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This Talk

We give a simple allocation and pricing mechanism

whose Nash equilibrium solves a very large
optimization problem

Very Large = over the infinite results of a search engine.



Outline

A Introduction to Sponsored Search

- Bids, Impressions, Click-Through Rate, Advertizers, Platform

Auction or Optimize?

— Our Mechanism, Generalized 2nd Price, VCG Mechanism, Decomposition.

Our Results

— Main Theorem, Implementations

Further Results and Extensions

— Dynamics, Multivariate Utilities, General Page Layouts, Budgets.
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About 63,900,000 results |

170 Hotels in Zurich - Best Price Guarantee - booking.com
www booking.comZurich-Hotels ~

4.6 vk rating for booking.com

Book your Hotel in Ziirich online

Hotels - Motels - Hostels - Bed and Breakfasts

Booking.com has 2,606,530 followers on Google+
Budget Hotels No Booking Fees
Luxury Hotels Best Price Guaranteed

Zurich Marriott Hotel - marriott.com
wew.marriott. com/Zurich ~
Book Your Mamiott Zurich Hotel At The Official Mamiott Website!
Best Rate Guarantee - Extraordinary Experiences - 3,800+ Hotels. 19 Brands
Mamiott has 846,763 followers on Google+
weekend deals - book a hotel - Mobile Check-in & Out - mamiott rewards

Hotel in Zurich? - ebookers.ch
www.ebookers.ch/hotel_zurich ~ 4.3 ¥ advertiser rating
No stress, only pleasure! Go for sweet dreams in Zurich.

Top Zurich Hotels on TripAdvisor - See hotel reviews ...

wwew. tripadvisor.com/Hotels-gl88113-Zurich-Hotels.html ~

Zurich Hotels on TripAdvisor: Find 25111 traveler reviews, 8216 candid photos, and
prices for 122 hotels in Zurich, Switzerand.

25hours Hotel Zurich West - Swissotel Zurich - Widder Hotel - The Dolder Grand

175 Hotels in Zurich, Switzerland - Best Price Guarantee ...
www.booking.comicity/chizurich . html ~

Great savings on hotels in Zurich, Switzerland online. Good availability and great rates.
Read hotel reviews and choose the best hotel deal for your stay.

Aparments in Zurich - B guesthouses - & condo hotels - 3 hostels

Zurich Hotels: 212 Cheap Zurich Hotel Deals, Switzerland
www.hotelscombined. com/Place/Zurich htm ~

HotelsCombined™ compares all Zurich hotel deals from the best accommodation sites
at once. Read Guest Reviews on 212 hotels in Zurich, Switzerdand.

Le Muh &) Schulstrasse 44
www.swissotel.com ¥ Zurich, Switzerand
4.3 &k k) 6 Google reviews +41 44 317 34 65

) Niederdorfstrasse 40
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Hotel Alexander Ziirich
www.hotel-alexander.ch "0
4.3 444 9 Google reviews - Google+ page i

Zirich Marriott Hotel
www.marriott.com
4.2 %4k 7 12 Google reviews - €344 ¢
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Crowne Plaza Zurich
www.crowneplaza.com/Zurich —
Expect more & sleep soundly at our
Chic hotels. Book now

80% Off Zurich Hotels
wwwi.agoda.com/Zurich_Hotels ~
4.7 rirddk rating for agoda.com
Hotel Deals in Zurich.

Book Now, Pay Later — Only at Agoda

Zurich Hotels From €45
zurich-hotels.galahotels.com/ ~
Get 3% Rewards on Every Booking.
Book your Hotel in Zurich Now!

Zurich Hotels from 38€
wwnwvenere.com/Hotel-Zurich ~
101 Zurich Hotels with Reviews.
Reserve Now. Pay at Check-Cut!

Billige Zirich Hotels
hotel-zirich.hotelreservierung.de/ ~
Hotels in Zirich zu Tiefstpreisen
buchen! Hier beim Hotel Spezialist.

Zurich Hotels on Map
www hotels-scanner.com/ ~
Stop! Compare Zurich hotels.

rates and Save up to 80%

Vind Hotels in Zurich
www.momondo.nl’hotels ~

Vind supersnel hotels in Zurich.

Jouw droomhotel vind je op momondao!

NH Hotels in Zurich
www.nh-hotels.com/Zurich ~
Book now and Save Up to 25%.
NH Hotels in Zurich. Official Web!

See your ad here =
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About 10,300,000 results (0.25 seconds)

Pofl Swiss-US Energy Efficiency Cleantech Sector - Worcest...
wernwpiedw'.. /Swiss-US_Cleantech_Efficient_Commercial_Building_... —

by A Dustin - 2014 - Related articles

May 1, 2014 - Swiss-US Cleantech: Efficient Commercial Building Renovations.
Ewvaluating Collaboration Cpportunities between Boston and Zurich. An Interactive
Qualifying ... meeting and talking with Adran Altenburger. The maternials ...

Pharma Industry - ZH - Zurich - competitive - Show advert ...
www.sthree.comien's how-advert task=showadvernt&advertRef=RE... =
Commercial Effectiveness Manager - Phama Industry - ZH - Ziirich - competitive ..
Develop efficient systems to measure and support sales team performance ... Lets
talk... Angela Taylor, +41 (0) 44 588 2666; Email. Apply now. Forward to & ...

The house of the future | Advertisement feature | guardian.c...
wwew.theguardian.com/zurichfuturology/story/0,, 197627 3,00.html| ~

Brought to you in association with Zurich Financial Services ... will be radically different,
with a focus on energy-efficiency, sustainability and social responsibility.

Show advert | Huxley

nl.huxley.com/en/show-advert #task=showadvert&adveriRef=-HA... ~

The Zurich office is today looking for a senior fund accountant who will be focused on
the ... Ad hoc reports and analysis ... Proactive, stress resilient, organised and efficient
... Let's talk... Celine Hendnck; +41 (0) 44 588 2688, Email. Apply now.

Event calendar D-MATH - ETH Zirich

wwew.math.ethz chiscreen’ — Translate this page

Giacomo Micheli, Universitat Ziirich. Mon Oct 13 ... 17:15-18:15, Talks in Financial and
Insurance Mathematics ... Efficient Advert Assignment, ETH Zentrum

Zurich Legal & General Global Emerging Markets Pn Fund ...

wwrw trustnet. com/Facts heets/Facts heet.aspx #flundCode=JJFGWEuniv... ™

Zurich Legal & General Global Emerging Markets Pn from Zurich Assurance Ltd prices,

... FE Trustnet Videos - Brghttalk Videos; Brochures ... advert ... The fund may also

use denvatives for reasons beyond efficient day to day management. See your ad here »
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170 Hotels in Ziirich - Best Price Guarantee - booking.com
www.booking.com/Zurich-Hotels ~

4.6 ¥ rating for booking.com

Book your Hotel in Zidrich online

Hotels - Motels - Hostels - Bed and Breakfasts

Booking.com has 2,607 814 followers on Google+
Budget Hotels
No Booking Fees

Luxury Hotels
Best Price Guaranteed

Marriott Zurich - Visit The Official Marriott Site - Marriott.com
www. marriott.comiZurich ~

Lowest Rates Guaranteed. Book Now!

Best Rate Guarantee - Extraordinary Experiences - 3,800+ Hotels. 19 Brands

special deals - weekend deals - check availability - book a hotel

Hotel in Zurich? - ebookers.ch
wwhw ebookers. ch/hotel_zurich ~ 4.3 ¥k advertiser rating
No stress, only pleasure! Go for sweet dreams in Zurich.

Top Zurich Hotels on TripAdvisor - See hotel reviews ...
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Zurich Hotels on TripAdwisor: Find 25111 traveler reviews, 8216 candid photos, and
prices for 122 hotels in Zurich, Switzerand.

25hours Hotel Zurich West - Swissotel Zurich - Widder Hotel - The Dolder Grand

175 Hotels in Zurich, Switzerland - Best Price Guarantee ...
www.booking.comicity/ch/zurich.html ~

Great savings on hotels in Zurich, Switzerland online. Good availability and great rates.
Read hotel reviews and choose the best hotel deal for your stay.

Apartments in Zurich - B guesthouses - 6 condo hotels - 3 hostels

Hotel Zurich - Luxury Hotel Zurich - Swissotel Zurich
www.swissotel com'hotels/zurich/ ~

Leam about the Swissotel Zurich Luxury hotel online. Stay at Zurich's best luxury hotel
for leisure and business travel. Enjoy Swiss hospitality in our luxunous ...

Central Plaza Hotel &) Central 1
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Crowne Plaza Zurich
www.crowneplaza.comiZurich ™
Expect more & sleep soundly at our
Chic hotels. Book now

Zurich Hotels from 38€
www.venere.com/Hotel-Zurich ~
101 Zurich Hotels with Reviews.
Resemnve Now. Pay at Check-Out!

80% Off Zurich Hotels
www.agoda.com/Zurich_Hotels ~
4.7 Yddcdek rating for agoda.com
Hotel Deals in Zurich.

Book Mow, Pay Later — Only at Agoda

Hotels in Zurich
hotels-in-zurich.galahotels.com/ ™
Best rate at Zurich Hotels.

Book your Hotel in Zurich Now!

Sorell Hotel Seidenhof

waw. seidenhof chi'Seidenhof-Zurich -
Book now and save up to 10 % on the
daily rate - Best available rate
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Variability in Sponsored Search
A continuum of auctions:

]

"+ |ocation + time
(broad match) +Searcher

eq.“... Delivery... Pizza...
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IMax ZZ)\J)Z%M
) l
s.t. Zx{l <1, Zaz{l <1
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About 94,300,000 results (0.20 seconds)

Shop for tablet on Google
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Amazon Kindle  Microsoft Hewlett Packard Samsung
NEW ... Surface 232 ... Slate Galaxy Tab 3
CHF159.00 CHF299.00 CHF279.90 CHF139.00
Brack.ch MicrosoftStore Die PostLa P..  digitec

Tablet Magazine - TabletMag.com
www.tabletmag.com/ =
The Daily Online Magazine of Jewish News, Ideas & Culture.

Tablets - CNET - CNET.com

www.cnet.com/topicsitablets/ ~

Search tools

Sponsored &

Samsung
Galaxy Tab 3
CHF254.99
Expansys.ch

Tablet reviews and ratings, video reviews, user reviews, Tablet buying guides, prices,

and comparisons from CNET.

Best tablets of 2014 - Tablet Reviews - Google Nexus 7 - Tablet Buying Guide

@

Giinstige Tablets
wwwwi.ricardoshops.ch/ =
Schnelle & zuverlassige Lieferung.
Jetzt bestellen auf ricardoshops.ch
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CHF299.00 CHF159.00 CHF99.00
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CHF222.00
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Go gle tablet

Web Images News Shopping Videos More = Search tools

About 94,300,000 results (0.20 seconds)

Shop for tablet on Google Sponsared @ :
— Giinstige Tablets iPhone 6 Plus Sony Samsung Samsung B2710
J y www.ricardoshops.ch/ = = o <
I u — S sl NP 64 GBgold mit  SmartWatch2  GT-S5830i
= o I - CHF159.00 CHF99.00 CHF99.00
ANE e SR cee e mtlfﬁﬁ?h%ﬁﬁ?- Swisscom Brack.ch Brack.ch digitec
CHF159.00 CHF299.00 CHF279.90 CHF139.00 CHF254.99 Der i’ablet—shup-m\t dem grossen
Brack.ch MicrosoftStore Die PostLa P..  digitec Expansys.ch

Angebot an Tablets und Zubehér

TABLET

www.microspot.chf

Der gunstigste Shop fur Elektronik.
Testsieger - microspot.ch!

Tablet Magazine - TabletMag.com
www.tabletmag.com/ =
The Daily Online Magazine of Jewish News, Ideas & Culture.

Tablets - CNET - CNET.com Tablet glinstig :

www.cnet.com/topicsitablets/ ~ www.conrad.chfinternettablet ~ TR

Tablet reviews and ratings, video reviews, user reviews, Tablet buying guides, prices, Tablet bei Conrad. -

d isons from CNET. i i el

;r;stctzggglz?;;_lfTTab\e[ Reviews - Google Nexus 7 - Tablet Buying Guide TN Sm artp h one SD ny xp cra El SD ny xp —— z 3 Pre Stl g -
Scanner Schwarz black MultiPhone ...
CHF&7.50 CHF129.00 CHF748.00 CHF222.00
proidee.ch Brack.ch Die Post LaP...  arp.com

There is not ordering of Ads!
Generalized 2™ Price Breaks down. Our mechanism and results hold true.
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Google (2006) said:

“Google’s unique auction model uses Nobel Prize winning
economic theory... the AdWords™ Discounter makes sure

that they only pay what they need in order to stay ahead
of their nearest competitor.”

Q. Is this really true? Q. What did they really mean?
A. Not really. A. The VCG Mechanism...
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The VCG Mechanism

» Advertiser's utilities U (+)
+ bid utilities Vi(+)
» Assignment constraints A
Platform Assigns: y; € argmax,c 4 ¥ Vi(yi)
Platform Prices: m = max »  Vi(y;) — > Vi
IR j#i
Equilibrium Advertizer: max {U;(y; ) — i}
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The VCG Mechanism

Theorem
The VCG mechanism has a dominate strategies equilibrium that is:

- Incentive compatible
bids are truthful: V;(-) = U;(+)
— Efficient

allocation is optimal: ™ € argmax, c 4 Z U, (y;)

1
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Directly Applying VCG

Pros
1. Result applies in very general settings
2. Allocation of Adverts is provably optimal

Cons

1. Advertisers submit their entire utility function V;(-) = U;(+)
2. Utility U; (y; ) isn't for a single adauction but for all adauctions
3. Platform needs to solve a myassive/optimization

Yo € argmax, ¢ 4 Z U, (y;)

This talk: We deal with these issue by appropriately

decomposing this massive optimization.
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Maximize Z Us (s) Max Utility
subject to vy, =K, {szlle} 1, Mean click-rate

_
Zajil < 1, Ly T, Per impression
’ Assignment
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over x; > 0,9y, >0
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Maximize Z UZ (yz)

subject to y; = E- {szl:czl}, 7,
l

Z:I:Zl <1, L, T,
i
Z:EZTZ <1, i, T,
l
over x> 0,y; >0 [, 7, T.

 even if we knew all the parameters, it's impossible to
solve this optimization off-line

e Still... maybe we can solve a lot of small optimizations...
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A Small Optimization
When a search 7 occurs, solve:

www.nh-hotels.com/Zurich ~

Book now and Save Up to 25%. —>

NH Hotels in Zurich. Official Weh!

Maximize E E )\sz-l I;l NH Hotels in Zurich
7 [

Chic hotels. Book now

Zurich Hotels from 38€

. T
subject to E r <1, |
— Crowne Plaza Zurich
)
www.venere.com/Hotel-Zurich ~

www.crowneplaza.com/Zurich ™
xl <1
1w — Y
101 Zurich Hotels with Reviews.

Expect more & sleep soundly at our
T O . O Reserve Now. Pay at Check-Out!
over x;; = 0,y; = 0. ’

Lots of polynomial time algorithms:
Hungarian ; Hopcroft-Karp ; Bertsekas' Auction ...
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Optimization Decomposition

Solve the big optimization with many little optimizations

1. Substitution: 2. Separability:
T € arg max Ul(x) reBOX {f(ﬂf) T g(y)}
< 1" € arg max Vix; \"), = max f(x) + glea;)}f(g(y)
A" € arg max AN x™)

MAIN IDEA: Substitute utility U;(y;) for Ay
Separate out the resulting optimization

THE RESULT: A massively distributed VCG Mechanism
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LF-Transform



A Preliminary Optimization Result

PROPOSITION 2 (Decomposition). Variables vy, x7,7 € T, satisfying the feasibility condi-

tions (7bi7e)) are optimal for SYSTEM(U L,P.) if and only if there exist \;, i € T, such that

A. N, minimizes U (\;) + Ny, over A\; >0, for each i €L,
B. z7 solves ASSIGNMENT(t, ), with probability one under the distribution P, over 7 €T .



A Preliminary Optimization Result

To solve the Massive Optimization

PrOPOSITION 2 (Decomposition). Varighles 3y, 7.7 € T, satisfying the feasibility condi-

tions (7bi7e)) are optimal for SYSTEM(U L,P.) if and only if there exist \;, i € T, such that

A. N, minimizes U (\;) + Ny, over A\; >0, for each i €L,
B. z7 solves ASSIGNMENT(t, ), with probability one under the distribution P, over 7 €T .



A Preliminary Optimization Result

To solve the Massive Optimization

PrOPOSITION 2 (Decomposition). Varighles 3y, 7.7 € T, satisfying the feasibility condi-

tions (7bi 7€) are optimal for SYSTEM(U L,P.) if and only if there exist N\, i €T, such that

A. N, minimizes U (\;) + Ny, over A\; >0, for each i €T,
B. z7 solves ASSIGNMENT(r, :\), with probability onewgder the distribution P, over T € T.

Advertiser's must signal average prices




A Preliminary Optimization Result

To solve the Massive Optimization

PrOPOSITION 2 (Decomposition). Varighles 3y, 7.7 € T, satisfying the feasibility condi-

tions (7bi 7€) are optimal for SYSTEM(U L,P.) if and only if there exist N\, i €T, such that

A. N, minimizes U (\;) + Ny, over A\; >0, for each i €T,

B. z7 solves ASSIGNMENT(r, :\), with probability onewgder the distribution P, over T € T.

Advertiser's must signal average prices

Platform solves Assignment when each search occurs



A Preliminary Optimization Result

PrOPOSITION 2 (Decomposition). Variables 3y, 7,7 € T, satisfying the feasibility condi-

tions (7bi7e)) are optimal for SYSTEM(U L,P.) if and only if there exist \;, i € T, such that

A. N, minimizes U (\;) + Ny, over A\; >0, for each i €L,
B. z7 solves ASSIGNMENT(t, ), with probability one under the distribution P, over 7 €T .

Advertiser's must signal average prices
Platform solves Assignment when each search occurs



A Preliminary Optimization Result

PrOPOSITION 2 (Decomposition). Variables 3y, 7,7 € T, satisfying the feasibility condi-

tions |

7bi

7el) are optimal for SYSTEM(U L,P.) if and only if there exist N\, i €T, such that

A. N, minimizes U (\;) + Ny, over A\; >0, for each i €L,

B. z7 solves ASSIGNMENT(r, i), with probability one under the distribution P, over T €T.

Advertiser's must signal average prices

Platform solves Assignment when each search occurs

* Decomposed on the timescales of Platform and Advertisers.




A Preliminary Optimization Result

PrOPOSITION 2 (Decomposition). Variables 3y, 7,7 € T, satisfying the feasibility condi-

tions (7bt7e|) are optimal for SYSTEM(U ,L,P.) if and only if there exist N\, i €T, such that

A. N, minimizes U (\;) + Ny, over A\; >0, for each i €L,

B. z7 solves ASSIGNMENT(r, :\), with probability one under the distribution P, over T €T.

Advertiser's must signal average prices
Platform solves Assignment when each search occurs

* Decomposed on the timescales of Platform and Advertisers.

* Search distribution is not required.




A Preliminary Optimization Result

PrOPOSITION 2 (Decomposition). Variables 3y, 7,7 € T, satisfying the feasibility condi-

tions (7bi 7€) are optimal for SYSTEM(U L,P.) if and only if there exist N\, i €T, such that

A. N, minimizes U (\;) + Ny, over A\; >0, for each i €L,
B. z7 solves ASSIGNMENT(r, :\), with probability one under the distribution P, over T €T.

Advertiser's must signal average prices
Platform solves Assignment when each search occurs

* Decomposed on the timescales of Platform and Advertisers.

* Search distribution is not required.
* Butit's an optimization result, we must incentivize this behaviour.
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Advertizers maximizes rewards:
ri(A) = Ui(y:(A)) — mi(A)yi(A).

A Nash Equilibrium is then:
ri(A) >ri( A, A7) YV >0, Ve

1

mi(A) = ey A ’ (y-@(z\) — Y (i, /\—-i-)) djt; (18)

then there exists a unique Nash equilibrium, and it is given by the vector of optimal prices identified

THEOREM 1. If prices are charged according to the price function

at Nash Equilibrium solve the Massive Optimization
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Proof of Main Theorem

Optimality condition for the dual:

. , d ., B .
min ;[Ui (Ns) + Xy (V)] — d}\iUZ- () +yi(\) =0, Vi

thrm

Ai
integrate Ai 20 0

coomas Ul - [ el ledu, Ve

Moreau thrm

i
<~ max U;(yi(N)) —/ Yi(A) — i (i, Ai)dp Vi
Substitute A; >0 0

The correct price!!
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Two Price Implementations:

1.Let p; ~ Uniform[0, \;] 2. Adiscounted-VCG price
and price

T y:(ﬂz) 1
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A massively distributed VCG mechanism

A very simple pay-per click mechanism:
Assignment Pricing

. Yi (1)
max zi:zl:)\ipﬂxu A <1 — y[(&))

at Nash equilibrium solves the Massive Optimization

Maximize Z U@ (yz)
subject to y; =E, [prlazfl] , 1,
l

sz-l <1, l,T,

over x; > 0,y; >0 14,7,
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Further Extensions

Controlling number of slots;: max > (Api — qi)7y

x'T

il

Go 81&'_’ eth zurich library “

Web Images Maps Videos News More ~ Search tools

About 600,000 results (0.60 seconds)

ETH-Bibliothek - ETH Ziirich

v library ethz.chlen/ =
Main library of the Swiss Federal Institute of Technology Zurich.

Wissensportal ETH-Bibliothek  Archival holdings ...

o $.

Homepage der ETH-Bibliothek Ziirich Home - Resources - Archival

mit online Katalog. holdings, documentations. The ... ) Universitatsspital Zurich
Locations, addresses, openi... Physics Library SEEIUGE % o
Locations, addresses, opening hours. ETH Zurich, Department of Physics.

Home - Contact ... ... Extend your loans. For books ... ETH 24 B | bl Iothek

ETH E-Collection Using electronic resources —_— e

The ETH E-Collection is the When using the electronic resources, rections ¢ rstiorevien

Institutional Repository of the ... please note the ...

Address: Ramistrasse 101, 8092 Ziirich

Maore results from ethz.ch = Phone: 044 632 21 35



Further Extensions

Multivariate utilities:

Edit ~

Keyword

Advert Zurich

optimization zurich

hotel zurich

optimization eth

Details -

Bid strategy ~

Status

(d Paused

[ Paused

7 Eligible

[ Eligible

[ Eligible

[ Eligible

[ Paused

Automate -

Max. CPC

€5.00
[

€5.00

+

Impr.

20

564

CTR

0.00%

0.00%

0.00%

0.00%

Avg. CPC

€0.00

€0.00

€0.00

€0.00

Cost

€0.00

€0.00

€0.00

€0.00

Avg. Pos.

12

1.0

3.0

0.0

Labels



Further Extensions

Budget constraints: Ui(yix : k € K:) log > (wikyir)"
kelC;

Bid strategy Basic options | Advanced options
Il manually set my bids for clicks

c@mds will set my bids to help maximize clicks within my target@

Budget CAS per day
Actual daily spend may vary. |7
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Summary of the talk

» Massively decomposed VCG implementation
- Simple
— Flexible

 Can be Implemented

— Relevant timescale

— Relevant information asymmetry

— Low Computational Overhead
— Applies to different page layouts

 Provably solves an Infinitely Large Optimization.



Thank you for listening!

NEIL WALTON'SWEBSITE RESEARCH NEIL'SNOTES LINKS

Efficient Advert Assignment
F.P. Kelly, P. Key, N.S. Walton. (2014). (Preprint)

(an earlier version was presented at EC'14 see below)

[pdf] [arxiv]

Incentivized Optimal Advert Assignment via Utility Decomposition
F.P. Kelly, P. Key, N.S. Walton (2014). ACM Conference on Economics and Computation.
[pdf] [arxiv] [proceedings] [bibtex]
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