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Abstract

Subsets of a v-set are in one-to-one correspondence with vertices of a v-
dimensional unit cube, a Delaunay polytope of the lattice Z%. All vertices of
the same cardinality k generate a (v—1)-dimensional root lattice A,_; and are
vertices of the Delaunay polytope P(v, k) of the lattice A,_,. Hence k-blocks
of a t — (v, k,\) design, being identified with vertices of P(v,k), generate a
sub-lattice of A,_;. We show that 80 Steiner triple systems (STS for short)
2-(15,3,1) are partitioned into 5 families. STS’s of the same family generate
the same lattice L. Each lattice L is distinguished by a set R(L) of its vectors
of norm 2. R(L) is a root system. We find that for the 5 types R(L) = 0,
AT A, A3 AgAr and Ayy. The family with R(L) = @ contains only one STS,
which is the projective space P((3,2). The family with R(L) = A] contains
also only one STS. Two-graphs related to both the STS’s belong to a family
of two-graphs discovered by T.Spence and described by J.Seidel in [12].

1 Introduction

A Steiner triple system (STS for short) on n points is a set T of triples of points
such that every pair of points is contained in exactly one triple of the set T'. An
STS on 15 points contains 35 triples. There are 80 nonisomorphic STS on 15 points.
The first complete list of these STSs was given in [13]. We use a very informative
description of all 80 STSs given in [10].

Any two triples of an STS are either disjoint or intersect in a point. Hence a
graph H relates to an STS as follows. The set of vertices of H is the set T' of
triples of STS. Two vertices are adjacent if and only if the corresponding triples are



disjoint. Note that the adjacency of triples in the graph H is complementary to the
adjacency considered in [1]. The graph H related to an STS on 15 points has 35
vertices and is strongly regular. Its parameters are (v, k, A, ) = (35,16,6,8). (See
7.

A graph with these parameters determines uniquely a regular two-graph on 36
points with minimal eigenvalue 5. It is proved in [1] that 80 two-graphs related to 80
STSs are not isomorphic. Hence, the 80 nonisomorphic STSs on 15 points provide 80
nonisomorphic strongly regular graphs with the same parameters (35,16,6,8). But,
there are much more nonisomorphic graphs with these parameters, since a regular
two-graph on 36 points with minimal eigenvalue =5 determines several nonisomor-
phic (but pseudo switching equivalent) strongly regular graphs with parameters
(35,16,6,8).

Let A be (£1)-adjacency matrix of the graph H. (=1 of A corresponds to a pairs
of adjacent vertices of H.) The minimal eigenvalue of A is equal to =5 of multiplicity
20. Hence the matrix 51+ A is positive semidefinite, and it is a Gram matrix of a set
V of 35 vectors of norm (squared length) 5 with mutual inner products +1. Since
rank of the matrix 5/ + A is equal to 15=35-20, these vectors span a 15-dimensional
space.

Let T be a set of all triples of an STS. Denote by V(T') the set of vectors
corresponding to 1" and by v(t) € V(T') the vector related to a triple t € T'. Then
the inner product is given by the following expression

o(t)o(t) =21tNt’| — 1. (1)

Note that this formula works for ¢ = ¢/, when v*(¢) = 5.

The set V(T') generates affinely a lattice L(T'), which is a sub-lattice of the lattice
\/§A14, the root lattice A4 multiplied by V2. L(T) is an even lattice, and norms of
all its vectors are divided by 4. The set R(T') of vectors of norm 4 of L(T') form a root
system multiplied by v/2. We find that 80 nonisomorphic STS’s generate lattices
L(T) with only 5 types of R(T), namely, R(T) = 0, A], Ay A3, AgA; and A4 Hence
the 80 STS’s are partitioned into 5 families corresponding to these R(T)’s.

The family with R(T) = () contains only one STS No 1 of [10], triple of which
are lines of the 3-dimensional projective space PG(3,2) over G'F.

The family with R(T) = A7 contains also only one STS No 2 of [10]. Both the
STS’s, Nol and No 2, can be obtained by the Moore’s construction from the unique
STS on 7 points, the Fano plane P(G(2,2). We show that the Moore’s construction
gives only these two STS’s from a STS on 7 points.

We show that there is a vector representation of the STS’s No 1 and No 2, which
is a mate of the Moore’s construction. In Section 4.4 this representation is obtained
also from the 16-dimensional Barnes-Wall lattice by the method introduced in [3]
and [4].



Ending the paper we show that the two-graphs related to STS’s Nol and No 2
are given by the incidence matrices of two nonisomorphic 2-(10,4,2) designs.

2 Lattices related to Steiner triple systems

Any set V(T') of vectors related to an STS on 15 points can be embedded into an
odd system related to all triples on these 15 points as follows.

Let Vis = {1,2,...,15}, and let a;, ¢ € Vi5 be 15 mutually orthogonal vectors of
norm 2, i.e. a? = 2. Let T}5 be the set of all triples ¢ C Vis, [t| = 3. For ¢ € Tys,
set a(t) = 3¢, a;. Note that a(t)a(t’) = 2|t N '] and a*(t) = 6. Let j, = (1,1,...,1)
be an n-dimensional all-one vector. Since a(t)jy5 = 3v/2 for any ¢, endpoints of all
a(t) lie on a sphere of squared radius 25—4 < 5 in a 14-dimensional affine hyperplane

H = {a € R : aj15 = 3v/2}. H is orthogonal to ji5. Let v = %(\/_— %) Set
u(t) = a(t) —vj15. It is easy to verify that the inner product u(?)u(t’) = 2|tNt'| —1,
i.e. it is given by (1) for any pair of ¢ and ¢'. In particular, u?(¢) = 5.

Denote the set of vectors u(t) for all (135) = 455 triples t € Ti5 by Vi5. The
expression (1) shows that Vis is an odd system and the map v(t) — u(t) for t € T
is an embedding V into Vi5. We preserve below the notation u(?) for this special
representation a(t) — vj15 of triple t € Tys.

Recall that a k-dimensional lattice L is an Abelian discrete group of vectors
of RF. L is called integral if inner products of its vectors are integral. The inner
product v? of a vector v € L with itself is called norm of v. An integral lattice
L is called even (doubly even) if norms of all its vectors are even (divisible by 4,
respectively). Obviously, L is doubly even if and only if %L is even.

The set V(T') of vectors of odd norm 5 with odd inner products +1 is a special
case of an odd system of vectors studied in [4]. (Recall that an odd system is a set
of vectors such that the inner product of any two (may be equal) vectors is odd.)

Let V = V(T') be an odd system of vectors v(t), t € T, for some set T'. Let Z be
the set of all integers. We relate to V the following lattices:

Lo(V)={u:u= Zztv(t),ZZt =0, z; € Z}.

teT teT
LiV)={u:u=> zv(l),> zm=1, z € Z}.
teT teT

L1(V) is, in fact, an affine lattice, since the origin does not belong to it. We have
Li(V) = v+ Lo(V) for any v € V, i.e. L1(V) is a translation of Lo(V) by a vector
v. Note that V C L1(V). It is shown in [4] that Lo(V) is a doubly even lattice, i.e.
u* =0 (mod 4) for any u € Lo(V). Similarly, u* =1 (mod 4) for any u € Li(V).



Recall that a;, ¢ € V5, are mutually orthogonal vectors of norm 2. Hence the
set of vectors

15 15
{w:szziai, Zzi:0,Z¢EZ}
=1 =1

is a 14-dimensional lattice. This lattice is the root lattice A4 multiplied by V2 (see
2))

Since for any ¢ € Vi5 there are t, 1" € Ti5 such that a; = a(t) —a(t') = u(t) —u(t'),
we obtain that Lo(Vis) = V/2A44. Since the inner product a;j15 does not depend on
i, Lo(Vi5) lies in the hyperplane Hy = {# € R : 515 = 0}. Since the inner product
u(t)js = V/3 does not depend on t € Ts, the lattices L1(V) and Li(Vy5) lie in the
affine hyperplane Hy = {z € RY : 2ji15 = \/g} Recall that vectors u(t) € Li(Vi5)
have norm 5. We shall see that they are all vectors of norm 5 of Ly(V15).

Let L be a k-dimensional lattice. A full dimensional sphere S is called empty
sphere of L if there is no point of L inside S and points of L on S affinely generate
RF. The convex hull of all points of L lying on S is called a Delaunay polytope of
the lattice L.

All Delaunay polytopes of root lattices are known (see, for example, [2] or [6],
p.32). The Delaunay polytopes of the root lattice A, are polytopes P(n+1, k). The
polytope P(n + 1,k) is congruent to a section of a unit (n 4 1)-dimensional cube by
a hyperplane Hy = {x € R"™" : 2j,41 = k} for an integer k, 1 < k < ”zll Each
vertex of P(n+1, k) is in one-to-one correspondence with a k-subset of a (n +1)-set.

It is clear that endpoints of vectors u(t) € Vy5 are in one-to-one correspondence
with vertices of the Delaunay polytope \/§P(15, 3) of the lattice Lo(Vi5) = V2 A4
In fact, v/2P(15,3) is congruent to the convex hull of endpoints of all vectors of norm
5 of the affine lattice L1(Vi5). We will sometimes identify vertices of the Delaunay
polytope v/2P(15,3) of the lattice Lo(Vys5) with corresponding triples of Tis.

Let ¥V = V(T') be an odd system corresponding to an STS with a set of triples
T. Since Lo(V) C Lo(Vi5), the intersection Lo(V) N Tis is the set of vertices of
a Delaunay polytope of Lo(V). Denote this polytope by P(T). Obviously, T is a
subset of vertices of P(T').

Definition. The set of triples Lo(V)NT}5, i.e. the set of vertices of the Delaunay
polytope P(T'), is called closure of T" and is denoted as clT.

A set of triples T is called closed it T'=clT'. An STS is called closed if its set of
triples is closed.

Similarly we define a closure of an odd system V. Recall that v? = 5 for all
veV.

Definition. The set of all vectors of norm 5 of the lattice L;(V) is called closure
of V. It is denoted by clsV. V is closed if V =cl5V .

Proposition 1 ¢;V(T') = V(cIT). In particular, ¢lsVi5 = Vys.
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Proof. Recall that the lattice L1(V(T')) is a translation of the lattice Lo(V(T')) such
that endpoints of vectors of V(T') correspond to vertices of the Delaunay polytope
P(T). Note that endpoints of all vectors of clsV(T') lie in the intersection of a sphere
of squared radius 5 in R'® with the affine hyperplane H;. But this intersection
is a sphere circumscribing a translation of the Delaunay polytope P(T). Hence
there is one-to-one correspondence between vertices of P(T'), i.e. triples of cIT, and
endpoints of vectors of cl;V(T'). Therefore clsV(T') = V(cIT). Since V(T15) = Vis
and 15 is closed, we have clsVi5 = Vys.

Obviously clsV C Vy5. Loosely speaking, cl5V is a set of all vertices of a Delaunay
polytope P(V) of the lattice L1(V). P(V) is a translation of P(T').

We give below some conditions for a triple ¢ to belong to clT for an STS T

It is obvious that for any pair of points ¢, 5 € Vi5, there is a unique triple t € T
containing ¢ and j. Let ¢(¢,7) be the third point of the triple t. Let 1,1y € T be two
disjoint triples, and let t; = (i14273), t2 = (J1J2j3). Call three disjoint pairs (¢4 ),
1 <k <3, 0 €1, Jk € ta, a matching of t; and t,. A pair of disjoint triples has 6
matchings. The pair (ixj5) determines a point ¢(ix, jx) for each k.

Lemma 1 The points q(ix, j5) € 11 Utz, 1 < k <3, for any matching (ixjx).

Proof. Set q; = ¢(ix, ji). Note that j3 = ¢(21,¢1). Suppose that ¢; € t; U ty. Then
w.l.o.g. we can suppose that ¢; = t5. This implies that i3 = ¢(¢1,42) = ¢(¢1,¢1) = J1,
what contradicts to that t; Nty = 0.

If all three points ¢x = ¢k, Jx), | < k < 3, are distinct, we call the triple (¢1¢2¢3)
derived (from ty1,15).

Proposition 2 For a Steiner triple system with a set of triples T, a derived triple
belongs to cll'.

Proof. Let t; = (i1i2i3),t2 = (j1j2J3), t1,t2 € T and t1 Nty = 0. Let ¢ = (q1¢2¢3)
be the derived triple using the matching (ixjr). Set sy = (¢xJxqx). Recall that, by
definition of ¢, s, € T. Consider vectors v(ty),v(ts), v(sg), I < k < 3. These
vectors belong to V(T) = {v(t) : t € T'}. Consider the vector v = v(s1) + v(s2) +
v(s3) —v(t1) —v(tz). Obviously, v € Li(V). Note that v(si)v(s;) = v(ty)v(tz) = —1,
for k # 1, and v(sg)v(t;) = 1. Hence v? = 5. We can suppose that V C V5.

For t = (q1¢293), consider the vector u(t) € Vy5. According to (1) and Lemma 1,
u(t)v(sg) = 1, u(t)v(t;) = —1. Hence u(t)v = 5. Since u?(t) = v? = 5, this implies
that v = u(t), i.e. u(t) € L1(V) and u(t) €clsV by Proposition 1. This is equivalent
to t eclT.

Another condition for to belong to clT' gives the following

Proposition 3 Let an STS with a set of triples T has 5 disjoint triples. Let t;,
1 <@ <4, be / arbitrary disjoint triples of T. Then the triple of points of Vis—UL t;
belongs to cll'.



Proof. Let s;, 1 <14 <5, be 5 disjoint triples of T'. Let t5 = Vi5—U?_,¢;. Obviously,
the vector v = 0, v(s;) — S, v(#;) belongs to Li(V). As above, it is not difficult
to verify (using, for example, the vectors u(t)) that v = wu(¢s). This implies that
t5 ECIT

3 Roots

A set of all vectors of norm 2 in an even lattice is called a root system. A vector of
a root system is called a root. A root system generates an even lattice, called a root
lattice. A set of all minimal vectors of a root lattice is a root system that generates
this root lattice.

Each root system is a direct sum of irreducible root systems, called its com-
ponents. A root system is called irreducible if it cannot be partitioned into two
subsystems such that roots of one of these systems are orthogonal to all roots of
the other. All irreducible root systems are known. These are A,, D, and E,,,
where n is an positive integer and m = 6,7,8. The subscripts are dimensions of the
corresponding root systems. Following to [2], we denote a root system consisting
of components Ry, Rs,..., Bx by the product RiR,...Ry. In particular, a sum of k
equal components R is denoted by R*. A root lattice generated by a root system R
is denoted by the same symbol R. Hence a lattice B* is a direct sum of k lattices
R.

Recall that the lattice Lo(T') = Lo(V(T')) related to an STS with a set of triples
T is a doubly even lattice. Hence a set of all vectors of norm 4 of Lo(T) is a
root system multiplied by /2. Denote this root system by R(T). Since Lo(T) C
Lo(T15) = V2A14, we have R(T) C Ay4.

By definition of an STS, for any ¢ € T, there is t; € T such that [t N ¢ = 2.
In fact, there are 3 such triples #y,12,f5 € T with this property. These triples are
uniquely determined by 3 pairs of points of ¢. According to (1), v(t)v(t;) = 3, and
therefore (v(t) — v(¢;))* = 4. Since for any t,#' € T, (v(t) — v(#'))? = 8 or 12, we
obtain

Proposition 4 Let T be a set of all triples of an STS. Then R(T) = 0 if and only
if T' is closed.

Recall that P(V) is the Delaunay polytope of the lattice Li(V) related to an STS
with a set of triples T'. The squared Euclidean distance between vertices v(¢) and
v(t') is equal to (v(t) — v(t'))?. We see that this distance take (according to (1))
values 4,8 and 12. We relate to P(V), and therefore to P(T') C Lo(V), a graph G(T')
vertices of which are vertices of P(V) (or P(T')). So we can identify vertices of G(T')
with triples ¢ € ¢l T. Two triples ¢ and ¢’ are adjacent in G(T')
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if and only if [t N#'| =2, i.e.

if and only if the squared distance between ¢ and t' is equal to 4, i.e.

if and only if the vector v(¢) — v(#') is a root multiplied by v/2.

By Proposition 4, G(T') is empty (i.e. has no edges) if and only if 7" is closed.

For sets T' of triples of STSs given in [10], we find some triples belonging to clT
using Propositions 2 and 3. We label each STS by its number in [10]. Obtained
root systems are given in Table 1.

Table 1
Case | R(T) G(T) Number of STS
1 0 35K, No 1
2 Al TKy + TKS No 2
3 | AAS | Ky +3(Ka@T4)) + K} No 3-7
I [ AsA, | J(7.3)+ K7 @ I(8) No 8 22, 67
5 | Arn 7(15,3) No 2366, 6380

Denotations of graphs in Table 1 are as follows. A union of disjoint components
is denoted by a sum. K, denotes the complete graph on n vertices. Hence 35K,
denotes 35 nonadjacent vertices. G @ G’ denotes a direct product of graphs G and
(', and K? denotes the direct product of 3 graphs K,. J(n,k) is a Johnson graph.
We have K,, = J(n,1), and J(n,2) = T(n) is a triangular graph.

Note that 23 STSs of the first 4 cases contain a head, that is a subsystem of
7 triples in which 7 symbols occur exactly 3 times, i.e. the projective Fano plane
Fr = PG(2,2).

We give explicit values of roots using the canonical representation u(?) of vectors
of V(T'). For this end, let t = (ikl) and ¢ = (jkl) be two triples that furnish a root
%(u(t) —u(t) = %(a(t) —a(t")). Set r(ij) = a(ikl) — a(jkl) = a; — a;. Obviously,
r(ig) = —r(ye). If %r(m) € R(T), then v(t) + r(ij) € clsV if and only if j € t and
i & t. In this case v(t)+r(iy) = v(t'), where t' =t —{j} + {¢}. We find the following
roots:

V2R(T) = {r(2k,2k + 1), 1 <k <7} in the case 2,

V2R(T) = {r(ij) :i,j € {1,2,3}, or 4k <i < j <4k+3, k =1,2,3} in the case 3,

ﬂR(T):{r(ij):1§i<j§7, or 8 <i< j <15} in the case 4.

Recall that these roots are obtained by using operations described in Proposi-
tions 2 and 3. Now, for Cases 3, 4 and 5, we prove that there is no other root.

Proposition 5 Let T be the set of all triples of one of the STS’s No 3-80. Then
the root system R(T') is given by Table 1.

Recall that the lattice Lo(T') = Lo(V(T)) is generated by vectors u(t) — u(t') =
a(t) —a(t") for t,t" € T. We prove that every vector of Lo(T') has a property which
is not satisfied by roots not belonging to R(T') of Table 1.
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Case 1. Let Vo = {1,2,3}, Vi = {4k, 4k + 1,4k + 2,4k + 3}, k = 1,2,3.The sets
Vi, 0 < k < 3, partition Vi5. Denote an element of Vg, (V4, Va, Vs, respectively) by a
(b,¢,d). Then the triples of an STS of Case 3 have one of the following patterns: aaa,
abb, ace, add and bed. Let 3°1° z;a; be a vector of Lo(T). We set z(V}) = Yiev, Ti-
Then the patterns of triples imply that, for a generating vector of Lo(7'), values of
x(Vy) are either all even or all odd. This implies that this property holds for all
vectors of Lo(T). But any root not from R(T') has the form a; — a;, where ¢ and j
belong to distinct Vi. Hence x(V}) is equal to 1 for two &k such that [{¢j} N Vi| =1,
and is equal to 0 for other two k. This implies that roots not from R(T') does not
belong to Lo(T).

Case 2. Let V.= {1 :1 <1 <7}, V' = Vi5 — V. Defining as above z(V) and
x(V'), we obtain that (V) = (V') =0 (mod 2) for any vector of Lo(T). This
condition is not satisfied by the roots not from R(T).

Case 3. The equality R(T') = Ay4 of the case 5 is obvious, since R(T) C Ay4 for
all STS’s.

The equality in the case 1 will be proved in Sections 4.4. The equality in the
case 2 will be proved in the forthcoming paper [5]

4 Representations of the STS No 1 related to
PG(3,2)

In this section we give different representations of the STS No 1. These representa-
tions are useful when we consider STS No 1 from different point of view.

4.1 A representation of the STS No 1 by all triples of a 7-set

This representation makes very visual construction of the STS No 1. It is given by a
bijection ¢ between triples of the STS No 1 and all triples of a 7-set. In fact, an iso-
morphism between the alternating group As and the group L4(2) of automorphisms
of STS No 1 is tsdsfdsaaafdsaadsdsfdsdssa::::::he basis of the bijection .

Let V7 be a set of 7 points, say Vz = {1,2,...,7}. Let S3 be the set of all 35 = (;)
triples of points of V7. Let T} be the set of all 35 triples of the STS No 1. The
bijection t : S3 — T} has the following property:

[t(s)Nt(s)] =]sNs'| (mod 2). (2)

Recall that |t(s) N t(s")| takes values 0 and 1, and |s N s'| takes values 0,1 and 2.
Although this bijection can be given a priori, it is convenient sometimes to see it
inside the Steiner system 5(24,8,5) (cf. [1], Section 5).



A Steiner system S(24,8,5) is a set Va4 of 24 points and a collection of 8-subsets,
called blocks, such that every 5-subset is contained in one block. It is well known
that there exists a unique S(24,8,5). Any pair of its blocks intersects in 4, in 2 or in
no points (see [2]).

We fix two points of Vo4, co and 0, and consider a set B of all blocks containing
oo. Intersections of these blocks with V54 — {oo} form a Steiner system S(23,7.4).
Let

By={BeB:B>0}.

Let By € B and 0 € By, i.e. By € By. We partition the set V54 as follows
Vou = {0} U By U Vis.

So, 0,00 € V5, 00 € By and |B; — {00} = 7. We can identify By — {oco} with V5.
Let s € S3 be a triple of points of By — {oo}. Then the 5-set {o0,0} U s determines
uniquely a block B(s) € By. The 35 triples of S5 provide 35 blocks of By. We show
that 35 triples

t(s) e B(s)—s—{0,00} C Vi5, s € S,

form an STS isomorphic to the STS No 1.
We show that (2) holds. Note that

B(s)N B(s') = (sNs')U{0,00} U (t(s) Nt(s)).

Case 1. |s N s'| = 2. In this case |B(s) N B(s')| > 4. Since 4 is the maximal
cardinality of an intersection of two blocks, we have |B(s) N B(s')| = 4 and t(s) N

t(s") = 0.
Case 2. |sN | = 1. In this case |B(s) N B(s")] > 3. Since there are only
even cardinalities of intersections of two blocks, we have |B(s) N B(s')| = 4 and

[t(s)Nt(s)| = 1.

Case 3. |sNs'| = 0. In this case |B(s) N B(s')| > 2. For to show that, in fact,
|B(s) N B(s')| = 2 here, we give an explicit bijection ¢t : S5 — T', given by Figure
11.17 on page 312 of the book [2].

Figure 11.17 shows 35 sextets, i.e. 35 partitions of the set Va4 into six tetrad (i.e.
4-sets) such that any two tetrads of a sextet give an octet (an 8-set), i.e. a block of
the Steiner system S(24,8,5). Each sextet is partitioned into a left octet and a right
4 x 4 square containing 4 tetrads. Let us label cells of the left octet and the right
square as follows

oo 1 0o 1 2 3
2 3 4 5 6 7
4 5 g 9 10 11
6 7| 12 13 14 15




In each sextet we consider two tetrads containing co and 0. Other 3 points of these
two tetrads form triples s € S3 and t(s) € Ty, respectively. Hence the left octet is
By, and the right square is {0} U V5. It is remarkable that the 35 triples #(s) are
exactly the 35 triples of the STS No 1 of [10].

Note that Proposition 2(i) of [11] describes a bijection between 35 lines of a
3-dimensional projective space PG(3,2) and 35 triples of a 7-set. The bijection is
such that two lines of PG(3,2) intersect if and only if the corresponding triples have
precisely one common point. So, Figure 11.17 of [2] describes a bijection between

35 lines of PG(3,2) and 35 triples of the STS No 1.

4.2 Steiner triple systems No 1 and No 2

There is a remarkable construction of an STS on 15 points using a unique STS on
7 points. This construction is a special case of a Moore’s recursive method (see [9],
Theorem 15.14.2).

Let Fr = {(123), (145), (167),(246), (257), (347), (356)} be 7 triples of the unique
STS on 7 points. Its triples are lines of the projective Fano plane PG/(2,2).

We distinguish the point 1 of Vj5; and partition other 14 points into 7 pairs
(26,204 1), 1 <o < 7. We relate to the even point 2¢ the number ¢; = 1, and to the
odd point 2¢ + 1 the number ¢; = —1.

Let ¢, &', £” take values +1. We call the triple (e,&’,¢") even if the product
ee’e” = 1. Otherwise the triple is called odd. There are 4 even triples and 4 odd
triples. We set ¢ = (111), e* = (1 =1 —1), e? = (=11 — 1), & = (=1 — 11). Let
0 < k < 3. Then £* is an even e-triple, and —¢* is an odd e-triple.

Triples of the STS No 1 are constructed as follows. There are 7 triples containing
1:

ti=(1,20,204+ 1), 1 <t < 7.

One corresponds 4 triples of the STS to each triple s € F; as follows. For s = ik,
consider 3 pairs (2¢,2¢ + 1), (25,25 + 1), (2k,2k +1). We take a point from each pair
such that the related to chosen points e-triple £(s) = (&;,¢;,¢x) is even. In other
words, a sum of the chosen points is even. Note that, for given s, we have four even
triples £(s).

We represent obtained by this way 28 triples ¢ in the array below. In the first
row of this array we show triples s = (ijk) € Fr. The following 3 rows show
corresponding pairs. The last 4 rows show obtained triples. The first column shows
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e-triples.

123 145 167 246 257 347 356

(2,3)  (2,3)  (2,3) (&5 (45 (6,7)  (6,7)

(4,5)  (8,9) (12,13) (8,9) (10,11) (8,9) (10,11)

(6,7) (10,11) (14,15) (12,13) (14,15) (14,15) (12,13)
= (111)  2,4,6 2,8,10 2,12,14 4,8,12 4,10,14 6,8,14 6,10,12
el=(1-1-1) 2,57 2,911 2,13,15 4,9,13 4,11,15 6,9,15 6,11,13
e2=(-11—-1) 3,47 3,811 3,12,15 5,813 510,15 7,8,15 7,10,13
e3=(—1—11) 3,56 3,9,10 3,13,14 5,9,12 511,14 7,9,14 7,11,12

We denote by t,(c¥), s € Fr, 0 < k < 3, the triple obtained from s € Fy and
related to e-triple e¥. We consider here s as an ordered triple (i;1) such that ¢ < j < [,
and the orders of ¢* and s agree. For example, ty57(c?), where s? = (—1,1,—1),

means that ¢35 = —1, ez =1, 2 = —1.
Note that
|timt]‘| =1 1§Z<]§7,
|t N ts(eh)] =H{i}ns =0orl,
lts(eF) Nt (eH] =1 sel:, 0<k<l<A4, (3)

t(e*)Ntg(eh)] =2(1£1) =0orlifs#s, {i}=sns, ef =+,
where the signs agree.

The same construction works for STS No 2. In this case, one takes odd e-triples
e(s) for triples s = (347) and s = (356) of F7. For example, the triple s = (347)
provides pairs (6,7),(8,9),(14,15). The 4 odd e-triples —¢*, 0 < & < 3, form from
these pairs the following 4 triples t = (7,9,15),(7,8,14), (6,9, 14), (6,8, 15).

In general, if, for each s € Fr, one takes either 4 even or 4 odd e-triples (parity is
chosen arbitrary), one obtains an STS. We show below that in either case we obtain
an STS which is isomorphic either to STS No 1 or to STS No 2. For this end, let
S C F; be a set of triples. We define a transformation of S. Recall that there are
3 triples s € F% containing a given point ¢. For each ¢, 1 < < 7, consider triples
s € S containing 2. If there are 3 such triples, then delete them from S. If there are
two such triples, then change it by the third triple containing z. If there is one or no
triple containing ¢, then S is not transformed. Obviously, after such transformation
for all ¢, we obtain S with either one or none of the triples. We call S positive if it
is transformed into empty set, and negative, otherwise.

Proposition 6 Let S C F; be a set of triples s € Fr. Let an STS be obtained by
Moore’s construction using odd e(s) for s € S, and even (s) for s € Fr —S. Then
this STS is isomorphic to STS No 1 or No 2 according to S is positive or negative,
respectively.
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Proof. Note that a permutation of the set Vj5 transforms an STS into an isomorphic
STS. Consider a permutation of Vj5 which is the transposition (2k, 2k + 1), for some
k, 1 < k < 7. This transposition changes only those triples of an STS which are
obtained from triples s € F%; containing the point k. There are 3 x 4 = 12 such
triples. It is easy to see that the transformed triples can be obtained by Moore’s
construction if one takes odd triples £(s) for s 3 k.

So, if the set S C [ contains 3 triples containing the point k, we can elimi-
nate these triples from S simultaneously transforming the STS by the transposition
(2k, 2k 4 1). If the set S contains two triples with k, we can change the two triples
by the third triple containing & and performing the transposition (2k,2k + 1). The
assertion of the proposition follows.

We finish this section with Table 2 describing the bijection ¢ between all triples
s € S3 of the T-set V7 and all triples of the STS No 1.

Table 2.

267 t123(€1) 126 t347(€1) 127 t145(€2) 345 t257(€0)
367 t257(€1) 136 t145(€0) 137 t347(€3) 245 t123(€3)
467 t145(€3) 146 t257(€3) 147 t123(€0) 235 t347(€2)
567 t347(€0) 156 t123(€2) 157 t257(€2) 234 t145(€1)
167 t6 236 t167(€3) 237 t356(€0) 145 t4
246 t246(€0) 247 t7 135 t356(€1)
256 t5 257 t246(€1) 134 t167(€2)
346 t3 347 t246(€2) 125 t167(€0)
356 t246(€3) 357 tl 124 t356(€2)

3

)

456 t167(€1) 457 t356(€ 123 tg

Note that the triples of S3 of the same row laying in the 3th, 5th and 7th columns
of Table 2 have the form ¢j6, 157 and ¢j67 = V7 — {1567}, respectively.

4.3 A vector representation of STSs Nol and No 2

There is a mate construction of an odd system of vectors of norm 5 related to above
obtained ST'Ss.

Let w,, s € F;, be T mutually orthogonal vectors of norm 2, and let ¢ be a vector
of norm % orthogonal to all w,. At first, we construct vectors w; corresponding to
triples ¢; = (1,2¢,2¢ + 1). We set

ui:g—%Zws—l—Zws,lgigT (4)

seFy $31

Let e;, 1 < ¢ <7, be 7 mutually orthogonal unit vectors. All vectors e; are orthogonal
to all w, and to g, and relate to pairs (2i,2i + 1). Recall that each triple #,(c*)

12



k -k -k

corresponds to s € Fy and to the even triple £F = (e7,¢5,er), where s = (151). We

set
ug(e") = wy + Y efe;, s € Fr, 0 <k <3, (5)
1€s
[t can be easy verified, using (3), that if we set

v(ti) = wi, v(ts(e")) = ua(e"), (6)

then the vectors v(?) satisfy (1).

Note that endpoints of vectors w, + 3¢, €:€;, for fixed s and for 2° = 8 (£1)-
triples e, form a 3-dimensional cube ((s) with a center in the endpoint of w,. We
call a vertex v of the cube Q(s) (and corresponding triple of an STS) even (odd) if
v relates to an even (odd, respectively) triple . So, 28 even vertices of the 7 cubes
Q(s), s € Fr, relate to triples of the STS No 1. If we change even vertices of (347)
and ((356) by odd vertices, we obtain the set T5 of triples of STS No 2. Denote by
V1 and V, the sets of 35 vectors u;, 1 <@ <7, and ulg, s € F., 0 <k <3, related to
STS’s No 1 and No 2, respectively.

Now we show that the vectors v/2¢; are roots of the odd system V, related to
STS No 2. Consider two disjoint triples of STS No 2 t; = (1,8,9), i.e. t; for
i = 4, and te7(¢') = (2,13,15), and the matching (1,2), (8,13), (9,15) of these
triples. The triples of STS No 2 containing the pairs of this matching are t; =
(1,2,3), tas(e?) = (5,8,13), taar(—°) = (7,9,15), respectively. Hence ¢(1,2) = 3,
q(8,13) =5, ¢(9,15) = 7. These 3 distinct points form the derived triple (3,5,7) =
t123(—¢”). This triple, as the triple (7,9,15) = t347(—¢"), is an odd triple. By
Proposition 2, the odd triple t;93(—¢") = (3,5, 7) belongs to clTy. The corresponding
vector v(t123(—e?)) = uya3(—e") satisfies the equality

uy + U246(€2) + U347(—€0) — Uy — U167(€1) = U123(—50)7

where u-vectors and triples relate according to (6). Hence uy23(—¢%) € Li(Va).
Since the vectors u123(5i) for even ¢ belong to the odd system V,, we obtain 3 roots

(multiplied by \/5) (i.e. vectors of Lo(Vs) of norm 4)
262' = U123(€i) — U123(—€0), = 1, 2, 3.

Similarly, we can obtain all 7 roots v/2e;. Fach root connects an even vertex with
an odd vertex of a cube Q(s). Recall that we prove in [5] that there is no other
roots in the root system of STS No 2.

4.4 A representation of STS No 1 by minimal vectors of a
sub-lattice of the Barnes-Wall lattice

The vector representation of the previous section can be obtained from a doubly
even lattice by the following construction [4].
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Let L be a doubly even lattice. For the inner product ab of two vectors a,b € L
of norm 8, we have ab = £4,42.0. Hence a vector ¢ = a + a* have norm ¢? = 12 for
any two vectors a and &* of norm 8 with aa* = —2. Let ¢ be a vector of L of norm
¢ =12. Consider a set A(c) of vectors a € L of norm 8 such that ac = 1c* = 6. It
is easy to show that if ¢ € A(e¢), then the vector a* = ¢ — a belongs to A(¢), too.
Besides, it can be proved that aa’ = 2 or 4 for a,a’ € A(c), a’ # a* (see [3]). We set

v(a) =a— %c, a € Alc).
We have
v*(a) = 5, v(a*) = —v(a), and v(a)v(b) = ab— 3.

Since ab is even, the inner product v(a)v(b) is odd. Hence the set
V(c) ={v(a):a € Ale)}

is an odd system of vectors of norm 5.

In this section, we apply this construction to the 16-dimensional Barnes-Wall
lattice, denoted by Ajg in [2]. We show, in fact, that STS No 1 is closed, that is
P(T1) is a Delaunay polytope of a 14-dimensional sub-lattice of the Barnes-Wall
lattice Aqg.

It is more convenient to consider the doubly even lattice V2A16. The set of
minimal vectors of v/2Ag consists of the following vectors of norm 8.

(1) 480 vectors of the form (£2% 0'*), where there are two nonzero components
equal to 2 or -2,

(2) 3840 vectors of the form (£1%,0%), where the positions of +1’s form one of
the 30 codewords of weight 8 of the first order Reed-Muller code and there are an
even number of minus signs. (These codewords of length 16 are given in Figure 6 of
6)).

There are exactly 36 pairs (a,a*) of vectors of A(c¢) in V2A 46 for any ¢ € vV2A16
of norm 12. We give an analytic description of these vectors.

Let ¢ = (—117|207). There are exactly 7 minimal vectors a; = (0°=120%7%]207),
2 < i <8, of type (220™), and one vector ay = (—207]|207) of type (—220), such
that a;c = 6, i.e. a; € A(e).

Now consider minimal vectors having a codeword as a support. For brevity sake,
we call such vectors codevectors. We denote a codevector a as a join a = (b,d) of
two 8-dimensional vectors b = (bo, b1, ..., b7) and d = (do, dy, ..., d7).

Note that the vectors af = ¢ — ag = (1%]0%), and af € A(c), 1 <7 < 7, are
codevectors (b, d) such that b, # 0 and d; =0, 0 < ¢ < 7. All these 8 vectors have
the same support. Since any two codewords have exactly 4 common 1’s, vectors b
and d each have exactly 4 nonzero coordinates for any codevector a = (b,d) # a’.
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For a codevector a = (b,d) to belong to A(c), it is necessary that by < 0, b; > 0,
1 << 7, and dy = 1. Since ac = —bg + 22»721 b; + 2dy = 6, this implies that if
a = (b,d) € A(e) is a codevector and a # af, 0 < i < 7, then (b*,d*) =a*=c—a
is also a codevector of A(¢). (From two vectors b and b* of a pair (b,d) and (b*, d*),
exactly one has nonzero first coordinate by. We take (b, d) with by = —1 (and, recall,
do = 1) as a representative of the above pair.

Vectors b and d of such a representative have additionally 3 nonzero coordinates
among b;’s and d;’s. Let s = {¢:b; =1}, t ={¢:1 < ¢ < 7,d; #0}. According
to this we re-denote representatives as a(s,t), where s and t are two triples of a
7-set. Recall that supports of two codevectors a,a’ intersect in 4 elements, and two
elements corresponding to by = b, = —1 and dy = dj = 1 belong necessarily to
the intersection. This implies that |s N s'| + [t N#'| < 2. Since a codevector has
even number of minus signs, and b; > 0, 1 < < 7, by = —1, there are exactly 4
codevectors a* = (0¥, d*) € A(c), 0 < k < 3, with the same support such that b*
does not depend on k and d* has 3 or 1 negative coordinates, i.e. d* is related to
the odd triple —¢*. Recall that %, 0 < k£ < 3, is an even triple defined in Section
4.2.

Suppose that there are ¢ = a(s,t) and o' = a(s',t') such that [t N#'| = 2. Since
there are 4 codevectors of A(c) with the same support, we can choose a(s,t) with
d = d(t) having 3 minus signs, and a(s’,?') with d’ = d(¢') having one minus sign in
t —tNt. Hence dd' = —1. The equality [t N#'| = 2 implies s N s’ = (). Therefore
bt = 1, and, for the inner product aa’ we have aa’ = b0’ + dd' =1 — 1 = 0, what
contradicts to aa’ = 2 or 4 for a,a’ € A(c). This implies that [t N #'| < 1 for t #£ 1.

Recall that A(c) is a subset of the set of minimal vectors of the lattice V2A 6.
An inspection of the set A(c) shows that one can choose a labeling of coordinates
of b(s) and d(t) such that s =1, i.e. s and ¢ take positions with the same labeling,
for any codevector a(s,t). Hence we can re-denote a(s, s) by a(s). Besides we have
that |s N s'| < 1, for any two codevectors a(s),a(s’) € A(c), since we have showed
that [t N¢'| < 1. This means that triples s form a Steiner triple system on 7 points.

So, we obtain that A(c) has 36 pairs of vectors a,a*, where a is one of the
following 36 vectors:

8 vectors a;, 0 <1 <7, and

7 x 4 vectors a*(s), s € Iy, 0 < k < 3.

Note that aga; = aga®(s) = 4 for all a;, 1 # 0, a*(s).

Consider vectors u; = v(a;) = a; — %c, and u*(s) = a¥(s) — %c.

Let fi, €;, 0 <4 < 7, be an orthonormal basis of R'® such that a codevector
a = (b,d) has the form a = S._,(b;f; + die;). In the basis (f,e) the vectors ¢ and
every a € A(c) take the form (recall that c*, 0 < k < 3, are even triples)

c=—fo+ X1 fi + 2e0;

to = 2(60 - fO)v a; — 2(60 + fZ)v 1<:< 7;
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ak(s) = (60 - fO) + ZiEsfi - ZiEsgfeiv s € F77 0 S k S 3.
Similarly for vectors v(a) = a — ¢ € V(c) we have

uo = v(ao) = —3fo — 3371 fi + €0

wi = v(a;) = eo+ 3 fo+2fi = 3 1 £

u]; = U(Gk(S)) = _%fo + ZiES fl - %2’17 fz - ZiES €fei-

We set

1 1 7 1 1 7
Wwo = —fo - —qu and w, = ——fo—l-Zfi — _Zfiv s € Fr.
2 2 1 2 1€s 2 1
One can verify that
w? = 2, wawy =0 for s,s € FrU{0}.

The vectors wy, w,; form another basis of the 8-space spanned by f;, 0 < < 7. In
this basis the vectors u; and u* take the form

uo:g—l_%zwsv ui:g_%zws+zw57 u’;:us(—ws—ek):Zasfei.

sefy seFy s$31 i€s

Here the vector ¢ = ¢o + %wo has norm %

Note that these vectors u; and u* form an odd system

and is orthogonal to all wy and e;.

Vo(e) = {v € V(e) : vug = 1}.

It is easy to see that each v € Vy(c) has the form v = v(a) for a € A(c) such that
aag = 4.

Proposition 7 The odd system Vo(c) is closed for every ¢ € \/2M1 of norm 12 and
every ag € A(c). Vo(c) is isomorphic to the odd system Vi related to STS No 1.

Proof. Recall that the set of endpoints of all vectors v € Vy(¢) is equal to the set
of endpoints of all minimal vectors a of the Barnes-Wall lattice V/2A1g such that
ac =6 and aag = 4. Let Hy4(c, ap) be the 14-dimensional affine space of all vectors
x € R such that zc = 6 and zag = 4. Let L14 = V2A16 NHia(c, ap). The above set
of endpoints belong to £14. Moreover, as the vectors a € A(¢) are minimal vectors
of \/5/\16, the set of endpoints of all v € Vy(¢) is the set of all vertices of a Delaunay
polytope of the lattice £14. This implies that Vy(c) is closed.

Comparing v € Vo(c) with u; from (4) and u,(e*) from (5), we see that both u;’s
coincide and u* = u,(—¢*). Hence the odd system Vy(c) can be obtained from the
odd system Vi, related to STS No 1, by interchanging the even vertices of Q(s) by
odd vertices for all s € F;. According to Proposition 6, as the set of all triples of F%
is a positive set, the odd system Vy(¢) represents STS No 1, too.
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5 The two-graph related to STS No 2

Recall that the inner product v(t)v(t') for two triples ¢t and ¢’ of an STS takes the
values £1. This means that vectors v(t), ¢ € T, of norm 5 span equiangular lines at
angle arccost.

Sets of equiangular lines and two-graphs are in one-to-one correspondence. We
do not need here in an exact description of this correspondence. Details see, for
example, in [1]. It is important for us only that each line is spanned by a pair of
opposite vectors (of norm 5), and the set of all lines is represented by an odd system
of these vectors, taken one from each pair. A change of vectors of a subset by its
opposite is called switching of the odd system. Obviously, the switched odd system
represents the same two-graph as original one.

A maximal set of equiangular lines at angle arccos% in a 15-dimensional space
contains 36 lines and corresponds to a regular two-graph.

The odd systems described above and related to Steiner triple systems contain
35 vectors. The 36th vector can be obtained as follows. Let an odd system V
contains 5 vectors v;, 1 < ¢ <5, with all mutual inner products —1. These 5 vectors
correspond to 5 mutually disjoint triples. Then the vector v = Y_7_, v; has norm 5
and inner products +1 with all other vectors of V. For the odd system described in

the previous section, the 36th vector is

1
w=g+35 ) ws

SEF7

[t can be obtained, for example, as the sum of v(t) for t=(1,2,3), (4,8,12), (5,10,15),
(6,11,13), (7,9,14). It is easy to verify that vy has the inner product 4+1 with all
other vectors of V; (and V), i.e.

uou; = uous(£e*) =1, 1 <i <7, s € Fr, 0< k<3,

In general, let V be an odd system of 36 pairs of opposite vectors related to a regular
two-graph. Then vv’ = 41 for any v, v’ € V such that v # +v'.

Obviously, for any vy € V, we can choose a vector v from each pair of opposite
vectors such that vvg = —1. Then the chosen 35 vectors form a set of vertices of a
strongly regular graph H(vo) = H(vo, V). Two vectors v and v’ are adjacent in H
if and only if vv’ = —1. Obviously the graphs H(vg) and H(—wvy) are isomorphic.
But if vg # +uv{, then the graphs H(vg) and H(v{) may be not isomorphic. But
they are ”"pseudoswitching” equivalent. Note that the graph H(vo) = H; related to
STS No 1 does not depend on vy, since the corresponding two-graph have a doubly
transitive automorphism group, and Hj is the unique rank 3 graph with parameters

(35,18,6,8). (See [1] and [7] for details.)
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Any clique of H(vg) has size at most 5. H(v) contains a clique of maximal size
not for every vg. For example, graphs H corresponding to 10 Steiner triple systems
No 14, 16, 24, 26, 29, 35, 40, 52, 59, 62 do not contain cliques of maximal size 5. But
in the corresponding odd system there is a vector v such that H(v{) has a clique of
size 5.

Let H(vo) contains a clique C' of maximal size. Denote vertices of C' (and corre-
sponding vectors) by v;, 1 < ¢ < 5. By the construction, v,v; = —1for 0 < < j <5.
One can easy to verify that 37_,v; = 0. Let v be a vertex of H(vg) not belonging
to C. Since vvy = —1, and Y5 vv; = 0 there are exactly 2 vertices of C, say v; and
vj, 1,7 > 0, with vv; = vo; = —1, which are adjacent to v. Since H(vg) is strongly
regular with parameters (35,16,6,8), there are exactly 6 vertices adjacent to given
two adjacent vertices. Hence there are exactly 3 vertices of H(vg) — C' adjacent to
v; and v;. We denote these vertices by (¢5), (i), and (ij)s. So, if H(vg) contains a
clique C of size 5, then 35 vertices of H(vg) can be labeled as v;, 1 < ¢ < 5, (vertices
of the clique C), and (27), (25 )a, (47 )5, 1 <7 < 5 <5 (other vertices).

Recall that the vertices of the graph H; related to STS No 1 are naturally labeled
by triples ¢5k such that 1 < ¢ < j < k < 7 (see Table 2). It is easy to see that
Hy = H(vg), where vg = —ug, and ug is defined at the beginning of this section, and
Table 2 shows that two labeling relates as follows:

vi =167, (i) = 1767, (ij)a =56, (ij)y = ij7, 1 <i<j <5,

where 1567 = V7 — {ij67} is a complement of the set {1567} in V;.

Seidel in [12] describes a family of two-graphs discovered by T.Spence, by use
of a computer. Using the above labeling of vertices of the graph H(wvg), we give a
detailed description of this family and show that two-graphs related to STS No 1
and No 2 belong to this family.

[t is easy to see that the subgraph of H; induced on the set of vertices {v; : 1 <
i <5} UA{iy, 1 <0<y <5} s the triangular graph T'(6). Similarly, the subgraphs
of Hy induced by vertices (¢j), and (77)5, | <o < j <5 are T'(5)’s.

Let @ be the graph induced on 20 vertices (ij)., (¢7)p, 1 < ¢ < j < 5. We
saw that @) is a "union” of two T'(5)’s. Now we show that ) is similar "union” of
two Petersen graphs. In fact, () can be partitioned into 4 induced circuits of length
5. Denote these circuits by C(e, 3), where 3 € {a,b} and ¢ € {0,1}. The circuit
C'(0, 3) contains the vertices (12)3, (23)4, (34)3, (45)g, (15)5. The vertices of C(1, 3)
are (13)3, (35)g, (25)g, (24)5, (14)5. Of course, this partition is not unique. It is
easy to see that the circuits C'(0,a) and C(1,a) (as the circuits C'(0,b) and C(1,b))
induce the T'(5) graph. Similarly, the circuits C'(0,a) and C(1,b) (as the circuits
C(1,a) and C(0,b)) induce the Petersen graph. Just this last partition of the graph
H{(vg) into T'(6) and two Petersen graphs was used in the considerations of Seidel

12].
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Call an edge of the graph @ of the form ((¢j)a, (¢7)s) basic. Let Eig be the set of
all 10 basic edges. We denote basic edges as e(ij). Consider, at first, adjacencies of
vertices of T'(6) and @ in the graph Hy of STS No 1. If a vertex v of T'(6) is adjacent
to one endvertex of a basic edge, then it is adjacent to the second endvertex of this
edge. Fach vertex v of T'(6) is adjacent to 4 pairs of endpoints of 4 basic edges. Let
FE(v) C Ejp be the set of basic edges whose endpoints are adjacent to v. It is easy
to verify that these 15 subsets F(v) of cardinality 4, where v is a vertex of T'(6),
form a set & of blocks of a 2-(10,4,2) design.

We give the incidence matrix of this design in Table 3.

Table 3

vy vy vz vy vy |12 13 14 15123 24 25 34 35 45
e(12) | 1 1 1 1 1 1
e(13) | 1 1 1 1 1
e(14) | 1 1 1 1 1
e(15) | 1 1 111 1 1
e(23) 1 1 1 1)1 1
e(24) 1 1 1 1 1 1
e(25) 1 1 1 1 1
e(34) 1 1 1 1 1
e(35) 1 111 1 1 1
e(45) 1 111 1 1 1

Gronau [8] shows that there exist exactly 3 nonisomorphic 2-(10,4,2) designs.
One can take from each isomorphism class three designs such that its incidence
matrices differ only in the right lower 6 x 6 sub-matrix.
adjacency matrix of vertices (i), 2 < ¢ < j <5, and (kl),, (kl)p, 2 < k < j < 5.
We give below these 3 sub-matrices.

This sub-matrix is an

23 24 25 34 35 45| [23 24 25 34 35 45| |23 24 25 34 35 45
e(23) [ 1 1 T 1 1 1
e(24) 1 1 1 11
e(25) 1 1 1] |1 1
e(34) 1 1 1] |1 1
e(35) 1 1 1 11
e(45) | 1 1 11 1 1

We denote 2-(10,4,2) designs corresponding to these matrices by Dy, D; and Dy,

respectively.

Now we describe graphs H(vg) of the above mentioned family of two-graphs. Let
€ be an arbitrary set of 4-subsets of Eyq forming blocks of a 2-(10,4,2) design D(E).
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Then |E] = 15. Let G(€) be a graph constructed on the set £ as follows. Two
vertices £/ and E’ are adjacent in G(&) if and only if |F' N E'| = 1. (Recall that,
for any two blocks F, £ of a 2-(10,4,2) design, we have | N E'| =1 or 2.) Using
the incidence matrices of the 3 nonisomorphic designs Dy, Dy and Ds, it is easy to
verify that G/(&) is isomorphic to the triangular graph T'(6) for all these 3 designs.

We form a graph H(Q, &) as follows. We take a union of the graphs G(€) and @,
i.e. the set of vertices of H((Q),E) is the union of the set £ and the set of vertices of
(), and each of these sets induces the corresponding graph. We define an adjacency
of a vertex F of G/(&) and a vertex v of ) as follows. Recall that E is a set of basic
edges of (). We set the vertex F of G(&) is adjacent to a vertex v of ) if and only
if v is an endvertex of a basic edge from F.

Proposition 8 The graph H(Q,&) is a strongly regular graph with parameters
(35,16,6,8) for any 2-(10,4,2) design D(E).

Proposition 8 can be proved by inspection. We shall prove it in the forthcoming
paper [5], where we show that for each H(Q, &) there is a two-graph having it as
H{(vg). Moreover, we show there that all these two-graphs can be obtained from the
even unimodular lattice D by the method of [3] and [4] described here in Section
4.4.

Call a two-graph of D;-type if the two-graph has H(Q,E) as H(v), where £ is
the set of blocks of a design isomorphic to D;.

We saw above that the following proposition holds.

Proposition 9 The two-graph related to STS No 1 is of Do-type.
Now we prove
Proposition 10 The two-graph related to STS No 2 is of Di-type.

Proof. Consider at first the two-graph related to STS No 1. Since H(vg) does not
depend on wg for this two-graph, we can take vy = —uy23(c?). Let the clique C
consists of the following 5 vectors:

v = U123(53)7 Vg = U246(50)7 U3 = —U145(52)7 Vg4 = —U246(53)7 Vs = U145(€1)-

The other vectors obtain labeling as follows:
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Table 4.

(12) = —ugse(e®)  (12)s = —uer(¢?)  (12)p = wurer(e!)
(13) = was(e?)  (13)a = wasr(eh)  (13)p = —ugsr(e?)
(14) = wage(e!)  (M4)a = wier(e®)  (14)y = —uier(e?)
(15) = —upas(e®)  (15)a = —uasr(e®)  (15)p = wasr(e°)
(23) = wuase(eh) (23), = Uy (23), = —Ug
(24) = wiza(e!)  (24)a = waar(eh)  (24)y = —usar(e?)
(25) = —ugse(e?) (25), = —Uy (25), = Us
(34) = —wuzse(c?) (34), = —ur (34), = Ug
(35) = wiza(e?)  (3D)a = waar(e®)  (35)p = —usar(e?)
(45) = uase(e?) (45), = Uy (45), = —Us

Vo = —U123(€0) v = U123(€3) Uy = U246(€0)

U3 = —U145(€2) Vg4 = —U246(€3) Vs = U145(€1)

The adjacency matrix of these vectors considered as vertices of H(vg) is given by the
incidence matrix of the design Dy. Note that the incidence matrices of designs Dy
and D; differ only in a 4 x 4 sub-matrix A composed by intersections of the columns
(23),(25),(34),(45) and rows e(23), e(25),e(34),e(45). These sub-matrices A; C D;,
1 = 0,1, are complemented.

Note now, that if we change the signs before £* in u356(5k) for all 4 %k, then the
vectors of Table 4 will form the switched odd system V,;. Denote the switched odd
system V3.

All the vectors usse(e¥) stay in rows of Table 4 labeled by (23), (25), (34),
(45). Call these rows special. Other vectors in the special rows have the form +u,,
0 < i < 7. Recall that u,(¢*) is adjacent to u; (i.e. uy(e¥)u; = —1) if and only
if ¢+ € s, i.e. this adjacency does not depend on k. Besides, we have for s # t,
us(e®)us(e') = —1 if and only if e = —&l for {7} = sNt. Hence, when we change the
sign before ¥ in uzs6(c*), we change adjacencies of usse(c”) with all vectors excluding
vectors in the special rows. Now we switch 4 vectors u356(—5k), 0 <k <3, of the
odd system V3¥ (i.e. change the signs before uzss(—e")). Then the adjacencies
of switched vectors with all vectors of not special rows will be as in Hy, i.e. this
adjacency will be given by the incidence matrix of Dy. But the adjacencies of vectors
u356(—5k) with all vectors of the form u; will be changed, i.e. they will be given by
the matrix A; instead of the matrix Ay. All the adjacencies will be given by the
incidence matrix of the design D;. Hence, after switching, we obtain an odd system
representing a two-graph of the D;-type.
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