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Extracting information from data
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Optimization in early data science

m Ca. 1750: emergence of the idea of collecting many data
sets and aggregating them instead of picking a “best” one.

m Fitting geodesic data by the method of least deviations:
B R. J. Boscovich, De literaria expeditione per pontificiam di-
tionem et synopsis... Bononiensi Scientiarum et Arfum Inst.
atque Acad. Comment., 1757.
m P S. Laplace, Sur quelques points du systeme du monde,
Mémoires Acad. Royale Sci. Paris, 1789.

m Fitting astronomical data by the method of least squares:

B A. M. Legendre, Nouvelles Méthodes pour la Détermination
de I’Orbite des Cometes. Courcier, Paris, 1805.

B C. E Gauss, Theoria Motus Corporum Coelestium. Perthes
and Besser, Hamburg, 1809.

m Gradient method for astronomical data processing:

B A. Cauchy, Méthode générale pour la résolution des systemes
d’équations simmultanées, C. R. Acad. Sci. Paris, 1847.
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Proximal data processing

4

= |Decisionscheme| <« |A prioriknowledge
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Solution set Z
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‘ Proximal processing‘
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Basic notation

m 7{: real Hilbert space

m [(H): proper lower semicontinuous convex functions f: H —
]—OO, +OO]

B f*: U~ SUpyeqy (X | U) — f(X) is the Legendre conjugate of f
m The subdifferential of f at x € H is
ofx)={ueH | (WvweH) (y—x|u +f(x)<f(y)}

fi,u(Y)

gra (- | u)

\ f*(u) graf

grafyu
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Moreau'’s proximity operator

B In 1962, Jean Jacques Moreau (1923-2014) infroduced the
proximity operator of a function f € I'g(H)

prox,: X — argmin f(y) + %HX —yIP
yeH

to study problems in unilateral mechanics

m Proximity operators turn out to be very effective tools for
modeling and solving data-driven problems:

m PLC, Convexité et signal, Proc. SMAI Annual Conf., Pom-
padour, France, April 2001

m PLC and V. R. Wajs, Signal recovery by proximal forward-
backward splitting, Multiscale Model. Simul., vol. 4, 2005

B PLC and J.-C. Pesquet, Proximal splitting methods in signal
processing, in Fixed-Point Algorithms for Inverse Problems in
Science and Engineering, Springer, New York, 2011
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Proximity operators

m Many common convex functions in data processing (statis-
tics, machine learning, image recovery, data denoising,
support vector machine, signal processing) have explicit
proximity operators:

E /; norm

Shatten norm
nuclear norm
Huber’s function
Berhu function
elastic net regularizer
hinge loss

Fisher information
distance function
Vapnik's e-insensitive loss
Burg’s entropy
¢-divergences

etfc.
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Proximity operators

m Basic properties:
B D = PIOX:X & X — p € Of(P)
B Prox; + proxs = Ild (Moreau’s decomposition)

m For f =1y, V aclosed vector subspace: Py + P,. =Id
B prox, . = Id —prox.,.,- =1d - P_, ,; = soft,

B (ProXex, X — ProxsX) = (ProxsX, proxXs.Xx) € gra of

m Fix prox; = Argmin f

B [|prox.x —proxgy|| < [[x =y

m The last two properties suggest the conceptual algorithm
Xni1 = PIOXeXn = Xn — V(O - [[2/2)%

to minimize f
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Forward-backward splitfing

m Solution set: Z = Argminf + g, where f € To(#H). g: H — R
convey, differentiable, Vg is 1/-Lipschitz-continuous

m The sequence constructed by the algorithm

Xn1 = prox, (=7 (Vg(x) )
m 0 < vy < 28 (Mercier, 1979)

converges weakly to a point in Z
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m Solution set: Z = Argminf + g, where f € To(#H). g: H — R
convey, differentiable, Vg is 1/-Lipschitz-continuous
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m 0 < v < 28 (Mercier, 1979)
B 0 < infrenvn < SUPpen 7 < 28 (Tseng, 1990)
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B (An)nen iN]0, 1], infrew An > O (PLC, 2004)
B (1 +n)Uni1 = Up=U; =ald, a>0,n, >0,
> nen 0 < +o0o (PLC&V{, 2012)

converges weakly to a point in Z

m Also: almost surely weakly convergent versions with random
block-coordinate sweeping (PLC&Pesquet, SIOPT, July 2015)

and/or stochastic approximations (PLC&Pesquet, Pure Appl.
Funct. Anal., Jan. 2016)
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Example: Band-limited extrapolation (1974-1975)
m Purpose: Reconstruct a signal x
m Data: X is observed over some region A

m Prior knowledge: X is band-limited (its Fourier transform has
compact support B)

m Decision scheme: Find a signal which is consistent with the
above two properties (feasibility)

x(f) x(v)
4

tfime domain Fourier domain
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Example: Band-limited extrapolation (1974-1975)

m Purpose: Reconstruct a signal x
m Data: X is observed over some region A

m Prior knowledge: X is band-limited (its Fourier transform has
compact support B)

m Decision scheme: Find a signal which is consistent with the
above two properties (feasibility)

m Papoulis’ algorithm:

,—> Force x =xon A ﬁ

F F

Force x = 0 outside of B

m Gerchberg’s algorithm: Reconstruct an image with known
support from limited diffraction data... at the speed of light!
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Example: Band-limited extrapolation (1974-1975)

m Set f=.c,, where Cy = {x € [%(R) | X|gg =0}
m Set g =0 /2, where C; = {x € [’(R) | X|a =X]|a}
m Solufionset: Z=Cyn G

m Data processing algorithm (forward-backward):

Xni1 = ProXe(Xn — Va(xn)) = P1PoXn,

G

Xo

X1 Xo X3 C;
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Data processing by iterative soft thresholding

m Purpose: Extract a signal/features x

m Data: A noisy, linearly fransformed (a blur, Radon fransform
in tomography, etc.) observation r = Lx + w

m Prior knowledge: X has a sparse decomposition in some or-
thonormal basis (ex)ken. L is known, ||L]| =1

m Decision scheme: Find a sparse signal which is consistent
with the observation

m Empirical algorithm: (ca. 2002-03)

Landweber step

—_——
Xni1 = »_sOft, ((Xn— L*(Lxa — 1) | €x))€x /
keN —P n

e
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Data processing by iterative soft thresholding

m Purpose: Extract a signal/features x

m Data: A noisy, linearly transformed (a blur, Radon transform
in tomography, etc.) observation r = X + w

m Prior knowledge: x has a sparse decomposition in some or-
thonormal basis (ex)ken. L is known, ||L]| =1

m Decision scheme: Find a sparse signal which is consistent
with the observation

m Empirical algorithm: (ca. 2002-03)

Landweber step soff,n

——
X1 = »_sOft, ((Xn— L*(Lxn — 1) | &) €x
keN —p 7

= ProxX¢(xn — YVg(xn)), / ‘ &
where f=pY", |(- | ex)|. g=|L-—r|?/2
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Further properties of forward-backward splitting

m Solution set: Z =Argmin f + g

B Xp 1 = Xn+An (prox%f( —mVa(Xn)) —Xn), e<I<(2-¢)B

B (VYneN)VzeZ) [ X1 — 2| < ||Xn— z||: Fejér monotonicity

B (vneN) (f+9)(xn1) < (F+9)(xn)

m Convergence is only weak

m Even in the finite dimensional or the linear case, no (upper

bound on the worst) rate of convergence of || X, — X || exists
. 2

et |(F + @) (%) = Inf(f + g)(H)|” < +oo

If > nen(1 = An) < +oo, (f + 9)(Xn) — Inf(f + g)(H) = o(1/n)
(PLC, Salzo, Villa, arxiv, 2015)

m In the case of the projected gradient method, some form
of the above results already in:

m E. S Levitin and B. T. Polyak, Constrained minimization meth-
ods, Comput. Math. Math. Phys., vol. 6, pp. 1-80, 1966

Patrick L. Combettes Proximal Data Processing 13/27



Proj

Birthday gift to Yurii: The 1966 Levitin-Polyak pape

18 E.8. Levitin and B.T. Polyak

Theoren 5.1

Let () be a bounded closed convex set of Hilbert space ", f(x) a
functionsl differentisble on (), where f'(r) satisfies s Lipschitz condi-
tion with constant ¥, and 0 < & < an << 2/ (M + 2e2), £2 > 0. Then
sequence (5.1) has the following properties:

(1) f(x") is monotonically decreasing snd lim [z"+ — 20| =

Nmon

(3) if f({x) is convex, then

= inf f(z),

lim f(z") =
Asa ~=Q

where f(z") — f* << ¢/n, and a subsequence of :" exists, weakly con-
vergent to the minimum x*;

(3) 1f f(x) 1s strictly convex or (J is strictly convex, while
f'ix) # 0 om {), them x® 18 weakly convergent to the (unique) minimum x*;

(4) 1f f(x) is uniformly convex or O is uniformly convex, while
f'(x) #0 on (), then x" is strongly convergent to x*;
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Further properties of forward-backward splitting

m Solution set: Z =Argmin f + g
| ] Xn+'| = Xp+ )\n (prOXW( ’}/nvg(Xn)) —Xn) : € < Yn < (2 — E)ﬂ
B (VneN)VzeZ) | X1 — 2| < |IXn — Z||: Fejér monotonicity

B (vneN) (f+9)(Xn1) < (F+9)(xn)
m Convergence is only weak
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Further properties of forward-backward splitting

m Solution set: Z =Argmin f + g

| ] Xn+'| = Xp+ )\n (prOXW( ’}/nvg(Xn)) —Xn) : € < Yn < (2 — E)ﬁ

B (VneN)VzeZ) | X1 — 2| < |IXn — Z||: Fejér monotonicity

m (VneN) (f+9)(Xn1) < (F+9)(xn)

m Convergence is only weak

m Even in the finite dimensional or the linear case, no (upper
bound on the worst) rate of convergence of || X, — X || exists

. 2

B Yo |(F4 9)(Xa) — INf(f + 9)(H)|” < +o0

m Ity (1= An) < +oo, (f+ 9)(Xa) — Inf(f + g)(#) = o(1/n)
(PLC, Salzo, Villa, arxiv, 2015)

m Worst-case behavior rates should be interpreted with cau-
fion and not lead to unreadlistic expectations, especially
when they concern only function values and not proximity
tfo Z...
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On minimizing sequences

m Let & € [h(H), Z= Argmin ¢ # @ the solution set

m Minimizing sequences may have litfle fo do with actually
approaching a point in Z as we can have (even in R?):
B O(xy) — infO(H)and (Vz € 2Z) ||xn— 2| = 1
B O(xy) — infO(H) and (Vz € Z) ||xn — z|| = +oo
B ... and vice versa ®(x,) = +oo and x, — Z € Z

m The whole area of metric regularity addresses such issues
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Theoretical rates vs actual behavior

Constrained LASSO, Objective values, z, =b

100000 T T
— Douglas-Rachford
— Forward-Backward
— FISTA
80000 — Optimal rate
60000
40000}
20000 R
h .
0 5 10 15 20 25 30 35 40

Iteration number

(Image restoration example; PLC&Glaudin)
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Alternating projection method

Top: Forward-backward; Bottom: FISTA (PLC&Pesquet, 2011)
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Proximal splitting methods in convex optimization

B eTg(H), ok € To(Gk). bk € To(Gk) strongly convex, Ly: H —
Gx linear bounded, ||L«|| = 1. h: H — R convex and smooth:

je)
m|r;|£|ze f(x +; ok O 4) (Lex — rie) + h(x)

where: ¢ O4c: X — infyey (or(¥) + (X —y))

m Example: multiview total variation image recovery from ob-
servations r, = L X + wy:

p—1
mirxwiemize %¢k(<x|9k>)+;ak g% (Lex = ne) + BlIVX[h 2

e Ol

m A splitting algorithm activates each function and each lin-
ear operator individually
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A few notions on monotone operators

m A: H — 2% is maximally monotone: for every (x, x*) € H2,
(x;x")egraA &  (V(y,y')€egraA) (x—y[x -y’ >0
m The resolvent of A, Ja = (Id + A)~": H — H, is firmly nonex-

pansive and FixJy =zerA= {x € # | 0 € Ax}

m Minty’s parametrization:
(Yx € H) (JaX, X — Jax) = (Jax,Ja-1X) € gra A

m The problem 0 € Ax covers convex optimization, Nash
equilibria, variational inequalities, complementarity prob-
lems, saddle point problems, feasibility problems, fixed point
problems, PDEs, efc

m Example (Moreau’s theorem): f € lg(H), A = 9f. Then
zer A = Argmin f and Ja = prox;
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monotone, not monotone

H _ H
monotone, max. monotone
H H
H H
/ / mMax. monotone, max.
N N monotone

) _
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Proximal splitting methods in convex optimization

m A=0f, C=Vh, B, =0gk, and Dy = 9y
BK=HOGD - DG

BM: K25 (X, v,...,Vp)
(—z+AX) x (M +B7'v) x -+ x (Io+B, ' p)

BEQK-K: (X,Vg,...,Vp) —
(Cx + 3R Livie, —Lix+Dy ', . —Lpx+Dg ' vp)

m M and Q are maximally monotone, Q is Lipschitzian, the ze-
ros of M + Q are primal-dual solutions

m Solve 0 € Mx + @x, where x = (X, Vy,...,Vp) Vid Tseng'’s
forward-backward-forward splitting algorithm

Yn = Xn— QXp
pP,=(d+M)"y,
qn =P, — P,

Xpo1 = Xp— Y+
in /C fo get... nH1 = Xn = Yot Gn
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Proximal splitting methods in convex optimization

m Algorithm:
forn=0,1,...
Yi,n = Xn— (Vh(Xn) 4 2211 Ly Vk,n)
p],n - proxfyLn
Fork=1,...,p

y2,l<,n = Vk,n ar (Lan - V({z(vk,n))
p2,k,n = proxg;()@,k,n - rk)
Q.k,n = P2,k,n + (LeP1,n — VL (P2,k,n))
Vk,n+1 = Vk,n - y2,k,n ain q2,k,n
q1,n = p],n - (Vh(phn) + ET:] L;p2,k,n)
L Xnt1 = Xn— Yin+ Qin
B (Xy)neny CONverges weakly to a solution

B PLC, Systems of structured monotone inclusions: Duality, al-
gorithms, and applications, SIAM J. Opfim., vol. 23, 2013
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Q.k,n = P2,k,n + (LP1,n — VL (P2,k,n))
Vk,n+1 = Vk,n - y2,k,n ain q2,k,n
q1,n = p],n - (Vh(phn) + ET:] sz2,k,n)
L Xnt1 = Xn— Yin+ Qin
B (Xy)neny CONverges weakly to a solution

B PLC, Systems of structured monotone inclusions: Duality, al-
gorithms, and applications, SIAM J. Opfim., vol. 23, 2013

m This construction, as most advanced recent splitting meth-
ods for optimization, involve monotone operators which are
not subdifferentials: monotone operator theory is needed,
even in the limited setting of optimization
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Asynchronous, block-iterative splitting

m For every i € | (finite), H; a Hilbert space, A;: H; — 2% maxi-
mally monotone, z* € H;

m For every k € K (finite), G, a Hilbert space, By: Gy — 2%
maximally monotone, ry € Gy, Lyi: H; — Gi linear&bounded

m Initial problem: find (X;);c; € H = @, Hi such that

(VI € /) Z,-* € AX; + Z LZ,(B;(<Z ijyj’ = fk)>

keK jel
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m Initial problem: find (X;);c; € H = @, Hi such that

(VI € /) Z,-* € AX; + Z LZ,(B;(<Z ijyj’ = fk)>

keK jel

m Dual problem: find (V)kek € G = @k Gk such that

(vkek) —fe _ZLI«'(AT] (Z/* - Zmﬁ)) + BV,

iel lekK

Patrick L. Combettes Proximal Data Processing 24/27



Intfroduction Proj Prox Asynchronous

Asynchronous, block-iterative splitting

m Solutions set: the associated Kuhn-Tucker set

Xi€H; and z' =Y LiVi € AXj,
kek

Z= {((7;)1617 (Vikek)

V; € G, and Z LyiXi — e € Bk]V;:}
iel
m Zis a closed convex set
m The projection of Z onto H is the set F of primal solutions

m The projection of Z onto G is the set F* of dual solutions
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With proper CQ, this framework includes..

m Let F be the set of solutions to the problem

inimize fi(X; Lgxi — 1
e 31000012+ S Ston—n)

i€l keKk iel
where f; € To(H,). 9k € To(Gk). Li: Hi — Gk linear&bounded
m Let F* be the set of solutions to the dual problem
minimize Zf*( z ZLk/Vk> +) (Gr(VE) + (v | 1))
(Vi ker€Brex 9k 7 kek kekK
m Associated Kuhn-Tucker set
Z= {((7[),‘6/, (v;)kGK) X; € H, and Zi* = Z L;IV; € 81:,(7,),
kek

VieGeand Y LgX;—rnc € 397?(@)}

iel
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Some limitations of the state of the art

We present a new framework that circumvents simultaneously
the limitations of current methods, which require:

m inversions of linear operators or knowledge of bounds on
norms of all the Ly

m activation of the resolvents of all the monotone operators:
impossible in huge-scale problems

m synchronicity: all proximity operator evaluations must be
computed and used during the current iteration

m Converge only weakly in general
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Asynchronous block-iterative proximal splitting |

F*

*
Vn+1 T

m Choose suitable points in the graphs of (A))ic; and (Bk)kek
to construct a half-space H, containing Z

m Algorithm: (Xny1, Vi, 1) = Pu,(Xn, Vi) — (X, v*) € ZCFx F*

Patrick L. Combettes Proximal Data Processing 28/27



Infroduction Proj Prox A

Main novelties

m Block iterations: Af iteration n, we require calculation of
new points in the graphs of only some the operators (A)ici,ci
and (Bk)kek,ck. The control sequences (Ih)neny aNd (Kn)nen
dictate how frequently the various operators are used.

m Asynchronicity: A new point (g p, a,fn) € gra A; being incor-
porated intfo the calculations at iteration n may be based
on data X; ¢, and (Vf,c,-(n))keK available at some possibly
earlier iteration ¢j(n) < n. Therefore, the calculation of
(ain, af,,) could have been initiated af iteration ¢;(n). with
its results becoming available only at iteration n. Likewise,
for (bx. n, b,jm) € gra By.

Also:
m No knowledge of the ||Ly|s is required
m No linear operator inversion is required
m No bounds required on the proximal parameters
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Asynchronous block-iterative proximal splitting |

forn=0,1,...
forevery i € In

Ii),kn = 2kek L;ivlj,ci(n)

=7

(ai,n, Gf"p) = (Jw,-,ci(n)A,- (i) + Vi) (& = 150) s Vi oy Kcytn) = ) = i)
forevery i € I < In
{ (G,n 9 n) = (Gi,n—1, A7)
forevery k € Kn

le,n = 22ier LkiXi, di (n)

=il

B 07 ) = (e + i gy e + e le0) ) = k) i) * i gy ) U = Bin)
forevery k € K . Kn
| Bkn> BF0) = (Busn—1, b 1)
(7 ien (enkek) = (0], + Ziek Liibi piet (Bk,n — Xies Li%in)kek)
™ =Ygl Hf,fn”Q + ke ,nll?

if Tn >0
An * * * *
Op = — mGX{O,Z (0 | 170) = (@in 1 o)) + D ((ton | V) — (B | bk,n))}
n icl kek
else 6, =0

forevery i € |
[ Xi,nt1 = Xion — eﬂl‘f’,(n
forevery k € K

P
Vi,nt1 = Vin = Onfin
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Convergence

B (In)nen is @ sequence of nonempty subsets of I, and (Kn)nen
is a sequence of nonempty subsets of K such that I = I,
Ko = K, and

n+M—1 n+M—1
(vneN) | |J b=/ and |J K=K|. O
Jj=n

Jj=n
B (Ci(N))nen and (Ak(N))nen are sequences in N such that

(Viel) n=D<ci(n)<n and (VvkeK) n—-D<d(n)<n

B c €]0,1[and (vi.n)neny ANd (1k n)nen Are sequencesin [e, 1/¢].

Set Xn = (Xin)ier ANA V5 = (Vg )kek. Then (Xp)nen converges
weakly to a point X € F, (v;)nen converges weakly to a point
veF, and (X,V") e Z
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Asynchronous block-iterative proximal splitting |l

g]@...

F*

V5 -
o
Vn+1 E
o
Vo

m Constfruct H, as before
m The half-space D, safisfies (xp, v;,) = Po,(Xo, V§)
m Algorithm: (Xny1, Vi, 1) = Pu,p,(Xo, V5) — Pz(Xo, vg) € F x F*
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