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Abstract. The edge-graphs of m-polygons and of 5 Platonic solids admit
(unique) isometric embedding into a half cube (of dimension m and 6, resp.).
The skeletons of a,, B,, v, are also {1-graphs but it was proved in [1] that
24-cell and 600-cell are not (since not 5- and not 7-gonal, resp.). We show
here that the last remaining regular polytope, 120-cell, is also not ¢;-graph.



The 120-cell Py is the largest one among the four-dimensional regular
polytopes. It has 120 three-dimensional facets (cells) and 600 vertices. The
skeleton G199 of this polytope is a regular graph of degree 4 on 600 vertices.
It is not distance-regular.

The graph G199 is constructed from 480 pentagons such that each vertex
belongs to 4 pentagons and each edge belongs to three pentagons. One can
say that (G50 1s a 4-dimensional fullerene.

We use the following description of vertices Py99 by four- dimensional vec-
tors given in [2] (Ch.22.3, Exerc.5). There are two groups of vertices. Vertices
of the first group are all permutations of coordinates of the vectors of the
shapes 1.-4. below. Vertices of the second group are all even permutations
of coordinates of the vectors of shapes 5.-7.

1. (£2,42,0,0) 5. (7%, £772% £1,0)

2 (£(2r— 1), 41, £1,41) 6. (£(27 — 1), 4771, %7,0)
3. (j:T :|:T +7, :|:T_2) 7. (£2,41, &7, £77h)
4o (7

e e |

Here 7 = \/52"'1 such that 1.6 < 7 < 1.62. Besides
2=2—7, P=741, 7 '=7—1, 21— 1 =/5.

Two vertices given by vectors v and v" are adjacent in the skeleton Gygg, i.e.
are connected by an edge of Pjqg, if the inner product vo’ is maximal, i.e.
if vv’ = 67 — 2. The norm (=squared length) of an edge of Py is equal to
(v—20)?=20—127,1e. 0,56 < (v —2")* <0,8.

We shall identify vertices with the vectors describing them. We say that
a vertex v belongs to the layer (x) if the first coordinates of v is x. All the
600 vertices of Pjq¢ are partitioned into 15 layers. The vertices of the k-th
and the (15 — k)-th layers have the same, up to sign, first coordinate. The
first layer (72) and the last layer (—72) are facets of Pjz.

We give in Table below adjacencies of vertices of these layers.



Table. Adjacencies of the layers.

(x) |(x)] | adjacencies Gl(x)
(72) 20 3(7’2) +1(27 = 1) Dod
(2r—1) | 20 |1(r?) +3(2) empty

(2) 30 [ 2027 — 1) +2(7) empty
(1) 60 | 1(2)+2(7) + 1(1) 12C5
0 60 | 1)+ L) +2(- ) 301,
(774 60 | 2(1)+ 1(77%) + 1(0) empty
(77%) 20 | 3(= Y+ 1(—772) empty
(0) 60 | 1(r=") +2(0) + 1(=7"") |12C}5
(=77%) | 20 [3(=77")+ 1L(r7%) empty
(—T_l) 60 |2(—1)4 1(— _2) + 1(0) empty
(1) | 60 |1(=7)+1(=1) +2(—7") | 30K,
(—7) 60 | 1(—=2)42(—7)+ 1(-1) 12C5
(—2) 30 | 2(=27+1)+2(—71) empty
(=27 —1)| 20 | 1(—7%) +3(-2) empty
(—72) 20 | 3(—7H) + 1(=27 — 1) Dod

We use in Table the following notation. Dod, 12Cs and 30K are the skeleton
of a dodecahedron, 12 disjoint 5-cycles (pentagons) Cs and 30 disjoint edges
K, respectively. Dod is a strongly regular planar graph on 20 vertices of
degree 3. It consists of 12 pentagons C.

The first, the second and the fourth columns of Table give layers (),
their cardinality |(x)| and the graph G(x) induced in G2 by vertices of the
layer (x).

The third column of Table shows layers in which the four edges incident
to a vertex of the layer (x) go. The number n(z,y) in the row (x) before the
layer (y) denotes the number of edges going from a vertex of the layer (x) to
the layer (y). Note that 3>, n(z,y) = 4 is the degree of Gs.

The number n(x, ) is the degree of the graph G(x). Since the graph
G20 = UpG(2) is connected and its degree is 4, we have that n(x,z) < 3.
Table shows that n(z,z) = 3 only for two layers (+7?), i.e. for the facets of
Pyao.

If n(x,x) = 2, then the graph G(z) consists of k disjoint pentagons Cj,
where 5k = |(x)|. This is the case for x = +7,0, when |(x)| = 60, and hence
k=12.

If n(x,x) = 1, then the graph G/(x) consists of m disjoint edges K>, where

2m = |(«)|. This is the case for + = £1, when |(2)| = 60, and hence m = 30.

If n(x,x) = 0, then the graph G/(x) has no edges, i.e. it is empty. This is
so for v = £(27 — 1), 771, £772.

If n(x,y) =1 and = # y, then a unique vertex of the layer (y) corresponds
to each vertex v € (x). Denote this vertex as ¢,(v)



Since n(7%,27 — 1) = n(27 — 1,7%) = 1, we have a one- to-one correspon-
dence between vertices of the layers (72) and (27 — 1).

Using Table we can describe the graph G(27—1,2) induced in G2 by the
layers (27 —1) and (2). The vertices of this graph from the layer (27 —1) have
degree 3, and the vertices from the layer (2) have degree 2. Hence the graph
G(27 —1,7) is a dodecahedron with one vertex (of degree 2) on each edge of
this dodecahedron. Fach pentagon (5 of the dodecahedron is transformed
into a 10-gon Cfo.

FEach vertex w € (27 —1) is adjacent in G1a9 to the unique vertex ¢,2(w) €
(7?), and each vertex v € (2) is adjacent in (G129 to two vertices of the layer
(7). Since n(7,2) = 1, the vertex ¢2(v) € (2) is uniquely determined for each
vertex v € (1), and, since n(2,7) = 2, there are two vertices v, v’ € (1) such
that g2(v) = ¢2(v").

The graph G := G(27 — 1,2,7) induced in Gz by the three layers
(27 — 1), (2) and (7) contains 110 vertices and it is as follows. Recall that
G(21 — 1,2) contains 12 10-gons Chg. The graph (] contains a pentagon
Cs C G(1) corresponding to a 10-gon (o such that each vertex v € C5 C
G/(7) is adjacent to the unique vertex gs(v) € Cio. Recall that the vertices
of Cyg distinct from g¢,(v) are adjacent to vertices of Dod = G(7?).

Denote by G the graph induced in G159 be vertices of the 4 layers (72),
(27 — 1), (2) and (7). The vertices of (G; have degrees 3 and 4. The degree
3 is the degree of vertices of the layer (7). The forth edges incident to these
vertices in Gz go to the layer (1).

Table shows that there is a one-to-one correspondence between vertices
of the layers (7) and (1), since n(7,1) = n(1,7) = 1. Hence, for v € (7), the
vertex ¢1(v) belongs to the layer (1), and ¢,(u) € (7) for each u € (1).

Recall that ¢2(v) € (2) is the unique vertex of the layer (2) corresponding
to v € (7), and there is once more vertex v’ € (7) such that ¢2(v') = ¢2(v).
The vertices ¢1(v) and ¢1(v’) of the layer (1) are adjacent in G(1). There
are two edges going from the layer (1) into the layer (77'). Note that the
b vertices v,v" € (1), ¢2(v) = ¢(v") € (2), ¢1(v),1(v") € (1) induce an
(isometric) pentagon.

Now, using Table, we describe the graph G5 induced in Giy9 by the 4
layers (1), (771), (772) and (0). The subgraph G(1,77!) of (G5 induced by
the layers (1) and (77') consists of 12 vertex disjoint 10-gons . The
vertices of (1) and (77') lie in each (i in turn. The 5 vertices of C}q from
the layer (1) have degree 3, and other 5 vertices of ('} from the layer (771)
have degree 2. Since n(1,1) = 1, there is a pairing ¢; of vertices from the
layer (1) in the graph G(1,77'). This pairing connects vertices of distinct
Cho. Call two 10-gons neighbouring if they have a pair of adjacent vertices of
G(1).

Since n(t7',77?) = 1, there corresponds a unique vertex ¢,-2(u) to each
vertex u € (77!). Table shows that the vertex ¢,-2(u) € (77?) has degree



3 in the graph Gy. Let wuy, ua, us be vertices of (77') such that ¢,-2(u;) =
qr—2(uz) = ¢.—2(u3z) = w € (772). The 3 vertices u;, 1 < i < 3, belong to 3
distinct pairwise neighbouring 10-gons Cfo. Let v;; and v;5 be two vertices of
the layer (1) adjacent to the vertex u; € (771), 1 < i < 3. All the six vertices
v;; are distinct. Moreover, we can denote the vertices v;; such that v;; and
Vit1,;41 are adjacent in Gy, where 1 4+ 1 and j 41 are considered by modulo 3
and 2, respectively. Hence the 5 vertices w, wu;, w41, v; ; and v;4q j41 for the
corresponding j induce a pentagon.

By Table, the subgraph G(0) C (5 consists of 12 disjoint pentagons
Cs. Since n(0,77') = 1, there corresponds a unique vertex ¢,-1(v) to each
v € (0). Since n(77,0) = 1, there is a one-to-one correspondence between
vertices of the layers (77%) and (0) such that the 5 vertices of a pentagon of
the graph G(0) correspond to 5 vertices of (77') of the same 10- gon.

The graph G5 is planar. It can be drawn as follows. There is a pentagon
inside each of the 12 vertex disjoint 10-gons. The vertices of the layer (77%)
lie inside 9-gons formed by 3 pairs of adjacent edges of 3 pairwise neighouring
10-gons and by 3 disjoint edges of G/(1).

Let G_; and G_5 be graphs similar to GG; nad G5 but induced by the
corresponding layers with negative signs.

The graph G is the following union of the graphs Gy, Gy, G_5 and
G/_1. The vertices of GG (G_1, respectively) from the layer (7) ((—7), re-
spectively) are adjacent the uniquely determined vertices of Gy (G'_3) from
the layer (1) (from the layer (—1), respectively), since n(7,1) = n(l,7) =1
(and n(—7,—1) = n(=1,—7) = 1). The graphs (3 and G_, are glued by
pentagons of the common subgraph G(0). Besides, since n(772, —77%) =
n(—77%,77%) = 1, there is a one-to-one pairing the vertices of the layers
(77%) and (—772) by edges.

Let Gy 2 (G_1,—2) be a subgraph of G129 induced by vertices of Gy and Gy
(G_1 and (I3, respectively). Obviously (1 5 and GG_q 5 are isomorphic and
G2 N G_y—o = G(0). Since there is a one-to-one correspondence between
paths in Gy 5 and G_; _5, we have the following obvious fact.

Proposition 1 The graphs G5 and G_y _y are isometric subgraphs of Gao.

Consider the vertices of the graphs (1 and G5 from the layers (7) and (1),
respectively. Recal that since n(7,1) = n(1,7) = 1, there is a one-to-one cor-
respondence ¢; between these sets of vertices. Moreover, this correspondence
generates a one-to-one correspondence between the 12 disjoint pentagons of
the graph G(7) C Gy and the 12 disjoint 10-gons of the graph G(1,771) C Gs.

By an inspection of the graphs (G; and (5 on can prove the following

Lemma 1 For vy,vg € (1) let q1(v1), q1(v2) be the corresponding vertices of
the layer (1). Let l1(v1,v2), lo(qi(v1), q1(v2)) be the lengths of the shortest



paths connected vy and ve in G and ¢1(v1) and ¢1(ve) in Gy. Then
L(qi(v1), qi(ve)) = li(vi,v2) if hi(vi,v2) > 2.

Note that l5(g1(v1), q1(v2)) = 1 if l1(v1,v2) = 2.

Let p(v,v’)) be a path connecting in Gz vertices v,v" € Gy. If p(v,v’)
contains vertices of the graph (3, then there exist at least two vertices u, u’ €
(1) C G such that the subpath p(u,u’) C p(v,v’) contains besides u,u’ no
other vertex of (G1. The vertices ¢;(u) and ¢;(v') are adjacent to u and v’ in
the path p(u,u’). Now the above Lemma 1 implies

Proposition 2 The graph Gy is an isometric subgraph of G1a.

Consider a subgraph G’ of GG induced by a pentagon of G(7) and the
corresponding 10-gon Cyg of G(27 — 1,2). It is easy to verify that Cyg is an
isometric subgraph of G'. This implies

Proposition 3 The graph Gy induced by the 3 layers (7%), (21 — 1) and (2)
is an isometric subgraph of Gy.

Theorem 1 The graph Gy is not 5-gonal.

Proof:We give 5 vertices a, B, a, b, ¢ of GGy that violate the following pen-
tagonal inequality

ST odu,v)+ D> du )< D d(v, ),
uWES u' v'eS! veS' €S’
where S = {A, B}, 5" = {a,b,c}.

Two 10-gons of (i either disjoint or have 3 common vertices (and two
common adjacent edges). Call two 10-gons adjacent if they are not disjoint.
Consider four 10-gons C,, 1 < i < 4, such that C}, is adjacent to ('}, for
2 <i <4, (Y, is adjacent to CF, and C},, but CF, and CY, are disjoint.

The intersections (C}, N C,) N Ciy and (Ciy N CFy) N CY, are nonempty,
and each contains one vertex, say v? and v%, respectively. The intersection
Ci, N O3, consists of 3 vertices v?, v* and a third vertex that we call c.

Let a € C}, and b € C}, be vertices at distance 5 in the corresponding
10-gons from the vertices v? € O} and v? € (Y}, respectively. Let A € C3,
be a vertex adjacent to a. We have two vertices in ('}, adjacent to the vertex
b e Cfy. Let B € C}, be those of these vertices that is farther in G from
the vertex A.

It is easy to veryfy that the distances in GGy between the 5 vertices A, B,
a, b, ¢ are as follows:

d(a,c) =d(b,c) =6; d(a,b) =8; d(A,B) =T,

6



d(a,B) =d(b,;A) =T; d(¢, A) =d(e, B) = 5; d(a,A) =d(b,B) = 1.

Hence 3, es d(u,v) + 3 es d(u',0") =2 X 6+ 8+T7 =27 >26 =2 x (T+
5 —|— 1) = ZUES,U'ES' d(v,v’). O

Since Gy is an isometric subgraph of G99, we have

Corollary 1 The skeleton Giy9 of the 120 cell is not 5-gonal and so not
elly-graph (see [3] for the context of it).
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