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BANDELET IMAGE APPROXIMATION AND COMPRESSION*

E. LE PENNEC! AND S. MALLAT*

Abstract. Finding efficient geometric representations of images is a central issue to improv-
ing image compression and noise removal algorithms. We introduce bandelet orthogonal bases and
frames that are adapted to the geometric regularity of an image. Images are approximated by finding
a best bandelet basis or frame that produces a sparse representation. For functions that are uni-
formly regular outside a set of edge curves that are geometrically regular, the main theorem proves
that bandelet approximations satisfy an optimal asymptotic error decay rate. A bandelet image
compression scheme is derived. For computational applications, a fast discrete bandelet transform
algorithm is introduced, with a fast best basis search which preserves asymptotic approximation and
coding error decay rates.
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1. Introduction. When a function defined over [0,1]? has singularities that
belong to regular curves, one may take advantage of this geometrical regularity to
optimize its approximation from M parameters. Most current procedures such as
M-term separable wavelet approximations are locally isotropic and thus cannot take
advantage of such geometric regularity. This paper introduces a new class of bases,
with elongated multiscale bandelet vectors that follow the geometry, to optimize the
approximation.

For functions f that are Holderian of order a over [0,1]?, M-term separable
wavelet approximations fus satisfy ||f — far]|? < C M~%, where || - || stands for the
L? norm. The decay exponent « is optimal in the sense that no other approximation
scheme can improve it for all such functions. If f is Holderian of order @ > 1 over
[0,1]2 = {C, }1<~<c, Where the C,, are finite length curves along which f is discontinu-
ous, then its M-term wavelet approximation satisfies only ||f — fas]|>? < C M~1. The
existence of discontinuities drives entirely the decay of the approximation error. If
the C, are regular curves, several approaches [1, 6, 8, 18] have already been proposed
to improve the decay of this wavelet approximation error for 1 < a < 2. When a > 1
is unknown, the issue addressed by this paper is to find an approximation scheme that
is asymptotically as efficient as if f was Holderian of order « over its whole support
and to derive an image compression scheme. This is particularly important to ap-
proximate and compress images, where the contours of objects create edge transitions
along piecewise regular curves.

Section 2 reviews nonlinear approximation results for piecewise regular images
including edges. In the neighborhood of an edge, the image gray levels vary regu-
larly in directions parallel to the edge, but they have sharp transitions across the
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edge. This anisotropic regularity is specified by a geometric flow that is a vector field
that indicates local direction of regularity. Section 3 constructs bandelets, which are
anisotropic wavelets that are warped along this geometric flow, and bandelet orthonor-
mal bases in bands around edges. We study the approximation in bandelet bases of
functions including edges over such bands. Bandelet frame of L2[0,1]? are defined
in section 4.1 as a union of bandelet bases in different bands. A dictionary of band-
elet frames is constructed in section 4.2 with dyadic square segmentations of [0,1]2
and parameterized geometry flows. The main theorem of section 4.2 proves that a
best bandelet frame obtained by minimizing an appropriate Lagrangian cost function
in the bandelet dictionary yields asymptotically optimal approximations of piecewise
regular functions. If f is Holderian of order o > 1 over [0,1]* — {C,}1<y<q, where
the C, are Holderian of order o, then the main theorem proves that an approximation
from M parameters in a best bandelet frame satisfies || f — far|> < C M~

To compress images in bits, an image transform code is defined in section 5.
It is proved that a best bandelet frame yields a distortion rate that nearly reaches
the Kolmogorov asymptotic lower bound up to a logarithmic factor. For numerical
implementations over digital images, section 6.1 discretizes bandelet bases and frames.
Section 6.2 describes a fast algorithm that finds a best discrete bandelet frame with
an approximation error that decays like M~ up to a logarithmic factor.

2. Geometric image model. We begin by establishing a mathematical model
for geometrically regular images using the notion of edge. This model incorporates
the fact that the image intensity is not necessarily singular at edge locations, which
is why edge detection is an ill-posed problem. We then review existing constructive
procedures to approximate such geometrically regular functions.

Functions that are regular everywhere outside a set of regular edge curves define
a first simple model of geometrically regular functions. Let C%(A) be the space of
Hoélderian functions of order a over A C R™ defined for a > 0:

(2.1)
LR =R : Vg =], %f exists and satisfies
o Ozt ---Oxyn™
C (A) - 918l 918l Lol —c
Sup(w,y)EA2 81?1-4-312" f(l') - am?l---axﬁn f(y) X ||J} - y” <0
with

o] if a ¢ N,
lLedl = .
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and |« the integer just below a. For « integer, the space C* is slightly larger than
the space of function having bounded derivatives up to order a. The norm || f||ce(a)
used through this paper is defined by
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We say that an edge curve is Holderian of order « if the coordinates in R? of the
points along this curve have a parameterization by arc length which is Holderian of
order . An image model with geometrically regular edges is obtained by imposing
that f € C*(A) for A = [0,1]> — {C,}1<y<q, where the C, are Hélderian of order o
edge curves. For most images, this model is too simplistic because most often the
image intensity has a sharp variation but is not singular across an edge. In particular,
discontinuities of the image intensity created by occlusions in the visual scene are
blurred by optical diffraction effects. These blurring effects along edges can be mod-
eled through a convolution with an unknown kernel of compact support h(z). This
means that we can write f(z) = fxh(z), where f € C*(Q) for Q = [0,1]>—{C, }1<+<c-

When f # f, finding from f the exact locations of the edges C, is an ill-posed
problem, especially since h is unknown. The difficulty in locating blurred edges is well
known in image processing [3]. The goal of this paper is to find an approximation fas
from M parameters which satisfies

(2.3) VM >0, |f-ful®><CM™,

with a constant C' that does not depend upon the blurring kernel h.

A wavelet approximation decomposes f in an orthonormal wavelet basis and
reconstructs fys from a partial sum of M wavelets corresponding to the largest am-
plitude coefficients. Over a class of functions f whose total variation are uniformly
bounded then one can prove [5] that

(2.4) If = full> < CM~.

This result applies to functions having discontinuities along regular edges. However,
wavelet bases are unable to take advantage of existing geometric regularity in order
to improve the asymptotic error decay M 1.

Many beautiful ideas have already been studied to find approximation schemes
that take into account geometric image regularity. A surprising result by Candes and
Donoho [1] shows that it is not necessary to estimate the image geometry to obtain
efficient approximations. A curvelet frame is composed of multiscale elongated and
rotated wavelet-type functions. Candés and Donoho [2] prove that if & = 2, then an
approximation fj; with M curvelets satisfies

(2.5) If = farl]* < € M2 (logy M)?.

Up to the (log, M)? factor, this approximation result is thus asymptotically optimal
for « = 2. However, it is not adaptive in « in the sense that the optimal decay
rate M~ is not obtained when o < 2 or @ > 2 [8].

Instead of choosing a priori a basis to approximate f, one can rather adapt the
approximation scheme to the image geometry. For example, one can construct an
approximation fj; which is piecewise linear over an optimized triangulation including
M triangles and satisfies || f — far||? < C M~2. This requires adapting the triangu-
lation to the edge geometry and to the blurring scale [12, 7]. However, there is no
known polynomial complexity algorithm which computes such an approximation f,
with an error that always decays like M ~2. Incorporating an unknown blurring ker-
nel in the geometric model makes the problem much more difficult. Indeed, smooth
edges are more difficult to detect than sharp singularities, and the triangulation must
be adapted to the size of the blurring to approximate precisely the image transitions
along the edges.



BANDELET IMAGE APPROXIMATION AND COMPRESSION 995

Most adaptive approximation schemes that have been developed so far can effi-
ciently approximate geometrically regular images only if the edges are singularities,
meaning that h = §. In particular, many image processing algorithms have been
developed to construct such approximations by detecting edges and constructing reg-
ular approximations between the edges where the image is uniformly regular [17]. To
obtain fast polynomial time algorithms, Donoho introduced multiscale strategies to
approximate the image geometry. Dictionaries constructed with wedgelets are used
to compute approximations of functions that are C? away from C? edges [9]. The
approximation bound || f — fa]|> < C M~ holds only for 1 < a < 2 and if there
is no blurring (h = §). Wakin et al. [18] propose a compression scheme that mixes
the wedgelets and the wavelets to obtain better practical approximation results while
following a similar geometry optimization scheme. A different strategy developed
by Cohen and Matei [6] uses a nonlinear subdivision scheme to construct an ap-
proximation fj; that can reach a similar error decay bound if the image has sharp
discontinuities along C? edges.

The goal of this paper is to find a approximation fj; from M parameters that
satisfies ||f — far]|? < C M~ for any o > 1 and any blurring kernel h.

3. Approximation in orthonormal bandelet bases.

3.1. Geometric flow and bandelet bases. An image having geometrically
regular edges, as in the model of section 2, has sharp transitions when moving across
edges but has regular variations when moving parallel to these edges. This displace-
ment parallel to edges can be characterized by a geometric flow, which is a field of
parallel vectors that give the local direction in which f has regular variations. Band-
elet orthonormal bases are constructed by warping anisotropic wavelets bases with
this geometric flow.

A geometric flow is a vector field 7(x1, xz2) which gives directions in which f has
regular variations in the neighborhood of each (x1,z2). In the neighborhood of an
edge, the flow is typically parallel to the tangents of the edge curve. To construct an
orthogonal basis with a geometric flow, we shall impose that the flow is locally either
parallel in the vertical direction, and hence constant in this direction, or parallel in the
horizontal direction. To simplify the explanations, we shall first consider horizontal
or vertical horizon models [9] (or boundary fragments [13]), which are functions f that
include a single edge C whose tangents have an angle with the horizontal or vertical
direction that remains smaller than /3, so that C can be parameterized horizontally
or vertically by a function g.

Suppose that f is a horizontal horizon model. We define a vertically parallel flow
whose angle with the horizontal direction is smaller than 7/3. Such a flow can be
written

(3.1) Tz, 22) = T(x1) = (1,9 (21)) with |g'(21)] < 2.

A flow line is an integral curve of the flow whose tangent at (z1,z2) is collinear
to 7(x1,22). Let g(z) be a primitive of g'(z) defined by g(z) = [; ¢'(z)dax that
we shall call flow integral. Flow lines are sets of points (z1,22) €  which satisfy
2o = g(x1) + cst.

A band B parallel to this flow is defined by

(3.2) B= {(ml,xg) : a2 € [ag,b1], 22 € [g(x1) + a2, 9(z1) —|—b2]}.
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Fic. 3.1. Horizontal horizon model with a flow induced by the edge and the corresponding band.

The band height as and bs are chosen so that a neighborhood of C is included in B,
as illustrated in Figure 3.1.

If the flow directions are sufficiently parallel to the edge directions, then f(x) has
regular variations along each flow line (z1, g(x1) + cst). As a consequence, Figure 3.2
shows that the warped image

(3.3) Wf(z1,22) = f(z1,22 + g(21))

has regular variations along the horizontal lines (x5 constant) in the rectangle obtained
by warping the band B:

(3.4)
WB = {(l’l,ZEQ) : (.’E1,£U2 +g(l’1)) c B} = {(xl,xg) DX € [al,bl], To € [ag,bg]}.

Fic. 3.2. A band B and its warped band W B.

If U(x1,29) is a function having vanishing moments along z; for zs fixed, since
W f(xz1,x2) is regular along z1, the resulting inner product (W f, ¥) will be small.
Note that

(3.5) (Wf) = {f,W*¥),

where W* is the adjoint of the operator W defined in (3.3). This suggests decompos-
ing f over the warped image by W* of a basis having vanishing moments along x;.
Observe then that

(3.6) W*f(x1,22) = W f(21,22) = f(z1,22 — g(21)).

Since W is an orthogonal operator, an orthonormal family warped with W* = W—1!
remains orthonormal. By inverse warping, an orthogonal wavelet basis of the rectan-
gle W B thus yields an orthogonal basis over the band B with basis functions having
vanishing moments along the flow lines.
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A separable wavelet basis is defined from one-dimensional wavelet ¥ (¢) and a
scaling function ¢(t) that are here chosen compactly supported, which are dilated
and translated [15, 16]:

1 t—2Im 1 t—2Im
BD w0 = v () md G = o= o(;
Following [15], the index j goes to —oo when the wavelet scale 2/ decreases. In this
paper, j is thus typically a negative integer. The family of separable wavelets

(3.8) { ¢j7m1 ($1) 1/)j7m2 (xQ) ) %,ml («Tl) Qf)j)m? ($2)

) wj,ml (xl) wj,mz (56‘2) }(j,m1mL2)EIWB
defines an orthonormal basis over the rectangle W B if one modifies appropriately
the wavelets whose support intersects the boundary of WB [4]. The index set Iywp
depends upon the width and length of the rectangle W B. The wavelet construction
is slightly modified to cope with a real anisotropic rectangle: it is started with scaling
functions of the size of the order of the largest dimension instead of the smallest
dimension. This basis could thus already include some anisotropic functions. This
ensures that a polynomial on a rectangle could always be reproduced with a fixed
number of coefficients.

Since W is orthogonal, applying its inverse to each of the wavelets (3.8) yields an
orthonormal basis of L2(B) that is called a warped wavelet basis:

(3.9)
Gjoma (1) Vjoma (T2 — 9(21)) 5 Yjoma (T1) @jms (T2 — g(21))
s Ui (1) Yjoms (22 — g(21)) (j,mhm)EIWB'

Warped wavelets are separable along the x; variable and along the z}, = 25 — g(x1)
variable, so that for a given 2, one follows the geometric flow lines within the band B.

The wavelet ¢(t) has p > « vanishing moments, but ¢(¢) has no vanishing
moments. As a consequence, the separable wavelets ., (1) @jm,(z2) and
Vj.my (1) ¥j,m, (T2) have vanishing moments along x1 but not ¢; m, (1) ¥jm, (z2).
However, {¢jm,(21)}m, is an orthonormal basis of a multiresolution space which
also admits an orthonormal basis of wavelets {9 m,(21)}i>jm, that have
vanishing moments, besides a constant number of scaling functions. This suggests
replacing the orthogonal family {¢;m, (1) ¥jms(®2)}jmi,me, by the family
{U1,my (@1) ¥j.my (@2) Y15 4,ma,me, Which generates the same space. This is called a
bandeletization.

After applying the inverse warping W™! the resulting functions
Uiy (1) Vjma (22 — g(x1)) are called bandelets because their support is parallel to
the flow lines and is more elongated (2! > 27) in the direction of the geometric flow.
Inserting these bandelets in the warped wavelet basis (3.9) yields a bandelet orthonor-
mal basis of L2(B):

(310) { djl’ml (‘Tl) %,mg (l’g - g(x1>) ’ 1/1j,m1 (xl) qu,mz (CE2 - g(xl)) } .
3 l>7,m1,ma

o Wimy (T1) Yjm, (T2 — g(21))

Suppose now that f is a vertical horizon model, with an edge along a curve C
whose tangents have an angle smaller than 7/3 with the vertical direction. We then
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define a geometric flow 7(x1, z2) that is parallel in the horizontal direction and which
has an angle smaller than 7/3 with the vertical direction:

(3.11) T(x1,22) = T(22) = (¢'(22),1) with |¢'(z2)| < 2.

Flow lines are points (z1,z2) with z1 = g(z2) + cst.
We define a band which is parallel to the geometric flow:

(312) B = {(.rl,l'Q) DX € [g(l'g) + (Ll,g((EQ) +b1] , Ig € [CLQ,bQ]}.

The width ¢; = by —a; of the band is adjusted so that a neighborhood of C is included
in B. Similarly to the previous case, the warped wavelet basis of LZ(B) is then defined
by

(3.13)
G (21 = 9(2)) Vrima(2) Vi (21 = 9(22)) By (22)
- i @1 = g22) V) [

The bandeletization replaces each family of scaling functions {¢; m, (z2) }m, by a fam-
ily of orthonormal wavelets that generates the same approximation space. The result-
ing bandelet orthonormal basis of L2?(B) is

Gjoma (X1 — 9(22)) Yjma (T2) 5 Vjomy (21 — 9(22)) Yim, (T2)
(3.14) .
v Wima (X1 — 9(22)) Vjm, (22) PR

3.2. Bandelet approximation in a band. The bandelet approximation of
geometrically regular horizon models is studied in bands around their edges. The
following definition introduces such geometrical regular functions according to the
model of section 2.

DEFINITION 3.1. A function f is a C* horizon model over [0,1]? if

o f=forf=fxh, with f € C*(A) for A =1[0,12—{C},

e the blurring kernel h has a support included in [—s,s]? and is C* with
Ihllce < 5+,

e the edge curve C is Hélderian of order a and its tangents have an angle with
the horizontal or vertical direction that remains smaller than w/3, with a
distance larger than s from the horizontal (respectively, vertical) boundary.

Observe that the kernel h can be rewritten as a dilation by s: h(z) = s72 hy(s™ 1),
where h; has a support in [—1, 1] and ||h1|l1 = ||2]]1. Normalizing the amplitude of h
by setting ||hl|ce = s~ is equivalent to setting ||hi|ce = 1. The convolution
with h diffuses the edge C over a tube Cs defined as the set of points within a dis-
tance s of C. Outside this tube f is uniformly C®, but within this tube its regularity
depends upon s, which may be an arbitrarily small variable. We study the bandelet
approximation of f within a band B that includes the tube Cj.

A bandelet basis is constructed from a geometric flow. To optimize the approx-
imation of f with M parameters in a bandelet basis, it is necessary to specify this
geometric flow with as few parameters as possible. A vertically parallel flow is speci-
fied in a horizontal band B of length 1 = b; — a1 by parameterizing the flow integral
g(z1) over a family of orthogonal scaling functions {0, (£)}1<m<r,2-+ at a scale 2.



BANDELET IMAGE APPROXIMATION AND COMPRESSION 999

The scaling functions {6y ., (t) }1<m<s,2-+ whose support does not intersect the border
of [a1,b1] can be written 0y ,,,(t) = 0(27%t — m), and

127k

4
(3.15) Vt€a,b] . g(t)= Y ambOem(t) With am = (g, Okm) |0kmll .

m=1

We suppose that the space V, generated by the orthogonal family {6x.(¢) }1<n<p,2-+
includes polynomials of degree p over [aj,b;] and that 6(¢) is compactly supported
and p times differentiable. The decomposition (3.15) defines a parameterized flow
that depends upon the scale 2% and the (b; —a;)2~* coefficients ay,. Since |¢’(t)| < 2
and ¢ is defined up to a constant, one can set g(a;) = 0 so that |g(¢)] < 2¢;. As a
result, one can verify that there exists Cyp > 0 that depend only upon 6 such that
|Oém| S C@ (bl - al).

There are many possible approaches to computing a geometric flow for a horizon
model. Section 4.2 describes an algorithm that computes the flow by minimizing
the approximation error of the resulting bandelet representation. One can also use a
simpler and computationally more efficient approach that minimizes a Sobolev norm
in the direction of the flow [14]. If the horizon model is horizontal, the edge C can be
parameterized horizontally by (x1, ¢(x1)). For each 1, because of the blurring effect,
the position of the edge can be estimated only up to an error bounded by the size s of
the blurring kernel. The resulting estimate g(x1) of the edge position ¢(x1) satisfies
g — clloc < Cqs, where Cy depends upon precision of the algorithm that is used.

Let Py, be the orthogonal projection on the approximation space V. To repre-
sent the geometry with few coefficients, a regularized edge is considered:

027k

(3.16) g(t) =Py, g(t) = Y mOpm(t) With o = (G, Opm) [|Ok.mll >
m=1

We shall prove that if the scale 2% is small enough, then the distance between C and
the resulting regularized edge remains of the order of s.

Let us now construct a bandelet orthonormal basis over a band B parallel to
the geometric flow defined by the flow integral g, with a one-dimensional wavelet 1
which has p > « vanishing moments. To simplify notation, in the following we write
B = {bm } m, the orthonormal bandelet basis defined in (3.10). An approximation of f
in B is obtained by keeping only the bandelet coefficients above a threshold T":

(3.17) =Y (fibm)bm
(b |>T

The total number of parameters is M = Mg + Mp, where Mg is the number of
parameters «,, in (3.16) that define the geometric flow in B, and Mp is the num-
ber of bandelet coefficients above T. The following theorem computes the resulting
approximation error.

THEOREM 3.2. Let f be a C% horizon model with an edge parameterized by c
and 1 < a <p. Let g be an edge estimation such that ||§g — ¢||oo < Cqs. There exists
C such that for any threshold T, the approzimation error in a bandelet basis defined by

the flow integral g = Py, (§) with 2F = max(||cH6i/a, 1) max(s, T2/ (et )1/ e sqtisfies

(3.18) If = ful? < CCFeRHt M
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with

&) I )

Cy = max(||fllce (a) max(|lef&, 1) max([le|&a, Ca, 1), min(el| S Ci(n))

The constant C is defined as the maximum of three quantities:

. Hf||ca(A) max(||c||ge, 1) max(|/c||&a, Cq, 1) controls the regularity of W f;

\(QH /2e) ,1) appears in the geometry approximation;

° min(||c|
o |IflIE Cl( Ay controls the error f — f away from the singularities.

This does not correspond to any fine optimization in the relationship between T', s,

and the regularity of f and C, but on the natural quantities that arise in the proof.

Proof of Theorem 3.2. We first prove the following proposition that considers

the case T < s(@t1/(22) where the geometric approximation scale is 2F =
1/04 1/«
max([lef|ga”", 1) 57/

PrOPOSITION 3.3. Under the hypotheses of Theorem 3.2, there exists C that

depends only upon the edge geometry such that for any threshold T < s(@+1)/(®) the

bandelet approrimation error satisfies

(3.19) If— ful? < CC?/(OH_I) ¢, T2/ (+1)
and
(3.20) M < max(C C]%/(a+1) 0 T=2/@H) O [log, T)).

Proof of Proposition 3.3. Let g be the projection of g on the space Vi with

2k = max(HcHE}/a, 1)s*/® B the associated band, and B the associated bandelet
basis.
By construction, the number of geometric parameters M satisfies

(3.21) Mg < max((b; — a;) max(||¢]| Y/, 1)L s7/ 0)
and, as s > T2/(at1)
(3.22) Mg < max(C C?/(aﬂ) 0, T=2FD C log, T)),
and we should now focus on the number Mpg of bandelet coefficients above T'.
The bandelet basis B of B is separated in two families: B; the bandelets whose

support does not intersect Cs and By the bandelets whose support does intersect Cs.
Using the orthogonality of the basis B, we verify that

(3.23) If=full>=" D [fbm)?
[(f b | <T
(3.24) If— ful® = Z [Cfs b + Z [(f,bm) 7,
b €EB1 b, €EB2
[(f,bm)|<T [(f,bm)|<T

and Mp = Mp1 + Mps2, where Mp; and Mp o are, respectively, the number of
bandelet coefficients above the threshold T' in By and Bs.

The proof is then divided into two lemmas. Lemma 3.4 takes care of the outer
bandelets, By, that do not intersect the singularities and relies on the regularity of f.



BANDELET IMAGE APPROXIMATION AND COMPRESSION 1001

LEmMMA 3.4. Under the hypotheses of Theorem 3.2, there exists a constant C
such that

(3.25) > Hhba)P <Oyl /ety
bm €B1
[(Fbm) | <T
and
(3.26) Mp,1 < max(CCy/ T ¢ 77240 ),

Lemma 3.5 considers the inner bandelets of B that capture the sharp transitions
of f.

LeEmMMA 3.5. Under the hypotheses of Theorem 3.2, there exists a constant C
such that

(3:27) Do [fbm)P < C oY gy TRy

bm €B2
[{f,bm)I<T

and
(3.28) Mg < max(C Cy/ D ¢, 772/(+D) Clog, T).

Combining (3.22), (3.25), (3.26), (3.27), and (3.28) allows us to conclude.

To prove Lemmas 3.4 and 3.5, we go back to the definition of the bandelets.
With a slight abuse of notation, we note bld‘)m(.’lﬁh.’lﬁg) are the bandelets defined by
Vimy (1) Yjm, (T2 — g(21)) if j < 1 and by either ¢jm, (z1)¥j,m, (2 — g(z1)) or
wj,wn (.Tl) ¢j,7n2 (1‘2 —g(CCl)) lf] =1[. In the last case, both wjmf“ (.Il) ¢j,m2 (l‘g — g(ﬂjl))
and ¥ m, (1) @j,m, (2 — g(x1)) have vanishing moments along x; and, as this is the
only direction in which the moments are used, could be handled in the exact same
way. From now on, we suppose that by j m (21, 22) = ¥1m, (1) ¥jm, (22 — g(21)).

As seen in (3.5) and (3.10),

(fobijm) = (f(@1, 22 4+ 9(21)), Yrmy (1) Yjms, (22))
= (Wf(z1, 22), Yrm, (1) Yjyms, (22))-
The regularity of W f is the key to controlling the bandelet coefficient.

If fis C* in the neighborhood of a point (z1,22 + g(z1)), a straightforward
calculation shows that along the zs-axis

(3.29)

ollediyy olledpy
‘f : ! < Ifllce ko — | Lo,

(331,-75 ) - 7(‘1?17372)
2 xg_aﬂ

Along the xq-axis, a control on the regularity of g is required, and after some calcu-

lation one derives that if g is C%, then W f is also C* and that

auaﬂ Wf 8[Lajj Wf « a—|a

‘u«a,u) e @ w)| < [ f o max(lgl, gl — 1]~ Led.
1

The definition of g implies that the difference between g and the true curve c,
g — ¢, is even C? as stated by the following lemma proved in Appendix A.3.
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LEMMA 3.6. There exists a constant C' such that if ¢ is C* over [a1,b1] and
g satisfies ||g — c|loo < Cus, then g = Py, § with 2F = maX(HcH(_ji/a,l) st/e s Co
and satisfies

(3.30) VB < llel, (g Plle < € max(|ellas, Ca, 1) s* =7/

and

(3.31)
Vo |z —wo| < K25, (g — o)l V(@) = (9 — o) LD (wp) o

< C max(||c||ge, Cq, 1) & — 2oLl

An immediate consequence of this lemma is that g is C* with a norm bounded
by C max(|lc]ce. Ca, 1) + [l

The proof of Lemma 3.4 in Appendix A.1 combines this lemma with the regularity
of f outside Cs to obtain a regularity of W f along x; and thus obtain a decay of the
bandelet coefficients with their vanishing moments in this direction.

In Appendix A.2 to obtain Lemma 3.5, some regularity along z; for W f in the
neighborhood of the smoothed singularity is required. This is given by the following
lemma proved in Appendix A.4.

LEMMA 3.7. Suppose f is a C* horizon model with s > 0. If g satisfies

(3.32) Vo < llel, (g —)Plle < C max(felles, Ca, 1) s* =7/

and

(3.33)
Vo |z —xol < Ks', (g — o)l (z) — (g — )LD (z0) ]

< C max(|c|ce, Ca, 1) o — xo|*~ Lo,

then

(3.34)
ollell

8x¥aﬂ

W ) — O W f(an,22)
1,42 ax”-all 1,42
1

< O flloa(ay max([lel|&a, 1) max(||e| &, Cf, 1) s~ |2f — 1] Lod,

This bound and the condition on the threshold T' < s(@+1)/(2%) are sufficient to
prove Lemma 3.5. a

The hypotheses of Proposition 3.3 require a small threshold, 7' < s®+1/(22) byt
a similar result also holds for larger 7'

ProprosITION 3.8. Under the hypotheses of Theorem 3.2, there exists a con-
stant C' such that for all thresholds T the resulting bandelet approximation error sat-
isfies

(3.35) If— ful? < CO?/(OH_I) ¢, T2/ (0 1)
and

(3.36) M < max(C O/ gy 7=2/(41) Clog, T).
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Proof of Proposition 3.8. If ||§ — ¢||ec < Cgs and T?*/(e+1) < s Proposition 3.3
applies. Otherwise, T2%/(®t1) > s and we prove that the condition on the edge
estimation of Theorem 3.2, ||§ — ¢|[lc < Cgs, can even be relaxed to ||§ — ¢[|e <
Cymax(s,T?/(e+1))

Indeed, let finoq = f * Amod, Where

(3.37) hinod = <T2a/ia+1))2 h (T2a/ia+1) x)

is a dilation of the smoothing kernel h supported in [—72¢/(e+1) 2a/(e+1)]2 which
satisfies ||hmod||ce < (T2¢/(@F1)(2+e),
The following lemma proved in Appendix A.5 implies

(3.38) 1f = fmoall® < C I f1I3s(p) €2 T2/ ).

LEMMA 3.9. If f is a C* horizon model, there exists a constant C' such that

(339) w7 = 7] < €112 gay s

Furthermore, Proposition 3.3 applies to fi0d, SO

(340) ||fmod - fmod,Mmod ||2 S OCJQP/(CH_U gl T2a/(a+1)

and

3.41 Muoq < max(C C¥ @D g p=2/(a+1) 1166 T)).
f 2

If we let J' be the set of bandelets such that |(fimod, bm)| > T, as
(3.42) ||f _ fm0d||2 < CC;/(Q+1) El T2a/(0¢+1),

one can verify that

(3.43) Z I/ bm>|2 <2 ( Z |<fmodabm>‘2 + Z [(f = fmodvbm>|2>

m¢J’ m¢J’ mgJ’
(344) < 2(||fmod - fmod,MmodH2 + Hf - fmod||2>
(345) Y Ufbw)E S CCY D g pesery),

meJ’

while Card (J') < CC;/(O‘H) ¢, T=2/(e+1)  To conclude, we rely on the optimality of
the thresholding strategy in the following sense.

LEMMA 3.10. Let B = {umtmes be a family of functions and Jr = {m :
[{f,um)| > T}. If J C J, then

(3.46) > um))? + T2 Card (Jp) < > |(f,um)|* + T2 Card (J') .
mQJT ng/
Proof of Lemma 3.10. For every J' C J,
(3.47) Z |(f, um)|? + T%Card (J') = Z (1 = Loes)|{fr un))® 4 Lines T?).

meJ’ meJ
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This implies that each term of the sum is minimized if m € J’ only when |{f, u,,)|? >
T?: i.e., the sum is minimal for J' = Jp. d

Indeed, this implies that the bounds obtained for the subset J’ remain valid for
the subset J obtained with the thresholding. As proved in Lemma 3.10,

(3.48)
Z [(fs um)|? + T? Card (Jr) < Z [(f, um)|? + T? Card (J')

méJr mgJ’
(3.49) <C C]%/(a“) 0, T2/ 0+ L2 ¢ C;/(rwrl) 0, T2/ (4 1)
(3.50)
> [ wm)|? + T2 Card (Jr) < cc]%/<a+1> ¢, T2/ (41,

meJr

which immediately implies (3.35) and (3.36). d

This last lemma completes the proof of Theorem 3.2. ]

Theorem 3.2 proves that for a horizon model the bandelet approximation error
has an optimal asymptotic decay if the flow integral g is computed at an appropriate
scale 2F that depends upon f, from an estimation § that is sufficiently precise. Sec-
tion 4.2 explains how to compute such a flow and find the approximation scale 2%, in
a more general setting, with a best basis strategy that minimizes the approximation
error.

4. Bandelet frames and approximations.

4.1. Bandelet frames. To approximate piecewise regular images having several
edges over [0,1]?, the image support is partitioned into regions [0,1]? = U; €, inside
each of which the restriction of f either is uniformly regular or is a horizon model
or has two edges that meet. This means that in each €; f has either no edge or a
single edge whose tangents have an angle smaller than 7/3 with the horizontal or
with the vertical direction, or f has an edge junction. This is illustrated by Figure 4.1
with square regions. The size of the squares becomes smaller in the neighborhood of
junctions. Bandelet bases are defined over bands that include the regions €2;, and it
is shown that their union defines a frame of L2[0, 1]%.

\\‘ -
11

Fic. 4.1. Partition of an image.

If f is uniformly regular in a region €2;, then there is no need to define a geometric
flow. Similarly, if f has an edge junction in €2;, then there is no geometric regularity,
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and no appropriate geometric flow can be defined. In both cases, f is decomposed in a
separable wavelet basis B; = {b; m }m that is constructed over the smallest rectangle B;
that includes ;. If f is a horizon model over £;, then a vertically or horizontally
parallel geometric flow is defined over €2;. Let B; be the most narrow band parallel to
the flow in 2; and that includes ;. Figure 4.2 gives an example. Section 3.1 explains
how to construct a bandelet orthonormal basis B; = {b; ,, }m of L?(B;). The following
proposition proves that the union of such orthonormal bases over a segmentation of
[0, 1] defines a frame of L2([0, 1]) that is called a bandelet frame. We write Pg,, the
orthogonal projector defined by

(@) PoJ (@) = {g“ S,

Fic. 4.2. A square Q; with a flow and its associated minimum band B;.

PROPOSITION 4.1. For any segmentation [0,1]? = U; ; and f € L2[0,1]?

(42) f = Z<‘f’ bi,m> Bi,m with l;i,m = Pﬂibi,m
and
(4.3) AP <Y 1 i)

If the sup over all x € [0,1]? of the number of bands B; that include x is a finite
number A, then

(1.4 TIEEE DI

and the union of bandelet bases F = U; B; is a frame of L2([0,1]?).
Proof of Proposition 4.1. Since B; = {bi m }m is an orthonormal basis of L?(B;),
Pg, f=3>,.(f bim) bi,m. Moreover, €; C B; and [0, 12 =U; Q;, so

(4.5) F=Y Po,f=> Po,Psf=> (f bim) Pobim,

which proves (4.2).
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To prove (4.3) we shall verify a slightly more general property that will be useful
later:

(4.6) I f=Y imbim, then [f> <D |oim|®

Indeed, ]?gf = Po, >, ®imbim, SO | P, fII? < Yo |ai,m\2, and since ||f]|?> =
>l P, fl|* we get (4.6). Applying (4.6) to (4.2) yields (4.3).

Since the sup over all x € [0,1]? of the number of regions B; that includes z
is A, one verifies that Y. [ fl|5, < Allf[|* from which we derive (4.4) by inserting
(4.5). |

This scheme provides a direct reconstruction of an image from its bandelet coef-
ficients. The discontinuous nature of the border l;iym leads to blocking effects which
have to be avoided in image processing but which do not degrade the error decay. To
suppress these discontinuities, the reconstruction can be computed with the classi-
cal iterative frame algorithm on the full bandelet frame. This would yield a smaller
approximation error and may avoid the blocking effect but requires an iterative re-
construction algorithm. Another solution is proposed in [14], where the bandelets
themselves are modified in order to cross the boundaries, which removes the blocking
artefacts. The bandelet lifting scheme removes the blocking effects, but we then have
no proof that the resulting best basis algorithm described in the next section yields
an approximation whose error decay is optimal for geometrically regular functions.

4.2. Approximation in a dictionary of bandelet frames. A bandelet frame
is defined by geometric parameters that specify the segmentation of the image support
into subregions €2; and by the geometric flow in each ;. A dictionary of bandelet
frames is constructed with segmentations in dyadic square regions and a parameteriza-
tion of the geometric flow in each region. Within this dictionary, a best bandelet frame
is defined by minimizing a Lagrangian cost function. The main theorem computes the
error when approximating a geometrically regular function in a best bandelet frame.

As in the wedgelet bases of Donoho [9], the image is segmented in dyadic square
regions obtained by successive subdivisions of square regions into four squares of
twice smaller width. For a square image support of width L, a square region of width
L2* is represented by a node at the depth |\| of a quadtree. A square subdivided
into four smaller squares corresponds to a node having four children in the quadtree.
Figure 4.3 gives an example of a dyadic square image segmentation with the corre-
sponding quadtree. This tree will be coded by the list of the splitting decision at each
inner node.

21 22

20 23

20 21 22 28 28 29 30

29 30

4 124 125 126 127
1251126
28

1241127

F1c. 4.3. A dyadic square segmentation and its corresponding quadtree.
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In each dyadic square Q; of size 2% a variable indicates if the basis is a wavelet or
bandelet basis and in this last case whether the geometric flow is constant vertically
or horizontally. If it exists, the flow is characterized by the decomposition (3.15) of
an integral curve over a family of scaling functions at a scale 2%, Let F = U; B;
be the bandelet frame resulting from such a dyadic segmentation of [0,1]? and such
a parameterized flow. An approximation of f in F is obtained by keeping only the
bandelet coefficients above a threshold T*:

(47) fM = Z <f> bz,m> bi,ma
i,m
[{f:bi,m) 12T

with Bi,m = Pq,b; m. The total number of parameters is M = Mg+ Mg+ Mp, where
Mg is the number of geometric parameters that defines the dyadic image segmen-
tation, Mq is the number of parameters that defines the geometric flows in all the
dyadic squares, and Mp is the number of bandelet coefficients above T. Optimiz-
ing the frame means finding F, which depends upon f and M, in a dictionary D of
bandelet frame so that

(4.8) If = full? <CM—7

for the largest possible exponent . 3
Since f — far = X2 (10, <7 (S bism) biym we derive from (4.6) that

(4.9) IF=fall® < >0 b
i,m
[{f:bi.m)|<T
To control ||f — far]|? for a fixed number of parameters M = Mg + Mg + Mp, we
thus need to minimize » 7| ¢,y 7 [{f, bi,m) |2. This is done indirectly by minimizing
a Lagrangian, similarly to the strategy used by Donoho [9] to optimize the geometry
of wedgelet approximations:

(410) LT F) = > [fibim)? +T>M  with M = Mg+ Mg + Mp.

bim€F
[{f:bi,m)|<T

The Lagrangian multiplier is 72 because at the threshold level the squared ampli-
tude T2 of a bandelet coefficient should increase the Lagrangian by the same amount
as an increase by 1 of the number Mp of bandelet coefficients. The best bandelet
frame F is the one that minimizes the Lagrangian (4.10) over a dictionary of bande-
lets.

To reduce the dictionary D to a finite size, the resolution of the image geometry
is limited to 72, which we shall see is sufficient to approximate f efficiently. This
means first that the widths of the square image regions remain larger than 72, and
hence that the maximum depth of the quadtree representing the dyadic square image
segmentation is || [logy T72|]]. It also means that the decomposition coefficients a, of
the geometry defined in (3.15) are quantized:

Qr2(an) =qT? if (¢—1/2)T* <o, <(¢+1/2)T? with q¢€Z.

In a dyadic square of size 2*, since |a,,| < Cp 2*, we necessarily have |¢| < Cp2* T2 <
CyT~2. The dictionary Dp2 of bandelet frames constructed over this geometry of
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resolution T2 thus has a finite size, and we can find a best basis that minimizes the
Lagrangian (4.10) over this dictionary.

We now concentrate on the approximation capabilities of a best bandelet frame
obtained by minimizing L(f,T,F) over the dictionary of frames Dr2 when f has
some geometric regularity. The following definition specifies the geometric regularity
conditions on f that will used in the remainder of the paper.

DEFINITION 4.2. A function f is C® geometrically reqular over [0,1]? if

o f=Fforf=fxh, with f € C*A) for A=1[0,1]* — {C, }1<+<a,

. the( blu)rring kernel h is C*, compactly supported in [—s,s]* and ||h|ce <
s~ 2+« ,

o the edge curves C, are Holderian of order oo and do not intersect tangentially
if a > 1.

The following theorem gives an upper bound of the approximation error of f in
a best bandelet frame.

THEOREM 4.3. Let f be a C* geometrically reqular function and 1 < o < p.
There exists C' that depends only upon the edge geometry such that for any T > 0 the
thresholding approzimation of f in a best bandelet frame of Dp2 yields an approzi-
mation fyr that satisfies

(4.11) If = full® < CCF max(1,6c)* ™ M~

with

(4.12) M < O max(1,f¢) O3/ TV =2/(e41)

where Cp = max(|| fllce (v max(lellga. 12, e &0 £l &t ) and le is the total

length of the curves.

The remarks on the nonoptimality of the constant Cy of Theorem 3.2 apply here.
In addition, the dependency of C' on the edge geometry is not explicitly controlled
but involves the number of curves G as well as the geometric configuration (distance,
angle of the crossing, etc.).

Proof of Theorem 4.3. The theorem proof is based on the following lemma,
which exhibits a bandelet frame in Dp2 having suitable approximation properties
when o > 1, and thus the edges have tangents. The remaining case, « = 1, is
obtained with the classical wavelet basis that is included in the dictionary.

LEMMA 4.4. Under the hypotheses of Theorem 4.3 and if « > 1, for any T > 0
there exists a bandelet frame F € Dp2 such that

4.13 ST F) < max(1,4c) T
L(f CC]%/(Q-H) Y, 2a/(a+1)

for a constant C' that depends only upon the edge geometry.

We first prove that this lemma implies Theorem 4.3 and will then prove the
lemma. Let 7' = {b,,}im be a best bandelet frame that minimizes L(f,T),F)
in Dpe. Clearly, L(f,T,F') < L(f,T,F), where F is the frame of Lemma 4.4, and
hence

(4.14)
L(f,T,F') = Z [(f, 0 ) P+ T?M < CCJ%/(aﬂ) max(1, l) T2/ (@+1),

b; €F'
[{f.b5 ) I<T
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As a result
(4.15) ST AP < 0O Y max(1, o) T30/ (FD
b; mE€F'
(.8} ) |<T
and
(4.16) M < € ¥ max(1,6e) T2/ N2,
(4.17) M < € ¥ max(1,6e) T~/ (D),
Inserting (4.17) in (4.15) yields
(4.18) Do KAV P < CCp% max(1,be) M,
b; €F'
(0, ) | <T

and since we saw in (4.9) that

Hf_fM||2 < Z |<f,b§’m>‘2,
by mEF’

[Cf,05 ) | <T

this proves the theorem result (4.11). a

The core of Theorem 4.3 is thus Lemma 4.4, whose proof is constructive.

Proof of Lemma 4.4. We first design a dyadic square segmentation associated with
f and T and a flow in each square so that the resulting bandelet frame F satisfies
(4.13). This segmentation is constructed by separating squares that are close to an
edge from the others. Regular squares i € I are squares which are distant by more
than s from all edges C,. In such squares, f is uniformly regular. No geometric flow is
defined in regular squares, which means that the bandelet basis is a separable wavelet
basis.

Let us now consider squares that include or are adjacent to a single edge. We say
that a region 2 includes a single horizontal edge component if it is crossed horizontally
by a single edge C, that remains at distance smaller than s and whose tangents have
angles with the horizontal direction smaller than 7/3 and if there is no other edge
at a distance smaller than s. It is tempting to use this definition directly on the ;.
However, to efficiently approximate f with such bandelets, one must also verify that
the larger band B; includes no other edge component. To enforce this property, if the
size of €2 is 2%, a larger vertical rectangle €; of height 7 x 2* and width 2*, centered
in €2;, is considered. We shall verify that B; C €Q;.

A square ; is said to be a_horizontal edge square if €2; is at a distance smaller
than s from an edge curve and if €2; includes a single horizontal edge component C., and
remains at a distance larger than s from the two straight horizontal segments of the
boundary of [0,1]2, and we write i € I5;. In this case, a vertically parallel geometric
flow integral is defined in €; by approximating ¢; at a scale 2 = max(||c[| &, 1) n/®,
where 17 = max(s, T2/ (O‘H)) plays the role of a geometric resolution, and by quan-
tizing the resulting coefficients:

2>\7k

(4.19) gi(0) = 3 Qr (W) Bin ()
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with
Qr2(z) =qT? if (¢—1/2)T?* <z < (¢+1/2)T* with ¢ <€ Z.
Lemma 3.6 proves that choosing 2% = max(HcHEi/a, 1) n'/* implies that the error

between g; and ¢; satisfies ||g; — ¢il|oc < C max(]|c[/ca,1) 7.

Vertical edge squares are defined similarly by inverting the roles of the horizontal
and vertical directions, and hence of x; and xo. If Q; is a square of size 2* then
the €2; is a horizontal rectangle of height 2* and width 7 x 2*. A square €; is said to
be a vertical edge square if (2; is at a distance smaller than s from an edge curve and
if €; includes a single vertical edge component C, and remains at a distance larger
than s from the two straight vertical segments of the boundary of [0,1]2. We then
write ¢ € I ,. A horizontally parallel flow is then defined in 2; by approximating the
edge parameterization ¢; as in (4.19). A square that is both a horizontal edge square
and a vertical edge square is considered as a horizontal edge square by default.

The following algorithm constructs a dyadic image segmentation by labeling reg-
ular, vertical edge, and horizontal edge squares and introduces a third residual class
called junction squares because we shall see that they are close to junction points. No
geometric flow is defined in junction squares because they are close to several edges,
and the corresponding bandelet basis is thus a separable wavelet basis.

e Initialization: Label the square [0, 1]? a temporary square.
e Step 1: Split into four every temporary square and remove it.
e Step 2: Label, in the following order, each new subdivided square €2; as a
— regular square ¢ € I if it is at a distance larger than s from all edges,
— Jjunction square i € Iz if its size is smaller than 7,
— horizontal edge square i € Iy if ; includes a single horizontal edge
component, ~
— wvertical edge square i € I, if ; includes a single vertical edge compo-
nent,
— temporary square otherwise.
e Step 3: Go to Step 1 if there remain temporary squares.
Figure 4.4 illustrates such a labeled segmentation while Figure 4.5 displays a close-up
on a junction of an intermediate partition.

RIR|R|R
r = AN | = R
TRAENC T
R RV R|" v r
v Ivnwn nlr|=
VI/‘VRT\’,RV v|r
Vv v RV\\VVRR
vy R R RV N H|nH
R VVRRRH‘:I::;" H
+1 7 | " s TR | w
R[#|n|n T |n|n|r|r
TT==[=[=

RIR|R|R

F1G. 4.4. Partition with dyadic square labeled J, R, H, and V.
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R
R [ R|R|R
R AN R RIR

o [ = ENTEE i AE
7?,L ARRE - R kﬁ

il RV} R|H
= aOnnOEE

R|R|R|R v lv R|®|®

Fic. 4.5. Close-up on a junction zone with an intermediate partition with dyadic square labeled
R, H, V, and temporary square.

From such a dyadic image partition, we associate a bandelet frame F as the
union of the bandelet bases defined with the geometric flow constructed (or not) in
each square depending upon their label. We now prove that the resulting Lagrangian
satisfies the property (4.13) of Lemma 4.4. To evaluate the Lagrangian,

(420) ‘C(f7T7]:) = Z |<f7 bi,m>|2 +T2 (M5+M0+Mg),

bim€EF
‘<fxbi,'m>‘<T

we separate the geometrical cost Mg + Mg and decompose it into

(4.21)
i€lr i€ly
i€l i€ly
with
(4.22) LT, B) = > [{fbim)? +T° Mgy,
bi,m€B;
|<f7bi.m>|<T

where Mp ; is the number of inner products |(f,b; )| > T for a fixed .

To prove that L(f,T,F) < CC’;/(O‘H) max(1, f¢) T?*/(+1)  a similar bound for
T? (Mg + Mg) and each of the four partial sums corresponding to different classes of
squares in (4.21) shall be proved.

The first lemma characterizes the dyadic segmentation obtained by our splitting
algorithm and computes the resulting number of geometric parameters. Its proof can
be found in Appendix B.1.

LEMMA 4.5. There exists a constant C' that depends upon the edge geometry
such that the resulting dyadic image segmentation defined recursively includes at most
C |logy max(s, T2*/(e+1)| squares with at most C junction squares. Furthermore,

(4.23) T2 (Ms + Mg) < C'le max(||c] g/, 1) T2/ (4D,

The next lemma computes the Lagrangian value on regular squares by using
standard wavelet approximation properties for uniformly regular functions. Its proof
is in Appendix B.2.
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LEMMA 4.6. There exists a constant C' that depends upon the edge geometry such
that the sum of the partial Lagrangian L over each regular square Q; (i € I ) satisfies

(424) Z ENZ(‘ﬂ T, Bz) <C CJZ‘/(Q+1) T2a/(o¢+1)-

iclr

For junction squares the Lagrangian value is calculated using the fact that there
are few such squares and that they have a small size bounded by 7. The lemma’s
proof is in Appendix B.3.

LEMMA 4.7. There exists a constant C' that depends upon the edge geometry such
that the sum of the partial Lagrangian L over all junction squares ; (i € 17) satisfies

(4.25) Z Li(f.T,B;) < CC;/(aH) 20/ (a+1)

i€l

The final lemma gives an upper bound on the Lagrangian of bandelets constructed
over vertical edge squares. Its proof is in Appendix B.4. It is at the core of our
construction and relies on the precision of the geometric flow used in each edge square.

LEMMA 4.8. There exists a constant C' that depends upon the edge geometry such
that the sum of the partial Lagrangian L over all horizontal edge squares Q; (i € Ip)
satisfies

(4.26) STL(f.T.8:) < €OV max(1, 60) T2/ (+ D),

e
Transposing this result to vertical edge squares proves that

(4.27) STL(f,1,B;) < € 0P max(1, 6e) T2/ 0D,

iely

Inserting (4.23), (4.24), (4.25), (4.26), and (4.27) in (4.21) proves the result (4.13) of
Lemma 4.4. 0

This theorem provides a constructive approximation scheme with an optimal ap-
proximation bound. The decay rate M~ of the error is optimal, as it is the same as
the optimal one for uniformly C® functions. It is much better than the decay rate M ~!
for the wavelets and improves the decay rate M2 (log, M)? of the curvelets even if
a = 2. Furthermore, the Lagrangian minimization does not require any information
on the regularity parameter a or on the smoothing kernel h. However, an exhaustive
search to minimize the Lagrangian in the dictionary D2 requires an exponential num-
ber of operations which prohibits its practical use. Section 6.2 introduces a modified
dictionary and a fast algorithm that finds a best bandelet basis with a polynomial
complexity, at the cost of adding a logarithmic factor in the resulting approximation
error.

5. Image compression. For image compression, we must minimize the total
number of bits R required to encode the approximation as opposed to the number
of parameters M. An image is compressed in a bandelet frame by first coding the
segmentation of the image support and a geometric flow in each region of the segmen-
tation. The decomposition coefficients of the image in the resulting bandelet frame
are then quantized and stored with a binary code. This very simple algorithm does
not provide a scalable scheme but does give an almost optimal distortion rate.
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We denote by R the resulting total number of bits to encode a bandelet frame
and the bandelet coefficients of f in this frame. It can be decomposed into

(5.1) R= Rs + Rg + Rp,

where Rg is the number of bits to encode the dyadic square segmentation, R¢ is the
number of bits to encode the flow in each square region, and Rp is the number of bits
to encode the quantized bandelet coefficients.

We saw in section 4.2 that a dyadic square segmentation of [0,1]? is represented
by a quadtree whose leaves are the square regions of the partition. Each interior node
of the tree corresponds to a square that is split into four subsquares. This splitting
decision is encoded with a bit equal to 1. The leaves of the tree correspond to squares
which are not split, which is encoded with a bit equal to 0. With this code, the number
of bits Rg that specify the segmentation quadtree is thus equal to the number of nodes
of this quadtree.

Over a square of size 2*, the geometric flow is parameterized at a scale 2F in
(3.15) by 2*~* quantized coefficients a,, = ¢T? with |¢|T? < Cy. We thus need
22 % log,(CyT~2) bits to encode these a,,. The number of bits Rg to encode the
flows is the sum of these values over all squares where a flow is defined plus the
number of bits required to specify the scale.

In a bandelet frame F = {b; 1 }i,m, all bandelet coeflicients (f, b; ) are uniformly
quantized with a uniform quantizer Qr of step T

Qr(z)=qT if (¢—1/2)T <z <(¢+1/2)T with qe€Z.

The indices i, m of the Mp nonzero quantized coefficients are encoded together with
the value Qr({f,b;m)) # 0. The proof of Theorem 4.3 shows that the Mp nonzero
quantized bandelet coefficients whose amplitude is larger than T appear at a scale
larger than 01;1 £l T. Since there are C || f||%, T~ such coefficients, to encode
an index i, m is equivalent to encoding an integer in [1,C || f||2, T~?] which requires
log, (Ci Il f1I% T—2) bits. Since |(f,bi.m)| < ||f]l, each nonzero quantized coefficient is
encoded with [|logs(||f]|/T)|] bits. The total number of bits to encode the quantized

bandelet coefficients thus satisfies

(5.2) Rp < M (logy (L FIl/T)[1 + logy(C3 I£12 T~)):
The image restored from its bandelet coefficients is
(5.3) fr =" Qr({f,bim)) bi.m,

and the resulting distortion is D(R) = ||f — fgr||?>. Since f — fr = dim({frbim) —

Qr({f,bim))) bi.m we derive from (4.6) that

(5-4) D(R) = |If - frl* < Z [(f+ bi,m) — Qr({f, bi,m)) -

For the Mp nonzero quantized coefficients, we have |z — Qr(z)|?> < T?/4, so

(5.5) D(R)< Y [(fibim)? + MpT?/4,
(b )| T2

(5.6) D(R) < L(f,T/2,F).
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This proves that a small distortion rate can be obtained by finding a best bandelet
frame in Dpe that minimizes L£(f,T/2,F). The following theorem computes the
resulting decay of D(R) as a function of R for a geometrically regular image in a best
bandelet frame.

THEOREM 5.1. Let f be a C* geometrically regular function and o < p. There
exists C' that depends only upon the edge geometry such that for any T > 0 coding f
in a best bandelet frame that minimizes L(f,T/2,F) over Dr2 yields a distortion rate
that satisfies

(5.7) D(R) = ||f — frll’ < CC} max(1,£c)* " R™* [logy R|*™
with
(5.8) R < €YY max(1,0e) T~/ (+D) |logy (T)],

where Cy = max(||f\|ca(,\) max(|[c[|ga, 1)?, |lc|lce, ||f||%J{(1A)) and {c 1is the total length
of the edge curves.

Proof of Theorem 5.1. The compressed image fg is given by (5.3) in the bandelet
frame that minimizes £(f,T/2,F).

To bound the distortion D(R), we use that Lemma 4.4 proves that the best
bandelet frame in Dr2 satisfies

(5.9) L(f,T/2,F) < CCY ™ max(1, fe) T2/ D),
Inserting this bound in (5.6) implies
(5.10) D(R) < CC2 Y max(1, ) T?/(+ 1)

The corresponding bit rate R is decomposed in (5.1) in three terms: Rg the
number of bits to encode the dyadic square segmentation, R the number of bits
to encode the flow in each square region, and Rp the number of bits to encode the
quantized bandelet coefficients.

As the number of splits that specify the best segmentation is of order logT as
shown in Lemma 4.5, Rg is bounded by the same quantity. The specification of the
flow requires a flow/no flow bit for each square. For the squares of size 2* with
a flow, logy A < log, logy(C7 || fI|2, T~2) bits are needed to specify the scale 2% and

22 log, (Cy T~2) for the quantized coefficients. As shown in Lemma 4.5, there are at
most log T squares and at most 72 72¢/(e+1) quantized coefficients, so R satisfies

(5.11)  Ro < logy T(1 + logy logy(C2 | fII2% T~2)) + T2 T2/ @41 log, (C, T-2).
Lemma 4.4 implies that the number of nonzero bandelet coefficients Mg satisfies

(5.12) Mp < €YY max(1,6e) T2 7%/ (0FD),

Inserting this bound in (5.2), one obtains

(5.13)
Ry < 0¥ max(1, £e) T~ T2/ ([ logy (| £11/T) ] + loga(Cly 111 T72)).

We thus have
(5.14) R=Rs+ Rg + Rp,
(5.15) R <00V max(1,le) T2V [log,(T)].
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To conclude, one can verify that inserting this bound in (5.10) yields
(5.16) D(R) < C CF max(1,£0)**" R™* [logy(R)[**'. O

This theorem proves that the asymptotic decay of a bandelet transform code
reaches the Kolmogorov lower bound up to the [logy R|**! term. Indeed, the class of
images that we consider includes the class of images that are C over [0,1]2, and we
know that for such a class of images the Kolmogorov lower bound of the distortion
rate decays like R~* [10].

6. Discretized image and discretized bandelets.

6.1. Discrete orthogonal bandelet bases. A discrete image measured by a
CCD camera is an array of pixels obtained by averaging the input analog intensity
f(x1,x2) over square photoreceptors. We thus do not have access to f, but we explain
how to compute discrete bandelet coefficients from these pixels with a fast algorithm.

At a discretization scale €, a receptor covers a square of surface €2. Let 1, ,, ()
be the indicator function of the square [n1, nq + 1] X [ng, no + 1]. A pixel value is the
average of f(x1,x2) over the photoreceptor surface multiplied by a renormalization
factor e. The resulting discretized image values are

(6.1)
flnu,me] = e {(f(@), 1oy my(e7tx)) =€t // F(x1,29) 1y iy (67 oy, €7 o) day g

for 0 < n1,my < e~!. This choice of renormalization for the average ensures || f]|| ~

[l£]l- In the following we shall suppose that e~! is an integer.

Discretized orthogonal bandelets are defined with the same approach as in sec-
tion 3.1. Suppose that the analog image f(x1,x2) has a single horizontal edge along a
curve C, an edge with tangents having an angle smaller than 7/3 with the horizontal di-
rection. We define a vertically parallel flow that approximates the tangents of this edge
T(x1,22) = T(x1) = (1,9 (x1)). We suppose that the flow integral g(z) = foz g(t)dt is
parameterized in a basis of scaling functions according to (3.15).

The continuous variable warping operator W in (3.3) is approximated by a dis-
cretized warping operator that operates over the image sampling grid:

(6.2) W flna,na] = flni,ne + [6_19(6 n1)l],

where [z] is the integer just above x. As in (3.2), a band B parallel to this flow is
defined from this warping over the sampling grid by

(6.3) B= {(nl,ng) :ny € a1, 1], no € [[e tg(ent)] +az, [e tg(ent)] —|—bg}}

so that C C B.

If f has a support in B, then W f has a support in W B which is a rectangle
whose sides are horizontal and vertical. The discrete separable orthonormal wavelet
basis over the rectangle W B can be written

Jymi [na] aj’mQ " }
Gma [nl] wj,mg [’I’LQ] (4,m1,m2)

{ (rbj,ml [’Ilﬂ q/}j,mg [nQ] )

<

(6.4)

<

’ €hyp
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The operator W is orthogonal, and hence

{W By 1] Wy 2] W‘lml[ 1B 2 1}
’ W 1/)] mi [ ]E],mg [nQ]

is an orthonormal wavelet basis of signals defined in the band B. Using the fact

that (Wf,¥) = (f, W_1\I/> the discrete warped wavelet transform of f is computed
with the fast discrete wavelet transform of W f, which requires O(# Be~2) operations,
where #B is the surface of the band B.

As in section 3.1, the bandeletization replaces the discrete warped wavelets

(6.5)

(.j#mlamQ)eIWB

{W%&j’ml [n1] ¥y [M2]}mym,  that do not have any vanishing moments
along n; by a corresponding equivalent family of discrete bandelets
Wy, [n1] 0 1y [02] 115 5.my s, that have vanishing moments along the first co-
ordinate (n;). The bandelet coefficients of f are computed by applying a one-
dimensional discrete wavelet transform over the corresponding warped wavelet co-
efficients of f, which also requires O(#B ¢~2) operations. Algorithmic details are
given in [14].

If the edge C has an angle smaller than 7/3 with the vertical direction, then we
define a flow that is parallel horizontally. By transposing the procedure previously
described and exchanging nq and ns, a similar bandelet orthonormal basis is calculated
over a band B parallel to this flow.

In the following, a discrete bandelet basis with a horizontally parallel or vertically
parallel flow is written B = {b,, } .

6.2. Approximation in a best discrete bandelet frame. A discrete band-
elet frame is defined as a union of discrete orthogonal bandelet bases constructed
over the regions of a dyadic square image segmentation [0,1]? = U; ;. This section
proves that the approximation result of Theorem 4.3 remains valid for discrete images
decomposed in a discrete bandelet frame.

In each square €);, we construct either a separable discrete wavelet basis or a
bandelet basis over the smallest band B; including €2; and which is parallel to the flow
in €;. One can verify that #B; < 3#);. The wavelet or bandelet basis associated
with Q; is written B; = {b; mm }:m, and the union of these bases F = U; B; is a discrete
frame. The corresponding discrete wavelet or bandelet coefficients of f are computed
with a fast algorithm that requires O(#2;e ) operations. Since Y, #€2; = 1 the fast
transforms over all dyadic squares of [0, 1]? require O(e~?2) operations.

Let Pq, be the orthogonal projector over signals having a support in ;. We
verify, as in Proposition 4.1, that

(66) f Z 'L m PQ bz m

and

(6.7) 711> < Z| (F.bim

An approximation f,, is obtained by keeping all coefficients above a threshold 7':

(68) ?M = Z <77 Bi,m> PQTEz,m
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The total number of parameters is M = Mg+ Mg+ Mp, where Mg is the number of
parameters describing the segmentation, Mg is the number of geometric parameters
describing the flow, and Mp is the number of bandelet coefficients above T.

To minimize the error ||f — f,,||, as in section 4.2, we search for a best bandelet
frame which minimizes the Lagrangian:

(6.9 L(f,T,F)= Z (£, bim) > +T* M with M = Mg + Mg + Mp.

7Bi,7n€?
[(f;bi,m)|<T

The complexity of the best bandelet frame search in section 4.2 is driven by the
complexity to find the best geometric flow in a square, which is exponential. This
exponential complexity makes it impossible to use such a best bandelet search algo-
rithm in numerical computations. A polynomial complexity algorithm is introduced
by choosing geometric flows that are piecewise polynomial.

In the bandelet dictionary of section 4.2, over a square 2 of size 2*, the flow is
parameterized in a family of scaling functions (3.15) at a scale 2¥. We replace such a
flow by a piecewise polynomial flow over the 2)~* intervals of sizes 2*:

(6.10)

p
VreZ with 1<r<227% vee[r2b, (r+1)25), g(t) =) ornba(27"t—1),

n=1

where {6, }1<n<p is an orthogonal basis of the space of polynomials of degree p over
[0, 1] and which vanish at 0. However, instead of considering this as a single flow in the
square © of width 2*, we shall view it as a subdivision of Q into 2*~* rectangles Q,. of
length 2* and width 2%, inside each of which the flow is a polynomial parameterized
by {an,r}lénSP'

To construct an image partition, we first begin with a dyadic square segmenta-
tion [0,1]2 = U; ;. If Q; has a geometric flow, then it is subdivided into 2% sub-
rectangles ;. having polynomial geometric flows. An orthogonal bandelet basis
Ei,r = {bj,r,m }m is defined over each band B;, associated with a subrectangle €2, ,.
The union of these bandelet orthogonal bases defines a bandelet frame F; over €;:
F; = UE;k Ei,r- If Q; has no geometric flow, then F; is the discrete separable wavelet
basis defined over €2;. The union of these families of bandelets for all €2; defines a
bandelet frame F = U; F; over the image support such that

(611) ? = Z <?7 Bi,r,m> Pﬂiy,«gi,r,m
bi,rmEF
and
(6.12) IFIP < D7 [(F borm)l
bi,rﬂne?

The geometric resolution is limited to 7 by imposing that the size of each square €;
and each rectangle ; , is larger than T? and that the flow parameters {arn1<n<p
are quantized uniformly with a step equal to T?. Since |¢/(t)] < 2 one can verify
that || < 2%, so after quantization it can take C'2*+1T~2 possible values. As
a consequence, there are O(2¥T~2P) different polynomial flows over each Q;,.. We
denote by Dp2 the dictionary of all such bandelet frames.
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To find the bandelet frame which minimizes the Lagrangian we use a classification
and regression tree (CART) algorithm that takes advantage of the additivity of the
Lagrangian:

(6.13) L(f,T.F)=> L(Ff.T.F:)
with
(614) ‘C(?7 T’ ?2) = Z |<?7 Bi,m>|2 + MS',i + MG,i + MB,iu
5 E?i
\(?5 m)|<T

where Mg ; is a proportion of the nodes used to specify the segmentation of Q;, M¢ ; is
the number of parameters to specify the geometric flow in ;, and Mp ; is the number
of bandelet coefficients |<? Bl my| > T. As any node is shared by the children of their
four subtrees, Mg; = Z] 451*J and one verifies that ). Mg; = Ms.

For each dyadic square €;, the CART algorithm first computes the optimal geo-
metric flow and the resulting best bandelet frame F; which yields a minimum value
L(f,T,F;). Then a bottom-up CART optimization uses the additivity (6.13) to find
the best dyadic partition U; ; of the image support [0, 1]2. When going up the tree,
at each node corresponding to a square €2;, the minimum Lagrangian value L(f, T, F;)
calculated on €; is compared with an optimal sum of Lagrangian values corresponding
to the four subsquares. The minimum of these two is kept and associated with €,
with the corresponding best segmentation configuration. Appendix C proves that the
complexity of this algorithm is polynomial in O(e=2T~2P). The exponent p of this
polynomial complexity algorithm depends upon the maximum degree of the poly-
nomial flows. In the following, we shall suppose that p is equal to the number of
vanishing moments p of the wavelet v that is used to construct the bandelet bases.

Despite the image discretization, the following theorem proves that the best band-
elet frame computed with piecewise polynomial flows yields an approximation error
that has the same optimal asymptotic decay as in Theorem 4.3 up to a logarithmic
factor.

THEOREM 6.1. Let f be a C* geometrically reqular function and f be its dis-
cretization at a scale €. For any v > 0, there exists a constant C. that depends only
upon the edge geometry and ~ such that for any T > ~ve'/? the discrete best bandelet
frame in Dy yields an approzimation f,; that satisfies

(6.15) If = Farll? < €, OF max(1, £e)**t M~ (logy M)**
with
(6.16) M < €, €2 max(1,£e) T~ 4D |log, T,

where Cy = max(|| fllce (n) max(flellga, 12, e & Fl&t ) and le is the total
length of the curves.

One could note that if 72%/(2+1) |log, T| < s, a stronger result holds as the
logarithmic factor disappears.

Proof of Theorem 6.1. To prove (6.15), it is sufficient to prove the existence of a

discrete frame ?/ such that

(6.17) L(F,T,F) < 0, 07 max(1, be) T2/ Jlog, T1.
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Indeed, as in the proof of Theorem 4.3, the best frame F thus also satisfies
(6.18) L(F,T,F) < 0, 07 max(1, £e) T2/ @+ [log, T1.

This implies

(6.19) IF = Farl® < €, 07 max(1, £e) T2/ |log, T
and
(6.20) M < 0, 07 max(1,6¢) T72/@FY [log, T).

Inserting (6.20) in (6.19) yields

(6.21) I~ Farll> < Cy €2 max(1, L)+ M (logy M)+,

The proof of the existence of a bandelet frame F of discrete images that satis-
fies (6.17) relies on the existence of a bandelet frame F’ of L2[0,1]? that satisfies a
condition similar to (6.17), which is given by the following lemma.

LEMMA 6.2. Under the hypotheses of Theorem 6.1, there exists a constant C' that
depends upon the edges such that, for any T, one can construct a bandelet frame F'
of L2[0,1)? satisfying

(6.22) L(f,T,F) < CCY ™ max(1,6e) T%/FD |log, T

with a number of edge rectangles bounded by C Le T—2/(e+1)

The following lemma shows that the corresponding discrete frame F obtained
with the same geometry is closely related to the continuous frame: both frames yield
bandelet coefficients that are close.

LEMMA 6.3. There exists a constant C' that depends upon the edge geometry such
that

(6.23) ZI (F Bim) = (£, 00m) [ < C (1 flloc e + [ fllc2a ) €.

To prove (6.17) let us consider J' = {(i,m), [{f, bim)| > T} and

624)  LOET.F) < D [(Fbi)? + T? Card (J) + T*(Ms + Me)
(i,m)¢J’

<2 S0 [(fbim) P + T Card (J) + T2(Ms + M)
(6.25) @m)EJ’
Y I Bim) = (b
()’
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Using Lemma 3.10 and Jz = {(i,m), |(f, bim)| > T}, we get

<2 3 [{fibim)? + T2 Card (Jr) + T2(Ms + M)

i,m)&.J
(6.26) (i.m) .7

+ > (Fbim) = (F o) |
(i,m)¢J’

(6.27) E(f,T,f)§2< (f,T,F) +ZZ [(F, Biom) — (F+ bim)| )

Inserting (6.22) and (6.23) in (6.27) yields (6.17), as by hypothesis € is majored by
~2T2.

The proof of Lemma 6.2 itself is very similar to that of Lemma 4.4 up to the
segmentation. The edge squares are first subdivided into smaller squares of size
smaller than 7/(2®) in order to avoid some too anisotropic structure. The resulting
edge squares are further subdivided into rectangles of width smaller than
max(||cHai/O‘, 1)n*/ to allow the use of a polynomial flow. This subdivision yields
the logarithmic term of the lemma: on each such rectangle, the number of required
bandelet coeflicients is of order log, T', while the total number of these rectangles is
of order len~*/*. O

The condition T' > ~e'/? of Theorem 6.1 is a consequence of Lemma 6.3 which
controls the differences between the discrete bandelet coefficients of the discrete image
and the bandelet coefficients of the original analog image. From the discretization
process (6.1) any linear reconstruction of the samples yields a square error with respect
to f that can be bounded only by an order of €. Indeed, f can be discontinuous along
curves whose locations are unknown. Since we are using a linear warping operator,
we cannot reduce this error.

Numerically, in the regular regions of f, the discrete bandelet scheme is improved
if we replace the 0-order interpolation of (6.2) with a higher-order interpolation [14].
Unfortunately, this destroys the energy conservation properties of the bandelet basis
proposed here, and it does not improve the asymptotic decay of the error because of
the presence of discontinuities.

The choice of an L? normalized averaging for the discretization can be relaxed:
the result holds indeed for any f[ni,n2] = f * ¢c(n1e, n2e) with ¢, a local averaging
function defined from a compactly supported function ¢ such that [|¢]l2 = 1 and
|61 = 0 by ¢e(z1,22) = e Ld(x1,22). A possible choice for ¢ is thus a compactly
supported scaling function associated with a wavelet [11].

This theorem provides a constructive approximation scheme with a polynomial
complexity and a decay rate optimal up to a logarithmic factor. As in section 5, this
implies a compression result. The same coding strategy can be used in this context,
and the logarithmic factor of Theorem 6.1, which does not appear in Theorem 4.3,
just modifies the exponent of the |log R| factor. Under the hypotheses of Theorem 6.1,
we get

(6.28) D(R) < CC’J% max (1, c)*T R~ [log R[****.

Hence, the distortion rate of the discrete bandelet coder reaches the Kolmogorov lower
bound R~ up to a logarithmic factor |logy(R)[?**!.
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As in Theorem 4.3, the choice of a different basis in each square region yields
a fast algorithm to optimize the geometry, but this can create discontinuities at the
boundaries of the region. An implementation of the bandelet transform in [14] over-
comes this difficulty with an adapted lifting scheme, for which there is no proof of
optimality.

Finally, although the algorithm is polynomial, it is still computationally intensive,
and most of the bandelet algorithm implementation [14] replaces the full geometry
exploration with a faster geometry exploration obtained from a geometry estimation
similar to the one described in section 3.2. As long as the jumps of the discontinuities
do not vanish to zero, the estimation remains precise enough to obtain a good geom-
etry. The corresponding optimization algorithm yields an error decay of order M ~¢
with a low-order polynomial complexity.

Appendix A. Proofs of lemmas for Theorem 3.2.

A.1. Lemma 3.4: The outer bandelets.
Proof of Lemma 3.4. We saw in (3.5) and (3.10) that

(A1) (fsbug,m) = (f(@1, 22 + g(21)), Vi, (21)85,ms (T2))-

Furthermore, since f = f*h and f is uniformly C over the convolution domain,
as long as we remain away from the smoothed singularity,

(A.2) 1 lco(reayy < IRl 1]

where || fllco((z1,20)) 15 the Holder norm of exponent « at the point (r1,z2). As
[h]lca < 5=+ implies |[h]|; < 1,

(A.3) £l co((oraa)) < I1fllcoca-

Now (A.3) yields along x;

C2(A)>

(A.4)
8uaﬂ Wf auaﬂ Wf r3 o a—||a
W(l’i’xz) - W(l‘h@) < ||f||ca(A) maX(HCHCa’ 1)|$/1 — 21 Lo
Oz O

and along xo

olelyy olelyy . e
(A5) | Len ) = W o o) < oy l2 — zal* Lo,

0 ) —
ozlel ? ozl

Using the vanishing moments of the wavelets along either 7 or z2 in (A.1) and
since | > 7,

(A.6) |(f,b1,5,m)| < C ”JEHCH(A) max(||c||&a, 1) 9i/2 g(a+1/2)l.
(A7) [(f,brjm)| < C Cp 2972 2041/

Indeed, assuming by j m (1, 2) = Yin, (T1)¥jn, (€2 — g(x1)) (the case by jm (1, 22) =
Yty (1) P ny (T2 — g(21)) is similar),

(A.8)
(f, b1 j,m) = / W (21, 22)10, (21)0.n, (22 — g(21))d21das
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with a sequence of integration by parts

ol o
(A.9) = (—1)led // P Wf(ﬂ?h332)21a¢1%1m(xl)l/)j,nz(m — g(1))dz1ds,
1

where !Lel] is the primitive of ¢ of order ||| which still has a vanishing moment.
We thus have for 2} = 2'n;, which is in the support of the wavelet Ving

glell glel
= ot [[ (L stensen) L pw st )
(A.10) oo oy 1
% 21@1#1[,””09](%1)%,@ (z2 — g(x1))dz1dza,
which gives the bound (A.6) when combined with (A.4) and Hw[d] I = 22/t

lin
for any d. '
If we let J = {(l,j,m) : by jm € B},

(A.11) J ={(,j,m)eJ : CCp2i/220+1/D > 1
and
(A'12) Jr = {(l,j, m) €J: ‘<fu bl,j,m>| > T}7

we verify that Jp C J'.

Since there are at most max(¢; 27!, K) x max(f2 277, K) bandelets in B; at the
scale of index (l,7), where K is the size of the support of ¥, one can verify with a
summation over [ and j that

(A.13) Card (J') < > max (¢, 271, K) x max(f2 277, K)

lLj
c oy 23/2 2(a+1/2)lZT

and

(A.14) Card (J') < Cmax(fy & CF/ @D p=2/(0+D) f¢2),
SO

(A.15) Card (Jr) < Cmax(ly £y C3/ TV =2/t 1) %),

Combining the bound on the number of coefficients with (A.7) yields for any scale
of index (I, j)

(A.16) > U brgm)? < Cly by CF 2%

Summing over [ and j, it results that

(A.17) > W bm)? < > Cly b, CF 2%,
(Lim)gJ’

l,j
CCy 23/2 2(a+1/2)l§T

(A.18) ST Kfbgm)P < Clit Ci/(a“) 20/ (a+1)
(Lim)gJ’
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Now

(A.19) Yo WhbmP = D Whbgm) P+ D b

(l7jim)¢']T (l»jam)¢'1, (lnjvm)e'I,\JT

and, as (1,7,m) € J'\ Jp implies |(f, by jm)| < T,

(A.20) < D [fbugm)l? + Card (J) T2,
(Lgm)gJ’

Inserting (A.13) and (A.17) yields

(A.21) ST [ bugm)? < Clt YT pRe/er) g
(L,jm)¢Jr
A.2. Lemma 3.5: The inner bandelets.
Proof of Lemma 3.5. Let J = {(l,j,m) : by jm € Bz} and Jp = {(l,j,m) € J :
[(fybugom)| = T

In this proof, the bandelets b, ; ., € By are separated according to the scale 27 in
four categories: 27 < 27« with

(A.22) o — ccf—1/<a+1> s (T2/(a+1) g=1)1/(20)

2+ <21 <55 < 2 < s/ and s < 27,
We first prove that the total energy of the bandelet coefficients (f,b; j.m) with
J < jx is small:

(A.23) Z [(fybugam)|? < CCJ%/(aJrl) 0, T2/ (1)
(lgm)eJ
J<Jj«
On one hand, as Jr is a subset of J, (A.23) implies

(A.24) Z (fbrgm)]? < CCJ%/(OLH) 0, T2/ (1)

(L3, m)¢Jr
J<Jj«

On the other hand, as (I, j,m) € Jp implies |(f, bi j,m)| > T, (A.23) also implies
(A.25) Card ({(1,j,m) € Jr, j < ji}) < CCY/ D gy p=2/(etD),

To prove (A.23), we use that the bandelets b; ; ., with j < j, are obtained with
an orthogonal change of bases from warped wavelets of scale 2/ < 27+ as described
in section 4.1, so the energy of the corresponding bandelet coefficients is bounded
by the one of the wavelet coefficients. Let {\II?’m} be the wavelet basis of B, where

\Ij;lm stands for ¢j,m1 (xl)wj»mz (xQ)a ’l/)j,ml (xl)d)j,mz (xQ)v wj,ml (xl)wj,mz (.’tg) for d €
{1, 2,3}, respectively, and define

(A.26) Jy = (],m) : ]SJ*}

As the space generated by {b; jm : j < j«} is included in the space generated by
{\I!;l’m : j < jx}, one verifies that

(A.27) Yo b < Yo AW )P

(1,5,m),5<J« (J,m)eJs
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To prove (A.23), it is thus sufficient to prove that

(A.28)

ST woee P < oo/t g T/
(jvm)EJ*

or, equivalently, as (f, W =107 )= (W[, 0] ),

(A.29)

ST W wE )2 < 03Ot gy o/,
(73,m)e T,

In B, one can verify that W f has the same regularity as f. Three different kinds
of wavelets are distinguished in (A.29):
e The wavelets that do not intersect the smoothed singularities: there are at

most ¢1 l 272 such wavelets at the scale 2/, and the bounds (A.4) and (A.5)
on W f imply

(A30) WL, < Ol fllenqa) max(lelg, 1) 2+,

(A31)  [(WFW,) < CCp2ethi,

The wavelets that do intersect the singularities with a scale 2/ > s: there are

at most C' 01 277 such wavelets at the scale 2/, and, using [|W f|loc < || f]loc <
[| flloo, one verifies

(A.32) (W28 ) < Clflloo 2,
(A.33) (W15, <CCp2.
The wavelets that do intersect the singularities with a scale 27 < s: there

are at most C'¢; s272% such wavelets at the scale 27/ and, as f = f  h and
h is C%, we get

(A.34) Ifllcan < Ifloe * [Bllce < Callflloo s~
which yields
(A.35) (W f, W )| < CCpsm>20eti,

Combining (A.31), (A.33), and (A.35) with the respective bounds on the number
of coefficients gives bounds on the energy of the coefficients that eventually yield

(A.29).

The remaining bandelets are the ones that intersect the smoothed singularities at
a scale j > j,, and the corresponding coeflicients are controlled with the regularity of
the geometry.

As stated in the proof of Theorem 3.2, Lemma 3.7 implies when |2} —2,| < Ks'/@

(A.36)
mua,u) - m@;,@) < O fllcn(a) max(lle]&a, 1)
x max(|cl|&a, CF, 1)? 57 o) — o7 Lod,
(A.37)
m 2], 2) - W(%@ < CCpsah —a|r ol
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Using the vanishing moment of the bandelets and the size of their support, (A.37)
implies

(A.38) (flz1,@2), by jm)| < CCfs™t2aF1/Dl9i/2

which is sufficient for s > 27 > 27+,

Let J_ = {(l,j,m) € J:5>2 > 2+ CCsps ' 2+1/212i/2 > T} The number
of bandelets is max(¢; 27!, K') max(s277, K) at each scale, and summing over [ and j
yields

(A.39) Card (J_) < max(C O+ ¢, 7=2/(+1) |5 ).
Using (A.38), we obtain for each scale of index (I, )

(A.40) D U fsbrm)? < C ey CF 571221

m

and thus by a summation over [ and j

(A.41) Z 1(fs brjm)|? < CC;/(aH) ¢, T2/ (1)

(Ljm)¢J—, s229 >27%

As, if s > 27 > 25+ (I,j,m) ¢ Jr implies (I,j,m) ¢ J or (I,j,m) € J and
[{f,b1jm)| <T, combining (A.39) and (A.41) implies

> [ brgam)[* < > (. br.jm) |

(A.42) (Lgm)&Jr, 5220 22 (1,4,m) ¢ J, s>29 >2ix
T Z |<f7bl,j,m>|27
(1,5,m)eJ\J1, s>27 >27%
(A.43) > |(F,buan) P < € CF/ T gy 20/ (D)

(1,,m) ¢ Jr, s>23 >2ix
and, as (1, j,m) € Jp implies |(f,bijm)| > T and (i,j,m) € J_,

(A.44)
Card ({(L,j,m) € Jr, s > 27 > 2*}) < C max(Cy/ TV g, 7=2/(+D |5)).

Away from the smoothed singularity, f is regular, and we still have when |z} — 21|
< Ks 1/«

(A.45)
8[LQJJWf ! a[[aﬂWf r a a—|a
W(%»@ - W(l’ﬁ,zz) < C||f||ca(A) maX(HC”Caal”x/l — 21 L JJ,
Ty Ty
(A.46)
oledw f oledw f
T (@ w2) = oy (@, 32)| < O O [ — |27 Lol
polel PRy

Combining this bound and (A.37) with the definition of the bandelets solves the third
case.
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Indeed,

(A.47)
(1, 22), bsm) = / / F(1, 22 + 9@2)) 1 (212105 g (2) A,

so, splitting the integral depending on the distance along x5 from the curve,
(A.48)

(f (ers22), by < / . / Fn, @ + g@)m (e1)das

+/
x2,|r2]>4 s

using, respectively, (A.37) and (A.46) and the vanishing moments of the wavelets

|¢j,m2 ($2)| dﬂ?g

/ F(@1, 23 + 9(1)) i, (1)dar

|1/)j,m2 (xZ)l e

< / C Cp2 @t/ |y, ()| das

(A.49) Fulmizas

+ / CCps™ 12Dy, o (20)|das,
xa,|x2|<4s

(A.50)
[(f (1,@2),b1,5,m)| < O Cp 200 H1/2M73/2,

Let J. = {(I,j,m) € J : s¥/® > 2 > 5 CCp20TVU21273/2 > T} As the
number of inner bandelets is max(¢; 27!, K) at each scale, where K is the size of the
support of ¥, a summation over [ and j gives

(A.51) Card (J+) < max(C CJ%/(O‘H) 0, T~ K |log, s|).

With (A.50), a bound on the energy of the coefficients at a given scale is obtained.
Summing over [ and j yields

(A.52) ST fa @) b < 0O g2/t
(l,j,?n)¢J+, Qst

AS? if 2J > S, (laj7 m) ¢ JT 1mphes (l,jv m) ¢ J+ or (laj7 m) € J+ and |<f7 bl,j,m>| < Ta
we verify that this implies

(A.53) Z [(fybijm)|? < CC]%/(QH) ¢, T2/ (1)
(g m)¢Jr,21>s

and, as (I,7,m) € Jp implies [(f, by jm)| > T,

(A.54) Card ({(1,j,m) € Jp, 27 > s}) < CCY/ @V g =2/ (0D,

Finally, there are fewer than max(llsfl/ @ K) bandelets above the scale si/e 5o
combining (A.24), (A.43), and (A.53) as well as (A.25), (A.44), and (A.54) finishes

the proof. ]
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A.3. Lemma 3.6: Regularity of the approximated curve.

Proof of Lemma 3.6. Given any geometry g that is closer than s from a C* curve ¢,
we will show that a suitable projection of g will satisfy all the conditions. Now let
Tz, be the Taylor polynomial of order ||« || of ¢ at xg,

(A55)  c— Py,g=(c— Py, (ma,)) + (Pv, (7e,) — Pv,.(c)) + (Pv,(c) = Pv,(9)),
so for the derivatives at xq

(A.56)
(¢ = Pv,9) P (20) = (¢ — Py, (14,))” (20) + (Pv, (m2y) — Pu,o () (o)
+ (P, (¢) — Py, (9))™ (x0).

By the polynomial reproduction property of the 0, Py, 7, = 7m4,, o, using the
definition of 7,

(A.57) Vo < llall, (e~ Py, ()" (20) =0
and with the regularity of ¢

(A58) |(c — Py, (1) 1 (@) — (¢ = Py, (1) 10 (20)] < el g |2 — o2~ Lo

The two remaining terms of (A.56) are derivatives of a projection on Vy, and give
similar bounds. Indeed, for any u,

(A.59) (Pv,u) @ (20) = > (u, 01,)0L")
k

and, as the 0y, have a support of size K2k,

(A.60) (Pr,)@(zo) = S (u,040) 0,
[n2k —xo|< K2k
and
(A.61) (P, w) P (20)| < 2K max |{u, 0p.0)] 007 o,

[n2k —zq|<K2F
50, as 01| 0 < C 277,

(A.62) |(Py,u)® (z0)| < C27%8 max  |(u,0k.,)|

N2k —xo|<K2F
For 8 = || ]|, the C* regularity of 6 yields, as long as |z — zo| < K2*,

(A.63)

(P D @) = (Po) ED (o) <0275 max (w00 — oL,

By definition of the Taylor polynomial, |7, (x) — c¢(x)| < ||¢|lce |z — zo|®, so

(A.64) Ty — € Ok.n)| < Cllc]|ca 27

max
|n2k —z|<2K 2k
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Inserting (A.64) in (A.62) with u = 7, — ¢ yields

(A.65) (P, 0y — Py, ¢) P (20)] < Cle g 27 2%
and for all z, |z — x| < K2F,

(A.66)

‘(kaﬂ—ﬂﬁo - PVkC)(u'aﬂ)(x) - (kaﬂ—xo - PVkC)(uaﬂ)(xOH <C ||C| T — x0|a—u_ozj_[.

Co

By hypothesis [¢ — gllooc < Cys, so |[(¢ — g,0k,)| < CCqys, and inserting this
bound in (A.62) with u = ¢ — g yields

(A.67) |(Py,c— Py,g)® (z0)| < CCys27F8
and for all z, |z — zo| < K2F,
(A.68)
(Py,.c = Py, ) LD (2) — (Py,.c = Py, g) LD (o) < €275 |2 — o[>~ Lo
-1/

As 28 = max(||c||ga’ ¥, 1) s¥/%, combining (A.57), (A.65), and (A.67) as well as
(A.58), (A.66), and (A.68) concludes the proof. d

A.4. Lemma 3.7: Regularity of the warped function.
Proof of Lemma 3.7. As h is « differentiable, so is f = f x h. Furthermore,

(A.69)
Far,@s + glar)) = / Flas — un, w2 + gla) — un)h(un, uz)du,

Now for each u, an acceptable variable change replaces ug by us +g(x1) — c(z1 —u1):
(A.70)
Floriaa +g(e0) = [ Flan = una ot elaer — )~ uhlur,ua -+ glar) ~ el — ),

As f(x1 —u1, z2+c(x1 —ur) —usg) is by hypothesis « times differentiable along 1,
the inner part of the integral is thus differentiable and

o

a
0z§

(f(xl —u1, Ty + c(z1 — ur) — uz)h(ur,uz + g(@1) — c(z1 — u1)))

Za: (d> ﬂ(f(xl —uy, Ty + (T — u1) — ug))

—d
a a
ot O0x]

a4 ‘

(A.71) =

X W(h(ulaUQ +g(z1) — c(r1 —w1)))
L1
As f(z1 — ui, e + ez — u1) — ug) is C® with a constant bounded by
| fllce(a) max(|lc|[&a, 1), the first factor in each term of the sum can be controlled
by
(A.72)
6(17(1

axa,d(f(rl —ur, 22+ ewr —ur) = u2))| < O fllow(a) max(flel|&, 1)
1
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/
and for any x|

(A.73)

olell , , olledl

m(f(% —u1, Ty + c(z] —u1) —uz)) — W(f(xl —uy, T2 + c(x1 —u1) — ug))
8.131 8$1

<C ||fHCa(A) max (| ¢)|&a, 1)|z) — x|~ Lol

The second factor is bounded with the help of the Faa di Bruno formula that
gives the derivatives of h(u1,us + g(x1) — ¢(x1 — u1)) seen as a composed function:

(A.74)
ad
‘a d(h(ulau2 + 9($1) - C(l'l — ul)))‘
Ly
d! ok
- > Tl ko 9k 7 (h(ur, ug + g(21) — e(z1 — u1)))
key+2ka+tdkg=d 1 d- 0]

« <g(1)(x1) — cl(!l)(xl — u1)>k1 <g(d)(x1) - il(!d)(fl B Ul))kd

The regularity of both ¢ and g — ¢ and the small support of h implies, as |u1| < s,

|9 (1) — ! (@1 — ua)|

- = )g(d)(wl) — @ (xl)‘ + ‘C(d)(l“l) — D (2y —uy)

(A.76) < { ¢ max(|¢llce, Ca, 1) Sid/“ tlelces ifd<|al,
C max(||c]|ge, Cq, 1)s' e/ 49 ¢ gase o if d = [|a]),

SO

(A.T7) |g(d)(zl) — D (zy - u1)| < C max(||c|ce, Cq, 1) sid/e,

Futhermore, one derives for any 2, |z} — z1| < Ks'/®,

(gD @) = LD af = up)) = (oD @) = LoD () — )

(A.78)
< € max(|clloe, Ca, 1) |2 — @y |*~ Lo,

Now h itself is C* with ||hca < s~ s0

k
(A.79) —kh(ul,ug + 1‘1) < s2s7F
oxy
and
ollel ollel
(A80) mh(“l,ﬂQ + fL'Il) — mh(u17u2 +x1) S 8_2 s« x/l _ $1|06—u_06l|'
.’L'l ,’I,‘l
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Combining the bounds (A.77) and (A.79) as well as the bounds (A.78) and (A.80)
with (A.74) yields after some calculations

(A.81)
d

h(ur,uz + g(a1) + (w2 — uz))| < C's7% max(lle| &, C, 1) s

= —d/a
Oxf

!/ /
and for any 2, |z} — x| < Ks'/®,

(A.82)
d o9
gl ua o 9(ah) + e = ) = g+ ) + e = )
x{ 0x§

< O™ max(|lef&., O, 1) s~y — a2~ oL

Inserting (A.72) and (A.81) in (A.71), we obtain
o7 (
< O max(||c)|&a, CF, 1) s™2 s~/

flzr —up, o + e(x1 —u1) — u2)h(uy, uz + g(x1) — c(z1 — uﬁ))‘

(A.83)

and with (A.73) and (A.82) for any 2}, |z} — x| < Ks'/@,

(A.84)
o /-, , /
ox? (f(xl —uy, e + c(x] —u1) — ug)h(uy, ug + g(x]) — c(x1 — u1))>
1
0 /=
- Oaf (f(xl — uy, T + c(x1 —ur) — ug)h(ur, ug + g(x1) — c(z1 — u1)>)‘
1
< € max(|&n, Cg, 1) 525 ol — | Lo,
Now
0* P
(A.85) ax(ff(xh@ (@) = , Ox? (f(l"l —uy, 2 +c(x1 —ur) — ug)

x h(ug,us + g(z1) — c(xy — ul)))du,

so the bounds (A.83) and (A.84) combined with the finite support of h of size s?
conclude the proof. 1]

A.5. Lemma 3.9: Smoothing effect.
Proof of Lemma 3.9. By construction,

(A.86) IhlhF(x) — f(z) = Rl Fa / Fla — )
(A87) / (F(x) — F( — u))h(u)du,
(A.88)

hllf(@) = f(2)| < max |f(z) = fz =)y < max [f(z) = flz—u)l.

u€[—s,s]? u€[—s,s]?
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Now, if ¢ C,, the regularity of f yields
(A.89) va ¢ o Ilif(@) = f@)| < Ifle, s
and otherwise
(A.90) Vo eCy [IRIF(@) - £@)| < 20l < 201 fllc,-
Now the area of Cs and B can be controlled: #Cs < C ¢y s and #B < C {1 {5. So,

(A.91)
s s = [ fiii@ —s@f s [ finfe - s e

Inserting (A.88), (A.89), (A.90), and the bounds on the areas yields
(A.92) <Cub|flIg, s*+ChslflE,.

so we conclude that

(A.93)
[ i) - s < c iz, ms. o

Appendix B. Proofs of lemmas for Theorem 4.3.

B.1. Lemma 4.5: Geometry construction.

Proof of Lemma 4.5. We give the main arguments of the proof without the details.
We prove that the recursive splitting occurs, after a finite number of steps, only near
the junctions. This allows us to control the number of each kind of square as well as
the number of parameters required to describe these squares.

The nontangency condition implies that there is a minimum angle 6y > 0 between
the tangents of the edges at the junctions. The regularity of the curves allows us to
define a neighborhood of each junction in which the tangents do not vary by more than
00/3. The angle between the tangents of two different curves thus remains larger than
00/3, and the geometry around the junction is close to the geometry of the junction
of half-lines as illustrated in the close-up of Figure 4.5. Outside this neighborhood,
there is a minimal distance d > 0 between the curves, and so in a finite number,
independent of the geometric precision n = max(s,Tza/ (0‘“)), of steps each dyadic
square is either a regular square or an edge square. The corresponding number of
square is thus uniformly bounded.

In the neighborhood of the junction, the recursive splitting continues until the
size of the squares is of order 7, but one can verify that, after a few steps, the number
of squares around each junction that can be labeled as temporary square is bounded
by a constant. As there is only a finite number of such junctions, this implies that
the number of the edge squares as well as the number of regular squares is bounded
by C'|log,n| and that the number of junction squares is bounded by C'.

The segmentation is specified by the Mg inner nodes of the corresponding dyadic
tree. There is a finite number, independent of 7, of splits outside the neighborhood of
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the junction and at most a constant number of splits at each scale near the junctions.
So, as n > T2/ (e+1)

(B.1) Mg < C"+ C'|logyn| < Cllogy T).

As seen in Lemma 3.6, it is enough to keep max(2*: min(||c\|gf,1)77’1/”‘,K)
coefficients for each edge square €; of size 2, where K is the size of the support
of 1. Summing these bounds over all edge squares yields

(B.2) Mg < Cte min(|c]| g, 1) n~ ' + C |log, T| K,
(B.3) Mg < Ol min(||c] g, 1) T2/ (D),
(B.4) Mg < CCy foT 2/ (ot )

where /¢ is the total length of the edge curves.
Combining (B.1) and (B.4) gives (4.23). a

B.2. Lemma 4.6: Wavelets over regular squares.
Proof of Lemma 4.6. Let ©; be a regular square of size 2*. By definition, f is C®
in €2;, and this regularity implies

(B.5) (02 0] < Cllfllge (@2t
Inserting (A.3) in (B.5) yields
(B6) (0] < O fllge 25,

We define now a cutting scale 27° as the largest scale such that C||f||ce (A)2(@+1D7 is
smaller than 7', so

1/(a+1) 1/(a+1)
B.7) 1(?) gng(?> |
2\ Clifllea(a) Cll fllea(a)

If we let J' = {(j,m); 29 > 290} Lemma 3.10 implies
(B.8) Li(f.TB) < Y [(fo W) + T2 Card ().
(Gm)gJ’

The number of wavelets at the scale 27 is max(22*272/ K2), with K the size of
the support of v, so with the definition of .J

(B.9) Card (J') < C'max(22*27%0 K?).

Combining the bound on the number of wavelets and the inequality (B.6), one obtains
that, for any scale 27, the energy at this scale satisfies

(B.10) DL < Ol e (02227

m

and, since (j,m) € J for 29 > 2Jo,

(B.11) Yo KLY < OlflIGe a2 2%,
(Gm)¢J
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Combining (B.9) and (B.11) with (B.8) and inserting the definition of 27° of (B.7)
eventually yields

(B.12) Li(f,T, B;) < Cmax(22| f|[ 405 T2/ (04 K272),

As proved in Lemma 4.5, there are at most C|logT| such squares in the chosen
partition, and their total area, >, 2%, is bounded by the area of [0,1]?. Summing
the inequality (B.12) over all regular squares thus gives

(B.13) STLif,T,B;) < Comax(|| fl[ gty VT2 4D K2 [log, T| T2).
i€ER

Thus as log |T|K?T? < ||f||é/§a1(r)l)T2”‘/(a+1) for T small enough it proves (B.8). O

B.3. Lemma 4.7: Wavelets over junction squares.

Proof of Lemma 4.7. Lemma 4.5 proves that the number of such squares is
bounded by a constant C' of the same order as the number of curves that is bounded
by definition. It is thus sufficient to prove a bound similar to (4.25) for each junction
square ;.

By definition, the size of €; is smaller than n = max(s, T?*/(@+)). If 5 =
T2/(e*1) " the result holds immediately as ||f||3, < [|fllcon? < [|fllocT?*/(®+1) and

I £llse < Ifllso 21 < |Ifllo- Otherwise n = s > T2*/(2+1) "and we use the regularity
of h to obtain the bound.
Indeed, combining (A.34) and (B.5) yields

(B.14) |(fs U )| < C) fllo s 20075,

We define now the cutting scale 270 as the largest scale such that C/| f]|eos 2@ +17 <
T, so

o \ Vet o \ et
(B.15) L <Tf> < 9d0 < <T‘f> .
2 \C|fllso Cllflloo

For J' = {(j,m); 29 > 270}, Lemma 3.10 implies

(B.16) Li(f,T.B) < > [(f,9,)°+T°Card (J').
(Gm)gJ’

The number of wavelets at the scale 27 is bounded by max(s?272/, K?2), as the size of
the square is smaller than s, and thus, with the definition of J’,

(B.17) Card (J') < C'max(s?27%0, K?).

Using (B.14), we derive that at any scale 27

(B.18) DL P < Cmax(s?)| 15720259 || f| 572022+ DY),
SO
(B.19) ST < Cmax(s?] 12,220, || |2 s 22 Do),

(Gm)gJ
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Inserting these bounds in (B.16) and using the definition of 270 in (B.15) yields

(B-20) Li(f. T, B;) < Cs?/ D f|2/(atDp2a/(at),
&)
(B.21) Li(f.T,B;) < C| f||2/ (tDp2a/(at]), o

B.4. Lemma 4.8: Bandelets.

Proof of Lemma 4.8. Theorem 3.2, and more specifically Proposition 3.8, ap-
plies to any band B; associated with a region Q; with § = Qr2(Pyv,(g)), {1 = 2V,
2% — pl/a, and Cy = C max(|leflces 18]lop)s 50 [Qr2 (Py, (9)) — gl < Can. Combining
(3.35) and (3.36) thus implies that

(B.22) Li(f,T,B;) < Cmax(2" OF/ @D p2e/(e41) 72 |jog, 7).
Summing (B.22) over the horizontal edge squares yields

B.23 Ci(f, T, B:) < S € max(C? @ HVoxi p2a/(atl) 72100 ),
f 2

i€ly i€ln
(B.24) ST LB < Y ooyt pRelledgh 1 N 072 [log, T.
i€ln e i€ly

Lemma 4.5 proves that there are at most C |logT| edge squares and that the sum of
their size is bounded by a constant C' /¢, so

(B.25) Z Ci(f.T,B;) < CC;/(a-&-l) (o T2/ (ot )

1€l
which proves (4.26) and concludes Lemma 4.8. 0O

Appendix C. Complexity of the CART algorithm. We denote by C(2*)
the numerical complexity to find this best geometric flow over a square €; of size 2*.
Since there are 272* square regions of size 2* in [0, 1]2, the total numerical complexity
to find the best bandelet bases in all dyadic squares is Z?\:logz 72 2722C(22).

Since the minimum size of squares ; is T2, the segmentation quadtree has a depth
at most equal to [log, 7?|. The number of comparisons of the bottom-up optimization
algorithm is proportional to the number of nodes of a full quadtree of depth [log, 72|,
which is O(T~*). The total number of operations to find the best bandelet frame is
therefore

0
(C.1) Yo 27Pe@M)+ o).

A=log, T?

Let us now compute the computational complexity C(2*) to find the geometric
flow and the corresponding bandelet frame F; which yields a minimum Lagrangian
value L(f, T, F;) over a square ; of size 2*. For this purpose all possible geometric
flows are explored. If there is no flow, then F; is a discrete wavelet basis of €.
The wavelet coefficients and the corresponding Lagrangian value are computed with
O(#Q;€72) = O(22* ¢72) operations. If there is a horizontally parallel flow, then
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Q; is subdecomposed into 22~ rectangles €2; ,, of length 2% and height 2*, where
2% is an adjustable scale variable. There are O((2* T~2)P) different polynomial flows
over each ; ,,. Computing the corresponding coefficients of f for each polynomial
flow and its Lagrangian cost with the algorithm of section 4.1 requires O(2*F ¢=2)
operations. Among the O((2* T~2)?) polynomial flows, finding the one that minimizes
the Lagrangian can thus be done with OQ(2*+(P+Dk ¢=2T-2p) gperations. Hence, the
total number of operations to find the best horizontally parallel flow is

A
(02) Z A=k 0(2/\+(p+1)k 2 T—2p) _ 0(2(p+2))\ E_QT_QP).
k=log, T2

The same argument applies to vertically parallel flows. Combining all possibilities
(no flow, horizontally or vertically parallel flows), it results that the total number
of operations to find the best bandelet frame over a square of size 2* is C(2*) =
O(2P+2X ¢=2T7-2P) . Inserting this in (C.1) shows that the numerical complexity to
find the best bandelet frame over [0, 1]? is

0
(C.3) Yo 272N+ 0T = 0P T,

A=log, T2

Appendix D. Proofs of lemmas for Theorem 6.1.

D.1. Lemma 6.2: Existence of a bandelet frame with polynomial ge-
ometry.

Proof of Lemma 6.2. To show the existence of a frame satisfying the conditions
of the lemma, we use the same strategy as in the proof of Lemma 4.4 and focus on
the case T2¢/(e+1) < g with a > 1.

The dyadic squares of this frame are exactly the ones of Lemma 4.5. A wavelet
basis is still used in the regular squares and the junction squares. The only difference
is in the edge squares which are further subdivided first in an isotropic way and then
along the direction of the edge in order to use a bandelet basis with a polynomial
geometry.

As the Lagrangian remains the same for the previous regular and junction squares,
we will thus study only the modification of the edge squares.

The first subdivision is handled with Lemma 4.6 and yields at most 7°—2/(e+1)
regular squares for which the Lagrangian is bounded by K7T2. The contribution of
these new regular squares is thus at most of order K72*/(@+1) and thus contribution
of all the regular squares is still of the right order.

The remaining dyadic edge squares are further subdivided along the edge direc-
tion, while their size in this direction is larger than 2Fo = max(||c\|(_;}/a, 1) st/e.

On a rectangle of width 2% < 2% starting at 2¥m, the geometry g is specified by
a polynomial of degree p > «. It is chosen as the discretized projection of the Taylor
polynomial Tox,, (c) of the parameterization c of the curve at the point 2¥m, so

D1 men @@ = Y o - )’
BLla ’
and
P Tokm\C), Upn —ky — m _
(D.2) 6@) =3 Qs << ( )||99n||(122k ! ”) (27"t — m).

n=1
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This requires p coefficients per rectangle. As 2% < max(]|c| (_ji/a, 1)s'/®, one can

verify then that this implies

(D.3) (e = 9)P(2)] < C max(||c|ce, Ca) ' VB < [la]|
and
(D.4)  |(c—g) W (z) = (c — g) LoD (2)| < € max(||cl|ce, Ca) [ — a|* L

with Cy = ||0]|cep that do not depend on f and could be incorporated in the first
constant, so these are the same bounds as the ones obtained in Lemma 3.6. The
proofs of Lemmas 3.4 and 3.5 can be repeated almost identically, with special care in
Lemma 3.4 for the bandelets coming from the anisotropy of the supporting rectangle,
to obtain for each rectangle

(D.5) L(f,T,B:,) < Cmax(CYFY 2k 720/ (04D 72 K |log, T).

There are at most C'¢¢ min(||c||1c/f, 1) s~/ rectangles of size max(||c|\ai/a, 1) st/

and at most C'|log, T'| dyadic squares of smaller size, so
(D.6)
N L(f,T.Biy) < CCY T g 720040 4 € e min(e]

7,7

&) sV T? K [log, T

+ C'|log, T| T? K [log, T
and for 7" small enough

(D.7)
STL(F,T,B) < CCF Y e max(T2/ 04D 57V T2 |log, T).
1,7
For each rectangle, there is a constant number p of parameters, so we can obtain
(D.8) STLU T, By) < € CF Y o max (72004 5=V T2 |l0g, T).

As s > T?/(@+1) this implies

(D.9) ST L(F,T,B,) < €OV ge 12/ @D Jlog, |

1,7

and concludes the proof when 72%/(e+1) < s One should note that as long as
T2/ (@+1) |log, T|* < s the logarithmic factor disappears.

The result for 72%/(@+1) > g is then obtained as in the proof of Theorem 3.2 with
Lemma 3.9. 0

D.2. Lemma 6.3: Discretization.

Proof of Lemma 6.3. As the integral flow g is defined in a continuous way, a
continuous bandelet basis {b; j m,,m, } can be constructed over any band B. Over the
warped band W B, with W B = QQ if there is no warping, we define

(D.10) W fwp(@1,22) =Y W {1,116 o n, (21) g s (2)
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or
(D.11) W fwp(z1,22) = Zﬂnl, ng + [g(n1€)e” VB n, (£1)Djo s (€2),
with 270 = ¢, so

(D.12) (
(D'13) < ’ l7j,m1,m2> = <WfWQ(x17x2)7z/)j,m1 (‘/El)'(/}l,mz(xQ»'

Now, over the rectangle W B,

(D.14)
> KT Bimd = (Fbuimd® = 30 |0 e, 22), gm, (1)1, (22))
1>j>jo 1>j>jo

— (W f(z1,22), Yjmy (1)1, (22))

’2
using the orthogonality of the wavelet basis

= 3| W Fwaer,w2), jom, (21)650.ma(22))
(D.15) 2
= (W, Gy (21)joms (32)|

and as

<Wf~WQ(x17$2)v ¢jo,m1 (x1)¢j0,n2 (x2)> = <Wf(.’£1,$2), W_l(6_1lmle,(m2+[g(m16)e_1])e)>7

we have

=> ‘(Wf(ﬂfl»m)» W e L, ot fg(mieye—17) (%1, 22))
(D.16) 2

- (Wf(x17x2)7 ¢jo,m1 (x1)¢j0,m2 ($2)> )
(D.17)
Z |<?7Bl,j,m> —(f, bl,j7m>|2 = Z |<Wf7 &)jo,m17m2> - <Wf7 q)jo,ml,m2>‘27

1>5>jo

with ¢j07m11m2 (‘Tlv IQ) =w! (6711m16,(m2+[g(mlﬁ)é’l])E)(xl7 IQ) and q)jomlhm'z (Ilv IQ)
= ¢j01m1 (x1)¢j07m2 (x2)

Now we will temporarily admit that for any family of scaling functions @, ,, of
scale 27° and integral 270 of support included in the ball of radius K 27° centered on
the point m27° included in Q and such that the total length of curve in € is bounded
by £, for any set {zj m : |¥jm — 270m| < K200},

(D.18) S o) — 20 F () < O+ [Q127).

This can be applied simultaneously to {E)jmm} and {®;, m} to obtain

1/2
(D.19) (Z (W f, bom) — (WF, qﬁjo,m>|2> < 2(C20(1 + |f270))" /.

m
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Summing over all rectangles gives (6.23) and concludes the proof.
We now prove (D.18). As the scaling function ®;, is of integral 270,

(D20)  (f, Do) — 200 f(jy ) = / (F(2) = (o)) Do (2)d

and

(D21) ‘<f7 (I)jo,m> - 2j0f(l‘j07m)| < K270 max |f(1‘) - f(‘rjo,m)"

|w7wj0,m\§K2j0

We now bound max, ,, . |<x2io |f(z) = f(@jo,m)| with respect to the position
of T, m:
o If z;, ,, is such that one remains at a distance greater than s from the dis-
continuities, the regularity of f is used to obtain

(D.22) max 1f () = f(@jom)| < | fllcra) K 2.

|I_J;j0,m|SK2j0
e Otherwise, the regularity of h implies || f||c1(a) < [ fllocs™?, so

(D.23) ma; (@) = F(@jom)| < [Iflloray s~ K 270,

X
|z—aj4,m|<C290
e Finally, if s is smaller than 27°, one still has

(D.24) max | f(@) = f(@jo,m)| < 2] flles < Cllfllcra)-

|I_:Ejo,m|302j0

Whatever 270, there are at most max(#£2-%° K?) coefficients where the bound
(D.22) applies. If 27© > s, the smoothing does not affect the coefficients, and the
bound (D.24) yields

(D.25)

DS Rioam) = 2 som) < CH#QZT |l a) (207 + O e ) (270
(D.26)

D U o m) = 27 f(@jom)* < ClIFE1a) 270 (€ + #027).

Otherwise 270 < s, the discontinuities are already smoothed at the scale 270, the
number of affected coefficients is max(C ¢ s27%° K), and the bound (D.23) gives

S U ®jgm) — 27 f (@ m)[? < CHQ2750|| |20y, (220)?
(D.27) m
+ C L5270 || fl[ G (s712%0)2

and, as sTh <27 o,

(D:28) D (i Bjom) — 27 f(@jom)l* < C I f &1y 20+ #02°). O
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