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Abstract

The problem of incentives for correct revelation in a collective decision model is presented as a
game with incomplete information. Two approaches to incomplete information are used, a first
where the individual beliefs are not introduced and a second where they are. In the first approach
it is recalled that the mechanisms for which the solution to the incentive problem is in dominant
strategies lead in general to a budgetary problem for the central agency. For these mechanisms a
uniqueness property is demonstrated. In the second approach it is shown that if a compatibility
condition is imposed on the individual beliefs and if a Bayesian solution is given to the incentive
problem, then it is possible to avoid the budgetary problem.

1. Introduction

In a collective decision context, a selection rule may be called decentralized if it relies, at least
partially, on the information that each individual participant holds. With such a rule, some participant
may find in his self-interest to distort the information on which is based the selection, in a way
undetectable by the others.

Historically this incentive problem has been brought up in the theory of Public Expenditure and
Taxation (see Wicksell, 1896; Lindahl, 1919; Samuelson, 1969) and was also considered, more or
less explicitly, in some discussions concerning the Lange-Lerner economic model. However, as well
established by Hurwicz (1972), this problem may arise for any collective decision rule preserving
some kind of informational decentralization.

In this paper we shall argue that the problem of incentives for correct revelation should be viewed
as a game with incomplete information (see Harsanyi, 1967-68). That it could be viewed as a game
was already recognized by Samuelson (1969) and non-cooperative game-theoretic concepts were
introduced by Dréze and de la Vallée Poussin (1971) and Hurwicz (1971). In Section 2, we shall in
fact introduce two approaches to incomplete information.

The first approach, which does not take explicitly into account the partial information that
each participant may have concerning the others, is developed in Section 3. The results presented
there are typically based on a class of transfer schemes among participants with a strong incentive
property, which was analyzed by several authors and which leads in general to the budgetary problem
of balancing the transfers. In Section 4, the second approach, in which the participants’ beliefs
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concerning each other are introduced, provides a particular way for solving the budget problem
whenever these beliefs satisfy a compatibility condition and only a Bayesian incentive property is
required.

2. The model

2.1 The basic collective decision problem

We shall consider a set N of n individual agents or players plus a special agent called the central
agency. To define the collective decision problem, let us assume that there exists a subset X of
R™ describing all possible physical outcomes for the individual agents and which form the set of
alternatives.! Assume also the existence of a commodity called money. The choice of an outcome
x € X is supposed to be the responsibility of the central agency which has to define simultaneously a
vector y = (Y1, -+, Yi,---,Yn) € R™ of monetary transfers for all individual agents. In the process
of selecting an outcome and of defining a vector of transfers the central agency is restricted by the ‘a
priori information specifications’ and by the rules of a given ‘mechanism.’

2.2 The a priori information assumptions

Each individual agent ¢ € N is supposed to be described by a k-dimensional vector of characteristics
belonging to R*. When «; is the value of agent i’s characteristics, we say that agent i is of fype
«;. Furthermore, to each agent i € N, we associate a function V;(-; ;) from R™*! to R such that
Vi(z,y;; ;) denotes the payoff, for player i, in the situation where x € X is the outcome selected
and y; € R is his monetary transfer. For the following, we shall actually restrict to the case where,
for every i € N, there exists a real-valued function’ Uj(-; ;) such that, for every 2 € X and every
yi € R:
Vi(z, yi; 0u) = Us(w; 05) + i

This separability requirement amounts, in game-theoretic terms, to admit unrestricted side-payments
with full-transferability.

In decentralized contexts, to which we want to restrict our attention, it is supposed that every
agent has incomplete information concerning the types «;, except his own type, which is his private
information. Indeed we assume that every agent only knows that the type «; of any other agent ¢
belongs to some space A; C R¥, which is the space of descriptions of all possible types of agent i.
All the sets A; are assumed to be of common knowledge, in the Aumann (1975) sense, meaning that
no agent can consciously disagree on what they are. Furthermore we assume that the functions V;
and Uj are respectively defined on X x R x A; and X x A; and are of common knowledge. In the
language of probability theory, the type of agent ¢ is for every other agent a random phenomenon and
A; is its sample space.

In this incomplete information framework, we introduce strategic considerations by allowing
some kind of communication process between the agents. Specifically we assume that each agent ¢
has to announce to the other agents some type a; € R¥ as being his own type ;. We shall call such

1. The set X may actually be interpreted as being the set of outcomes associated to joint strategies in a game or in an
‘organization form’ as defined by Groves (1975). It may also be the set of all ‘possible public projects’ in a public
good allocation problem as studied by Green and Laffont (1976).

2. Functions U; are interpreted, according to the model considered, as utilities or profits.

3. Clearly player ¢’s payoff function is fully known only when his type «; is known.



an announcement by agent ¢ a message of agent :. Moreover, as a plausibility condition, we shall
require that every individual message a; belongs to the space A; of possible types. Hence A; is both
the ith sample space and the message space of individual .

2.3 Definition of a mechanism

Let {A;;i € N} be a given family of sets of messages of the individual agents. We will denote
by A =X;enA; the set of all n-tuples a = (a1, ...,a,) of individual messages and by A_; =
Xjen,j-iA; the set of all (n—1)-tuples (a1, ..., ai—1,Qit+1, - - -, ay) of individual messages. Before
sending any message to the central agency each individual agent is supposed to know the mechanism
ruling the agency behavior. Formally, we call mechanism any function m = (d, t) from A to X x R"
where:

1. dis afunction from A to X called decision rule and such that d(a) = z is the outcome selected
by the central agency whenever a € A is the n-tuple of messages received from the individual
agents.

2. tis a function from A to R™ called transfer scheme and such that t(a) = (t1(a), ..., ty(a)) is
the vector of individual transfers y; = t;(a) determined by the central agency whenever a € A
is the n-tuple of messages received from the individual agents.

In the following, we shall restrict the set of all possible mechanisms to a certain admissible subset
M. A first requirement for M that we shall use in most results is an outcome efficiency requirement:

Vae A,d(a) € P(a) def {:1:* eX: Z Ui(z*; a;) = max Ui(x; ai)}-
. reX “
1EN iEN
For any m (or d) satisfying this condition we shall say that m (or d) is outcome efficient.
In order for such a requirement to be meaningful, we shall impose one of the following alternative

regularity hypotheses:
e Hy: X iscompactandVa € A, ) ;. Ui(-; a;) is upper semicontinuous on X.

e Hy: X is open convex and Va € A, ),y Ui(-; a;) is a differentiable strictly concave function
having a critical point in X.

Condition H; implies that, for every a € A, P(a) # () and condition Hs ensures in addition that
P(a) is single-valued. Other conditions could be used.

2.4 The communication game: Alternative approaches to incomplete information

Suppose that a mechanism m € M has been chosen and that « € A is the n-tuple of the individual
agents’ types. A communication process between the individual agents and the center can be
formalized as an n-person game in normal form* conditional to o € A. In this game, the strategy
space of each ¢ € N is his message space A;. Given a € A the payoff functions are:

dgf

Vie N,Vaec A W"™(a;a;) = Vi(m(a); o)

= U;(d(a); o) + ti(a).

4. See (Luce and Raiffa, 1957, p. 157).



Thus, for every a € A, we have the normal form game:
I"(a) = {{Asi € N} AW (5 ai)si € N}

However, because of the incomplete information framework, every player ignores what game
'™ («) is to be played. Hence, when he wants to characterize the behavior of any other player 7,
player ¢« must consider not only what message a; player j announces but also what type a; could be
player j’s true type.

This consideration is essential in the formulation of the incentive problem that will be examined
in the subsequent sections. Indeed the question will be to determine whether every player has interest
to reveal his true type. In this context, every player may want to characterize, for every other player,
the particular behavior consisting in revealing his true type.

For this reason, we shall introduce a more sophisticated strategy concept. For every i, we
introduce the notion of a normalized strategy of player i to be a decision rule a; associating a unique
strategy choice to each of his possible types. Formally a; is a function from A4; to A;. We denote A
the set of all admissible normalized strategies for i. The strategy, consisting in declaring the true
value of his parameter in the communication game, is a normalized strategy for each player.

Now to treat the incentive problem we shall distinguish two approaches, each one associated to a
different definition of the communication process. The first approach, treated in Section 3, considers
that, for every player ¢ € NN, the other players’ space of types A_; is a space of states of nature for
which player i satisfies, as a decision-maker, the ‘complete ignorance’ postulate (Luce and Raiffa,
1957, p. 294). Let, for m € M, G(m) = {{I"™(«a);a € A}, {Af;i € N}}. According to the first
approach, all the games belonging to G(m) have to be considered simultaneously by all agents,
i.e. by the players and by the central agency, for every matter related to the mechanism m € M.
Consequently, we say of G(m) that it is the standard form of the communication game associated to
the mechanism m € M under the complete ignorance postulate.

The second approach, treated in Section 4, considers that every player ¢, whatever his type
a; € A;, has some ’beliefs’ concerning the other types. We shall assume’ that the beliefs of player i
are represented by a real-valued function p; defined over B_; x A;, where B_; is the Borel o-algebra
on A_;, and such that for every o; € A;, p;(- | «;) is a probability on (A_;, B_;) with fulll support.
All functions p; are of common knowledge. However, player ¢ beliefs are fully known only when his
type a; € Aj; is also known.

In this model, we may associate to a mechanism m € M not only the family G(m) of games,but
also the family {p;;i € N} of beliefs. We get the standard form of the communication game
associated to the mechanism m € M under the (Bayesian) probabilistic postulate® which may be
denoted:

I(m) = {{I"™(a),a € A}, {Aj;i € N}, {pi;i € N}}.

The basic difference with the complete ignorance framework is that players have now beliefs
about which one is the true game in G(m). Notice that the central agency, which is not a player, does
not have any beliefs.

5. In Section 4, we shall see that some additional assumptions should be put on these functions p; like requiring that
pi(+ | i) be discrete or, more generally, that p; be a transition probability between the spaces (A;, B;) and (A—_;, B_;)
(see Neveu, 1970, p. 69), where B; is the Borel o-algebra on A;.

6. As introduced by (Harsanyi, 1967-68, Part 1, p. 72). Notice that I'(m) is not a normal form game.



3. Incentives under the complete ignorance postulate

Let us consider first the case where the incomplete information game which formalizes the communi-
cation process associated to a mechanism m € M is defined under the (nonprobabilistic) complete
ignorance postulate.

The study of the solution of the incentive problem will result from the analysis of the behavior of
the players in the game G(m).

3.1 Incentive and strongly incentive compatible mechanisms

Take any mechanism m € M and consider the communication game G(m ) associated to m under
the complete ignorance postulate. For notational convenience we let: Va € R™, Vi € N, Va; € R¥,
(@iya—;) = (a1, ..., Qi—1,Tjy Qg1 - - - 5 An),
AT = X Aja¥(a) = (ai(ar), at(a2), . .., ap(an)),
1EN
A*, = X Aj, el (a—y) = (af(a1),...,a;_y(im1),aiq, (ig1), - an(an)).
jEN
i
We say that an n-tuple of normalized strategies a* € A* is a Nash Equilibrium (locally) for some
a € Aiff a*(«) is a Nash Equilibrium for the game I'"*(«), i.e.

Vie N,Va; € Aj, W™ (a;,a” ;(a—;); ;) < W™ (a*(a); o).

An n-tuple a* € A* is a uniform equilibrium iff it is a Nash equilibrium for every possible o € A. It
is clear now that the notion of normalized strategy is needed here so that each player can characterize
the behavior of the others. We denote by F/(m) the subset of A* of all uniform equilibria for the
game G(m).

With these notions we are able to define a first solution concept to the incentive problem (due
primarily to Hurwicz, 1972). Define the particular normalized strategy a; for player ¢ by

Ya, € Al,&f(al) = ;.

This is the normalized strategy, for player ¢, consisting in always revealing his true type. We say
that the mechanism m is (locally) incentive compatible for some o € A iff a* is a Nash equilibrium
for that a. Of course one is generally interested to show that this local property holds for a large
subset of A. For this reason, we say that a mechanism m is incentive compatible iff it is incentive
compatible for every o € A, i.e. &* € E(m).

Some authors’ have introduced a stronger concept of incentive compatibility. To introduce this
other concept we recall that a dominant strategy for any player ¢ for a game I'"*(«) is a strategy
a; € A;such that: Va_; € A_;,Va; € A;, W™ (ai, a—i; ;) < W™(@;,a—i; ;). We say that an
n-tuple a* € A*, is a dominant uniform equilibrium iff, for every o € A, every a}(«;) is a dominant
strategy for player i. We denote by Ep(m) the subset of A* of all dominant uniform equilibria
for the game G(m). Then we may say that a mechanism m is strongly incentive compatible iff
a* € Ep (m)

It is clear that this concept of incentive compatibility is stronger than the previous one, since, for
every mechanism m, Ep(m) C E(m). However under the plausibility condition we have introduced
we get:

7. See, for instance, Groves (1973, 1975), Groves and Loeb (1975) and Green and Laffont (1976).



Theorem 1 Any mechanism m € M is strongly incentive compatible iff it is incentive compatible.

Proof We only prove sufficiency. If m € M is incentive compatible we may write:

Vie N\Va; € Aj,Va_; € A_j,Va; € A;, W™ (a;,a” ;(a—;); ;) < W™ (a" («); o).
This implies:

Vie NNVa € Aj,Va_; € A_j,Va; € Aj, W™ (a;,a—i(a—;); ;) < W™ (g, a—i; @),

i.e. m is strongly incentive compatible. |

3.2 A class of strongly incentive compatible mechanisms and the budget problem

We say of a mechanism m € M that it is a distribution mechanism iff the transfer scheme is such
that:
Vie N\Vae Ati(a)=> Us(d( — fi(a),

JEN

i
where f; is, for every ¢ € N, areal-valued function defined over A. In this case player i € IV receives
from (pays to) the central agency the difference between the amounts >, v ., Uj(d(a); a;) and
fi(a) both defined in terms of the declared types and of the corresponding decision rule. The n-tuple
(f1,---s fiy-- -, fn) is adistribution rule. In particular, a distribution rule is said to be discretionary
iff:

Vie NNVa_; € A_;,Va; € Ai,Va; € A, f(a,-, CL_Z') = fi(aé, a_i).

In that case, for every player, the distribution rule is constant with respect to the messages that
the player sends to the agency. Accordingly, we shall say of a mechanism that if a discretionary
mechanism whenever it is a distribution mechanism with discretionary distribution rule.

We are interested by mechanisms which are simultaneously outcome efficient and discretionary.
(They are sometimes called Groves-mechanisms.®) The reason for restricting to this class of mecha-
nisms is that it turns out to coincide with the class of strongly incentive mechanisms. More precisely,
we have the characterization resulting from the next two theorems:’

Theorem 2 (a) If Hy holds, then any mechanism which is outcome efficient and discretionary is
strongly incentive compatible. (b) If Hy holds, any mechanism which is strongly incentive compatible
and outcome efficient is discretionary.

Note that, by Theorem 1, Theorem 2 characterizes also incentive compatible mechanisms.
The above result is clearly due to the structure of the transfers in a discretionary mechanism.
However these transfers are made through the budget of the central agency. Hence, an important

8. This terminology which is used by Green and Laffont (1976, 1977) is based on Groves (1973) and Groves and Loeb
(1975) papers. Groves mechanisms are in fact analogous to Vickrey (1961) and Clarke (1971) mechanisms and
identical to Smets (1973) compensation principle.

9. Theorem 2(a) is proved by Groves and Loeb (1975) and Theorem 2(b) is proved by Green and Laffont (1977). Both of
them are presented in Groves (1975) and Green and Laffont (1976).



consideration is to know whether the structure of the transfers makes it possible for the agency to
balance its budget. More generally we shall say that a mechanism m = (d, t) is budget balancing iff:

Z ti(-) = 0.

1EN
The question is therefore to know whether an outcome efficient discretionary mechanism can be
budget balancing. However, as noted in Groves and Loeb (1975) the answer is often negative'’
except when the utility functions are of a particular quadratic type.

In Groves and Ledyard (1977) model of a general equilibrium economy with public goods, where
the utility functions are not supposed to be separable but in which the agents are only required
to communicate marginal willingness to pay functions, the budget problem is similarly treated by
quadratic approximation.

In a partial equilibrium approach with only two alternative outcomes, Green and Laffont (1976)
assume that the willingness to pay individual values are randomly sampled from a continuous
distribution of a given law.!! With such an assumption, they show that the budget differences, in the
strongly incentive compatible mechanism they use, may become negligible in expected value when
the sample size is increased.

In Section 4, we shall treat the budget problem in an alternative way by using the Bayesian
approach.

3.3 Almost strictly incentive compatible mechanisms

It is clear from the definitions that even for incentive compatible mechanisms there may be other
uniform equilibria, for the corresponding game G(m), than the truth normalized strategy n-tuple
a*. The simplest way to solve this problem would be to restrict oneself to mechanisms for which
a* is the only uniform equilibrium for the game G(m). Without being so restrictive, we define a
mechanism to be almost strictly incentive compatible iff: (i) a* € E(m), (i) Va* € E(m),Va € A,
d(a*(«)) = d(a*(«)). This means that for any other uniform equilibrium in the game the outcome
remains unchanged. Now, we have the following theorem.

Theorem 3 If Hy holds, then any mechanism which is outcome efficient and discretionary is almost
strictly incentive compatible.

Proof Suppose m = (d,t) is outcome efficient and discretionary. Then we have the following three
facts:
Va* € E(m),Ya e AVie N,W™ (@ (a); ;) = W™ (as,a";), a;). (1)

Indeed, since a* € Ep(m) by Theorem 1, we have
Va* € A*Vae A Vie N,W (i, a”;(a_;); ;) > W (a"(a); i),
and, by definition,
Va* € E(m),Ya e AVie N,W™(@" (a);a;) > W™ (i, a*;(a—;); ).

Va* € E(m),Ya € A Vi€ N,d(a;,a* ;(a_;)) = d@*(a)). @

10. Proposition 4, p.27, in d’ Aspremont and Gérard-Varet (1975) and Theorem 9, p.39, in Green and Laffont (1976)
demonstrate for different particular cases, the impossibility of having a budget balancing outcome efficient discretionary
mechanism.

11. See also Green et al. (1976).



Indeed, since m is defined by a discretionary distribution rule, (1) is equivalent to:

Va* € E(m),Ya € A,Vi€ N,U(d@ (a)); os) + Y _ Uj(d( @(a;))
J#i
=Ui(d(c, @ );ai) + Y Us(d(ai, @i (a)); @ ().
J#i

Hence, since by H, the function U;(z; o) + >_,; Uj(2; @} (o)) has a unique maximum, we get
(2).

Va* € E(m),Ya € A,d@*(a)) = d(a). 3)
Indeed, by Hy and (2), Va* € E(m),Va € A,V i € N, the first derivative DU;(d(a*(a)); ;) =

= 2 j# DU (d(@* () @j(e;)) = DU(d(a"(a)); a7 (ai))
Hence: Va* € E(m),Va € A,

Y DU(d(@*(a));ai) = Y DU;(d(a(o));af (i) = 0.

1EN 1EN

Therefore, by Hy again, (3) follows. |

4. Incentives under the Bayesian postulate

We want now to turn to the case where for any mechanism m € M the behavior of the individual
agents satisfies the Bayesian postulate. Accordingly the relevant standard form of the communication
game is I'(m) which includes the players’ beliefs. The concept of incentive compatibility may also
be reformulated since each player is now supposed to maximize a mathematical expectation of his
payoffs in terms of his subjective probability.

4.1 Bayesian and strongly Bayesian incentive compatible mechanisms

In a game I'(m), the message of every player i is going to be determined by his expected-payoff
conditional to «; and relative to the choice of normalized strategy by every other player. Hence we
shall write Vi € N,Vo; € A;,Va*, € A*,,Va; € A,

—1°

*

Thag) = ; W (ai,a’ ;(a—i); oi)pi(da—; | o)

:/ [Uid(a;, aZ;(a—;)); i) + ti(ai, aZi(a—;))] - pi(da—; | ;).

—1

W;n(ai, a

In order for such an expression to be well defined we shall add a measurability restriction (R):
every message space must be bounded and measurable and all the normalized strategies, the decision
rules and the transfer schemes are restricted to be measurable functions.

Under the measurability assumption, we may define a weaker notion of equilibrium for the
communication game.

We shall say that a Bayesian equilibrium for I'(m) is an n-tuple of normalized strategies a* € A*
such that

Vie NNVa; € A;,Va; € Al,W (@i, @~ ;;04) < W;n(a*(ai),a* Q).

(2



We denote by B(m) the subset in A* of all Bayesian equilibria for I'(m)

Notice that, as in the complete ignorance case (see 3.1), the equilibrium notion is defined with
respect to every possible individual type. Consider the n-tuple of normalized strategies ¢* € A* (the
‘truth’ strategies) such that: Vi € N,V oy € A4;, a7 (o) = a.

We now say of a (measurable) mechanism m that it is Bayesian incentive compatible iff a* €
B(m). Clearly this is defined by the condition: Vi € N,V«; € A;,Va; € A;,

W;n(aza i & )< W (Oé“ 71’012)

In other words, for every player i € N and every possible type «; € A;, sending as a message
this information to the center dominates every other possible message a; € A;, whenever the other
players have presumably the same behavior.

Like in the complete ignorance case a stronger incentive compatible notion is obtained if such a
dominance property has to hold for every player whatever the behavior of the n — 1 other players. A
strategy a; € A} is dominating for player i € N iff:

Va; € A;,Va; € Ai,Va*,i S A*,i,

Wi (as, a”500) < Wi (a7 (ai), a”y; i)
An n-tuple of strategies a* € A* dominating for every player is called a strong Bayesian equilibrium
for I'(m). Let Bs(m) be the set of all strong Bayesian equilibria with respect to m € M. We

may now say of a (measurable) mechanism m that it is strongly Bayesian incentive compatible iff
a* € Bg(m), or:

V’iEN,VO&iEAZ',Va,‘EAi,Va c A*

—Z7Wi (ai7a—z7al) < W (0617 _,“Oé').

Now it is clear that if a (measurable) mechanism m is strongly incentive compatible then it is
Bayesian incentive compatible. In addition, we have:

Theorem 4 Under Assumption R, a mechanism m is strongly Bayesian incentive compatible if and
only if it is strongly incentive compatible.

Proof (1) Assume m is strongly Bayesian incentive compatible but not strongly incentive compatible,
ie.Vie NVoy € A;,Va] € A7, Va*, € A,
Wi (a7 (i), a” i (a—i); aq)pi(da—; | ;)
Ay

< W (o, a” ;(o—); ci)pi(da—; | ),
A,

but,di € N,3da; € A;,Ja_; € A_;,da; € A; such that:
Wzm(alaafzaal) > W (alva 1,041)
Now define: Vk € N,V ay, € Ay, @} () = ay. Clearly a;, € Aj. Then

Wi (@, a—; ;) = Wi (@; (a;), a” ;(a—;); @;)pi(do—; | @;)
Ay

< W (az,a (Oé_i);ai)p@la_i | ai) = Wim(a,;,a_iai),



which is a contradiction.
(2) Assume m is strongly incentive compatible; then Vi € N; Vo, € A;, Va! € Af, Va*, €

A*
h Wi (a; (cu), a”;(—i); o) < W™ (e, a” () 04),Va_; € A,
Hence
[ W ) (0 s 0p(dor | )
< A ’Wim(aiaaii(a—i%ai)pz‘(da—i | i),
and m is strongly Bayesian incentive compatible. |

As a corollary, we may get a theorem analogous to Theorem 3 since we know, by Theorem 2(b),
that every strongly incentive compatible mechanism, which is outcome efficient, is discretionary.

Corollary 1 If Ho and R hold, then any mechanism m which is outcome efficient and strongly
Bayesian incentive compatible is almost strictly incentive compatible.

4.2 Bayesian incentive compatible mechanisms and a solution to the budget problem

For any distribution mechanism satisfying R, we say that the associated distribution rule f is
subjectively discretionary iff:

Vi e N Vao; € Ai,Vai S Ai,Va’» S Ai,
/ fz A, OL_j pz(da—z ‘ az / fl pz(da—z ’ 047,)

A subjectively discretionary mechanism is a distribution mechanism for which the associated distribu-
tion rule is subjectively discretionary. In contrast with discretionary distribution rules, the restriction
introduced here on f imposes only that, for every « € N, the expected value of f; must be constant
with respect to ¢’s messages.

The interest we have for the class of subjective discretionary mechanisms comes not only from
the fact that it includes the class of discretionary mechanisms, but also because it is included in the
class of Bayesian incentive compatible mechanisms as shown by the next result paralleling Theorem
2a.

Theorem 5 Under Assumptions Hy and R, any mechanism m € M which is outcome efficient and
subjectively discretionary is Bayesian incentive compatible.

Proof By Assumption R the individual payoffs are well-defined. We want to show that for the
mechanism m:

Vie NVoj € Ai,Va; € A, W, (i, 6" 5 05) < W, (o, 6% 55 ). (@)

Since m is outcome efficient: Vo € A, Vi € N,Va; € A;,

Ui(d(a); ) + Y Uj(d(a); ) > Ugld(ag, a—i);aq) + Y Uj(d(ai, o—i); ),
]_E#N J.E;Z\.f
JF VE)

10



which implies:

/ U;(d(a); a;)pi(da—; | «;) / ZU ); aj)pi(do—; | o)
-t Ai ji

&)
Z/ U(d(au —z) az)pz(da—z ’ az / ZU au —z) a])pz(da—z ’ az)
-t A ki
Since m is subjectively discretionary:
Vie NVa; € A;,Va; € A;,
(0)
[ fenasgntdailan = [ flaanldas |a).
A,i A*i
Clearly, in light of (6), (5) is equivalent to (4). |

We now want to study the balanced budget problem. The first result we have concerning
this problem uses a strong assumption on the various beliefs of the individual players, called the
independence condition.'* Tt requires that for every player i:

Va; € Az‘,VOég € A, pi(- | as) = pi(- | 042) dgf .

This condition is, in terms of information, very restrictive since it implies in fact that the true beliefs
of any agent is of common knowledge.

Theorem 6 Let H and R hold. If the independence condition is satisfied, then the mechanism
= (d,t), where d is any outcome efficient decision rule and t is such that, Vi € N,V a € A,

ti( /A_. [ZU ]m(dai)

J#i
n_1;/14 [;Uk :|7Tj(daj)

is both budget balancing and Bayesian incentive compatible.

Proof By construction ) . t;(-) = 0, hence m is budget balancing. Also we may rewrite 1 as
the following distribution mechanism:

Vi€ NVaeA, fila)=> Usd( — gi(a:) + g-i(a—),
J#i
where
s, [Soutom o
A-i bz

12. It has been shown in d’Aspremont and Gérard-Varet (1975) that a converse theorem to Theorem 5 holds if the
independence condition holds.
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and

g-ila—i) = ~ i . > gilay).
i

Then we have: Vo € A,Vie N,Va; € A;

fi(ai,oé—i)m(da—z‘):/ g—i(a—_i)mi(da_;),

A*i A*'L‘

which is a constant. Hence m is subjectively discretionary and so Bayesian incentive compatible by
Theorem 5. u

Since the independence condition is a very restrictive sufficient condition it seems important to
establish whether or not it is also necessary for the result of Theorem 6 to hold. In this paper we
answer this question only in the finite case. Indeed, in that case, we may show that the result of
Theorem 6 holds for a much larger class than the class of independent beliefs.

Let, for every i € N, the set A; be finite and for every o; € A;, p;(- | «;) be a discrete probability

of full support over A_;. For the following let also: Vi € N, C; def {(ai, ;) € Ai X Aj i # ai}y
and A def {A=A1, Ay, )i ViEN, N € R%} The compatibility condition we use in
the next theorem can be written as:

Vi eRAif k = ( then there isno A € A such that,Vi € N,Va € A,

pila—; | a;) Z i, a;) = k(a) + Z i(ag, aq)pi(a—; | a;).

a; €A, a; €A
a;Fo; a;Fo;

That this new condition is implied by the independence condition is immediate. In addition, the
following example ensures easily that the converse does not hold. For n = 2, let p; and p» satisfy:
Vai € A1,Jas € Ay such that

() Va1 € A, a1 # a1,pi(az | a1) > pi(az | a1) and
(i) Vaz € Ag, a2 # ag,p2(aq | a2) < p2(aq | az).
Indeed for any x € R4 such that k(@) # 0, for some @ € A, and for any A € A such that:
pr@ @) Y M@sa) = Y M@, a)pi (@ | ar) = k(@) # 0,
ﬂliél a1ié1

we must have

Z Al(al,al) > 0.

aj €AY
a; #o;

Hence for g such that (@, o) satisfies (i) and (ii) we get:

p1(ag | @) Z Ar(ag,ar) — Z A (@, ar)pi(ae | ar) <0,

aleél aléél
a; 7o a; #a;

12



and
pa(@i | a2) Y Ao(az,az) = Y Aa(az,az)pa(an | az) > 0.

ag€Ag ag€Ag
ag#ag agF#ag

We can now state our last theorem:

Theorem 7 Let H hold and, for every i € N, let A; be finite and p; be discrete. If the compatibility
condition is satisfied, then there exists an outcome efficient mechanism which is both budget balancing
and Bayesian incentive compatible.

Proof Let d be any outcome efficient decision rule. For every ¢ € N, we write:

Vae AVie N,\Vai € A uia;ai) & Ui(d(a); i)

and

_ def
Vai € AV € Aii(ai, ) = Z [wi(ai, g5 o) — wi(ovi, s )] - pia—i | ag).

a_;EA_;

Consider the following system of linear inequalities where z € R4 is taken as variable:

. 1
Vi€ N,V (ai, ;) € Cj, Z [zz‘(%”a—z’) ] sz(aiya—i)
a_;€EA_; JF#i
(7
1 _
—zi(ai, a—;) + | ; zj(a, ai)] pila—i | o) > 1 (aq, o).
j#i

Clearly if the system (7) has a solution z € R"4 then the mechanism m = (d,t), where,

. def 1
Vae AVie N, ti(a) < zi(a) — — sz(a),
J#i
is both budget balancing and Bayesian incentive compatible. Thus we have to show that the system
(7) is consistent. The proof is divided into three steps.

Step 1 V) e A, if

Vo€ AVie Npilai|a) Y Xi(ai o) = Y Ni(a, a)pi(ai | ai), ®)
a;CA; a; €EA;
a; Fa; a;Fa;

then

Z Z )\i(ai, ai)ﬂi(ai, Oéz') <0. 9

iEN (ai,ai)eci

Proof of Step 1 Since d is outcome efficient, we have, Vi € N,Vq; € A;,Va; € A;,

ui(a;, 0q) < Z [Zu]'(%,a—i;aj) — Zug'(ai,a—i;oéj)] X pi(a_; | a;).

a€A_; LA i

13



This implies that for any A € A we get:

Z Z i@, oq)ui(ai, ;)

iEN (ai,ai)ECi

ST YT D uylas, o a)pioi | o) [Z i al,az]

iEN a;€Aa_;€A_; j#i a;€A;

ai¢ai

I Z’U,j(di;a_i;aj)[ > Ailas, ci)pioi | Oéz‘)}

1EN a; €A; o, €A_; j#i Q€A
a;Fag
=>" > > Zuj(az‘,a—uaj)[pi(a—i | os) D Nilai,as) = > Ailow, ai)pi(a; | ai)|.
1EN o €A; v €EA_; jHi a; €A a;€A;
a;Fog a; #a;

Assuming (8) we get (9).
Step2 V) € A, if

VzeR™, Z Z Aiai, ;) Z [zi(ai,a_i)—nilz,zj(ai,a_i)

1EN (ai,0)€C; a_j€A_; J#i

- Zi(aiaa sz a;, & :|p1(04 i | al) =0, (10)
J#Z
then

JrkeRAVacAVic N,pi(a—; | o) Z i@, a;)

a;€A;
a; F#a;

- Z i, ai)pi(a—; | a;) = k(a). (11)
a; EA;
a; F#a;

Proof of Step 2 Take z € R"4 such that for some k € N and oy € A we have z;(a) > 0 and
Vi#kVa#d, zj(ozo) = 0. Then, by (10), we get:

2k (o ){pk(a plof) Y Melaw, of) — 72]% (@% [ad) Y Nilai o

ap €Ay i#k a; €A
u.kgéag ai#ao
= > Mlad, en)pr(e®y | on) § > Xi(ad, ai)pi(e?, | Oéi)] =0
ap €A z;ék a;€A;
ak;éag l;ﬁa

or, equivalently,

pr(a? k| 0% Z Ak( akvak Z Ak( akvak’)pk(a k| o)

ap €Ay ap €Ay
ak#ao ak;ﬁao
[E pi(a?; | a?) E Ai(ai, of E E Ai(@?, ai)pi(a®; | i) |-
a; €EA; i a;€A;
ai;ta[i) oz,ﬁéag
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Since the same argument holds for every £ € N and every ap € A, we may conclude that (10)
implies (11).

Step 3 By the compatibility condition, for any A € A, (11) implies (8).

Proof of Step 3 First we note that if A € A satisfies (11),thenVi € N,Va € A,

> Al i) = > Al ai)

a; €A a; €A
agFag at#a;
= > |:pi(01i L) D Ailason) = D Niai, ai)pio—i | ai)}
a_;€A_; a; €A; €A,
a;Foy a;Fog
= Z K(a*iaai)
a_;EA_;
= > [Pj(aj loy) Y Njlaj,ag) = Y Aoy, ay)pi(a; | aj)}
a_;€EA_; a;€A; ajeA;
aj#cxj aj#aj
=0.

Now suppose that A € A such that (11) holds but not (8). Then 3x € R4

Va e A Vie N,pi(oz_i ’ Oéi) Z )\i(ai,ai) — Z )\i(ai,ai)pi(a_i | ai) = K(a),
a; €EA; a; €A;
a; #a; aFa;

but x # 0. But this contradicts the compatibility condition.

In summary, we thus get that, for any A € A, (10) implies (11) (by Step 2), (11) implies (8) (by
Step 3) and (8) implies (9) (by Step 1). Hence, V A € A, (10) implies (9). But this is a well-known
sufficient condition for system (7) to be consistent (see for example Fan, 1956, theorem 1). |

The compatibility condition and the argument of Theorem 7 can be stated for the general class of
beliefs we have been considering previously. However to get a theorem analogous to Theorem 7 we
need to introduce an assumption like Hs (instead of H;) and to use some representation theorem of
functionals in terms of conjugate spaces. We propose to discuss this matter elsewhere.

5. Conclusion

The main contribution of this paper is to show that by using the Bayesian approach to incomplete
information, one may find mechanisms to solve efficiently a collective decision problem, which
ensure simultaneously incentive compatibility and budget equilibrium. This positive result however
relies on a compatibility condition which is imposed on the beliefs of the agents. Whether this
condition is not only sufficient but also necessary remains an open question the answer to which
would give a corresponding impossibility result.

The compatibility condition includes, as a particular case, the requirement of independence of
the players’ beliefs with respect to their own type. This independence condition implies that all
players’ beliefs are fully known. However, one can also consider it as associated to a statistical
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experiment, as (Green et al., 1976, p. 384) who assume that each of the individuals in the society
believes that all of the others are drawn independently from a normal population with zero mean.’!?
More generally, on the basis of some preliminary empirical evidence, all agents may agree on some
class of individual beliefs satisfying some compatibility condition and ask the central agency to reject
any announcement outside this restricted class.
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