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Abstract

We study approximations of non-Gaussian stationary processes having long range
correlations with microcanonical models. These models are conditioned by the empiri-
cal value of an energy vector, evaluated on a single realization. Asymptotic properties
of maximum entropy microcanonical and macrocanonical processes and their conver-
gence to Gibbs measures are reviewed. We show that the Jacobian of the energy vector
controls the entropy rate of microcanonical processes.

Sampling maximum entropy processes through MCMC algorithms require too many
operations when the number of constraints is large. We define microcanonical gradi-
ent descent processes by transporting a maximum entropy measure with a gradient
descent algorithm which enforces the energy conditions. Convergence and symmetries
are analyzed. Approximations of non-Gaussian processes with long range interactions
are defined with multiscale energy vectors computed with wavelet and scattering trans-
forms. Sparsity properties are captured with 1' norms. Approximations of Gaussian,
Ising and point processes are studied, as well as image and audio texture synthesis.

1 Introduction

Building probabilistic models of large systems of interacting variables that can be efficiently
estimated from data is a core problem in statistical physics, machine learning and signal
processing. We consider the estimation of the probability measure of stationary processes
X (u) on the infinite grid u € Z* given a single realization Z(u), observed over a finite
domain u € Ay C Z¢ of cardinal d. For ¢ = 2 and ¢ = 1, such processes provide models
of image and audio textures. Given a piece of texture over Ay, we may want to synthesize
similar texture examples by sampling the resulting probability model. Building probability



models from a single observation is also needed in finance and in many physical problems,
such as geophysics exploration or fluid dynamics. These estimations rely on the ability to
build low-dimensional approximations of the underlying stationary measure. This paper
introduces microcanonical sparse multiscale models, which can take into account non-
Gaussian phenomena and long range interactions.

In his seminal paper, Jaynes [27] interprets statistical physics as an inference of a prob-
ability distribution from partial measurements, by maximizing its entropy. In Jaynes words
[27], maximizing the entropy of a probability distribution “is maximally noncommittal with
regard to missing information.” Macrocanonical models are maximum entropy distribu-
tions conditioned on the expected value of a vector of potential energies. They are used in
large classes of stochastic models [24] and will thus be our departure point.

Since we only know a single realization Z(u) of X(u) in Ay, the expected value of
stationary energies are estimated by the average potential energy vector ®4(Z) of T in
the domain A4 of size d. When d is sufficiently large, weak ergodicity assumptions imply
that ®4(X) concentrates near the empirical energy vector ®4(Z) with high probability. A
microcanonical model is a probability measure supported over the microcanonical set of all
x having nearly the same energy: [|®4(z) — ®4(Z)|| < e. Maximum entropy microcanonical
models have a uniform density over this set. Under appropriate hypotheses, the Boltzmann
equivalence principle states that a maximum entropy microcanonical model converges to
the same Gibbs measure as the macrocanonical model, when d goes to co. Section 2.4
reviews these results.

Microcanonical models exist with mild assumptions, even-though macrocanonical dis-
tributions may not exist, particularly for signals x having strong sparsity properties. We
thus consider these models not as approximations of macrocanonical models, which may
not exist, but as stochastic models in their own sake. Section 3 relates their entropy rate to
their energy vector. Sampling micro and macrocanonical measures is a classic problem in
statistical mechanics, typically approached with MCMC algorithms or Langevin Dynam-
ics [6, 15] or variational methods [45]. Their numerical effectiveness on high-dimensional
problems is hindered by the slow mixing speed of the Markov Chain [15], which limits their
applications. To avoid this computational issue, we introduce an alternative class of mi-
crocanonical models where the Markov chain is replaced by a gradient flow resulting from
the microcanonical energy vector. A microcanonical gradient descent model begins from a
high entropy measure and computes a progressive transport of this measure with gradient
steps, towards the microcanonical set. Similar algorithms have been applied to texture
synthesis [23] with deep convolutional neural networks. Section 3 studies their convergence
to a microcanonical set. Although the gradient descent transport does not converge to a
maximum entropy measure, we prove that it preserves an important subset of symmetries
which is specified.

A major issue is to specify energy vectors &4 providing accurate microcanonical gradient
descent approximations of non-Gaussian processes with long range interactions. Section
4 introduces energy vectors which take into account long range interactions by separating



scales with wavelet transforms. Non-Gaussian properties are captured with I' norms which
measure the sparsity of wavelet coefficients. These energy vectors are augmented with
wavelet scattering coefficients, providing information on the geometry of sparse wavelet
coefficients [34, 10].

Section 5 studies the approximation of Gaussian, Ising and point processes, with micro-
canonical gradient descent models computed with wavelet and scattering energy vectors.
For Ising, the wavelet scale separation is closely related to the Wilson renormalization
group approach [5]. We show that scattering microcanonical model can also give good
perceptual approximations of large classes of image and audio textures.

Notation We use cursive captial letters A, B, ... to denote sets, small capital letters
x,y, ... to denote vectors, capitals X,Y, Z to denote random processes, and capital letters
E, H,®,... to denote operators and functions. Z denotes the Fourier transform of z.

2 Microcanonical and Macrocanonical Models

We consider a stationary process X (u) taking its values in an interval Z C R for all u € Z*.
We denote by p the probability measure of this stationary process. We write E,,(f(x)) the
expected value of f(X) or E,(f(z)) if p has a density p. Let Ay C Z* be a cube with d grid
points and Z?¢ the product domain. Let Z € Z% be a realization of X restricted to Ag.
Microcanonical models described in Section 2.1 are probability densities conditioned on
a K-dimensional energy vector ®4(Z). Section 2.2 reviews the properties of macrocanon-
ical models which have a maximum entropy conditioned on E,(®4(x)). We concentrate
on shift-invariant energies ®; introduced in Section 2.3, to define stationary maximum
entropy processes. Section 2.4 reviews the resulting convergence properties of micro and
macrocanonical models towards the same Gibbs measures. In statistical physics terms, it
amounts to verify the Boltzmann equivalence principle in the thermodynamical limit, for
lattice gaz models. We shall then see that microcanonical models are also interesting in
their own sake, even in regimes where macrocanonical models do not exist.

2.1 Maximum Entropy Microcanonical Models

A microcanonical model is computed from y = ®4(Z). To estimate the measure p of a
stationary X from a single realization, we need ergodicity assumptions. We assume that
®4(X) concentrates with high probability around E,(®4(x)) when d goes to oo:

Ve>0, lim Proby(|®4(X) - E,(¢a()| <€) = 1. (1)

If there exists C' > 0 such that ||E,(®4(x))|| < C then this convergence in probability is
implied by a mean-square convergence:

Jim B, (|24(2) — B, (@a(2)][*) = 0. 2)
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The microcanonical set of width e associated to y = ®4(Z) is
Que={r €T : ||By(2) —y| <}

The concentration property (1) implies that when d goes to 0o, X belongs to microcanonical
sets Qg4 of width € = €(d) converging to 0, with a probability converging to 1. In other
words, (1) guarantees that the support of the measure y is mostly concentrated in Q4 for
large d.

The differential entropy of a probability distribution p which admits a density p(x)
relatively to the Lebesgue measure is

Hp) = — / p(x) log p() d . 3)

A maximum entropy microcanonical model ™ (d, e,y) was defined by Boltzmann as the
maximum entropy distribution supported in Q4. We usually define ®4(x) so that 4 is
compact. It results the maximum entropy distribution has a uniform density pg:

]'Qd,e (x)
Pd,e(f’«") = W . (4)

Its entropy is therefore the logarithm of the volume of g :

H(pge) = — /pdﬁ(a:) log pg.(z) dz = log (/

Qd,e

dx) . (5)

We thus face a fundamental trade-off when constructing microcanonical models. On the
one hand, we seek representations ®, that satisfy a concentration property (1) to ensure
that typical samples from p are included in €23, with high probability, and hence typical
for the microcanonical measure ™. On the other hand, the sets Q4. must not be too large
to avoid having elements of {15 and hence typical samples of ™ which are not typical for
. To obtain an accurate microcanonical model, the energy ®,; must define microcanonical
sets of minimum volume, while satisfying the concentration (1).

2.2 Macrocanonical Models

Since ®4(X) concentrates close to E,(®4(x)) and Z is a realization of X, one could expect
that the maximum entropy distribution conditioned on ®4(Z) converges to the maximum
entropy distribution conditioned on E,(®4(x)) when d goes to co. Section 2.3 studies con-
ditions under which this Boltzmann equivalence principle is verified. We begin by reviewing
the properties of macrocanonical maximum entropy models conditioned on E,(®4(x)) = .
Let M(Z"4) denote the space of measures of Z™.



A macrocanonical measure p™* with density ppa has a maximum entropy conditioned
on By, (®a(z)) = y:

Pma € argmax H(p) , with
pEAy

A

Ay = e M@ [ @) pla)do =) (6)
Thd

The entropy is a concave function of p whereas E,(®4(z)) = y is a set of linear conditions

over p. If ®4(z) is bounded over 4. then the set of densities p which satisfy the moment

conditions is compact. As a consequence, there exists a unique macrocanonical density ppya

which maximizes H(p). It is obtained by minimizing the following Lagrangian

La(p,B) = —H(p) + (B, Ep(®a(z)) —v) , (7)

also called free energy in statistical physics. The Lagrange multipliers 8 = {fk}r<i are
adjusted so that the moment condition (6) is satisfied. The density which minimizes (7)
can be written as an exponential family

Pma(@) = Z7 exp(—(8, Pa(2))) (8)
where Z guarantees that [ pma(z)dz =1 and hence
Z = / exp((8, ®q(x))) dz . (9)
Thd
A direct calculation shows that the resulting maximum entropy is
H(pma) = —log Z + (B,y) - (10)

If the probability measure of the restriction of X to Ay has a density p relatively to the
Lebesgue measure, then we can also verify that the Kullback-Liebler divergence

= x) lo Pma(?) T
K L(p||pma) /Adp( ) log (@) d

satisfies
KL<pHpma> = H(pma) - H(p) >0. (11)

Optimizing the interaction energy ®; thus amounts to minimizing the resulting maximum
entropy H(pma) [49] so that H(pma) = H(p) and hence p™* = p.

Note that it is not necessary to impose that ®; is bounded on Z2¢. If there exists
B € RX such that the distribution (8) satisfies the moment condition (6), then one can
verify from (11) that ™ is the unique maximum entropy distribution. However, if ®, is
not bounded on Z*¢ then there may not exist such a 3 € RE. Indeed, the maximization of
entropy defines a limit distribution over distributions which satisfy the moment constraints,
but this limit may not satisfy the moment constraints anymore. One can construct such
examples with high order moment conditions [44]. In this case the macrocanonical model
does not exist although we may still define a microcanonical model.



Macrocanonical Estimation Given an energy vector @4, and desired moment con-
straints y = E,[®(x)], fitting macrocanonical models requires estimating I ma[®4(z)]. This
expectation can be estimated with MCMC algorithms such as Metropolis-Hastings, which
sample the Gibbs distribution (8) to estimate E, ma(®4(x)) and iteratively update the La-
grange multipliers f until E ma(®4(x)) converges to y. However, when d is large, this
is numerically unfeasible because sampling a high-dimensional probability distribution is
computationally dominated by the mixing time of the Markov Chain, which in generally
has an exponential dependence on the data dimensionality [33].

2.3 Shift Equivariant and Finite Range Potentials

Microcanonical densities in (4) and macrocanonical densities in (8) depend on ®4. These
densities remain constant under any transformation of z which leaves ®4(x) constant. Sta-
tionary densities are obtained with a ®; which is invariant to translations. It is calculated
by averaging a potential vector which is equivariant to translations. We review simple
examples with 1' and 1? norms. It illustrates convergence issues of micro and macrocanon-
ical densities when d goes to oo, with sparse regimes where microcanonical models exist
without macrocanonical models.

Equivariant Potentials For any 2 € ZZ° we define a potential Uzx(u) € RE for each
u € Z'. We write Tra(u) = x(u — 7) a translation of 2 by 7 € Z*. A potential U is
shift-equivariant if

V(z,7) €I x 2!, UTrx = T,Ux .

The energy ®4(z) is computed from the restriction of x in a square Ay = [a, b]*. We extend
z over Z% into a signal which is b — a = d'/* periodic along each of the ¢ generators of the
grid Z¢. With an abuse of notation we write Uz the potential U applied to the periodic
extension of z and
Pg(z) =d ! Z Uz(u). (12)
uENy

Observe that ®4(z) € RX is invariant to periodic translations of z in Ay modulo d*/*.

We say that Uz has a finite range A if Uz(u) only depends upon the values of z(u’) for
u—u' € [~A,A]’. The resulting macrocanonical density (8) is a Markov Random Field
over cliques [u — A, u + A]? around each u

Pma(®) = Z  exp(—=d™" Y (B, Uz(u))) . (13)
ueNg
To approximate random processes, we must choose A to be the integral scale beyond which
structures become independent. When there are long range interactions as in turbulent
flows, this integral scale may be very large. Before reviewing the general convergence
properties of the resulting micro and macrocanonical densities we consider two important
examples obtained with 1" norms.



Convergence of 1" macro and microcanonical densities The potential Ux(u) =
|z(u)|” for u € Z defines an 1" norm energy over intervals Ay = [1,d] C Z:

O(z) =d " zlr=d7" Y fa(w)]” (14)

uENg

The macrocanonical measure with density ppm, defined by E,  (®4(x)) =y >0 is

pl'na
Pma(x) = 27 Le A il

for some § > 0. It is the density of a vector of d i.i.d random variables X (u) having an
exponential distribution oc e Pl2l".

A microcanonical density pg, is uniform over Qg = {z € R? : |d~Y|z||7 — y| < €},
which is a thin shell around an 1" ball in R¢. It is the density of a random vector X, d,e defined
on Ay. For a fixed m > 0, when d goes to oo and € goes to zero then the joint density of
Xa,e(1), ..., Xq.(m) converges in total variation distance to i.i.d random variables having an
exponential distribution oc e##I" [4], and E(| Xy (u)|") converges to y. The microcanonical
distribution thus converges to the macrocanonical distribution. This family of results has
a long history, first proved in 1906 by Borel [7] for » = 2 and in 1987 by Diaconis and
Freeman for r =1 [18].

Intersections of I' and 12 balls The situation becomes more complex for the two-
dimensional potential Uz(u) = (| (u)|!, |x(u)|?) which defines an energy ®4(x) = (d~!||z||1,d " ||=||3)
over intervals Ag = [1,d] C Z. We shall see that microcanonical models may exist without
macrocanonical models.

One can verify that there exists a unique maximum entropy density py, conditioned
on E, . (®4(x)) =y if and only if

in which case there exists 81 and (32 such that
Pma(z) = 21~ (Brllzlithallzl3)
The microcanonical set Q. = {x : ||®g(x) — y|| < €} is a thin shell around the

intersection of the simplex ||x||; = dy; and the sphere ||z||3 = dy2. Since ||z]|3 < [|z]]? <
d||z||3, this intersection is non-empty over a wider range defined by

N

2

1< 2 <d.

Sl

When 1 < z—% < 2, micro and macrocanonical densities have the same limit when d
1

goes to co and € goes to zero. S. Chatterjee [13] proves that the joint microcanonical
density of Xg(1),..., Xg(m) for a fixed m converges to i.i.d random variables having an



exponential distribution equal to ae™#1121=F212 "and (E(| Xy (u)|!, B(| X4 (u)[2) converges
to y. If y2/y? = 2 then B3 = 0. In this regime where macrocanonical densities are well-
defined, micro and macrocanonical measures converge to each other so the Boltzmann
equivalence principle is again verified.

However, when y2/y? > 2 the macrocanonical density is not defined, so the Boltzmann
equivalence principle is violated. The microcanonical set contains sparse signals which are
not captured by exponential distributions. In this case, Chatterjee [13] proves that when
d goes to oo and € to 0, X4, has one large coefficient randomly located at some ug € Ay
for which X7 (ug) ~ d(y2 —2y7) with a probability which tends to 1. All other coefficients
have a much smaller O(y;) amplitude. For m fixed, Xq,(1),..., Xq(m) converge in law
to i.i.d random variables having marginals equal to e #11#l, but there is no convergence of
moments. This example shows that the Boltzmann equivalence principle is not necessarily
satisfied, particularly when signals exhibit a strong sparsity behavior.

2.4 Boltzmann Equivalence Principle

Micro and macrocanonical densities are defined over configurations = specified in a finite
cube Ag of dimension £. Let ®4(x) be a shift-invariant energy vector computed by averag-
ing a finite range potential Uz. To compute estimators which converge when d goes to oo,
we need to ensure that microcanonical densities converge in the moments sense. We con-
sider the limit among measures defined on the configuration space IZ[, with the product
topology of Borel fields on the interval Z C R. The asymptotic equivalence between micro
and macrocanonical measures is called the Boltzmann Equivalence Principle [22]. Their
convergence to the same Gibbs measures was first proved by Landford [31]. It is the center
of a large body of work, rooted in the theory of large deviations [20]. We review results
obtained when 7 is a bounded interval and for Gaussian processes.

Macrocanonical Convergence When 7 is a bounded interval, macrocanonical distri-
butions are unique minimizers of the Lagrangian (7). When d goes to oo, the limit Gibbs
measure is defined by normalizing this Lagrangian so that it converges to a variational
problem defined over a stationary measure . Suppose that p exists. Since Ux is equivari-
ant to translations and y is stationary it results that E,(Ux(u)) = E,(Ux) does not depend
upon the grid point u. Suppose that p has no long range correlation so that boundary
values have a negligible influence. Since ®4(x) is an average of Uz (u) in A4 it follows that

T B, (®4(x)) = B, (Uz)

The Lagrangian (7) includes a negative entropy term that diverges as d — oo if p has
finite range correlations. The normalisation replaces the entropy by an entropy rate H(u),
defined by considering the restriction ug of ¢ on the finite dimensional configuration space
A4, Let gq be the density of yig relatively to the Lebesgue measure. If 4 has a finite range



correlation we expect that H(gq) grows linearly with d. The entropy rate is defined by
H(w) = Tim d™" H(ga) (15)
d—o0

Normalizing the free energy Lagrangian (7) by d and taking the limit when d goes to
oo defines a new Lagrangian

Gibbs measures minimize this Lagrangian over the space of stationary measures for g fixed.

If U is a bounded, finite range and continuous potential, then one can prove [17, 25]
that the set of Gibbs measures which minimize this Lagrangian is a non-empty, convex
and compact set of measures. In general the solution is not unique because contrarily to
the finite Lagrangian (7) where —H (p) is strictly convex, the entropy rate H(u) is affine
[17, 25]. This implies that depending upon boundary conditions in A4, macrocanonical
densities may converge to different Gibbs measures, which is a phase transition phenomena.

Periodic boundary conditions over the finite cube Ay simplify computational algorithms,
but they are artificial. The limit Gibbs measure will not depend upon these boundary
conditions if it is unique, and hence if there is no phase transition. This happens when
there is no long range interactions, so that boundary values do not condition the probability
distributions of far away values. In this paper, we concentrate on problems where there is
no such phase transition.

Microcanonical convergence The main difficulty is to find conditions which guarantee
that microcanonical measures converge to the same Gibbs measure, having a maximum
entropy rate conditioned by moment conditions. Suppose that U is continuous, bounded
and has a finite range. When d goes to oo and € goes to zero, one can prove [17, 25]
that microcanonical distributions converge for an appropriate topology, to a limit measure
which minimizes the same Lagrangian (16) as the one obtained from canonical densities.
If there is no phase transition, so that the canonical measure converges to a unique Gibbs
measure g, then this limit is the same for canonical and microcanonical measures. More
specifically, if f(x) is a bounded and continuous function defined for any = € IZZ, then the
expected value of f computed over Ay with microcanonical and macrocanonical measures
converge to E,(f(x)) when d goes to co. We thus have a convergence for all bounded
moments. However, it is not necessary to impose that Z is bounded to verify the Boltzmann
equivalence principle, as shown by the following Gaussian example.

Gaussian processes Gaussian stationary measures are important examples of Gibbs
measures where = takes its values in Z = R. They are obtained with a quadratic potential
Uz = {Ukx}r<ix computed with convolutions so that it is equivariant to translations over



the grid Z%. Let us define

Upar(u) = |z % hyo(u) 2 :] S a(u—m) hy(m) :

meZd

where each hy has a support in [—A, A].
If 2 € R then Uz is computed by extending 2 on Z¢ with a periodic extension beyond
boundaries. Potentials can then be rewritten with circular convolutions of x

2

ka( ) ‘:Zj*hdk —‘ Z hdk n—m) . (17)
meNy
with periodic filters
hdk Z hk mdl/z) . (18)
mezZt

The energy ®4(z) is thus a vector of normalized 1? norms:
—{q! hag(u)? = d- 3 19
{a7 > lax han(w)] o (19)

u€Ay

If hy(w) does not vanish for all w € [0,2n] and k < K then Varadhan and Donsker
[19] proved that Boltzmann equivalence principle is satisfied when d goes to co. The
microcanonical and macrocanonical models converge to a Gaussian stationary process u
whose power-spectrum is

K N —1
w) = (2 Bulhu@)?) (20)
k=1

The next section studies asymptotic properties of microcanonical models even though the
macrocanonical model may not exist.

3 Microcanonical Models beyond Boltzmann Equivalence

We can guarantee that a maximum entropy microcanonical measure exists by making sure
that microcanonical ensembles are compact. Even if this valid, the macrocanonical measure
may not exist if z(u) is defined over an interval Z which is not bounded. In this case the
Boltzmann equivalence principle is violated. Section 2.3 gives an example with uniform
measures over intersections of 1' and 12 balls, in the sparse regime. Microcanonical models
thus offer more flexibility, particularly for signals having sparse behavior.

In the rest of the paper, we embed all processes, including binary processes such as
Ising and Bernoulli over R. We thus consider that z(u) takes its value in Z = R and
TAa = R?, where the grid topology is omitted for ease of notation. We study microcanonical
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properties independently from the corresponding macrocanonical measures which may not
exist. For this purpose, Section 3.1 relates the maximum entropy of a microcanonical
measure to the Jacobian of the energy potential. It gives sufficient conditions so that
the entropy rate converges when d goes to co. However, sampling a maximum entropy
microcanonical process is computationally very expensive. Section 3.2 introduces a different
class of microcanonical processes obtained by transporting a maximum entropy measure
with a gradient descent algorithm which converges towards the microcanonical set. The
transported measure does not have a maximum entropy but we prove that it has common
symmetries with the maximum entropy measure. Convergence to microcanonical sets is
studied in Section 3.3.

3.1 Microcanonical Entropy and Jacobian

We study the convergence of maximum entropy microcanonical models when d goes to oo
by studying the convergence of their entropy rate without supposing that there exists a
macrocanonical model. This is done by relating the maximum entropy rate to the Jacobian
of the energy ®,.

We consider a shift-equivariant and finite range potential from Section 2.3, and the
corresponding microcanonical measure Mgli@ defined as the uniform distribution on compact
sets of the form ’

Que = € BT ¢ [ @4a) —y| <} .

We saw in (5) that the entropy of pTi is

H(urdrjé) = — /pd’e(x) log pa.c(z) dx = log (/1Qd1€(x) dm) . (21)

Since ®4(z) = d! > uen, Uz(u) and Uz(u) only depends on the values of x(i) for
i € [u—A,u+ Alf, one can verify that the i-th column J;®4(z) = 02y ®a() € RX only
depends upon the restriction of z in [i — A,i + A]‘. Moreover, thanks to the equivariant
structure of U, one can verify that

Vi<d, Ji®qz)=d' > OyoU(T-i)x(m),

jml<A

so the global properties of the Jacobian J®4(z) can be derived from the Jacobian of the
potential, restricted on a window:

JU REGAHDE . RE (22)
x = Z 020Uz (m)
[m|<A

We denote by 0.A the frontier of a set A and by A° = A — dA the interior of A, and
by A the complement of A. We also denote by |[J®4(z)| = /det (J®4(z)J®y(z)T) the

11



K-dimensional determinant of J®4, and by dH (z)” the L-dimensional Hausdorff measure.
We shall make the following assumptions on U:

(A) U is uniformly Lipschitz on compact sets, which implies that for any compact C C R4
there exists 8 > 0 such that

V(z,a) €C* | @4(x) — Ra(a)]l2 < Bllz — ]|z . (23)
It also implies that |J®4(z)| < X for 2 € C. We denote 8 = Lipg.

(B) We shall also suppose that @;1 maps compact sets C to compact sets, with a con-
trolled growth with respect to d. For each compact set C C R, there exists a
constant C' independent of d such that

Vd, d,1(C)={zeR : dy(x) €C} C Byg(CVd) , (24)

where B, 4(R) denotes the d-dimensional 1P Euclidean Ball of radius R. It follows
that CI);l(y) is a compact and Lipschitz manifold whose dimension is typically d — K,
except for degenerated cases. For example, if d~1||z||3 is a component of the vector
d,4, this condition is satisfied.

Lastly, we need to control the integrability of |J®4|~! nearby microcanonical sets. More
precisely, for each y and any sufficiently small € > 0, we require that | J®4(z)| ! is integrable
in Q‘ZE. The following gives a sufficient condition which depends only on the potential
function.

(C) For some R > 0, let X be drawn from the uniform measure in the ball B(2A + 1, R)
and Z = JU(X) € RX be the random vector obtained by applying the mapping JU
defined in (22). We shall suppose that there exists n > 0 such that

vV S ¢ R Lebesgue measurable , P(Z € S) < |S]" . (25)

This condition assumes that the differential of U does not concentrate too much on a
low-dimensional subspace of RX, nor in a discrete subset, but it does not require that its
distribution is absolutely continuous with respect to the Lebesgue measure. We shall see
next that potentials of the form Uz = {|x * hy|P}r<x with p = 1,2 with complex filters hy,
define an integrable |J®4| 1.

The following theorem computes the entropy of a microcanonical process from a change
of variable metric, which depends upon the Jacobian of the interaction energy ®;. The
theorem derives a microcanonical entropy rate which converges when d goes to co.

Theorem 3.1. Suppose U verifies (A), (B) and (C) above. Then the following properties
are verified:

12



(i) For sufficiently large d,

H(uglé) = log/ ~va(2)dz (26)
lz—yll<e

where ~yq is the change of variable metric which satisfies

) = [ e @) <o ac 21)

d

where H* K is the d — K dimensional Hausdorff measure. Moreover, va(y) has a
finite integral on compact sets.

(ii) The function ~q is strictly positive in the interior of ®4(R?), up to a thin shell on the
boundary; ie, on sets Cq C ®q(RY) satisfying

sup dist(y, ®g(R%)) < ¢-d~* |
yeCy

for some constant c.

(#i) Suppose that either A = 1, or that the potential U is Holder continuous with param-
eter a < 2/L: |U(x) — U(2")| < Cllz — 2||*. Then, for each ¢ > 0, the entropy rate
d=YH(um) converges as d — oo and satisfies

— o0 < lim d"'H(ug}) < Clog lyl* , (28)
d—oo ’

where C' is a universal constant.

The proof is in Appendix A. This theorem highlights the connection between the en-
tropy and the Jacobian through ~v4(y), via the coarea formula. It defines the entropy rate
of a microcanonical ensemble for general ®; in the thermodynamical limit d — oo, without
relying on a macrocanonical model. One can compare the conditions of Theorem 3.1 with
those that ensure the convergence of the microcanonical and macrocanonical measures. In
[43, 16] this equivalence is established for bounded, finite-range potentials U. Our condi-
tion to prove that the entropy rate converges is weaker (U Hoélder continuous), but we do
not study convergence beyond the entropy rate. Studying the convergence of the micro-
canonical measure in more general conditions remains an open question. Finally, notice
that for positive integers, the Hausdorff measure is equivalent to the Lebesgue measure up
to a constant rescaling.

The microcanonical thickness parameter € is important to ensure appropriate conver-
gence. The following corollary quantifies the effect of € in the entropy rate, and proves that
its contribution to the energy is small for sufficiently large d.
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Corollary 3.2. Under the same conditions as Theorem 3.1, for d fixed and when ¢ — 0,
the entropy rate of the e-thick microcanonical model satisfies

. K
d_lH(ugfi) ~ loge.

As a consequence of this corollary, the entropy variation due to a change in the thickness
from € to ¢ is of the order of & log (&), which is negligible if K log (£) < d.

This paper concentrates on interaction energy vectors ®4 defined by 12 and 1' norms of
convolutions of x with multiple filters. The next proposition proves that such interaction
energies satisfy the assumptions of Theorem 3.1. The proof is in Appendix C.

Proposition 3.3. O, satisfies assumptions (A), (B) and (C) in the following cases:
(i) ®q(z) = {d ||z * hi||3}k<r and the {hy}r<x are linearly independent.

(ii) ®q(x) = {d~"|z|? d" [l]1}.

)

(iii) ®4(x) = {d~Y|x||?,d~ || zxhi|l1 }k<i and the hy are linearly independent with |hi(—w)| #
\hi(w)| for all w.

3.2 Microcanonical Gradient Descent Model

Computing samples of a maximum entropy microcanonical model is typically done with
MCMC algorithms or Langevin Dynamics [15], which is computationally very expensive.
Computations can be considerably reduced by avoiding to enforce the maximum entropy
constraint over the microcanonical set. Microcanonical models computed with alternative
projections and gradient descents have been implemented to sample texture synthesis mod-
els [26, 39, 23]. Another related sampling algorithm is the so-called Herding algorithm by
Welling [47], which produces ‘pseudo-samples’ of a microcanonical model in a deterministic
fashion by solving a sequence of primal-dual updates.

We consider microcanonical gradient descent models obtained by transporting an initial
measure towards a microcanonical set, using gradient descent with respect to the distance
to the microcanincal ensemble. We prove that the gradient descent preserves many sym-
metries of the maximum entropy microcanonical measure.

Let ®; be a shift-invariant function as defined in Section 2.3 and y € ®4(R?). We
transport an initial measure o towards a measure supported in a microcanonical set €24,
by iteratively minimising .

B(z) = 5[ ®a(w) — yl® (29)

with mappings of the form

‘pn(x) =T - anVE(l’) =T Knt]q)d(x)T((bd(x> - y) ’ (30)
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where k,, is the gradient step at each iteration n.
Given an initial measure pg, the measure update is

Hn+1 2= Pn,#MHn, (31)

with the standard pushforward measure fu(u)[A] = pu[f~'(A)] for any p-measurable set
A, where f~1(A) = {z; f(z) € A}.

Samples from p,, are thus obtained by transforming samples ¢ from pg with the map-
ping @ = @p 0pn_1---0@1. It corresponds to n steps of a gradient descent initialized with
Zo-:

Ti4+1 = T — HlJ(I)d(.Tl)T((I)d(CL’l) — y) .

Next section studies the convergence of the gradient descent measures u,. Even if
they converge to a measure supported in a microcanonical set €14, in general they do not
converge to a maximum entropy measure on this set. However, the next theorem proves
that if pg is a Gaussian measure of i.i.d Gaussian random variables then they have a large
class of common symmetries with the maximum entropy measure. Let us recall that a
symmetry of a measure p is a linear invertible operator L such that for any measurable
set A, p[L71(A)] = p[A]. A linear invertible operator L is a symmetry of ®, if for all
r € R4, ®4(L712) = ®y(x). It preserves volumes if its determinant satisfies |detL| = 1. Tt
is orthogonal if L'L = LL! = I and we say that it preserves a stationary mean if L1 = 1
for 1 =(1,...,1) € R

Theorem 3.4. (i) If L is a symmetry of ®; which preserves volumes then it is a symmetry
of the mazimum entropy microcanonical measure.

(i) If L is a symmetry of ®q and of o then it is a symmetry p, for any n > 0.

(iii) Suppose that pg is a Gaussian white noise measure of d i.i.d Gaussian random vari-
ables. If L is a symmetry of ®4 which is orthogonal and preserves a stationary mean then
it is a symmetry of p, for any n > 0.

The theorem proof is in Appendix D. The initial measure pg is chosen so that it has
many symmetries in common with ®; and hence the gradient descent measures have many
symmetries in common with a maximum entropy measure. A Gaussian measure of i.i.d
Gaussian variables of mean mg and og is a maximum entropy measure conditioned by a
stationary mean and variance. It is uniform over spheres which guarantees that it has
a large group of symmetries. The stationary mean mg and variance 0(2] are adjusted so
that that microcanonical sets are nearly included over the sphere of mean mgl and radius
09, where py concentrates and is uniform. We thus set my and 08 to be the empirical

stationary mean and variance calculated from the realization z of X:

mo=d' > z(u) and of =d ' Y (F(u) — mg)* . (32)

u€Ay u€Ny
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Observe that periodic shifts are linear orthogonal operators and preserve a stationary
mean. The following corollary applies property (iii) of Theorem 3.4 to prove that pu, are
circular-stationary.

Corollary 3.5. If &, is invariant to periodic shift and po is a Gaussian white noise then
L s circular-stationary for n > 0.

3.3 Convergence of Microcanonical Gradient Descent

This section studies conditions so that the gradient descent (31) converges to a stationary
measure supported in a microcanonical ensemble, and we give a lower bound of its entropy
rate. To guarantee that the algorithm is not trapped in local minima, we use the character-
ization of stable solutions from [32, 38] based on the second-order analysis of critical points
of (29). Such analysis reveals that gradient descent methods do not get stuck at critical
points which are strict saddles — in which at least one Hessian eigenvalue is strictly nega-
tive, since the set of initialization parameters corresponding to the non-negative spectrum
has measure 0 relative to uyg.

Definition 3.6. We say that ®4 = (¢1,...,0¢K) has the strict saddle condition if 4 is at
least C? and for each v € Null(J®4(x)") C RE v # 0, the matriz

> e V2er(z) + JBy(x) T T By(x) (33)
k<K

has at least one strictly negative eigenvalue, where V2¢y, is the Hessian of ¢y,

The following theorem, proved in Appendix E, establishes basic properties of the dis-
tribution generated by gradient descent, including sufficient conditions for its convergence
to the microcanonical ensemble.

Theorem 3.7. Assume ®, is C? and satisfies property (B) (24). Suppose that ®y is
Lipschitz with Lipg, = B and that V®, is also Lipschitz, with Lipge, = 1. Lety € Oy(RE)°.
Then:

(i) If @4 satisfies the strict saddle condition, then (29) has no poor local minima. More-
over, if |J®q(x)| > 0 for all x € ®;(y), then by choosing step-sizes kn such
that Kk, < n~' for all n, p, converges almost surely to a limit measure i, i.c.

Prob [un(A) — loo(A) for any continuity set A} = 1. Moreover, i 15 supported in
the microcanonical ensemble ‘I);l(y) with appropriate choice of learning rate Ky, ; that
is, A¢ ;' (y) = poo(4) =0,
(ii) The entropy rate d~ H(uy,) satisfies
_ _ K K
) > ) = (1= )0 X wre = 5 S wr s (31)

n’'<n n’'<n
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where ry, = By, \/E(x) is the average distance to the microcanonical ensemble at
iteration n.

Part (7) gives sufficient conditions for the gradient descent sampling to converge towards
the microcanonical ensemble. Each gradient descent step can reduce the entropy rate.
By computing an upper bound of this entropy reduction, part (ii) gives a lower bound
of the entropy rate after n iterations. Although the gradient descent converges to the
microcanonical ensemble in general the resulting measure will not have a maximum entropy.
However, (34) gives a lower bound of its entropy rate. By choosing a measure g having a
maximum entropy, we maximize the entropy of the lower-bound (34).

Our current results rely on second-order stationarity assumptions, but first-order sta-
tionary condition VE(z*) = 0 may be sufficient to characterize convergence as d — oo. In-
deed, this condition implies that either we reached the microcanonical ensemble, ®(z*) = y,
or that we have found a non-regular point, with [J®,(z*)| = 0. Such points occur with
vanishing probability as d — oo, but the rigorous analysis of this phenomena is left for
future work.

The sufficient condition for u, to converge to a limit measure poo requires |J®q4(z)| > 0
for z € CI);l(y), which for certain choices of ®; may be hard to check. The following corol-
lary, proved in Appendix F, provides an alternative sufficient condition which is stronger
but easier to evaluate.

Corollary 3.8. If ®; is C*>* and Lipschitz and satisfies the strict saddle condition, then
pn converges for any y € ®q(RY) up to a set of zero measure, and piso s supported in the
microcanonical ensemble.

We now give examples of energies ®; which satisfy the assumptions of previous theorem.
The next theorem, proved in Appendix G, shows that the 12 ellipsoid representation satisfies
the strict saddle condition, and therefore that the microcanonical gradient descent measure
is supported in the microcanonical ensemble.

Theorem 3.9. If ®,(x) = {d ||z » h|3}x with linearly independent and compactly sup-
ported hy, then ®4 satisfies the strict saddle condition and |J®q(x)| > 0 for x € ;' (y)
with y € ®q(RY)°, and therefore oo is supported in the microcanonical ensemble.

A current limitation of the convergence analysis is that it relies on smoothness properties
of ®,4, thus leaving out of scope the 1'-based representations. This limitation is intrinsic to
the convergence analysis of non-smooth, non-convex optimization methods, which provides
no guarantees using simple gradient descent. The analysis of other algorithms such as
ADMM [46] or gradient sampling [12] in such conditions is left for future work.

Continuous-time limit dynamics: The measure transport (31) defined by gradient
descent can be seen as a discretization of an underlying partial differential equation in the
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space of measures, describing the behavior as the step-size x,, — 0. The resulting dynamics
is described by the well-known Liouville equation, expressed in the distributional sense as

8,5,ut = —diV(VE . Ut) 5 (35)

or equivalently

VoeCl, o </ <;5(:zc),ut(d:c)> = —/(qub(x),VE(x)mt(da:) .

As opposed to MCMC algorithms, which are discretizations of diffusion Stochastic Differ-
ential Equations (SDEs), the dynamics in our case are deterministic, and the only source
of randomness comes from the initial measure pg. Notice also that the symmetry preser-
vation properties described in Theorem 3.4 directly apply to the Liouville equation above.
Equation (35) can also be interpreted as a Wasserstein Gradient Flow over the functional
energy

8l = [ Bn(ds) . o = ~div (vgfjm) .

Recent work [14, 41] has established global convergence of such Wasserstein Gradient Flows
in the cases where E is positively homogeneous, for suitable initialization. Although in our
case E is not homogeneous, we leave for future work to exploit the homogeneity properties
of @4 to derive similar convergence results that can generalize 3.7.

4 Multiscale Microcanonical Wavelet and Scattering Models

We study multiscale microcanonical models obtained with energy vectors computed with a
wavelet transform. Next section introduces energy vectors computed with 12 and 1' norms
of wavelet coefficients. Section 4.2 introduces scattering which provide complementary 1*
norm coefficient computed with a second wavelet transform.

4.1 Wavelet Transform 12 and 1' Norms

A wavelet transform, computes signal variations at different scales through convolutions
with dilated wavelets. Maximum entropy models conditioned by wavelet 12 norms define
Gaussian processes. Wavelet transforms define sparse representations of large classes of
signals. This sparsity characterize non-Gaussian behavior which is specified by wavelet 1!
norms. We write T the Fourier transform of x.

Wavelet Transform Wavelet coefficients are convolutions x x 9, ,(u) for u € R, where
each wavelet 1; 4 is a dilated band-pass filters which cover different frequency domains

Viq(w) = 2799, (279u) = 4 q(w) = Pg(2w). (36)
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The Q mother wavelets 1, have a support in [—C, C]* so the support of ¥; , is in [-C27, C27]°.
The Fourier transform ﬁq(w) have an energy concentrated in frequency intervals which
barely overlap for different q.

If « is supported in a cube Ay C Z¢, then wu is discretized on this square grid. Con-
volutions are defined by extending z into a periodic signal over Z‘. We showed in (17)
that it is equivalent to compute circular convolutions with periodic wavelet filters (18).
Discrete periodic wavelets 1 ; are band-pass filters with a zero average ZuEAd Pjq(u) =0.
The minimum scale 27 is limited by the sampling interval normalized to 1, whereas the
maximum scale 27 is limited by the width d/* of Ay.

Wavelet coefficients x x 1);4(u) separate the frequency components of z in several fre-
quency bands, at scales 1 < 27 < 2. The remaining low frequencies at scales larger than
27/ are carried by a single low-pass filter which we write 1,0(u) = 277%0(27/u), whose
support is also included in [-C27, C27]°.

The wavelet transform is defined by

Wax = {:13 * 1/)j,q} (37)

1<j<Jq<Q

We impose that the frequency supports IZJ]‘,q cover uniformly the whole frequency domain,
which is captured by the following Littlewood-Paley condition. There exists v < 1 such
that i
Vw , 1= < @)’ + 3 D (@) + [ (—w)]?) < 1+ (38)
J»q

The condition implies the following energy inequalities for any x € I

(L=l < llz* ol + Y llw*qlls < (1 +7) ll2]3 - (39)
Jq

This is proved by multiplying (38) with |#(w)|? and applying the Plancherel equality. This
property implies that W is a bounded and invertible operator, and its inverse has a norm
smaller than (1 —~)~'/2. If 4 = 0 then W is an isometry.

For audio signals in dimension ¢ = 1, each wavelet is a complex filter whose Fourier
transform LZAJq(w) has an energy concentrated in the interval [2¢/Q, 2(¢+1)/Q] Tt results that
1)} 4(w) covers the interval [277+9/@Q 2-7+(a+1)/Q] and satisfy the Littlewood-Paley condition
(38). The parameter @ is the number of wavelets per octave, which adjusts their frequency
resolution. Wavelet representations are usually computed with about () = 12 wavelets per
octave, which are similar to half-tone musical notes. In numerical computations, we choose
Gabor wavelets as in [2].

For images in ¢ = 2 dimensions, each wavelet is computed by rotating a single mother
wavelet

o~

Viglw) = 279927 ) = (W) = P(Prw), (40)
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where r4u is a rotation of u € R? by an angle qm/Q. We choose a complex mother wavelet
¥ (u) whose Fourier transform ¢)(w) is centered at a frequency & over a frequency domain
of radius approximately |¢|/2. The support of each 1[1]-7(1 is dilated and rotated according to
(40). Wavelet coefficients z * t; , thus compute variations of x at scales 2/ along different
directions. In numerical computations we use Morlet wavelets as in [10] with @ = 8 angles
to satisfy the Littlewood-Paley condition (38).

Wavelet 12 norms We saw in Section 2.4 that microcanonical maximum entropy mea-
sures conditioned by energy vectors (50) of 12 norms converge to Gaussian processes. We
can define such energy vectors with wavelet 12 norms, with the quadratic potential

Uz = {|& x4 }i<s4<q - (41)

Since each filter support is included in [—CQJ,C’QJ]Z, this potential has a finite range
A = (C27. When z is defined over a cube Ay then Uz is computed by periodizing x which
is equivalent to periodizing the wavelet filters and replacing convolutions with circular
convolutions, as shown in (17). To simplify notations, the periodized filters are still written
;4. According to (50) the energy over a cube A4 is given by normalized 12 norms

Pg(x) = {d7" |2 *¥;ql13}j<ra<q- (42)

It measures the energy of = in the different frequency bands covered by each ﬁqu.

Wavelet 1! norms for sparsity Non-Gaussian properties can be captured with sparsity
properties. Suppose that X * 1;,(u) has few large amplitude coefficients and a large
proportion of negligible coefficients. For example, if X (u) is piecewise regular then X x
1} ¢(u) is negligible over domains where X (u) is regular and it has a large amplitude near
singularities and sharp variations. The marginal probability density of X % ;(u) is then
highly concentrated near 0. It is thus better approximated by a Laplacian rather than a
Gaussian distribution. We saw in Section 2.3 that Laplacian distributions are maximum
entropy distributions conditioned by 1st order moments. This suggests to estimate E,, (|zx
¥jq(u)|) as opposed to E,(|z * j4(u)|?), with a normalized 1* norm

A xig(uw)i =d™" Y Jexiiq(u)] -
ueNy

A wavelet 1! norm energy is defined by replacing the quadratic potential (41) by a modulus
potential

Uz = {|z xjql}i<rq<q - (43)
which also has a finite range A = C'27. The resulting energy over a cube Ay is

Oq(x) = {d " ||z * ¥jqll1}i<sq<0- (44)

It captures the sparsity of wavelet coefficients for each scale and orientation.
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4.2 Scattering Transform

Wavelet 11 norm measure the sparsity of wavelet coefficients but do not specify the spa-
tial distribution of large amplitude wavelet coefficients. Scattering transforms provide
information about this geometry by computing interaction terms across scales, with an
iterated wavelet transform. Their mathematical properties are described in [34, 11], and
applications to image and audio classification are studied in [10, 2]. We review impor-
tant properties needed to define microcanonical models, including the energy conservation
allowing to recover wavelet 12 norms.

The mean of x is estimated over a cube u € Ag by d~! > uen, ¥(u). The modulus
of a wavelet coefficient |z x v;4(u)| measures the variation of x around its mean, in a
neighborhood of w of size proportional to 27. A normalized 1' norm is the average of

|x*¢j,q(u)|
d7 M ax gl =d™" D o xbiq(u)] -

uENg

Similarly, we can capture the variability of |z x1;4(u)| around this mean by convolving
|z % 1) q(u)| with a new set of wavelets:

|2 % s q| > e g ().

It measures the variations of |z%1); ,(u)| in a neighborhood of size 27 ". We shall consider the
second wavelet ;s o is calculated from the same mother wavelet than 1; , but for different
J'sq', although the second mother wavelet may be changed as in [2].

The maximum scales 2/ and 27 remain below a cut-off scale 2/ which specifies the
maximum interaction range of the model. Incorporating first and second order coefficients
defines a new potential which captures the multiscale variations of x as well as interaction
terms across scales:

Ur=A{x, |z*1j,

N % gl *x i gt }igr < g0 <q- (45)

The corresponding energy vector is
Pa(a) = {d™" D" wlu), d7 o x vyl d7 o gl * vyl | (16)

1<5,7/<J,q,d/ <Q
wehy <3.3'<J,4,4'<Q

It includes K = 1+ JQ + J2Q? coefficients.

The following proposition, shows that wavelet 12 norms can be closely approximated
from 1' norm scattering coefficients. As a result, we will be able to approximate Gaussian
process as well as non-Gaussian processes with a scattering energy vector. It is proved in
Appendix H,
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Proposition 4.1. Suppose that the wavelets satisfy (38) with v =0 then for J =logyd

logyd Q

z* Vigll + D0 > Ml * gl * vy gl (47)

j'=1 ¢'=1
logyd Q logad Q

+ D > Mk gl x| x g g3,

/ 1ql 1]11 1qll 1

This proposition proves that 12 of wavelet coefficients are approximated by sums of
first and second order scattering coefficients plus a third order term >/ /i o [[|T % 1)) o] *
Vjr | x Wjr gr||3. For most stationary process this third order term is much smaller than
the first two and can be neglected [28]. The theorem hypothesis supposes that wavelets
satisfy the Littlewood inequality (38) with v = 0. If  is non-zero, it creates corrective
terms proportional to (1 — )2, Observe also that we set J = logyd. In microcanonical
models, 27 is a fixed scale so that the number of scattering coefficients does not increase

with d.

5 Approximations of Stationary Processes

We study approximation of probability measures associated with stationary processes X (u),
u € Z¢, taking its values in R, with gradient descent microcanonical models calculated with
shift-invariant energy vectors. We first concentrate on Gaussian, Ising and point processes
whose properties are well understood mathematically. We then consider the synthesis of
image and audio textures from a single example.

5.1 Microcanonical Approximation Errors

This section analyzes the approximation errors of a stationary process X of probability
measure p by a gradient descent microcanonical model of measure p,,. The gradient descent
is initialized with a Gaussian white measure py whose mean and variance are defined in
(32). Since the energy ®, is shift-invariant, Corollary 3.5 proves that the gradient descent
measures [, are stationary.

Concentration Section 2.1 explains that a microcanonical model is based on a concen-
tration hypothesis, which needs to be verified. For almost all realization x of X, ®4(z)
should remain in a ball of radius e¢; which converges to zero when d goes to co. We can
verify this convergence in probability from a mean-square convergence, by calculating the

7% = Eu([|2a(@) - Eu(@a(a))|?).

variance
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The Markov inequality implies that limg o 7,,(®4(2))/€q = 0 then
lim Prob ([|@4(X) — B (@q(x))]| < e4) =0 .
d—o0

This means that when d increases there is a probability converging to 1 that a realization
of X belongs to a microcanonical set computed from a single realization Z with y = ®4(Z):

e, = {o €RM ¢ [[@4(2) — 2a(3)] < ca}

In numerical calculations, we stop the gradient descents after a fixed number n of
iterations so that the resulting gradient descent measure is supported in a microcanonical
set Q4. for e small enough. If e/ﬁi(@d(x)) > 1 then nearly all realizations of X are
included in €2g. However, the microcanonical set may become too large and hence include
points which are not typical realizations of X. We thus typically wait to reach a smaller €
width

Since ®(z) is in a space of dimension K, Corollary 3.2 proves that reducing € by a factor
~ reduces the maximum entropy of the microcanonical model by a factor of the order of
Klog~. In the extensive case, this maximum entropy is proportional to d so the entropy
reduction is negligible if K |log(e/a,(®4(x))| < d. In all numerical calculations of this
paper €/, (®4(x)) is of the order of 1073. We evaluate the concentration of ®4(X) by
computing the normalized variance

B, (| @4(2) - Eu(@u(x))]?)

By (112a(2)]2) -

o1(Pa) =

Microcanonical gradient descent entropy Since I = R, the gradient descent is ini-
tialized with a Gaussian white noise measure j of variance 02 = d~!||z||3. The convergence
of the gradient descent algorithm to the microcanonical set is checked by verifying that for

almost all Gaussian white realization x, after a sufficient large number n of gradient steps
[@a(zn) — 2a(Z)]| <

and hence z,, € 4.. Convergence issues may be due to existence of local minima or
because the Hessian of ®4(x) is too ill-conditioned. Let u, be the resulting microcanonical
gradient descent measure. If p, is supported in Qg then it has a smaller entropy than the
maximum entropy microcanonical measure, which is uniform in €05.. Theorem 3.7 gives
an upper bound on the reduction of entropy.

Model error Suppose that the restriction of X to A, has a maximum entropy measure p
associated to a known energy <I>g (x). This will be the case for Gaussian or Ising processes.
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The typical sets where the realizations of X are almost all concentrated are sets where
@4 (x) — E, (@4 (x))|| is sufficiently small. In this case we can verify that the gradient
descent microcanonical measure p,, computed with a model energy @, is also included in
such a typical set with high probability. This concentration property is satisfied if the
mean-square variation of the process energy E,, ([|®(z) — E.(®4(x))[|?) converges to 0
when d increases. This convergence is evaluated by computing the concentration of @g (2)
around E, (% (z)) for n:

2 (5= B 12400) BB
(2a) = () 2)

If 1y, = p then e (D) =0 (<I>“) but the reverse is not true. It would be true only if
the microcanonical gradlent descent measure had a maximum entropy, which is not valid
in general. On the other hand, if ein(CDd) > 03(@5 ) then it indicates that there is a model
error.

(49)

5.2 Approximation of Gaussian Processes

We study approximations of stationary Gaussian random processes with gradient descent
microcanonical models, defined with wavelet and scattering energy vectors.

We consider a scalar quadratic potential Uz = |x x h(u)|? for u € Z%. As in (18), we
define a periodic filter hg(n) =3, o7 h(n — md'/?) over square images of d pixels and an
energy

O} (2) = d7 |z x hall = d 12\% ) [ha(w)?. (50)

If inf, [2(w)] > O then we saw in (20) that microcanonical and macrocanonical models
converge to a Gaussian stationary process p over 72 whose power spectrum is

Py(w) = B~ (W) 2. (51)

In numerical experiments, we choose a discrete filter h(n) = ce I"/¢ with ¢ = 0.5, whose
Fourier transform satisfies for w € [—m, 7|2

A@)]* = > (€ +|w + 2mr)?. (52)

meZ?

Figure 1(a) shows realizations of the Gaussian process of power spectrum P, (w), which
is nearly the same as the maximum entropy microcanonical process computed with the
scalar energy /). Since @/ is an 12 energy, Theorem 3.9 proves that the gradient descent
is not trapped in a local minima and thus converges to a microcanonical set of @Z . This is
verified by Table 1 where ezn(q)s ) = az(ég). However Figure 1(b)shows that realizations
of the microcanonical gradient descent process are different from realizations of the original
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Dy =P | &y =Wavelet 12 | &; = Wavelet 1* | &, = Scattering
dim(®y) 1 40 40 114
05 (Pq) 5e-4 4e-3 4e-3 5e-3
e (®y) | Be-d %-2 0.15 2-2

Table 1:  The first line gives the dimension of each energy vectors ®4(x). The next
lines give the normalized variance o (<I)d) and the process energy concentration e (®a),
depending upon the microcanonical energy vector ®,4, for the Gaussian process (51)

Figure 1: (a): Realization of the Gaussian process (51). (b): Realization of the micro-
canonical gradient descent computed with ®4(z) = ®/(2) = |lz * h||3. (c): Realization
computed with a vector ®4(z) of 12 wavelet norms. (d): ®4(x) is composed of 11 wavelet
norms. (e): ®4(x) is a scattering transform.

Gaussian process and hence of the maximum entropy microcanonical process. Figure 2(a,b)
show that the maximum entropy microcanonical process has a power spectrum which is
different from the spectrum of the microcanonical gradient descent process.

Observe that the power spectrum in Figure 2(a,b) are invariant by rotations in the
Fourier plane. These rotations are orthogonal operators and they preserve the stationary
mean which corresponds to the Fourier transform value at w = 0. If Ed(w) is invariant by
a rotation of w then (50) implies that ®(z) is invariant to these rotations, and Theorem
3.4 proves that umm and u, are invariant to these rotations. This rotation invariance is
not strictly valid at the highest frequencies because of the square grid sampling.

Wavelet 12 norms Let us now compute the gradient descent microcanonical measure
i, with a wavelet 12 norm energy vector ®, in (42). We shall see that it can provides good
approximations of Gaussian processes. The normalized variance o?(®4) in Table 1 remains
small which indicates that this energy vector remains concentrated around its mean. Figure
1(c) shows a realization of the resulting microcanonical gradient descent model and Figure
2(c) gives an estimation of the power spectrum of this stationary process. This power
spectrum is now much closer to the original power spectrum.

To understand this, observe that wavelet 12 norms specify the signal energy in the
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(a) (b) () (d) (e)

Figure 2: (a): Power spectrum of the original Gaussian process. (b): Estimation of the
spectrum of a microcanonical gradient descent computed with the energy vector ®4(z) =
bq(r) = ||z x hl|3. (c): The energy vector ®4(z) consists of 12 wavelet norms. (d): ®y4(x)
includes 1! wavelet norms. (e): ®4(x) includes 1! scattering norms.

different frequency bands covered by each band-pass wavelet filter 1/33-,(1 (w):

lz % sqll* = D 12() [0 (). (53)

The fact that the power spectrum remains nearly constant over the support of each 7j)j’q
is a consequence of Theorem 3.4(iii). Indeed, suppose that Lz is a linear operator which
performs a permutation of the values of #(w;) and Z(wsq), for two non-zero frequencies
w1 and wy such that 1/A)j7q(w1) = ¢j7q(w2) for all j,q. It is an orthogonal operator which
preserves the mean (zero frequency) and it is a symmetry of ®;. Theorem 3.4(iii) implies
that the gradient descent measure p,, is also invariant to the action of L and is thus a
stationary process whose power spectrum is the same at w; and we. This property is
approximately valid for any frequencies w; and wy located near the center of the support
of each Q/A)j’q, where it remains nearly constant and where all other 1[;]'/’(1/ nearly vanish. It
implies that the spectrum of p, remains nearly constant in these frequency domain.

The energy concentration ein in Table 1 is small although not as small as UZ(CIDQL) which
indicates the presence of a bias. To reduce this bias we must reduce the support size of
each wavelet qﬁj,q where the spectrum must remain nearly constant. Appropriate wavelet
design can yield arbitrarily small errors when d increases.

Besides having an appropriate power spectrum, these microcanonical gradient descent
models are also nearly Gaussian processes. This can be shown with a phase symmetry ar-
gument, which is explained without a formal proof. The wavelet norms in (53) and hence
®4(x) are invariant if we preserve |#(w)| but change the complex phase of Z(w) for w # 0.
Arbitrary rotations of the Fourier complex phases which transform real signals into real
signals are linear orthogonal operators which preserve the stationary mean. As a result,
Theorem 3.4 proves that the gradient descent process is invariant to any such Fourier phase
rotation. This means that Fourier transforms of realizations of these microcanonical gradi-
ent descent processes have phases which are independent and uniformly distributed. Given
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a fixed power spectrum, a standard result based on the central limit theorem proves that
stationary random processes with independant and uniformly distributed Fourier phases
converge to a Gaussian processes when the dimension d goes to oo [21]. Under appropriate
hypotheses, microcanonical gradient descent processes conditioned by 12 wavelet norms
will thus converge to Gaussian processes.

Wavelet 1! norms Maximum entropy models conditioned by wavelet 1 norms capture
sparsity with Laplacian distributions but do not approximate Gaussian processes accu-
rately. Figure 1(d) shows samples of the microcanonical gradient processes computed with
a wavelet 1! norm energy (44). The 1! norm constraints produce wavelet coefficients which
are more sparse than a true Gaussian process. It creates images which are more piecewise
regular than in Figure 1(c). Errors are also visible in the resulting power spectrum shown
in Figure 2(d). Table 1 shows that the resulting model error 2 for the 1! norm wavelet

Hn
vector is about 10 times larger than with the 12 wavelet energy vector.

Scattering energy The scattering energy vector (46) includes high order multiscale
terms which can nearly reproduce the 12 norms of wavelet coefficients, as proved by Propo-
sition 4.1. Table 1 gives the normalized variance aZ(CI)d(x)) which shows that it concentrates
nearly as well as wavelet 12 norm energy vectors, despite the fact that it is much larger.
Figure 1(e) shows a realization of the scattering microcanonical gradient descent model and
Figure 2(e) gives its power spectrum. It is nearly as precise as the 12 norm microcanonical
model and the model error ein in Table 1 has about the same amplitude.

5.3 Ising Processes

We consider a two-dimensional Ising process with no outside magnetization, over a two-
dimensional square lattice with periodic boundary conditions. We denote by z(u) the spin
values in {—1,1}. The Ising probability of a configuration x is

p(x) = 27 exp (—Boa(x)) with ¢a(z)=d ™" > Y a(uz(), (54)

u€EAg U ENy

where N, is the 4 point neighborhood of z(u) in the two-dimensional grid. The constant
8 = (chT)_1 is the inverse temperature scaled by the Boltzmann constant kp. In two
dimension, the free energy can be exactly computed with the method of Onsager [37]. It has
a phase transition when 7T reaches a critical value T, ~ 2.27. We study the approximation
of Ising for several values of the temperature.

The complex behavior of Ising arises from the conjunction of the quadratic Hamiltonian
with the binary constraint. This binary condition may be replaced by a condition on a
fourth order moment to obtain the same critical behavior but we shall impose it here
through first and second order moments. For all z € R%, one has ||z|2 < ||z|l1 < Vd|z]2,
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®, = 0 | &5 =Wavelet 12 | ¢ = Wavelet 1' | &, = Scattering
dim (D4 (z)) 3 42 42 116
o (Pg) T = 2.2 6e-6 3e-4 de-4 6e-4
e, (Pq) T =22 2e-2 Te-2 5e-2 9e-3
o (®g) T =3 3e-6 2e-5 4e-5 4e-5
e (®q) T =3 Te-3 de-2 5e-2 5e-3

Table 2: The first line gives the dimension of each energy vectors ®4(x). We consider
two Ising processes (54), computed near the critical temperature 7' = 2.2 and at a larger
temperature T' = 3. The table gives the normalized variance UZ(CDd) and the Ising energy
concentration €2 (®q), for different ®4(x).

and ||z|y = V/d ||z if and only if |2 (u)| is constant. Tt follows that
Vu, z(u) =+l |z =|z|3 =d.

We can thus impose that x is binary by adding d~!||z||3 and d~!|z|/; into the energy
vector. The resulting microcanonical interaction energy for z € R4 is

@fj(2) = {d"Y|=[3, a7 [lll1, ¢a(2)}. (55)

If we remove the 1' term, this energy is quadratic and the maximum entropy model is
therefore a stationary Gaussian process.

The Ising model has a phase transition at the critical temperature T, ~ 2.27, from an
‘ordered’ to a ‘disordered’ state. The spin spatial correlation exhibits a characteristic scale
E(T) for T > T, and E{X (u) X (u+ r)} ~ e~ I"/&T) [30], with £(T,) = 0. The correlation is
self-similar at T = T, and B{X (u) X (u +7)} ~ |r|7/2.

Figure 2(a) gives two realizations of Ising for a large temperature (bottom) and a
temperature just above the critical temperature (top). Figure 2(b) shows realizations
of the microcanonical gradient descent process computed with the Ising energy vector
®!. The first column of Table 2 shows that e (®) > o?(u(®) which means that the
microcanonical gradient descent does not converge to a microcanonical set for € small. Near
the critical temperature, the gradient descent microcanonical model is unable to recover
low-frequency long-range structures which appear in Ising. This is due to a well-known
instability near criticality.

Renormalization and wavelets As in Wilson renormalization group, wavelets separate
the frequency components of = into dyadic frequency annulus. Relations between wavelets
and renormalization group decompositions were studied by Battle [5]. In the following, we
give a qualitative argument to explain how to approximate the Ising potential with wavelet
norms.
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Figure 3: (a): Realizations of an Ising process near the critical temperature T = 2.2 (top),
and for T' = 3 (bottom). (b): Realizations computed with the microcanonical gradient
descent with ®4 = ®. (c): ®4(z) includes 12 wavelet norms. (d): ®4(z) includes 1*
wavelet norms. (e): ®4(x) includes 1! scattering norms.

Since z(u) € {—1,1}, for an integer p
s(wz(u) =1-27" () — ()P

so we can rewrite the Ising energy ¢q(r) = d—* doue, 2owen, T(u)z(u') satisfies

d—¢a(x) =271 D fa(u) — 2@’ = | Az|} + || Az}, (56)

u€ENg u' ENy

with Ajx(ug, ug) = x(ug, u2) — x(ug,ug — 1) and Asx(ug, ug) = x(ui,ug) — x(u; — 1, ug).
The equivalence of 1P norms of increments and 1P norms of wavelet coefficients is es-
tablished in [36]. For any p > 1 there exists A, > 0 and B, > 0 so that for any z € 12(Z?)

A, 32 e x gl < [ArelE + Aol < B, S 27w w gl (57)
J.a Ja
For p = 1 the upper-bound remains valid but to get a lower-bound we must replace the sum
over j,q by a sup operator. However, we conjecture that there exists Ay which verifies the
lower bound for p = 1 when the values of z(u) are restricted to {—1,1}. With equations
(56) and (57) one can approximate the Ising energy ¢4(x) with discrete wavelet 17 norms
computed at all scales 27 < 27/ = d. We limit the maximum scale 27 independently of d,
which is set to be the largest correlation length of the process.
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As in Section 5.3, we capture the fact that z(u) € {—1,1} by including a condition on
d=Y||z|l1 and d=t||z||3. The resulting energy vector for p =1 and p = 2 is

Da(e) = {aall3,d alh, 7 o x gl ) (58)

i<Ia<Q
Table 2 shows the normalized variance o(®,) is smaller at high temperature than near
critical temperature but the separation of scale still provides a high concentration of ®4(x)
for an Ising process, close to the critical temperature. Figure 3(c,d) show realizations of
a microcanonical gradient descent Ising model computed with the wavelet energy (58) for
p = 1 and p = 2. Near critical temperature, the microcanonical gradient descent still
converges where as it was not the case when the energy was calculated directly with the
Ising Hamiltonian energy ¢4(z) in Figure 3(b). The scale separation avoids having an ill-
conditioned gradient descent. The Ising approximation with an 12 energy vector for p = 2
amounts to compute a Gaussian approximation of Ising, which is not precise, when we are
close to the critical temperature [29]. One can indeed visualize important differences with
the statistical distribution of original Ising in Figure 3(a). Table 2 shows that the model
error ein is smaller at higher temperature.

The Ising approximation with an 1 energy vector has about the same error as the model
computed with an 12 energy vector. Near the critical temperature, the microcanonical
models obtained with 1' wavelets norms shown in Figure 3(d) are more piecewise regular
than the ones in Figure 3(c) obtained with wavelet 12 norms. This is due to the wavelet
coefficient sparsity imposed by these 11 norms.

Scattering energy A scattering energy vector is defined for Ising process, by comple-
menting the scattering energy vector (46) with 1! and 12 norms of x in order to impose
that x(u) takes binary values:

(@) = {7 el3, a7 e, a7t Y @), a7 fawtyl s d7H lexs gl }

i <Jq.q'<Q
wehy 3, <J,4,¢'<Q

(59)
Table 2 shows that the normalized variance of the scattering energy is about twice larger
than for 12 wavelet energy vectors. Figure 3(e) shows realizations of microcanonical gradient
descent models computed with this scattering energy vector. They are visually difficult
to distinguish from realization of the original Ising process above the critical temperature
and close to the critical temperature. Table 2 shows that the model error ein is about 10
times smaller than with 12 or 1! wavelet energies.

These numerical experiment seem to indicate that scattering microcanonical gradient
descents can provide accurate model of Ising even close to critical temperature. However,
this needs to be sustained by a better mathematical of these approximations, by analyzing
the preservation of symmetries.
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5.4 Point Processes

Point processes provide powerful models of stochastic geometry, with applications in many
areas of astrophysics, neuroscience, finance and computer vision. Realizations of point
processes have a support reduced to isolated points. We first show that this sparsity can
be captured by wavelet 1' norms. We then study approximations of point processes and
shot noises with microcanonical models defined by scattering coefficients.

Support from wavelet 1! norms We prove that wavelet 1' norms capture important
geometric properties of the support of point processes. Young’s inequality implies that

[l x jqlle < llzll1 [4j.4l1-

If x is a Dirac in Ay then this inequality is an equality. Conversely, the following theorem,
proved in Appendix I proves that if this inequality is an equality then z is a sum of Diracs,
with conditions on their distances. The inner product and norm of v and v’ in R is written
v.v' and |v].

We suppose that wavelets are defined from a mother wavelet 1(u) which is continuous
with ¢(0) # 0. We suppose that ¢(u) = [¢h(u)|e'?E%) where € € RY and the complex
phase ¢ is a bi-Lipschitz function. We may choose linear phase ¢(€.u) = £.u. This wavelet
is rotated and dilated v 4(u) = 2‘j51/1(2_jrq_1u), where the ry are Q > ¢ different rotations

in R¢. The following theorem applies to these wavelets.

Theorem 5.1. (i) If ||z * ¥j4lh = ||z|l1 [|jqll1 then x is non-zero at u and v’ only if
Eg-(u—u) =0 with & = r,€ or if |€g.(u—u)| > C27 | where C > 0 does not depend on x.
(i) Suppose that ¥ has a compact support, and that © has a support which is a union of
isolated points with distances larger than A. If 2 satisfies

Vg<Q,Vj<logo A, o'+ gl = |z xdjgll and [l2']ly = [}y (60)

then the support of =’ is a set of isolated points of distances larger than C' A, where C > 0
does not depend on x.

In dimension ¢ = 2, property (i) of Theorem 5.1 proves that the support of z is included
in straight lines perpendicular to §;, whose distances are larger than C' 27, If this is valid
for several g then the support is included over intersections of non-parallel lines and hence
reduced to isolated points, as proved by property (ii).

If z is a realization of a point process, its support is a union of isolated points whose
minimum distance depends the point process distribution. If we construct an € = 0 mi-
crocanonical model with wavelet 1! norms then property (ii) proves that all realizations of
this microcanonical model will also be a point process with a similar separation between
points.
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Microcanonical models of point processes We study microcanonical models of point
processes with wavelet 1' norms and scattering coefficients. A point process N on R is
a measure whose support is composed of isolated points. Second-order point processes [8]
are those satisfying E[N(C)?] < oo for all bounded Borel sets C' C RY. If N is a stationary,
second-order point process then one can define its associated Bartlett spectral measure [8]
Py, which generalizes the power spectrum of second-order stationary processes.

Given a non-negative stationary process A(t), t € RY, a Cox process N is defined as a
Poisson process conditional on A with intensity A(¢). Important geometric information of N
is captured by its Bartlett power spectrum, which satisfies Py (dw) = Py(dw) + E()) §(dw)
[8]. Shot noises are classes of random processes defined by convolutions of point processes
with a filter h(t)

X(t) = Nxh(t) .

The filter h(t) can be interpreted as a pattern which is randomly translated at point
locations and added. It may also be the transfer function of a detector measuring the
point-process. In this case, the power spectrum of X is P(dw) = Py(dw) |h(w)|?, which
mixes the geometric information of N with the profile of the filter h. We will show that
they can be disentangled by a wavelet scattering transform.

The loss of information in the power spectrum is due to the fact that it does not measure
scale interactions. When there is a scale separation between N and h, ie

E(\)? > / w?|h(w)|2du (61)

then for sufficiently small scales 2/, one can verify [11] that
[ X e thjgl = [N % (jg x h)| = N x [ihjq % bl (62)

with high probability, due to the fact that the events in N rarely interact at spatial scales
j such that 2/ < E()). From this approximation, it follows that for sufficiently large scale
gap j' > j, we have

1 X 5 gl * ¥y gl = Clig|N * by | (63)

since | q * h| *x jr ¢ = Cj 40 * 1jr ¢. Second order scattering coefficients, indexed with
pairs (4,q,5',¢'), thus provide measurements that convey spectral information about the
point process N as (j',q’) varies, disentangled from the spectral information of h.

We illustrate this phenomena by considering a two-dimensional Cox point process N (u),
whose rate A\(u) is a stationary Gaussian process whose power spectrum is concentrated in
the low-frequencies, and with an integral scale of 100 pixels. This Cox process is convolved
with a pattern h(u) with zero mean and small spatial support of 5 pixels. We build micro-
canonical models with energy vectors ®4(z) defined by wavelet 1* norms or scattering coef-
ficients, computed up to a maximum scale 27. For the shot noise measure z shown in Figure
4(a), Table 3 gives the normalized variances aﬁ =E,([|®a(z) — E(Pa(2))]|*)/|Eu(Pa())|?
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J=2 J=4 J=6

O'Z(q)d) d1m(<I>d) 0';2;,((1)11 d1m(<I>d) O'ﬁ(@d) dlm(‘I)d)
dy: Wavelet 11 | 41076 21 31076 38 31076 52
®,4: Scattering | 81076 88 1075 422 107° 580

Table 3: Estimated normalized variance for wavelet 1! norm and scattering energy vectors
®,, at different maximum scales 27. They are computed for a shot noise of size d = 2562
defined from a Cox point process. Figure 4(a) shows a realization.

Figure 4: (a): Realization of a shot noise computed with a Cox process. (b,c): Realizations
of a gradient descent process, computed with an energy ®, including wavelet 1' norms of
maximum scale respectively 27 = 8 and 2/ = 64. (d,e): Same computed with an energy
®, including scattering 1 norms of maximum scale respectively 27 = 8 and 2/ = 64.

as a function of the maximum scale 27. Although the size of scattering vectors for large
J becomes relatively large, the normalized variance remains small which proves that these
energy vectors remain concentrated around their mean, for images of size d = 2562. We
can thus define microcanonical models from an energy vector ®4(Z) calculated from the
realization Z shown in Figure 4(a).

Figure 4 gives realizations of microcanonical gradient descent models computed from
wavelet 1 norms and scattering energies, at different maximum scales 2/. Figure 4(b,d) are
computed with 2/ = 8. These microcanonical models can only capture sparsity properties
up to this maximum scale. At larger scale, the entropy maximisation creates Gaussian
random process like variations having a uniform low-frequency spectrum. Figure 4(c,e) are
microcanonical realizations computed at a larger maximum scale 2/ = 64. In this case,
wavelet 1' norm and scattering microcanonical models capture the point process sparsity.
The geometry of the shot noise is defined by the stationary rate A(u) which has relatively
high frequency oscillations vertically but low frequency variations horizontally. The scat-
tering model Figure 4(e) captures this distribution thanks to second order coefficients.
This is not the case for the 1 norm model in Figure 4(c) which can not reproduce the
low-frequency horizontal alignments.
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5.5 Image and Audio Texture Synthesis

An image or an audio texture is usually modeled as the realization of a stationary process.
Modeling textures amounts to compute an approximation of this stationary process given a
single realization. A texture synthesis then consists in calculating new realizations from this
stochastic model, which are hopefully perceptually identical to the original texture sample,
although different if considered as deterministic signals. As opposed to the Gaussian,
Ising or point process examples, since we do not know the original stochastic process,
perceptual comparisons are the only criteria used to evaluate a texture synthesis algorithm.
Microcanonical models can be considered as texture models computed from an energy
function ®4(z) which concentrate close to its mean. We review previous work and give
results obtained with a scattering microcanonical gradient descent model.

Geman and Geman [24] have introduced macrocanonical models based on Markov ran-
dom fields. They provide good texture models as long as these textures are realizations of
random processes having no long range correlations. Several approaches have then been
introduced to incorporate long range correlations. Heeger and Bergen [26] capture texture
statistics through the marginal distributions obtained by filtering images with oriented
wavelets. This approach has been generalized by the macrocanonical Frame model of
Mumford and Zhu [49], based on marginal distributions of filtered images. The filters are
optimized by trying to minimize the maximum entropy conditioned by the marginal dis-
tributions. Although the Cramer-Wold theorem proves that enough marginal probability
distributions characterize any random vector defined over R? the number of such marginals
is typically intractable, which limits this approach.

Portilla and Simoncelli [39] made important improvements to these texture models, with
wavelet transforms. They capture the correlation of the modulus of wavelet coefficients
with a covariance matrix which defines an energy vector ®4(x). Although they use a
macrocanonical maximum entropy formalism, their algorithm computes a microcanonical
estimation from a single realization, with alternate projections as opposed to a gradient
descent. This approach was extended to audio textures by McDermott and Simoncelli
[35]. A scattering representation is related to Portilla and Simoncelli model but covariance
coefficients are replaced by a much smaller number of scattering I' norms.

Excellent texture synthesis have recently been obtained with deep convolutional neural
networks. In [23], the authors consider a deep VGG convolutional network, trained on a
large-scale image classification task. The energy vector ®,4(z) is defined as the spatial cross-
correlation values of feature maps at every layer of the VGG networks. This energy vector is
calculated on a particular texture image. Texture syntheses of very good perceptual quality
are calculated with a gradient descent microcanonical algorithm initialized on random
noise. However, the dimension of this energy vector ®4(z) is larger than the dimension d
of x. These estimators are therefore not statistically consistent and have no asymptotic
limit.

In the following, we give results obtained with different wavelet microcanonical models
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computed on a collection of natural image and auditory textures. The Brodatz image
texture dataset ! consists of 155 texture classes, with a single 512 x 512 sample per class.
Auditory textures are taken from McDermott and Simoncelli [35], which contains 1 second
samples of different sounds.

Since we have a single realization of each texture, we can not compute the concentration
properties of energy vectors over these textures. Figure 5(a) gives input examples Z corre-
sponding to realizations of different stationary processes X (u). Figure 5(b) shows texture
samples obtained with a microcanonical gradient descent computed with an energy vector
®,4(z) of wavelet 12 norm. It provides a good model for the bottom texture which is nearly
Gaussian but it otherwise destroys the texture geometry. Figure 5(c) displays textures ob-
tained with a vector ®4(x) of wavelet 1! norms. Their wavelet coefficients are more sparse
than in Figure 5(b) which produces more “piecewise regular” images, but it does improve
the texture geometry. On the contrary, scattering microcanonical textures in Figure 5(d)
have a geometry which is much closer to original textures. Scattering coefficients can be
interpreted as convolutional deep neural networks computed with predefined wavelet filters
[28] as opposed to filters learned on a supervised image classification problem as in VGG.

The reconstruction of auditory textures is computed with a one-dimensional Gabor
wavelet transform [9] with @ = 12 scales per octave. Auditory textures have a rich mixture
of homogeneous and impulsive, transient components, as well as amplitude and frequency
modulation phenomena. Figure 6(a) displays the spectrograms of original auditory tex-
tures Z. Figure 5(b) shows the spectrogram of Gaussian texture models calculated with a
microcanonical gradient descent computed with an energy vector ®4(z) of wavelet 12 norm.
The global spectral energy is preserved but the time variations which destroys ability to
recognize these audio textures. On the contrary, Figure 5(c) shows that audio textures
synthesized with a scattering energy vector have spectrograms with the same type of time
intermittency as the original textures. The resulting audio textures are perceptually diffi-
cult to distinguish from the original ones.

Synthesis from scattering energy vectors can also destroy some certain structures which
affect their perceptual quality. This is the case for speech or music backgrounds which
have harmonic alignments which are not reproduced by scattering coefficients. Deep con-
volutional network reproduce image and audio textures of better perceptual quality than
scattering coefficients, but but use over 100 times more parameters. Much smaller models
providing similar perceptual quality can be constructed with wavelet phase harmonics for
audio signals [40] or images [48], which capture alignment of phases across scales. However,
understanding how to construct low-dimensional multiscale energy vectors to approximate
random processes remains mostly an open problem.

! Available at http://sipi.usc.edu/database/database.php?volume=textures
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Figure 5: (a): Original texture. (b): texture synthesized with a microcanonical gradient
descent model with a vector ®4(z) of wavelet 12 norms. (c): ®4(z) has wavelet 1! norms.
(d): ®4(x) has wavelet scattering coefficients.
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Figure 6: (a): Spectrograms of original audio textures produced (from to to bottom) by
jackhammer, applause, wind, helicopter, sparrows, train, rusting paper. (b): Spectrograms
of an audio texture synthesized with a microcanonical gradient descent model with a vector
®,4(x) of wavelet 12 norms. (c): Spectrogram produced with a vector ®4(z) of wavelet
scattering coefficients.
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6 Conclusion

This paper shows that gradient descent microcanonical models computed with multiscale
energy vectors can provide powerful models to approximate large classes of stationary
processes. Realizations of such models are calculated with a gradient descent algorithm
which is much faster than MCMC algorithms, used to sample from macrcocanonical models.

We introduced a mathematical framework to analyze the statistical and algorithmic
properties of these microcanonical gradient descent models. Our analysis reveals that,
whereas micrcocanonical gradient descent measures do not generally agree with the mi-
crocanonical maximum entropy measure, they have rich regularities through shared sym-
metries, and, under appropriate conditions, are shown to converge to the microcanonical
ensemble. In the high-dimensional setting, gradient descent microcanonical models are
therefore valid alternatives to classic macrocanonical and microcanonical maximum en-
tropy measures, thanks to their computational tractability.

However, many mathematical questions remain open. For instance, on the convergence
properties of this gradient descent algorithm, on the choice of the energy vector to obtain
accurate approximations of random processes, and on the extension to locally stationary
processes.
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A Proof of Theorem 3.1

A.1 Proof of part (i)

The main technical challenge to prove (26) is to show that assumption (C) is sufficient
to guarantee that |J®4z|~! is integrable. Since ®, is Lipschitz from assumption (A), the
coarea formula proves that for any integrable function g(x)

Jowaartar= [ [ ot wa (69

In order to apply (64) to |J®4(z)|~! and obtain the expression of H(ul), we need to

show that |J®4(x)|~! is integrable in @ !(y). Using the notation for each Jacobian column
(22), we verify that |J®4(x)| satisfies

|J®4(x)| > d~ max {|det[JU(X1), S JUXR) - \det[JU(XJ+1), e, JU(XJ+K)]|} ,

)
where X; is a projection of x onto disjoint subsets of 2A + 1 coordinates, and d > d(2A +
1)~ =0O(d).

We will show that for d large enough and arbitrary R > 0,
/ |J®g(z)| tdx < o0, (66)
|z|oo <R

by interpreting (66) as proportional to the expected value of Ex unit(4,r)|J/ Pa(X) |~1. Since
@;i(y) is a compact set thanks to assumption (B), it is bounded, so @;i(y) C{z; |r|eo <
R} for some R, which proves that |J®4(x)|~! is integrable in @gi(y)

For that purpose, let us prove that assumption (C) from (25) is sufficient to guarantee
(66). If Fy(y) denotes the cumulative distribution function of a random variable V', and
Y denotes the r.v. Y = |[det[JU(X}),...,JU(Xk)]|, we first observe that thanks to (65)
it is sufficient to show that

Fy(y) Sy, forsomen >0, (y—0). (67)

Indeed, since V' = [J®4(X)| > max(Y1,...,Y;) with ¥; independent and identically dis-
tributed, we have that

Fy(y) < Fy(y)® ~y™ .
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It follows that
R/
EXNUnif(dﬁR)|J<I>d(X)|_1 < /v_lfv(v)dv =C +/ v 2Fy (v)dv < oo
0

as soon as dn > 1, which will happen for large enough d.
Let us thus prove (67) by induction on K. When K = 1, V = |[detJU (X1)| = |[JU(X})|
and assumption (C) directly implies that

Fy(y) =PV <y Sy".
Now, suppose (67) is true for K —1 and let us prove it for K. We use the following lemma:

Lemma A.1. We say that a bounded random vector Z in B(K, R) C RX has property (*)
if there exists n > 0 such that

V S C RE Lebesgue measurable , P(Z € S) < |S|" .

If Z has property (*) and K > 1, then Zy, the orthogonal projection of Z onto any
hyperplane, also has property (*), and

E(ZI™") < Cry - (68)

Before proving the lemma, let us conclude with (67). By denoting Z; = JU(X;),
i=1...K, and assuming ||Z;|| > 0, one Gram-Schmidt iteration yields

\det [Z1, ..., Zx] | = || Z1]|det [ZQZK} |,

where Z; is the projection of Z; onto the orthogonal complement of Z;. Using assumption
(C), we use lemma A.1 to observe that Zi,i=2,...K also satisfies assumption (C), since
we compute it with an orthogonal projection that depends only on Z, which is independent
from all the Z;, i > 2. Thus by induction hypothesis and using (68) we obtain

Fy(y) = P(|det[Zy, ..., Zk] [ <)

P <||Zl|||det [ZQZK} | < y)
Ez P (detlZe, .., Zk]| <yl 217" | 1)
Ezy"| 2™ Sy

IN

which proves (67).

Let us finally prove lemma A.1. Let Sy be a measurable set in a given hyperplane H
of dimension K — 1, and let S = Sy x (=R, R) be the corresponding cylinder in B(K, R).
By definition, we have

P(Zy € Sy)=P(Z € 8) <|S|" = |Su|"(2R)"
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which proves that Zp also has the property (*).
Finally, let us show that E(||Z||™") < Cr,,. For positive random variables we have

R
E(|Z|) = /O P gy (F)dr
R
= Bl P(|Z] < 7)o / 1LP(|Z) < r)dr
T—> 0

R

< R"+Cp / 1K g < gy
0

since K > 1 and 7 > 0. This proves lemma A.1 and thus (26). O
To prove that v4(y) is integrable on any bounded set, we apply the coarea formula to
(64) to g(x) = |Jx®x|~1 1 4(Px) where A is bounded:

/ 1A(<1>:c)d:c=/ / |JK<I>:c|_1de_Kdz:/*yd(z)dz.
R4 A Jo—1(2) A

If A is a compact set then by assumption (B) it follows immediately that

/ |4 (®x) d = / dr < |Baa(C/(d))] < o, (69)
RE

>-1(A)

which proves that v, is integrable on a compact.

A.2 Proof of part (ii)

Let us now prove that for each d, y4(y) can only vanish when dist(y, ®4(R%)) < ¢/d for some
fixed constant c¢. We will exploit the relationship between the sets ®4(R?) and @ (RY/?)
thanks to the fact that ®,4 is an average potential over the domain.

The inequality (27) proves that v4(y) = 0 only if fqu(y) dH* K = 0. Since in finite
integer dimensions the Hausdorff measure 7! is a multiple of the Lebesgue measure in R,
it is sufficient to show that whenever y € (®4(R%))° | the set ®~!(y) has positive Lebesgue
measure of dimension d — K.

Without loss of generality, assume that ® = (¢q,...,¢k) are linearly independent
functions. Otherwise, if there were a linear dependency of the form

> ardr(z) =0,

k<K

then ®4(R?) = 0®4(R?), thus ®4(RY)° is empty and there is nothing to prove.
Let us write d = ¢, with 7 denoting the length of the cube A4. Suppose first that
r is even. Given y € (@24(1(]1%27%))0 we will see that there exists # € ®~1(y) whose
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Jacobian J®(z) has rank K. Then, by the Implicit Function Theorem, one can find a local
reparametrization of ®~!(y) in a small neighborhood V of the form = = (v, ¢(v)) such that

{(,0);v eV CR"K 0 Vo RE} = {(0,0)) €V x o(V); (v,0)) =y},

which has positive Lebesgue measure of dimension d — K.

Suppose first that A = 1. Then the sets Sy = ®4(R?) C RY satisfy Sy C Sytq for ¢ =

1,2,.... Indeed, given y € Sy, by definition there exists x € R? with ®4(x) = 5. Consider
z=(x,... ,ac)®Z € qud, a tiling of x, g times along each dimension. By construction, &
satisfies @ ¢4(7) = y and therefore y € S1.
Now, consider y € S5 C S, If @4 was a smooth C* map, with s > d — K, then by
Sard’s theorem, the image of critical points {x € R%; |J®4(x)| < K} has zero Lebesgue
measure in Sg. Although one can extend Sard’s theorem to weaker regularity assumptions
[3], for our purposes we will use a weaker and simpler property that does not require the
smoothness assumption, as described in the following lemma:

Lemma A.2. Under the assumptions of the theorem, the set A= {y € RE; 0 < y4(y) <
oo} is dense in ®q(RY), and for each y € A there exists x € ;7 (y) with |J®q(x)| > 0.

It follows that for a sufficiently small § > 0, a neighborhood B(y, §) C S; of y necessarily
contains two points y1 =y + 1, y2 = y — 1 such that @;1(y1) or CD;l(yg) contain a regular
point. Let x; € q);l(yl) and z9 € @El(yg) be two points such that at least one is regular.
The point & = (x?é,:cgsw) € R2'4 obtained by concatenating x1 and zo along the first
coordinate, and tiling them along the rest, satisfies

Pyeq(T) = 5 (Pa(z1) + Pa(x2)) =y , and

| =

|[J@4(7)| = max(|JPa(x1)], [ Pala2]) >0,

which shows that we have just found an element Z of @;Ztl(y) with rank(J®qey(Z)) = K.
Suppose finally that A > 1. The proof follows the same strategy, but we need to handle
the border effect introduced by the support A. In that case, given y € Sy, we consider
i = (v,u,2)®*, where u has 2(A—1) zero coordinates and = € ®'(y). That is, we consider
2¢ copies of = separated by 2(A — 1) zeroes along each dimension so that their potential
functions do not interact.
Let d = (2r + 2(A — 1))*. Tt follows that

24y (x A—1\""* A—1\"
‘I)J(x)_dd()—<1+7,) (I)d(x)_<1+dl/€> Y

which shows that dist(y; S;) < C¢|ly||/d"/* for any y € S,.
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Now consider y in the open set Cq = Sg N Sj, such that dist(y, 0Sq) > lyllead=1¢. 1t
follows from the previous argument that there exists small 6 > 0 and x; € égl(yl) with
|J®4(x1)] > 0 and y1 € B(y,6) NSgNS;. We verify from the assumption that

A-1\°
y2=2<1+r> y—y1 €8q,

and therefore for any zo € @gl(yg) the point & = (x1;u, 22)®" that contains 2/~ copies of
x1 and 2671 copies of x5 satisfies by construction

d2 1y + d2 1y,
d
rank(J®y4(Z)) = K. Finally, the case where r is odd is treated analogously, but splitting
the coordinates into [5] and [5] parts.
It remains to prove Lemma A.2. We know from part (i) that thanks to the coarea
formula,

o(z) = =y and

Ve Vy € (Pg(RY)°, 0 < / v4(2)dz = / dx < 0o .
llz—yll<e [®(z)—yl|<e
It follows that A = {z; 0 < 74(2) < oo} is dense in ®4(R?). But if y € A, by
definition this implies that ®;'(y) has positive (d — K)-Hausdorff measure, and that there
is necessarily = € @gl(y) with |J®4(x)|~1 < oo, therefore with a full-rank Jacobian. [J

A.3 Proof of part (iii)

In order to prove (28), we will again exploit the relationships between the sets Sy = ®4(R?)
as d grows. We also first establish the result for A = 1, and then generalize it to A > 1.
Denote as before Sy = ®4(R?) and F; = d~'H(u™) the entropy rate associated with y
and e.

In the last section we proved that when A =1, §; C Sy, for ¢ = 1,2,.... For any
€ >0 and y € Sy, observe that
e (y) @ 2 Que(y) € Pory () - (70)
2¢ times

Indeed, if x € Qg (y) ®--- ®Qq(y), then by definition z = (x1, ...,z ) with
2¢ times
[Pa(zi) =yl <e.
But

2t
Borg(z) =270 @alwi)
=1
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and || @4, — y|| < € by the convexity of the 12 norm, thus z € @2_42 (y). It follows that

2l
Fyeqe =d 27" H(uby, ) > d 27" log / dr| | =Fyc. (71)
’ ’ I12a(z)-yll<e

Thus, for any fixed do, y € Sq, and € > 0, the sequence F, = Fykeg, . 1S increasing. Also,
thanks to assumption (B), we have that

Vd, zeQly) = el < CVd(lyll +e)
which implies that [Qq(y)| < |Ba(vV/dRp)|. Therefore
Vd,Fj <d'log|By(VdRy)

and we verify from |By(R)| = %Rd that |By(vVdRy)| ~ K with K = 27 RZe, which
shows that limg_,.. d~!log \Bd(\/aRoﬂ = 1ogf~( and thus that the entropy rate Fj is also
upper bounded, and therefore its limit exists limy_,oo F, = F' . We shall see later that the
limit does not depend upon the choice of dp.

Let us now prove the case when A > 1. The idea is to show that (70) is now valid
up to an error that becomes small as d increases, provided that the potential U is Holder
continuous.

Consider y € ;. Given € > 0, we form

Vg ) = (2520) "

as the Cartesian product of 2¢ copies of @;i(y). When A = 1, we just saw that

Worg (y) € 5 () (72)
with € = €, but when A > 1, let us see how to increase € so that (72) is verified. Given
v € Wy, (y), we write x = (x1,...,29) to denote its projections into each of the 2t
subdomains C g, ..., Cy 4 of size d. We have

2., Uz(n)
Doeq(x) = W
2[
= 27y at | > Uztm)+ Y Us(n) |, (73)
k=1 necy , n€dCy, q

where each C} ; contains the interior of the domain that does not interact with the other
domains, and 0C 4 = Cyq \ C} ;- We have |0Cy, 4| = d — (dl/é —2A)¢, thus

_ _ (A
d7HOCKa =1 — (1 —2Ad7 V5! < T (74)
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Since |Uz(n)| < B|z||* with a < 2/¢ by the Holder assumption, and ||z|| < Cvd by
assumption (B), we have |Uz(n)| < B'd*/?. Tt follows from (73) and (74) that

2l
1Pora(x) =yl = (27D [d7 [ D Uzstm)+ Y Usz(n)| -y H
k=1

nely 4 n€Cy 4
2[
< 27} (||q’d(fvz') —y| +2Bd**(1 - (1 - 2Ad*1/5)€)>
k=1
< e+o (d%*%gA> ’

Thus by taking € = e+o0 <d%*%€A> (72) is verified. By denoting v = § — %, it follows that
the entropy rate Fy . satisfies

Fye < FQKd,eJerv )

with £ = CA/, and v < 0 since a < 2 /¢. By repeating the inequality for sufficiently large
dand k=1,2,... and € > 0 we have

Fae < FdQM, e+ldr YN, _ 2kt < Fgre ge < C, (75)
and thus by defining
. i ,
Fooe:= lim Fypue, , with e = e + dg ];)2‘% (76)

we have shown that its entropy rate is well-defined for each € > 0 and dj sufficiently large.
It remains to be shown that this limit does not depend upon dy. Suppose Foo (0 7# Foo,e,1
where Fj is associated with dy and F} is associated with d;, and suppose d; > dy without
loss of generality. Let r; = d; " for i = 0,1.
Observe that an analogous argument to (73) shows that if r = r, 4 rp, then

T Ty
Frz’g z fFrgxf + 7Frf,e ’ (77)

and
Ezd,é > Fd,e for I = 1,2, e, (78)

with € = € 4+ 0 (d"¢A). Consider now large integers k and k ~ vk, and let ¢,§ denote
respectively the quotient and residual such that

T‘12k = r02kq + Cj
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with 0 < ¢ < 7’02’~€ . Then, for any 6 > 0, by choosing k large enough we obtain from (77)
and (78) that

’Fd12k£’€7F1| S 5/47
|Fdo2£,;qg’g —Fy| < §/4, and
|Fd12k2,€ - Fd02ﬁlq2,5| < 5/4 ) (79)

with € = €4 o (dV(A).

Finally, let us show that F; . is continuous with respect to € for € > 0. Let us denote
Vde = fl\z—yl\ﬁe Ya(z)dz. Since Fy. = d~'log(v},) and ya(y) > 0 for all y € 3 from
the previous section, it is sufficient to show that -4, is continuous with respect to e.
Let € = € + § with € > 0, and suppose § > 0 without loss of generality. By denoting
Q(d,e,y) ={z; e < ||z —y|| < e+ 5}, we have

Yae —Vael = / va(2)dz = /Vd(z)lQ(a,e,y)(Z)dZ
e<||z—y||<e46

= [tz

For each z, y45(2) = 7a(2)1Q(s,e,y)(2) converges pointwise to 0 as § — 0, except for a set of
measure zero, {z; ||z — y|| = €}. Also, |yas| < 74, which is integrable in ®(£24) by part (i).
We can thus apply the dominated convergence theorem, and conclude that

}g%/m(Z)dz = / <§lg(l)%z5(2)> dz=0,

which shows that 4. is continuous with respect to e.
It follows from (79) that

|Fd12kﬂ,g - Fd02]~“qu,€| —0as k — o0 y

but Fd12u,5 — F1 and Fd
that FO 7& Fl. [l

weo- — Fp as k — oo, which is a contradiction with the fact
02"¢q",€

B Proof of Corollary 3.2

We saw in Theorem 3.7 that the entropy rate of the microcanonical measure can be mea-
sured with the co-area formula as d_lH(ugfi) =d log sz—yHSe v4(2)dz and that v4(z) > 0

in the interior of @d(Rd). As ¢ — 0, we can interpret the previous formula in terms of an
LY(RX) approximate identity he(z) = CK(KlHZHSG(z):
Cre™ [ ez = hely) > () a0
l|z—yll<e
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in L'(RX). One can verify that, by possibly reparametrising e, this implies pointwise
convergence for almost every y, so

‘log <CK€_K’)/3’€> - logfyd(y)‘ o 0, ae., (80)

which shows that d_lH(pZ,e) ~ Kloge as e — 0 0.

C Proof of Proposition 3.3

Properties (A) and (B) are verified for (i-ii) because the potentials U are continuous and
the resulting features ® always include d~!||z||> respectively. We thus focus on proving
property (C).

Part (i) is easily obtained, since the 12 wavelet model has a Jacobian J®(z) that is
linear with respect to x, and therefore it has absolutely continuous density relative to the
Lebesgue measure.

Part (ii) is proved by directly controlling |J®4(x) A direct computation shows
that |J®y(x)| = d~1\/d||z||2 — ||z||?, which only vanishes when |z| is a constant vector.
Therefore, for y # (o, Agar), @;i (y) does not contain those points for sufficiently small e.

Let us now show part (iii). The Jacobian matrix in that case is given by

h.
s - m{(25) ).

with 7 < K. We proceed by induction over the scale K. Suppose first K = 1. Since h; has
compact spatial support, its Fourier transform only contains a discrete number of zeros.
Denote by A; the spatial support of h;. We can thus generate all but a zero-measure set
of unitary signals z with z, = s, s = 1. .A; from the uniform measure over x using

21 In the uniform phase space deﬁned by 01,...,0x;, the event |detJU (X1)| <y

\z*h |
has a probability proportional to y, since it is equivalent to

I

2 =

Zcos JRe(h}(s Zsm Jm(hi(s)| <y .

Suppose now the result holds for the K — 1 filters in the family with smallest spatial
support, and let us show how to extend it to an extra filter hx with strictly larger spatial
support. Among the variables X € R?2*1 a subset of them, say Ry, only affect the K-th
output corresponding to filter hg. It follows that a set S ¢ RX with shrinking measure
necessarily introduces constraints on the variables in Rx, and therefore P(Z € S) < |S|/K
a.
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D Proof of Theorem 3.4

(i) Let us first prove that volume preserving symmetries of ®4(x) are symmetries of the
microcanonical maximum entropy measure. If for all z € R? ®4(L~'z) = ®4(z) then a
microcanonical set {14 ¢ is invariant to the action of L and L. Since L preserves volume
and hence the Lebesgue measure of a set, for any measurable set A, since ,ufinie is supported
over g and uniform relatively to the Lebesgue measure, we have 7

pael LAl = pg LTV AN Qa ] = pge L7 (AN Qae)] = pge[AN Qad = pge[Al,

so L is a symmetry of pJi.

(ii) We prove that syfnmetries of ®4(x) and pg are symmetries of u,, by induction on
n. It is trivially valid for n = 0. Suppose now by induction that u, is invariant to the
action of L which is a symmetry of ®4. From (31), pint1 = @n #ftn, With

on(z) =2 — Iian)d(ZL')T((I)d(w) —y) .

Let us verify that ¢, is equivariant to the action of L: ¢, L™ 'a = L™y, x for all z. Since
®4(L~'z) = ®4(z), and since L is linear

JO L )T = LN J®g(L 7 2)) " = L7 (Jdg(z)) " (81)
SO
onL e = L' — kJ®g(L7 e) (®g(L 7 z) — y)
= LYo — L', J04(x) " (D4(x) — y)
= L_l‘;onx 9
which proves that ¢, is equivariant to the action of L. Moreover, if ¢, is equivariant to
the action of L then we verify that it is equivariant to the action of L™!. Also, observe
that
e (LTHA) = {aipn(e) € LTIA
= {z;Lon(z) € A}
{z; pn(Lx) € A}
L™l M (A) -

Finally, using the definition of pushforward measure, jtn11 = ©p #fin, for any measur-
able A, the induction hypothesis yields

i [LTVA] = [0, (LA
= [l o (A)] = ey (A)]
= ,unJrl[A]’
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which proves that p,41 is also invariant to the action of L, and hence or induction hypoth-
esis.

(iii) We prove that an orthogonal operator which preserves a statioanry mean is a
symmetry of a Gaussian measure g of d i.i.d Gaussian random variables. Applying the
statement (ii) then implies the statement (iii). Let mg be the mean of each of the d
Gaussian random variables. The Gaussian measure i is uniform over all spheres of R?
centered over the stationary mean my1l. An orthogonal operator L which preserves the
stationary mean leaves invariant all spheres centered in mg1 € R?. Indeed L(mpol) =mg1
and [|Lz||* = [|z[* so

IL2 = mo1||* = [|L(z = me1)|* = [lo = mo1|.

If S(ml1,r) is a sphere centered in m1 of radius r then R? = Ugm,ryerxr+S(m1, 7). So
for any measurable set A

polLM Al = oL AN Ui ryerxr+ S(m1,7)] = po[Upn merxr+ L (AN S(m1, 7))
= po[Upn,nerxrr AN S(m1,r)] = polAl,

so L is a symmetry of pyg.

E Proof of Theorem 3.7

E.1 Proof of part (i)

Let us first show how the strict saddle condition (33) implies that the minimisation &£(x)
has no poor local minima. The statement follows directly from [32], which shows that when
the saddle points are strict, gradient descent does not converge to those saddle points, up to
a set of initialization values with Lebesgue measure 0. Observe first that ,, < ! ensures
that ¢n(z) = z—nVE(z) is a diffeomorphism for each n. Observe also that a critical point
x such that VE(z) = J®4(x)T (®4(x) — y) = 0 necessarily falls into two categories. Either
®,4(x) = y, which implies that z is a global optimum, or x is such that J®4(x)"v = 0 with
v = ®y4(x) —y # 0. We verify that assumption (33) implies that in that case x is a strict
saddle point by observing that the Hessian of E satisfies

K
V2E(z) =Y V?O(z)v + J(z) T ®() .
k=1

Since pg is absolutely continuous with respect to the Lebesgue measure, we can apply
Theorem 2.1 from [38], and establish that gradient descent does not converge to any saddle
point with probability 1.

Let us now prove that the hypothesis that |J®4(x)| > 0 for z € q);l(y) with y €
@d(Rd)o, together with the strict saddle condition, implies that the gradient descent se-
quence x, has a limit lim,_,~, 2, (that may depend upon z). For that, we will apply the
following result from [1]:
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Theorem E.1. If E(z) is twice differentiable, has compact sub-level sets, and the Hessian
V2E(x) is non-degenerate on the normal space to the level set of local minimisers, then x,
has a limit, denoted Too := limy, o0 Ty

Indeed, since ®; satisfies assumption (B), it follows that the sub-level sets of E,
{z; E(x) < t} are compact for each t. We need to show that the Hessian of F is non-
degenerate on the normal space of égl(y). Since 74 > 0 for y € ®4(R?)° for sufficiently
large d from Theorem 3.1, (P;l(y) has positive d — K-dimensional Hausdorff measure, hence
it is sufficient to show that V2E(x) has K strictly positive eigenvalues when x € ®~1(y).
But by definition,

V2E(x) = Y Vér(2)(dr(x) — yk) + JPa(2)" J®a(z)
k<K

thus
V2E(z) = J®q(2) J®4(z) for z€ @ (y) . (82)

Therefore, if [J®4(z)| > 0 for € &, (y), we can apply Theorem E.1, and conclude that
the iterates x, from gradient descent have a limit, for each xg ~ .
We have just proved that

Puo {(xn)n is Cauchy} =1,

or, equivalently, that X, ~ p, is almost surely Cauchy, which implies [42] that p, converges
almost surely to a certain measure fi. Moreover, since lim, o | VE ()] = 0, the strict
saddle condition implies that z, does not converge to saddle points, so we conclude that
necessarily

oo [0 W)] = Py { lim @ € 07 ()} =1,

therefore that o is supported in the microcanonical ensemble égl(y), which finishes the
proof. OJ

E.2 Proof of part (ii)

We first compute how the entropy is modified at each gradient step. By definition of the
pushforward measure, for any diffeomorphism ¢ and any measurable g

]Ex~¢#‘ug($) = ExN/zg((p(w)) :

Also, from a change of variables we have, by denoting fi = pgu, fi(z) = [Jo~H(2)|u(e (),
and thus
log fi(x) = log (™ () — log [ Jp(¢™" (2))] -
It follows that
—Egejilog fi(x) = —Egny log pu(z) + Egey log | Jo(2)]
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and hence
H(pyp) = H(p) — Eylog|Jo(z)| . (83)
The change in entropy by applying the diffeomorphism is thus given by the term
E, log|J¢(x)|, and thus the entropy of i, is given by

H(pn) = H(po) — Y By, log|Jon ()]
n’'<n

By definition, the Jacobian of ¢, is

Ton(@) =1 =y, | Y V2ou(x)(dr(x) — yi) + Ja(x)" JOg() | (84)
k<K

We know that & is Lipschitz, which implies that ||J®(x)|| < 8, and that V® is also
Lipschitz, meaning that ||V2¢y(x)|| < n for all k. Applying the Cauchy-Schwartz inequality,
it follows that

> V(@) (dr(x) —yw)|| < nKV/E(z) .
k<K
We abuse notation and redefine i := 1K since K is a constant. Also, the term J®(z)7 J® ()
is of rank at most K. We can thus write Jp,(x) as
J‘Pn(x) = An(x) + Bn(m) ) (85)

with A ) full rank d and with singular values within the interval (1 — v,n/E(x),1 +
Yay/ E(x)); and —By,(x) positive semidefinite of rank K, with singular values bounded by
2. It follows that the singular values of Jo,(x), called Ay, ..., Ay, satisfy

d
llog | Ten(@)[| < > [log Ay

=1

d—K
Z max([log(1 4+ ynnv/ E(x))], [log(1 — mny/ E(x))[)

IN

K
+ Z |log(1 — ’Yn/BQ)‘

i=1
< (d = K)log(1 +vny/E(x)) + K log(1 + %) + o(77)
and thus up to second order terms we have
By, 105 | Tn(@) < (d— K)1og 1+ 77, VE@) + Klog (147,52) |
< (d = K)WnEyu, VE(@) + K%, (86)
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where we have used Jensen’s inequality on the concave function log(1+z) and log(14+z) < z
for > 0 to obtain the inequality Elog(14+X) < log(1+EX). Denoting by r, = E,,\/E(z)
the average distance to the microcanonical ensemble at iteration n, it results from (86) that
after n steps of gradient descent the entropy rate has decreased at most

(1 - I;) n Z Yn/Tn! + %BQ Z Tn' -

n'<n n'<n

F  Proof of Corollary 3.8

The proof is a direct application of Theorem 3.7 and Sard’s theorem, that states that if ¢4
is a C* Lipschitz function, then the image of its critical points {z ,; |J®4(x)| = 0} has
zero measure. We can thus apply Theorem E.1 from part (ii) of the proof of Theorem 3.7
for almost every y .

G  Proof of Theorem 3.9

We show that ®4(x) = {d~!||z * hi||3} satisfies the strict saddle condition. Here x € R?,
and we recall that the Fourier transform is defined as (w) = Y, x(u)e™ @27/ with
w € (—d/2,d/2]. The gradient of the loss function E(z) = 3| ®(z) — y||? is

VE(z) = J®4(x)" (Pa(x) — y) ,

and its Hessian is
V2E(x) =Y Vér(z)vp + JOy(z) T ®y() ,
k

where vy = ¢p(r) — yr. Expressing the gradient and the Hessian in the Fourier domain
yields

VE@) = &) wlhil?) (87)
k
VZE@)(w,w)) = Y oplh(w)]6(w — o) + Ew)lhi (@) P2 )] . (88)
k

The Hessian thus contains a diagonal term and a rank-K term. We need to show that a
critical point x satisfying VE(&) = 0 with ||v|| > 0 has a Hessian matrix with at least one
negative eigenvalue. From (87), it follows that a critical point satisfies

Vo, #(w) - (D orlhr(w)?) = 0. (89)
k
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Let C = {w ; &(w) # 0}. The Hessian is expressed in terms of block matrices regrouping

the frequencies in C' as
M| 0
21005
Ve - (Seg,)

where M is the diagonal matrix of size (d —|C|) x (d — |C|) given by the frequencies outside
C, such that #(w) = 0:
My =Y vplhi(w)]®, w¢ C .
k

We examine the diagonal block corresponding to M. The image of &, is the convex cone
C in R determined by the directions o, = (|h1(w)|%,...,|hx(wj)?) € RE, w =1...d.
Without loss of generality, we assume here that ||o,|| > 0 for all w, since frequencies that
are invisible to all the filters do not play any role in the gradient descent. The target y is
by hypothesis in the interior of C. Further, any two directions o, 0’ in C satisfy

(0,0) = > (@) Plhx(W)* >0,

k

since the filters have compact spatial support.

If C is empty, then = 0, which implies that v = ®(x) — y = —y has all its entries
negative, and therefore diag(d_, vkl hi(w)|?) < 0. We shall thus assume in the following
that C' is non-empty. Similarly, we verify that the space spanned by oy, w € C, cannot
have full rank K. Indeed, if this was the case, the first order optimality condition (89)
reveals that v should be orthogonal to all directions o,,, w € C. Since this system has rank
K, this contradicts the fact that v # 0.

We can thus write C as generated by directions O¢ = {0u;w € C} and OF = {oy;w ¢
C}, with |Og| > 0, [O¢| > 0. Since y is in the interior, it follows that

y:ZBwOw'i'Z'YwOwa ﬁwa7w>0vw- (90)
wel w¢C

We need to show that there exists at least one w ¢ C such that (v,0,) < 0. Suppose
otherwise, i.e. that for all w ¢ C, (Py(x),0n) > (y,04). Since o, € Oc = (Py(x), 0p) =
(y,0,) by the first order critical conditions, we have

<y,y> = Zﬂw<0wyy>+27w<0way>

wel weC
< Y Bu0w, Pa@)) + D V(0w Bal@)) - (91)
wel wgC

On the other hand, from (90) we also have

(Y, Pa(2)) = Y Bul0w, ®a(@)) + > Yulow, Pa(x)) , (92)

weC wg¢C
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and since ®(z) = ) .- @,0, is a linear combination of vectors in O, we also have
(®(x),y) = (P(x), ®(x)). This implies from (91) that

<y?y> < <y7 (Dd<x)> = <<I)d(x)>q)d(x)> ) (93)

which leads to y = ®(x) and therefore v = 0, which is a contradiction.

Finally, if z € @gl(y) for y € ®4(R?)°, then y falls necessarily inside the convex hull
of C, which implies that {V¢y(x) = &(w) - |izk|2(w)}k§K have rank K. This concludes the
proof .

H Proof of Proposition 4.1

If v = 0 then (39) proves that

log, d

2113 = e xuol3 + D D llw by g3

i=1q

If J = logy d then ¥0(u) = d"*15, and z x1)0(u) is the average of x over Ay. We thus

get
log, d

2
ol == (Y w) + >0 D llex vyl (94)
U j'=1 q
Replacing x by |z % ;4| gives
log, d
[|= *%}q”% = d_IHx*wj,q”% + Z Z ([l % 54 *wjﬁq’H%-
Jj=1 q

We finally prove (47) by decomposing each term |||z * 1; 4| * ¥ #/||3 into an 1* norm plus
a sum of 12 norms, obtained replacing @ by ||z * ;4| * ¢j 4| in (94).

I Proof of Theorem 5.1

Let us first prove property (i). Young inequality is proved by observing that

loxtyali = 3 | 3 2@ o —w| < 3 Y o) vyaln = u)l = ol [l -

neENg u€Ny neENg uENy

The inequality is an equality if and only if for any fixed n, the product z(u)1;4(n —u) has
a constant phase when w varies. Since z(u) is real, its phase is either 0 or 7. It implies that
1. ¢(n —u) has a phase modulo 7 which does not depend upon u when z(u);4(n —u) # 0
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and hence x(u) # 0. Since the phase of ¢ is ¢(&.u), the phase of 1; q(u) = 27927 ru)
is p(277¢,.u) with & = r,& so

YueAg , p(2779¢.(n—u)) =a277n) +kr if z(u)je(n—u)#0 withk €Z . (95)
Since ¢ is bi-Lipschitz, there exists 8 > 0 such that
B7Ya —d'| < |pg(a) = pq(a’)] < Bla—d'| . (96)

Since 14(0) # 0 and ¢, is continuous, there exists a > 0 such that [¢pg(u)] > 0 for
u € [~a,all. If 277 |u — u'| < 2a then for n = (u + u')/2 we have 277 |n — u| < « and
277 n — /| < @, s0 ¥j4(n —u) # 0 and ; 4(n —u') # 0. If the inner product &,.(u —u’) is
not zero then (96) implies that [p(277&1.(n — u)) — pg(277&,.(n — /)| > 0. So if z(u) and
x(u') are non-zero (95) implies that

p(27761.(n —w) — p(277&.(n —u'))| = .
It results from (96) that if 277|u — /| < 2a then
279 Bl&g-(u—u')| > m,

which proves (??) for C' = min(737!, 2a|&g|), and hence Theorem 5.1.

Let us now prove property (ii). Since 1, has a compact support it is included in [—v,
for v large enough. Since the support of z are points of distance at least A it results that
for any n € Z* and 2/ < A~~!, the product x(u);4(n — u) is non-zero for at most one
u € Z°. Tt results that

o igl = D | 3w ian—w)| = 3 3 la@] gl = w)] = ll7]1 s

neENg u€ly neNg uEAy

]Z

1 -

The hypothesis (60) implies that ||2/[1 = ||2/* ;4|1 for all ¢ < @ and 27 < A min(1,771).
Applying Theorem 5.1 for 27 > 271 A min(1,v 1) proves that 2’(u) and 2/(u’) are non-zero
only for all ¢ < @ we have &;.(u—u') =0 or [§.(u—u')| > C’" A, where C’ does not depend
upon z and .

Since the {{;}4<q@ are Q > ( different rotations of a non-zero { € R’ they define a
frame of RY. It results that there exists A and B such that for any v € R?

Al <) gl < Bly| . (97)

q<Q

This inequality applied to v = u — v # 0 proves that there exists ¢ < @Q such that
&-(u—u) #0. If z(u) # 0 and z(u') # 0 then we proved that if &.(u — u') # 0 then
|&g-(u—1u')| > C" A. The frame inequality (97) implies that |u—u'| > B~! C’" A which shows
that any two points in the support of 2’ have a distance at least C' A with C = C'B~L.
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