” will be generally omitted.
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is a X{-martingale. Indeed

Xn+1 H Xk | X(T)L
k=0

ElYun | Xj] = E

= B[Xo | X51 [ ] Xi
k=0

=EXpu] [[Xe=1xY,=Y,,

k=1

where the second equality is due to the fact that [[,_, X} is a function of X
(Theorem 1.1.3) and the third to the fact that X' and X, are independent
(Theorem 1.1.4).

EXAMPLE 2.2.3: GAMBLING. Consider the stochastic process {Y,}, -, with val-
ues in Ry defined by Yy = a € Ry and, for n > 0,

Yip1 = Yo 4+ Xog1 b1 (X)),

where {X,}, ., is an IID sequence of random variables taking the values +1 or
—1 equiprobably, and where the family of functions b, : {0,1}* — N, n > 1, is
a given betting strategy, that is, b,,1(X({) is the stake at time n + 1 of a gambler
given the observed history X := (Xo, ..., X,) of the chance outcomes up to time
n. The initial conditions are Xg = Yy = a. Admissible bets must guarantee that
the fortune Y,, remains non-negative at all times n, that is b,.1(X{§) < Y,,. The
process so defined is a X/-martingale. Indeed,

E Yo | Xg]l = E[Y, | Xg]+ E[Xnt1bni1(Xy) | Xo]
=Y, +F [XTH-I ’ X(ﬂ bn+1(X6L) =Y,

where the second equality uses Theorem 1.1.3 and the assumption that X, is
independent of X and centered (Theorem 1.1.4).

Harmonic functions of Markov chains

Let {X,}n>0 be a HMC on the countable space E with transition matrix P. A
function h : E — R is called harmonic (resp., subharmonic, superharmonic) iff

Ph = h(resp., > h,<h). (2.2)

In developed form, for all ¢ € F,

> " pijh(j) = h(i) (vesp., > h(i), < h(i)).

JEE
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Superharmonic functions are also called excessive functions.

Equation (2.2) is equivalent to
Elh(Xnq1) | Xn =1] = h(i) (resp., > h(i), < h(i)), (2.3)

for all « € E. In view of the Markov property, the left-hand side of the above
equality is also equal to

Eh(Xp) | Xo =1, Xn1=1n-1,..., X0 =10,
and therefore (2.3) is equivalent to
Eh( X1 | X3 = h(X,) (resp., < h(X,),> h(X,)). (2.4)
Therefore, if either E[|h(X,,)|] < oo for alln > 0, or h > 0, the process {h(X,,) }n>0
is, with respect to {X,, },>0, a martingale (resp., submartingale, supermartingale).

Convex functions of martingales

Theorem 2.2.1 Let I be an interval of R of arbitrary nature (closed, open, semi-
closed, infinite, etc.) and let ¢ : I — R be a convex function.

A. Let Y ={Y,}, -, be a X{'-martingale, such that P(Y, € I) =1 for alln > 0.

Assume that E[|¢p(Y,)|]] < oo for all n > 0. Then, the process {¢p(Y,)}, <o 15 @
X —submartingale. -

B. Assume moreover that ¢ is non-decreasing and suppose this time that Y is a
Xy —submartingale. Then, the process {¢(Yn)},5¢ is a Xg-submartingale.

Proof. By Jensen’s inequality for conditional expectations,
E oY) Xg] = (£ Y| Xg]) -
Therefore (case A)

E [Yn+1|Xg])
Vo),

E[¢(Yni1)|Xg] = o(
o

and (case B)
E[¢(Yn)|Xg] = 0(E [Yaia]Xg])
> 6(Ya) .

(For the last inequality, use the submartingale property E [Y,,+1|X{'] > Y,, and the
hypothesis that ¢ is non-decreasing.) O
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EXAMPLE 2.2.4: POWERS OF MARTINGALES. Let Y = {Y,} ., be a X{-
martingale and let p > 1. Applying Theorem 2.2.1 with the convex function
x — |z[P, we have that if E'[|Y,[P] < oo, {|Y,[P}, 5, is a Xg-—submartingale.

EXAMPLE 2.2.5: MODULUS OF A MARTINGALE. Let Y = {Y,} ., be a Xg-
martingale and let p > 1. Applying Theorem 2.2.1 with the convex function
x — x*, we have that {Y, "}, . is a Xg-submartingale.

Optional sampling

Martingale theory rests on two pillars. The first pillar of martingale theory is the
optional sampling theorem. It has many versions, and that given next is a rather
simple one, but already very powerful.

We first recall the definition of a stopping time.

Definition 2.2.2 Let {X,},~, be some sequence of random variables taking their
values in X. A randome variable T taking integer values and possibly the value oo
is called a X[ -stopping time if for all integers m the event {T' = m} is expressible
in terms of X[, that is, more precisely, there exists a function g,, : X"t — {0,1}
such that

Lir=my = gm(X(T)nJrl) :

Theorem 2.2.2 Let {M,}, ., be a Xg-martingale, and let T' be a Xg-stopping
time. Suppose that at least one of the following conditions holds:

(o) P(T < ng) =1 for some ng > 0.

(B) P(T <o) =1 and |M,| < K <oo whenn <T.

Then
E[Mz] = E[Mj]. (2:5)
Proof. (a) Write
no—1
My = Mo =Y (M1 — My)Lppery.
k=0

Since T is a stopping time of {X,,}

n>0’

Ligery = @(Xg)
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for some function ¢, and therefore, using the basic rules of conditioning (Theorems
1.1.2 and 1.1.5)

E[(Mit1 — Mi)lery] = E[(Mia — M) (X))
E [E[(Myt1 — My)p(X5)|XH)]]
E [E[(My41 — Mi)|X5)]e(X§)] = 0.

Therefore,

no—1
E[Mp — M) = Z E[(Mg1 — My)1g<ry] = 0.
k=0

(8) Apply the result of («) to the stopping time T' A ng to obtain
E[Mrpn,]| = E[My].

Therefore,
|E[Mr] — E[M)| = |E[Mr] — E[Mrpn,]|
< E[[Mr — My, ]|
= E[ Z |Mk: - Mk/\n0| 1{k=T}]
k=no+1
< E| Z 2K 1 -1y
k=ng+1
Since T is finite, lim, 100 P(T" > ny) = 0, and therefore E[Mr] = E[M,]. O

EXAMPLE 2.2.6: THE RUIN PROBLEM VIA MARTINGALES. Consider the sym-
metric random walk {X,,} ., on Z with X, = 0. It is a martingale (with respect
to itself). Let T be the first time n for which X,, = —a or +b, where a,b > 0. This
is a stopping time, and moreover T' < co. We can apply Theorem 2.2.2 (optional
sampling), part (), with K = sup(a,b), to obtain

0 = E[Xo] = E[Xz].

Writing
v = P(—a is hit before b),

we have
E[X7r] = —av + b(1 — v),
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and therefore

S

S|
+
o

EXAMPLE 2.2.7: A COUNTEREXAMPLE. Consider the symmetric random walk
of the previous example, but now define T to be the hitting time of b > 0. We
know that 7" < oo, since the symmetric walk on Z is recurrent. If the optional
sampling theorem applied, we would have

0= E[Xo] = E[X7] =,

an obvious contradiction. The optional sampling theorem (Theorem 2.2.2) does
not apply because neither condition («) nor () thereof is satisfied.

EXAMPLE 2.2.8: THE BALLOT PROBLEM, TAKE 3. In the ballot problem, let X}
be the number of votes in advance (can be negative) for candidate I and define for
0<k<n-—1, where n :=a+ b,

Xnk
M, = 2= .
g n—=k
In Exercise 77, you are invited to prove that the sequence My, My, ..., M, _; forms

a martingale. Admitting this, let 7 be the first M¥-stopping time 7 at which X} = 0
if such k exists, or n — 1 otherwise. By the optional sampling theorem (Theorem
2.2.2),

E _
(X, _a b. )
n a+b

Let A be the event that candidate I leads all the way to victory. If A occurs, then

T=n—1and M, = M, 1 = X; and X; = 1 (in this case, candidate I has the

first vote). If A does not occut, there is an intermediate time when the candidates

have an equal count, and therefore, 7 being the first such time, 7 < n — 1 and

Mt = 0. Therefore

Comparison with (%) gives
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The martingale convergence theorem

We now introduce the second pillar of martingale theory, the martingale conver-
gence theorem. This result is the probabilistic counterpart of the convergence of a
non-negative non-increasing, or bounded nondecreasing, sequence of real numbers
to a finite limit.

Theorem 2.2.3 Let S be a X[ -submartingale, Li-bounded, that is such that

sup E[|S,|] < o0. (2.6)

n>0

Then S converges P-a.s. to an integrable random variable Sy .

The proof is omitted.

Corollary 2.2.1 (a) Any non-positive submartingale S converges to an integrable
random variable.
(b) Any non-negative supermartingale converges to an integrable random variable.

Proof. (b) follows from (a) by changing signs. For (a), we have
E[[Sh]] = —E[Sa] < =E[So] = E|S]] < oo

Therefore (2.6) is satisfied and the conclusion follows from Theorem 2.2.3. O

We shall apply this result to absorption problems concerning Markov chains.

EXAMPLE 2.2.9: BRANCHING PROCESS VIA MARTINGALES. We are going to
illustrate the power of the concept of martingale by revisiting the branching process
of Section ?? (to which we refer for the notation) and obtaining the results thereof
via martingale theory. It is assumed that P(Z =0) < 1 and P(Z > 2) > 0 (to get
rid of trivialities). The stochastic process

where m is the average number of sons of a given individual, is a martingale with
respect to {X,, }rn>o.

Indeed, each of the X,, members of the nth generation gives birth on the average to
m sons, and does this independently of the rest. Therefore, F[X,,.1|X,] = mX,,

and x ¥ ¥
n+1 n| __ n+1 o n
E [mn+1|X0] =E lmn+1‘X":| -

mn
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By the martingale convergence theorem, almost surely

Xn
lim — =Y < 0.
ntoo M"
In particular, if m < 1, then lim, o X,, = 0 almost surely. Since X,, takes integer
values, this implies that the branching process eventually becomes extinct.

If m =1, then lim,1o, X,, = X < 00, and it is easily argued that this limit must
be 0. Therefore, in this case as well the process eventually becomes extinct.

For the case m > 1, we consider the unique solution in (0,1) of z = g(z) (see
Theorem ?7?). Suppose we can show that Z, = 2% is a martingale. Then, by the
martingale convergence theorem, it converges to a finite limit, and therefore X,
has a limit X, which, however, can be infinite. One can easily argue that this
limit cannot be other than 0 (extinction) or co (nonextinction). Since {Z,},>0
is a martingale, * = E[Zy| = F[Z,], and therefore, by dominated convergence,
r = E[Z,] = E[zX~] = P(X, = 0). Therefore, z is the probability of extinction.

It remains to show that {Z,},>¢ is a martingale. We have
Elz*+1|X, =] = 2"

This is obvious if + = 0, and if ¢+ > 0, X,,41 is the sum of ¢ independent random
variables with the same generating function g. Therefore, E[z*"+|X, = i| =
g(z)" = 2'. From this last result and the Markov property,

Bl X5) = Bla™|X,] = 2.

EXAMPLE 2.2.10: A CELLULAR AUTOMATON. Consider a chessboard of size
N x N, on which are placed stones, exactly one on each square. Each stone has
one among k possible colors. The state X,, of the process at time n is the N x N
matrix with elements in {1, ..., k} describing the chessboard and the color of the
stone in each square. The evolution of { X, },>¢ is that of a homogeneous Markov
chain, where the transition from X, to X, is as follows. Select one case of the
chessboard at random, and change the color of the stone there, the new color being
the color of a stone chosen at random among the 4 neighboring stones. To avoid
boundary effects, we shall consider that the chessboard is a bi-torus in the sense
of the Figure below.

We shall see that the only absorbing states are the monochromatic states and
prove, using a martingale argument, that probability of being absorbed in a specific
state is equal to the initial proportion of states of this color.
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Neighbors in the cellular automaton model

The chain has 2¥ — 1 absorbing classes. Each such class corresponds to a given
nonempty subset of ¢ different colors. For instance, with ¢ = 3, we consider all
the configurations of the chessboard with a combination of three given colors, say
blue, white and red. It is straightforward to verify that one can pass (in several
steps) from a configuration with at least one stone of each color, blue, white or
red, to any other such configuration. Any monochromatic state is of course closed.

Denote by Y,, the proportion of red stones at stage n. The process {Y,}n>0
is a martingale with respect to {X, },>0. Indeed, Y, is a function of X,, and is
integrable, since it is bounded by 1. Also, E[Y,11|X{] = Y,, as the following
exchange argument shows.

Let «, 11 be the box selected at time n + 1 and let 5,1 be the selected neigh-
bor of a,41. Then, for any pair (o, 3) of boxes, P(ani1 = a, fni1 = BIX]) =
Plans1r = B, Bns1 = o XJ) = 8%. Clearly, if the result a,.1 = «,f,41 =
changes Y, to Y11 =Y, + AY,, 1, the result a1 = 5, Bnr1 = a changes Y,, to
Y1 =Y, — AY, ;. Since these two situations are equiprobable, the martingale
property easily follows.

By the martingale convergence theorem, lim,j Y, = Y exists, and by domi-
nated convergence E[Y| = lim,1o, E[Y,]. Therefore, since E[Y,] = E[Y;], we have
ElY| = E[Yy] = yo, where yp is the initial proportion of red stones. Because

|AY,| =0 or 55 for all n, {Y,},>0 can converge only if it remains constant after
some (random) time, and this constant is either 0 or 1. Since the limit 1 corre-
sponds to absorption by the “all-red” state, we see that the probability of being
absorbed by the “all-red” state is equal to the initial proportion of red stones.

EXAMPLE 2.2.11: FAIR GAME NOT SO FAIR. Consider the situation in Exam-
ple 2.2.3, assuming that the initial fortune a is a positive integer, and that the
bets are also positive integers (that is the functions b,.1(X{) € N except if
Y, = 0, in which case the gambler is not allowed to bet anymore, or equivalently
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bo(XF710) = 0). In particular, for all n > 0, Y,, > 0. Therefore the process Y’
is a non-negative F--martingale, and by the martingale convergence theorem, it
almost surely has a finite limit. Since the bets are assumed positive integers when
the fortune of the player is positive, this limit cannot be other than 0. Since Y,,
is a non-negative integer for all n > 0, this can happen only if the fortune of the
gambler becomes null in finite time.

Theorem 2.2.4 An irreducible recurrent HMC has no non-negative superharmonic
or bounded subharmonic functions besides the constant functions.

Proof. If h is non-negative superharmonic (resp., bounded subharmonic), then the
stochastic sequence {h(X,,)},>0 is a non-negative supermartingale (resp., bounded
submartingale), and therefore, by the martingale convergence theorem it converges
to a finite limit Y. Since {X,, },>0 visits any state i € F infinitely often, one must
have Y = h(i) almost surely for all i € E. In paticular, h is a constant. U

Corollary 2.2.2 A necessary and sufficient condition for an irreducible HMC to
be transient is the existence of some state conventionally called 0 and of a bounded
function h : E — R, not identically null and satisfying

h(j) = pixh(k), for all j #0. (2.7)

k0

Proof. Let Tj be the return time to state 0. First-step analysis shows that the
bounded function A defined by

satisfies (2.7). If the chain is transient, h is nontrivial (not identically null). This
proves necessity.

Conversely, suppose that (2.7) holds for a not identically null bounded function.
Define h by h(0) = 0 and

h(j) = h(3) if j # 0,
and let o = ZkeEpokiz(k). Changing the sign of & if necessary, a can be assumed

> 0. Then A is subharmonic and bounded. If the chain were recurrent, then by
Theorem 2.2.4, h would be a constant. This constant would be equal to h(0) = 0,
and this contradicts the assumed nontriviality of h. 0J

ExXAMPLE 2.2.12: REPAIR SHOP, TAKE 6. The state equation is

Xn+1 = (Xn - 1)+ + Zn-‘,—la
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where {Z,,},>1 is an 1ID sequence independent of the initial state Xj. In terms of
the probability distribution P(Z; = k) = ay, k > 0, its transition matrix is

ap @y Gz asg
ap ap Qa9 asg
P= 0 ap ap Qs
0 0 apg ap

We assume that the chain is irreducible, that is P(Z; = 0) < 1 and P(Z; > 2) > 0.
We shall show that, if F[Z;] > 1, the system of equations (2.7) admits a bounded
nontrivial solution, and therefore, by Corollary 2.2.2, the chain is transient.

Indeed, trying h(j) = 1 — ¢7 for a solution, we can check that equations (2.7)
reduce to a single equation in (,

ST P(Z = k)¢t =, (2.8)

k>0

for which there is, under condition E[Z;] > 1 and the irreducibility condition, a
unique solution ¢ € (0,1) (see Theorem ?7).

Therefore, h(i) = 1 — (* is a solution of (2.7) that is nontrivial and bounded.

Theorem 2.2.5 Let the HMC with transition matrix P be irreducible, and suppose
that there exists a function h : E — R such that {i ; h(i) < K} is finite for all
finite K, and such that

> " pich(k) < h(i), for alli & F, (2.9)

keE
for some finite subset F' C E. Then the chain is recurrent.

The conditions of the above result are also necessary (we shall not prove this here),
and this is why it is called a criterion. Note that it might then as well be called a
transience criterion.

Proof. Since {i ; h(i) < 0} is finite, inf h(i) > —oo, and therefore, adding a
constant if necessary, one may assume without loss of generality that h > 0. Let
7 = 7(F) be the return time to F, and define Y,, = h(X,,)1{<ry. Equality (2.9) is
just E[h(X,11) | X, =] < h(i) for all i ¢ F. For i ¢ F, we have using the basic
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rules for conditional expectation (Theorems 1.1.4, 1.1.3 and 1.1.2)

Ei[Yn+1 ’ X(;L] = Ei[Yn+11{n<T} ‘ Xy ] ( n+11{n>7} ‘ Xy ]

+ FE
= EilYanlpen | Xl < E [ (Xt 1) Ln<ry | X¢]
S 1{n<7}h(Xn>7

where the third equality comes from the fact that 1y, is a function of Xg, the
fourth equality is the Markov property, and the last inequality is true because
Pras., X, ¢ F onn < 7. Therefore, P-a.s., for i ¢ F, P;-a.s,

Ei[Yo|Xg] < Ya,

that is, {Y,}n>o is, under P;, a non-negative supermartingale with respect to
{X,}n>0. By the martingale convergence theorem, lim,1o Y, = Yo exists and
is finite, P;-a.s.

Suppose, in view of contradiction, that the chain is transient. It must then visit
any finite subset of the state space only a finite number of times. In particular, for
arbitrary K, we can have h(X,) < K only for a finite (random) number of indices
n. This implies that lim,,_,o h(X,) = 400, Pj-a.s. (for any j € E). For this to be
compatible with the fact that {1g,.3h(X,)} has P-a.s. a finite limit for ¢ ¢ F,
we must have P(7 < oo) = 1.

In summary, P;(7 < oo) = 1 for all i € F. Since F is finite, some state in I’
must be recurrent, hence the announced contradiction. 0

EXAMPLE 2.2.13: REPAIR SHOP, TAKE 7. We know that this HMC is positive
recurrent only if E[Z;] < 1, and that it is transient if E[Z;] > 1. We now examine
the case E[Z;] = 1, for which there are only two possibilities left: transient or null
recurrent. It turns out that the chain is null recurrent in this case. Indeed, one
easily verifies that Theorem 2.2.5 applies with h(i) = ¢ and F = {0}. Therefore,
the chain is recurrent. Since it is not positive recurrent, it is null-recurrent.

Here is another application of the martingale convergence theorem in the vein of
the previous results.
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Theorem 2.2.6 Let the HMC { X, },,>0 with transition matriz P be irreducible and
let h: E — R be a bounded function such that

> pich(k) < (i), for alli & F, (2.10)

keE

for some set F', not assumed finite. Suppose, moreover, that there exists i ¢ F
such that
h(i) < h(j), for all j € F. (2.11)

Then the chain is transient.

Proof. Let 7 be the return time in F' and let ¢ ¢ F satisfy (2.11). Defining
Y, = h(X,A-), we have that, under P;,{Y,,},>0 is a (bounded) supermartingale
(exercise) with respect to {X,,},>0. By the martingale convergence theorem, the
limit Y of Y,, = h(X,A,) exists and is finite, P;-almost surely. By bounded conver-
gence, ;Y| = lim,1o E;[Y,], and since E;[Y,] < E;[Yo] = k(i) (supermartingale
property), we have E;[Y] < h(7).

If 7 were Pi-a.s. finite, then Y,, would eventually be frozen at a value h(j) for j € F,
and therefore by (2.11), E;[Y] > h(i), a contradiction with the last inequality.

Therefore, P;(T < 0o) < 1, which means that with a strictly positive probability,
the chain starting from ¢ ¢ F will not return to F'. This is incompatible with
irreducibility and recurrence. 0

The maximum principle

Let {X,},>, be an HMC with countable state space £ and transition matrix P.

Let D be an arbitrary subset of E, called the domain. The complement D of D
in £ will be called the boundary. Let ¢ : D — R and ¢ : D — R be non-negative
functions called the unit time cost and the final cost, respectively. Let T be the
hitting time of D.

For each state i € E, define

W) = B | S o)+ o(Xr) s | - (2.12)

0<k<T

The function h : E — R so defined is non-negative and possibly infinite. It is
called the average cost. Note that T is not required to be finite, and that D may
be empty.
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Theorem 2.2.7 The function h : E — R defined by (2.12)

(i) is non-negative and satisfies

Ph+c¢ on D,
h—{ - on D, (2.13)
(i3) and is magjored by any non-negative function u : E — R such that
Pu+c¢ onD
> =’ :
u> { - e (2.14)

(iii) Moreover, if for all i € E, P(T < oo) = 1, then (2.13) has at most one
non-negative bounded solution.

Proof. (i) Properties h > 0 and h = ¢ on D are satisfied by definition. First-step
analysis gives, for i € D,

(i) = (i) + 3 pish(J) (215)

jEE
(rely on intuitive arguments or see the details after the proof).

(ii) Define for n > 0 the non-negative function h,, : £ — R by

ha(i) = E;

n—1
Z c(Xi)Lpery + ©(X1) Lirany | - (2.16)
k=0

Observe that hy = 0 and, by monotone convergence, lim,1oc T hy, = h. Also, with
a proof similar to that of (i),

By = { Ph, +c¢ on D, (2.17)

) on D.

With u as in (2.14), we have u > hy. By induction, u > h,, (this is true for n = 0,
and if this true for some n, itE true for n+1. Indeed u > Pu+c > Ph,+c = h,11
on D, and u > ¢ = hy,;1 on D). Therefore, u > lim,, ., h,, = h.

(iii) If w is bounded and non-negative, then by Example 2.2

3
—

M, = u(X,) — u(Xo) — > (P — Du(Xy) (2.18)

B
Il
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is a Lévy martingale with respect to {Xn}nzo- By the optional sampling theorem,
for all integers K > 0, E;[Mrak| = FEi[My] = 0, and therefore

TAK—1 TAK—1
u(i) = Eilu(Xrax)] = B[ > (P = Du(Xy)] = Ei[u(Xrax) + Y c(Xi)],
k=0 k=0
since by hypothesis (/—P)u = con D. Since P,(T < 0o0) = 1, limgqoe Ei[u(Xrpk]| =
E;[u(X7)] by dominated convergence. But u(X7) = ¢(Xr) because u = ¢ on D.
Also, lim oo B zﬁé( (X)) = B ;‘::_01 ¢(Xx)] by monotone convergence. Fi-
nally,

T-1
u(i) = Ei[ ) c(Xy) + ¢(Xr)] = h(i).
k=0
Proof of (2.15)
Write for ¢ € D,
U(Z) = XO + Z + (2 XT)l{T<oo}]
1<n<T
= (i) + B[ Y o(Xn) + o(Xr)lreny],
1<n<T
that is,
v(i) = c(i) + Z Ei[Zl{X1=j}]’
jEE
where

7z = Z C(Xn) + QO(XT)l{T<OO}.

1<n<T
Since Xy = ¢ € D implies that 7" > 1 on {X, =i}, the random variable Z is a

function of X, X,, ..., and therefore, by the Markov property,
EilZ1x, =] = E[Z] X1 = jlpi;-

Now, since " > 1 on { Xy = i} when ¢ € D, the quantity Z in the above calculations
can be rewritten as

Z= > oY)+ e(Yro)lro1co,
0<n<T—1

where Y,, = X,,,1. Also, for the HMC {Yn}nzoa T" =T — 1 is the hitting time of
D, and therefore

ElZ|Xi=j]=E[ Y Vo) +o(Yr)lresey | Yo = Jl,

0<n<T”
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and this quantity is just v(j), since { X, }, -, and {Y,}, -, have the same transition
matrix, and therefore have the same distribution when their initial states are the
same. U

Theorem 2.2.7 can be rephrased as follows. The function h given by (2.12) is a
minorant of all non-negative solutions of (2.14), and for u = h, the inequalities in
(2.14) become equalities. Moreover, if h is bounded and P;(T" < oco) = 1 for all
i € E, then h is the unique solution of (2.13).

2.3 The electrical network analogy

Let G = (V,€) be a finite graph, that is, V' is a finite collection of wvertices, or
nodes, and & is a subset of (unordered) pairs of vertices, denoted by e = (i, j) and
one then notes i ~ j (or equivalently j ~ ¢) the fact that ¢ and j are the end
vertices of a the edge (i,7). This graph is assumed connected. The edge/branch
e = (i,j) has a positive number ¢, = ¢;; (= ¢j;) attached to it. In preparation
for the electrical network analogy, call ¢, the conductance of edge e, and call its
inverse R, = é the resistance of e.

Define a HMC on E := V with transition matrix P

Dij = %
==L
J Cz ’
where
Ci = E Cij -
jev

The homogeneous Markov chain introduced in this way is called a random walk
on the graph G = (V,&). We shall occasionally call it the network Markov chain.
The state X,, at time n is interpreted as the position on the set of vertices of a
particle at time n. When on vertex i the particle chooses to move to an adjacent
vertex j with a probability proportional to the conductance of the corresponding
edge, that is with probability p;; = CCL’ Note that this HMC is irreducible since the
graph G is assumed connected and the conductances are positive. Moreover, it is
reversible with stationary probability

Zjev Cj'

To see this, it suffices to check the reversibility equations

A Cij .\ Cji
m(i) 5 =m0 a
4 J

(1)
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using the hypothesis that ¢;; = ¢j; = c.. A symmetric random walk on the graph
G = (V, ) is a particular random walk for which ¢, =1 (or any constant). In this
case, at any given time, the particle being in a given site chooses at random the
adjacent site where it will move. The corresponding stationary probability then
takes the form
: d;
(i) = e

where d; is the degree of node i (the number of nodes to which it is connected)
and |E| is the number of edges.

The connection between random walks and reversible HMC’s is in fact both ways.
Given a reversible irreducible positive recurrent transition matrix P = {p;;}; jey on
V' with stationary probability 7, we may define the conductance of edge e = (i, 5)
by ¢;; = m(i)pi; (= ¢;; by reversibility) and define in this way a random walk with
the same transition matrix. In particular C; = 7 (i) and p;; = é—j

The graph G will now be interpreted as an electric network where electricity flows
along the edges of the graph (the “branches” of the electrical network). By con-
vention, if i ¢ j, ¢;; = 0. To each oriented pair (i, j) there is associated a potential
difference ®;; and a current /;; which are real numbers and satisfy the antisym-
metry conditions

[ji = _]ij and CI)jZ' = _q)ij

for all edges (7, ). Two distinct nodes will play a particular role: the source a and
the sink b.

Kirchoff’s laws and Ohm’s law

The potential differences follow Kirchoff’s potential law: For any sequence of ver-
tices 11, %9, . .., in+1 such that ¢,,1 =4 and 1 ~ iy for all 1 <k < n,

Z (I)ie,izH =0.
=1
They also follow Kirchoff’s current law: For all nodes i € V', i # a, b,

jev
Finally, the currents and potentials are linked by Ohm’s law: For all edges e = (i, j)

]ij = Ce(Pij .
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It readily follows from Kirchoft’s potential law that there exists a function & :
V' — R determined up to an additive constant such that

Dyy = B(j) — B(i).

Note that, by Ohm’s law, the current [;; and the potential difference ®(j) — ®(7)
have the same sign (“currents flow in the direction of increasing potential”).

Using Ohm’s law, Kirchoft’s potential law can be expressed in terms of currents:
n
Iiz,iul —0.

—1 Cigrig41

In particular both Kirchoft’s laws are linear in the currents. Therefore we have
the superposition principle:

Theorem 2.3.1 If I and I' are solutions of Kirchoff’s laws with the same source
a and sink b, then so is their sum I + I'.

From Kirchoft’s current law and Ohm’s law, we have that for all i # a, b,

D ei(@(5) — (i) =0,

iev
or equivalently

. Cij .
o) = 3 o).

jev Tt
Therefore the potential function ® is, with respect to this transition matrix, har-
monic on V\{a,b}. In particular, by Theorem 2.2.7, it is uniquely determined by
its boundary values ®(a) and ®(b) = 0.

Probabilistic interpretation of voltage and current

We start with the voltage. Recall that ® is harmonic on D = V\{a, b} and that if
we fix its values on {a, b}, it is then uniquely determined. We call ®; the solution
corresponding to a unit voltage at a and a null voltage at b:

Oi(a)=1, @,(b)=0.

The function h given by
h(Z) =P (Ta < Tb)

(the probability that starting from i, a is reached before b) is harmonic on D =
V\{a, b} and that h(a) = 1 and h(b) = 0. By unicity, ®; = h.



92 CHAPTER 2. RELATED TOPICS

We now interpret the current. A particle performing the random walk associated
to the network moves from a to b, but now it is supposed to leave the network
once it has reached b. We show that the current I;; from 7 to j is proportional to
the expected number of passages of this particle from 7 to j minus the expected
number of passages in the opposite direction, from j to i.

Proof. Let u(i) be the expected number of visits to node i before it reaches b and
leaves the network. Clearly u(b) = 0. Also for i # a,b, u(i) = >,y u(j)p;i- But

Clpl] = jpji SO that u(z) = ZjGV u(j)pmg—; and ﬁnally

u(@ _ u(j)
c. ZpijTj-

! jev

Therefore the function ® given by

is harmonic on D = V\{a,b}. It is the unique such function whose values at a
and at b are specified by

_(u) ul
-\ _Tj) .
— (i) - <j>%‘j = u(i)pi; — u(j)ps

But u(i)p;; is the expected number of crossings from i to j and wu(j)pj; is the
expected number of crossings in the opposite direction. O

The above interpretation of currents in terms of edge crossings avails for the specific
voltage ® considered, not for the “standardized” voltage ®;. Both currents are
proportional. To determine the factor of proportionality, we may use the fact that,
under voltage ® determined by (%),

Y Iy=1

Jjev



2.3. THE ELECTRICAL NETWORK ANALOGY 93

because, in view of the probabilistic interpretation of current in this case, the sum
is equal to the expected value of the difference between the number of times the
particle leaves a and the number of times it enters a, that is 1 (each time the
particle enters a it leaves it immediately after, except for the one time when it
leaves a forever to be eventually absorbed in b).

Effective resistance and escape probability

When a voltage ®(a) is applied at a and a null voltage at b, let I, be the current
flowing out of the source a (and therefore into the sink b). The effective resistance
between a and b is defined by

®(a)

]CL

This quantity does not depend on the value ®(a) since multiplication the voltage
by a factor implies multiplication of the current by the same factor. When ®(a) =
®;(a) = 1, the effective conductance equals the current I, flowing from a. But in
this case

Ry = (2.19)

But the quantity (1 — > jev Pai®i( ])) is the “escape probability”
Pesc = P(Tb < Ta>

that is the probability that the particle starting from a reaches b before returning
to a. Therefore

Oeff - Capesc .

Dissipated energy and Thomson’s principle

We start with a definition: a flow on the network (or, more precisely, on the graph)
with source a and sink b is be a collection of real numbers J = {J;;}; ev, such
that
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(a) Jij = —Jji,
(b) Jij = 0if i o4 j,
(C) ZjGV Jz’j =0 for all ¢ 7£ CL,b

Denote by J; = Y.\, Jij the flow out of i. In particular J; = 0 for all i # a,b.
Also

a4
Ja = _Jb7

as the following calculation shows

Ja+Jb:ZJi

eV
1
1,J€V i,JEV

Finally, for any function w : V" — R,
1 . .
(w(a) —w®)Jo =5 > _ (W) —w(i)) i, (%)
ijev
Indeed, from the properties of flows
D (wi) —w(i) Ty = > wi) iy — Y wli) i

1,jeV 1,j€V 1,j€V

= > w(@i) i+ Y wi) i

ijev ijev
=> w(i) i+ Y w(j)J;
i€V jev
=w(a)J, +w(b)J(b) + w(a)J, + w(b)J(b)
=w(a)J, —w(b)J(a) + w(a)J, —w(b)J(a) = 2(w(a) — w(b))J, .

A wunit flow J is one for which J, = 1.

These preliminaries given, we introduce the energy dissipated in the network by

the flowJ:
1 2
E(J) =5 > TRy
ijev
This is a meaningful electrical quantity for the special case where the flow is a
current I corresponding to a potential ®, in which case, by Ohm’s law:

(1) = 5 S0 BRy = 5 S L,(8(5) - 2())

ijEV ijEV



2.3. THE ELECTRICAL NETWORK ANALOGY 95

Theorem 2.3.2 The effective resistance between the source and the sink is equal
to the energy dissipated in the network when a unit current passes from the source
to the sink.

Proof. By (%),
E(I) = (®(a) = (b)) 1o = ®(a) L,
and by definition (2.19) of the effective resistance R.s; between a and b,
E(I) = I3Reyy .
so that, if we adjust the input current to be I, = 1, we have that 0

The following result is known as Thomson’s principle.
Theorem 2.3.3 The energy dissipation E(J) is minimized among all unit flows

J by the unit current flow 1.

Proof. Let J be a unit flow from a to b and let I be a unit current flow from a to
b. Define D = J — I. This is a flow from a to b with D, = 0. We have that

> JiRy = (I + Dij)* Ry

i,jeV i,jeV
= Z ]%Rij +2 Z Li;DijRij + Z D,‘ijij
ijev ijev ijEV
= > IZR;+2) ((j) - 0)Di; + Y DiRy;.
i,jEV i,jEV i,jeEV

From (??) with w = ® and J = D, the middle term equals 4(®(a) — ®(b))D, = 0,

so that
> iRy = IR+ ) DRy = ) IRy,

i,jEV i,jEV i,jEV i,jeV

Rayleigh’s monotonicity law

We can now state and prove Rayleigh’s principle:

Theorem 2.3.4 The effective resistance between two points can only increase as
any resistance in the circuit increases.

Proof. Change the resistances R;; to }_%ij > R;; and let I and I be the corre-
sponding unit current flows. Then
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But by Thomson’s principle,

1 -2 1 9
5 > IRy > 5 > I}Rij =R

1,j€V i,j€V

Recurrence via effective resistance

Let now G = (V,&) be an infinite connected graph with finite-degree vertices,
and distinguish some arbitrary vertex, henceforth called 0. Recall that the graph
distance d(i, j) between two vertices is the smallest number of edges to be crossed
when going from ¢ to 5. For N > 0, let

Ky = {i€V;d0,i) <N}

and
OKNy =Ky — Ky_1 = {Z eV, d(O,z) :N}

Let Gy be the restriction of G to Ky. A graph Gy is obtained from Gy by
merging the vertices of 0Ky in a single vertex named by. Let R.fr(n) be the
effective resistance between 0 and by of the network Gy. Since Gy is obtained
from Gy by merging the vertices of 0Ky U {by11}, Refs(N) < Repp(N +1). In
particular the limit

Rerr = lim Reyy(N)

exists. But it may be infinite. In fact, this gives a criterion of recurrence for the
network HMC { X, },>,. More precisely:

Theorem 2.3.5 The probability of return to O of the network HMC is

1
CoRess

P(X,, =0 for somen>1)=1

In particular this chain is recurrent if and only if Resy = oo.
Proof. The formula
hn (i) = P(X, hits Ky before 0)

defines an harmonic function on Vi \{{0}UK y} with boundary conditions hy(0) =
0 and hy(i) =1 for all i € K. Therefore, the function gy defined

gN(Z) = hN(Z) on KN_1 U {bN}
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and gy(by) = 1 is a potential function for the network Gy with source 0 and sink
by. Therefore

Py (X, returns to 0 befor reaching 0Ky) =1 — ZpojgN(j)

=13 2 an() — ox(0))

By Ohm’s law, >, coj(gn(j) — gn(0)) is the the total current Iy (0) out of 0, and
1
Reyp(N)'

therefefore since the potential difference between by and 0 is 1, Ix(0) =
Therefore

1

Py (X, ret to 0 befi hing 0Ky) =1 — ———+——
o (X, returns to 0 before reaching 0K ) CoRterr(N)

and the result follows since by the sequential continuity of probability

P(X,, =0 for somen >1) = zlvle Py (X, returns to 0 before reaching 0Ky) .

2.4 Gibbs fields

Markov fields are so called Gibbs fields in honour of the Josiah Willard Gibbs, the
father of Statistical Mechanics. The physicist Ernst Ising used them as a simplified
model of ferromagnetism, and yet another physicist, Rudolf Peierls, showed that
such mathematical model could predict the phase transition phenomenon.

Definition 2.4.1 Let G = (V, &) be a finite graph, and let vy ~ vy denote the fact
that (v1,v9) is an edge of the graph. We shall also refer to elements of V' as sites.
Let A be a finite set, the phase space. A random field on V' with phases in A is a
collection X = {X(v)}yev of random variables X (v) with values in A.

A random field can be regarded as a random variable taking its values in the
configuration space E := AV. A configuration z € AV is of the form z = (x(v),v €
V), where z(v) € A for all v € V. For a given configuration = and a given subset
A C S, define

z(A) = (z(v),v € A),

the restriction of z to A. If S\ A denotes the complement of A in V| one writes
r = (z(A),z(V\A)). In particular, for fixed v € V, z = (x(v),z(V\v)), where
S\v is a shorter way of writing V\{v}.
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Of special interest are the random fields characterized by local interactions. This
leads to the notion of Markov random field. The “locality” is in terms of the
neighbourhood structure inherited from the graph structure. More precisely, for
any v € V, N, := {w € V;w ~ v} is the neighborhhod of v. In the following, N/,
denotes the set NV, U {v}.

Definition 2.4.2 The random field X is called a Markov random field (MRF) with
respect to the neighborhood system N if for all sites v € V', the random variables

X (v) and X (V\N,) are independent given X (N,,).

In mathematical symbols:
P(X(v) = z(v) | X(V\v) = 2(S\v)) = P(X(v) = z(v) | X(Ny) = z(Ny)) (2:20)

for all z € AV and all v € V. Property (2.20) is clearly of the Markov type: the
distribution of the phase at a site is directly influenced only by the phases of the
neighboring sites.

Note that any random field is Markovian with respect to the trivial topology, where
the neighborhood of any site is the whole set V. However, the interesting Markov
fields (from the point of view of modeling, simulation, and optimization) are those
with relatively small neighborhoods.

Definition 2.4.3 The local characteristic of the MRF at site v is the function
75 AV — [0,1] defined by

m(x) = P(X(v) = z(v) | X(N) = z(No)).
The family {7"}yev is called the local specification of the MRF.

One sometimes writes
m(z) = m(2(v) [ 2(N,))

in order to stress the role of the neighborhood system.

We say that a MRF satisfies the positivity condition if its probability distribution
is strictly positive.

Theorem 2.4.1 Two distributions of an MRF with a finite configuration space
AV that satisfy the positivity condition and have the same local specification are
identical.

Proof. Enumerate V as {1,2,..., K}. Therefore v = (z1,...,2x_1,7r) € AX.
The following identity

K
W(xz"1’1;---717z‘717y7;+1;---7yK>
Tr) = Y *
( ) Hﬂ.(yi‘xla"'?*xiflayiJrla"'?yK) ( ) ( )



2.4. GIBBS FIELDS 99

holds for any .,y € AX. For the proof, one checks that

m(xg | 21, oK 1)
Yk | 71, TR 1)

m(r) = m(z1, ..., K1, YK)

by simply rewriting the conditional probabilities thereof using Bayes’s definition.
Similarly,

W(IK,l ’ Ly 7‘TK727yK>
7T(?/K71 ’ L1y 737K727?JK>

7T(9617---,$K—1>y1() = 7T($1,~-->$K—2>Z/K—17Z/K)

and so forth. The above calculations make sense because of the positivity condi-
tion.

Let now 7 and 7’ be probability distributions with the same local specifications
and satisfying the positivity condition. Choose any y. Identity (x) shows that for

all x,
m(z) _ 7'(y)
m(z)  7(y)
a constant, necessarily equal to 1 since 7 and 7’ are probability distributions. [

Cliques, potential, and Gibbs distributions
Consider the probability distribution

mr(x) = ie_%U(:C) (2.21)
Zr

on the configuration space AV, where T' > 0 is the temperature, U(x) is the en-
ergy of configuration x, and Zr is the normalizing constant, called the partition
function. Since mp(x) takes its values in [0, 1], necessarily —oco < U(z) < +oo.
Note that U(x) < +oo if and only if mr(2) > 0. One of the challenges associated
with Gibbs models is obtaining explicit formulas for averages, considering that it
is generally hard to compute the partition function.

Such distributions are interesting for physicists when the energy is expressed in
terms of a potential function describing the local interactions. The notion of clique
then plays a central role.

Definition 2.4.4 Any singleton {v} is a clique. A subset C' C V' with more than
one element s called a clique if and only if any two distinct sites of C' are mutual
neighbors. A clique C' is called maximal if for any site v, C' U{v} is not a clique.
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Definition 2.4.5 A Gibbs potential on AV relative to the neighborhood system N
is a collection {Vo}ocv of functions Vo : AV — R U {+o0} such that

(i) Ve =0 if C is not a clique,
(ii) for all z,2' € AV and all C CV,

(2(C) = 2'(C)) = (Vo (z) = Vo).

The energy function U : AV — R U {+o00} is said to derive from the potential
{Vetecv of

Ur) =Y Vol(x).
C

The function Vi depends only on the phases at the sites inside subset C'. One
could write more explicitly Ve (z(C)) instead of Viz(x), but this notation will not
be used.

In this context, the distribution in (2.21) is called a Gibbs distribution.

ExaAMPLE 2.4.1: IsiING MODEL, TAKE 1. In statistical physics, the following
model is regarded as a qualitatively correct idealization of a piece of ferromagnetic
material. Here V = Z2, = {(i,j) € Z*,i,j € [1,m|} and A = {+1, -1}, where +1
is the orientation of the magnetic spin at a given site. The figure below depicts
two particular neighborhood systems, their respective cliques, and the boundary
of a 2 x 2 square for both cases.

In Ising’s finite model, V = Z2,, A = {+1,—1}, and the neighborhood system is
as in (a) of Fig. 7.1.1. The Gibbs potential is

‘/{U}(‘T> - _EI(U%
View () = —a(w)a(v),

where (v, w) is the 2-element clique {v, w}, where w € N,. Here, k is the Boltz-
mann constant, H is the external magnetic field, and .J is the internal energy of an
elementary magnetic dipole. The energy function corresponding to this potential
is therefore
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The Markov—Gibbs equivalence

Gibbs distributions with an energy deriving from a Gibbs potential relative to a
neighborhood system are distributions of Markov fields relative to the same neigh-
borhood system. This result admits a (partial) converse, Theorem 2.4.3 below.

Theorem 2.4.2 If X is a random field with a distribution 7, of the form (2.21),
where the energy U(x) derives from a Gibbs potential {Vic}ocy relative to the graph
structure G = (V,E), then X is Markovian relatively to the same graph structure.
Moreover, its local specification is given by the formula

e_ ECB’U VC(I)

- 3 yep € 200 Vo (Vin))

" (x)

(2.22)

where the notation )., means that the sum extends over the sets C' that contain
the site v.

Proof. First observe that the right-hand side of (2.22) depends on x only through
z(v) and x(N,). Indeed, Vo (x) depends only on (z(w),w € C), and for a clique
C,if w e C and v € C, then either w = v or w ~ v. Therefore, if one can show
that P(X(v) = z(v)|X(V\v) = (V\v)) equals the right-hand side of (2.22), and
in particular is a function of z(v) and x(N,) only, then the Markov property (2.20)
and equality (2.22) will be proven. By definition of conditional probability,

= (VU V) =2 v — 7T(..'Zf)
P(X(v) =z(v) | X(V\v) = z(S\v)) SO () ()
But 1
W(x) = Zef 2cse Vo @)+ ogy Vc(:z:)’

and similarly,

O, 2(V\w)) = %e— Seme VeAa(V\) Lo, Vo (ha(5\0)) |

If C is a clique and v is not in C, then Vo(A, z(V\v)) = Vio(z) and is therefore
independent of A € A. Therefore, the righthand side of () is found, after factoring

out exp z(w) {— > % Vc(x)}, to be equal to the righthand side of (2.22). O

The local energy at site v of configuration x is

En(x) =) Vol(x).

C>v
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With this notation, (2.22) becomes
67&’(1)

TS ep € )

()

EXAMPLE 2.4.2: ISING MODEL, TAKE 2. The local characteristics in the Ising
model are

Bﬁ{“]zw;lw—v\:1 m(w)Jrler}ac(v)
mp(r) =

— e+k%{szN”x(w)+H} + e—,%T{Jwaac(w)—&-H}.

Theorem 2.4.2 above is the direct part of the Gibbs—Markov equivalence theorem:
A Gibbs distribution relative to a neighborhood system is the distribution of a
Markov field with respect to the same neighborhood system. The converse part
(Hammersley—Clifford theorem) is important from a theoretical point of view, since
together with the direct part it concludes that Gibbs distributions and MRF’s are
essentially the same objects.

Theorem 2.4.3 Let 7 be the distribution of a Markov random field with respect
to the graph structure G = (V,€) and satisfying the positivity condition. Then
_ 1 —U(z)
m(x) = 7€
for some energy function U deriving from a Gibbs potential {Vc}ocv associated
with the same graph structure G = (V,E).

The proof is omitted. However, quite often in practice, the potential as well as the
topology of V' can be obtained directly from the expression of the energy.

EXAMPLE 2.4.3: MARKOV CHAINS AS MARKOV FIELDS. Let V' = {0,1,... N}
and A = F/, a finite space. A random field X on V with phase space A is therefore a
vector X with values in EV*!. Suppose that Xy, ..., Xy is a homogeneous Markov
chain with transition matrix P = {p;; }i jeg and initial distribution v = {v; };cp.
In particular, with z = (xq, ..., zy),

ﬂ-('r) = onp:zoml o 'pr_lxN;

that is,

where
N—1

Ulr) = —Iny,, — Z(lnpxixiﬂ).

n=0
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Clearly, this energy derives from a Gibbs potential associated with the nearest-
neighbor topology for which the cliques are, besides the singletons, the pairs of
adjacent sites. The potential functions are:

Vioy (z) = —Inwy,, V{n,n+1}($) = —Inpra,.,,-

The local characteristic at site n, 2 <n < N — 1, can be computed from formula
(2.22), which gives

exp(Inpe, 0, + lnprnzn+1)
ZyEE exp(Inp, y +Mpy,..) 7

" (x) =

that is,
7_‘.’VL(:E) — pxn—(12£l)3npxnxn+1 :
pmnflxn+l
where pg) is the general term of the two-step transition matrix P?. Similar compu-

tations give 7%(z) and 7" (x). We note that, in view of the neighborhood structure,
for 2 <n < N -1, X, is independent of Xy,..., X, o, Xy10,..., Xy given X,
and X, 1.

Natural sampling in Physics

We shall see that, according to the theory of Statistical Physics, Nature performs
in a natural (of course!) way Monte Carlo method. As a matter of fact, the
basic ideas of MMC was first proposed by physicists. Although only the “static”
aspects of Gibbs fields were presented so far, in Nature, the dynamical aspects are
sometimes essential. For instance, the orientation of the magnetic spins in a ferro-
magnet vary constantly in time, and the macroscopic properties are in fact those
of the statistical equilibrium. The following mathematical development captures
the essential aspects of Statistical Physics.

Consider a random field that changes randomly with time. We then have a stochas-
tic process { X, },>0, where

X, = (X,(v),veV)

and X,(v) € A. The state at time n of this process is a random field on V' with
phases in A, or equivalently, a random variable with values in the state space
E = AV, which for simplicity we assume finite. The stochastic process {X, },>0
will be called a dynamical random field.
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The purpose of the current subsection is to show how a given random field prob-
ability distribution

1
m(x) = EG_U(“C) (2.23)

can arise as the stationary distribution of a field-valued Markov chain. According
to the general principles of the Monte Carlo Markov chain method, we just need to
exhibit an irreducible aperiodic Markov chain {X,},>o with state space E = A"
and stationary distribution (2.23).

The Gibbs sampler uses a strictly positive probability distribution (g,,v € V)
on V, and the transition from X, = z to X, 41 = y is made according to the
following rule. The new state y is obtained from the old state x by changing
(or not) the value of the phase at one site only. The site s to be changed (or
not) at time n is chosen independently of the past with probability ¢,. When
site v has been selected, the current configuration x is changed into y as follows:
y(V\v) = z(V\v), and the new phase y(v) at site v is selected with probability
m(y(v) | x(V\v)). Thus, configuration z is changed into y = (y(v),z(V\v)) with
probability ¢,m(y(v) | z(V\v), according to the local specification at site v. This
gives for the nonzero entries of the transition matrix

P(Xn1 =y | X =2) = q7(y(v) | 2(V\0))Ly\o)=a(r\0)- (2.24)

Suppose that the corresponding chain is irreducible and aperiodic. To prove that
7 is the stationary distribution, we use the detailed balance test (Theorem 1.2.9).
This test suggests to check that the detailed balance equations do hold true. For
this to be true, we must have for all z,y € AV,

ﬂ-(x)P(XnJrl =Y | Xy = x) = 7T(3/>P(Xn+1 =7 | Xn = y)v
that is, in view of (2.24), for all v € V|
m(2)qum(y(v) [ 2(VAv)) = m(y)qom(x(v) | £(V\v)).
This is indeed so, since the last equality reduces to the identity

m(y(v), 2(5\v)
P(X(V\v) = z(V\v))

()

(X(V\v) = z(V\v))

r()a, = 7(y(v),2(V\)u 5

EXAMPLE 2.4.4: ISING MODEL, TAKE 3: WHAT MAGNETS DO. In the Ising model
(Examples 2.4.1 and 2.4.1), the local specification at site s depends only on the
local configuration z(N,). Note that small neighborhoods speed up computations.
Note also that the Gibbs sampler is a natural sampler, in the sense that in a piece
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of ferromagnetic material, for instance, the spins are randomly changed according
to the local specification. When nature decides to update the orientation of a
dipole, it does so according to the law of statistical mechanics. It computes the
local energy

for each of the two possible spins, that is £, = £(+1,z(N,)) and £ = E(—1,z(N,)),
and takes the corresponding orientation with a probability proportional to e=¢+
and e~¢-, respectively, according to the fundamental law of statistical mechanics.

2.5 Phase transition in the Ising model

Consider the slightly generalized Ising model of a piece of ferromagnetic material,
with spins distributed according to

1 —uve
() = ——e T (2.25)
Zr
The finite site space is enumerated as S = {1,2,..., N}, and therefore a con-

figuration x is denoted by (x(1),2(2),...,2(/N)). The energy function has two

terms,
N
H
Uz) = - Z

where the term &y(x) is assumed symmetric, in the sense that for any configuration
x’

go(ZL’) = go(—ZL’).
The constant H is the external magnetic field. The magnetic moment of configu-
ration x is

and the magnetization is the average magnetic moment per site
1
= Z mr(z)m
zeE
In Exercise 77, you are invited to check that

OM(H,T)

> 0.
oH =0
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Also, it is clear that
M(-H,T)=—-M(H,T)

and
—1<M(H,T)<+1.

In summary, at fixed temperature 7', the magnetization M (H,T') is a nondecreas-
ing odd function of H with values in [—1, +1]. Also,

M(0,T) =0, (©)

since for any configuration z, m(—z) = —m(x), and therefore np(—x) = mp(z)
when H = 0. Moreover, the magnetization is an analytic function of H.

However, the experimental results seem to contradict the last two assertions. In-
deed, if an iron bar is placed in a strong magnetic field H parallel to the axis,
it is completely magnetized with magnetization M (H,T) = +1, and if the mag-
netic field is slowly decreased to 0, the magnetization decreases, but tends to a
limit M(0,7) = My > 0, in disagreement with (¢). By symmetry, we therefore
have a discontinuity of the magnetization at H = 0 (see the figure below (a)), in
contradiction to the theoretical analyticity of the magnetization as a function of

H.

This discontinuity is called a phase transition by physicists, by analogy with the
discontinuity in density at a liquid—gas phase transition. It occurs at room tem-
perature, and if the temperature is increased, the residual, or spontaneous, mag-
netization M, decreases until it reaches the value 0 at a certain temperature 7.,
called the critical temperature. Then for T' > T, the discontinuity at 0 disappears,
and the magnetization curve is smooth (see the figure below (c)). At T'= T, the
slope at H = 0 is infinite, i.e., the magnetic susceptibility is infinite (see the figure

below (b)).

The discrepancy with experience and theory observed below the critical temper-
ature is due to the fact that the experimental results describe a situation at the
thermodynamical limit N = oo. For fixed but large N the theoretical magnetiza-
tion curve is analytic, but it presents for all practical purposes the same aspect as
in Figure a below.

To summarize the experimental results, it seems that below the critical tempera-
ture, the spontaneous magnetization has, when no external magnetic field is ap-
plied, two “choices.” We shall now explain this phenomenon within the classical
Ising model.

Consider the Ising model in the absence of external field (H = 0). The energy of
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Magnetization and critical temperature

a configuration x is of the form

Ux) =—J ) z(v)z(w),
(v,w)

where (v, w) represents an unordered pair of neighbors. When the cardinal of the
site space V' is infinite, the sum in the expression of the energy is not defined for
all configurations, and therefore one cannot define the Gibbs distribution 77 on
AY by formula (2.25). However, the local specification

eﬁ Z(v,w) CC(’U)Q?(U])
WT(-T) — 66 Z(’an> x(w) + 6—6 Z(v,w) x(w) )

(2.26)

where [ is, up to a factor, the inverse temperature, is well-defined for all configu-
rations and all sites.

In the sequel, we shall repeatedly use abbreviated notation. For instance, if 7 is
the distribution of a random field X under probability P, then 7((z(A)) denotes
P(X(A) =x(A)), m(x(0) = +1) denotes P(X(0) = +1), etc.

A probability distribution 7y on AV is called a solution of the DLR problem if it
admits the local specification (2.26)2.

When V = Ky = Z> N [N, +NJ? we know that there exists a unique solution,
given by (2.25). When S = Z?, Dobrushin has proven the existence of at least one
solution of the DLR problem. One way of constructing a solution is to select an

2DLR stands for Dobrushin (1965), and Lanford and Ruelle (1969).
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arbitrary configuration z, to construct the unique probability distribution W(TN) on

AV such that
V(E(V\Ey-)) =1

(the ﬁeld is frozen at the configuration z outside K _;) and such that the restric-
tion of 7TT M to Ky_1 has the required local characteristics, given by (2.26), and
then let IV tend to infinity. A solution w7 of the DLR problem corresponding to
the configuration z selected is obtained as follows. For all configurations = and all
finite subsets A C V, the following limit exists:

mr(2(A)) = lim 7 (2(4)), (2.27)

and moreover, there exists a unique random field X with the local specification
(2.26) and such that, for all configurations x and all finite subsets A C V/,

P(X(A) = x(A)) = mr(z(A)).

Note that 7TT depends on the configuration z only through the restriction of z to
the boundary Ky\Ky_1.

If the DLR problem has more than one solution, we say that a phase transition
occurs. The method given by Dobrushin to construct a solution suggests a way of
proving phase transition when it occurs. It suffices to select two configurations z;
and 2o, and to show that for a given finite subset A C S, the right-hand side of
(2.27) is different for z = 2z, and z = 2. It has been proven by Peierls (1936) that
for sufficiently small values of the temperature, phase transition occurs. Peierls
applied the above program with z; being the configuration with all spins positive
and zo the all negative configuration, and with A = {0}, where 0 denotes the
central site of Z2.

Denote then by 7r5rN (resp., T )) the restriction to Ky of 7rT N when z = # (resp.,

z = z3). We shall prove that if T is large enough then 7r( )( (0) = —1) < 5 for

all N. By symmetry, 7" (z(0) = +1) < 5, and therefore 7™M (z(0) = ) > 2.

Passing to the limit N 1 oo, we see that 7T+( 0)=-1)< = and 7_(z(0)=—-1) >

3, and therefore, the limiting distributions are not 1dent1cal

We now proceed to the execution of the above program. For all z € AKX,
e—2Bn0(x)

(N)(x) _
T Z_(FN) )

(2.28)

where n,(z) is the number of odd bounds in configuration z, that is, the number of
cliques (v, w) such that z(v) # x(w), and where ZJ(FN) is the normalization factor.
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To obtain (2.28), it suffices to observe that
— D w)z(w) = ne(x) — ne(),
(v,w)

where n.(z) is the number of even bounds, and that n.(x) = M —n,(z), where M
is the total number of pair cliques. Therefore,

Ulx) = 2Bn,(x) — M.
from which (2.28) follows.

Before proceeding to the proof of the announced upper bound for 7r(+N) (x(0) = —1),
a few definitions are needed. Actually, no formal definition will be proposed;
instead, the reader is referred to pictures. The figure below features circuits C' of
various lengths.

o ® © @ @ ® & 0 ¢

e et 1< border frozen at +1 @

o000 0 0000

o0 0000 Ol0e

®/0O|® @ 0O|® ® @@ circuit C'(x;0) around 0
site zero—+— —

I Of0O O O|® . of length 18

e @0 00|00 00

@ O O O Ol'e,

‘.l ¢ ¢ e }.% circuit C' of length 10

® 0 @ @ € O O e @

e 00000000

Circuits in the Ising model

For a given configuration =, C'(x;0) denotes the circuit which is the boundary
of the largest connected batch of sites with negative phases, containing site 0. It
is a circuit around 0. If the phase at the central site is positive, then C(x;0) is the
empty set.

For a given configuration x, denote by  the configuration obtained by reversing
all the phases inside circuit C(z;0). For a given circuit C' around 0,

Ez;C(m;O)zc 6_25710 =)
Zy 6_2677/0(3/)

(O (x:0) = C) =
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But

Z efQ,Bno(z) > Z 672,6’710(@)

y;C(y;0)=C

(one can always associate to a configuration y such that C(y;0) = C the config-
uration z = y, and therefore the sum on the right-hand side is a subsum of the
left-hand side). Therefore,

—2Bno(x
Zx;C(m;O):Ce frel)

Zx;C(I;D):C 67257740(5) '

If 2 is such that C(z;0) = C, then ny(z) = no(x) — L, where L is the length of C,
and therefore

M (C(w;0) = 0) <

7 M(C(x;0) = C) < e,

In particular,
r(@(0) = 1) < Y r(L)e

where the latter summation is over all lengths L of circuits around 0, and r(L)
is the number of nonempty circuits around 0 of length L. The possible lengths
are 4,6,...,2f(N), where f(N) 1 oo as N 1 oo. In order to bound (L) from
above, observe that a circuit around 0 of length L must have at least one point
at a distance smaller than or equal to % of the central site 0. There are L? ways
of selecting such a point, and then at most 4 ways of selecting the segment of C'
starting from this point, and then at most 3 ways of selecting the next connected

segment, and so on, so that
r(L) < 4L*3".

Therefore,
T @0)=-1) < > 43 )k

L=4.6,...

therefore, if 3e¢=7 is small enough, or equivalently if T is large enough, 7T_(,’_N) (x(0) =
—1) < 3 for all N

2.6 Percolation

Consider the set V = Z? (the (infinite) grid or (infinite) lattice) whose elements
are called nodes or vertices. Let Eny the collection of nearest-neighbour potential
edges, that is the collection of all unordered pairs (u,v) of mutually adjacent
vertices®. A percolation graph on 72 is, by definition, a graph G = (V, E) where

3Vertex u = (4, j) has 4 adjacent vertices v = (i + 1,5), (i — 1,75), (4,5 + 1), (i,5 — 1).
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V =7?% and E is a subset of Eyy. The graph (V, Eyy) is called the fully connected
percolation graph. The dual grid (or lattice) in two dimensions V' is the original

grid V' = Z? shifted by (3, 3) (its vertices are of the form (i',5') = (i + 3,/ + 3))-

In a given percolation graph G, a path from vertex u to vertex v is, by definition,
a sequence of vertices vg, v, ..., v, such that u = vy and v = v,, # u, and for
all 0 < ¢ < m —1, (v;,v;51) is an edge of G. Note that in this definition the
extremities v and v must be different. Such path is called loop-free if the vertices
thereof are distinct. If in addition there is an edge linking u and v, the sequence
Vo = U, V1, ..., Uy = v,uis called a circuit (we insist that it has to be loop-free to
be so called).

The random percolation graph G, on 72, where p € [0,1], is a random element
taking its values in the set of percolation graphs on Z?, and whose collection E,
of edges is randomly selected according to the following procedure. Let be given a
collection {Uyy, )} uvycryy Of IID random variables uniformly distributed on [0, 1],
called the random generators. Then the potential edge (u,v) is included in E,
(becomes an edge of ) if and only if Uy, ,y < p. Thus, a potential edge becomes
an edge of G, with probability p independently of all other potential edges. The
specific procedure used to implement this selection allows to construct all the
random percolation graphs simultaneously, using the same collection of random
generators. In particular, if 0 < p; < p, <1, G, C G),, by which it is meant that
E,, C E,,
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Two vertices u and v of a given percolation graph are said to be in the same
component, or to be connected, if there exists a path of this graph connecting
them. A component of the percolation graph is a set C' of mutually connected
vertices such that no vertex outside C' is connected to a vertex in C'. Its cardinal
is denoted by |C|. Denote by C(G,u) the component of the percolation graph
containing vertex wu.

We now introduce the notion of a dual percolation graph. The dual percolation
graph of a given percolation graph G on V = Z? is a percolation graph on the
dual grid V'’ which has an edge linking two adjacent vertices u’ and ¢’ if and only
if this edge does not cross an edge of G. We call G’ such a graph. In particular
G, is the dual random percolation graph of the random percolation graph G),.

Subcritical and supercritical percolation

Percolation is said to occur in a given percolation graph if there exists an infinite
component. The fundamental result of this section is:

Theorem 2.6.1 There exists a critical value p. € [%, %] such that the probability
that G, percolates is null if p < p. (the subcritical case), and equal to 1 if p > p.

(the supercritical case).

The proof will be given after some preliminaries. We start with a trivial observation
concerning C(G), 0) (0 stands for (0,0), the origin of Z?). Defining

0(p) = P(IC(Gy, 0)] = o),

the probability that the origin is in an unbounded component of the random perco-
lation graph G,, we have that (0) = 0 and #(1) = 1. Next, 6 : [0, 1] — [0, 1] is non-
decreasing. Indeed if 0 < p; < p» <1, G, € G,,, and therefore |C(G,,,0]) = 0o
implies |C'(Gp,,0]) = oco. This remark provides an opportunity to introduce the
notions of ncreasing set and increasing function defined on the set of percolation
graphs.

Definition 2.6.1 A set A of percolation graphs is called non-decreasing if for all
percolation graphs G, G such that GV C G®, GY € A implies that G? € A.
A function f taking its values in the set of percolation graphs on Z? is called
non-decreasing if GV C G®, GM € A implies that f(GY) < f(G?).

In particular 14 is a non-decreasing function whenever A is a non-decreasing set.

EXAMPLE 2.6.1: The event {|C(G,0)| = +o0} is a non-decreasing event. So is
the event “there is a path in G fom a given vertex u to a given vertex v”.
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In very much the same way as we proved the non-decreasingness of the function
0, one can prove the following result.

Lemma 2.6.1 If A is a non-decreasing event, then the functionp — P(G, € A) is
non-decreasing. If f is a non-decreasing function, then the function p — E[f(G))]
18 non-decreasing.

Theorem 2.6.1 will be obtained as a consequence of the following lemma.

Lemma 2.6.2 There exists a critical value p, € [%, %] such that 6(p) = 0 if p < pe,
and 0(p) > 0 if p > p..

We now show how Lemma 2.6.2 has Theorem 2.6.1 for consequence. Let A be the
non-decreasing event “there exists an infinite component”. The random variable
14(Gp) does not depend on any finite subset of the collection of independent vari-
ables {Upuv) }upyeyy- By Kolmogorov’s 0-1-law, P(G, € A) can take only one
of the values 0 or 1. Since on the other hand P(G, € A) > 6(p), 6(p) > 0 implies
P(G, € A) = 1. Also, by the union bound,

P(G, € A) < Y P(IC(Gy,u)| = +00)

ucZ?
=Y P(C(G,,0)] = +00) = > 6(p)
uEZ2 UEZ2

and therefore, 0(p) = 0 implies that P(G, € A) = 0.
What remains to be done is the proof of Lemma 2.6.2.

Part 1. We show that for p < 3, 6(p) = 0. Call o(n) the number of loop-free paths
starting from 0 and of length n. Such path can be constructed progressively edge
by edge starting from the origin. For the first edge (from 0) there are 4 choices,
and for each of the n — 1 remaining edges there are at most 3 choices. Hence the
bound

o(n) <4x3" 1,

We order these o(n) paths arbitrarily.

Let N(n,G) be the number of paths of length n starting from 0 in a percolation
graph G. If there exists in G, an infinite path starting from 0 (or equivalently, if
there exists an infinite component of G, containing the origin) then, for each n
there exists at least one path of length n starting from 0, that is,

{1C(Gy, 0)] = 00} = ML {N(n, Gy) > 1}
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and therefore, for all n > 1,
0(p) < P(N(n,Gy) 2 1) = P (UI5{YH(G,) = 1})

where Y;(G,) is the indicator function for the presence in G, of the i-th loop-
free path of length n starting from 0 in the fully connected percolation graph.
Therefore, by the union bound,

Ifp< %, this quantity tends to 0 as n 1 4o0.
Part 2. We show that for p > %, O(p) > 0.

The statement that |C(G,,0)| < oo is equivalent to saying that 0 is surrounded
by a circuit of G,

O moeeee @

o Or-oeeeee 0 Or-oeoeee 0

o) O--mme- S (o o)

O--mnne- 0 Q----mo- 0
O--mnme- O----e- O----e- 0

Call p(n) the number of circuits of length n of the fully connected dual graph that
surround the origin of the original grid. We have that

p(n) <no(n—1),
which accounts for the fact that such circuits contain at most a path of length

n — 1 that passes through a dual vertex of the form (%, % + 1) for some 0 < i < n.

The set C of circuits of the fully connected dual percolation graph that surround
the origin 0 of the original grid is countable. Denote by C, C C the subset of such
circuits that surround the box By, C S = Z? of side length k centered at the origin
0. Call A(Bg) the boundary of By. The two following statements are equivalent:

(i) There is no circuit of Cy that is a circuit of G,

(i) There is at least one vertex u € A(By) with |C(G,,u)| = oo.
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Therefore

P (Uueas{IC(Gp,u)| = 00}) = P (Neeg, {¢ is not a circuit of G} })
=1 — P (Ueec, {c is a circuit of G}})
>1-) P({cisacircuit of G}}) . (2.29)

ceCy,

A given circuit of length n occurs in the dual random percolation graph G, with
probability (1 — p)™ and therefore

o 4 o0
Z P ({c is a circuit of G;,}) < Z no(n—1)(1—-p)" < 9 Z (B(1=p)"n.
ceCy, n=4k n=4k
(2.30)
If p > 2, the series >, (3(1 — p))"n converges, and therefore, for k large enough,
ng:4k(3(l —p))"n < 1. From this and (2.29), we obtain that for large enough
k,
P (UueA(Bk){|C<Gpau)| = OO}) >0

which implies that P(|C(G),0)| = oco) > 0 since there is a positive probability
that there exists in G, a path from the origin to any point of the boundary of Bj.
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