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Abstract

Behavioural theories are a generalization of first-order theories where the equal-
ity predicate symbol is interpreted by a behavioural equality of objects (and not
by their identity). In this paper we first consider arbitrary behavioural equalities
determined by some (partial) congruence relation and we show how to reduce the
behavioural theory of any class of Y-algebras to (a subset of ) the standard theory
of some corresponding class of algebras. This reduction is the basis of a method
for proving behavioural theorems whenever an axiomatization of the behavioural
equality is provided. Then we focus on the important special case of (partial) ob-
servational equalities where two elements are observationally equal if they cannot
be distinguished by observable computations over some set of input values. We
provide general conditions under which an obvious infinite axiomatization of the
observational equality can be replaced by a finitary one and we provide method-
ological guidelines for finding such finitary axiomatizations. As a consequence, any
proof system for first-order logic can be used to prove the behavioural validity of
first-order formulas w.r.t. a given (partial) observational equality.

Keywords: Algebraic specification - Observable behaviour - Theorem proving.

1 Introduction

Behavioural abstraction plays a prominent role in formal software development, since it
provides a suitable basis for defining adequate correctness concepts (cf. e.g. [9], [17], [15],
[19], [2], [16]). For instance, for proving the correctness of a program with respect to
a given specification, many examples show that it is essential to abstract from internal
implementation details and to rely only on the observable behaviour of the program.

Behavioural correctness concepts can be formalized using a behavioural logic, where
the usual satisfaction relation of first-order logic with equality is generalized to a be-
havioural satisfaction relation determined by a (partial) congruence relation on any Y-
algebra. The most important examples of behavioural equalities are observational equali-
ties relating any two elements of an algebra which cannot be distinguished by observable
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computations. In the literature there are different definitions of observational equali-
ties according to different choices of the inputs values that are allowed for observable
computations. For instance [17] considers the “total” observational equality imposing no
restriction on the input values while in [15] a “partial” observational equality is used
where only observable inputs are allowed for observable computations. Since we consider
arbitrary partial congruence relations both notions are captured by our general concept
of behavioural equality.

For performing correctness proofs in a behavioural framework it is crucial to show that
the axioms of a given specification are behaviourally satisfied by an implementation. In
other words this means that the axioms of a given specification belong to the behavioural
theory of the implementing specification where the behavioural theory of a class C of
XY -algebras is the set of all formulas that are behaviourally satisfied by all algebras of C.
Unfortunately it is usually difficult to prove that a formula ¢ belongs to the behavioural
theory of a given class C of Y-algebras. The behavioural satisfaction relation does not
even fulfill the satisfaction condition of institutions. Therefore we are interested in find-
ing “nice” characterizations of behavioural theories which allow us to prove behavioural
theorems using standard proof techniques as implemented, for instance, in any available
theorem prover for (standard) first-order logic. We split this task into two major parts:
First we show how to reduce for any arbitrary behavioural equality and for any class C
of Y-algebras the behavioural theory of C to (a subset of) the standard theory of some
corresponding class of algebras and we show that this reduction is useful for proving
behavioural theorems if an axiomatization of the behavioural equality is provided. Then
we focus on (partial) observational equalities and we provide general conditions under
which an obvious infinite axiomatization of the observational equality can be replaced by
a finitary one.

More precisely we proceed as follows. In a first step (Section4) we provide a general
construction (the so-called “lift operator”) which introduces explicit predicate symbols
for denoting the behavioural equality. We show that a formula ¢ is behaviourally valid
in all algebras of C if and only if its lifted version L£(¢) is valid in the standard sense
in all lifted algebras of £(C) (Theorem 24). The usefulness of this characterization of
behavioural theories still depends on the possibility to prove standard theorems over
L(C). Therefore we introduce in Section 5 a general notion of (infinitary) axiomatization
of the behavioural equality and we show that such an axiomatization allows us to char-
acterize the class £L(C) of lifted algebras (Theorem 36). In particular, we see that given
an axiomatizable class C (i.e. C is the model class of a flat standard specification) and
given an axiomatization of the behavioural equality then £(C) is axiomatizable as well.
However, we still have the problem that the axiomatization of the behavioural equality
may be given by a set of infinitary formulas since in concrete examples (as in the case of
observational equalities) only an infinitary axiomatization may be immediately deduced
from the definition of the given behavioural equality. Hence in the next step (Section 6)
we consider finitary axiomatizations of the behavioural equality with auxiliary hidden
sorts and function symbols and we show that whenever such an axiomatization of the be-
havioural equality for a class C of Y-algebras is provided, then one can prove behavioural
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theorems over C using standard proof techniques (Theorem 38 and Example 6).

So far we have elaborated a general framework for the reduction of behavioural the-
ories to standard theories. In the remainder of this work (Section7 and 8) we study
how a concrete finitary axiomatization (with hidden part) can be obtained in the case
of (partial) observational equalities. For this purpose we set out from an obvious infini-
tary axiomatization of the partial observational equality which says that two elements a
and b are observationally equal if they are denotable by terms which contain only input
variables and if all applications of observable contexts to a and b yield the same re-
sult. Since there are usually infinitely many terms with input variables and also infinitely
many observable contexts both properties are easily axiomatizable by infinitary formulas.

How to find a finitary axiomatization of an observational equality for a given class
C of Y-algebras is based on two ideas: On one hand one has to specify the definedness
(i.e. denotability by terms with input variables) with the help of new (hidden) predicate
symbols. On the other hand we suggest to reduce the set of all observable contexts to
a smaller set of contexts which is sufficient for describing the observational equality on
all algebras of C. We show that any smaller set of observable contexts which induces a
congruence relation on the algebras of C is appropriate for this purpose (Proposition 41
& Theorem 42). If we can find a finite set of observable contexts with this property we can
immediately derive a finitary axiomatization of the observational equality. If we can find
only an appropriate infinite subset of the observable contexts then the equality induced
by this infinite set has to be axiomatized using contexts with hidden function symbols
(Theorem 46). As a last result we show that it is always possible to construct a finitary
axiomatization with hidden part of any partial observational equality (Proposition 48).
However, since this result relies on a technically complex encoding of the observational
equality it is mainly of theoretical interest.

Finally we show in Section 8 how our method for proving the behavioural validity of
arbitrary Y-formulas with respect to a given observational equality can be applied to
various concrete examples.

2 Basic Notions

We assume that the reader is familiar with algebraic specifications [7, 22]. The basic con-
cepts and notations that will be used hereafter are briefly summarized in this section.

A (many sorted) signature X is a pair (5, F') where S is a set of sorts and F'is a set
of function symbols.® To each function symbol f € F' is associated an arity s;...s, — s
with s,81,...,8, € S. If n = 0 then f is called constant of sort s. A (total) X-algebra
A = ((As)ses, (f1)er) over a signature X = (S, I') consists of a family of carrier sets
(As)ses and a family of functions (f4);cr such that, if f has arity s;...s, — s, then
f4is a (total) function from A, x ... x A, to A, (if n = 0 then f# denotes a constant

3In this paper we assume that both S and F are finite.
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object of Aj). A Y-algebra A’ is a subalgebra of a Y-algebra A if AL C A, for all s € S
and if for all f € F the restriction of f# to A’ is the function f4. If S’ C S and F’' C F
then X' = (9, F’) is called a subsignature of ¥ = (S, F). If X' is a subsignature of X,
the restriction of a X-algebra A to the subsignature Y’, denoted by A|s/, is defined by
(Als/)s = A, for each s € S" and fAls" = f4 for each f € F'. Throughout this paper we
always assume that the carrier sets A, of a Y-algebra A are not empty. Y-morphisms are

defined as usual. The category of all Y-algebras is denoted by Alg(Y).

Given an arbitrary S-sorted family X = (X;)ses of sets X, T'w(X) denotes the X'-
term algebra freely generated by X, the carrier sets of which are the sets T's(X)_ of terms
of sort s (and with variables in X). In several occasions we will consider a subset In C S
and we will choose X; = ) for all s € S\ In (and X; # 0 for all s € In). In that case,
due to the non empty carrier set requirement of above, we will always assume that the
signature X' is sensible w.r.t. In,i.e. that for all s € S\ In (and hence for all s € ), there
exists a term ¢ of sort s which is built by function symbols of X' and by the variables of
the non-empty sets X, with s € In. Given a Y-algebra A, a valuation a : X — Ais a
family of mappings (s : X5 — As)ses. Any valuation o : X — A uniquely extends to a
Y-morphism I, : Tx(X) — A, called the interpretation associated to a.

A partial ¥-congruence on a Y-algebra A is a family &4 = (R45)ses of partial equiv-
alence relations (i.e. symmetric and transitive relations) &4 ; on A; compatible with the
signature X, i.e. for all f € F' of arity s;...s, — s, for all a;,b; € A,,, if a; =4, b; then
fMar,. .. an) ~as fAb1, ..., by). 4 A Y-congruence x4 is total if for all a in A, a =4 a,
i.e. all relations /24 , are reflexive. The “definition domain” of a partial congruence ~4,
denoted by Dom(a24), is defined by {a € A | @ &4 a} and is a subalgebra of A (moreover
the restriction of &4 to Dom(/4) is a total XY-congruence on Dom(az4)). In the sequel
A/ 4 denotes the quotient algebra of Dom(a4) by A 4.

In the sequel of this paper we assume given an arbitrary but fixed family X = (X;)ses
of countably infinite sets X of variables of sort s € S. First-order Y -formulas are defined
as usual, from equations [ = r, the logical connectives =, A, V, ... and the quantifiers V, 4.
We will also use infinitary X-formulas of the form A,c; ¢; and V;c; @i, where (¢;)ier is
a countable family of Y-formulas. A Y-sentence is a Y-formula which contains no free
variable. In the sequel we will use the following abbreviations: For any term ¢ € Tx(X),
Var(t) denotes the set of variables occurring in ¢, and similarly Var(/,r) for a couple of
terms [,r. Hence a universally quantified equation will be denoted by VVar(l,r).l = r.
Moreover, FreeVar(¢) denotes the set of the free variables of the formula ¢.

The (standard) satisfaction of a X-formula ¢ (finitary or not) by a Y-algebra A, de-
noted by A | ¢, is defined as usual in the first-order predicate calculus: the predicate
symbol = is interpreted in the carrier sets of the algebra by the set-theoretic equality.
Due to the requirement of non-empty carrier sets, no pathological situations can occur
with respect to the satisfaction relation (cf. [13]).

4Tn the sequel, for sake of clarity, we will often omit the subscript s and write @ 4 b instead of
a A s b.
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A basic (algebraic) specification SP is a tuple (X, Ax) where ¥ = (S, F) is a sig-
nature and Az is a set of Y-sentences, called azioms of SP. The model class of SP,

denoted by Mod(SP), is the class of all Y-algebras which satisfy the axioms of SP, i.e.
Mod(SP) % {A € Alg(X) | A= ¢ for all ¢ € Ax}.

A specification language is called ASL-like if to any specification SP is associated
a signature, denoted by Sig(SP), and a class of models, denoted by Mod(SP), such
that Mod(SP) C Alg(Sig(SP)), and if the language contains basic specifications as
defined above and (at least) an operator + for the combination of specifications SP
and SP' such that Sig(SP + SP') = Sig(SP) U Sig(SP') and Mod(SP + SP') = {A €
Alg(Sig(SP + SP")) | Alsigspy € Mod(SP) and A|siyspry € Mod(SP')}. In the following,
by an ASL-like structured specification SP we always refer to a specification written with
such an ASL-like specification language.

The (standard) theory of a class C C Alg(XY) of Y-algebras, denoted by T'h(C), is
defined by T'h(C) ' (¥formula ¢ | A = ¢ for all A € C}. In the following C = 4 is

an equivalent notation for ¢ € Th(C) and similarly SP |= ¢ is an equivalent notation
for ¢ € Th(Mod(SP)). Note that we will always consider theories including infinitary
Y -formulas. However it is obvious that all our results remain valid if we restrict to first-
order theories, i.e. theories consisting only of finitary (first-order) X-formulas.

In practice it is often useful to consider, instead of arbitrary X-algebras, algebras that
are finitely generated by a distinguished subset of the function symbols, called construc-
tors. In these algebras all elements can be denoted by a constructor term (which is built
only by constructor symbols and by variables of those sorts for which no constructor is
defined). More precisely, such generation principles can be formalized using reachability
constraints as follows:

L. A reachability constraint over a signature X' = (S, F') is a pair R = (Sg, Fr) such
that Sg C S5, Fr C F and for any f € Fr with arity s;...s, — s the sort s
belongs to Sk. A sort s € Sg is called constrained sort and a function symbol
f € Fg is called constructor symbol (or briefly constructor). We assume also that
for each constrained sort s € S there exists at least one constructor in Fr with s
as codomain. (This ensures that X' is sensible w.r.t. Sg.)

2. A constructor term is a term t € Tx/(X');s of sort s € Sg, where X' = (S, Fr),
X' = (X))ses with X! = X, if s € S\ Sg and X, = 0 if s € Sg. The set of

constructor terms is denoted by T'z.

3. A Y-algebra A satisfies a reachability constraint R = (Sr, F’r), denoted by A E R,
if for any s € Sk and any a € A,, there exists a constructor term ¢ € (Tx), and a
valuation a : X' — A such that /,(¢) = a. (Note that this definition is independent
of X because X, is countably infinite for all s € S.)

It is important to note that reachability constraints can be expressed by infinitary sen-
tences:
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Fact1. Let A be a Y-algebra and R = (Sgr, Fr) be a reachability constraint over Y.
Then A =R if and only if A |= Ayes, GENPT, where GENT is the infinitary X -sentence

s/

defined by GENF Ly, Vie(ry). Var(t).z =t .

According to this fact, specifications with finitary axioms and reachability constraints can
be defined as a particular kind of basic specifications with infinitary axioms as follows.
Let X be a signature, R = (Sg, F'’r) be a reachability constraint over X and Az be a
set of finitary X-sentences. Then the triple SP = (¥, R, Ax) is, by definition, the basic
specification (¥, Az U {GENT | s € Sg}). In the following a specification will be called
smooth if it is built using the + specification-building primitive and specifications with
finitary axioms and reachability constraints. To put emphasis on smooth specifications
is justified by the fact that for such specifications it is easy to obtain sound proof rules
by combining a sound (and complete) proof system for many-sorted first order logic with
equality and structural induction w.r.t. the defined constructors.

FExample 1. Let us consider the following CONTAINER specification.

spec: CONTAINER

use: ELEM, NAT, BOOL

sort: Container

generated by:
) : — Container
insert : Elem Container — Container

operations:
_ U _ : Container Container — Container
remove : Elem Container — Container
_ € _ : Elem Container — Bool
card : Container — Nat
subset : Container Container — Bool

axioms:
¥S,S?:Container, e,e’:Elem.
PUus=s
insert(e,S) U S’ = insert(e,S U S’)
remove(e,()) = {
remove(e,insert(e,S)) = remove(e,S)
e # ¢’ = remove(e,insert(e’,S)) = insert(e’,remove(e,S))
e € = false
[e € insert(e’,S) = true] & [(e =¢e’) V (e € S = true)]
card(() = 0
[e € S = true] = card(insert(e,S)) = card(s)
[e € S = false] = card(insert(e,S)) = succ(card(s))
[subset(S,S’) = true] & [Ve:Elem. (e € S = true) = (e € S’ = true)l]

end CONTAINER.

We do not detail the subspecifications ELEM, NAT and BOOL which are the usual ones.
Note that the sort Container is constrained by the constructors () and insert. Since the
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CONTAINER specification is rather loose, its model class contains, among other algebras,
the algebra of finite sets of elements, the algebra of finite multisets of elements, as well
as the algebra of finite sequences of elements. It is quite easy to show (by structural
induction w.r.t. the constructors §) and insert) that CONTAINER =S U () = S.° or that
CONTAINER e € S U S’ = (e € 3) | (e € 3?), but it is important to note that
CONTAINER [~ insert(x,insert(x,S)) insert(x,S) and that

CONTAINER [~ insert(x,insert(y,S)) insert(y,insert(x,S)). As a consequence,
the CONTAINER specification cannot be considered as a correct implementation of the
usual specification of sets if we require that an implementation satisfies (in the standard
sense) all axioms of the given specification. &

3 Behavioural and Abstractor Specifications

Behavioural specifications are a generalization of standard specifications which allow to
describe the behaviour of data structures and programs with respect to a given (partial)
congruence relation. The essential difference to the standard case is that instead of the
set-theoretic equality, the given congruence relation is used for the interpretation of the
equality predicate symbol. Another approach which also allows to relax the standard se-
mantics of algebraic specifications are abstractor specifications (cf. [19]). In this case an
equivalence relation between algebras is used for abstracting from the (standard) model
class of a specification. In this section we summarize the basic definitions and results of
[6] where the relationships between behavioural and abstractor specifications are studied.

In the sequel we always assume given a family ~ = (~4)4caiy(x) of (possibly partial)
Y-congruences on the algebras of Alg(Y') and an equivalence relation = on Alg(Y) such
that = is factorizable by =, i.e. for all A, B € Alg(Y), A = B if and only if A/~4 and

B/~p are isomorphic.

3.1 Behavioural and Abstractor Semantics

We start by generalizing the standard satisfaction relation to a behavioural satisfaction
relation w.r.t. the given family & of partial Y-congruences. The idea is to interpret the
variables occurring in a formula not by all values of an algebra A but only by values in
Dom(a24), and to interpret the equality predicate symbol by the given partial congruence
relation ~ 4 instead of the set-theoretic equality. A relationship between the standard
satisfaction relation and the behavioural satisfaction relation is provided in Theorem 20.

Definition 2 (Behavioural satisfaction relation). Let A be a Y-algebra. The be-
havioural satisfaction relation w.r.t. &, denoted by |=4, is defined as follows:

Let I,r € Tx(X), be two terms of sort s, ¢,% be two Y-formulas, {¢; | ¢ € I} be a
countable family of Y-formulas and o : X — Dom(a4) be a valuation.

1. A,a |Ex I =r holds if and only if I,(1) ~4 [,(r).

SFor sake of simplicity the variables occurring in the equations used in our examples are implicitly
universally quantified.
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2. A,a Ex —¢ holds if and only if A, a =5 ¢ does not hold, and A, Ex ¢ A 2) holds
if and only if both A, a =5 ¢ and A, a |Ex ¥ hold.

3. A a [|Ex Yaus.¢ holds if and only if, for all valuations 8 : X — Dom(a4) with
Bly) = a(y) for all y # x, A, 3 E~ ¢ holds.

4. A, B Ex Nier ¢i holds if and only if, for all i € I, A, 3 Ex ¢; holds.
b. A Ex ¢ if and only if A, a |Ex ¢, for all valuations a : X — Dom(~4).

Hence Definition 2 is quite similar to the definition of the standard satisfaction relation,
the main difference being for (1) where 1,(1) = I,(r) is replaced by I, (l) ~4 1,(r). More-
over, it is important to note that valuations have their range in Dom(~4) and not in A,
to take into account the fact that a4 is a partial congruence.

Behavioural specifications can be built on top of basic specifications as follows, using
the behavioural satisfaction relation for the interpretation of the axioms:

Definition 3 (Behavioural specification). Let SP = (¥, Ax) be a basic specification.
Then:

1. The expression behaviour SP w.r.t. &~ is a behavioural specification, of signature

Y.

2. The model class of a behavioural specification is defined by:

Mod(behaviour SP w.r.t. ~) % {A € Alg(Y) | A Ex ¢ for all ¢ € Ax).

The notion of “abstractor” was introduced in [19] for describing a specification-building
operation which allows to abstract from the model class of a specification with respect
to a given equivalence relation on the class of all Y-algebras:

Definition 4 (Abstractor operator). For any class C C Alg(Y), Abs=(C) denotes
the closure of C under =, i.e. Abs=(C) L iBe Alg(X) | B = A for some A € C}.

Abstractor specifications can be built on top of arbitrary specifications using the abstrac-
tor operator as follows:

Definition 5 (Abstractor specification). Let SP be an arbitrary specification. Then:

1. The expression abstract SP w.r.t. = is an abstractor specification, of signature

Stg(SP).

2. The model class of an abstractor specification is defined by:

Mod(abstract SP w.r.t. =) & Abs_(Mod(SP)).

Behavioural specifications and abstractor specifications are based on the same intention,
namely to allow a more general view of the semantics of specifications. This proves to
be especially useful to define implementation relations where implementations may re-
lax (some of) the properties of the given requirement specification (cf. e.g. abstractor
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implementations in [19] or behavioural implementations in [10, 5]; for a survey on imple-
mentation concepts see [16]). [6] provides an in-depth study of the relationships between
both approaches, and in the following of this section we merely recall the central results
that will be used in the sequel of this paper.

The factorizability of the equivalence = by =, which is generally assumed here, is
the technical condition under which meaningful relationships can be established. Fully
abstract algebras play also an essential role for the study of the relationships between
behavioural and abstractor specifications. Following Milner’s notion (cf. [14]), we define
full abstractness with respect to a given family &~ of Y-congruences as follows:

Definition 6 (Fully abstract algebra).

1. A Y-algebra A is called fully abstract with respect to & (or briefly fully abstract) if
~ 4 coincides with the set-theoretic equality over the carrier sets of A. (In particular
A4 is total.)

2. For any class C C Alg(Y) of Y-algebras, FAL(C) denotes the subclass of the fully
abstract algebras of C, i.e. FAL(C) L fA e C| Ais fully abstract}.

Definition 7 (Regularity). A family ~ = (/4)4cuaiy(x) of Y-congruences is called reg-
ular if, for any Y-algebra A, the quotient algebra A/~ 4 is fully abstract.

We will see in the sequel that for all our examples, the considered families of partial
Y-congruences are regular. We still need two technical definitions:

Definition 8 (Behavioural quotient operator). For any class C C Alg(Y), C/ ~
denotes the behavioural quotient of C, i.e. C/~ & {A/~y | A€ Cl.

Definition 9 (Behaviour operator). For any class C C Alg(Y), the behaviour of C
is defined by Behn(C) & Abs=(F A(C)).

A central result of [6] is the following characterization of behavioural semantics:

Theorem 10. If the family = is reqular, then for any basic specification SP we have:
Mod(behaviour SP w.r.t. &) = Behy(Mod(SP)). a

Theorem 10 provides the necessary basis for a detailed comparison between abstractor
specifications and behavioural specifications (cf. [6]). Moreover, this result suggests also
how behavioural specifications can be built on top of arbitrary specifications:

Definition 11 (Behavioural specification — General case). Let SP be an arbitrary
specification. Then:

1. The expression behaviour SP w.r.t. &~ is a behavioural specification, of signature

Stg(SP).

2. The model class of a behavioural specification is defined by:

Mod(behaviour SP w.r.t. ~) % Beh(Mod(SP)).
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Theorem 10 ensures that Definitions 3 and 11 are consistent with each other (in the
case of a basic specification SP) provided that the considered family ~ is regular. In the
sequel we will therefore use the more general Definition 11. According to Theorem 10, it
is obvious that in general the model class of behaviour SP w.r.t. & is included in the
model class of abstract SP w.r.t. =. In [6] and [5] necessary and sufficient conditions
for the equality of the two model classes are studied. If this is the case we will say that
the specification SP is behaviourally consistent:

Definition 12 (Behavioural consistency). A specification SP is called behaviourally
consistent (w.r.t. &) if Mod(behaviour SP w.r.t. ) = Mod(abstract SP w.r.t. =).

3.2 The Observational Case

The most important examples of partial congruences are observational equalities of ob-
jects. The intuition behind observational equalities is the following one: Two objects of
an algebra are considered to be observationally equal if they cannot be distinguished by
“experiments” with “observable” results. In order to provide the necessary formalization,
we will proceed as follows. First, we will define contexts, which are a special kind of terms
representing the “experiments”. Then we will show how a very general notion of contex-
tual equality of objects can be associated to any choice of a set of contexts. In a last step
we define the observational equality of objects we are interested in as a special case of
contextual equalities.

Definition 13 (Context). Let ' = (S, F') be a signature and let X = (X,),es be the
generally assumed family of countably infinite sets of variables of sort s. Let 7 = ({2} )ses
be a disjoint S-sorted family of singleton sets.

1. A Y-context is a Y-term €' € T'x(X U Z) which contains, besides variables in X,
one or many occurrences of exactly one variable z, € Z, called the context variable

of C.

2. By exception, Var(C') will denote the set of variables occurring in €' apart from the
context variable of C.

3. C]t] denotes the term obtained by substituting the term ¢ € T (X)), for the context
variable z, (of sort s) of C.

4. Given an arbitrary set of Y-contexts C, we denote by C(s) the (possibly empty)
subset of the contexts of C with context variable of sort s.

Tx(X U Z) represents the set of all possible experiments (with arbitrary input variables
X). In general we may not want to allow experiments on any values in an algebra A, but
only on those values that can be denoted by a term ¢, where some restrictions apply to
the variables that may occur in ¢t. More precisely, we will choose a subset of input sorts
In C S, and consider the smallest subalgebra A[X7,] of A generated by Y and Xy, where
X1, is the S-sorted family of variables defined by (Xp,,)s = 0 if s € In and (Xp,)s = X if
s € In (where X = (X;)ses is the generally assumed family of countably infinite sets of
variables of sort s). This leads to the following definition of the (partial) equality relation
associated to a choice of input sorts and a set of Y-contexts:
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Definition 14 (Partial contextual equality). Let X' = (5, F') be a signature, In C S
be a set of input sorts, C be an arbitrary set of Y-contexts and A be a Y-algebra. The
partial contextual equality on A induced by C and In, denoted by ¢ 1, 4, is defined as
follows:

Let A[X,] be the smallest subalgebra of A generated by Y and Xj,. The carrier sets of
A[X7,] are defined by A[X[,]s = {a € A | there exists a term ¢ € Tx(Xy,)s and a
valuation «a : Xy, — A such that I,(t) = a}.

Two elements a,b € A of sort s are contextually equal (w.r.t. C and In), denoted by
a ”2¢ 1.4 b, if and only if both a and b belong to A[X[,]s and, for all contexts C' € C with
context variable z; of sort s, for all valuations o : X — A[X,], we have [, (C) = 1,,(C),
where g, ap : X U {z5} — A[X},] are the unique extensions of « defined by a,(z;) = a
and a;(zs) = b.

Note that, if there is no context €' € C with context variable of sort s, then we have
a R2¢ 1, b, for all a,b € A[X7p,]s of sort s.

The intuition behind this definition is that two elements @ and b are contextually equal
w.r.t. a given set C of Y-contexts if they belong to the chosen subalgebra A[X7},] and
if they cannot be distinguished by at least one of the computations represented by the
contexts of C. Note that /¢ 1, 4 is a family of partial equivalence relations (one for each
sort s € ). However, ~¢ 1, 4 is not necessarily a partial congruence relation, i.e. X¢ 1, 4
is not necessarily compatible with the signature /.

Even if ~¢ 1, 4 1s not a partial X-congruence, we can consider its “definition domain”,
denoted by Dom(as¢ 1, 4), and defined by {a € A | a ~¢ n.4 a}. Obviously we have
DOHI(%C’[TL’A) = A[X[n]

We are now ready to define (partial) observational equalities. For this, we assume
given a signature X' = (5, F') and a distinguished set Obs C S of observable sorts (which
denote the carrier sets of observable values). Moreover, we assume given a set In C S
of input sorts such that X' is sensible w.r.t. In, and we consider the associated family of
set of variables X7,. Then two objects of an algebra are considered to be observationally
equal if they cannot be distinguished by “experiments” with inputs chosen accordingly
to In and with observable results:

Definition 15 (Observable context and observational equality).

1. The set of all observable contexts, denoted by C2%, is defined as being the set of
all Y-contexts of observable sort s € Obs.

2. Let A be a Y-algebra. The partial contextual equality on A induced by C%** and
In (cf. Definition 14) is called the (partial) observational equality on A induced by
Obs and In and is denoted by ~ops 1n,4-

Remark. In the literature (cf. e.g. [6]), the partial observational equality induced by Obs
and In is defined in a slightly different way. Instead of considering the observable contexts
C9% built from the signature X and arbitrary variables X, one restricts to observable

SThereby we assume that X is sensible w.r.t. In (cf. Section 2).
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contexts built from the signature X' and variables of an input sort only (i.e. T'x( X, U Z)
is used instead of Tx(X U Z) in Definition 13). Then two elements a,b € A, of sort
s are observationally equal if and only if both ¢ and b belong to A[X},]s and, for all
observable contexts C' € Ty (X, UZ) with context variable z; of sort s, for all valuations
a: X — A, we have 1, (C) = 1,,(C), where a,,ap : Xy, U {z;} — A are the unique
extensions of « defined by a,(zs) = a and a;(z5) = b. It is fairly obvious that this leads
to a definition equivalent to our Definition 15. However Definition 15 will prove to be
more convenient in the sequel.

Lemmal6. The observational equality ~ops na on A is a partial X -congruence (and
Dom(~xops,1n,4) = A[X1,]). O

The family (%Obs’ln’A)AeAlg(g) of partial observational equalities (which in particular are
partial X-congruences) will be denoted by &ops 1. Most examples studied in the literature
are captured by our definition:

— It we choose In = 5, i.e. the elements of all carrier sets can be used as input for
observable computations, then A[X7,] = A and ~oss 5,4 1s a total congruence on A
which corresponds to the behavioural equality used e.g. in [17] and in [3].

— It we choose In = Obs, i.e. only values generated from observable ones can be used
as input for observable computations, then ~op,; 05,4 18 a partial congruence on
A and the resulting behavioural satisfaction relation corresponds to the one used
in [15] for the behavioural satisfaction of equations. The advantage here is that
non-observable junk (i.e. values which are not reachable from the observable ones)
will not be considered for the behavioural satisfaction of formulas and hence cannot
cause problems, for instance, with respect to the correctness of implementations

(cf. e.g. [16]).

We will show in Section 5.2 that the families of observational equalities ~oys, 1, are always
regular.

Lemmal7. Let us consider the total observational equality ~ops,s tnduced by a set Obs
of observable sorts. Let A be a X-algebra and ¥Var(l,r).l =r be a universally quantified
equation. Let s be the common sort of [ and r.

If s is an observable sort, then A | YVar(l,r).l =r if and only if

A EVYVar(l,r).l=r.

If s is a non observable sort, then A |=x,,. o YVar(l,r).l = r if and only if, for all
observable contexts C € C2%(s), A = VVar(C) U Var(l,r). C[l] = C[r]. a

RObs,S

Remark. Lemma 17 is often used in the literature to define directly (i.e. without introduc-
ing explicitly the total observational equality) the behavioural satisfaction of equations.
However the explicit definition we have chosen (cf. Definition 2) is necessary to define the
behavioural satisfaction of arbitrary Y-formulas w.r.t. an arbitrary behavioural equality
(this idea is even extended to higher-order logic in [12]). On the other hand, this lemma
suggests that, in the total observational framework, to prove the behavioural satisfaction
of an equation [ = r (between non observable terms), it is equivalent to prove the stan-
dard satisfaction of the infinite set of equations C[I] = C[r], for all C' € CS*(s). Context
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Induction (a specialized version of structural induction) was introduced in [10] as a means
to prove such infinite sets of equations and has been implemented in the ISAR system
(cf. [1]). Unfortunately proofs by context induction are quite complicated and difficult to
handle in practice, especially in a first-order framework.

FExample 2. Let us consider again our CONTAINER specification and assume that the ob-
servable sorts are Elem, Nat and Bool and that all sorts are input sorts. Let ~conrt
denote the corresponding total observational equality. Two objects of sort Container
will be considered as observationally equal if they cannot be distinguished by observable
contexts. Here, all observable contexts (with context variable of sort Container) must
contain either €, subset or card. If we consider the algebra of finite sequences of ele-
ments, it is intuitively clear that two distinct sequences will be observationally equal if
they contain the same elements (not necessarily with the same number of occurrences or
in the same order), because these sequences cannot be distinguished by any observable
context. For the same reasons, it is intuitively clear that the two characteristic equa-
tions of sets, insert(x,insert(x,S)) = insert(x,S) and insert(x,insert(y,S)) =
insert(y,insert(x,S)), are behaviourally satisfied by all models of the CONTAINER
specification. Indeed no observable experiment can distinguish the left and right-hand
sides of these equations. The aim of this paper is to provide a general proof technique to
formally establish that this intuition is right.

Note that the algebra of finite sequences of elements is not fully abstract (since two dis-
tinct sequences may be observationally equal), while the algebra of finite sets of elements
is fully abstract. &

We can also define observational abstractions =oys 1, associated to the input sorts In and
the observable sorts Obs as follows:

Definition 18 (Observational abstraction). Two Y-algebras A and B are called ob-
servationally equivalent w.r.t. Obs and In, denoted by A =01, B, if there exists an
S-sorted family of variables Y7, with (Y7,,)s = 0 for all s € S\ In and two valuations
ayg Y, — Aand ag 1 Yy, — B with surjective mappings a4 @ (Yim)s — As and
ags: (Yi,)s — Bs for all s € In such that for all terms [, € Tx(Y7,)s of observable sort
s € Obs the following holds: 1, ,(I) = I, ,(r) if and only if I, (1) = I,,(r).

We refer the reader to [6] where a more detailed discussion of observational abstractions
is provided as well as a proof of the fact that the observational abstraction =pps 1, 18
factorizable by the observational equivalence ~gjpg 1.

3.3 Behavioural Theories

According to the generalization of the standard satisfaction relation to the satisfaction
relation with respect to a family & of Y-congruences we consider the theory with respect
to & of a given class C of Y-algebras.

Definition 19 (Behavioural theory). Let C C Alg(Y) be a class of Y-algebras. The
behavioural theory of C, denoted by T'hy(C), is defined by:

Thy(C) © Y formula ¢ | A Ex ¢ for all A € C}.
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In the following C = ¢ is an equivalent notation for ¢ € Thy(C) and similarly SP = ¢
is an equivalent notation for ¢ € T'hy(Mod(SP)).

Another central result of [6] is the following theorem which leads to a characterization of
behavioural theories:

Theorem 20. For all X-algebras A, B and X-formulas ¢ the following holds:

1. AEx ¢ if and only if A/~al= ¢

2. If A= B then Ay ¢ if and only if B Ex ¢

3. If A is fully abstract then A =y ¢ if and only if A = ¢. O
Corollary 21. For any class C of X -algebras, we have:

1. Thy(C) = Th(C/=).

2. Tha(Abs=(C)) = The(C).
3. Tha(FAx(C)) = Th(FAx(C)).
. The(Beha(C)) = Tha(Abs=(FAx(C))) = Th(FAx(C)). 0

In practice it is usually difficult to prove behavioural theorems due to the generalized sat-
isfaction relation. Although Corollary 21(1) shows that in principle behavioural theories
can be reduced to standard theories this result is of little practical interest because even
if the class C is axiomatizable we have (in general) no straightforward proof system for
the standard theory of the class C/~ (since the formation of quotients does not preserve
the validity of arbitrary Y-formulas). Therefore we are interested in finding other char-
acterizations of behavioural theories which allow us to prove behavioural theorems using
standard proof techniques. For this purpose our general strategy is first to reduce the
behavioural theory T'hy(C) of some class C of Y-algebras to (a subset of) the standard
theory Th(D) of some other class D of algebras and then to look for an appropriate
axiomatization (or a proof system) for D (provided that an axiomatization or a proof
system for C is given). According to the previous results we know that this strategy
works well in the following case: If C is a class of fully abstract algebras then we know by
Corollary 21(3) that Thy(C) = Th(C) i.e. in this case the behavioural theory of C can
be reduced to the standard theory of C. In the next section we derive a similar result for
arbitrary classes C of Y-algebras.

4 The Lift Operator

In a first step we introduce a “lift” operator which provides an explicit denotation for

the given family ~ = (~4)4caiy(x) of partial Y-congruences. For this purpose we use

predicate symbols to denote the equivalence relations.”

"We assume the reader to be familiar with the usual notions of predicate symbols and their
interpretations.
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Definition 22 (Lift operator). Given a signature Y, a Y-algebra A, a class C of Y-
algebras and a Y-formula ¢ we define their lifted versions as follows:

L. L(Y) Ly oy {~s: s $}ses, 1.e. L(X) is the signature X enriched by, for each sort

s1in S, a binary predicate symbol ~;: s s (to denote the behavioural equality). We
will adopt an infix notation for the binary predicate symbols ~, i.e. we write [ ~, r
instead of ~(l,r).

2. L(A) is the unique L£(X)-algebra extension of A defined by:
(a) L(A)|z = A

(b) For any s in S, ~5) =~y
i.e. for any a,bin L(A), (= Ay), a ~A) b if and only if a ~ 4, b.

3. L(C) L {L£(A)| AeC).

4. L(o) def [(/\y:sEFreeVar((b) Ds(y)) = qb*], where Dg(y) is an abbreviation for y ~; y

and ¢~ is defined by induction on the structure of ¢ as follows:®

(a) If ¢ is an equation [ = r between two terms of sort s, then ¢* is [ ~, r,

(B) (=9)" = ("), (d1 A d2)" = (¢7) A (93), (¢1V 62)" = (¢7) V (¢3), and similarly

for infinite conjunctions and disjunctions,

(¢) (Vaus.90)* = Vas. [Dy(x) = ¢].
Note that if ¢ is a closed Y-formula then £(¢) coincides with ¢*.

Definition 23. Given a class D of £(X)-algebras, we define:
ThE(D) ¥ {Y-formula ¢ | £(¢) € Th(D)}.

The following theorem shows that for any class C of X-algebras the behavioural theory of
C consists of all Y-formulas ¢ whose lifted version £(¢) belongs to the standard theory
of L(C).

Theorem 24. For any Y-algebra A and X-formula ¢, A \=x ¢ if and only if L(A) E
L(¢). Hence, for any class C of Y-algebras, C |=x ¢ if and only if L(C) | L(¢), i.e.
Thy(C) = Th*(L(C)).

The proof of Theorem 24 relies on the following two lemmas:

Lemma25. Let A be a XN-algebra and ¢ be a X-formula.
For all valuations a : X — Dom(=24), the following conditions are equivalent:

1. Ajal=x ¢
2 L(A) o ¢
3. L(A), o |= L(9)

8Similar constructions, called relativizations, were used in [23] and recently in [12].
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Proof. Since A and L(A) have the same carrier sets, a valuation from X to Dom(as4)
is a special case of a valuation from X to L£(A). Moreover, for any valuation o : X —
Dom(a24) and any variable y of sort s, we have L(A),« |= Ds(y). It is therefore trivial
to see that (2) < (3). We prove (1) < (2) by induction on the form of ¢:

Case [ =r: Let a: X — Dom(m4) be an arbitrary valuation. A, o =x [ = riff 1,(]) &4
I(r) iff I(1) ~5M) I, (where s is the sort of [ and r) iff L(A),a | ~, r iff
L(A),a=(=r).

Case —¢, ¢ A, ...: For formulas of the form —¢, ¢ A ¢ and ¢ V ¢ the result follows
directly from the induction hypothesis. This is also true for infinite conjunctions
and disjunctions.

Case Vais.¢: Let a : X — Dom(~4) be an arbitrary valuation. A, o |n Vas. qb iff for

all valuations 5 : X — Dom(~,4) with 8(y) = a(y) if y # 2, A, B Ex ¢ iff (by
induction hypothesis) for all valuations 3 : X — Dom(a4) Wlth Bly) = (y) if
y # x, L(A), B |E ¢ iff (justification given below) for all valuations v : X — ,C(A)

with y(y) = a(y) if y # x, L(A),7 |£ Ds(z) = ¢" iff L(A),a |=Vas.[Dy(x) = ¢7]
iff L(A), o E (Vas.g)™.

We still have to justify the central step. Hence we must prove that the two following
conditions are equivalent:

(a) For all valuations 8 : X — Dom(=~4) with f(y) = a(y) if y # 2, L(A),B E ¢
(b) For all valuations v : X — L(A) with v(y) = a(y) if y # «,
L(A),y E Ds(z) = ¢

The direction (b) = (a) is obvious, since L(A), | Ds(x). To prove the other
direction, assume (a) holds and let v : X — L(A) be an arbitrary valuation with

) = aly) ity # .
Case v(x) € Dom(a4): Then in (a) we can take 3 = v and we are done.
Case v(x) € Dom(a4): Then L(A),v = Ds(x), hence L(A),~ E Ds(x) = ¢*. O

Lemma26. Let A be a X-algebra and ¢ be a X -formula. The following conditions are
equivalent:

1. For all valuations a : X — Dom(~4): L(A),a |E L(9)
2. For all valuations 3 : X — L(A): L(A),B E L(¢)

Proof. The direction (2) = (1) is obvious. To prove (1) = (2), assume (1) holds and let
X — L(A) be an arbitrary valuation.

Case 3(y) € Dom(a4) for all y € Freevar(¢): Then there exists a valuation a : X —
Dom(rz4) with a(y) = B(y) for all y € FreeVar(¢). By assumption L(A), a = L(¢).
But then we conclude that L£(A),5 | L(¢) since o and [ coincide on all free
variables of ¢.
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Case (3(y) ¢ Dom(~4) for some y € Freevar(¢): Then L(A),B E Aysereevar(s) Ds(¥)
and therefore L(A), 8 = L(¢) (by definition of L(¢)). 0

Proof of Theorem 24. Let A be a Y-algebra and ¢ a X-formula. A =5 ¢ iff (by definition)
for all valuations a : X — Dom(a4), A, a Ex ¢ iff (by Lemma 25) for all valuations
a: X — Dom(aa), L(A),a = L(¢) iff (by Lemma 26) for all valuations 8 : X — L(A),
L(A), B E L(¢) iff (by definition) L(A) = L(¢). a

Remark. Let C be a class of fully abstract Y-algebras. By Theorem 24 we have T'hy(C) =
Th*(L(C)). Moreover, Th*(L(C)) = Th(C) because for any fully abstract algebra A,

A | ¢ if and only if L(A) = L(¢). Hence we obtain in this particular case again our
previous result Thy(C) = Th(C).

Theorem 24 provides a means for reducing the set of behavioural theorems over an ar-
bitrary class C of Y-algebras to a set of standard theorems over a corresponding class
L(C) of L(X)-algebras. However, the usefulness of this reduction still depends on the
possibility to perform proofs of standard theorems over £(C). Since £L(C) is constructed
on top of C by introducing a denotation for the behavioural equality we claim that for
proving standard theorems over £(C) we need, on one hand, a proof system for proving
standard theorems over C (in the best case C is axiomatizable) and, on the other hand,
we need an axiomatization of the behavioural equality which will be considered in the
next sections.

FExample 3. We can apply Theorem 24 to various classes of algebras of special interest:

1. Let C = Mod(SP) be the model class of a basic specification SP = (¥, Ax). Then,
by Theorem 24, Thy(Mod(SP)) = Th*(L(Mod(SP))) and we will see in the next
section that £(Mod(SP)) can be axiomatized with the help of an axiomatization of
the behavioural equality.

More generally, if SP is an ASL-like structured specification (cf. Section 2) we will
see that L(Mod(SP)) can be expressed by a specification of the ASL-like language
as soon as an axiomatization of the behavioural equality is provided (cf. Theorem 36

and Theorem 38).

2. Let C = Abs=(C’) for some class C’' of Y-algebras. Then an immediate appli-
cation of Theorem 24 would lead to Thy(Abs=(C")) = Th*(L(Abs=(C"))). But
even if C’ is axiomatizable there is no simple proof system for Abs=(C’) and hence
also not for L(Abs=(C’)). However, in this case we know, by Corollary 21(2), that
They(Abs=(C')) = Thy(C') and hence we can apply Theorem 24 to C’ instead of
Abs=(C'). Thus we obtain Thy(Abs=(C')) = Thy(C') = Th*(L(C")). Hence for
abstractor specifications we have:

Ths(Mod(abstract SP w.r.t. =)) = Thy(Mod(SP)) = Th*(L(Mod(SP))), i.e. this

case can be reduced to the case considered in Part 1 of the example.

3. Let C = Behy(C') for some class C’ of Y-algebras. Then an application of The-
orem 24 would lead to Thy(Behy(C')) = Th*(L(Behy(C'))) which again is not
a useful reduction. However we know, by Corollary 21(4), that Thy(Behy(C')) =
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Th(FAx(C')). Hence in this case we are interested in an axiomatization of full ab-
stractness. In particular, for behavioural specifications we have:
Th~(Mod(behaviour SP w.r.t. &)) = Th(FAx(Mod(SP))).

(Note that in this case we do not actually use Theorem 24 but rather Corollary
21(4).)

4. Let C be a class of Y-algebras such that Abs=(C) = Behy(C) (see [6] for simple
necessary and sufficient conditions). Then we have:

The(C) = Tha(Abs=(C)) = Tha(Beha(C)) = Th(FAx(C)). o

5 Axiomatization of the Behavioural Equality

In the previous section we have shown how to replace the behavioural theory of some
given class C of Y-algebras by (a subset of) the standard theory of another related class
of algebras. The next step is to provide a characterization of this class of algebras in
terms of an axiomatization of the behavioural equality.

Definition 27 (Axiomatization of the behavioural equality). An axiomatization
of the behavioural equality &~ is an S-sorted family Beh = (Behs(xs,ys))ses of (pos-
sibly infinitary) X-formulas, where x; and ys are the only free variables, of sort s,
of Behs(ws,ys), such that, for any X-algebra A, any sort s in S and any valuation
a:{xs,yst — A, A a = Behg(as,ys) if and only if a(xzs) =4 a(ys).

Whenever such an axiomatization exists, we say that the behavioural equality &~ is ax-
iomatizable.

In the following, we assume given an axiomatization (Behy(xs,ys))ses of the behavioural
equality =.

Remark. Let A be a Y-algebra and a,b € A, be two arbitrary elements of sort s. Let
a : {xs,ys} — A be the valuation defined by a(xs) = a and a(ys) = b. Since A and
L(A) have the same carrier sets, o can be considered as a valuation from {x,,ys} to
L(A) as well. Then a ~4 biff L(A),a = x5 ~5 y, iff A,a |E Behg(xs,ys). Moreover, if
a,b € Dom(a24) then « has its range in Dom(/4) and in that case the above are further
equivalent to A, o Ex 25 = ys. This remark is the basis of most proofs of this section.

FExample 4 (Observational equality).

1. The total observational equality /&oss s induced by a set Obs of observable sorts (cf.
Section 3.2) is axiomatized by the following infinitary formulas:

Behs(xs,ys) def Ncecors(s) YVar(C). Clas] = Clys -
Note that if s is an observable sort then Behy(xs,ys) is equivalent to x5 = ys, since
then the trivial context z, belongs to C2"(s). Hence for observable elements the

observational equality coincides with the set-theoretic equality, as required.

2. The partial observational equality ~oss,1, induced by a set Obs of observable sorts
and a set In of input sorts (cf. Section 3.2) is axiomatized by the following infinitary
formulas:
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Behs(xs,ys) def Defs(x5) A Defg(ys) A
Ncecgrs(s) VVar(C). DEF(Var(C)) = Cla.] = Cly],
where Def;(z;) is an abbreviation for Veq, (x, ), 3Var(t). v, =1
and DEF(Var((')) stands for A, cvar(c) Defs(vsyr) .
Note that if s is an input sort, then Behy(x,,ys) is equivalent to:
Ncecgrs(s) VVar(C). DEF(Var(C')) = Clas] = Cly.].
If s is an observable sort then Behg(xs,ys) is equivalent to:
Defs(x5) A Defg(ys) A s = ys.
Moreover, Beh,(xs, x5) is always equivalent to Def,(x;). &

Before we come back to the general case of lifted algebras in Section 5.3 we will consider
the usefulness of an axiomatization of the behavioural equality in the case of fully abstract
algebras.

5.1 Case of Fully Abstract Algebras

The following proposition provides an obvious characterization of full abstractness in
terms of an axiomatization of the behavioural equality.

Proposition 28 (Characterization of fully abstract algebras). A Y-algebra A is
fully abstract if and only if, for all s in S, A YV, yss. [Behs(vs,ys) & x5 = ys.

Proof.

—: Assume that A is fully abstract and let « : {x;,y,} — A be an arbitrary valuation.
Ao | oas =y, iff a(as) = aly,) iff (since A is fully abstract) a(xs) ~4 aly,) iff
(by Definition 27) A, o |= Behg(xs, ys).
Hence A | Vg, ygs. [Behs(as,ys) & x5 = ys).

<=: Assume that A E Va,, yss. [Behs(s,ys) < x5 = ys). Let a,b € A and
a: {xs,ys} — A be the valuation defined by a(xs) = a and a(y;) = b. Then a = b
iff A,a | a5 = y; iff (by assumption) A, a &= Behs(xs,ys) iff a ~4 b. Hence A is
fully abstract. O

From Proposition 28 we directly deduce the following result which says that for any class
C of Y-algebras the subclass of the fully abstract algebras of C can be characterized using
an axiomatization of the behavioural equality. This fact will be used when considering the
particular case of behavioural theories of behavioural specifications (cf. Example 5(3)).

Theorem 29. Let FAg.;, be the X-sentence defined by:

FAg.. def Nses Vs, yss. [Behs(vs,ys) < x5 = ys).

Then for any class C of XY-algebras, FA5(C) = C N Mod({X,FAp..)).
In particular, if we consider the model class of some ASL-like structured specification SP

of signature X, we have FAx(Mod(SP)) = Mod(SP + (¥, FAp.)). 0
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5.2 Invariance and Regularity

The results for fully abstract algebras are the basis for the characterization of behavioural
theories of behavioural specifications since in this case we have:

Th~(Mod(behaviour SP w.r.t. &)) = Th(FAx(Mod(SP))).

However remember that the Definitions 3 and 11 of behavioural specifications coincide
for basic specifications only if the given family =& is regular. The aim of this section is
to point out that whenever an axiomatization of the behavioural equality is provided
one can characterize the regularity of ~ by a certain property (called invariance) of this
axiomatization.

Definition 30 (Invariant formula). A formula ¢ is called invariant w.r.t. & if, for any
Y-algebra A and valuation o : X — Dom(a4), A, Ex ¢ if and only if A, a = ¢.

Remark. If ¢ is closed then, due to Theorem 24, ¢ is invariant if and only if ¢ and L£(¢)
are equivalent formulas w.r.t. all lifted algebras £(A). In particular, in the special case of
partial observational equalities induced by a set Obs of observable sorts and a set In of
input sorts, formulas built with the logical connectives, quantifiers and equations between
observable terms (i.e. terms of an observable sort) with variables of input sorts only are
invariant formulas.

The following lemmas will be used for proving the characterization of regularity given in
Proposition 33.

Lemma31l. The ariomatization of the behavioural equality ~ is invariant if and only if,
for any Y-algebra A and any sort s in S, A |Ex Vs, yss. [Behs(xs,ys) < x5 = ys).

Proof. Let A be a Y-algebra and o : X — Dom(/4) be an arbitrary valuation.

= A, |=n Behg(as,y,) iff (by invariance) A, a | Behg(xs, ys) iff a(xs) 4 a(y;) iff
Aoy s = ys.

<—: A,a |Ex Behg(as,y,) iff (by assumption) A, o Ex x5 =y, iff A,a = Behg(xs,ys).
Hence the axiomatization is invariant. O

Lemma32. The ariomatization of the behavioural equality ~ is invariant if and only if,
for any Y-algebra A and any sort s in S, A/x=4 |E Vs, yss. [Behs(xs,ys) & x5 = ys).

Proof. Follows from Theorem 20(1) and Lemma 31. 0

Proposition 33. The behavioural equality ~ is reqular if and only if its axiomatization
s invartant.

Proof. By definition, the behavioural equality /s is regular if and only if, for any Y-algebra
A, A/rzy is fully abstract. According to Proposition 28 and Lemma 32, this is equivalent
to the invariance of the axiomatization. O

It is therefore easy to show that the observational equality ~ops 1, induced by a set
Obs of observable sorts and a set In of input sorts is always regular (cf. Example 4).
In the following we always assume that the family ~ is regular or equivalently that the
axiomatization of the behavioural equality is invariant.



Behavioural Theories and The Proof of Behavioural Properties 21

5.3 General Case

We will now generalize the results obtained for fully abstract algebras to the lifting
operator. In a first step we obtain an appropriate characterization of lifted algebras.

Proposition 34 (Characterization of lifted algebras). Let B be an arbitrary L(X)-
algebra. Then B € L(Alg(Y)) (i.e. B is a lifted algebra) if and only if, for all s € S,
B Vag,yss. [Behg(xs,ys) & x5 ~5 ys) -

Proof. Let A be a X-algebra. Since A and L(A) have the same carrier sets, it is not nec-
essary to distinguish between valuations from {z,,ys} to A and valuations from {z, v}
to L(A). In the following we will denote such valuations by o : {xs,ys} — A, L(A).

—: Assume B € L(Alg(Y)) and let A € Alg(Y) such that B = L(A).
Let o : {xs,ys} — A,L(A) be an arbitrary valuation. L(A),a | Behs(xs,ys)
iff (since Behs(xs,ys) is a Y-formula) A, o | Behs(xs,ys) iff (by Definition 27)
a(xs) =4 a(ys) iff (by Definition 22) a(x;) ~EA) alys) iff LIA),a E x5 ~5 ys.
Hence B |= Vas, yss. [Behs(xs,ys) & 5 ~s s

<: Assume B | Vi, yss. [Behs(ts,ys) & x5 ~5 ys]. Let A = Bl|x. We prove that
B = L(A). For this it is enough to show that for all s € S and for all a,b in
B, (= A, = L(A),), a ~B biff a ~*W b Let o : {x,,y,} — B, A,L(A) be the
valuation defined by a(z,) = a and a(y,) = b. Then a ~Z b iff B,a | z, ~; y,
iff B,a | Behs(as,ys) iff A,a = Behg(xs,ys) iff @ ~4 biff a Nf(A) b. Hence
B =L(A). O

This proof suggests that, symmetrically to the semantic lifting induced by a behavioural
equality ~, we can define an “axiomatic lifting” of algebras induced by a tamily of appro-
priate formulas. Indeed this “axiomatic lifting” can be defined for any Y;-algebra, using
Y,-formulas, where X C 3:°

Definition 35 (Axiomatic lifting of algebras). Let X'y be a signature such that X' C
Yy, and let X & LX) U Y. Let ¢ = (¢s)ses be an S-sorted family of arbitrary X4-

formulas, and assume that each ¢, has exactly two free variables, say x, and y;, of sort

5 € S. Let BEHy be the ¥ f-sentence defined by BEH, e Nses Vs, ysis. [¢s & x5 ~5 ys) .

Then for any Yi-algebra A, there exists a unique Y% -algebra, denoted by E(f(A), such
that:1°

1. E(f(A)|gl =A.

2. E(f(A) = BEH, .

E5(A) is called the axiomatic lifting of A induced by the family ¢.
For any class C of Xy-algebras, let £5(C) o {€5(A)| A€ C}.

9The motivations for using a larger signature X, will become clear in the next section when we
consider axiomatizations with hidden parts.

19Gince the sentence BEH,, defines unambiguously the interpretation of the predicate symbol ~, for
each s € S.
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Remark. Note that £5(C) = {¥% algebra B | B € Mod({¥%,BEH,)) and B|s, € C}. In
particular, if we consider the model class of some ASL-like structured specification SP of

signature Yy, we have Ef(Mod(SP)) = Mod(SP + (¥¢,BEH,)).

According to Proposition 34, we can directly conclude that the axiomatic lifting induced
by any axiomatization of the behavioural equality coincides with the semantic lifting
defined in Definition 22.

Theorem 36. Let BEHg.), be the L(X)-sentence induced by the axiomatization Beh of
the behavioural equality. For any X -algebra A and any class C of X-algebras, the following
holds:

1 L(A) = EGun(A) -
2. L(C) = €5, (C).

In particular, if we consider the model class of some ASL-like structured specification SP

of signature X, we have L(Mod(SP)) = Mod(SP + (L(X), BEHg)). O

5.4 Application to Various Classes of Algebras

We can apply the previous theorems to various classes of algebras of special interest.

Example 5. Let SP be an arbitrary ASL-like structured specification of signature Y. Then,
according to Theorems 24, 29 and 36, and to Example 3, we have:

1. SP Ex ¢ if and only if (SP + (£L(Y), BEHB.)) = L(¢).
2. abstract SP w.r.t. = =4 ¢ if and only if (SP + (£(Y), BEHg.4)) = L(9).
3. behaviour SP w.r.t. = 5 ¢ if and only if (SP 4 (X, FAg.,)) E ¢.

4. Assume that SP is behaviourally consistent w.r.t. &. Then SP =4 ¢ iff
abstract SP w.r.t. = =4 ¢ iff behaviour SP w.r.t. = F5 ¢ iff
(SP + (X, FAper)) |= ¢. ¢

As shown by Example 5, the combination of the results of Sections 4 and 5 allows us to
characterize behavioural theories in terms of standard theories using an axiomatization
Beh of the behavioural equality. In particular, we have seen how we can axiomatize
fully abstract algebras (through FAg.,) and lifted algebras (through BEHg.,). However,
in general these axiomatizations are infinitary ones. To perform proofs is therefore still
difficult. One possibility is to replace these infinitary sentences by infinitary proof rules
(such as context induction in the particular case of the total observational equality)
and to show that the resulting proof system is sound and complete (cf. [11]). Another
possibility, studied in the next sections, is to find special (but general enough) cases where
the infinitary axiomatization can be replaced by a finitary one.
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6 Finitary Axiomatization of the Behavioural
Equality

In practice it is in general simple to find an infinitary axiomatization of the behavioural
equality (indeed in the observational framework this axiomatization is directly deduced
from the definition of the observational equality). Unfortunately it is usually difficult to
find a finitary axiomatization of ~ which for any X-algebra A is equivalent to the in-
finitary one. But since we are always interested in the behavioural theory of some given
class C of Y-algebras we do not really need a finite axiomatization of the behavioural
equality for any arbitrary Y-algebra but rather just for the algebras in the class C we
are interested in.

In the most simple cases, it turns out that, provided the class C we are interested
in satisfies some simple property expressed by a finitary sentence, we can find a finitary
axiomatization of the behavioural equality for the algebras belonging to C (cf. Section
7, Corollary 43). In general, however, it may be necessary to introduce additional hidden
sorts and function symbols that will prove useful in getting rid of the infinitary axiom-
atization. This idea leads to the notion of finitary axiomatization with hidden part as
formalized below. We still assume given a signature X' = (5, F') and a regular family ~
of partial X-congruences.

Definition 37 (Finitary axiomatization with hidden part). Let C be a class of Y-
algebras.

1. Let HID be a specification with finitary axioms plus reachability constraints
of the form (Y, Ry, Avy), with ¥ C Yy, which defines hidden sorts (possibly

constrained) and hidden function symbols.

2. Let HBeh = (HBehs(ws,ys))ses be an S-sorted family of finitary Y py-formulas,
where x5 and y, are the only free variables, of sort s, of HBehy(xs,ys).

3. Let Faty(C) def {Xg-algebra Ay | Ay € Mod(HID) and Ap|y € C}.

(HID, HBeh) is called a finitary axiomatization with hidden part of the behavioural equal-
ity & with respect to the class C of Y-algebras if the following conditions are satisfied:

(i) All Y-algebras A € C can be extended to (at least) an algebra Ay € Mod(HID),
with AH|2 = A, l.e. El’tH(C)|2 =C.

(ii) For any X y-algebra Ay € Eaty(C), Efpen(An)lezy = L(Anls) .
(Remember that £f5_, (Ay) denotes the axiomatic lifting of Ay induced by HBeh,
cf. Definition 35.)

If this is the case, HID will be called the hidden part of the finitary axiomatization.

Remark. Our terminology is consistent with Definition 27 for the following reason. Let
A € C be a Y-algebra. Then, according to the condition (i), there exists at least one X' py-
algebra Ag € Mod(HID) such that Agy|ys = A (and Ay € Exty(C)). Then the condition
(ii) implies that &g, (An)|z(xy= L(A), which means that for any sort s € S and any
valuation « : {xs,ys} — An, A, a |E HBehg(x,,ys) if and only if a(xs) ~4 a(ys).



Behavioural Theories and The Proof of Behavioural Properties 24

Some comments may help to provide a better understanding of the definition above:

1.

The main goal is to replace the family Beh of infinitary formulas Behg(xs,ys)
by a family HBeh of finitary formulas HBehg(xs,ys). Then obviously the induced
formula BEHgg., (cf. Definition 35) will be a finitary formula as well (since we
assume that S is finite). Intuitively BEHpg., will characterize some lifted algebras
(as the formula BEHp., does for all algebras, cf. Theorem 36).

. It is a standard idea to use auxiliary hidden sorts and function symbols to replace

formulas expressed in some logic by “equivalent” formulas expressed in a less pow-
erful one (cf. e.g. [21]). It is therefore natural to introduce the hidden part HID in
our axiomatization.

The finitary axiomatization is “adequate” for the class C if HID is a conservative
extension of C (cf. condition (i)) and if moreover for all algebras in C extended ac-
cordingly to HID, the finitary axiomatization HBeh is “equivalent” to Beh (cf. con-
dition (ii)).

In the most simple cases no hidden part is necessary, i.e. we can choose HID equal to
(X,0,0). Then Exty(C) = C and HBeh is simply a family of finitary Y-formulas.
In that case ((X,0,0), HBeh) is a finitary axiomatization of the behavioural equality

with respect to a given class C of Y-algebras if and only if, for any X-algebra A € C,
gfIBeh(A) = L(A).

It is obvious that the results obtained in the previous section carry over to finitary

axiomatizations with hidden part. The following theorem provides a summary.

Theorem 38. Let (HID, HBeh) be a finitary axiomatization with hidden part of the be-
havioural equality = with respect to a class C of XY-algebras, where HID = (X g, Ry, Axvy).
Then we have:

1.

2.
3.

Let FAygen be the following finitary Xy -sentence:

FAngen def Nses Vs, ys:s. [HBehg(xs,ys) & x5 = ys) .

FAz(C) == (El’tH(C) N MOd(<2H, FAHBeh>))|E .

L(C) = (&fipan(Extu(C)))le(x) -

In particular, if we consider the model class of some ASL-like structured specification
SP of signature X, then Faty(Mod(SP)) = Mod(SP + HID), and the condition (i)
of Definition 37 means that HID s a conservative extension of SP, i.e.

Mod(SP 4+ HID)|x = Mod(SP). Hence we have:
(a) FA(Mod(SP)) = Mod(SP + HID + (Y1, FAgga))ls .
(b) L(Mod(SP)) = Mod(SP + HID + (X7, BEHpge:))|c(s) -

It is important to note that if SP is a smooth specification, then the specifications
SP +HID, SP + HID + (¥, FAgg.), SP + HID + <Ef_], BEHpuge,) are smooth as
well (cf. Section 2).



Behavioural Theories and The Proof of Behavioural Properties 25

4. In particular, if there is no hidden part, i.e. HID = (X, 0,0), and if we still consider
the model class of some ASL-like structured specification SP of signature 3, then
the condition (i) of Definition 37 is trivially satisfied, and we have:

(a) FAx(Mod(SP)) = Mod(SP + (X, FAng.s)) .
(b) L(Mod(SP)) = Mod(SP + (£(%), BEHpg.1)) . 0

FExample 6. Let (HID, HBeh) be a finitary axiomatization with hidden part of the be-
havioural equality &~ with respect to the model class of some ASL-like structured specifi-
cation SP of signature Y. Then the combination of Theorems 24 and 38 shows that, for
any Y-formula ¢:

1. SP s ¢ iff (SP+HID 4 (Y5, BEHgg..)) = L(9).
2. abstract SP w.r.t. = |=x ¢ iff (SP + HID + (Y5, BEHyupa)) = L(6).
3. behaviour SP w.r.t. = 5 ¢ iff (SP+HID + (Xg, FApga)) E ¢.

4. Assume that SP is behaviourally consistent w.r.t. &. Then SP =4 ¢ iff
abstract SP w.r.t. = =4 ¢ iff behaviour SP w.r.t. = F5 ¢ iff
(SP+ HID + (Y5, FApgan)) E ¢ &

As shown in Example 6, once a finitary axiomatization (with hidden part) of the be-
havioural equality is provided, we can use “standard” proof techniques to prove the
behavioural validity of some formula with respect to a given smooth specification (or
with respect to the behavioural or abstractor specification built on top of a smooth spec-
ification). The aim of the next section is to explain how one can find adequate finitary
axiomatizations with hidden part in the particular case of observational equalities.

7 Axiomatization of the Observational Equality

We will now focus on observational equalities, and we assume given a signature Y =
(S, F), a set Obs of observable sorts and a set In of input sorts. Xy, is the S-sorted
family of variables defined by (X,)s = 0 if s € In and (X;,)s = X, if s € In (where
X = (Xj)ses is the generally assumed family of countably infinite sets of variables of
sort s). The problem to be solved is to find a finitary axiomatization of the observational
equality ~ops 1 (W.r.t. a given class C of Y-algebras). Remember that for any Y-algebra
A, the definition domain Dom(&ops 1n,4) of Xopsin.a is equal to A[X[,], the smallest
subalgebra of A generated by X' and Xj,,.

Let us consider again the axiomatization of ~pp 1, given in Example 4:
Behy(2s,y,) % Def,(2,) A Def () A Acecgrs(s) VVar(C). DEF(Var(C)) = Cla.] = Cly],

where Def,(z;) is an abbreviation for Ve, (x,,), IVar(t). z; =1

and DEF(Var((')) stands for A, cvar(c) Defs(vsr) -

It is clear that we have two distinct reasons for obtaining infinitary formulas: on one
hand we must consider an infinite set of observable contexts C2" which represents the
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infinitely many experiments with observable results, and this leads to the infinitary con-
junction Ageegrs(yy -+ -5 on the other hand we must only consider values that are denotable
by a term ¢ € Tx(X1,), and this leads to the infinitary disjunctions Vyery(x,,), **- A
natural idea to get rid of the first cause of infinitary axiomatization is to check whether,
under some conditions, it would be enough to consider some adequate finite set of observ-
able contexts instead of the infinite set of all observable contexts. Indeed, if successtful,
this idea would be enough to solve our problem in the special case of the total observa-
tional equality.

In general, however, it is clear that this idea will not be powerful enough. First, if we
consider a partial observational equality, we must still face the infinitary Def,(.) parts.
Moreover, it is not always possible to consider only a finite subset of observable contexts.
In these cases we must find an appropriate hidden part to obtain a finitary axiomatization
of the observational equality ~ops, 1y,

7.1 Using a Smaller Set of Observable Contexts

Before we consider more concretely how to construct a hidden part in order to obtain
a finitary axiomatization of the observational equality, we will first provide a general
characterization of finitary axiomatizations of the observational equality. This character-
ization will point out that under some conditions it is enough to axiomatize a contextual
equality (cf. Definition 14) with respect to some (smaller) subset C of the set C2%* of all
observable contexts.

For this purpose we will assume that Definition 27 is generalized in a straightfor-
ward way to axiomatizations of contextual equalities. Then, if C is an arbitrary set of X-
contexts, we know (cf. Example 4) that the partial contextual equality ~¢ j, induced by C
and In is axiomatized by the S-sorted family of formulas Beh® = (BehS (x5, ys))ses, with
BehC(x,,y,) % Def,(x,) A Def,(y,) A Ncecs) VVar(C). DEF(Var(C')) = Clzs] = Cly,
where Def,(z;) is an abbreviation for Ve, (x,,), IVar(t). x5 =1
and DEF(Var((')) stands for A, cvar(c) Defs(vsr) -

In a first step we will study some sufficient conditions under which the contextual
equality induced by a set C of Y-contexts and a set In of input sorts coincides with the
observational equality ~ops, 1n-

Lemma39. Let A be a Y-algebra and ~, be an arbitrary partial congruence on A.
If Dom(~4) = Dom(xopsina)(= A[X1]) and if 4 “coincides” with the set-theoretic
equality on the carrier sets of all observable sorts, i.e. for all a,b € Dom(my)s, with
s € Obs, we have a =4 b if and only if a = b, then =4 C Xops,in.4-

Proof. Let a, b be two elements of Ay, for some sort s € 5, and assume that a ~4 b. Then
both a and b belong to A[X7y,]. Since &4 is a partial congruence (hence is compatible

with the signature Y), we have, for any observable context C' € C%%(s) and for any

valuation a : X — A[X7,], [..(C) ~a 1,,(C), where ag,ap : X U{z,} — A[X],] are

the unique extensions of o defined by a,(z;) = @ and a;(z5) = b, where z; is the context
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variable of C. Since C' is an observable context, both [, (C) and I,,(C) belong to the
carrier set of some observable sort. But since we have assumed that ~4 “coincides” with
the set-theoretic equality on the carrier sets of the observable sorts, [,,(C) ~4 I,,(C)
implies 1,,(C) = 1,,(C), hence we have a =ops n,.4 b. Therefore x4 C ~ops 10,4 a

Remark. Indeed it is easy to prove that the set of all partial congruences on A which have
A[X},] as definition domain and which “coincide” with the set-theoretic equality on each
observable sort is a complete lattice, the smallest element of which is the restriction of
the set-theoretic equality to A[X7,], the greatest element being the observational equality

N Obs,In,A-

Lemmad40. Let C C C2% be an arbitrary subset of observable X-contexts such that, for
any observable sort s € Obs, z, € C and let A be a Y-algebra. Then ~¢ 1,4 = X0obs,in.A
if and only if ~¢ 1,4 ts a partial X-congruence.

Proof. First note that, according to Definition 14, Dom(=s¢ 15,4) = A[X1s]. Assume that
~c.mn,4 1s a partial Y-congruence. Since C C Cgbs, obviously we have ~ops 10,4 C ~¢ 1.4
To prove that ~¢ 1,4 € ~opsina, by Lemma 39, it is enough to prove that =~¢ 1, 4
“coincides” with the set-theoretic equality for each carrier set of an observable sort. But
this holds since C contains by assumption all the “trivial” contexts z; when s is an

observable sort. The converse direction is trivial. O

Using the last lemma we can infer necessary and sufficient conditions under which the
family of formulas BehC is “equivalent” to the axiomatization of the observational equality

~NObs,In-

Proposition 41 (Criteria for using a smaller set of contexts). Let C C C2% be an
arbitrary subset of observable X -contexts such that, for any observable sort s € QObs,
2z, € C. Let Beh and Beh® be the respective axiomatizations of ~Robs,in and ¢ 1,. For
any Xg-algebra Ay, with X C Xy, the following two conditions are equivalent:

1. géehc(AH) = géeh(AH)
2. €5 (An) = CONGY

where CONG?Y, is the finitary L(X)-sentence defined by CONGT & Aser CONGY, where
Jor each function symbol [ € F of arity sy ...s, — s, the sentence CONGY is defined by:

CONGY def VO, Y1i81, . ooy Tpy YniSy. [(/\199 T~ yi) = flag, ..o xn) ~s f(yr,. .., yn)] .
Proof.

1 = 2: Is obvious since Beh is the axiomatization of the (partial) X-congruence ~ops 1n,

hence 5., (Ar) = CONGS.

2 = 1: Assume that €5 ,c(Ay) = CONGY . But then, since Beh® is an axiomatization
of the contextual equality ~¢ 1,,, we know that ~¢ j, 4., is a partial X-congruence,
and using Lemma 40 we conclude that ~¢ 1, 4|, = R0bs,1n,4,|,- Hence

5§6hc(AH|E) = Egeh(AHb), and therefore 5§6hc(AH) = 5§6h(AH)- O
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From Proposition 41 we can infer the following characterization of finitary axiomatiza-
tions of the observational equality ~ops, 1,,. Intuitively this characterization says that for
axiomatizing the observational equality /Ros 15, it is enough to axiomatize some contex-
tual equality ¢ r,,, provided that ~¢ j, 4 is a partial X-congruence for all algebras A in
the class C of interest.

Theorem 42 (Characterization of finitary axiomatizations of ~¢;1,). Let C be
a class of X-algebras, and let (HID, HBeh) be as in Definition 37. (HID, HBeh) is a
finitary azriomatization with hidden part of the observational equality ~ops 1, with respect
to the class C of X-algebras if and only if the following conditions are satisfied:

1. El’tH(C)|2 =C.
2. For any Yy-algebra Ay € Exty(C), Efp(An) E CONGS .

3. There exists a (possibly infinite) set C C C2% of observable X -contexts which con-
tains, for any observable sort s € Obs, the trivial context z; and such that, for any
Yy-algebra Ay € Exty(C), Efpo(An) = 5§ehC(AH); where Beh® is the aziomati-
zation of the contextual equalily ~¢ 1, .

Proof. 1t is obviously enough to show that the condition (ii) of Definition 37 is equivalent
to the conditions (2) and (3). Let Beh be the axiomatization of the observational equality
N Obs,In and let AH S El’tH(C)

=—: Assume that g]%Beh(AH”L‘(E) = /:,(AH|/;(2)) Then g]%Beh(AH”L‘(E) = géeh(AH|£(2))
and therefore Efip.(An) = E5.,(An). Hence Condition (2) is obviously satisfied.
On the other hand Condition (3) is trivially satisfied as well by choosing C = C2%.

<=: Assume that the conditions (2) and (3) hold. Then £fg.,(Ar) E CONGT and
Efpen(An) = E5.,c(Ap), for some C C C2% with z, € C for all s € Obs. Hence
Et..c(Ay) |E CONG?T and therefore, by Proposition 41, €5 ,c(An) = Ef.,(Am).
Hence Efp(An) le(zy = E6en(An) lesy= Ebu(Anmles)) = L(An |o(x)). ie. the
condition (ii) of Definition 37 holds. O

The following corollary shows that any finite set C C C%% of observable X-contexts
(which contains, for any observable sort s € Obs, the trivial context z;) induces a finitary
axiomatization of the total observational equality <o, g w.r.t. any class C for which the
contextual equality ~¢ s is a X-congruence.

Corollary 43. Let C be a class of X-algebras and let C C C2% be a finite set of ob-
servable X -contexts such that, for any observable sort s € Obs, z, € C. Let TBeh be the
S-sorted family of finitary X-formulas defined by:

TBehg(xs,ys) et Ncee(sy VVar(C). Cla] = Clys] .

TBeh is a finitary axiomatization (with an empty hidden part) of the total observational

equalily ~ops,s with respect to the class C of Y-algebras if and only if we have:
giéBeh(C) = CONGY .

Proof. The family TBeh is obviously an axiomatization of the total contextual equality
~¢ s (cf. Example 4). Hence the corollary is a direct consequence of Theorem 42. O
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The above corollary solves our problem in the simplest cases, i.e. when we consider a total
observational equality and when, moreover, we can find a finite subset C of observable }/-
contexts such that the class C of Y-algebras we are interested in is such that &, (C) |
CONG?%: in this case we can immediately apply Theorem 38(4). If it is not possible to
find a convenient finite subset C, or if we consider a partial observational equality, then
we must use an adequate hidden part to obtain a suitable finitary axiomatization.

7.2 Hidden Part for the Observational Equality

The aim of this subsection is to explain how to find a finitary axiomatization (HID, HBeh)
with hidden part of the partial observational equality ~ops 7, w.r.t. some class C of Y-
algebras. In a first step we must get rid of the infinitary Def,(.) parts. For this we suggest
to use auxiliary hidden predicate symbols Dy s axiomatized in such a way that Dy s(x5)
holds if and only if Def,(a;) holds. In a second step we must get rid of the infinitary
conjunctions over observable contexts. The previous subsection suggests to replace the
set of all observable contexts by some smaller subset C. However, if we cannot find a
convenient finite subset C, then we still have infinitary conjunctions over the contexts of
C. In that case we suggest to use auxiliary hidden function symbols that will intuitively
provide the same observations than C, and to use a finite set Cy of observable contexts
built with the help of these hidden function symbols.

Let us first explain how a family of finitary formulas is induced by the predicate
symbols Dy s and by the choice of a finite set of contexts Cp.

Definition 44. Let Yy be a signature such that X C Yy, and such that for each sort
s € 5, there exists a unary predicate symbol Dy, of domain s in Ypy. Let Cy be an
arbitrary finite set of Ypy-contexts (with variables in Xp, where Xy = (Xps)ses, 18
the generally assumed family of countably infinite sets of variables of sort s € Sy ). The
S-sorted family of finitary Xpy-formulas induced by the predicate symbols Dy and the
contexts Cyr, denoted by HBeh[Dy,Cpl, is defined by:
HBeh[ Dy, Crrlo(ws,y:) € Diralws) A Diralys) A

/\C’HECH(S) VV&LI’(CH) DEFH(VELI’(CH)) = CH[J?S] = CH[yS],
where DEF i (Var(Cp)) stands for A, evar(cy),ses Drs (vs) -

Remark. Note that HBeh[Dpy,Cy] is not in general the axiomatization of some contextual
equality.

Theorem 42 provides an abstract characterization of finitary axiomatizations of the ob-
servational equality ~ops 15, which is valid for any couple (HID, HBeh). However, if we
know that we are going to use the family HBeh[Dy,Cy| induced by the predicate symbols
Dy s and a finite set of contexts Cpy, we can derive more precise conditions.

Proposition 45 (Criteria for the hidden part). Let C be an arbitrary set of X-con-
texts and let Beh® be the axiomatization of the contextual equality ~em- Let Vi be a
signature such that X C Xy, and such that for each sort s € S, there exists a unary pred-

icate symbol Dy s of domain s in YXy. Let Cy be an arbitrary finite set of Xy-contexts
(with variables in Xp ). Let HBeh[Dy,Chl be the S-sorted family of finitary X g-formulas



Behavioural Theories and The Proof of Behavioural Properties 30

induced by the predicate symbols Dy s and the contexts Cp.

For any Y-algebra Ay, EfIBeh[DHﬂH](AH) = &5 ,c(An) if the following three conditions
are satisfied:

(i) For each sort s € S and any value a € (Ap)s, Dfﬁs(a) if and only if there exists a
termt € Tx(Xp,) and a valuation o : Xy, — Ap such that 1,(t) = a.

(i) For each sort s € S, for each Xg-context Cy € Cy(s), for each valuation o : Xy —
A such that Dfﬁs,(a(vsl)) foralls" € S and all vy € Xp o, there exists a X-context
C € C(s) and a valuation B : X — Ag with DAi,(ﬂ(vsl)) for all s € S and all
vy € Xy, such that, for any value a € (Ap)s with Dfﬁs(a), 15,(C) = 1,,(Cp),
where Ig, and 1,, are the unique extensions of Iz and I, respectively defined by
Ig,(z5) = a and 1,,(z5) = a.

(iii) For each sort s € S, for each X-context C' € C(s), for each valuation o : X — Ap
such that Dfﬁs,(a(vsl)) for all 8 € S and all vy € X, there exists a X pg-context
Ch € Cu(s) and a valuation 8 : Xy — Ap with DAi,(ﬂ(vsl)) for all s € S and
all vy € Xp o, such that, for any value a € (Ap)s with Dfﬁs(a), 15,(Cx) = 1,,(0),

where Ig, and 1,, are the unique extensions of Iz and I, respectively defined by
Ig,(z5) = a and 1,,(z5) = a.

Proof. Let Ay be an arbitrary Y py-algebra. From (i) we can conclude that for any sort
s € S and any valuation « : {a;} — Ay, Ap,a | Dgs(xs) if and only if Ay, a |
Def,(x5). Using this fact together with the conditions (ii) and (iii) we can infer that, for
any sort s € S and any valuation o : {xs,ys} — Ay, Ap,a | HBeh[Dy,Cxls(xs,ys) if
and only if Ay, o | BehS(z,,y,). Hence EfIBeh[DHﬂH](AH) = Eéehc(AH). a

The combination of Theorem 42 and Proposition 45 leads to the following criteria for
finite axiomatizations of the observational equality ~ops, 1n-

Theorem 46 (Criteria for finitary axiomatizations of ~op; 1,). Let C be a class of
X-algebras. Let HID be a specification with finitary axioms plus reachability constraints
of the form (¥y, Ry, Axg), with ¥ C Yy, such that for each sort s € S, there exists
a unary predicate symbol Dy, of domain s in Y. Let Cy be an arbitrary finite set of
Yy-contexts (with variables in Xp ). Let HBeh[Dy,Ch| be the S-sorted family of finitary
Y-formulas induced by the predicate symbols Dy 5 and the contexts Cyr.

(HID, HBeh[Dy,Cx)) is a finitary axiomatization with hidden part of the observational
equalily ~ops 1, with respect to the class C of Y-algebras if the following conditions are
satisfied:

1. El’tH(C)|2 =C.

2. For any Y y-algebra Ay € Exty(C), gfIBeh[DH,CH](AH) E CONGYS .
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3. There exists a (possibly infinite) set C C C2% of observable X -contexts which con-
tains, for any observable sort s € Obs, the trivial context z; and such that any
Yy-algebra Ag € Exty(C) satisfies the three conditions (i), (ii) and (iii) of Propo-
sition 45 (w.r.t. C). 0

Theorem 46 provides the key for constructing a finitary axiomatization of the observa-
tional equality ~ops 1, With respect to a given class C of Y-algebras. Indeed the conditions
(1), (2) and (3) can be considered as proof obligations. Condition (1) requires that all
algebras in C can be extended to a model of the specification HID, i.e. HID does not
introduce any “confusion” on the algebras of C. Condition (2) requires that the relation
axiomatized by the formulas HBeh[Dy,Cph| is a X-congruence and condition (3) provides
a criterion for this relation to coincide with the contextual equality induced by some set
C of Y-contexts and the input sorts In. It is important to note that if Cy consists only
of Y-contexts then the condition (3) reduces to the condition (i) of Proposition 45. If,
moreover, we consider the total observational equality Ao s then condition (2) remains
the only proof obligation (cf. Corollary 43). In general, however, one has to check the
three conditions (i), (ii) and (iii) of Proposition 45. In particular conditions (ii) and (iii)
look rather technical; in concrete examples however it turns out that both conditions can
be checked quite easily because one has only to relate contexts of Cy to contexts of C and
vice versa.

In the remainder of this section we will show that, for any partial observational equal-
ity ~ops, 1, and any class C of Y-algebras, it is always possible to construct a finitary
axiomatization with hidden part of ~ops 1, w.r.t. C. The idea is to encode the observable
Y-contexts and the Y-terms with input variables in the hidden part, and to specify the
application of contexts and the interpretation of terms by corresponding hidden function
symbols. However, it should be clear that (at least) the encoding of the contexts is so
complex that this result is of purely theoretical interest. In practice it is both more effi-
cient and simpler to define an ad hoc hidden part and to discharge the proof obligations
provided in Theorem 46.

Definition 47 (General encoding of definition domains and contexts). Let X' =
(S, F) be a signature, Obs C S be a set of observable sorts and In C S be a set of
input sorts. The specification HID[X, Obs, In] = (Y, Ry, Azy), with Yy = (Sy, Fu),
is defined by:

1. Let Ar[X] % {5’ — s | 5,5 € S and there exists (at least) a Y-context of sort s
with context variable of sort s'}.

2. Sy is equal to S plus:

(a) for each sort s € S\ In, a new sort T[s].
(b) for each s — s € Ar[Y], a new sort Ct[s" — s].

3. Fy is equal to F' plus:
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Function symbols for the encoding of definition domains:

(a) for each function symbol f € F of arity sy...s, — s, with s € In, a new
function symbol T'[f] of arity (11 ...(us, — T'[s], with (;s; = s; if s; € In and
(;8; = T'[s;] otherwise.

(b) for each sort s € S\ In, a new function symbol [[s] of arity T[s] — s.

(c) for each sort s € S, a new unary predicate symbol Dy s of domain s.
Function symbols for the encoding of Y-contexts:

(d) for each sort s € S, a new constant C't[z;] of sort C't[s — s].

(e) for each non constant function symbol f € F of arity sy...s, — s, for each
i € {l,...,n} and for each sort s’ € S such that s' — s; € Ar[Y], a new
function symbol Ct[f,1,s'] of arity (1s1...Ct[s" — s;]...(us, — Ctls’ — 4],
with (;s; = s; if s; € In and (;s; = T'[s;] otherwise.

(f) for each s — s € Ar[Y], a new function symbol apply,_, of arity
Ctls' — s] s' — s.

4. Ry = (Sr, Fr) is defined by:

(a) Sg 55\ 5.
(b) Fr HTf]| f € FYU{Ct[z] | s € S} U
{Ct[f,1,8| [ € F of arity s1...s8, = s, n >0, s — s, € Ar[X]}.

5. Azpy is the union of:

Axioms for the encoding of definition domains:

(a) for each sort s € S\ In and for each T[f], the (implicitly universally quantified)
equation: I[s](T[fl(x1,...,2n)) = f(Ga1, ..., Cun),
with (x; = a; if s; € In and (a; = [[s;](x;) otherwise.
(b) for each sort s € S\ In, the sentence Vags. Dy s(xs) < ysT[s]. I[s](ys) = 5.
(c) for each sort s € In, the sentence Vags. Dy s(x5) .
Axioms for the encoding of Y-contexts:

(d) for each sort s € S, the sentence Vags. apply,_ (Ct]zs], xs) = x5.

(e) for each s — s € Ar[X] and for each Ct[f,1,s] the (implicitly universally
quantified) equation:
apply o (Ct[f 0,8 (X1, .oy Ciyevny ), e) =
f(Clxlv s 7app1y$’—>si(ci7 1’5/), MR Cnxn)v
where (jx; = x; if s; € In and (jx; = I]s;](x;) otherwise.

Proposition48. Let HID[X, Obs, In] be as in Definition 47. Let Cy be the set of X -

contexts defined by Cy & {applyy_s(cta, zy) | 8 — s € Ar[X] such that s € Obs, s' € 5,
ctz is an arbitrary but fired variable of sort Ct[s' — s| and zy is the context variable of
sort s'} . Let HBeh[Dy,Cy] be the S-sorted family of finitary X y-formulas induced by
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the predicate symbols Dy s and the contexts Cp.

Then (HID[X, Obs, In], HBeh[Dy,Crl) is a finitary axiomatization of the observational
equalily ~ops 1, with respect to any class C of Y-algebras.

Proof. We must show that the three conditions of Theorem 46 are satisfied. It is easy
to show that any X-algebra A can be extended to a model of HID[X, Obs, In] by a
straightforward construction, i.e. condition (1) is satisfied. Condition (2) is trivially sat-
isfied if we show that condition (3) holds with respect to the set C2" of all observable
contexts. To prove this, we must check that the conditions (i), (ii) and (iii) of Proposi-

tion 45 are satisfied w.r.t. the set of all observable Y-contexts C2% and any Yp-algebra
Ap € Mod(HID[X, Obs, In]). Let Ay € Mod(HID[X, Obs, In]).

Proof of (i): W.lo.g.let s € S\ In. We have the following lemmas:

Lemmad49. For all values T]a] € (AH)T[S] there exists a term t € Tx(Xy,) and a
valuation o : X1, — Apg such that I[s]2#(T[a]) = I,(t).

(Proof by induction on the generators of the sort T'[s].)

Lemma50. For any term t € Tx(Xy,) and any valuation o : Xy, — Apg, there
exists a value Tla] € (Ap)rpy such that I[s]*#(T'[a]) = I.(t).

(Proof by structural induction on Tx(Xy,).)

From Lemmas 49 and 50 we conclude that for any value a € (Ag), the following
holds: Dfﬁs(a) iff (using the axioms defining Dy 5) there exists T'[a] € (Ap )7y, such
that I[s]4#(T[a]) = a iff (by Lemmas 49 and 50) there exists a term ¢ € Tx(X,)
and a valuation o : Xy, — Ay such that [,(¢) = a.

Proof of (ii): Let s’ € S be arbitrary. We have to consider Yp-contexts of the form
apply_ (ctx, zg) with s € Obs. Condition (ii) can now be easily derived from the
following lemma:

Lemma51. For all sorts Ctls' — s] € Sy and for all values ay € (An)cys—s
there exists a X-context C of sort s with context variable zy and a valuation [ :
X — Ag with Dfﬁs,,(ﬂ(vsn)) for all s € S and all vy € Xy such that for any
value a € (Ap)s we have 15,(C) = I, (applyy_ (cta, zy)) where a,(cte) = ag,
ao(zs) = a and B,(zy) = a.

(Proof by induction on the generators of the sort C't[s" — s]. Note that Lemma 51
is formulated for arbitrary sorts s, not only for observable ones, which allows to use
the necessary induction hypotheses.)

Proof of (iii): Condition (iii) follows from another lemma which is symmetric to Lemma 51
and can be proved by induction on the structure of arbitrary (observable or not)
Y-contexts. O
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8 How to Prove Behavioural Properties: Examples

In this section we discuss general guidelines for proving behavioural properties with re-
spect to an observational equality ~ops 1, and we show how to apply the results obtained
in the previous sections to various examples.

In the following we assume given a signature X = (S5, F'), a set Obs of observable
sorts, a set In of input sorts, and an arbitrary specification SP of signature Y. We want

to prove that SP = ¢, for some Y-formula ¢.

R Obs,In

The results obtained in the previous sections lead to the following method:

1. Select an appropriate subset C of C£" (which contains the trivial contexts z, for

s € Obs).

2. If In # S then define an appropriate hidden part with predicate symbols Dy (for
any s € 5).

3. If C is infinite then complete the hidden part as needed and select some finite set
of contexts Cy (built with hidden function symbols). Otherwise let Cy = C.

4. Consider the S-sorted family of finitary formulas HBeh[Dy,Cy] induced by the
predicate symbols Dy s (if applicable) and the contexts Cy.

5. Check that:

(a) The resulting hidden part HID is a conservative extension of SP.
(b) (SP +HID + (X%, BEHupeap, ) E CONGY.

(c) The criteria for the hidden part given in Proposition 45 are satisfied (w.r.t.
the selected set of contexts C).

6. Once these steps are done (once for all), Theorem 38 implies that SP [=x,,, ;, ¢ if
and Oﬂly if (SP + HID + <E]§, BEHHBeh[DH,CH]>) |: £(¢)7 for any Y -formula q§

Hence it is clear that the selection of an adequate subset C of C8* is a crucial step in

the method. In particular, if we succeed in finding a convenient finite set C, then the
definition of the hidden part is considerably simplified (it is enough to introduce the
predicate symbols Dy ;) and the checks to be done are much easier to discharge. But
even if the selected set C is infinite, it is important to understand that the subsequent
steps will be much easier if we consider a strict subset of C2% instead of the set of all
observable contexts. In the next subsection we explain how in general such a set C can
be easily deduced from the specification we are interested in. Then we provide various
examples which show how our method can be applied.
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8.1 Crucial Contexts

The problem now is to find an adequate subset C of C&*, and if possible a finite subset

C. Remember that observable contexts represent experiments with observable results. A
typical (simple) experiment will start by some computations involving mainly non ob-
servable values and providing non observable results, then there will be a computation
providing an observable result, possibly followed by more computations over observable
values (more complex experiments will be arbitrary combinations of these simple ones).
The crucial idea is that intuitively only the step going from non observable values to
observable ones is critical. Hence our intuition suggests that, in addition to the trivial
observable contexts, it could be enough to consider the “crucial contexts” of the form
F@1y oo X1y 25y Thg1y - -« T ), With f € F of arity sq ... 851 Sk Sgy1 ... 8, — 8,8 € Obs
and s, € S\ Obs. If the contextual equality induced by these crucial contexts is a Y-
congruence (for the algebras in the class C we are interested in), then using Proposition 41
we know that it is fine to replace the infinite set of all observable contexts C2* by the
finite set of the “crucial contexts”.

It should be clear that the selection of the “crucial contexts” is mainly a starting
point. As we will see in the examples described in the next subsections, in some cases
the set of the “crucial contexts” is not optimal (i.e. an even smaller set of contexts is
adequate), while in other cases the set of the “crucial contexts” is not adequate (i.e. we
have to select a larger, infinite set of contexts). However, from our experience, the set of
the “crucial contexts” is always a very useful starting point and when not adequate it
provides nevertheless the “right intuition” about which set of contexts C must be selected.

8.2 The CONTAINER Example

Let us consider again the CONTAINER specification introduced in Examples 1 and 2. The
observable sorts are {Elem, Nat, Bool} and all sorts are input sorts (i.e. we consider
the total observational equality).

We are interested in proving behavioural properties of the CONTAINER specification.
But before note that we can apply some obvious simplifications. First, the observational
equality we consider is a total one. Moreover, on observable sorts the observational equal-
ity coincides with the set-theoretic equality, hence the predicate symbols ~; are not nec-
essary when s is an observable sort. This means that we can considerably simplify the
lifting of formulas, the axiomatizations of the observational equality and the induced for-
mulas BEH by using just one predicate symbol ~¢ont (for sake of clarity we abbreviate
the sort Container by Cont).

Here the set of the “crucial contexts” is {e € zcont, card(zcont), subset(S,zcont) s
subset (ZcontsS), ZBools ZNats ZElem)- However, intuitively here the “crucial context”
e € Zgont is enough to observe containers, and the other observing operations (card and
subset) do not observe “more” than the operation € does. Hence we will select the set
C =1{e € zcont, ZBool, ZNat, ZElem) Of observable contexts.
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Since we consider the total observational equality, this leads directly to the following

formula TBehgont (S,87) (cf. Corollary 42):

TBehgons (S,5?) ¥ [Ve:Elem. e € S = e € §77.

The corresponding axiomatization is the sentence BEH¢ont:
¥S,S’ :Container. ([Ve:Elem. e € S = e € S’] & S ~cont S’).

The formula CONG?T, is (after some obvious simplifications):
Ve:Elem, S,5’,51,31’ :Container.
[(S ~Cont S)) A (Sl ~Cont Sl)) =
insert(e,S) ~cont insert(e,S’)
(8 U S1) ~cont (87 U 817)
remove(e,S) ~¢ont remove(e,S’)
card(S) = card(s’)
subset(S,S1) = subset(S’,51’) ]

A
A
A
A

Let CONTAINER™ % (CONTAINER + (Sig(CONTAINER) U {~cont}, BEHcont)).
In a first step we must check that CONTAINER™ = CONG?T;, which is not difficult.

It is then very easy to prove that:

CONTAINER™ |= insert(e,insert(e,S)) ~cont insert(e,S)

and that CONTAINER™ |= insert(e,insert(e’,S)) ~cont insert(e’,insert(e,S))
which means that the two corresponding equations are behaviourally valid in the model
class of the CONTAINER specification. This means as well that this specification can be
considered as a correct behavioural implementation of sets.

8.3 The STACK Example

Let us consider the following STACK specification.

spec: STACK
use: ELEM
sort: Stack
generated by:
empty : — Stack
push : Elem Stack — Stack
operations:
pop : Stack — Stack
top : Stack — Elem
axioms:
VS:Stack, e:Elem.
pop(empty) = empty
pop(push(e,S)) = S
top(push(e,S)) = e
end STACK.
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We assume that all sorts are input sorts (i.e. we consider the total observational
equality) and that the sort Elem is observable. We are interested in proving behavioural
properties of stacks. Similarly to the CONTAINER example, we can apply obvious simplifi-
cations and use just one predicate symbol ~gtack.

Here the set of the “crucial contexts” is reduced to {top(zstack)s ZElem}- It is clear
that the context top(zstack) 1s not enough to observe stacks: two stacks may have the
same top element without being observationally equal. Intuitively two stacks must be
considered as observationally equal if the elements stored in the stacks are the same (and
they are stored in the same order). This can be checked by looking first to the top element,
then pop the stacks and look again to the top element, etc. until both stacks are (simul-
taneously) empty. Hence we will select the set C = {top(pop” (zstack)) | 7 € IN}U{zE1en}-

Since we select an infinite set of observable contexts, we must find an adequate hidden
part HID and a set of contexts Cy to be used instead of C itself. But the selected set C
of observable contexts is simple enough to suggest the following solution. Let HID be the
specification:

HID % NATP + (Sig(STACK) U Sig(NATP) U {topn : Nat Stack — Elem},
{V¥S:Stack, x:Nat.
topn(0,S) = top(S)
topn(s(x),S) = topn(x,pop(S))})
whereby it is assumed that NATP is a monomorphic specification of Peano’s natural num-

bers having IN as model. Let Cy def {topn(x,zstack) , ZElem]-

Since we consider the total observational equality, we do not need any hidden predi-
cate symbol, and we obtain as resulting formula HBeh[Cp]stack(S,S?):
[Vx:Nat. topn(x,S) = topn(x,S’)].
The corresponding axiomatization is the sentence BEHgtack:
VS,S’:Stack. ([Vx:Nat. topn(x,S) = topn(x,S’)] & S ~gtack S’).

The formula CONG?Y is (after some obvious simplifications):
Ve:Elem, S,S’:Stack.
[(S ~Stack S)) =
push(e,S) ~stack push(e,S’) A
pOP(S) ~Stack POP(S)) A
top(S) = top(S’) ]

Now let STACK-IMPL be a specification (of signature Sig(STACK)) which is supposed to

describe a concrete implementation of stacks (for instance by means of arrays and point-

ers). Let STACK-IMPL-H~ ' (STACK-IMPL +HID + (Sig(HID) U {~stack}, BEHstack)).

Obviously condition (3) of Theorem 46 holds (independently of the choice of the specifi-
cation STACK-IMPL), since to any context topn(x, zstack) and any valuation o : {x} — IN
corresponds the context top(popa(x) (zstack)) (and reciprocally).
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Hence, if HID is a conservative extension of the STACK-IMPL specification and if more-
over STACK-IMPL-H™ | CONG?Y, we can apply Theorem 46, and as a consequence we
know that, for any formula ¢:

STACK-IMPL [=,,. , ¢ if and only if STACK-IMPL-H™ |= £(4).

This means that for checking that the specification STACK-IMPL is indeed a be-
havioural implementation of STACK, it is then enough to show that, for all STACK axioms
¢, STACK-IMPL-H™ = £(¢).

8.4 The LIST Example

As a last example we will consider a classical implementation of sets by non redundant
lists. Let us first consider the following LIST specification:

spec: LIST

use: ELEM, BOOL

sort: List

generated by:
empty : — List
cons : Elem List — List

operations:
head : List — Elem
tail : List — List
_ € _ : Elem List — Bool
insert : Elem List — List
remove : Elem List — List

axioms:
VL,L’:List, e,e’:Elem.
head(cons(e,L)) = e
tail (empty) = empty
tail(cons(e,L)) = L
e € empty = false
[e € cons(e’,L) = true] & [(e =¢e’) V (e € L = true)]
insert(e,empty) = cons(e,empty)
[e € L = true] = insert(e,L) =L
[e € L = false] = insert(e,L) = cons(e,L)
remove(e,empty) = empty
remove(e,cons(e,L)) = L
e # ¢’ = remove(e,cons(e’,L)) = cons(e’,remove(e,L))

end LIST.

First note that remove just removes the first occurrence of an element. Hence it is clear
that LIST £ e € remove(e,L) = false.
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We are now interested in studying the behaviour of lists if we forget the operations
cons, head and tail. (Indeed, to use lists for an implementation of sets, we must first
forget these operations and in addition perform an appropriate renaming, but we will
not take this renaming into account here for sake of simplicity.) Formally, we consider

the signature Y-Set defined by Y —Set & Sig(LIST) \ {cons, head, tail}, and we con-

sider the specification LIST-RESTR defined by LIST-RESTR % restrict LIST to Y-Set.
LIST-RESTR has exactly Y'-Set as signature, and its model class is defined (as usual) by

Mod(LIST-RESTR) & {A|x_set | A € Mod(LIST)}.

The behavioural theory of LIST-RESTR will now be studied w.r.t. the partial ob-
servational equality ~ops0ps induced on Y-Set-algebras by Obs = {Elem, Bool}. This
observational equality is a family of partial X-Set-congruences. Indeed, since our aim is
to prove that LIST-RESTR is a correct behavioural implementation of SET, it is important
not to choose List as an input sort, since we must only consider lists built with empty,
insert and remove for the behavioural satisfaction of the SET axioms (only these lists
actually represent sets).

The set of the “crucial contexts” is C = {e € zLists ZBools ZNat, ZElem}, and looks
fine enough to be selected.

Since we consider a partial observational equality ~ops055, we must find an adequate
hidden part HID with a predicate symbol Dgy pist. (Note that as for the previous ex-
amples we apply obvious simplifications and use just one predicate symbol ~igt in the
lifting; similarly we need predicate symbols Dy ¢ for non input sorts s only, hence here
only for the sort List.) Since the selected set of contexts is finite there is no need for
contexts built with auxiliary hidden function symbols.

The role of the predicate symbol Dy 1ist is to denote the lists built with the Y-Set
operations (and observable values), i.e. the lists built with empty, insert and remove
(and not with cons or tail). Intuitively it is clear that these lists are exactly the lists
with no duplicates. Hence it is quite obvious that the following hidden part HID should
be adequate:

HID & (¥Y—SetU {nodup : List},
{VL:List. nodup(L) < (Ve:Elem. e € remove(e,L) = false)}).

We obtain as resulting formula HBeh[nodup,C|List (L,L7):
[nodup(L) A nodup(L’) A (Ve:Elem. e € L = e € L7)].

The corresponding axiomatization is the sentence BEHgt:
VL,L’:List.
([nodup(L) A nodup(L’) A (Ve:Elem. e € L = e € L’)] & L ~pjer L7).

In particular we can infer: VL:List. nodup(L) < L ~rjigt L.
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The formula CONG?S_g., is (after some obvious simplifications):
Ve:Elem, L,L’:List.
[(L ~List L)) =
insert(e,L) ~rist insert(e,L’) A
remove(e,L) ~iist remove(e,L’) ]

Let LIST-RESTR-H™~ & (LIST-RESTR + HID + (Sig(HID) U {~List}, BEHLiat))

and let LIST-H~ % (LIST + HID + (Sig(HID) U {~rist}, BEHL ot ).

It is obvious that HID is a conservative extension of the LIST-RESTR specification (indeed
it is also a conservative extension of the LIST specification). To check that LIST-RESTR-H™
= CONG?T g, it is equivalent to check that LIST-H™ = CONG?S_g,., which is not dif-
ficult. Then we must check that the condition (3) of Theorem 46 holds, i.e. that the
condition (i) of Proposition 45 is satisfied. This follows from an easy proof by induction

w.r.t. T'v_set(X{ElemBool} JList-

Hence we can apply Theorem 46, and as a consequence we know that, for any Y'-Set-
formula ¢, LIST-RESTR |= if and only if LIST-RESTR-H™ |= L(¢) if and only if
LIST-H™ = £(6).

R Obs,0bs ¢

For instance, to prove that:

LIST-RESTR Fryy, op iRSETt (e,insert(e’,L)) = insert(e’,insert(e,L))
and that LIST-RESTR |:z0bs,om e € remove(e,L) = false

it is equivalent to prove that (remember that nodup (L) is equivalent to L ~pigt L):
LIST-H™ = nodup(L) = insert(e,insert(e’,L)) ~rjst insert(e’,insert(e,L))
and that LIST-H™ | nodup(L) = e € remove(e,L) = false

which is not difficult. This indeed is the crucial step required to conclude that the LIST

specification can be considered as a correct behavioural implementation of sets.

9 Conclusion

In the literature several approaches formalize behavioural correctness concepts by intro-
ducing some kind of behavioural semantics (cf. e.g. [9], [17], [15], [18], [2], [16]). The
main drawback of these approaches is that they either do not provide a proof-theoretical
framework or suggest technically complicated proof techniques which are only of lim-
ited interest for practical applications (cf. the context induction principle in [10] or the
correspondence relation in [20]). In this paper we have developed a proof theoretical
framework for checking the behavioural validity of arbitrary X-formulas (finitary or not).
We have shown that in the case of partial observational equalities this framework leads
to a method that allows us to prove observational theorems using any arbitrary theorem
prover for standard first-order logic. For concrete examples we have successfully proved
observational theorems with the Larch Prover LP (cf. [8]).

The most important application of our proof technique is the verification of the cor-
rectness of behavioural implementations. Thereby a specification SP-I is called a be-
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havioural implementation of a given basic specification SP w.r.t. a set Obs of observable
sorts and a set In of input sorts if the models of SP-I (restricted to the signature of
SP) satisfy w.r.t. the observational equality &ops 1, all axioms of SP. In [5] we have ex-
tended this notion of behavioural implementation to structured specifications and we have
investigated proof rules that allow us to establish the correctness of behavioural imple-
mentations of structured specifications in a modular way. Since we know that behavioural
semantics is in many cases the same but (at most) more restrictive than abstractor se-
mantics (for “factorizable” abstractors) these proof rules are also correct for abstractor
implementations in the sense of [19]. As a consequence of our results it is an objective of
future work to built an environment for proving behavioural theorems and behavioural
implementations on top of some existing theorem prover such as e.g. the Larch Prover.
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