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Introduction

Variable selection

e Error bounds in compressed sensing.

e Control model consistency and MSE in LASSO estimation of sparse models.

Sparse eigenvalues

e Extremal eigenvalues with a restriction on the cardinality of eigenvectors.

e Bounds using semidefinite relaxations.
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Compressed Sensing

Following Candés & Tao (2005) and Donoho & Tanner (2005), recover a signal
f € R™ from corrupted measurements y:

y=Af +e,

where A € R"*" is a coding matrix and e € R" is an unknown sparse vector of

errors.

e Under certain conditions on F' € RP*™ with p < n, such that A = 0, this
amounts to solving the following (combinatorial) problem:

minimize  Card(x)
subject to Fx = Fly

e With stronger conditions on F', we only need to solve the linear program:
minimize ||z

subject to Fx = Fly
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Compressed sensing: sparse recovery

Example: we plot probability of perfectly recovering e (hence f) by solving:

minimize  ||z||1
subject to Fx = Fe

with n = 50 and m = 30.
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Sparse eigenvalues

Given a matrix C € S,,.

Maximum eigenvalue. We solve:

Amax(C) = max. ' Crx
subject to ||z|| =1,

in the variable z € R".

Sparse maximum eigenvalue. We solve instead:

Ae(C) = max. x!Cuw
subject to Card(z) =k
]| =1,

in the variable z € R", where Card(z) is the number of nonzero coefficients in
the vector = and £ > 0 is a parameter controlling sparsity.
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Compressed Sensing: Restricted Isometry Property

The key quantity here is the restricted isometry constant 05 of the matrix F:

e Given 0 < S < n, the constant dg is the smallest number such that:

(1=ds)llzllz < I1Frz]lz < (1 +6s)=lz,

1]

for all z € R"!, for any index subset I C [1,n] of cardinality at most S.

e The constant 05 measures how far sparse subsets of the columns of I’ are from
being an isometry.
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Compressed sensing: perfect recovery

Following Candés & Tao (2005), Donoho & Tanner (2005) (see also Cohen,
Dahmen & DeVore (2006) for a simple proof). Suppose the error has cardinality

Card(e) = k.
o If 051 < 1, we can recover the error e by solving:

minimize  Card(x)
subject to Fx = Fy

in the variable x € R", which is a combinatorial problem.

e If 055, < 1/3, we can recover the error e by solving:

minimize ||z
subject to Fx = Fly

in the variable z € R". This is a linear program.
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Compressed sensing: restricted isometry

The restricted isometry constant 0g can be computed by solving the following
sparse eigenvalue problem:

(1+62) = max. z! (F'F)x
s.t. Card(x) <S
]l = 1,

in the variable = € R™ (a similar problem gives §%'™ and §g = max{dg?, j2ex}).

e Candeés & Tao (2005), Donoho & Tanner (2005) obtain an asymptotic proof
that some random matrices satisfy the restricted isometry condition with
overwhelming probability (i.e. exponentially small probability of failure) at
an optimal rate.

e Numerical upper bounds for sparse eigenvalues prove deterministically and
with polynomial complexity that a finite dimensional matrix satisfies the
restricted isometry property with constant dg.
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LASSO

Assume that observations (Y7, ...,Y,,) follow a linear model:
Y = X(G+¢
where 3 € R” and ¢; ~ N(0,0?%). We define the LASSO estimator of 3 as:
f = argming [[Y — X513 + Al 8|1
Consistency.

e Suppose (3 is sparse with cardinality s(n), Meinshausen & Yu (2007) show:

s(n)log p(n) n _,
noo e xTy)

min

lim P <5 — 0|l < Mo?

if
liminf e, A cs(1) (XTX) > 185 () Hmintn. p}(XTX)

min min
n—oo

e Meinshausen & Yu (2007) also show sign consitency based on sparse
eigenvalues. Similar non-asymptotic result by Candes & Tao (2007).
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Sparse eigenvalues

Given a matrix C € S,,.

Maximum eigenvalue. We solve:

Amax(C) = max. ' Crx
subject to ||z|| =1,

in the variable z € R".

Sparse maximum eigenvalue. We solve instead:

Ae(C) = max. x!Cuw
subject to Card(z) =k
]| =1,

in the variable z € R", where Card(z) is the number of nonzero coefficients in
the vector = and £ > 0 is a parameter controlling sparsity.
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Related Work

This problem is usually called sparse PCA.

e Cadima & Jolliffe (1995): the loadings with small absolute value are
thresholded to zero.

e Johnstone & Lu (2004) apply this to ECG data and show model consistency.

e Zou, Hastie & Tibshirani (2006), non-convex algo. (SPCA) based on a [y
penalized representation of PCA as a regression problem.

e Non-convex methods (SCoTLASS) by Jolliffe, Trendafilov & Uddin (2003).
e A greedy search algorithm by Moghaddam, Weiss & Avidan (2006).

All these codes produce approximate solutions, hence lower bounds on sparse
maximum eigenvalues. Here we seek upper bounds.
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Semidefinite relaxation

In d'Aspremont, El Ghaoui, Jordan & Lanckriet (2007), we combine two classic
relaxation techniques:

e The lifting procedure a la MAXCUT by Goemans & Williamson (1995).

e A /1 norm relaxation of the cardinality constraint. Used in basis pursuit by
Chen, Donoho & Saunders (2001), LASSO by Tibshirani (1996), etc.

Start from: o
maximize z1 Ax

subject to  [|x|l2 =1
Card(z) < k,

write everything in terms of X = 2!, or also X = 0, Rank(X) = 1:

maximize Tr(AX)
subject to Tr(X) =1
Card(X) < k?
X =0, Rank(X) =1,

this is the same problem.
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Semidefinite relaxation

We have made some progress:

e The objective Tr(AX) is now linear in X

e The (non-convex) constraint ||z||2 = 1 became a linear constraint Tr(X) = 1.
But this is still a hard problem:

e The Card(X) < k? is still non-convex.
e So is the constraint Rank(X) = 1.

We relax the two non-convex constraints above:
o If u € R”, Card(u) = q implies ||ul[1 < /q||ul/2. So we can replace

Card(X) < k? by the weaker (but convex): 17]X|1 < k.

e Simply drop the rank constraint.
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Semidefinite Programming

Semidefinite relaxation:

maximize Tr(AX)
is bounded by subject to Tr(X) =1
111 X1]1 <k
X =0,

maximize 2l Ax
subject to ||z|2 =1
Card(x) < k,

e This is a semidefinite program in the variable X € S". ..

e The optimum value of this semidefinite relaxation is an upper bound on the

sparse maximum eigenvalue. Any dual feasible point will also produce a valid
bound.

e Another relaxation discussed in d'Aspremont, Bach & El Ghaoui (2007).

e Solve small problems (a few hundred variables) using IP solvers, etc.

Solution: use first order algorithms. . .
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Compressed sensing: restricted isometry

e Generate random Gaussian or Bernoulli matrices X as in Candés & Tao (2005).

e Compute lower bounds on §5(X ' X) by finding approximate sparse
eigenvectors.

e Compute upper bounds on §5(X* X) by solving the semidefinite relaxation.

e Compare these bounds with asymptotic ones.
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Compressed sensing: restricted isometry
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Compressed sensing: restricted isometry
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Lower bound on dg using approximate sparse eigenvectors, for Gaussian matrices
of dimension n. = 1000, p = 750, over 100 samples (solid line). Black dotted lines
at plus and minus three stdev. Red dotted line at the pointwise sample minimum.
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Compressed sensing: restricted isometry

Bounds on dg

2 4 6 g 10
Cardinality

Upper bound on dg using approximate sparse eigenvectors, for a Gaussian matrix
of dimension n = 1000, p = 750 (blue cicles). Lower bound on Jg using
approximate sparse eigenvectors (black squares).
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Compressed sensing: restricted isometry

Bounds on dg

Cardinality

Upper bound on dg using approximate sparse eigenvectors, for a Bernoulli matrix
of dimension n = 1000, p = 750 (blue cicles). Lower bound on dg using
approximate sparse eigenvectors (black squares).
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Compressed sensing: restricted isometry

Semidefinite relaxation vs. probabilistic bound on dg for Gaussian matrices.

e For n = 1000, p = 750 and a confidence of 99%:

S| 1 2 3 4 5 6 7 8 9 10
Prob. | 0.67 0.87 104 121 137 155 178 ... ... ...
SDP | 0.18 045 049 054 059 063 068 073 077 0.83

e Equivalent n for p/n = .75 and a confidence of 99%:

S| 1 2 3 4 5 6 7 8 9 10

Prob. | 14200 3700 4200 4500 4700 4700 4700 4700 4700 4500
SDP | 1000 1000 1000 1000 1000 1000 1000 1000 1000 1000
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Conclusion

e Relatively tight bounds on small matrices.

e Still computationally challenging.

e Slides online.

e Source code, binaries available at:

www.princeton.edu/~aspremon/DSPCA.htm

e More recent results in d'Aspremont, Bach & EI Ghaoui (2007).
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