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Abstract

We introduce here polyhedral cones and polytopes, associated with quasi-semi-
metrics (oriented distances) , in particular with oriented multi-cuts, on n points.
We compute generators and facets of these polyhedra for small values of n and study
their graphs.

1 Introduction

The notions of directed distances, quasi-metrics and oriented multi-cuts are generalization
of the notions of distances, metrics and cuts, which are well-known and central objects in
Graph Theory, Combinatorial Optimization and, more generally, Discrete Mathematics.

Define quasi-semi-metric on X as a function d from X? to Ry, such that for all
Y,z € X, d(x,y) >0, d(x,x) =0, d(z,y) < dlx,z) + d(z,y). If the first inequality is
strict for @ # y, d is called quasi-metric. If for all @,y € X, d(x,y) = d(y, x), d is called
semi-metric and metric, respectively.

Given partition Sy,..., S, (¢ > 2)of X = {1,2,...,n}, quasi-semi-metric 6'(Sy, ..., S,)
is called oriented multi-cut quasi-semi-metric, if 6'(Sy,...,5,)(1,7) = L fori € S,, j € Ss,
o < 3, and §'(Sy,...,5,)(i,7) = 0, otherwise.

After short review of general quasi-semi-metrics we consider for small values of n the
cone and the polytope of all quasi-semi-metrics on X = {1,...,n} and the cone and
the polytope, generated by all oriented multi-cuts on X = {1,...,n}. Using computer
search we list facets and generators for these polyhedra and tables of their adjacencies
and incidences. We study the 1-skeleton graphs and the ridge graphs of these polyhedra:
the number of the nodes and the edges of these graphs, their diameters, conditions of
adjacency, inclusions among these graphs and their restrictions on some orbits of nodes.
Finally, we compare obtained results for oriented case with similar results for symmetric
case (see [DeDe94], [DeDe95], [DDFu96], [DeLa97]). All computation was done using
the programs cdd of [Fu95].



The following notation will be used below:

o oriented triangle inequality T3 5 @ xip + 2 — 245 > 0;

e nonnegative inequality Ny; @ a;; > 0;

o cone of o-multi-cuts OMCUT,, generated by all nonzero o-multi-cuts on n points;

o cone of quasi-semi-metrics QM FET,, defined by all triangle and nonnegative in-
equalities on n points;

e o-multi-cut polytope OMCUTS, generated by all o-multi-cuts (i.e. including zero
multi-cut) on n points;

o quasi-semi-metric polytope QM ETS, defined by all triangle inequalities, all nonneg-
ative inequalities and the inequalities G; @ 245 + x;; < 2 on n points.

2 Quasi-semi-metrics and related polyhedra

For some set X a mapping d : X x X — R is called a distance on X, if d satisfies
1) d(i,7) =d(y,1) for all 2,5 € X,

(2) d(i,7) >0 for all ¢,5 € X,
(3) d(i,i) =0 for all i € X.

It d satisfies, in addition, the triangle inequalities:
(4)  d(i,5) <d(i, k) + d(k,j) for all 4,5,k € X,
then d is called a semi-metric on X. Moreover, if
(5) d(i,7) = 0 holds only for ¢ = j,

then d is called a metric on X. (For general theory of metrics see [B153] and [Dela97].)
If we exclude the symmetry condition (1), we obtain definitions of oriented distance,

quasi-semi-metric and quasi-metric, respectively.
Easy to see, that (1) follows from (5), (2), (3) and (4'), where the last one is

!

(1) d(i,5) < d(k,i) + d(k, ) for all i, j, k € X,

But while for symmetric case (4) and (3) imply (2), for oriented case (4') and (3) do not
imply (2).

The notion of a semi-metric was first formalized in the classic paper by Frechet [Fr06].
The first detailed topological analysis of semi-metrics was given by Wilson [Wi31]. The
triangle inequality was first formalized as the central property of distances in [Fr06] and
later treated in Hausdorfl [Hal4]. The notion of a metric space was formalized also in
[Fr06], but the term “metric” was first proposed in [Hal4].
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It was proved (see Proposition 8 in [LLR94]), that any quasi-metric on n points
embeds isometrically into R" equipped with some directed norm.

Quasi-metrics are used in the Semantics of Computation (see, for example, [Se97])
and are of interest in Computational Geometry (see, for example, [ACLM98]).

Consider now some examples of quasi-metrics.

Example 1. Let (X, D) be a finite metric space and let X = X; U... U X, be
a decomposition of X into the union of pairwise disjoint sets. Then d/(Xi,Xj) =
mingex; maxyex, D(z,y) (for X; # Xj) is a quasi-metric on Y := {Xy,..., X} (com-
pare with Hausdorff-metric d(X;, X;) = max,ex, yex; D(z,y) on Y).

Example 2. If X is the set R of all real numbers, the mapping

) r—y, if Ssz<y+1,
to={ 7Y Vs

1, otherwise

is a quasi-metric on R (compare with ordinary metric d(z,y) = | — y|).

Example 3. For any anti-chain of sets 7 = {z,y,z,...|]x ¢ y for all @ # y}, the
function |xAy| is a semi-metric (not a metric), as |[xAy| = |yAx|, |t Ay| > 0, [tAz| =0,
e Az — e lDy| — lyAz] < =2(y\(x U z)) —2((x N 2)\y) <0 (here 2Ay := (2\y) U (y\z)
is a symmetric difference of sets @ and y).

On the other hand, |z\y| > 0, |[a\x| = 0, |2\y| — |a\z| — |z\y| = =|[(x Ny)\z| — |2\ (z U

y)| <0 and the function |z\y| is a quasi-semi-metric (not a quasi-metric).

Example 4. A graph GG = (V| F) is called connected, if there is a u — v path between
any two its vertices u and v. The length of the shortest path from u to v in G is called
distance dg(u,v) between vertices u and v. Clearly, the function d¢ is a metric on V
(path-metric of graph ).

A directed graph D = (V/, E/) is called connected, if there are both u — v and v — u
directed paths between any two vertices u,v € V'. The length of the shortest directed
path from u to v in D is called directed distance dlD(u, v) between vertices u and v. The
function d}, is a quasi-metric on V' (path-metric of directed graph D).

Example 5 (Circular railroad distance). Consider a circular railroad line, which
moves only in a counter-clockwise direction around a circular track, represented by the
unit circle €7 = {z € R?|d.(0,2) = 1} (see, for example, [Sm89]). Let the distance
d.(x,y) be the length of counter-clockwise circular arc from z to y in ;. Easy to see,
that d. is not symmetric (d.(z,y) + d.(y,x) = 27), but it always satisfies to (4) and is a
quasi-metric.

Note, that examples 3 and 4 represent the much wider class of “one-way path” dis-
tances, which commonly occur in practice. For example, the presence of one-way streets
in city produces exactly the same type of distances (such as shortest travel-time distance),
which are triangular, but fail to be symmetric.



Set V, :={1,....n}, £, := |{ij|t,7 € V.,1 # j}|, where ij denotes the unordered pair
of the integers ¢, j, and I,, :== [{(7,j)]t,7 € V,.,i # j}|, where (7, j) denotes the ordered pair
of the integers ¢,j. Let d be a semi-metric on the set V,,. Because of symmetry (1) and
since d(z,2) = 0 for 7 € V,,, we can view the semi-metric d as a vector (d;;)i<icj<n € RP»,
K, = @ In the same way, we can view the quasi-semi-metric d' on the set V, as a
vector (d;j)i;ﬁ]‘ € R I, = n(n—1). Hence, a semi-metric (a quasi-semi-metric) on V,, can
be viewed alternatively as a function on V,, x V,, or as a vector in R¥» (in RI"). We will
use both these representations. Moreover, we will use both symbols d(i, j) (d'(i,7)) and
d;; (d;j) for denoting the semi-metric (quasi-semi-metric) between points ¢ and j. Clearly,
one can also view a semi-metric (a quasi-semi-metric) as a n X n matrix with d; = 0 on
main diagonal (and with d;; = d;; in the first case).

Denote by M ET,, the cone of all semi-metrics on n points, and by QM ET,, the cone
of all quasi-semi-metrics on n points. M ET), is a full-dimensional cone in R¥", defined by
M triangle inequalities (4). QM ET, is the full-dimensional cone in R, defined
by n(n — 1)(n — 2) triangle inequalities (4) and n(n — 1) inequalities (2). (In symmetric
case, (2) follows from (4) and (3), see remark above.)

Note, that without condition (2) we have in the cone QM ET,, the subspace, defined
by all mappings d*: d*(¢,7) = —d*(j,¢) and d*(¢,75) + d*(j,n) = d*(¢,n). The dimension
of this subspace is n(n — 1) — ((”) + (”_1>) =n—1.

2 2
Denote by M ET" the polytope of all semi-metrics on n points, defined by M

n(n—1)(n—2)

G inequalities

triangle inequalities (4) and by

1

(4) d(i,7) +d(e, k) +d(y, k) <2forall z,y,z€ X

(non-homogeneous triangle inequalities, see [Del.a97]).
Denote by QM ET? the polytope of all quasi-semi-metrics on n points, defined by
n(n — 1)(n — 2) triangle inequalities (4) and by n(n — 1) inequalities

1t

4"y d(i,j))+d(ji)<2forall z,y € X

(“oriented analogue” of non-homogeneous triangle inequalities, see section 5).

3 Oriented multi-cuts and related polyhedra

We start with the notion of cut semi-metric. Given a subset S of V,, = {1,...,n}, let
§(S) denote the vector in R, defined by 6(S);; = 1, if |[S N {z,7}| = 1, and §(5);; = 0,
otherwise, for 1 < ¢ < j < n. Obviously, §(5) defines a semi-metric on V,,, and for this
reason 6(5) is called a cut semi-metric ( or a cut vector, or simply a cut).

In the same way, given subset S of V,,, let 5/(5) denote the vector in R, defined by
§'(S); =1,ifi € 5,5 ¢S, and §(S); =0, otherwise, for 1 < i # j < n. §(S) defines
quasi-semi-metric on V,,, called oriented cut quasi-semi-metric (or o-cut vector, or o-cut).

Consider now the notion of multi-cut semi-metric. Let ¢ > 2 be an integer and let

S1s...,5, be pairwise disjoint subsets of V,,, forming a partition of V,,. Then the multi-cut
semi-metric §(S,...,S,) is the vector in R¥» defined by §(S1,...,5,); =0, ifi,5 € S,
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for some h, 1 < h < g, and 6(S51,...,5,);; =1, otherwise, for 1 <¢ < j < n. In the same
way, given a ordered partition Sy, ..., S, of V,, let 6'(Sy,...,S,) denotes the vector in R,
defined by 6'(Sy,...,S,)i; = 1,if i € Sy, j € S, where a < 3, and §'(Sy,...,5,); =0,
otherwise. 5/(51, ..., 9,) defines a quasi-semi-metric on V,,, which is called oriented multi-
cut quasi-semi-metric (or o-multi-cut vector, or o-multi-cut). (This notion was considered,
for example, in [ShLi95].)

Note, that the number of all oriented cuts on n points is 2", and the number of all
oriented multi-cuts on n points is p'(n), where p'(n) is the number of all ordered partitions
of n. In fact, p'(n) = 1A,(2), where A, (x) is the Euler’s polynomial

Ag(z) = Yy a0,

TESH
with d(7) := [{t < nla; > a;41}] for a permutation
( 1 2 ... n >
= .
a1 do ... dp
n 3 | 4 3 6 7

p(n) | 13|75 | 541 | 4683 | 41338

Table 1: The number of o-multi-cuts for small values of n

Note, that the notion of a cut semi-metric is connected with the notion of symmetric
difference of sets, and the notion of o-cut quasi-semi-metric is connected with the notion
of asymmetric difference. For example, cut 6({1}) = (1,1,0) can be defined by symmetric
difference of sets {1}, {0}, {0}: &' ({1}) = (H1YA{0}], {1YA{0}], {0} A{0}]), and o-cut
6'({1}) = (1,1,0,0,0,0) can be defined by asymmetric difference of sets {1}, {0}, {0}:

8" ({11) = ({0}, IO}, HONALY, HON{O}, O {1}, O {0}]).

The full-dimensional cone in R, which is generated by all non-zero cut semi-metrics
6(5) for S C V,, is called the cut cone and denoted by CUT,. The full-dimensional cone
in R which is generated by all non-zero multi-cut semi-metrics §(S,...,S,) on V,,, is
called the multi-cut cone and denoted by MCUT,. The polytope in RF», which is defined
as the convex hull of the all cut semi-metrics (multi-cut semi-metrics) on V;,, is called the
cut polytope ( multi-cut polytope) and is denoted by CUTS (MCUTY).

In the same way, denote by OCUT, (OMCUT,) the full-dimensional cone in R,
which is generated by all non-zero o-cut semi-metrics (o-multi-cut semi-metrics) on V.
Denote by OCUTE (OMCUTYT) the polytope in R», which is the convex hull of all o-cut
semi-metrics (o-multi-cut semi-metrics) on V,,.

For example, OCUTs is a 6-simplex cone in 1%, generated by 6 oriented cuts 6 ({1}) =
(1,1,0,0,0,0), 8'({2}) = (0,0,1,1,0,0), 6 ({3}) = (0,0,0,0,1,1), §'({1,2}) = (0,1,0,1,0,0),
§'({1,3}) = (1,0,0,0,0,1), §'({2,3}) = (0,0,1,0,1,0).



4  Facets, extreme rays, vertices and their orbits in
polyhedra

Let C' be a polyhedral cone in R*. Given v € R", the inequality v"2 < 0 is said to be
valid for C, if it holds for all z € C. Then the set {x € ClvTz = 0} is called the face of
C, induced by the valid inequality vTz < 0. A face of dimension dim(C') — 1 is called a
facet of C'; a face of dimension 1 is called an extreme rayof C. Let P be a polytope in R".
Given v € R" and vy € R the inequality vTa < v is said to be valid for P, if it holds for
all # € P. Then the set {x € PlvTa = vy} is called a face of P, induced by the inequality
vTe < vy, A face of dimension dim(P) — 1 is called a facet of P. A face of dimension 1
(or 0) is called an edge (or a vertex) of P.

Two vertices x,y of P are said to be adjacent on P, if the set {ax+(1—a)y|0 < a <1}
is an edge of P. Two facets of P (or (') are said to be adjacent on P (or '), if their
intersection has codimension 2.

The 1-skeleton graph of P (or C') is the graph G'p (or G¢) with node set being the set
of vertices of P (or extreme rays of (') and with an edge between two nodes if they are
adjacent on P (or C'). The ridge graph of P (or C) is the graph G (or G¢) with node
set being the set of facets of P (or (') and with an edge between two facets if they are
adjacent on P (or C'). So, the ridge graph of a polyhedron is 1-skeleton of its dual.

A mapping f : R — R" is called a symmetry of P (or C), if it is an isometry,
satisfying f(P) = P (or f(C) = C). (An isometry of R" is a linear mapping preserving
the Euclidean distance.) Given face F', the orbit Q(F') of F consists of all faces, that can
be obtained from F' by a symmetry.

Clearly, all the faces of CUT, and C'UT, are preserved by any permutation of the
nodes. For a vector v € R» and a cut vector §(A) let v*) be defined by vfj(A) = —vj,
if 6(A);; = 1 and vfj(A) = vy, if §(A);; = 0. Consider the mapping rs(4) : R¥» — RF»
defined by rs4y(v) = 02 4 §(A). The mapping rs(4) is an affine bijection of the space
RE» | called switching mapping. All the facets of CUTY are preserved under switching
operation too (see [DelLa97]). (This is a consequence of the simple fact that the symmetric
difference of two cuts is again a cut.) Moreover, it is shown in [DGLI1] that for n # 4
switchings and permutations are the only symmetries of CUT,, and CUT? (for CUT,,
the switchings are only by roots, i.e. cuts, lying on given face). For n = 4 there are some
additional symmetries. It is shown in [La96] that the semi-metric polytope M ET" has
the same group of symmetries as CUTY; that is, Is(METP) = Is(CUTP).

In oriented case all orbits of faces of quasi-semi-metric polyhedra on V,, are preserved
under any permutation of the set V,, = {1,...,n}, but the switching is not a symmetry of
OMCUT, and OMCUT?, because the set of o-multi-cuts is not closed under the symmet-
ric difference. But orbits of faces of OMCUT, are preserved under the so-called reversal
operation. For an o-multi-cut 6'(Sy,...,S,) on V, define the reversal of 8'(Si,...,5,)
as the o-multi-cut 6'(S,,...,5;) (in symmetric case the reversal of a multi-cut is the
same multi-cut). We conjecture that the symmetry group of OMCUT, and OMCUT?
consists only of permutations and reversals, i.e. it is the group Zy x Sym(n) of signed
permutations, and the symmetry group of QM ET,, and QM ET" is Sym(n).



5 Some connections between semi-metric and quasi-
semi-metric polyhedra

As every cut §(S) is a multi-cut §(S;,S,), where S; = S and Sy = S, and as every
multi-cut is a semi-metric, we have

CUT, C MCUT, C MET, C R}

In the same way, every oriented cut is a oriented multi-cut, every oriented multi-cut is a
quasi-semi-metric; so, we have

OCUT, COMCUT, C QMET, C R

It is easy to check, that §(Sy,...,5,) =1 Zlgigq 6(5;). So, MCUT,, = CUT,. Similar
property fails for oriented multi-cuts. For example, 6'({1,2,3}) &€ OCUTs. So, OCUT, C
OMCUT, (strictly) for any n > 3.

Among facets of CUTS the most simple ones are the triangle facets, i.e. those defined
by triangle inequalities (4) and (4"). Hence,

CUT® C MCUT® C MET® C [0,1]%.

Among facets of OMCUTS the most simple ones are the triangle facets, induced by
inequalities (4), and facets, induced by inequalities (4"). Hence,

OCUT® COMCUT® CQMET" C[0,1]™.

Compare now some semi-metric and quasi-semi-metric polyhedra on n points for small
n. The triangle inequalities are sufficient for describing the cut polyhedra for n < 4, but
CUT, C MET, and CUT? ¢ MET? (strictly) for n > 5. The complete description of
all the facets of the cut polyhedra CUT, and CUT is known for n < 8, the complete
description of the semi-metric polyhedra M ET, and M ET" is known for n < 7 (see, for
example, the linear description of M ET: in [Gr92]). Here the “combinatorial explosion”
starts from n = 8 (for example, CUTg has 49604520 facets).

In oriented case, OCUT; C QM ETs; and OCUTy C QMETS, while OMCUT, =
QMET, and OMCUT? = QM ET? for n = 3 only. We computed all facets, extreme rays
(vertices) and their adjacencies and incidences of OMCUT, (OMCUT?) and QM ET,
(QMETS) for n = 3,4 only. In fact, the “combinatorial explosion” starts in oriented case
from n =5 (for instance, QM ETs has 43590 extreme rays). The amount of computation
and memory is much bigger in oriented case, because quasi-semi-metrics are not symmetric
(so, the dimension of quasi-semi-metric polyhedra is doubled) and the o-multi-cuts do not
lie in the cone of o-cuts.

6 The case of 3 points

We present here the complete linear description for case n = 3.
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Clearly, OCUTs C QM ETj5 strictly. But for n = 3 the triangle inequalities (4) with
nonnegative inequalities (2) are sufficient in order to describe OMCUTs5.

There are 12 non-zero o-multi-cuts, including 6 o-cuts (see table 2 below) on V3, which
form 2 orbits: the orbit O; of o-cuts and the orbit O; of other o-multi-cuts.

o-multi-cut (v12, V13, Va1, Va3, V31, U32) | orbit number
6 ({1}) (1,1,0,0,0,0) Oy
§'({2}) (0,0,1,1,0,0) Oy
§'({3}) (0,0,0,0,1,1) O4
6'({1,2}) (0,1,0,1,0,0) Oy
§'({1,3)) (1,0,0,0,0,1) Oy
§'({2,3)) (0,1,0,0,1,0) Oy
§' ({1}, {2}, {3}) (1,1,0,1,0,0) O,
§'({1}, {3}, {2}) (1,1,0,0,0,1) O,
§'({2}, {1}, {3}) (0,1,1,1,0,0) O,
§'({2}, {3}, {1} (0,0,1,1,1,0) O,
§'({3}, {1}, {2}) (1,0,0,0,1,1) O,
§'({3},{2}, {1} (0,0,1,0,1,1) O,

Table 2: Non-zero o-multi-cuts on 3 points

Note, that all o-cuts above can be obtained from 6 ({1}) by a permutation (& ({2})
and ¢'({3})) or by a reversal and a permutation (¢6'({1,2}), 6’ ({1,3}) and §'({2,3})); all
o-multi-cuts above can be obtained from & ({1}, {2}, {3}) by some permutation.

The only facet-defining inequalities of OMCUT; are the 6 triangle inequalities

Tijk @iy — i — x50 < 0

and 6 nonnegative inequalities

Ni; 12y >0,

which form two orbits F} and Fh, respectively. (A reversal coincides here with some
permutation.)

Adjacencies of facets (extreme rays) of OMCUT; are shown in tables 3 and 4. For
each orbit a representative and a number of adjacent ones from other orbits are given, as
well as the total number of adjacent ones and the cardinality of orbits.

1-skeleton graph Goarcur, has 12 nodes and 45 = %(9 X 6+6x6) edges. Figure 1 shows
the complement Gonrcur, of the graph Goycur, (here a; := 5/({2,3}), ay 1= 5/({1,3}),

Orbit | Representative | Fy | Fy | Total adjacency | |F}]
Fl T1273 3 ) 8 6
Fy Niy > | 2 7 6

Table 3: The adjacencies of facets in OMCUT;



Orbit | Representative | 07 | Oy | Total adjacency | |O;]
O, §'{1} 5| 4 9 6
0, | Fyen ey | 4| 6 6

Table 4: The adjacencies of extreme rays in OMCUTj;

43

Figure 1: Graph GOMCUT3

ay = 8({1,2}), a; = §({1)), a3 == 5 ({2}), a3 := 5({3)), br = 5({2), (3}, {1}). b :=
§'({13.13).42)). by == 8'({1}.{2). {31). b7 = 6/ ({3}, {2.11)). b := &' ({3}, {1}. {2)).
b= &' ({2} {1}. {3})).

As any two nodes of Goarcrr, have at least 3 common neighbors, we obtain
Proposition 1 The diameter of 1-skeleton graph Goncvr, is 2.

The graph G5 007, has also 12 nodes and 45 edges. Figure 2 shows its complement.
As any two nodes of G yrcopr, have at least 3 common neighbors, we obtain

Proposition 2 The diameter of ridge graph Goyropr, @5 2.

It is easy to see, that in G007, , @ triangle facet is adjacent to some other facet if and
only if they are non-conflicting. Two vectors from {0, 1, —1}" are said to be conflicting if
there exists a pair ¢5 such that the two vectors have nonzero coordinates of distinct signs
at the position 5. More exactly, we obtain the following result.

Proposition 3 For the ridge graph Gf) gy, holds:
(i) The triangle facet T;; is adjacent to a facet if and only if they are non-conflicting;
(i) The nonnegative facet N;; is adjacent also to facets Ny, Ny; (m #j, k #1).
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T3

T30 By

T
31,2
D31

b3

Figure 2: Graph G?)MOUTS

Orbit | Oy | Oy | Total incidence
F 4 | 3 7
F, 4 | 3 7

Table 5: The incidences of facets and extreme rays in OMCUT;

Incidences of facets and extreme rays for OMCUT5 are shown in table 5. Namely,
for each orbit F; we give the number of extreme rays from orbits O;, which belong to a
representative of F; and the total number of extreme rays, which belong to it. Note, that,
in general, the table of incidences of extreme rays and facets can be obtained from the
table of incidences of facets and extreme rays by formulae

(6)  Fi x|0;] = Oy x | Fy,

where |O;| and |F;| are the orbit sizes, F;; is the number of elements from orbit O;, which
are incident to a representative of I}, and Oj; is the number of elements from orbit F;, to
which is incident a representative from O;.

Consider now polytope OMCUTS — the convex hull of all 13 o-multi-cuts on V3.

This polytope has 13 vertices, which form 3 orbits (the orbit O; of o-cuts, the orbit
O, of other o-multi-cuts and the new orbit OF, consisting of only &' (0)). OMCUTS has
15 facets: 6 facets of type T;;x (orbit Fi), 6 facets of type N;; (orbit Fy) and 3 new facets
(orbit FY), which are induced by inequalities

Gij . l’ij —|— l’]‘i S 2
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Orbit | Representative | Fy | Fy | F} | Total adjacency | |F;]
F Tio3 315 1 9 6
Iy Nia 51213 10 6
FY Gz 2 16| 2 10 3

Table 6: The adjacencies of facets in OMCUTY
Orbit | Representative | O | Oy | OF | Total adjacency | |O;]

O, & ({1} 514 |1 10 6

0, | Sn ey | 4|2 | 7 6

oF §'(0) 6|6 |0 12 1

Table 7: The adjacencies of vertices in OMCUTY

As the cone OMCUTs coincides with the cone QM ETs, we define QM ETS by all in-
equalities of types T;; ; (triangle inequalities), N;; (nonnegative inequalities) and G;; (ori-
ented analogue of non-homogeneous triangle inequalities). Hence, OMCUTS = QM ETY.

Connections between facets and vertices of o-multi-cut polytope OMCUTS are shown
in tables 6 — 8, which are constructed in the same way as the tables 3 — 5.

GOMCUTS‘:‘ has 13 nodes and 57 edges. Figure 3 shows the complement of it. Here the

points aq, ..

., b are the same as in figure 1, and ao := §'(0).

Since any two nodes of GOMCUTS‘:‘ have 5/(0)) as a common neighbor, we obtain

Proposition 4 The diameter of 1-skeleton graph Gomcvrp is 2.

GZSMOUTSD has 15 nodes and 72 edges; figure 4 shows the complement of it.
As any two nodes of GZSMOUTSD have at least 3 common neighbors, we obtain

Proposition 5 The diameter of ridge graph Goprcpqe is 2.

It is easy to check the following

Proposition 6 For the ridge graph GZQMETSD holds:

(i) The triangle facet T;; is adjacent to a facet if and only if they are non-conflicting;
(i) The facet N;j is adjacent also to Ny, Nij (m # j, k# 1) and to all Gy,

i e facet Gy is adjacent also to all non-triangle facets.
i) Th t Gy is adj t also to all triangl t

It turns out, that the 1-skeleton graph Goacur, and the ridge graph Goycpr, are
induced subgraphs of GOMCUTS‘:‘ and GZBMOUTSD7 respectively.

Remind, that in symmetric case CUT;

MET, (CUTY = MEFETY) and, hence,

the only facet-defining inequalities for CUTs and CUTS are the triangle inequalities, 3
inequalities (from one orbit, obtained by permutations) for CUT5 and 4 inequalities (from
one orbit, obtained by permutations and switchings) for CUT}’.
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Orbit | Oq | Oy | OF | Total incidence
I 4 1 3 1 8
Fy 4 1 3 1 8
FPola] 6| o 10

Table &: The incidences of facets and vertices in O]WC’UT:,)D

7 The case of 4 points

We present here the complete linear description of OMCUTy, QM ETy, OMCUT, and
QMET,.

OMCUTy has T4 extreme rays (all non-zero o-multi-cuts on V4), which form 5 orbits
with representatives 6 ({1}) (orbit Oy), 6 ({1,2}) (orbit O), & ({1},{2},{3,4}) (orbit
O3), 6 ({1},{2,3}, {4}) (orbit O4) and &' ({1}, {2}, {3}, {4}) (orbit O5). OMCUT} has 72
facets from 4 orbits, which are induced by 24 triangle inequalities (orbit F})

Tiig s vy — v — xg <0,
12 nonnegative inequalities (orbit F3)
Nij 2 >0,
12 inequalities (orbit F3)
Liikm T + T+ Thm < Tim + Ty, + Thi + Tp5
and 24 inequalities (orbit Fy)
Qi i+ i+ Thom < i + iy + Tjp + Ty + T + Thj,

Qi jkm P Tij T Tji + Tk < Tig + Tjp + Tpi + Tpj + i + T
Note, that for orbits Fy, F3, F5, but not for Fj, the reversal operation coincides with
some permutation; the reversal of (; jxm is Q7 ;4 -
Tables 9 — 11 show connections between the facets and the extreme rays of OMCUT}.

Orbit | Representative | Fy | Fy | F5 | Fy | Total adjacency | |F}]
Fi Tio3 17 111 | 5 8 41 24
Fy Nia 2216 |12 8 48 12
Py Lissa 10 | 12 2 24 12
Fy Q1254 sS|4|1]3 16 24

Table 9: The adjacencies of facets in OMCUT}

The 1-skeleton graph Goarcvr, of OMCUTy has 74 nodes and 1479 edges. As 14

o-cuts (orbits O; and O, together) form a dominating clique, we obtain
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Orbit Representative O1 | Oy | O3 | O4 | Os | Total adjacency | |O;]
O, §'{1} 716 209 18 61 8
O, §'({1,2}) 8 [ 5 (2012] 8 53 6
Os S {20, {34 | 7| 5 |15 7|10 44 24
o S({13,{2.3},{4}) | 6 | 6 | 14| 6 | 8 40 12
Os | §{1L,{2, 3. {4y | 6 | 2 [ 10| 4 |12 34 24

Table 10: The adjacencies of extreme rays in OMCUTy

Orbit | O7 | O3 | O3 | O4 | Os | Total incidence
Fi 6 4 114 7 |12 43
Fy 6 4 114 7 |12 43
F3 4 4 8 4 8 28
Fy 3 4 4 4 2 17

Table 11: The incidences of facets and extreme rays in OMCUTy

Proposition 7 The diameter of 1-skeleton graph Goycvr, is 2 or 3.

The ridge graph G§popr, has 72 nodes and 1404 edges.
The quasi-semi-metric cone QM ETy has 36 facets, distributed in two orbits: 24 tri-

angle facets (orbit Fy) and 12 nonnegative facets (orbit F3y). There are 164 extreme rays
in QM E'Ty, which form 10 orbits: orbits O; — Os with the same representatives as in
OMCUT, and 5 other orbits with representatives

ve({1}, {2}, {3},{4}) = (1,1,2,0,1,1,0,0,1,0,0,0) (orbit Os),
ve({1}, {2}, {3}, {4}) = (1,1,1,0,1,1,0,0,1,0,0,1) (orbit O),
vs({1}, {2}, {3},{4}) = (1,1,1,0,1,1,0,1,1,0,0,0) (orbit Os),
vo({1},{2},{3},{4}) = (1,1,1,1,1,1,0,0,1,0,0,1) (orbit Os),
vio({1}, {2}, {3}, {4}) = (1,1,2,1,1,1,0,0,1,0,0, 1) (orbit Oyo).

The adjacencies and incidences of the facets and extreme rays of QM ET} are given in

tables 12 — 14.

1-skeleton graph Goapr, has 164 nodes and 2647 edges. As 14 o-cuts (orbits Oy and

O3 together) form a dominating clique, we obtain

Proposition 8 The diameter of 1-skeleton graph Goamger, s 2 or 3.

The ridge graph G g7, has 36 nodes and 504 edges. It is easy to check

Orbit | Representative | Fy | Fy | Total adjacency | |F}]
F Tio3 17111 28 24
F, Nio 221 6 28 12

Table 12: The adjacencies of facets in QM ETy
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Or. Representative O1 1021031040506 |07 | Og | Og | O1p | Ad. | |0
O, & (1)) 7162191869636 918
oF §'({1,2}) 8 | 5 |20|12| 8 |12]|16| 4 | 4| 8 |97 | 6
Os | & ({1},{2},{3,4}) 7057501021044 2|4 | 24
Os | &6 ({1},{2,3},{4}) 6 | 6102802441 4|46 | 12
Os | §({1},{21,35,{4) | 6 | 2 |10 4 | 3|1 ]0]|4|2|1]33]|24
O | vs({1L, 2,31, {4) | 2 |3 |4 |24 |1]0]0|2]|0]18]| 24
Or | or({1L,{2,{35.{4)) | 4 |3 |4 |22 |1 ]|1]2|0|2]21 |24
Os | vs({1L,{2},{35.{4) | 4 | 2|04 ]2]0]0]2]|2| 01612
Og | vo({1},{2},{3}.{4}) | 4 | 4|0 | 4]0 ]O0]| 0|0 ]| 4| 4|26
Ow |vio({1L, 2,354 | 2|2 (2|2 |10 |10 ]2]0]12]24

Table 13: The adjacencies of extreme rays in QM ET,

Orbit | £ | F5 | Total incidence
O, 1819 27
Oy 16| 8 24
O3 141 7 21
O4 141 7 21
Os 12| 6 18
Os 10| 6 16
O; |10 5 15
Ox 10| 5 15
Oq 8 | 4 12
O1o 8 | 4 12

Table 14: The incidences of extreme rays and facets in QM ET)}

Proposition 9 For the ridge graph Gy gy, holds:
(i) The triangle facet T;; is adjacent to a facet if and only if they are non-conflicting;
(it) The nonnegative facet N;j is adjacent also to facets Niy, Nigj, Ngm (m # j, k #1).

Note, that in QM ET, the adjacencies of facets T;;; and N;; are the same as in
OMCUTy (see tables 9 and 12); hence, G gz, is an induced subgraph of G%cp7,-
But the adjacencies of o-multi-cuts from orbits Oz, O4 and Os are decreased in the cone
QM ET; (see tables 10 and 13); hence, Goycur, is not an induced subgraph of Goagr,.
Consider now OMCUTY — the convex hull of all 75 o-multi-cuts on Vj (with &'(0)).
It has 75 vertices, which belong to 6 orbits (orbits O; — Os with the same representatives
as in OMCUTy and new orbit OY, which has only 6'(0)). OMCUTE has 106 facets from
7 orbits: 72 facets from the orbits Fy — Fjy, induced by the inequalities of the types T}, ,

N,

%3

Gijraij+aj <2,
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Orbit | Representative | Fy | Fy | F5 | Fy | F7 | FY | F5 | Total adjacency | |F}]
I Tio3 1m)1] 58] 4 1 4 50 24
Iy Nio 2216 |12 8 | 6 4 8 66 12
Iy L1234 10121 0 | 2 1 0 0 25 12
Iy Q1234 |14 |13 |4 0 1 21 24
FY Gz 61121216 | 5 | 2|12 65 6
£y M4 6 112/0 0|3 |0]6 27 4
F? Ri234 4141071 3 1 0 13 24

Table 15: The adjacencies of facets in OMCUTY

Orbit Representative O1 |0y | O3 | O4 | Os | O] | Total adjacency | |O;]
O, §({1}) 716 (2119 18] 1 62 8
O, §'({1,2}) 8 |5 |20]12]8 |1 54 6
Os | §{11.{2,{3.4) | 7|5 168 [10]1 AT 24
O | 8({13,{2,30,{4}) |6 |6 16| 6 |10 1 45 12
Os |61, {2,314 6 | 2 ]10] 5 |12 1 36 24
01 §'(0) S |6 |24]12]241] 0 74 1

Table 16: The adjacencies of vertices in OMCUTY’

4 facets (orbit FY), induced by inequalities
M ikm Tk + Tim + Thi + Thom + Toni + Tk — Tij — Tji — Tjh — Tjm — Thj — Ty < 1,
and 24 facets (orbit FY), induced by inequalities
Biihm  Tip 4 Tjm + Thm + Tk — Tik — Tim — Tji — Thy — Ti < L

Tables 15 — 17 give connections between the facets and the vertices of this polytope.
1-skeleton graph GOMCUTf has 75 nodes and 1604 edges. As 5/(0)) is adjacent to all
other vertices, we obtain

Proposition 10 The diameter of 1-skeleton graph Gomcvrp is 2.

The ridge graph of G?)MCUTE has 72 nodes and 1683 edges.

It turns out, that G707, 1s an induced subgraph of G?)MCUTE (see tables 9 and 15),
and G5 prpr, 1s the induced subgraph of G?)MCUTE (see tables 12 and 18), but Goncur,
is not an induced subgraph of Goycure (see tables 10 and 16).

Similarly to QM ETS, we define QM ET; by the inequalities of the types Tj;x, N
and (;;. Hence, this polytope has 42 facets from 3 orbits: 24 triangle facets (orbit
Fi), 12 nonnegative facets (orbit F3) and 6 facets, induced by inequalities G;; (orbit
F3). QMET, has 221 vertices, which belong to 14 orbits: 10 orbits Oy — Oy with the
same representatives as in QM ETy, orbit O] (see OMCUT,) and 3 new orbits O} — O
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Orbit | O1 | O3 | O3 | O4 | Os | OF | Total incidence
Fi 6 4 1147 |12 ] 1 34
Fy 6 4 1147 |12 ] 1 34
F3 4 4 8 4 8 1 29
Fy 3 4 4 4 2 1 18
Flp 4 2 4 2 0 1 13
Folelol1206]0]0 24
FPolilols|1]3]o 13

Table 17: The incidences of facets and extreme rays in OMCUT,

Orbit | Representative | Fy | Fy | F} | Total adjacency | |F;]
F Tio3 17111 ] 4 32 24
F, Nio 221 6 6 34 12
FY (G2 16|12 5 33 6

Table 18: The adjacencies of facets in QM ET}’

with the representatives v5({1},{2},{3},{4}) = (1,1,1,1,2,2,0,0,1,0,0,1) (orbit O%),
V({1 {2}, 43}, {4)) = (1.1,2,1,1,2,0,0.1,0,0,0) (orbit 0}) and v}({1},{2). {3}, {4})
=(1,1,1,0,1,1,0,1,1,0,1,1) (orbit OF). The connections of the facets and the vertices
of QMETY are given in tables 18 — 20.

1-skeleton graph GQMETE has 221 nodes and 3534 edges. As orbits Oy and O, together
form a dominating clique, we obtain

Proposition 11 The diameter of 1-skeleton graph Gourre is 2 or 3.
The ridge graph GZ)METE has 80 nodes and 686 edges. It is easy to check following

Proposition 12 For the ridge graph GZ)METE holds:
(i) The triangle facet T;; is adjacent to a facet if and only if they are non-conflicting;
(i) The facet N;; is adjacent also to Niy, Nij, Nim (m# j, k% ¢) and to all G,
(tii) The facet Gyj is adjacent also to all non-triangle facets.

Figures 5 and 6 show some subgraphs of GQMETE- The restriction of GQMETE on the
union of orbits O; and O} consists of two disjoint cube graphs; see figure 6: here the black
(or white) points are the elements from Oy (or O})).

Note, that in QMET, the adjacencies of facets Tj;, and N;; are the same as in
QMET) (see tables 12 and 18) and the ridge graph G7 gz, is an induced subgraph of
GZ)METE' Similarly (see tables 15 and 18), the graph GZ)METE is an induced subgraph
of G?)MCUTE' Gonourp is the induced subgraph of Goypre (see tables 16 and 19), but
Gomour, is not an induced subgraph of Gy prs (see tables 10 and 19).

Remind, that in symmetric case CUTy = MET, and CUTy = MET]. The only
facet-defining inequalities for CUTy and CUT, are the triangle inequalities, 12 inequalities
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Or. [0, ] 03] 05040505 |0 [Os | Oo | Org | OF JOZ TOL [ OF [ Ad. [ O]
O, | 76 |2019[18]6]6 6361993 ][110] 8
O, | 8|5 20128 12|16 448 |1 l0|0|0]9]6
Os | 7|5 |16 8 104 |al2]0] 214|627
Oy | 616|166 10440261 |4|4]|0]69]12
Os| 6|2 w05 1242101 |1]200]46 |24
Os | 23|42 alofl2l1]o]o|1]olo|o]19]|2
O- |2 aal2 220112 |1]1l0|o0]2]|2u
Os| 4240|2220 loflo|1]o]olo]1r]12
Op |44 oalo]o]a]olo|a]|1lo|o|o]2n]6
Owl 2223 ]1]ol2]o|1]o|1|2]0]o0]|16]2
or | 8|6 |24 |12 |24 2424126 |24]0 0|00 |164] 1
orlslolal22)o|1]o]ol2 oflo|l1]0o]1]|2x
orlslolel2lolololololo|o|1|2]1]1]|2x
o1 3|o|6loflolololololo]o|o|3]o0]|12]S3s

Table 19: The adjacencies of vertices in QM ET)’

Figure 6: The restriction of Ggyprrp on Oy U oY

18




Orbit | Fy | Fy | £} | Total incidence
O 181 9 3 30
0, 16 | 8 4 28
Os 14| 7 ) 26
0, 14| 7 ) 26
Os 121 6 6 24
Og 10| 6 1 17
O~ 10| 5 1 16
Og 10| 5 1 16
Oq 8 4 2 14
Oho 8 | 4 3 15
0" |24]12] 0 36
0r | 6| 4|4 14
or | 6|53 14
or | 6|33 12

Table 20: The incidences of vertices and facets in QM ET,’

(from one orbit, obtained by permutations) for CUT} and 16 inequalities (from one orbit,
obtained by permutations and switchings) for CUTY .

8 The case of 5 points

Clearly, OMCUTs C QMETs, OMCUTY C QMETS. QM ETs has 80 facets from two
orbits (60 triangle facets and 20 nonnegative facets) and 43590 extreme rays from more
than 58 orbits. For instance, together with 540 o-multi-cuts (10 orbits), there are or-
bits with the representatives (0,0,0,1,1,0,0,1,1,0,0,1,1,1,1,2,0,0,0,0) (the adjacency
404, the incidence 41), (0,1,1,1,1,1,1,1,1,0,1,1,0,0,1,1,0,0,0,1) (the adjacency 58,
the incidence 30), ..., (0,0,1,1,1,1,2,1,2,1,2,1,1,1,0,0,1,1,1,1) (the adjacency 20,
the incidence 20). OMCUT5 has 540 generators (all non-zero o-multi-cuts on Vi), which
form 10 orbits, and more than 95 orbits of facets. OMCUTS has 541 vertices (11 orbits)
and more than 128 orbits of facets. QM ET, has 100 facets (3 orbits) and more than
113 orbits of extreme rays. We did not obtain the list of all facets of OMCUT, and all
vertices of QM ET;, because of computer memory limitations.

Remind, that for symmetric case CUTs C METs and CUTY € METS. CUTs has
40 facets from 2 orbits, CUTS has 56 facets from 2 orbits. The extreme rays of M ET5
and the vertices of M ET; are also known; namely, besides the cut vectors, all of them
arise by a switching of the vector (2/3, ..., 2/3). So, M ETs has 25 extreme rays from 2
orbits, M ETy has 32 vertices from 2 orbits.

The complete linear description of the semi-metric polyhedra is known for n < 7. The
cut cone CUTyg (respectively, CUTS') has 210 facets from 3 orbits (respectively, 368 facets
from 3 orbits); CUT; (respectively, CUT?) has 38780 facets from 11 orbits (respectively,
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116764 facets from 11 orbits); CUTg (respectively, CUTy') has 49604520 facets from 147
orbits (respectively, 217093472 facets from 147 orbits) (see [ChRe96]). The semi-metric
cone M ETg (respectively, M ETg') has 296 extreme rays from 3 orbits (respectively, 544
vertices from 3 orbits); M ET; (respectively, M E'T )has 55226 extreme rays from 13 orbits
(respectively, 275840 vertices from 13 orbits).

9 Conjectures for general n

The conjectures about the graphs of quasi-semi-metric polyhedra on n points, proposed
below, have been verified for n < 4.

Conjecture 1. Theridge graphs G, and Gf)yrpro are induced subgraphs of G5y,
and G%0ppo, respectively.

Conjecture 2. For OMCUT,, QMET,, OMCUT? and QM ET" holds:
— every o-cut is adjacent to all other o-cuts;
— every extreme ray (vertex) is adjacent to some o-cut;
— the diameter of 1-skeleton graph is equal to 2 or 3.

Conjecture 3. For the ridge graph G,,pr, holds:
(i) The triangle facet T;; is adjacent to a facet if and only if they are non-conflicting;
(ii) The nonnegative facet N;; is adjacent also to facets Ny, Nij, Nim (m # J, k # 1),

Conjecture 4. For the ridge graph Gy pro holds:

(i) The triangle facet T;; ) is adjacent to some facet if and only if they are non-
conflicting;

(ii) The facet N;; is adjacent also to Ny, Nij, Nem (m # j, k # 1) and to all Gx;

(iii) The facet (i;; is adjacent also to all non-triangle facets.

If we take a triangle facet 7;;x in QM ETS, then the “conflicting” graph (the graph
of “non-neighbors”) of T;; 1 has 4(n — 2) + 1 nodes (facets N;;, Gi, Gir, Tir gy Thjiy T j,
Tikgy Tiijy Thji, where | # 4,7, k) and 2(n — 2) edges (between facets G and Ty ;; G
and Tk]ﬂ', Til,j and Tik,l; Tl]ﬂ' and Tk]‘J). SO7 it 1s the graph 2(n — 2)[(2 + [(1

Remind, that in symmetric case all triangle inequalities are facet-inducing in CUT,
and in CUT® for any n > 3; the cut vectors form a single switching class, which is a clique
in the 1-skeleton graph of M ET" (on the other hand, it is shown in Laurent [La96] that
every other switching class is a stable set in the 1-skeleton graph of M ET", that is, no
two non-integral switching equivalent vertices of M ET" form a edge on MET"); two
triangle inequalities are adjacent in the ridge graph of M ETP if and only if they are
non-conflicting (see [DeDe94]).
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