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Abstract

Conditional Gradients (aka Frank-Wolfe algorithms) form a classical set of methods for constrained
smooth convex minimization due to their simplicity, the absence of projection step, and competitive
numerical performance. While the vanilla Frank-Wolfe algorithm only ensures a worst-case rate of O(1/¢),
various recent results have shown that for strongly convex functions, the method can be slightly modified
to achieve linear convergence. However, this still leaves a huge gap between sublinear O(1/¢) convergence
and linear O(log 1/€) convergence to reach an e-approximate solution. Here, we present a new variant of
Conditional Gradients, that can dynamically adapt to the function’s geometric properties using restarts
and thus smoothly interpolates between the sublinear and linear regimes.

1 Introduction
We consider smooth constraint convex minimization, solving problems of the form

min f(2),
where f is a smooth convex function and C is a polytope. As soon as the geometry of C is reasonably
complicated, so that projections onto the set are computationally expensive, projection-free first-order methods
such as Conditional Gradients [Levitin and Polyakl (1966 (also known as Frank-Wolfe methods [Frank and
'Woltel [1956]]) become an efficient alternative as they only require first-order access to the function under
consideration as well as access to an efficient linear optimization oracle for the feasible region C C R™ which,
given a linear objective ¢ € R”, outputs arg mingcc ¢’ .

In order to reach an e-approximate solution z, so that f(z) — f(2*) < €, where z* is an optimal solution,
the standard Frank-Wolfe algorithm requires a number of iterations of order O(1/¢), that cannot be improved
upon in general. A series of recent works (see e.g., [Garber and Hazan| 2013} [Lacoste-Julien and Jaggil, [2015]];
see also [Lan and Zhou, [2014] for conditional gradient sliding) showed that when f is strongly convex the
convergence rate of the standard case can be improved to O(log 1/¢) and various extensions further improved
upon these results for special cases (see e.g., [Lacoste-Julien et al.,[2013| |[Freund and Grigas, 2016| |Garber
and Meshil, 2016, [Braun et al., 2017} [Lan et al.,[2017} Bashiri and Zhang|, [2017, |Garber et al., {2018 |Kerdreux
et al.,[2018], |[Braun et al.| 2018])), applying Frank-Wolfe methods to machine learning problems (e.g., Joulin
et al.|[2014], |Shah et al.|[2015]],|Osokin et al.| [2016]], Freund et al.|[2017]], Miech et al.|[2017]]). Nonetheless,
these results left a wide gap between the linear O(log 1/¢) rate and the sublinear O(1/¢) rate.



Here, we present a new variant of Conditional Gradients that combines the scaling argument of the
parameter-free Lazy Frank-Wolfe variant in [Braun et al.| 2017, |2018]] with scheduled restarts as in the
unconstrained case for classical gradient methods [Nemirovskii and Nesterov, (1985 |Giselsson and Boyd|
2014, |0’ Donoghue and Candes, 2015} [Fercoq and Qul 2016, |Roulet and d’Aspremont, |2017] to obtain an
algorithm that dynamically adapts to the properties of the function and the feasible region. At its core the
algorithm relies on a condition similar to sub-analycity and the Lojasiewicz Factorization lemma as in [Bolte
et al., 2007]] to quantify the impact of restarts as in [Roulet and d’Aspremont, 2017]]. Earlier work showed that
a sharpness condition derived from the Lojasiewicz lemma (or a related Polyak-L.ojasiewicz condition) could
be used to improve convergence rates (see Nemirovskii and Nesterov| [1985], Bolte et al.| [2007], [Karimi et al.
[2016] for an overview), however these methods required exact knowledge of the corresponding constants
appearing in the condition to achieve improved rates. In contrast to this, as in [Roulet and d’Aspremont, |2017]],
we show that our algorithm does not require knowledge of these constants using robust restarts, thus making
it essentially parameter-free.

Contributions

Our contributions can be summarized as follows.

1. Generalized Strong Convexity. We define a notion of generalized strong convexity, inspired by the
geometric strong convexity of [Lacoste-Julien and Jaggil 2015]] and use the Lojasiewicz Factorization
Lemma to show that generalized strong convexity holds generically with appropriate parameters.
Depending on the parameters in this condition, our bounds handle standard convexity on one end and
(geometric) strong convexity on the other.

2. Fractional Frank-Wolfe Algorithm. We then define a new Conditional Gradients algorithm that
dynamically adapts to the generalized strong convexity parameters using restarts. The resulting
algorithm achieves either sublinear or linear convergence rates depending on the generalized strong
convexity parameters and exploits generalized strong convexity to prove O(1/e?) rates with ¢ < 1
depends on the sharpness of the strong Wolfe gap around the optimum, so the function is not required to
be strongly convex in the traditional sense. Note, that our algorithm is a modification of the Away-step
Frank-Wolfe method but can be immediately adjusted to a similar Pairwise Frank-Wolfe variant.

3. Robust restarts. Restart schedules often heavily depend on the value of unknown parameters. We
show that because Frank-Wolfe type methods naturally produce a stopping criterion in the form of the
Wolfe gap, our restarts are robust, and do not require knowledge of the generalized strong convexity
parameters produced by the L.ojasiewicz Factorization lemma in order to achieve improved rates.

Also, we would like to mention that our approach generalizes to general Holder-smooth function. However
due to space constraints, we leave an in-depth discussion for the full-length version.

Outline

In Section[2] we briefly recall key notions and notation. We then introduce generalized strong convexity, a
condition similar to the Polyak-Lojasiewicz condition, in Section [3and present the Fractional Away-step
Frank-Wolfe Algorithm in Sectiond] We detail numerical experiments in Section [5}



2 Preliminaries

Consider the following optimization problem

minimize f(x)

subjectto x €C M

in the variables x € R", where C C R" is a polytope and f : R — R is a convex function. We assume that

the following linear minimization oracle
LPc(z) £ argmin z” 2 2)
zeC

can be computed efficiently. By assumption here, we have C = Co(Ext(C)) where Co(.) is the convex hull
Ext(-) the set of extreme points, and Carathéodory’s theorem shows that every point x of C can be written as
a convex combination of at most n + 1 points in Ext(C) although a given representation can contain more
such points. We call these points the support of x in C. We now define the strong Wolfe gap as follows.

Definition 2.1 (Strong Wolfe-gap). Let f be a smooth convex function, C a polytope and let x € C be
arbitrary. Then the strong Wolfe-gap w(x) over C is defined as

a T,
w(z) = (Srrelgi ,hax Vix) (y z)>+ +d(z,C),
where x € Co(S) and S, = {S | S C Ext(C),x € Co(S), |S| finite}. We also write
wle.) £ (o VI (-2)) +dn)
+

y€eS,zeC
given S € S;.

Here d(x,C) is the distance from z to C, with d(z,C) = 0 iff x € C. By construction, we have
w(z) < w(z,S). Note also that for z € C, w(x, S) is the sum of the Frank-Wolfe dual gap with the away
dual gap in [Lacoste-Julien and Jaggi, [2015]. We first show the following lemma on w(z, S) and w(x).

Lemma 2.2. Letx € Cand S = {v; | i € S} withv; € Ext(C) fori € S, be a set so that

T = Z/\ivi’ where 1T\ =1 and \; > 0 fori € S,
€S
then w(x, S) = 0 if and only if © is an optimal solution of problem (1)). In particular, w(x) = 0 if and only if
x is an optimal solution of problem ().

Proof. We can split w(zx, S) in two parts, with

w(z,S) = (max Vi) (y— )+ max Vf(z) (z — z)) 3)
yeS zeC +
It is easy to see that both summands are nonnegative if z € C. Here g(z) £ max,cc Vf(x)(z — 2) is the
usual Wolfe gap. When z is an optimal solution of problem (), first order optimality conditions implies that
Vf(z)T(z —v) < 0forall v € C. Since this last quantity is exactly zero when v = x, we have g(x) = 0.
On the other hand let h(z) £ maxyes Vf(z)T (y — z), and suppose x is optimal. If V f(z) = 0 we
immediately get h(z) = 0. Suppose then V f () # 0, since z is optimal, V f ()7 (x — v;) < 0 for all v; and

we can write
xr = Z AiU; + Z AiV;
{&:V f(z)T (z—v;)=0} {&:Vf(z)T (z—v;)<0}
= (1 — M)Zl + Hz2



for some 0 < p < 1, where Vf(2)” (z — 21) = 0 and Vf(2)T (x — 23) < 0. Now 0 = Vf(2) ' (z — ) =
uV f(z)T (z — 2z2) implies p = 0, hence V f(x)T (v; — ) = 0 forall i € S, so h(x) = 0. Thus we obtain, x
optimal implies w(x) = 0. Conversely, we have

fl@)—=f+ < Vi@ (-
< max Vi) (z—2)
< max Vf(2)'(y-2)
= w(z,S)

by convexity and the fact that © € Co(S). Hence w(x,S) = 0 implies  optimal. The corollary on w(x)
immediately follows by construction. m

Finally we recall the definition of curvature in [Lacoste-Julien and Jaggi, [2015]], with

N 2
CR & swp 5 (f(y) = (@) = (V@) =), @)
welo]
y=z+n(s—v)

where f and C are defined in (I]) above.

3 Generalized Strong Convexity

The last part of the proof of Lemma[2.2]above shows that we always have f(z) — f(z*) < w(z). We will
now use results on subanalytic functions to refine and potentially improve this bound. We first recall the
Lojasiewicz Factorization Lemma and refer the reader to [Bierstone and Milman), (1988, [Dedieul, (1992, Bolte
et al.,[2007] for a primer on subanalytic functions.

Lemma 3.1. [tojasiewicz Factorization Lemma] Let K C R™ be a compact set and f,g : K — R two
continuous (globally) subanalytic functions. If f~1(0) C g~1(0), then there exists ¢ > 0 and a positive real r
such that |g(x)|" < ¢|f(z)| forall x € K.

We now show the following generalized strong convexity result.

Lemma 3.2. [Generalized Strong Convexity] Suppose f : R™ — R in Problem (1)) is globally subanalytic,
then for any compact subset K of C of Problem (1)) such that ©* € K, there are . > 0 and r > 0 such that

flz)— < pw(x)", forzreK ®)

where f* is the optimal value of Problem (I)). In particular we choose r > 0 as the greatest real such that (5))
is true on K for some 1 > Q.

Proof. If f is globally subanalytic, then so are the functions V f(z)” (y — v) and their pointwise maximum
over a polytope (see e.g. [Dedieu, [1992] §2.5.6] or [Bierstone and Milman, |1988|, Bolte et al., | 2007]]). The
distance function d(x, C) is also globally subanalytic since C is a polytope [Bierstone and Milman, |1988]],
hence w(z) is globally subanalytic. Now, let h(z) = f(z) — f*, Lemma[2.2|shows in particular that w(z) = 0
implies h(z) = 0, or in other words w~1(0) C h~!(0). The Lojasiewicz factorization lemma (see e.g.
[Bierstone and Milman, |1988|, Th. 6.4] or [Bolte et al.,2007])) then states that there are constants y > 0 and
r > 0 such that (5)) holds (recall that w(z) > 0). m



In what follows, we will implicitly choose K so that it contains all iterates. The above generalizes the
notion of geometric strong convexity of [Lacoste-Julien and Jaggil, 2015, Th. 6 and Eq. (28)], recovered by
choosing 7 = 2 and p = 1/(2u%), where 1€ is the geometric strong convexity constant.

Observation 3.3 (r = 2 with f strongly convex and C a polytope). [Lacoste-Julien and Jaggi, 2015, Theorem
6 in Eq (28)] shows that when f is strongly convex and C is a polytope then there exists ,u? > 0 such that for
xeC

w(z)?

2u? ’

flx) = f(a7) <

which means v = 2 in the setting of (3)) here.

Observation 3.4. [1 < r < 2] Consider L = {x € C | w(x) < 1}. Because we always have f(x) — f* <
w(zx) on C, we also have r > 1 in @) Besides, when f is L—smooth, it holds v < 2.

4 The Fractional Away-Step Frank-Wolfe Algorithm

Given a polytope C and a smooth convex function f, let X* be the set of minimizers of f over C. We now
state the Fractional Away-Step Frank-Wolfe algorithm, which can be easily obtained from [Braun et al., 2017]],
as Algorithm|[I] Note that this algorithm is a variant of the Away-Step Frank-Wolfe algorithm, tailored for
restarting.

Algorithm 1 Fractional Away-Step Frank-Wolfe Algorithm

Input: A smooth convex function f with curvature C’J“f“. Starting point xo = _, .5 agv € C with support
So € Ext(C). LP oracle (2) and schedule parameter v > 0.
1: t:=0
2: while w(z, St) > e Tw(zg, Sp) do

3. v = LPce(Vf(xy)) and dX'V £ vy — 2y

4: s := LPg,(—V f(x;)) with S; current active set and dfw“y L2 — s
5: if =V f(x)TdE'W > e w(zg,Sp)/2 then

6: d; := de with Npax = 1

7:  else " o

8: dy == d, YUY with Npax = S#?

9: end if

10:  xpqq = x4 + medy with 1 € [0, max] via line-search
11:  Update active set S;1 1 and coefficients {af | }ves,
12: ti=t+1

13: end while

Output: z; € C such that w(z, S;) < e Tw(zg, So)

In the following we will call a step a full-progress step if it is a Frank-Wolfe Step or an Away Step that is
not a drop step, i.e., when 7, < a5, /(1 — s, ). The support S; and the weights «; are updated exactly as in
[Lacoste-Julien and Jaggil, [2015, § Away-Steps Frank-Wolfe].

Algorithm [T depends on a parameter v > 0 which explicitly controls the number of iterations needed
for the algorithm to stop. In particular, a large value of y will increase the number of iterations and when ~y
converges to infinity, Algorithm[I|tends to behave exactly like the classical Frank-Wolfe, (i.e., it never chooses
the away direction as an update direction, see Appendix |A|for a proof).



Proposition 4.1 below gives an upper bound on the number of iterations required for Algorithm [I] to
reach a given target gap value w(zr, Sr) < w(xo, Sp)e™ 7. The assumption e Yw(zg, Sp)/2 < Cf in this
proposition measures the complexity of a burn-in phase whose cost is marginal as shown in Proposition 4.2

Proposition 4.1 (Fractional Away-Step Frank-Wolfe Complexity). Let f be a globally subanalytic, smooth
convex function with away curvature C4, satisfying the Generalized Strong Convexity condition in Lemma
C4.

on a compact set K for somer > 1and j1 > 0. Lety > 0 and assume xo € K is such that e Yw(zg)/2 < 7
Algorithm|[I|outputs an iterate v € K such that

w(zy,St) < w(xg, Sp)e™”

after at most
T <|So| — |Sr| + 166270}4uw(x0,80)r_2

iterations, where Sy and St are the supports of respectively xy and x.
Proof. Because of the test criterion in line (5] the update direction d; satisfies (writing r; £ _V f(x)),
ridy > e Tw(xo,Sp)/2 .
This holds by definition when choosing the FW direction, otherwise (3] yields
w(w, Sy) = rEdfW 4+ 0T dM™ Y > ey,
(writing wg 2 w(zg, Sp) to simplify notations) so that
rtTdflway > e Twy — ri dEW > e wg — e Twp /2 = e Vwy /2.

Using curvature in (4), we have for d;,

2
Flae+nde) < flae) + ¥ f(z)dy+ L-CF
which implies
2
Flxe) = f(@e +nd) > nri dy — %C’}“ .

We can lower bound progress f(z:) — f(x¢41) with x,11 = x4 + nd; at each iteration for full-progress steps.
For Frank-Wolfe steps,

T 772 A
— > _
fz) — flopgr) > gﬁ))fl]{nrt d 5 Cf }

2
- N ~A
> max{eyw 2——0}
= e n 0/ 9 f

Hence because of exact line-search, assuming e~ 7w /2 < CJ‘? holds,

w2
f(ze) = floe1) > L

For all away steps, we have

2
_ n° A
— > Y
faxy) f(xtJrndt)_ner[r(l)%ax]{ne wp /2 2Cf}.

6



Yet for away steps that are not drop steps, assuming e Ywg/2 < CJ‘? again the optimum is obtained for
0 < 17" < Nmax, and the same conclusion as in (7) for Frank-Wolfe steps follows.

Write T' = Ty + T the number of iterations for Algorithm m to finish. T} is the number of drop steps,
while T’y stands for the number of full-progress steps. Hence we have,

~
_

f(wo) — for) = fxt) = f(241)

t

Il
=)

2
w,
> Tp—it.
= 8(7}462“Y
Because f satisfies () on K we have when z¢ € K,

f(xo) = flar) < flzo) — f(27) < pw(mo)" < pw(xo,So)"
by definition of w(x). We then get an upper bound on the number 7' of full-progress steps
Ty < 8Cf627uw6_2 .

Finally writing |Sp| (resp. |St|) the size of the support of x( (resp. x7), and Tryy the number of Frank-Wolfe
steps which add a new vertex to an iterate of the Fractional-Away-Step Frank-Wolfe Algorithm, we get
Trw < T and the size of the support S; of x; satisfies |So| — Ty + Trw = |St| hence

|Sol — S| + Ty = Ta,
and we finally get 7' < |Sp| — |Sr| + 160}4627uw672. []
The following observation shows that the assumption e~ Yw(xg, Sp)/2 < 0}4 in Proposition has a
marginal impact on complexity.

Proposition 4.2 (Burn-in phase). After at most

w(wo, Sp)

e”
8—1In
A
2Cf

+1Sol,

cumulative iterations of Algorithm[l| with constant schedule parameter v > 0, we get a point x such that
e Tw(x,S)/2 < C’f.

Proof. The proof closely follows that of Proposition Suppose that e Twg/2 > C’f writing again
wp = w(xp,Sp), by curvature for every full progress step we have

QCA CA
i >e Twy/2 — Tf >e Twy/4.

f(xe) = f(@eg1) = me” Two /2 —
Moreover, via the strong Wolfe gap we have

(o) = f(2%) <wp .

Writing 7" the number of iterations of the Algorithm([I|before it stopped, with same notation as in Proposition[4.1]
combining the equations above yields

Tre Two/4 < f(wo) — f(zr) < fwo) — f(2¥) < wo

Hence
Tf€77w0/4 < wo



and T’y < 4e”. Also
T =T+ Ty < 2Ty +[So| =[Sl
so that
T < 8" + ’So‘

Because z is the output of Algorlthml we have w(zp, St) < e Ywy. Write N the smallest integer such
that e~ Ny < 204 el and 2; (for 0 < i < N)) the output of the i* call to Algorlthml It is sufficient that
N satisfies

1
N>-ln—2 —1.
ol QCf

Similarly write i < N the first integer such that w(z;,) < 2C’fe’7. If io0 = N, each of the first IV calls to

Algorithmruns in less than 8¢7 + Sz, | — |S3,,, | iterations. And we finally need at most

e wo
8—1In —— + |Sp| iterations.
v 204 [Sol

Otherwise iy < N and hence e~ Vwq > C’J‘ﬁle7 from which it follows that

- 1 wo
1 —1In ,
0_7 2C}467

and similarly, each call before the zth of Algorithm |1| requires also a bounded number of iterations

8e7 4 |Ss,;| — |Ss,,, | so that we need at most

’LU(JI(), 80)

4 |Sp| iterations,
20 }467 | 0|

~
8 In
v
which is the desired result. m
Algorithm [I|can be immediately adapted to a Fractional Pairwise Frank-Wolfe variant, we opted for the leaner
away-step variant to simplify the exposition.

4.1 Restart Schemes

Consider a point xj_; with strong Wolfe gap w(xg_1,Sk—1)- Algorithm with parameter v > 0, outputs a
point xj, and we write

x & F(zp—1, w(Tp—1,Sk1), %) -
Following [Roulet and d’Aspremont, [2017]] we define scheduled restarts for Algorithm [I]as follows.

Algorithm 2 Scheduled restarts for Fractional Away-step Frank-Wolfe

Input: zo € R™ and a sequence ~y; > 0 and € > 0.
Burn-in phase: compute xg via 8% In w(; g’fo + |So| steps of Algorlthml
while w(z;_1) > e do

wp = F(xp—1, w(@r—1,Sk-1), )

end while
Output: = := xp

Note that one burn-in phase is sufficient to ensure the condition e iw(x;—1,S;—1)/2 < C]‘? at each restart.
Algorithm [2] is similar to the restarting schemes in [Roulet and d’Aspremont, 2017, Section 4] when a
termination criterion is available. In particular, a choice of a constant (- ), implies linear convergence of the
restart schemes for » = 2. Note that 1 < r < 2.



Theorem 4.3 (Rate for constant restart schemes). Let f be a globally subanalytic, smooth convex function
with away curvature Cf, satisfying the Generalized Strong Convexity in Lemma on a compact set K
withr > 1and p > 0. Let v > 0 and assume xo € K is such that e~ Yw(xo, Sp)/2 < C’f. With ~, = =, the
output of Algorithm 2| satisfies (h(z) = f(z) — f(z*) )

1
har) <wp———— when 0 <r <2
(1+7cy)™
T
h(zr) < woexp <€;V8C?,u> whenr =2,
after T steps, with wy = w(xo,So) and T £ T — (|So| — |Sr]). Also
(2-r) _q
cr A © . (15)

7 86270}4/&0(370, Sp)r—2

Proof. Denote by I? the number of restarts in Algorithm [I|for 7" total iterations. From Proposition it
follows directly that

w(zgr,Sgr) < woe 1,

By Proposition the total number T of steps of Algorithms [I}is upper-bounded by
R—1 '
T < |So| = [Sr| + 80?#62711)6*2 Z e Yi(r=2)
i=0

Suppose r < 2, we have the following upper bound on 7',

T < |So| - 7] + 80@627@052%
hence
e R < -t -
(1+7cy)™
Hence for 1 < r < 2,
w(zr,Sr) < wQ;1 ,

(1+7cy) ™
while the case r = 2 leads to
T < |So| — S|+ 8C} e R.

w(x ,S wo €xX Y= =a o2 | >
R R 0 p 8CA 2,)/

and

which yields the desired result. m

For r = 2, this recovers the bound for the strongly convex case as derived in|Lacoste-Julien and Jaggi
[2015]] and for » = 1 we recovers the convergence rate with smoothness assumption only. Note also that for
r — 2, we recover the same complexity rates as for r = 2

i 1 ( v T
m ——— 5 = eXp| — 5o —7 )
r—2 <1+TCI/) s e 8CH 1




The complexity bounds in Theorem 4.3|depend on +, which controls the convergence rate. Optimal choices
of v depend on 7, a constant that we generally do not know nor observe. However, in the following we show
that simply picking v = 1/2 leads to optimal complexity bounds up to a constant factor.

Proposition 4.4 (Robustness in 7). Assume f satisfies Generalized Strong Convexity with r > 0. Write v*(r)
as the optimal choice of vy > 0 in the complexity bound of Theorem Consider running Algorithm 2| with
~ = 1/2 and same assumptions as in Theorem the output & satisfies

1
h(z) < elwo — when (0 <r <2.
Ve— ( -

1+TC )T

When r = 2, we have v*(r) = 1/2.

Proof. When 1 < r < 2, from Theorem 4.3] we have

flr) = f) < wo—tr .

From (I3), the optimal value v*(r) is the maximum of

eY(2-r) _ 1
e27 ) ’

B(y.m) = (
with respect to y. Hence

In(2) — In(r)

v (r) = . when1 <7 < 2.

The function

is a decreasing in 7, hence

1

1
~ 6(2_7‘)/271 2—r
(1 Tem=t)

®
®
—_

(1+7Cr )"

where C' £ 8C}4uw(w0, So)"~2. When r = 2, the optimal value of ~ is 1/2, maximizing the function v/e27.
[ ]
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S Numerical Experiments

We test our results on problem instances taken from [Lacoste-Julien and Jaggi| [2015]] and |Braun et al.| [2017].
Our method is a modification of the classical Away-Step Frank-Wolfe Algorithm (AFW) with restarts, giving
better complexity bounds in a much broader setting (i.e. on problems that do not satisfy the gemoetric strong
convexity condition), so we expect both methods to have similar behavior in practice, especially given their
robustness to the restart parameter . This is what we observe in Figure[I] Aside from Figure[I} we benchmark
Algorithm 1 against classical Frank-Wolfe on problems where geometric strong convexity does not hold.

We use regression problems with a variety of loss functions (quadratic, powered norm, logistic) on the
¢y ball (Figure[I]and [3), with the same data sets as in [Lacoste-Julien and Jaggi| [2015]], using in particular
smooth but non-strongly convex losses. Our regression problem is written

(w)=— (i — o] w)” (20)

fora > 1.

Each plot contains two graphs, the left one shows primal gap f(z;) — f* versus total oracle calls (Where
f* is found by running once AFW requiring high precision), while the right one shows the strong-Wolfe gap
w(z¢, S¢) versus total oracle calls. Initialization of all algorithms is made from a random extreme point of the
set.

In Figure[I] we observe that as shown by Proposition [d.4] the value of +y in Algorithm [2]does not impact
the primal convergence behavior. The classical Away Frank-Wolfe method has very similar behavior.

In Figures [I|and 2] we scaled the constraint sets so that the optimum is not in the strict interior. When the
optimum is in the strict interior, already the classic FW algorithm converges linearly [Guélat and Marcottel
1986]] and we expect Algorithm 1 to have a similar performance to the classical FW algorithm, which is what
we observe in Figure 3]

Figure 3] compares classical FW and Algorithm [T]with v = 0.5 on regression problem 20) with o = 1.5,
so that the classical geometric strong convexity condition does not hold. Algorithm[T]and Theorem [.3]in this
case guarantee much faster convergence.

10° 10

— AFW — ARW

Frac AFW gamma = 0.1 Frac AFW gamma = 0.5
—— Frac AFW gamma = 0.5 —— Frac AFW gamma =2
—— Frac AFW gamma =1
Frac AFW gamma = 1.5

—— Frac AFW gamma = 2

log primal gap

log strong FW gap

0 200 400 600 800 1000 a 200 400 600 800 1000

iterations iterations

Figure 1: Representative examples on Lasso with various values of +y in restart schemes of algorithm Less
instances are displayed on the right diagram because of the oscillating behavior of the strong FW gaps.
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— FW
Frac AFW gamma = 0.5

=)

— FW
Frac AFW gamma = 0.5

i \

log primal gap
log strong FW gap

107 10
250 50 100 150 200 250 300

100 150 200 250 300 a
iterations iterations

Figure 2: Comparing classical FW and Algorithm With v = 0.5 on regression problem (20) with v = 1.5,
so that the classical geometric strong convexity condition does not hold. Green squares indicate restart times.
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Figure 3: Comparing classical FW and Algorithm with v = 0.5 on logistic regression with ¢; constraint,
where the constrained minimum lies in the interior of the ball. Here AFW and FW share the very same curve.

6 Conclusion

We derived a variant of the Away-Step Frank-Wolfe algorithm and showed improved complexity bounds
when the strong Wolfe gap satisfies a generalized strong convexity condition. The Lojasiewicz factorization
lemma shows that this condition actually holds generically for some value of the parameters, producing
complexity bounds of the form O(1/e?) with ¢ < 1, thus smoothly interpolating between the complexity of
the classical FW algorithm with rate O(1/¢) and that of the Away-Step Frank-Wolfe with rate O(log(1/¢)).
Our method is adaptive to the value of the generalized strong convexity parameters and robustly yields optimal
performance. Numerical experiments show that our algorithm is competitive with classical versions of
AFW in the geometric strongly convex case and very significantly outperforms FW when geometric strongly
convexity does not hold.
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A One shot application of the Fractional Away-step Frank Wolfe

Running once Fractional Away-step Frank-Wolfe with a large value of v allows to find an approximate
minimizer with the desired precision. The following lemma explains the rate of convergence. Importantly the
rate does not depend on r. Hence there is no hope of observing linear convergence for the strongly convex
case.

Lemma A.1. Let f be a smooth convex function, € > 0 be a target accuracy, and xo € C be an initial point.
Then for any v > In w(xo), Algorithmsatisﬁes:

flzr) = f(2") <e,

204
f
forT > -

Proof. We can stop the algorithm as soon as the criterion w(x;) < € in step 2 is met or we observe an away
step, whichever comes first. In former case we have f(z;) — f* < w(t) < ¢, in the latter it holds

flae) = f* < =Vf(@)@df") <e/2 <e

Thus, when the algorithms stops, we have achieved the target accuracy and it suffices to bound the number of
iterations required to achieve that accuracy. Moreover, while running, the algorithm only executes Frank-Wolfe
and we drop the FW superscript in the directions; otherwise we would have stopped.

From the proof of Proposition 4.1} we have each Frank-Wolfe step ensures progress of the form

(re;de)? : . A
oA 1f <rt, dt> S C

flae) = flae) = {2 !
(re; dy) — C}“ /2 otherwise.

For convenience, let h; = f(x;) — f*. By convexity we have h; < (ry; d;), so that the above becomes

h if hy < CA
Flae) = flaen) > 27 :
hy — C’}“ /2 otherwise.

and moreover observe that the second case can only happen in the very first step: h1 < hg — (ho — C’]“f‘ /2) =

CA
C}“ /2 < 20}4 /t for t = 1 providing the start of the following induction: we claim h; < 2Tf

Suppose we have established the bound for ¢, then for ¢ 4 1, we have

204 204 204
hiy1 < 1—% hy < L f§ L
QCf t 12 t+1

204
Therefore the induction is complete and it follows that the algorithm requires 7" > Tf to reach e-accuracy.
|
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