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- Regularized Empirical Risk Minimization N
Problem Setting:

Unknown distribution : rv Z € Z with distribution p

Parameter 60 € 1, H a Hilbert space

Problem: Minimize an expected loss:

min L(9) := B [€(0)),

?.(0) loss function (1)

Well-specified assumption 6* € argming.,, L() exists
Statistical performance: L(6) — L(6%)

Data: access to p through n i.i.d observations (2;)i<i<, € Z" from Z
Regularized ERM:

. | ~ A
O = argmingey, L(6) + 5160] Z@Z
Basic result : slow rates
R I 2 6)* 2 1
L6 — D < IVEB A1 1
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- Bias-variance trade-off for least-squares ~
Loss: (,,(0) =y —0-x|* L(0) =E| ’
Covariance operator: > = E [ X @ X|
VO € H, L(0) — L(6") = [0 — 09[> = [|0 — "[|5:
Two main terms :

Effective dimension: dfy = Tr(Z;'Y), dia=2+ Al
Bias term: by = \| X '0%]]
Bias-Variance trade-off :

~ df
L(0)) — L(6*) < bl + —.

\_ " /
- Parametrization and optimal rates ~

Effective dimension < spectrum of covariance matrix
(A;); eigenvalues of 32 in decreasing order.

assumption: dfy, < QA7 VY & N =0 (i)

Bias term < difficulty of the learning problem
assumption : by < LAY* & [|Z7707|| < oo

Optimal fast rates for \ = (Q/L)*

—oz/ (1+2r)a+1)

L) - L") < QL2 oy = (14 2r)a/(1+ (1 + 2r)a) )
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Generalized bias-variance trade-off

= V2L(0*) = E [V 4(0%)]

Main terms :

L0040 }

by = A[HH(07)6*[] = [VLAO") 5161
N, — \/X/R

Bias-Variance trade-off :

~ df
L(0y) — L(6) < b’ A n& by, /dfr /n <1y

¢ Hessian at optimum: H(6%)

e Effective dimension: df, = {

e Bias term:

e Dikin radius:

Generalized optimal rates
Effective dimension <+ renormalized Fischer information
assumption: df, < Q2\~1/«
For GLMs in the well specified case, df, = Tr(H, ' (6*)H(6*)).
Bias term < difficulty of the learning problem
assumption : by < LAY> « ||H(0*)70%]| < o0
Optimal fast rates for \ = (Q/L)? n—«/((1+2r)atl)

L(6)) — L(#%) < QL2

- Sketch of proof

Define 0} = argmingey, L(6) + 3/6]|>

Idea: Decompose the statistical performance 0* — 67 — 0,.
Bias term: 0" <> 07 Using localisation on L:

R |0y — 07| < log?2
|(9§ — H*HHA < 2b,

b)\gl’)\ — {

Equivalence of norms: H), ~ H, Concentration inequality.
Variance term: QA & 0% Localization + Concentration inequality :
1. Localization on LA + Equivalence of norms

7 R |65 — 6] < log2
VLA <1n — =82
103 — Oallm, < 2[[VLAO}) ||

2. Concentration inequality
IVLAO) | < V/dfs/n

Putting things together

R [|0* — )] < 2log?2
\/de/n,bASrA — ! . | < 2log
|6 — Oxllm, < \/dfy/n + by

Quadratic approximation: L(f,) — L(6*) < 4(\/dfy/n + by)?

- Generalized Self-Concordance ~
5
— f(t) =log(1l + e )
e () = Iog((et+e‘t)/2)
4 — () =V1+4+t2 -1
— () = t?
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C
Definition (GSC function)

VEOF(@)[h, kK] < R|[h]| VEF(0)[k, k]
Assumption: the (£.).cqpp(,) are all GSC functions for R.
Consequence: L, Ly = L+3| - ||, L, are GSC for R.
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Examples from Supervised Learning

Distribution: 7 = (X, Y), where we want to predict Y from X.
Predictor: 0 -®(z) (6 - $(x,y) for multiclass)

Assumption: Y is bounded, ®(X) is bounded

Regression:  /.(0) =y(y — 0 - P(x))

e Square loss: W(t) = 5t

t)=vV1+t2—1

t) = log < t+€

e Huber loss 1. Y

e Huber loss 2: Y

Classification:

o Logistic loss: £.(0) = log(1 + e ¢-*@))

\0 GLMs: (.(0) = =0 - ®(x,y) +log [y exp (0 - D(z,y)) d,u(y’)/
- Properties of GSC functions ~

Assume F'is GSC, with minimizer 6*. Let 6 € H,t =R || — 67||.
Quadratic approximation

F(0) = F(0") < €' [10 — 0[50
Localization using gradients Define I\ = F' + %H I~

t < log?2
V F\ (6 2 A< r, — N n
\H )\( )HV Ao = {‘9 — 0 ||V2F)\(9) < ZHVF)\(Q)HVQFA(@)_l




