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Scattering moments provide non-parametric models of random
processes with stationary increments. They are expected values of
random variables computed with a non-expansive operator, obtained
by iteratively applying wavelet transforms and modulus non-linearities,
which preserves the variance. First and second order scattering mo-
ments are shown to characterize intermittency and self-similarity
properties of multiscale processes. Scattering moments of Poisson
processes, fractional Brownian motions, Lévy processes and multi-
fractal random walks are shown to have characteristic decay. The
Generalized Method of Simulated Moments is applied to scattering
moments to estimate data generating models. Numerical applications
are shown on financial time-series and on energy dissipation of tur-
bulent flows.

1. Introduction. Defining non-parametric models of non-Gaussian sta-
tionary processes remains a core issue of probability and statistics. Com-
puting polynomial moments is a tempting strategy which suffers from the
large variance of high order moment estimators. Image and audio textures
are examples of complex processes with stationary increments, which can be
discriminated from a single realization by the human brain. Yet, the amount
of samples is often not sufficient to reliably estimate polynomial moments of
degree more than 2. These non-Gaussian processes often have a long range
dependency, and some form of intermittency generated by randomly dis-
tributed burst of transient structures at multiple scales. Intermittency, is an
ill-defined mathematical notion, which is used in physics to describe irregu-
lar burst of large amplitude variations, appearing for exemple in turbulent
flows [? ]. Multiscale intermittency appear in other domains such as network
traffics, financial time series, geophysical and medical data.

Intermittency is created by heavy tail processes, such as Levy processes. It
produces large if not infinite polynomial moments of degree larger than two,
and empirical estimations of second order moments have a large variance.
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These statistical instabilities can be reduced by calculating expected values
of non-expansive operators in mean-square norm, which reduce the vari-
ance empirical estimations. Scattering moments are computed with such a
non-expansive operator. They are calculated by iteratively applying wavelet
transforms and modulus non-linearities [22]. This paper shows that they
characterize self-similarity and intermittency properties of processes with
stationary increments. These properties are studied by computing the scat-
tering moments of Poisson processes, fractional Brownian motions, Levy
processes and multifractal cascades, which all have very different behav-
iors. Scattering moments provide non parametric descriptors which reveal
complex statistical properties of time series. The generalized method of sim-
ulated moments [14, 26] applied to scattering moments gives a parame-
ter estimator for data generating models. Besides parameter estimation, a
key challenge is to validate data generating models from limited data sets.
Keeping sufficiently high order scattering coefficients provides a number of
scattering moments which is larger than the dimensionality of the model pa-
rameter. Confidence levels for model validation can thus be computed with
a x? J-test [14].

Section 2 reviews the scaling properties of wavelet polynomial moments
for fractal and multifractal processes. Scattering moments are defined and
related to multiscale intermittency properties. Poisson processes illustrate
these first results. Section 3 proves that self-similar processes with stationary
increments have normalized scattering moments which are stationary across
scales. Gaussian processes are discriminated from non-Gaussian processes
from second order scattering moments. Results on fractional Brownian mo-
tion and stable Levy processes illustrate the analysis of multiscale intermit-
tency properties. Section 4 extends these results to self-similar multifractal
cascades [23, 24, 5].

Section 5 applies scattering moments to model parameter estimations. It
introduces a scattering moment estimator whose variance is bounded. Pa-
rameters of data generating models are estimated from scattering moments
with the generalized method of simulated moments [14, 26]. Scattering mo-
ments of financial time-series and turbulence energy dissipation are com-
puted from numerical data. Models based on fractional Brownian, Levy sta-
ble and multifractal cascade processes are evaluated with a J-test. Computa-
tions can be reproduced with a software available at www.di.ens.fr/data/software/scatnet.

Notations: We denote { X (t) }+ g {Y (t)}+ the equality of all finite-dimensional
distributions. The dyadic scaling of X (¢) is written L; X (t) = X (277¢). If
X (t) is stationary then E(X (t)) does not depend on t and is written E(X),
and 0%(X) = E(|X|?) — E(X)?. We denote B(j) ~ F(j),j — oo (resp
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j — —oo) if there exists C1,Cy > 0 and J € Z such that C; < %g) <
for all j > J (resp for all j < J).

~

2. Scattering Transform of Intermittent Processes.

2.1. Polynomial Wavelet Moments. Polynomial moments of wavelet co-
efficients reveal important multiscaling properties of fractals and multifrac-
tals [3, 32, 16, 15, 1, 29, 28, 39, 40]. We consider real valued random processes
X (t) having stationary increments X (t) — X (¢ — 1) for any 7 € R. A wavelet
¥ (t) is a function of zero average [ (t)dt = 0 with |1 (¢)| = O((1+ [¢|*)~1),
which is dilated:

Vi€Z , ¢it)=27(277t).

The wavelet transform of X (t) at a scale 2/ is defined for all t € R by
1) Xxtyt) = [ X(aylt = w)du

A wavelet 1(t) is said to have ¢ vanishing moments if [t*4(t) = 0 for
0 < k < q.Since [¢(t)dt = 0, if X has stationary increments then one
can verify that X x¢;(t) is a stationary process [32]. The dyadic wavelet
transform of X () is:

(2) WX = {X*wj}jeZ .

A wavelet 1) satisfies the Littlewood-Paley condition if its Fourier trans-
form W satisfies for all w # 0:

(3) S+ Y [U(—2w))P=2.

j=—o00 j=—00

If X(t) is a real valued stationary process with E(|X(¢)|?) < oo then the
wavelet transform energy equals the process variance o%(X):

(4) E(|WX|P) =Y E(X x¢*) = o?(X) .
JEZ

This is proved by expressing E(|X % 1;]?) from the power spectrum of X
and inserting (3).

For random processes X (t), the decay of monomial wavelet moments
across scales can be related to the distributions of singularities [3, 32, 16,
39, 40]. Moments of degree ¢ define a scaling exponents ((g) such that

E(|X *1(1)]9) ~ 2750

imsart-aos ver. 2013/03/06 file: multifractals_aos.tex date: September 26, 2014
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Monofractals such as fractional Brownian motions have linear scaling expo-
nents: ((q) = ¢((1). These Gaussian processes have realizations which are
uniformly regular. The curvature of ((q) is related to the presence of singu-
larities having different Holder exponents, in each realization of X [15, 29].
It has been interpreted as a measurement of intermittency [1]. However, as ¢
deviates from 1, estimations of moments become progressively more unsta-
ble which limits the application of this multifractal formalism to very large
data sets.

2.2. Scattering Moments. Scattering moments are expected values of a
non-expansive transformation of the process. They are computed with a
cascade of wavelet transforms and modulus non-linearities [22]. We review
their elementary properties.

Let 7 be a C!, complex wavelet, whose real and imaginary parts are or-
thogonal, and have the same L?(R) norm. In this paper we impose that v has
a compact support normalized to [—1/2,1/2], which simplifies the proofs.
However, most results remain valid without this compact support hypoth-
esis. We consider wavelets 1 which are nearly analytic, in the sense that
their Fourier transform W(w) is nearly zero for w < 0. The compact support
hypothesis prevents it from being strictly zero. All numerical computations
in the paper are performed with the compactly supported complex wavelets
of Selesnick [36], whose real and imaginary parts have 4 vanishing moments
and are nearly Hilbert transform pairs.

Let X (t) be a real valued process with stationary increments having finite
first order moments: E(|X (t) — X (t — 7)|) < oo for all 7 € R. The wavelet
transform X % 1;, (¢) is a complex stationary random process. First order
scattering moments are defined by

ViieZ , SX()=E(Xx¢;]) .

First order scattering moments do not capture the time variability of
wavelet coefficients X x1);, (t). This information is partly provided by second
order scattering moments computed from the wavelet transform of each

| X x 9y (1))
V(j1,42) € Z* . SX(j1,72) = E(||X x| % ¥j3,]) -

These moments measure the average multiscale time variations of | X%;, (¢)],
with a second family of wavelets v;,. If jo < ji then SX(j1,j2) has a fast
decay to zero as j; — jo increases. Its amplitudes depend on the wavelet
properties as opposed to the properties of X. Indeed, if |¢| is CP and has
p vanishing moments then | X x ;| is typically almost everywhere CP so
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SX(j1,72) = E(||X * ;| * 1j,]) = O(2PU2771)). We thus concentrate on
scattering moments for jo > ji.

The expected value of second order moments averages the time variability
of || X %1, | x4, (t)]. This lost information can be recovered by calculating
the wavelet transform of ||X % 1; | % 1,(t)| for each (ji,j2). Iterating this
process computes scattering moments at any order m > 1:

(5) V(e dm) €2, SX(j1, - Jm) = B(L X %4y, [ % | 1),])

IFE(X(t) — X(t—7)]) < oo for all 7 € R then E(|X % ;,|) < co and one
can verify by induction on m that SX (ji, ..., jm) < 0.

The vector of all scattering moments of X defines a non-parametric rep-
resentation

SX = {gx(jl,...,jm) L Y1, e i) € Z™ , ¥m € N*} :

Tts 12 norm is

(6) ISX||* = Z Yo I8X G dm)

(.7 g Jm ) EL™

Since the wavelet transform preserves the variance in (4) and the modulus
operators obviously also preserves the variance, each wavelet transform and
modulus iteration preserves the variance. If E(|X|?) < oo then by applying
(4), we verify [22] by induction on [ that scattering coefficients satisfy

-1
S Y SXGuedn)P = A=Y B Xk el ).

m=L1 (j1,....jm ) ELZ™ (51,01 EZ!
with 02(X) = E(|X|?) — |[E(X)|?. Tt results that
(7) ISX|* < o*(X) .

Numerical experiments indicate that for large classes of ergodic stationary
processes, >y iyez B(| [ X x| * ] * ¥j,|?) converges to zero as 2!
increases. It then implies that (7) is an equality. Similarly to the Fourier
power spectrum, the 12 norm of scattering moments is then equal to the
variance. However, this remains a conjecture [22].

The scattering norm (6) can be approximated with a summation restricted
to moments of order m = 1,2, because higher order scattering moments
usually have a much smaller energy [2, 7]. First and second order scattering
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6 BRUNA ET AL.

moments applied to image and audio textures as well as intrapartum electro-
cardiograms for fetal monitoring provide state of the art classification errors
[7, 2, 37, 10], but these results are strictly numerical. These algorithms
are implemented with deep convolutional neural network structures [21].
In the following, we concentrate on the mathematical properties of first
and second order scattering moments, which characterize self-similarity and
intermittency properties.

2.3. Normalized Scattering and Intermittency. Scattering moments are
normalized to increase their invariance. Invariance to multiplicative factors
is obtained with
_SX(1) _ B(X 516, )

SX(0)  E(X x|

Second order scattering moments are normalized by their first order moment:

SX(j1)

SX (@, g2) _ BIX &y [+ 15, )

§X(j17j2) = = X —
SX(j1) E(|X x;,])
This can be rewritten
o . e Xy
SX(j1,J2) = 5Xj, (j2) = B(| Xy, xvj,|) with X = E(|X7*@ZJI|) .
J1

If X has stationary increments then X j, is a normalized stationary process
providing the occurrence of “burst” of activity at the scale 2/'. Normalized
second order moments SX (j1,j2) thus measure the time variability of these
burst of activity over time scales 22 > 271, which gives multiscale measure-
ments of intermittency.

Intermittency aims at capturing the geometric distribution of burst of
high variability in each realization of X. It is not modified by the action
of derivative operators, which are translation invariant. We verify that this
invariance property holds for normalized second order moments. Let d* be
a fractional derivative defined by the multiplication by (iw)® in the Fourier
domain. Since

d*X %1y, (1) = 27% X xS (t)

where ¢ = d* and 5, (t) = 27I14h*(2771¢), it results that

(8) Sd*X (j1) = 27T E(|1X 5 |)

E(||X x ¢f [ *15,])

(9) gd&X(jlv]é) = E(‘X* a ‘)
J1
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INTERMITTENT PROCESS ANALYSIS WITH SCATTERING MOMENTS 7

If X (t) has no oscillating singularity [17] then its wavelet coefficients calcu-
lated with 1 and ¥® have the same asymptotic decay, so

(10) Sd®X (j1) ~ 278X (j1) and Sd*X(j1,j2) ~ SX (j1, jo) -

Modifications of regularity produced by derivative operators affect the decay
of first-order scattering moments but not the decay of normalized second
order moments. Fractional Brownian motions illustrate these properties in
Section 3.2.

Global intermittency parameters computed with wavelet moments can
be related to normalized second order scattering moments. Section 2.1 ex-
plained that multifractal analysis quantifies intermittency from scaling prop-
erties of wavelet moments. If E(|X x1;]7) =~ 2/%9 then intermittency is mea-
sured by the curvature of ((g). It can be quantified by ¢(2) — 2¢(1) which
satisfies )

E(X 9% _ oic-2)

E(|X x 1)])? '
The following proposition relates this ratio to normalized second order scat-
tering moments.

PROPOSITION 2.1. If X has stationary increments then for any j1 € Z

2 xR
" E(|X %, g >1+ > [8X (o)l -

B(Xxgu)2 = 2
Proof: Applying the mean-square energy conservation (4) to X x1); proves
that

“+oo

(12)  E(X x?) = [BOX < )P+ > B(IX ;] %)% .

Ja=—00
Applying again (4) to ||X % 1);| x ¢j,| proves that

+o0

E(|1X s x5 *) = BOIX %5 x93, )° + Y E(IX % 0h5] % ] %05 ).

Jz=—00

Inserting this equation in (12) proves (11). O

It results from (12) that if ;;OZO_OO SX (j1,72)% ~ 2918 then ¢(2)—2¢(1) >
£ > 0. However, these moment computations eliminate the dependence’s on
the scale parameter 272, which provides a finer multiscale characterization
of the intermittency regularity. This dependency upon 272 is studied in the

next sections and is used for model selection in Section 5.
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8 BRUNA ET AL.

2.4. Scattering Poisson Processes. The properties of scattering moments
are illustrated over a Poisson process, which is a simple Lévy process with
stationary increments. A homogeneous Poisson process {X(¢), ¢t > 0} has
increments X (¢ +A) — X (¢) which count the number of occurrence of events
in [t,t+ Al, and have a Poisson distribution of intensity A. Figure 1(a) shows
an example. The following proposition gives the decay of first and second
order scattering moments of Poisson processes.

THEOREM 2.2. If X is a Poisson process of intensity X\ and )(t) =
fgw(u) du then for all j1 < jo

(13) SX(j1) = 27 Al (1+0@MN) |
(14) lim 27V/28X (1) =CAY2 >0,
J1—00

where C' depends only upon the wavelet ¥, and

(15) SX (j1,j2) = NPT ol (1 + O(\271) + O()\2j2)>
141

The proof is in Appendix A. At scales 271 < 272 <« \~! the Poisson
process typically has 1 jump over the support of each wavelet, which implies
(13). When 27t >> A\~ Appendix A proves that X x;, (t) converges to the
wavelet transform of a Gaussian white noise of variance A\ 271, which implies
(14).

When 272 < A~! and jy — j; increases, (15) implies that

Tim SX(jij2) = [0l (1+0(22N)) .
Jj1——o00
This convergence to a constant indicates a high degree of intermittency,
because fine scale wavelets see individual Diracs occurring randomly. This
property is observed in Figure 1(d), which gives logy SX (j2 — j1,j2) as a
function of jo — j1. These curves overlap for different j;, and converge to
el )
If 272 >> A~ then SX(j1,72) ~ 2792/2 This decay is characteristic of
Gaussian stationary processes, which are uniformly regular and thus have no
intermittency. This is further studied in Section 3.2 for fractional Brownian

imsart-aos ver. 2013/03/06 file: multifractals_aos.tex date: September 26, 2014



INTERMITTENT PROCESS ANALYSIS WITH SCATTERING MOMENTS 9

40 10

30

20

10 0

0 2 4 6 8 10 12 ><1O14 —50 5 10 15 — 20
(a) (b)

0 . 05 -

_2 >~ P =
S |

—4 0

-6 -05r

_g|

0 5 10 15 - 2 3 4 5 6

(c) d)

FIG 1. (a): Realization of a Poisson process X (t) of intensity A = 10~%. (b): log, SX ()
and log, SdX (j) as a function of j. (c): logy, SX (j1,72) as a function of jo — j1 for several
values of ji. (d): The same curves as in (c), but restricted to jo» < —logy(A) — 1.

motions. Figure 1(c) verifies that §X(j2 —J1,j2) decays with a slope of —1/2
as a function of jo — j1.

When going from X to dX then the sum of jumps is replaced by a measure
which is a sum of Diracs. We verify from Appendix A that SdX(ji) =~
27715X (j1). This reflects the change of regularity. Figure 1(b) shows that
the difference between the slopes of log, SX (j1) and log, SdX (j1) is indeed
equal to 1. For normalized second order moments, SdXx (j1,j2) is nearly equal
to SX (j1,J2)- Indeed, dX and X have isolated singularities occurring with
same probability distribution, and hence have the same intermittency.

3. Self-Similar Processes. Second order scattering moments of self-
similar processes are proved to be stationary across scales. Fractional Brow-
nian motions and Lévy stable processes are studied in Sections 3.2 and 3.3.

3.1. Scattering Self-Similarity. Self-similar processes of Hurst exponent
H are stochastic processes X (t) which are invariant in distribution under a
scaling of space or time:

(17) Vs>0, {X(st)h L {s7X 1)} .

We consider self-similar processes having stationary increments. Fractional
Brownian motions and a-stable Lévy processes are examples of Gaussian
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10 BRUNA ET AL.

and non-Gaussian self-similar processes with stationary increments.
If X is self-similar, then applying (17) with a change of variable v’ = 277«
in (1) proves that

VieZ , {Xxui(t)} 22T {X xp(2790)}, .

The following proposition proves that normalized second order scattering
moments can be written as a univariate function.

ProprosiTIiON 3.1.  If X is a self-similar process with stationary incre-
ments then for all j1 € Z

(18) SX (ji) = 21,
and for all (j1,jo) € 72

(19)  SX(ji,j2) = SX(j2 — ju) with X(“ZM'

Proof: We write Ljz(t) = z(277t). Since 1;, = 2771 Lj1, a change of
variables yields Lj, | X % 9| = |L;; X *1;,| , and hence

d .
(20) | X x4y, | = Ljy [Lojy X o = 277 Ly | X w9

If Y(t) is stationary then E(L;Y (t)) = E(Y (t)), which proves (18).
By cascading (20) we get

.. d o7
(21) v(.71>.72) ) HX*wjl‘ *wjé‘ < onfl leHX*QM *¢j2—j1| )

s0 SX (j1,2) = 2 E(|| X *|*10j,—j, |) - Together with (18) it proves (19).
U

Property (19) proves that if X is self-similar then §X(j1,j1 +1) is a func-
tion of [, which can be interpreted as a stationary property across scales.
This function of [ is a scattering intermittency measure of the random pro-
cess. A Brownian motion is a Gaussian self-similar process with a Hurst
exponent H = 1/2. It results from (18) that logy S(j1) = j1/2, which is
illustrated by Figure 2 (b). Figure 2 (c) displays SX (j1,j2) expressed as a
function of j; — ji1, for different j;. The curves for different j; are equal, as
proved by (18). When js — j1 < 0, SX(ji1,j2) increases with a slope which
does not depend on X but on the number of vanishing moments and on
the regularity of the wavelet 1. For jo — j1 > 0, the decay depends upon
the property of X and satisfies SX (j1, j2) ~ 2-(2=31)/2 Next section proves
this result in the more general context of fractional Brownian motions, and
shows that it reflects the fact that a Brownian motion is a Gaussian process.
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@

FIG 2. (a): Realization of a Brownian motion X(t). (b): log, SX (j1) as a function of ji.
(c) The curves logy SX (j1,741 + 1) as a function of | are identical for different ji.

3.2. Fractional Brownian Motions. We compute the normalized scatter-
ing representation of Fractional Brownian Motions, which are the only self-
similar Gaussian processes with stationary increments. A fractional Brown-
ian motion of Hurst exponent 0 < H < 1 is defined as a zero mean Gaussian
process { X (t)}, satisfying

Vt,5 >0 ,E(X(1)X(s)) = = (T + s — |t — s*T) E(X(1)?) .

N =

It is self-similar and satisfies
Vs>0, {X(st)h £ s7{X®)} .
Proposition 3.1 proves in (18) that
SX(jr) = 2" .

This is verified by Figure 3(a) which shows that log, SX(j1) = H ji for
several fractional Brownian motions with H = 0.2,0.4,0.6,0.8.

Figure 3(c) displays log, §(j1, j2), which is a function of js — j1, as proved
by (19). Modulo a proper initialization at ¢t = 0, if X is a fractional Brownian
motion of exponent H then d*X is a fractional Brownian motion of exponent
H — «. We thus expect from (10) that logy §X(j2 — j1) nearly does not
depend upon H. This is shown by Figure 3(c) where all curve superimpose
for jo — 71 > 0, with a slope of —1/2. This result is proved by the following

theorem.
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Fic 3. (a,b) Realizations of fractional Brownian motions X (t) with H = 0.2 in (a) and
H =0.81n (b). (c)logy SX(j1) as a function of ji, for H = 0.2, 0.4, 0.6, 0.8. Slopes are
equal to H. (d) log, SX (j1,71 +1) as a function of I do not depend on j1 for all H.

THEOREM 3.2. Let X(t) be a Fractional Brownian Motion with Hurst
exponent 0 < H < 1. There exists a constant C' > 0 such that for all j1 € Z

(22) Jim 228X (j1,j1+1) =C .
—00

Proof: Proposition 3.1 proves in (19) that SX(j1, 1 + j) = E(|X )
and X (t) = | Xx(t)|/E(| X * ]). We denote Sy X (§) = E(|X*1;|). Let B(t)
be a Brownian motion and dB(t) be the Wiener measure. The two processes
X x9(t) and d"1dB % 1(t) are Gaussian stationary processes having same
power spectrum so

(X ()} £ {|d" B x (1)} L {|dB + d" (1)} -
It results that

E(||dB * d" 1| x ;)

Since 1 is C!, with a compact support and two vanishing moments, one can
verify that |[d714(u)| = O((1 + |ul?)~1). It results that |dB x d? 1| is
stationary process whose autocorrelation has some decay. As the scale 27 in-
creases, the second convolution with v; performs a progressively wider aver-
aging. By applying a central-limit theorem for dependent random variables,
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the following lemma applied to ¢ = d =14 proves that 27/1|dBxd" 1| *1);
converges to a Gaussian processes and that its first moment converges to a
constant when j goes to co. The theorem result (22) stating that 29/25, X ()
converges to a constant results from (23).

LEMMA 3.3.  If p(u) = O((1 + [u|?)71) then

(24) 221dB * ol % 5(t) = N(0,0°1d) ,

with o* = ||¢||3 [ Ry (7)dT and
(25) lim E(|27/2|dB x ¢| * ]) = a\/? .0
Jj—o0 2

For a fractional Brownian motion, log, SX (j1,71 +1) do not depend on j;
or H, and their slopes is thus equal to —1/2 when [ increases. This value is
characteristic of wide-band Gaussian stationary processes. It indicates that
there is no intermittency phenomenon at all scales.

3.3. a-stable Lévy Processes. In this section, we compute the scattering
moments of a-stable Lévy processes and analyze their intermittency behav-
ior for 1 < a < 2. These processes have finite polynomial moments only
for degree strictly smaller than o < 2. The Lévy-Khintchine formula [20]
characterizes infinitely divisible distributions from their characteristic ex-
ponents. Self-similar Lévy processes have stationary increments with heavy
tailed distributions. Their realizations contain rare, large jumps, which are
responsible for the blow up of moments larger than «. They induce a strongly
intermittency behavior.

For a > 1, an a-stable Lévy process X (t) has stationary increments and
E(|X(t) — X(t — 7|) < oo for any 7 € R. Its scattering moments are thus
well defined at all orders. This process satisfies the self-similarity relation

d —
(26) {X(st)}e £ s {X O}
so Proposition 3.1 proves that
(27) SX(ji) =2 "

This is verified in Figure 4 which shows that log, SX (j1) = a~1j;. First or-
der moments thus do not differentiate a Lévy stable processes from fractional
Brownian motions of Hurst exponent H = a~1.
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Fic 4. (a,b): Realizations of a-stable Lévy processes X (t) with o = 1.1 and a = 1.5.
(¢) logy SXo(j1) as a function of ji with o = 1.1, 1.2, 1.3. Slopes are equal to o™ *. (d)
log, SXa(j1,71 +1) as a function of | do not depend on j1. Slopes tend to o' — 1 when
increases.

The self-similarity implies that SX (j1,71 + 1) does not depend on 7.
However, they have a very different behavior than second order scattering
moments of fractional Brownian motion. Figure 4 shows that log, SX (7) has
a slope which tends to a~! — 1 and hence that when [ increases

(28) SX(ji,j1 +1) ~ 2@ =1

For a < 2then a™'—1> —1/2s0 §(j1,j1+l) has a slower decay for a-stable
Lévy processes than for fractional Brownian motion, which corresponds to
the fact that these processes are highly intermittent and the intermittency
increases when « decreases. For o = 2, the Lévy process X is a Brownian
motion and we recover that SX (J1,1 +1) ~ 2-1/2 as proved in Theorem
3.2.

The scaling property (28) is explained qualitatively, without formal proof.
We proved in (19) that

for [ = j2 - jl'
The stationary process | X x1(t)| measures the amplitude of local variations
of the process X. It is dominated by a sparse sum of large amplitude bumps

of the form al|y(t — u)|, where a and u are the random amplitudes and
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INTERMITTENT PROCESS ANALYSIS WITH SCATTERING MOMENTS 15

positions of rare large amplitude jumps in X(t), distributed according to
the Lévy measure. It results that

(30)  B(IX %] % ty]) ~ B(AX * [§] % t]) with (t) = /0 (u) du.

If 2! > 1 then [{| * ¢y &~ ||¢||1 11, and E(|dX * y]) ~ 2/@"'=1 because the
Lévy measure dX (t) satisfies the self-similarity property

{dX (st)}e £ s "HdX (8)}s .
Inserting (30) in (29) gives the scaling property (28).

4. Scattering Moments of Multiplicative Cascades. We study the
scattering representation of multifractal processes which satisfy a stochastic
scale invariance property. Section 4.2 studies the particularly important case
of log-infinitely divisible multiplicative processes.

4.1. Stochastic Self-Similar Processes. We consider processes with sta-
tionary increments which satisfy the following stochastic self-similarity:

(31) V1>s>0, {X(st)}eor £ Ag - {X(1)}yeor

where A; is a log-infinitely divisible random variable independent of X (t)
and the so-called integral scale 2° is chosen (for simplicity) as a power of
2. The Multifractal Random Measures (MRM) introduced by [31, 6] are
important examples of such processes. Let us point out that MRM’s are
stationary increments versions of grid bound multiplicative cascades initially
introduced by Yaglom [41] and Mandelbrot [23, 24], and further studied by
Kahane and Peyriere [18]. In that respect, all the results that we obtained
on MRM’s can be easily generalized to discrete multiplicative cascades. For
the sake of conciseness, we did not include them here.

Since X has stationary increments and satisfies (31), with a change of
variables, we verify that Vj < L, {X % v;(t)}+ 4 Agi {X % (277t)}4, and
hence, for all g € Z and j < L

(32) E(|X *¢;]7) = E(|Ay|?) B{| X * |7} ~ C,27¢@) |

where ((g) is a priori a non-linear concave function of ¢ [15]. Similarly to
Proposition 3.1, the following proposition shows that normalized scattering
moments capture stochastic self-similarity with a univariate function.
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FiG 5. (a): logy, SXa(j1,71 + 1) as a function of | for a Multifractal Random Measure
(MRM) with \* = 0.04 and an integral scale 2% = 2'3. Different colors stand for different
values of j1. (b): Same curves restricted to jo = j1 +1 < L — 1.

ProPOSITION 4.1.  If X is randomly self-similar in the sense of (31)
with stationary increments then for all j1 < L

(33) SX(j1) = E(|Ag1]) -
Moreover, if 27t + 272 < L then

(34) SX(jr.j2) = SX(j2 —j1) with X(t) = ]Lm '

Proof: Property (18) is a particular case of (32) for ¢ = 1. If j; + jo < L,
with the same derivations as for (21), we derive from (31) that

d
(35) HX*d}h‘*ij‘ = Agiy Lj1’|X*w|*¢j2—j1| )
s0 SX (j1,J2) = E(Ag ) E(||X * 9| % j,—j,|) - Together with (33) it proves
(34). O.

Figure 5 shows the normalized scattering of a multiplicative cascade pro-

cess described in Section 4.2, with an integral scale 2 = 217, When 272 > 27
is beyond the integral scale, as for a Poisson process, wavelet coefficients
converge to Gaussian processes. It results that logy S(j1,j2) decays with a
slope —1/2 as a function of j» — ji for jo > L, as shown in Figure 5(a). If
J1 < j2 < L then (34) proves that SX(j1,j2) only depends on jo — 71, and
all curves in Figure 5(b) superimpose in this range.
__ Propositions 3.1 and 4.1 show that the stationary property gX(jl,jQ) =
SX(j2 — j1) can be used to detect the presence of self-similarity, both de-
terministic and stochastic. This necessary condition is an alternative to the
scaling of the g-order moments, E(|X x1);|?) =~ C,27¢@ which is difficult to
verify empirically for ¢ > 2 or ¢ < 0.
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INTERMITTENT PROCESS ANALYSIS WITH SCATTERING MOMENTS 17

4.2. Log-infinitely divisible Multifractal Random Processes. Multiplica-
tive cascades as introduced by Mandelbrot in [23, 24] are built as an iter-
ative process starting at scale 2. They are obtained as the (weak) limit
of the measure dM, whose restriction over a dyadic interval of the form
(k27" (k+1)2L7"] is uniform and equal to [T}, Wi(k) dt, where the Wi(k)’s
are iid log-infinitely divisible random variables. Multifractal Random Mea-
sures (MRM), introduced in [31, 6], can be seen as stationary increments
versions of these multiplicative cascades. They are built using an infinitely
divisible random noise dP distributed in the half-plane (t,s) (s > 0). Using
the previous notations, the noise around (¢, s) can be seen as the equivalent

of the infinitely divisible variable log, V[/Sg/z) More precisely, if w?L (t) =

i 425 (1) dP where A?L (t) is the cone in the (¢, s) half-plane pointing to point
l
(t,0) and truncated for s < [, the MRM is defined as the weak limit:

dM(t) = limy_,o e "Wt For a rigorous definition of wl2L and of a Mul-
tifractal Random Measure, we refer the reader to [6].

One can prove that dM is a stochastic self-similar process in the sense of
(31). It is multifractal in the sense that

E(|X *15]7) = E(|Ay|?) B{|X * |7} ~ C, 2759 |

where ((q) is a non-linear function which is uniquely defined by the infinitely
divisible law chosen for dP. If dP is Gaussian, dM is generally referred to
as a "log-Normal” MRM, and in this case [6]:
2 2

(36) D)=+ )5
The curvature of the concave function ((g) at ¢ = 0 (A\? in the latter case)
plays the role of the so-called ”intermittency factor” in the multifractal
formalism [15]. The larger A2, the more intermittency.

The self-similarity properties of dM are mainly direct consequences of the
“global” self-similarity properties of leL :

(37) (W (sl "2 {0 ()}, VL ,Vs >0,
and of the stochastic self-similarity property :

law

(38) (W (su)buer "2 {95 + w2 (W) buer, VI, Vs<1

where ()5 is an infinitely divisible random variable independent of wl2L (u)
such that F(efs) = ¢~(@=C(@)In(s) More precise results used in the proofs
are stated in Appendix C.
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FiG 6. (a,b) Realizations dM of log-normal Multifractal Random Measures with \* =
0.04 and X2 = 0.1. (c) log, SAM(j1) with A2 = 0.04, A2 = 0.07 and \> = 0.1. (d)
log, §dM(j1,j1 + 1), for A = 0.04, A2 = 0.07 and \* = 0.1, as a function of I, for
j1+ 1 < L where 2F = 213 is the integral scale.

In this section, we will study the scaling properties of scattering moments
associated with X = dM. Thanks to the discussion in Section 2.3, one can
easily show that all our results can be extended to X (t) = M (t) = fg dM.
The following theorem characterizes the behavior of normalized first and
second order scattering moments of dM:

THEOREM 4.2. Let dM be a Multifractal Random Measure, then:
(39) Vj<L, SdM(j) =1,

and if ((2) > 1 then as long as j1,j2 < L, ng(jl,jg) depends only on
j1 — jo and there exists K > 0 such that for each jo < L
(40) lim SdM(ji1,52) = K.
J1—>—00

The proof is in Appendix D. Let us illustrate this Theorem in the log-
normal case. Figures 6(a,b) displays two realizations of log-Normal MRM
cascades for A2 = 0.04 and and A?> = 0.07, with an integral scale 27 = 213,
Figure 6(c) shows estimations of normalized first order scattering moments

for )\3 = 0.04, A2 = 0.07 and A\?> = 0.1. As predicted by Theorem 4.2,
logy SdM (j1) = 0 for j; < L = 13. The second order scattering moments for
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INTERMITTENT PROCESS ANALYSIS WITH SCATTERING MOMENTS 19

the same values of A\? are displayed in Figure 6(d). As expected from The-
orem 4.2, logy SAM (j1, j2) only depends on jo — ji for jo < L. It converges
to a constant K when J2 — j1 increases. _

With a Taylor expansion, one can show that, for large jo — 71, K is a linear
function of A up to some O(A?) additive term. This is numerically verified
by Monte Carlo simulations which shows that K ~ 0.82A. We see here
again the correspondence between scattering coefficients and intermittency
measurements. The constant 0.82 depends upon the choice of wavelet 1.

Another important class of stochastic self-similar processeses is obtained
by performing a change of variable in a Brownian motion B(t) with an
MRM M (t). The so-obtained process X (t) = B(M(t)) is referred to as a
Multifractal Random Walks (MRW)[30, 6] and can be obtained as the limit
when [ goes to 0 of

L
w?

- t
(41) Xl(t):z"’é“)/ e W B () |
0

where dB(u) is the standard Wiener noise. Accordingly, B(M(t)) can be
considered as a stochastic volatility model, where the associated MRM,

(42) dM;(u) — 5274(2)62‘“# (u)

du
corresponds to the local stochastic variance. In that respect, such a model
can account for asset price fluctuations in financial markets by mimicking
the stochastic behavior of asset volatility [30, 4, 5].

Since B(t) is self-similar, one can verify that X (¢) inherits the stochastic
self-similarity of M (t) and satisfies (32). In particular, one can show (see e.g.
[6]) that the multifractal spectrum ((g) of the MRW X (¢) defined in (41) is
related to the spectrum (pr(gq) of the MRM M (t) defined in (42) through:

(43) Clq) = Culq/2) .

Another consequence is that scattering moments of a multifractal random
walk behave similarly as the scattering moments of dM. The analog for
MRW of the theorem 4.2 along with some numerical illustrations are pro-
vided in Appendix E.

5. Parametric Model Estimation with Scattering Moments. Sec-
tion 5.1 introduces estimators of scattering moments. Section 5.2 applies the
generalized method of simulated moments to scattering moments to estimate
the parameters of data generating models. Section 5.5 and 5.6 analyze the
scattering moments of turbulence data and financial time series to evaluate
fractional Brownian, Lévy stable and multifracal cascade models. Compu-
tations are performed with a Selesnik compactly supported wavelet [36].
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5.1. Estimation of Scattering Moments. We study scattering moment
estimators introduced in [22], and compute upper bounds of their mean-
square error. A scattering moment SX (ji, ..., jm) = E(| | X*j, [*...|%x;, . |) is
estimated by replacing the expected value by a time averaging at a scale 2
It is calculated with a time window ¢/ (t) = 27 M ¢(27M¢) with [ ¢(t) dt = 1.
For any (j1,...,Jm) € Z™ with ji < M, the estimator is

(44) SX (1, s dim) = | 1X x| x| %, % Saa(fo)

where ¢ is typically in the middle of the domain where X (¢) is known. Since
[ ér(t) dt = 1, this estimator is unbiased E(SX (j1, ..., jm)) = SX (j1, s jm)-
The following theorem, proved in Appendix F, gives an upper bound of the
mean squared estimation error at each scale:

THEOREM 5.1.  Suppose that the Fourier transform ®(w) of ¢ satisfies

(45) o) < ;i (12(200)? + [9(~2w)|?) with B(0) =

Jj=1

If X has stationary increments and E(| X%}, |?) < oo then the mean squared
estimation error

e(i1) € B(ISX (j)~5X (jr)| +Z S B(SX (e i) =S X (G e i) )

m=2— —00<j2;.- ,ijM

satisfies

(46) e(j1) < o*(1X x5 )) Z > [SX (j1, wees Jim) [

m=2 —00<j2;.. ’]mSM

When j; is close to M then |X % 1), (t)| decorrelates slowly relatively
to the averaging window scale 2™ so €(j1l is large, but it is bounded by
02(|X % ¢j,|). Large variance estimators SX (ji, ..., jm) are eliminated by
keeping only small scales jir < J for 1 < k < m, with M — J sufficiently
large. For most classes of random processes, including fractional Brownian
motions and multifractal random walks, we observe numerically that €(j;)
converges to zero as the averaging scale 2 goes to co. Equation (46) proves
that it is the case if for all j;

AUXx )= Y [SX (1, i)

m=2 —00<j2,...7jm§00
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This energy conservation has been conjectured for large classes of processes
in [22], but it is not proved.

For n independent realizations {Xy(t)}i<k<n, we compute an averaged
scattering estimator

(47) SX=n1Y 8%, .
k=1

Its variance is thus reduced by n~!. When n goes to oo, the central limit
theorem proves that SX —SX converges to a zero-mean normal distribution
whose variance goes to 0.

5.2. Generalized Method of Simulated Scattering Moments. The gener-
alized method of simulated moments [? | computes parameter estimators for
data generative models, from arbitrary families of moments. We apply it to
scattering moments.

Suppose that {Xj}1<k<, are n independent realizations of a parametric
model Y. Then SX}, is an unbiased estimator of SYp so m(0) = E(SX},) —
SYy = 0. The generalized method of moments estimates this moment con-
dition by an empirical average defined by

(48) m(0) =n"1>_ §X; — §Yy = SX — §Yj.
k=1

When n goes to oo the central limit theorem proves that m(6#) converges
to a normal distribution. The generalized method of moments finds the
parameter 6 such that:

(49) 6 = argmin m () Wn(6)"
0

for appropriate matrices W. Setting W = Id gives
(50) 6, = argmin ||SX — SYy|? .
0
The two-step generalized method of moment updates the first estimator 51
by setting W = Wél, where Wy is the inverse of the empirical covariance
n

(51) Wy = <n—1 Z(§Xk — 5Yy)(S5X;, — ?YQ)T)_I :
k=1
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It computes

(52) = argmin m(0) Wy, m(0)" .

Since in general we can not compute SYy analytically, according to the
simulated method of moments [26], SYy is replaced in (48) and (51) by an
estimator §Y9 calculated with a Monte Carlo simulation. This estimator is
computed with n’ > n realizations which are adjusted in order to yield a
negligible mean-square error E(H§ Yy — SYy||?). We also compute a p-value
for the null hypothesis which supposes that the parametrized model is valid.
The J-test [14] is a chi-squared goodness of fit test normalized by the p — d
degrees of freedom:

~

(53) Xea = (p — d) " nin(0) Wy m(6)" .

Under the null hypothesis, (p — d) X?ed asymptotically follows a chi-squared
distribution with p — d degrees of freedom.

In practical applications, one must optimize the number p of scattering
moments to have enough discriminability with an estimator having small
variance. In the present work, we limit ourselves to first and second order
scattering. We often need to eliminate the finest scale coefficients j; < Jgy to
remove high frequency errors due to aliasing, discretization or to some data
smoothing. As explained in Section 5.1, we only keep coefficients below a
maximum scale j; < J and j2 < J, to eliminate the largest variance scatter-
ing estimators. As explained in Section 2.2, second order moments SX (j1, j2)
for jo < ji are also eliminated because they carry little information on X.
The resulting scattering vector is thus

X = <SX(‘71)’ SX(‘h’32))Jo<j1§J,j1<j2§J '
It has J — Jy first order scattering moments and (J — Jy — 1)(J — Jy)/2
second order moments.

The Generalized Method of Simulated Moments can also be applied if we
observe a single realization X (¢) where sufficiently far away wavelet coeffi-
cients become independent, since this guarantees that SX becomes asymp-
totically normal. Let us consider scattering vector estimators computed at
intervals A:

(59 ]
SXk(j1) = | X xtby, [+ 61 (kD) and SXp(jt, j2) = || X %ty [ty | % bne (R .

The goodness of fit J-test supposes that the variable (53) follows a chi-
squared distribution with p — d degrees of freedom, which requires that
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the estimators §Xk are independent for different k. If X has an integral
scale T, as in multifractal cascades, then increments are independent at
distances larger than T. One can thus set A = 2T. Other processes, such
as fractional Brownian motions have no integral scales but their wavelet
coefficients become nearly independent at distances much larger than the
scale. Nearly independent estimators are thus obtained if A > 2M.

The situation is easier if we are only interested in the parameter estima-
tor 6 with (52) without goodness of fit. Its consistency requires that SX
converges to a normal distribution, but we can estimate its covariance up
to an unknown multiplicative factor. It is then unnecessary to estimate the
decorrelation properties of wavelet coefficients, and one can set A = 1 to
be the process sampling interval. It introduces a multiplicative factor in the
covariance estimation, which does not affect the estimator 6 in (52).

5.3. Intermittency FEstimation on Multiplicative Cascades. The proper-
ties of the Scattering Method of Moments are illustrated on the estimation of
the intermittency parameter § = A? for multifractal random measures. Sec-
tion 4.2 proves that normalized second order scattering moments converge
to a constant K which is proportional to A, showing that the intermittency
\? is characterized by first and second order scattering moments. However,
the information is not just carried by this asymptotic value, which is why
all scattering moments are used for the estimation. The scattering estima-
tion is compared with two estimators dedicated to this particular estimation
problem [5].

Scattering moment estimators are computed from n independent realiza-
tions of size 2! of a multifractal random measure having an integral scale
T = 2'0. The total number of data points is N = n - 2!, and we set Jy = 0.
For different values of N = n-2'!, we report in Table 1 the value of .J which
minimizes the mean squared error E(|f — 6|2), estimated with Monte Carlo
simulations. We also give the average value of the reduced X?ed test in (53)
and the model p-value. For small values of n, the covariance of SX is com-
puted up to a multiplicative constant, from correlated scattering coefficients
calculated within each realization with A = 1 in (54). It leads to a good
estimation of & but the model p-value can not be estimated.

The intermittency parameter of multifractal random measures can also
be estimated directly from wavelet coefficients. Section 4.2 explains that the
scaling exponent of wavelet moments of order ¢ is ((q) = (% + )\2) q— )‘;qQ.
It results that A2 = 2¢(1) — ¢(2). The intermittency parameter can thus be
estimated with a linear regression on the estimated first and second order
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TABLE 1
Estimation of A2 for a multifractal random measure. The table gives the mean and the
standard deviation of estimators computed with a wavelet moment regressions (55), a log
covariance regression (56), and the method of simulated scattering moments, for several
values of \? and several sample sizes N =n - 21,

A2 N 0 Wavelet 0 log-cov 0 Scattering | J X2 p-value
0.02 10°]0.025+2-10"3 0.02+2-107% 0.02+2-107* [ 7 1.1+03 0.7+0.3
0.05 10° | 0.055+2-1073 0.05+6-10"%* 0.05+3-107* | 6 0.8+0.3 0.5+0.3
0.1 10°| 0.105+4-1073 0.1+1073 0.1+1073 5 0.8+£0.5 05+0.3
0.1 10° | 0.1094 1072 014+3-107%  014+2-107% |5 0.7+£0.3 03+0.3
01 10*] 012+£3-1072 0.1+£13-107%2 0.1+£9-1073 |5 N/A N/A

moments of wavelet coefficients at scales 27 < 2L:

(55)  2logy E(1X % 4]%) —logy E(|X x ¢5])” = j(¢(2) — 2¢(1)) + C'.

The wavelet moments E(| X x;|?) and E(| X x1);|) are estimated with empir-
ical averages of | X x ;| and | X x1;|?, calculated from the N data samples.
An improved estimator has been introduced in [4, 5] with a regression on the
covariance of the log of the multifractal random measure. One can indeed
prove that

(56)  Cov (log | X % v;(t)],log | X * ¢ (t +1)]) =~ —A\?In (;L) +0 <;> :
which leads to lower variance estimations.

Table 1 shows that the scattering moment estimation of A\? has a smaller
variance than the regression of first and second order wavelet moments.
This is due to the low variance of the scattering estimators which are com-
puted with non-expansive operators. It gives comparable results with the
log-covariance estimator, which was optimized for this problem [5]. The J-
test validates the multifractal model, since we obtain a normalized J-test

with mean and standard deviation close to 1 + corresponding to

2
p—1’
mean and standard deviation of a chi-squared distribution with p — 1 de-
grees of freedom. The resulting p-values for rejecting the true model are
of the order of 0.5. As expected, reducing the maximum scattering scale
J improves the estimation of A? for high intermittences. It removes large
variance coefficients. However, numerical experiments confirm that the gen-
eralized method of moments is robust to the choice of J, because the inverse

covariance W in (52) reduces the impact of high variance coefficients.
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TABLE 2
Estimation of a for a-stable Lévy. The table gives the mean and the standard deviation
of estimators computed with a wavelet moment regressions (55) and the method of
simulated scattering moments, for several values of o for N =n - 211

a | 6 Wavelet 0 Scattering | J
1.1 ? 1.1+8-10°% [ 7
1.5 ? ? 6

5.4. Estimation of Blumenthal-Gethoor Index on Lévy Processes. We ap-
ply the same methodology to estimate the Blumenthal-Gethoor index of
Lévy processes, defined as

S = inf {r >0 s.t. / |z|"dII(z) < oo } ,
|lz|<1

where II(z) is the Lévy measure associated to an observed Lévy process
X(t). If X(¢) is a-stable, then 8 = «. This index can be estimated using
spectral methods in [? ], which require an estimation of the characteristic
function.

We concentrate in the case of a-stable processes, and we assume here that
1 < a < 2, which implies that we cannot consider the covariance of SX.
Instead, we use the simplified GMM estimator (50).

e Missing: Lévy with 1.5.
e Compare with wavelet regression. (1st order)
e Competing method?

5.5. Turbulence Energy Dissipation. Turbulent regimes that appear in a
wide variety of experimental situations, are characterized by random fluc-
tuations over a wide range of time and space scales. Making a theory of
the famous Richardson “energy cascade” across the inertial range remains
one of the main challenges in classical physics [13]. Normalized scattering
moments are computed over dissipative measurements of a turbulent gas,
to analyze their self-similarity and intermittency properties. The precision
of fractional Brownian motion, Lévy stable and multifractal random mea-
sure models are evaluated with a J-test resulting from scattering moments.
This study does not pretend evaluating general turbulence physical models.
However, it shows that one can have confident model evaluations from data
sets, despite intermittency phenomena.

The data we used have been recorded by the group of B. Castaing in
Grenoble in a low temperature gazeous Helium jet in which the Taylor scale
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based Reynolds number is Ry = 703 [9]. A single probe provides measures
of velocity temporal variations at a fixed space location that involve both
Lagrangian and Eulerian fluctuations. Figure 7-(a) shows a sample of the
surrogate dissipation field X (¢) as a function of time, estimated from the
experimental velocity records '. The Kolmogorov (dissipative) scale 7 is
observed at approximately 22 sample points, whereas the integral scale is
approximately 2F = 2! sample points.

First order scattering coefficients are normalized at the finest scale de-
fined by j1 = 2. These coefficients are displayed in Figure 7(b). In the
inertial range 2! = 270 < 271 < 2% = 21! the scaling law of the exponents
is SX(j1) ~ 2792501 If 271 > 2L then SX(j;) ~ 2771/2 because the low
frequencies of a turbulent flow becomes Gaussian and independent beyond
the integral scale.

Figure 7(c) gives estimated normalized second order coefficients log, SX (J1, 51+
[) as a function of [, for different j;. For jo = ji +1 > L, the slopes increase
up to —1/2 because beyond the integral scale, wavelet coefficients converge
to Gaussian random processes. Below the integral scale, j2 = j1 +1 < L —1
Figure 7(d) shows the curves logy SX (41,71 + [) with error bars giving the
standard deviations of each estimated values. In this inertial range, the av-
erage slope of all curves is —0.2. This slope is very different from the —1/2
decay of Gaussian processes, which indicate the presence of intermittent phe-
nomena. Although these curves are similar, one can observe that they differ
significantly compared to the error bars, which indicates the self-similarity
of turbulence data is violated. This non-self-similarity is likely to originate
from the fact that, as already observed in [12, 8], Taylor hypothesis does not
rigorously hold.

We consider the three following models for inertial range turbulence : (i)
the square of a Fractional Gaussian Noise parametrized by 6§ = H, (ii) the
square of the increments of a-stable Lévy processes, parametrized by 6 = «,
and finally (iii) log-normal multifractal random measures, parametrized by
the intermittency parameter § = A\2. Setting Jy = 1 eliminates coefficients
below the diffusion scale. We have N = 4 - 10% data samples, divided into 4
realizations. Within each realization, since the integral scale is T = 2 - 103,
samples are independent at a distance larger than T. The maximum scale is
set to 27 = 28 but its modification has a marginal impact on the estimation.
The size of the resulting scattering vector is p = (J —Jo+1)(J — Jo)/2 = 28

Table 3 gives an optimal parameter 9 as well as the value of the Xred
goodness of fit test in (53), together with its p-value. All models are re-
jected with very high confidence. For nearly the same number of data val-

!One assumes the validity of the Taylor hypothesis [13)
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Fic 7. (a) Realization of dissipation X (t) = (%’)2 in a turbulent flow. (b) Estimation

log, §X(j1) as a function of j1, calculated from 4 realizations of 2'° samples each. (c)
log, gX(jl,jl +1) as a function of I, for 2 < j1 < 12. (d) log, §X(j1,j1 +1) in the inertial
range j1 +1 < L —1=10. We Elot the confidence intervals corresponding to the standard
deviation of the estimated log, §X(j1,j1 +1).

TABLE 3
Parameter estimation for the turbulence data in Figure 7(a), calculated from Fractional
Brownian Noise measures (FBN), Lévy stable measures (LS), and Multifractal Random
Measures (MRM).

FBN LS MRM
0 H=09 a=198 X\ =0.09
XZed 28 29 29
p-value | <107% < 107¢ <1076
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ues, with integral scales of same size, Table 1 gave much higher p-values
for valid multifractal random measure models of same intermittency. The
main source of errors of each model clearly appears by analyzing the nor-
malized scattering moments in Figure 7. Fractional Brownian motions have
first order coefficients which can mimic the decay of the first order scatter-
ing coefficients but not the one of their second order coefficients (—1/2 as
opposed to —0.2). Lévy stable processes have first and second order scatter-
ing coefficients which decay with a slope of a~! — 1. To match the slopes
in Figure 7(c,d), respectively equal to —0.25 and —0.2, we would need that
a =~ 1.2 which is far from the value a = 1.98 obtained in Table 3. Multifrac-
tal random measure model misfit comes from their first order coefficients
which remain constant whereas turbulence data coefficients decay with a
slope close to —0.2.

5.6. Financial Time-Series Analysis. In the following, we analyze the
normalized scattering moments of two financial time series: high-frequency
Euro-Bund trade data ? and intraday S&P 100 index trade data. Each trade
occurs at a given price, whose logarithm is noted X ().

Every single day, the logarithmic returns of the price (i.e., the increments
of X(t)) are computed on rolling 10 second intervals, after preprocessing
the microstructure noise using the technique advocated in [34]. Each day
corresponds to 9 hours of trading and hence 3240 increments. Intraday fi-
nancial data are subject to strong seasonal intraday effects. These effects
are removed with a standard “deseasonalizing” algorithm which normalizes
the returns by the square root of the intraday seasonal variance.

Figure 8(a) shows the resulting “deseasonalized” Euro-Bund log-price
X (t) for a particular day. Figure 8(b) shows log, SX (j1) as a function of
j1- The slope is 0.48. Scattering coefficients are computed at scales smaller
than a day, and are averaged in time within a day and across days. Fig-

ure 8(c) shows logy SX(j1,j1 4 1) as a function of [ for different values of
J1 up to largest available scales. The decay of second order coefficients is

log, gX(jl,jl +1) ~ —0.2 for all jo = j; + . Contrarily to turbulence data,
we do not see an integral scale, beyond which second order coefficients would
have a fast decay of —0.5/. This is not surprising since the integral scale is
known to be larger than few months [5]. Figure 8(d) gives intra-day second

~

order coefficients jo = j1 +1 < 9. The variance of §X(j1,j1 +1) is indicated

with vertical error bars. Observe that log, SX (J1,71+1) has small variations

2Euro-Bund is one of the most actively traded financial asset in the world. It corre-
sponds to a future contract on an interest rate of the Euro-zone.
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Fic 8. (a) One day of the deseasonalized Euro-Bund log-price X (t). (b) Estimated
log, SX (j1). (¢) Estimated log, SX (j1,51 + 1). (d) Estimated log, SX (ji,j1 + 1) for

j1+1<9.

TABLE

4

The left and right parts of the table correspond to Euro-Bund and SEP 100 time series.
The first row gives the estimated parameter value 0 for Fractional Brownian

Motion(FBM), Levy stable processes (LS) and Multifractal Random Walks (MRW).

S Euro-Bund S&P
FBM LS MRW FBM LS MRW
0 H=05 a=195 X =003 H=05 «o=18 X\ =0.08
XZod 29 26 23 17 16 10

as a function of j;, which is a strong indication of self-similarity.

The same scattering computations are performed on the S&P 100 index,
sampled every 5 minutes from April 8h 1997 to December 17th 2001 to
yield 78 samples every day. Figure 9(a) shows the deseasonalized log price
X(t). Panel (b) displays the estimated first order scattering moments. Each
trading day has 78 ~ 26 samples. The deseasonalizing algorithm eliminates
opening and closing artifacts and logy SX (j1) remains regular for j; close to
6. Figure 9(c) shows the estimated second order moments. For jo = j1+1 =6
the coefficient log, SX (j1,71 +1) is higher than expected, relatively to other
coefficients, which means a higher level of intermittency. As explained in
Section 5.1, large scales 271 and 272 have coefficients of higher variance.

We consider the three following models : (i) fractional Brownian motions
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Fic 9. (a) Three years of the deseasonalized SEP 100 index log-price X (t). (b) Estimated
log, SX(j1). (¢) Estimated log, SX (j1, 71 +1) for j1 +1<9.

models with § = H, (ii) Lévy stable processes parametrized with § = a and
(iii) multifractal random walks with 6 = A2, For each model family, Table
4 estimates an optimal parameter 6 from first and second order scattering.
They are computed from a total of N = 3 - 10% (resp. N = 10°) samples
for the Euro-Bund (resp. S&P 100). The maximum scale 27 is adjusted
to J = 8 (resp. J = 6). We set Jy = 1 to eliminate discretization effects
in both cases. For fractional Brownian motions, the estimated parameter
0 = H = 0.5 corresponds to a Brownian motion. Brownian motion models
explain the power-spectrum decay of these processes but are known not
to be appropriate because they do not take into account the intermittency
behavior of financial markets. This appears in the second order scattering
coefficients of Figure 8(d) and 9(c), which have a much slower decay than
Brownian motions. The Lévy-stable parameters « in Table 4 are close to 2
(order 2 moment of financial time-series are known to be finite). Estimated
models of multifractal random walks show the existence of intermittency
which is larger for the S&P 100 data set than for the Euro-Bund data.

For each model, Table 4 gives the value of the J-test variable X?ed com-
puted with (53). Multifractal random walks have the lowest value x2, for
the Euro-Bund and S&P 100 data, which means that these models better
fit the data. However, one can not compute a p-value because the empirical
covariance matrix is computed from correlated scattering estimators §Xk
in (54). Because the integral scale is too large, one cannot fix an interval
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A providing independent scattering values. One can still verify numerically
that the empirical covariance of SX k converges up to a multlphcatlve factor,
by computing the variations of empirical covariance We A as a function of
A, and by verifying that

IWoa = nWynll < W all

for some (A, A’) € RT. The ratio between both terms is of the order of
0.05 for the Euro-Bund data.

Appendix A: Proof of Theorem 2.2

Let us first prove (13) If X is a Poisson process then X x1; = 2/dX
$; where ¢(t) = [J4(u)du has a support in [~1/2,1/2], and ¢;(t) =
2779p(277t). Slnce dX(t) =, 0(t — ) we get X x1b;(t) =293 i (t — ).

We write

(57) X i ()] = 271dX %45 (t) = 27 (dX * [5](2) + e5(1)) -
The first term satisfies

(58) E(dX « [15]) = A4l = Al -

Let us show that E(|e;(t)]) = O(A*27). Let N;(t) be the number of events
counted by X (¢) in the interval [t — 27, ¢ + 27). We decompose

E(le; (1)) = E (lej(8)] / Nj(t) < 1) Prob(N;(£) < 1)+E (Jej(8)] / Nj(£) > 1) Prob(N;(t) > 1).

If N;(t) < 1, since ¢; has support [—2971 2771 it results that e;(t) = 0,
and hence E (\ej(t)|/Nj(t) < 1) = 0. Since

e (D] < 2(dX * [ahy] () < 27 [l N5 (1)
it follows that
(59)  Blle;(t)]) < 209]2'E (Nj(t) / Nj(#) > 1) Prob(N;(t) > 1) .
Since N;(t) is a Poisson random variable of parameter A2/, we verify that
E (Nj(t)/Nj(t) > 1) Prob(N;(t) > 1) = A2 (1 — ') |
which implies from (59) that
(60) E(le; (1)) < 2A[fl|o(1 — ) = O(N?27)
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and, together with (58) and (57) proves (13).

Property (14) is proved by showing that 277/2X % 1;(t) converges to a
Gaussian random process at large scales 27. The convergence of 279/2X
1;(t) relies on the use of a central-limit theorem for real dependent random
variables. The extension to the two-dimensional complex random variables is
done by considering arbitrary linear combinations of its real and imaginary
parts. The Cramer-Wold theorem proves that if X; = 279/2X Pi(t) =
2792 Re(X;) +i279/2Im(X;) satisfies

(61) V(a,B) € R? | aRe(X;)+ BIm(X ) —> Ay + BA,

then X; BN A1 + tAy. The random variables A; and Ay are zero-mean
]*)OO

Gaussian random variables if and only if «A; + BAs is a centered Gaussian
random variable for all (a, ) € R%. But

aRe(X;) + BIm(X;) = X x (aRe(;) + BIm(v;))
so the convergence of X; to a complex Gaussian variable will follow by
showing that 279/2X « P — N(0,0?%) for any wavelet of the form Y =
aRe(y;) + Im(z;).

We thus concentrate in the real case, and we denote the real wavelet 1);
to simplify notations. Assuming j > 0,

271 211
X*?/Jj(t)—zjdX*@Zj(t)_y/? Wj(u—t)dX (u = > S,
2 1=—27—1

where S;; = [} FLp(279 (u — t))dX (u) are a collection of zero-mean inde-
pendent random variables. We apply the Berk central limit theorem [? |, to
this sum of independent random variables.

THEOREM A.1 (Berk Central Limit). For any j € N, let {S;;}i=1,. n,
be a sequence of zero mean random variables such that for any i < n; S;;
is independent of Sii,j for r > mj. If the following properties are satistied

(i) 36 >0, limj,eon; m§+2/5 =0

(i) 3IM >0, Vi,j >0, E(|S;;*7) <M

(iii) 3K >0, Vi, j,l >k >0, Var(XH . 8i;) <K
() lim;_, nj_lVar(E;zl Sij)=02>0

then

(62) —1/225” L N(0,07) .

J—00
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Let us now verify the hypothesis of this central limit theorem, with m; =
1, nj =27 and 0 = 1. Since the variables (.5; j); are independent, hypothesis
(i) is verified with m; = 1. Moreover, we verify that

E(]Si17) < [19][&E(|Nol?)

where Ny is the number of jumps of dX in an interval of length 1. Since it
follows a Poisson distribution of parameter A, it has finite moments. It results
that hypothesis (ii) is verified for 6 = 1. Since the S;; are independent,
Var(Zfi,iJrl u; ;) < ||9]|2/E(| No|?), which verifies hypothesis (iii). Finally,
since dX is a white noise of power spectrum A

277 3" E(ISi;?) = PE(|dX * ¢ |?) = 2% (dX)|[5]* = M || .
<2

It verifies the last hypothesis (iv). Applying (A.1) and the Cramer-Wald
theorem proves that 279/2X *1;(t) converges to a complex Gaussian distri-
bution of total variance A [|¢||2. In order to control the limit of first order
moments, we use the following lemma on uniform integrability of sequences
of random variables:

LeMMmA A2, ([11], thm 6.1-6.2) Let {X;}j € N be a sequence of random
variables. If X; A X and

sup E(|X;['0) < 00 for §>0,
J

then
lim B(X;) = B(X) .
j—o0

As a result, for any o < 2, E(|277/2X x¢|*) — E(|Z1 +iZ2|*), where Z;
and Zy are Gaussian random variables with total variance A ||1)]|?. For a = 1,
it results that there exists a constant C', depending only on the wavelet 1,
such that

lim 2792B(X % ) = V2[5 C
J—00
which proves (14).

The proof of (15) is very similar to the proof of (13). The key property
is that ||X %1, | x1j,| only depends on values of X over an interval of size
271 4 272 ;From (60), it results that
(63)

‘X*w]&‘*w]é (t) =27 ‘dX*J}h’*w]é (t) i 27 (dX*(W;Jd ’*wjz)(t) +€j; *wjz) )
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with E(lej, % 1;,]) = O(A\?271). As a consequence, (63) and (13) imply that

B(| X %y, | i (0)) = 27 (B(AX * ([, | *v3)1(8)) + oO(*2))
(64) = 225 | x i) (1 + O(A2) + O(A22)) .

Using again (13), we conclude that

oy B x G5, (0)
XL = TR )

_ ||(|1Z’*¢j2—j1)”1 (1+O()\2j1)+0()\2j2)) \

I
which proves (15). Finally, in order to prove (16), observe that | X x ;| is a
stationary process with lag 2/. As a result, by using the same Central Limit
argument to prove (14), one can verify that 272/2(| X x1);, | %1)j,) converges in
distribution towards a Gaussian distribution as jo — oo, which yields a decay
on the normalized second order scattering of the form Sdx (J1,72) ~ 22/2
as jo — oco.

Appendix B: Proof of lemma 3.3

Let Y;(t) = 27/2|dB % ¢|x1;(t). To prove that E(]Yj|) converges to a con-
stant, we shall prove that the distribution of Y} is asymptotically Gaussian:

(65) Yi(t) - A= Ay +idy

J—00
where A and As are two zero-mean Gaussian distributions of total variance
07 + 03 = |13 | Rjapxy|(T)dT, which is the first result of Lemma 3.3. We
shall also prove that

(66) Tim E(Y;[) = E(|41)

Using again lemma (A.2), we conclude that

(67) lim E(Y;)) = B(4) > 0.

and hence finish the proof of Lemma 3.3.

For that purpose, we follow the same strategy as in the proof of (14),
applied to the process Y; = 21/2|dB * | % ¥;(t), where 1; is any linear
combination of real and imaginary parts of ;.

Let us write oA = ¢ 1[_a/2,a/2- We shall limit ¢ to a compact support
by defining {A;};>0 with lim;_,oc Aj; = oo and decompose

[dB % p(t)|=dB * pa; + dB* (¢ — oa;)| -
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As a result
[dB % p(t)|=|dB * pa,| + Z;(t)

with E(|Z;|) < E(|dB * (¢ — ¢a,)|). Since dB is the Wiener measure, if
0 € L2(R) then
(68) B(|dB x 0]) < B(|dB «0) " = 0] .
so E(|Z;]) < [l¢ — ¢a,ll2- Tt results that
(69) (dB % ol % T (1)=IdB » o, | T5() + Z; % B (t) |
and B B B
E(1Zj xi]) < E(Z;Db;l1 < ll = ea;ll2 1411 -

Since limj ;00 Aj = 00, limj o0 || — wa;ll2 = 0 s0 Z; % % _converges to 0
in probability when j increases. So the limits of [dB x ¢[ x ¥;(t) and |dB x
@, *x;(t) are equal.

We now prove (24) by applying Berk central limit Theorem A.1, to show
that Yj = [dB x pa;|*1;(t) converges to a normal distribution. Since |dB %
@, x () is stationary, its distribution can be evaluated at t = 0

1dB % o, | % §;(0) = / dB * pa, | ()b (—u)du.

The central-limit theorem is applied by dividing this integral into disjoint
integrals

b _
(70) S =2 /2 . 1B % pa, ()| 1 (—u)du
i,J

where for each j € Z, {bz‘,j}lgz‘gnj is an increasing sequence of points in
R U {+£o0} such that

biv1,; o
(71) Vi, /b [ (— ) du = 29| |

Since ¢ is C! and bounded, we verify that n; ~ 2/. Summing these random
variables gives

mj
(72) 27923 "8 =22 1dB % pa,| * ;(0) .
=1

We now show that the S; ; satisfy the hypothesis of the Beck central-limit
theorem so that we can apply the convergence result (62) which implies (24).
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Let us first prove that S;; is independent of S;y,; for r > m; which
satisfies (i). Since 1 is bounded, it results that inf; ; 27|b; ; — bi+1,5| =1 > 0.
Since ¢a; has a support of size A; and dB is a Wiener Noise, it follows that
|dB % a,|(u) is independent of \dB * @n;|(u') for [u —u'| > Aj and hence
that .S; ; is independent of Sji, ; for r > m; = A;/n.

To verify (i) let us set § = 1. Since n; ~ 27, if we choose A; = 2//% then

m ‘
(73) lim — < p~* lim 27¢4/5~D =90 .

We now verify condition (ii) with 6 = 1. Since 9;(u) has a zero integral,
one can replace [dX % pa;(u)| by Qj(u) = |dX x pa,|(u) — E(|dX xpa,|) in
the definition (70) of S; ;. It results that

BOSP) < [ [ [ BQiwQuwIQ W) 291650 195 (~!) 195~ du i
< B(dB wpa, P = 220 2l 31918 < 220 2ol

Let us now verify condition (iii). The sum Ay ; = Zf;r,i S;.j is by defini-
tion

[ 2bg _
Ay =2 / 1dB  pa, ()] Fj(—u)du = /R 1dB % pa, (u)] I j (u) du
2

ibr
with hy g j(u) = 2‘7'1;]'(—U)l[ijk’jgjbk_H’j}('LL). It results that
(74) Var(Ap5) < | Rjapapa, |1 1513 -

But, with a change of variable and applying (71) we get

9 ijqu,j _ 9 _ bk+l _ —
IIhk,z,sz:/? (P2 u) [ du < IIdJIIoo/ 27[(u)| du < [[Pllss 9]l L.

7 b, 5 br,j

We are now going to bound HR|dB*<ij|H1 by using the decay ¢(u) =
O((1+ |ul=2)).
Riapapa,|(8) = E(|dB x o, (A)] [dB * oa, (0)]) — E(|dB x ¢a, ])*
If [A] > [Aj] then since the support of pa,(u) and @a;(u — A) does not

overlap, |[dB x¢a;(A)| and |dB * pa;(0)| are independent random variables
80 RigBspn |(A) = 0. Otherwise, we decompose
J

|dB % pa; (u)| = [dB x pa(u) +dB * (pa; — pal(u)] .
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Since |dB * ¢a(0)| and |dB x pa(A)| are independent random variables,
|Ridpeps,| (D) < [E(JdB * pal)? = B(|dB x pa, |)?| +
+2E(|dB * paE([dB  (pa; — ¢a)l) + E(|dB * (va; — ¢a)])* -

Since E(|dB % 0|) < E(|dB % 0|>)'/2 < ||0||2, by applying this to § = pa and
0 = pa; — pa one can verify that

(75) [RidBspa|(A)] < 6[@ll2 [l = wall -

Since p(u) = O((1 + |u|)~2) it results that ||¢ — palls = O((1 + |A[)~3/2)
80 || RjqBypn |ll1 is bounded independently of j. Inserting this in (74) proves
J

the theorem hypothesis (iii).
Let us now verify the hypothesis (iv). It results from (72) that

2_jVar(Z Sij) = 2jVar(\dX*cij|*zﬂj) = 2j/]T2|dX*<ij|(w)|z/J(2jw)\2dw .

We proved (75) that Rjgp., | € L! but the same inequality is valid for
J

R|gB«p | Which proves that it is also in L!. It results that ﬁ‘d Xxp| 18 contin-
uous. Since pa; converges to ¢ in L?NL! as j — oo, ]§|dej|(0) converges

to ]§|de|(0). Since 2j|$(2jw)\2 converges to ||1[|30(w) when j goes to oo

lim 279Var(} " S5) = Riaxsel (0013 = 0%,

Jj—00

which proves condition (iv).

We can thus apply Theorem A.1 which proves that 27/2|dB % ¢| % ¥;(t)
converges in distribution to N(052) and hence (24). Finally, by following
the same reasoning used in Theorem 2.2, we apply Lemma A.2 to conclude
that limj_,o 2//°E(| |dB * ¢| x ¢;]) = C > 0, which proves (25) L.

Appendix C: Various results on the MRM measure

LEMmMmaA C.1.  The process wlT(t) used for the construction of the MRM
dM s an infinitely-divisible process whose two-points characteristic function
reads:

(76)
E (eplwlT(t1)+P2wlT(t2)> — [Fp)+Fp2))p] (0)+[F (p1+p2)—F(p1)—F(p2)lp] (t2—t1)
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where F(—ip) is the cumulant generating function characterizing the in-
finitely divisible law as provided by the Levy-Khintchine formula where the
drift term is chosen such that

(77) F(1)=0,
and where the function pl (1) is defined by:

In(T/l)+1— |7/, if|r| <1,
(78) pl(r) = In(T/|7|), #fi<|rI<T,
0, otherwise.

Moreover, the function ((p) which satisfies (32) (with X = dM where dM
is the associated MRM) is given by

¢(p) =p— F(p).

The proof of this Lemma is given in [6].
The next Lemma uses an alternative MRM measure considered in Ref. [6]
defined by
dM (t) = lim e (D gy
=0
where LDIT is defined exactly as the process wlT but only differs by its p
function which is replaced by : g/ (1) = p} (1) + % — 1, for 7 < T. One can
then easily show that (IJZT is linked with wlT by the following cascade property

(79) VI<a<T, wl ()= ol (u) +wl(u)

a

where @' and w!l are independent copies of the processes defined previously.
Moreover, @ satisfies both (37) and (37).
We are now ready to state the last Lemma we will need.

LEMMmaA C.2.  Let wlT the infinitely divisible process associated with the
MRM dM and v be a wavelet of support in [0,1] such that ||¢|lec < co. For
all a such that 0 < o < 1, one has:

(80) V<2, (% el )(t) = e <¢j *6“312m> +m;(t)

where the process 1 j(t) has a limit process limy_on; ;(t) = n;(t) which sat-
isfies, in the limit j — —o0,

1—a(1+F(2))
2

(81) E(|n;(t)]) = O’
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and
(82) E(|n;(t)]?) = 027G~ F@ )y |

Without loss of generality we fix ¢ = 0. Let us consider 0 < o < 1 and [
and j small enough and such that:

1<2/ <2%<T
Let us first remark that, for u < 27¢, one has from (76):

(83) E (ep(nga(u)w;a(o))) _ 9—jaF(2p)pF(2p) ,F(2p)(1-u2~9%)

where F(p) = ¢(—ip) = p — {(p). Hence, we have:
E( 2w2]a(u)> _  9jaF(2)F(2) F(2)
E (ew;}a(u)+w§ja(0)> —  9—jaF(2)pF(2) F(2)(1-u277%)

One defines n; ; as:

(84) m,;(0) =277 /¢(u2—j) (ew?(u) _ A e, (0)> I

Using dominated convergence, (79), E(e*! M) = 1 and the fact that v is
a bounded function of support [0, 1] one has:

E(lim|n ) = i |
(Hn [ 51) lim B ()
< H¢|’oo2j/ \/ [ Waia (W) _ ¢ 2Tm(0)> ]du

0
. 27 T () T ( T T (O)
= Hip”oij/ \/ ( 2](1 2]'a u _26w2ja u) nga )d’u,
— g IR *) ! —F(2)u2i(1-a) 2
= \f‘WHooQ T e / (1_6 (2)u ) du
0
= 0(2ﬂ‘%)
J——0Q
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which proves (81). In order to bound the second moment, we consider
. 12y s 12
B (Jim |o151%) = lim Bl ;)

_ojo

27 o
= 27% // (27 Tu)p(2 I (e e @R ((ew;ﬂ-a(w — eWaia () (gwyja (W) _ ew;a(o))) dudu!
0

2j j o jo
< 2_2j2_jaF(2)(Te)F(2) // |,(/)(2—ju>| |¢(2—ju/)‘E<eJJfJ (u)+u§l27 (u/)) .
0
’e—F@)lu—u/lT” 41— e F@Iu277 _ —F@ 1277 g0 !
1 ja . ~oda iy
= 2 TO@ore [ ) o) B @0 @),
0
’e—F(znu—u'wﬂ'“*‘” 1= e F@uIZI™™ _ —F@WIZO| gy gy
_ J(1—a(1+F @) R (2 (27) 2
L= o )E(le *[Y][%)

_ O(2I0-e(HFE)H@)TaFR)) _ o(2iB-F(2)=a)y [

Let us remark that one could obtain a smaller error with a smoother
variant of the w;. Indeed, as shown in [35] it is possible to choose the way w;
is regularized at scale [. One can thus define a MRM process using w; with
a covariance function that is C? at 7 = 0. In that case, in (83), the function

pi(u) would be proportional to 272/%4? and the error mean absolute value
could be bounded by 2i(1—a=F(2)/2)

Appendix D: Proof of Theorem 4.2

D.1. Proof of (i). We first prove that for all ¢ € [0,2% — 1] and all
j<L

AM %Y taw 0, ;10—
(85) m = € §(t277)

where ()5 is the random variable defined in (38) and &;(¢) is a normalized
1-dependent, stationary random process independent of €2,;-r defined as:

(86) ()= K e (t)

where €1 (t) = lim;_o [ ¢(u — t)e! @du and K = E(|e1(t)]).
L
Let j < L and dM; = e*i dt. From (37), one has:

law H—j w?! (u2i—F) —j
dMy*p; = 277 [ el (27 (t —u))du ,
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and thus, by setting s = 2/~ from (38) and (37):

dMl*U)j law 97 8 /1/1(2_j(t _ U))ewzy (W) du law eS2s /w(Q_jt—u)ewllzj (u)du .

Taking the limit [ — 0 for a fixed j in the last equation shows that

(87) AM * ;' eQai-t ey ($277) |
with
(88) er(t) = hm/l/} u—t)e () .

Normalizing €1(t) by E(|dM % 1|) proves (85).

Since v has a compact support of size 1, the process €;(t) (and therefore
the process £1(t)) is a 1-dependent process, i.e., V7 > 1, €1(t+ 7) is indepen-
dent from {e;(t') }y<;. Equation (39) is a direct consequence of (85) and of
the fact that E(ef%) = 1. O

D.2. Proof of (ii). As for the first order, using first (37) and then (38)
with s = 27271 we obtain :

law
sz * |¢j1 * dMlH(t) = |¢]2 |¢j1 *dMlH )

J2 J1 w22
/1/) —u277%)27 /w o )ev

Making the changes of variables v/ = u2772 and v/ = v277! and using (37),

leads to
[t

Since js is fixed, with no loss of generality, in the following we can set jo = 0.
Using (37), one gets

law 92 Ryip-L

2]2 Jl( )

SRS UANG) gu eftaiz=t 20270y, — )e“2i1 " dv| dul .

(89) | by, dMO)]| "2 et | [ (=) o+ e ()| du

1—2v

We now use the Lemma C.2 proved in Appendix C with o = TF ()

(r <1/2). We get :

(90) E(|n;|) = 0(2")
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and
Py, * e"Jl1 (u) = 27 ew;jla(w /w(u%l JJZQH v * njl’l(U)
law @y () P(u2™t — e@lggi;?_l)(v)dv + My 1 (w)

ljo € 2]1 62]1(a n (27 Iy )+77]1( u) ,

where we used property (37) for GJIT and we defined the T-dependent noise:

(91) —hm/w (t—v)e R (v)dv .

[—0

If follows that :
. law wl. U) |~ g ~

i 5 w0 0)) 2 et [ () ey oo 20k [ (- ()i
where

1_ ~ . ~ )
(92) i () = |e¥21 ey, i (277 ) + g, ()] = [Egemn (27900))

Along the same line as in ref [31, 6], it is easy to prove that in the limit
T — oo

(93) E([er (1)) ~ K199,

where K, does not depend on T (thanks to the stationarity of éz(t), it does
not depend on t either). Since ((1) = 1, let K1 = K = E(|ér(t)|) and let us

define the centered process: €ép(t) = |ép(t)] — K. Let us remark that, when
T — oo,

(94) E (&) ~E (&) ~12® .

Thus we can write

(95) lim ¢ [y, x dM;] (0) "W Qo-r (T + IT+ 11T

where

(96) I = K / b(—u)e2e @y |

(97) I = / P(—u)e21 Epyy oy (2771 0)du

(98) I = /w(—
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1
Since [ 1 (u)e>1* du converges in law, when j; — —oo, towards €; (), (where
€1(t) is an independent copy of the process defined in (88)), we have, in the
limit j; — —oc:

(99) E(I]) - KK |
where K = E(|e1(t)|). Thus, since SdM (j1,0) = E(|I + I + II1]),
[SdM (j1,0) — KK| < [E(|I + 11]) = B(1])| + E(|11]) .

;From the Lemma, we know that lim;, ,_ - E(|n;,|) = 0 and consequently
limj, oo E(|75,|) = 0 which leads to limj, s E(|111|) = 0. Moreover

[B( +11]) — E(I))] < B(II]) < VE(II?]) .

iJFrom the expression of I/ and the fact that 62j1<a_1)(2*j1u) is a 271
dependent process, we have, when j; — —oc:

1 1 1 ) ' |
E(‘IIP) S Hngo / / E (engla(u)+w2jla(v)) E (Ele(o‘_l)(2_]1u)€2j1(a—1)(2_]1’[))) dud'l)
0 0
B 2B ) =

which goes to 0 provided whe choose 1 > a > F(2) . Thus SdM(j1,0)
converges to K K which proves (40).

Appendix E: Scaling properties of 1st and 2nd order scattering moments
of MRW processes

The following theorem gives the MRW version of the Theorem 4.2 for
MRM.

THEOREM E.1. Let X(t) be a Multifractal Random Walk as defined in
(41) with integral scale 2 and scaling exponents ((q). Then

(100) Vi<L, SX(j)=2 3,

and if ((2) > 1 then as long as ji1,j2 < L, gX(jl,jg) depends only on j1 —ja,
and for each jo < L:

(101) lim SX(ji,j0) = K

Jj1——00

where the constant K is the constant of theorem 4.2 for the Multifractal
L

Random Measure associated with e*i in (41).
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PROOF. The proof is very similar to the proof of Theorem 4.2 for MRM,
so we only provide the main steps without entering into details.

First let us remark that if ) (t) f ¥ (u)du, then a simple integration
by parts allows one to show that:

(102) | X0 x| = 27| X % 1

— L
where X;(t) is defined in (41) and dX;(t) = 1> ¢! ®dB(t). Then, in
order to study the behavior of first and second order scattering moments

of X;(t), one can adapt the proofs of the MRM case to the MRW case by

replacing (") duy, byl -2 "Jl2 WdB(u).

For the first order moment, the Wiener noise scaling dB(su) law s-1/24p (u)

aw

and (38), leads to dX(su) 1 09 g1/2=C(2)/2 Thanks to (102), one gets
(100).

As far as the second order scattering moment is concerned, a simple adap-
tation of Lemma C.2 allows one to follow the same steps as in Appendix D.
One is lead to the same decomposition as in (95):

(103) lim o« 16y, X|(0) "2 €% (I 4 11 + I11)
_>
where
~ . 3—¢(2) wl. (u)
(104) I = K275 [ g(—u)e2e"au
(105) 7= / P(—u)ea12 ey oy (2T ) |
(106) I = / (=), (u)du

where n} is the noise term corresponding to 7; in Lemma C.2 and

(}5%/1” )
lim /¢ 62“0‘ du): ,

]1—> oo
3j1—¢(2)
2

32 el W dB(u)

Since from (93),

i

the term E(|I|) behaves, when j; — —oo as K/K?2 . The contribution
of the terms II and III can be shown to be negligible following the same argu-
ments as in Appendix D. Since the first order scattering moment behaves like

~ . 3-¢(2)
K'27*72 we obtain (101) with the same constant as in Theorem 4.2. [
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FiG 10. (a,b) Realizations X (t) of log-normal Multifractal Random Walks with A*> = 0.04
and A2 = 0.1. (¢) log, SX (j1) with A% = 0.04, A2 = 0.07 and \*> = 0.1. (d) log, SX (j1, j1+
1), for A2 = 0.04, A> = 0.07 and X\* = 0.1, as a function of I, for j1+1 < L where 2- = 2'3
is the integral scale.

Figure 10 shows the scattering moments of multifractal random walks
X (t) = B(dM(t)) for a log-normal random measure dM, with A\? = 0.04,
A2 = 0.07 and A\? = 0.1. In the log-normal case, it results from (43) that

N B
(107) ((g) = (142 )5—361 ;
Thereby ((2) = 1. As expected from (100), Figure 10(c) shows that logy gX(jl) =
jl(%@)). As expected from (101), Figure 10(d), compared to Figure 6(d),
shows that second order scattering moments satisfy §X(j1 ,J2) & ng(jl, J2),
for the three values of \2. If one uses the same wavelet 1, we check that they
converge to the same constant K as in the MRM case which is proportional
to the intermittency parameter A: K ~0.82) in the displayed examples.

Appendix F: Proof of Theorem 5.1

The Fourier transform ¥(w) of 1 satisfies the Littlewood-Paley condition

(3)

o0

3 (|\Il(2jw)|2 + |\I/(—2jw)|2) 2.

j=—o00
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It results that

M

1 . A

(108) @YW+ 5 > (1MW) + [U(-2w)) <1.
j=—o00

Let Y be a stationary process with E(|Y (t)|?) < oo, and Py (w) be its power

spectrum. Multiplying (108) by Py (w) and integrating in w gives

M
(109) E([Y xou*) + Y E(Y *uy*) <E(YP) .

j=—o00

Let us prove by induction that for any ¢ > 2

qg—1
E(SXG))+Y. Y B(SX(1 - im)P) +

m=2 —00<j2,....,im <M

(110) Yo EB(IX x5, 7)< BIX xy )

—00< g2 dg <M

Applying (109) to Y = | X x1);, | proves that (110) for ¢ = 2. If (110) is valid
for ¢ we prove it for ¢+1 by applying (109) to each Y = | [ X %1y, [x...|x9;,|.
Taking the limit of (109) as g goes to oo proves (?7).

If ¢ has a compact support then one can verify that there exists ¢ hav-
ing the same support as 1, whose Fourier transform satisfies (45), with
an equality on the Fourier transform modulus. Since E(§X (J1y s Jm)) =
SX (41, ..., jm), the mean-square estimation error at the scale 2! satisfies

E(jl) < U2(|X*wj1|) - Z Z |§X(]17 a]m)|2 )

m=2 —OO<]2,,]m§M

which proves (46) O.
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