L^2(R)

ABSTRACT

V_j_{jmemberZ} L^2(R

2π ψ(x 2^j ψ(2^j x− k)

(k,j)memberZ^2 L^2(R

H^s .

________________

L^2(R L^2(R

L^2(R ψ(x 2^j ψ(2^j x− k)

(j,k)memberZ^2 L^2(R ψ(x

L^p (R

Notation Z and R

L^2(R

f (x) member L^2(R g(x) member L^2(R ten < g(u f (u) > . f (x) member L^2(R f . f (x) member L^2(R f^(ω

Id L^2(R l^2(Z l^2(Z) = { (α_i )_Z :_{i=−∞}Σ^{+∞}_i ^2 < ∞ } .

Definition

L^2(R V_j_{jmemberZ} L^2(R

∀ Z , V_j ⊂ V_{j+1} (1)

j=−∞∪ +∞ V_j L^2(R_{j=−∞}∩^{+∞} V_j 0} (2)

∀ Z , f (x) member V_j <===> f (2x) member V_{j+1} (3)

∀ Z , f (x) member V_j ===> f (x− 2^{− j} k) member V_j (4)

Z . I from V_0 onto l^2(Z) (5)

Z over V_0 Z over l^2(Z f (x) member L^2(R^j

V_j

ϕ(x) member L^2(R Z , 2^j ϕ(2^j x− k) kmemberZ

V_j ϕ(x π H(ω

j+1

j V_j in V_{j+1} O_j ψ(x 2^j ψ(2^j x− k) kmemberZ Oj

2^j ψ(2^j x− k)

(k,j)memberZ^2 L^2(R spaces H^s

ϕ(x) member L^2(R Z , 2^j ϕ(2^j x− k) kmemberZ Vj . Z

I V_0 onto l^2(Z

g(x) member V_0 and I(g(x)) (n ε(n) = 0 1 if n ≠ 0 if n = 0 . (6)

Since I

I(g(x− k)) (n− k) .

ε(n− k) kmemberZ l 2 (Z g(x− k) _{kmemberZ}

of V_0 f (x) member V_0 and I(f (x)) =α_k_{kmemberZ} I

f and k=−∞Σ +∞ k ^2 1⁄2 V_0

g(x f (x

f (x) = k=−∞Σ +∞ α_k g(x− k) . (7) f^(ω) = M(ω) ĝ(ω M(ω) = k=−∞Σ +∞ α_k e^{− ikω} . (8)

f (x

f^2 = −∞ ∫^{+∞} f^^ (ω)^2 d_0∫^{2π} M(ω)^2_{k=−∞}Σ^{+∞} g^^ (ω+2kπ)^2 dω .

Since f and k=−∞Σ +∞ k ^2 1⁄2 V_0

1 >_2 > member R , C_1 ≤ k=−∞Σ +∞ ĝ(ω+2kπ)^2 1⁄2 ≤ C_2 . (9)

ϕ(x ϕ(x− k) _{kmemberZ}

V_0 ϕ(xg(x− k)_{kmemberZ}

ϕ̂(ω of ϕ(x ϕ(x− k) kmemberZ as

k=−∞Σ +∞ ^(ω+2kπ)^2 = 1 . (10)

Since ϕ(x) member V_0 π M_ϕ(ω)

ϕ̂(ω) = M_ϕ(ω) ĝ(ω) . (11)

M_ϕ(ω) = k=−∞Σ +∞ ĝ(ω+2kπ)^2 −^1⁄2

. (12)

M_ϕ(ω) member L^2([0,2π ϕ(x g(x ϕ(x− k) kmemberZ ϕ(x− k) kmemberZ generates

V_0 . ϕ(x e^λ λ memberΛ H e^λ λ memberΛ A and B α^λ λ memberΛ, A λ^{memberΛ} Σ λ^2 1⁄2 λ memberΛΣ

α_λ e_λ B λ^{memberΛ} Σ λ^2 1⁄2 . (13)

G <e_{λ 1} , e_{λ 2}> A^2 Id ≤ G ≤ B^2 Id . (14) G^{− 1⁄2} γ (λ_1,λ_2 f_λ =

λ memberΛΣ γ (λ ,λ′) e_{λ′}

f^λ λ memberΛ H

e^λ λ memberΛ

ouverts

of L^2(R f (x) member L^2(R

> ∀ R , f (x) C (1 + x^2)^{− 1} and f′(x) C (1 + x^2)^{− 1} .(15)

V_j_{jmemberZ} ϕ(x

regular.

ϕ(x)

ϕ(x Z ,

2^j ϕ(2^j x − n) nmemberZ Vj

V_j_{jmemberZ}

L^2(R ϕ(x π H(ω

2 1 ϕ( 2 x ) member V_{− 1} ⊂ V_0 .

2 1 ϕ( 2 x ϕ(x− k) kmemberZ

of V_0:

2 1 ϕ( 2 x ) = k=−∞Σ ∞ h_k ϕ(x+k h_k = 2 1 −∞ ∫^∞ ϕ(_2^x ) ϕ(x+k) (16)

h_k satisfies

h_k O(1 + k^2)^{− 1}

ϕ̂(2ω) = H(ω) ϕ̂(ω H(ω) = k=−∞Σ ∞ h_k e^{− ikω} . (17)

H(ω

H(ω H(ω)^2 H( )^2 = H(0) 1 . (19)

ϕ̂(ω

k=−∞Σ +∞ ^(ω+2kπ)^2 =

k=−∞Σ +∞ ^(2ω+2kπ)^2 = 1 . (21)

Since ϕ̂(2ω) = H(ω) ϕ̂(ω

k=−∞Σ +∞ H( kπ)^2 ^(ω+kπ)^2 = 1 . (22) H(ω π 2Z and 2Z+ H(ω)^2 H( )^2 = 1 . H(0) ^(0) 1 . (23)

P_{Vj} V_j 2^j ϕ(2^j x − n) nmemberZ

V_j P_{Vj}

2^j K(2^j x,2^j y K(x,y) = k=−∞Σ ∞ ϕ(x− k) ϕ(y− k) . (24)

P_{Vj} jmemberZ Id K(x,y

satisfy −∞ ∫^∞ K(x,y) dy =

Let g(x A(x,y) = k=−∞Σ ∞ g(x− k) g (y− k

−∞ ∫^{+∞} A(x,y) dy = . (25)

Id T^j jmemberZ^j A(2^{j j} (26)

g(x >0

A(x,y) C (1 x− y )^{− 2} . (27)

T^j jmemberZ L 2 (R

∀ Z , ∀ L^2(R)_{j→+∞}lim f − T_j (f )

L^2(R

f (x) = a ≤ x ≤ b .

T_j f (x f (x

T_j (f )(x) = a ∫^b 2^j A(2^j x,2^j y) (29)

T_j (f )(x) C 2^j a ∫^b (1 + 2^j x− y )^{− 2} dy ≤_{1 + 2j dist(x,[a ,b])2}^{C′}

__________________ . (30)

j→+∞ lim T_j (f )(x) = 0 .

]a ,b

T_j (f )(x) =

2^j a

∫^2 j b A(2^j x,y) (31)

T_j (f )(x) = 1 − −∞ ∫^2 j a A(2^j x,y) dy −

2^j b

∫^{+∞} A(2^j x,y) (32)

Since ]a ,b

j→+∞ lim T_j (f )(x) = 1 . (33) j ≥ C′′>

T_j f (x) 1 + x^2 C′′ .

T^j f (x) jmemberZ f (x

α(x) = −∞ ∫^∞ A(x,y) (34) α(x α(x) member L^∞ (R f (x that T_j f (x f (x L^2(R > r > [− r , r

T_j (f )(x) = − 1 ∫^1 2^j A(2^j x,2^j y)

T_j (f )(x) (2^j x) + O(2^{− j} ) . (35) Since α(2^j x^{− j} L^2([− r ,r α(x

Since

P_{Vj}

jmemberZ Id

K(x,y −∞ ∫^∞ K(x,y) dy =

−∞ ∫^∞ K(x,y) dy =_{k=−∞}Σ^∞ γ ϕ(x− k) =

−∞ ∫^∞ ϕ(y) dy^^(0) . (37)

^(0)^2 = H(0)

H(ω ϕ(x

Let H(ω) = k=−∞Σ ∞ h_k e^{− ikω}

h_k O(1 + k^2)^{− 1} H(0) H(ω)^2 H( )^2 =

H(ω) ≠ − 2 π , 2 π ] . (41)

ϕ̂(ω) = k=1Π^{∞ H(2− j ω) . (42)} ϕ̂(ω ϕ(x ϕ(x− k) kmemberZ V^0 of L 2 (R ϕ(x V_j_{jmemberZ} V_0 by L^2(R

ϕ̂(ω) member L^2(R

M(ω) H(ω)^2 M_k(ω k ≥

M_k(ω) = M( 2 ω__) M( 4 ω__) M(

2^k ω ) 0 if if 2^kπ

> 2^kπ .

N , k ≠

I_k^n = −∞ ∫^∞ Mk(ω) e^{i2nπω} d 0 2π if n ≠ 0 if n = 0 (43)

I_k^n

I_k^n =

− 2^kπ

∫^0 Mk(ω) e^{i2nπω} d_0∫^2 kπ M_k(ω) e^{i2nπω} dω .

Since M(2^{− j} 2^{k− j} π) = M(2^{− j} ω ≤ j < k and M(2^{− k}ω) + M(2^{− k} ) =

2^kπ

I_k^n = 0 ∫^2 kπ M( 2 ω__ ) M( 2^{k− 1} ω____

) e^{i2nπω} dω .

Since M(ω π

I_k^n =

− 2^{k− 1}π

∫^2 k− 1π M( 2 ω__ ) M( 2^{k− 1} ω____

) e^{i2nπω} d I_{k− 1}^n .

I_k^n = I_{k− 1}^n = = I_1^n = 0 2π if n ≠ 0 if n = 0 .

M_∞ (ω) =_{k→∞}lim M_k(ω) =

j=1Π^{∞ M(2− j ω) ^(ω) 2 . (44)} ≤ M(ω) ≤

−∞ ∫^∞ M∞ (ω) d_{k→∞}lim_{−∞}∫^∞ Mk(ω) d 2π . (45)

ϕ̂(ω L^2(R ϕ(x ϕ(x− k) kmemberZ

M^k(ω) e^{i2nπω} kmemberZ M^∞ (ω

M_∞ (ω) = e − j=1Σ^{∞ Log(M(2− j ω))}

. (46)

Since H(ω Log(M(ω)) = O(ω

ω→ 0 lim M_∞ (ω) = M_∞ (0) = 1 . (47)

H(ω

> member [−π , π] M_∞ (ω) ≥ (48)

For 2^kπ

M_∞ (ω) = M_k(ω) M_∞ ( 2^k ω ) .

0 ≤ M_k(ω) ≤ C 1 M_∞ (ω) . (49)

Since M_k(ω) = > 2^k π ω member R M_∞ (ω) member L^1(R

M^k(ω) e^{i2nπω} kmemberZ

−∞ ∫^∞ M∞ (ω) e^{i2nπω}d 0 2π if n ≠ 0 if n = 0

. (50)

< ϕ(x ϕ(x− k) > ϕ(x− k) kmemberZ

V_0 ϕ(x V_j_{jmemberZ} V_0 Z , 2^j ϕ(2^j x− k)_{kmemberZ} is V_j V_j_{jmemberZ} L^2(R

straightforward.

V_{− 1} ⊂ V_0 . V_0 and V_{− 1}

M(ω) ϕ̂(ω M(2ω) ϕ̂(2ω M(ω π M(ω) member L^2 π ϕ̂(ω ϕ̂(2ω) = H(ω) ϕ̂(ω with H(ω) M(2ω) H(ω π

L^2 π V_{− 1} V_0 .

Let P_{Vj} V_j that

j→+∞ lim P_{Vj} = Id and_{j→−∞}lim P_{Vj} = 0 . (52)

Since

2^j ϕ(2^j x− k) kmemberZ Vj PV_j by 2^j k=−∞Σ ∞ ϕ(2^j x− k) ϕ(2^j y− k) = 2^j K(2^j x,2^j y) . (53)

Since ϕ(x− k)_{kmemberZ} −∞Σ^{+∞ ^( 2kπ) 2 = 1 .} ^(0) k ≠ ϕ̂(2kπ) =

k=−∞Σ ∞ ϕ(x− k) = −∞ ∫^{+∞} ϕ(u) du^^(0) . (54)

−∞ ∫^{+∞} K(x,y) dy^^(0)^2 =

j→+∞ lim P_{Vj} = Id ϕ(x

2^j K(2^j x,2^j y) (1 + 2^j x− y )^2

C2^j . (55)

j→−∞ lim P_{Vj} =

Remarks H(ω function ϕ(x ϕ(x− k) _{kmemberZ}

H(ω) = cos( 2 3ω___ ϕ(x

3 1 − 2 3 , 2 3

ϕ̂(ω H(ω H(ω) member C^q then ϕ̂(ω) member C^q and

dω^n d^n H(0) _______ = ≤ n ≤ q <=====> dω^n d^n ϕ̂(0) = ≤ n ≤ (56)

ϕ̂(ω

dω^n d^n H(0) _______ = ≤ n ≤ q

dω^n d^n H((2k+1)π) = ≤ n ≤ q− Z .

H(ω

H(ω) = cos( 2 ω__) q M_0(ω

where M_0(ω π A >

j=− 1Π +∞ M_0(2^{− j} ω) O(^{Log(2)}

Log(A)

j=− 1Π +∞ cos(2^{− j} 2 ω__ ) = 2 ω__ sin( 2 ω__) ,

^(ω) O(^{− q+ Log(2)}

Log(A)

. (59)

Example

V_0 C^2

k , k+ Z

g(x) member V_0

∀ Z , g(k) = 0 1 if k ≠ 0 if k = 0 .

ĝ(ω) = 2 ω__ sin 2 ω__ 4 (1 − 3 2 sin^2 2 ω__ )^{− 1} . (60)

f (x) member V_0

f (x) = k=−∞Σ ∞ f (k) g(x− k) .

I Z f (x) member V_0

V_j_{jmemberZ} L^2(R

Σ_8(ω) =

−∞Σ^{+∞}_{(ω+2kπ)}8^{1 . (61)}

ϕ̂(ω) = ω^4 Σ_8(ω)

1 and H(ω) = 2^8Σ_8(2ω)

Σ_8(ω)

. (62)

Σ_8(ω^{th}

Σ_2(ω) = 4sin^2(ω⁄2) 1 .

ϕ(x H(ω −π , π

*****************************************************************************

***************************************************************************** ϕ(x) ϕ̂(ω) ω^4 1

*****************************************************************************

***************************************************************************** (ω) tion.

j on V_j .^j j+1 V_j in V_{j+1} O_j ψ(x 2^j ψ(2^j x− k) kmemberZ Oj . ψ(x ψ( 2 x ) member O_{− 1} ⊂ V_0

ψ̂(2ω) = G(ω) ϕ̂(ω where G(ω π L^2 π V_0 = V_{− 1} ciplus O_{− 1} , f (x) member V_0 f^(ω) = a (ω) ϕ̂(ω) = b(ω) ϕ̂(2ω) + c(ω) ψ̂(2ω where a (ω π L^2 π b(ω c(ω π

L^2 π

a (ω) = b(ω) H(ω) + c(ω) G(ω) . (65)

0 ∫^{2π} a (ω)^2 d_0∫^π b(ω)^2 d_0∫^π c(ω)^2 dω .

a (ω

H(ω) G(ω) + H(ω+π) G(ω+π) = 0

H(ω)^2 G(ω)^2 = 1 . (66)

G(ω ψ(x

tions b(ω c(ω

c(ω) = a (ω) G(ω) + a (ω+π) G(ω+π) b(ω) = a (ω) H(ω) + a (ω+π) H(ω+π) . (67)

H(ω+π) H(ω) G(ω+π) G(ω) (68)

G(ω G(ω) = e^{− iω} H(ω+π) . (69)

V_J

V_J =_{j=−∞}ciplus^{J − 1} O_j . (70)

Since j=−∞∪ +∞ V_j L^2(R_{j=−∞}ciplus^{+∞} O_j L^2(R

2^j ψ(2^j x− k)

(k,j)memberZ^2 L^2(R).

H(ω ϕ(x ψ(x

*****************************************************************************

***************************************************************************** ψ(x) ^ (ω) ω^4 1

ity.

ψ(x) = 0 − 1 1 otherwise .

1⁄2≤ x < 1

≤ x <^1⁄2

ϕ(x

H(ω) = e^{− i 2} ω__ cos( 2 ω__ )

H(ω

ψ(x H(ω ψ(x

H(ω) member C^q ψ̂(ω) member C^q and

dω^n d^n H(0) _______ = ≤ n ≤ q <====>

dω^n d^n ψ̂(0) = ≤ n ≤ q− 1 dω^n d^n G(0) _______ = ≤ n ≤ q− 1

(71)

ψ̂(ω ϕ̂(ω

^ (ω) O(^{− q+ Log(2)}

Log(A)

. (72)

H(ω [− 3 π , 3 π C^∞ ψ(x

that ψ̂(ω − 3 8π , 3 8π ψ(x C^∞ .

n ≥ ψ(x) member C^n

H(ω) = k=− NΣ N h_k e^{− ikω} q− Log(2)

Log(A)

ψ(x − 2N− N+

If ψ(x

L^p (R < p < ∞

ψ(x ≥ (x) < C (1 x )^{− 1− q}

−∞ ∫^{+∞} x^n ψ(x) dx = ≤ n ≤ q

dx^n d^n ψ(x)

< C′ (1 x )^{− 1− q} for n ≤ q

s ≤ q 2^j ψ(2^j x− k)

(j,k)memberZ^2

H^s f (x) member L^2(R

α(k,j) = <f (x 2^j ψ(2^j x− k)> then

H^s <====>_{j=−∞}Σ^{+∞} (_{k=−∞}Σ^{+∞} (k,j)^2 )^{1⁄2} 2^{js}^2 1⁄2 < +∞ . (76)

Remarks

H(ω G(ω

A = α_n _{nmemberZ} a (ω

A

A where b(ω c(ω H(ω G(ω

ψ(x

ψ̂(ω) = 7 4π 4 7 4π (77)

2^j ψ(2^j x− k)

(k,j)memberZ^2 L^2(R

Let V_J

2^j ψ(2^j x− k) kmemberZ,−∞ <j<J .

V_J_{JmemberZ}

ψ(x

L^2(Ω Ω R^n L^2(Ω

j ε_j f − P_{Vj} (f )^2

j→+∞ lim ε_j = 0~ of ε_j ε_j

Let V_j_{jmemberZ}

function ϕ(x ≥ (x) < C (1 x )^{− 3− q} (78)

−∞ ∫^{+∞} x^n ϕ(x) dx = ≤ n≤ q+

dx^n d^n ϕ(x)

< C′ (1 x )^{− 1− q} for n≤ (80)

Let ε_j f − P_{Vj} (f ) L^2(R < s ≤ q then

f (x) member H^s <=====> j=−∞Σ +∞ ε_j^2 2^2 < +∞ . (81)

Let P_{Oj} O_j and ψ(x)

L^2(R

α(k,j) = <f (x 2^j ψ(2^j x− k)>

ε_J f − P_{VJ} (f )

j=JΣ^{∞ P}Oj^{(f ) 2} 1⁄2 = j=JΣ^{+∞}_{k=−∞}Σ^{+∞ (k,j) 2} 1⁄2 .(82)

ϕ(x ψ(x

H(ω) = k=−∞Σ +∞ h_k e^{− ikω} satisfies:

h_k = O((1 k )^{− 3− q} ) . (83)

G(ω

G(ω) = k=−∞Σ ∞ g_k e^{− ikω} g_k = h_{− k− 1} (− 1)^{− k− 1} .

ψ(x

2 1 ψ( 2 x ) = k=−∞Σ +∞ h_{− k− 1} (− 1)^{− k− 1} ϕ(x− k) .

(x) O((1 x )^{− 1− q}

dx^n d^n ψ(x) O((1 x )^{− 1− q} n ≤

ϕ̂(ω) member C^{q+1} and

dω^n d^n ϕ̂(0) = ≤ n ≤ q+1 .

dω^n d^n ψ̂(0) = ≤ n≤ q

−∞ ∫^{+∞} x^n ψ(x) dx = ≤ n ≤

β_j = k=−∞Σ +∞ (k,j)^2

j=JΣ^{+∞ β}j J^{2 .}

β_{J J}^2_{J +1}^2

j=−∞Σ +∞ β_j 2^{2js} = (1 − 2^{− 2s} ) j=−∞Σ +∞ ε_j^2 2^2 .

Acknowledgments

LIST