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Abstract

We consider in this report Datalog programs with arithmetical constraints of the following
form:

p(Zo, Yo, %0).

plz+e,y+Xz+v) «— >0, p(z,y,2).

ple+my+fz+8) — y>0, p(e,yz)

ple+a,y+6,2+9) — z2>0, p(z,y,2).
where zo, yo, 20, €, A, v, i, f, 8, a, B, g denote integer constants.
The problem is to find an arithmetic formula f(z,y, z) equivalent to the relation p(z,y, z)
defined by the above program.
This characterization problem has useful applications in several fields, like the generation
of lemmas for proving the termination of Prolog programs, the compilation of queries in
Temporal Deductive Databases, or the verification of safety properties in parametric con-
current systems.
We show here that programs of the above form are divided into three classes: the hierar-
chic, periodic and spiralling classes. More than 99% of the programs fall into the hierarchic
and periodic classes and can be characterized by a linear arithmetic formula, unlike pro-
grams of the spiralling class.

Résumé

On étudie dans ce rapport des programmes Datalog avec contraintes arithmétiques de la
forme:

(o, yo, z0).

ple+ey+Az+y) — x>0, p(z,y,2).

ple+my+fiz+8) — y=20, p(ryz2)

ple+a,y+6,2+9) — z2>0, p(z,y,2).
ol %o, Yo, 20,€, A, v, i, f, 6, a0, B, g désignent des entiers relatifs.
Le probleme est de trouver une formule arithmétique f(z,y, z) équivalente & la relation
p(x,y, z) définie par le programme ci-dessus.
Ce probleme de caractérisation a d’importantes applications dans plusieurs domaines
comme la génération automatique de lemmes pour démontrer la terminaison de pro-
grammes Prolog, la compilation de requétes récursives en Bases de Données Déductives
Temporelles ou la vérification de propriétés de siireté dans les systémes concurrents paramétrés.
Nous montrons que les programmes étudiés se divisent en trois classes: la classe hiérar-
chique, périodique et en spirale. Plus de 99% des programmes tombent dans les classes
hiérarchiques et périodiques, et peuvent étre caractérisés par une for mule d’arithmétique
linéaire, a la différence des programmes en spirale.

*On leave from Linkoping University -Sweden.



1 Introduction

We study in this report the least fixpoints associated with Datalog programs with arithmetical
constraints with 2 rules of the form:

p(xo,yo)-
plxt+ey+A) — >0, plz,y).
ple+py+f) = y>0, p(z,y)

and with 3 rules of the form:

P(ﬂb‘o,yo,zo).

plet+ey+Az+y) — x>0, ple,y z).
ple+py+fz+0) — y>0, plr,y,z)
ple+o,y+8,24+9) — z2>0, ple,y, z).

e A v
The matrix ( ¢ }\: ) (resp. w f 6 |)is called the incrementation matriz of the 2-rule
a a B g
program (resp. 3-rule program).

The analysis of the least fixpoint will be performed according to the sign of the coefficients
of the corresponding incrementation matrix.
As already seen in [2][4], the analysis for 2-rule Datalog programs can be decomposed into:

1. The class of hierarchic programs, whose matrices contain a line or a column made of

coefficients of the same sign.

2. The class of periodic programs whose matrices are of the form ( _T_ i— ) or ( i— _T_ )

The least fixpoint associated to a hierarchic program can be represented as a constant number

(< 3) of straight lines.

The least fixpoint associated to a periodic program can be represented as a repeated pat-
tern (possibly preceded or followed by one straight line).

In both cases, the least fixpoint can be expressed by a linear arithmetic formula.

We will see in this report that the analysis of 3-rule Datalog programs can be decomposed
into:

1. The class of hierarchic programs, which are, roughly speaking, characterized by matrices
containing a line or a column made of coefficients of the same sign.

2. The class of periodic programs, which are, characterized by matrices containing a subma-

trix -t or T - as those below:
+ - - +

— 4+ e — e ° ° °
+ — e o o o e — +
° e o 4+ o — e 4+ —

or their opposite matrices (that is, matrices with opposite signs of the elements).

3. The class of spiralling programs, which are characterized by matrices of the form



or their opposite.

The hierarchic Datalog programs for three rules have already been studied in [3][4].

The periodic case was only sketched out in [3][4]. Only the algebraic condition for the ex-
istence of a pattern was given. Nothing was said on the applicability of such a pattern, nor on
the form of the least fixpoint between the origin and the area where the pattern is applicable.
The analysis of such 3-rule periodic programs is carefully done in this report. The analysis
relies on new results found for 2-rule periodic programs, that are also given for the first time
in this report.

The identification of the 4 “spiralling” programs is also a new contribution of the present
report. These cases were overlooked in [3][4]. Although these cases cover less than one per cent
of all the cases (4 cases on a total of 512), they are interesting, because they are the only ones
for which the least fixpoints cannot be characterized by a linear arithmetic formula: the least
fixpoint here has a vortical form spiralling around the negative space 2 <0 A y <0 A z <0,
before reaching the space « >0 A y >0 A z > 0 where a pattern becomes applicable.

The plan of this report is as follows:

Section 2 gives some preliminaries.

In section 3 we present results for programs with 1 recursive rule.

In section 4 we presnt results for programs with 2 recursive rules.

In section 5 we give a classification of programs with 3 recursive rules.

In section 6 we introduce new mathematical tools based on the pigeon hole principle, to prove
the existence of certain patterns.

In section 7 we study the class 1 of hierachic programs with 3 recursive rules.

In section 8 we study a certain class of periodic programs with 3 recursive rules (class 2).

In section 9 we study another class of periodic programs with 3 recursive rules (class 3).

In section 10 we study the last class of periodic programs with 3 recursive rules (class 4).
Section 11 contains graphical plots of the fixpoints of some example programs representative
of the different classes of programs mentioned.

Section 12 gives a sketch of a proof that that the “spiralling” programs (class 5) cannot be
described in linear arithmetic.

Section 13 recapitulates the main results obtained.

2 Preliminaries

All vectors are column vectors, unless otherwise stated. To save space we often write (z1,...2,)7

instead of

Ty

Ln

We allow w and —w to be components of a vector, where n < w, n > —w, n4+w = w and
n+ (—w) = —w for all integers n. Also w4+ w =w and —w + (—w) = —w (w — w is undefined).
By 1; we denote the unit vector whose ith component is 1 and all other components are 0. Let
T and y are any vectors with x1,...,2, and yi, ..., y, as components respectively, then 7 <7y
is defined to hold iff z; < y; forall 1 <i¢<n. Also T < g holds if # <y and T #£ 7.

If  is a vector with nonnegative components, || denotes the sum of its components.



2.1 Program Transformations

We consider programs P of the form

p(b).
dy : p(X+k) — (X,&)+ar >0, pX).

do: p(X+kn) — (N,%)+a,>0, p(xX).

where (X,¢) denotes the inner product. We consider the recursive rules to be labeled by

di,...,d,. Let K be the matrix with kq,..., k, as row vectors, and let C' be the matrix with
C1,...,¢n as row vectors. We call K the incrementation matriz and C' the constraint matriz.

First notice that any X that satisfies p(i), must necessarily be of the form
XN=b+qiki+  + gk

where 0 < ¢;. Let § be the vector with components ¢; to ¢,. Then
x=KT'q+%

The constraint (¥,%) + @; > 0 of the program P thus becomes (KTq,%) 4+ ri > 0, where
k; = (b,%) + a;. But since (K1q,e) = (g, K¢;), by putting 3, = K¢, we get (7,%;) + x; > 0.
Thus we construct the new program P’

?'(0).
di: pP@+h) = @p)+r >0, p(0).
d, : P'@-i-ln) — @,%)‘i"fnzoa p’@).

A program of the form P’ is said to be on standard form. We have

Proposition 1:

p(X) & Fg:x=K'g+b A P@)

Proof:
Follows easily by fixpoint induction. o

Note that the size (the number of components) in 7 equals the number of recursive rules,
regardless of the number of variables in the original program.

On the other hand, since
X=b+qki 4+ gakn
we have
(@) + ai = (0,%) +ai + k1, @) + -+ qa(kn, @)
Define 6; for 1 < i < n by
0; = Ck;
and let 8, be



Let T be the vector with z1, ..., z, as components. We construct the program P’

P”(go)~_
dy : p'(@+0) — x>0, p'(T).
d, : p”(f—l—gn) — x,>0, p'(T).

A program on the form P” is said to be on simple form. The relation between a program and
its simple form is not so straightforward as for its standard form. To state the relationship we
need some further notions.

As usual, for languages £1 and L4, denote by £1 + L2 the union of £; and £5 and by £, L the
set of strings wiwy where wy € £1 and wy € Lo. We define L7 as

£y = g
Lot = Ly

where € is the empty string. Elsn is defined by
cit = o
L2 is defined by
cet = o
and finally, £7 is defined by
= Ua
i>0

We identify d; with the singleton language {d;}. Note that if £; is finite, then Elsn is finite.

With any program P there is an associated language Lp constructed as follows: A program

p(b).
dy : p(X+k) — (X&)+ar>0, p(X).

do: p(X+kn) — (N,%)+a,>0, p(xX).

is extended with an extra argument:

p(e,g). B
dy plwdy, X+ k1) «— (X,¢)+a >0, pw,X).
d, : P(U}de-i'En) — (Ya En) +a, >0, P(wj)

The language Lp is defined by
weLlp < Ix:p(w,X)

Now we have

Proposition 2:
Let P be any program and let P” be its simple form. Then

*CP = EP”



Proposition 3:
Let P be any program and let P’ be its standard form. Then

Lp=Lp

&

Let w € (dy + -+ + d,)* be any string. Denote by @ the vector whose ith component is
the number of occurences in w of the label d;.

Proposition 4:
Let P’ be a program on standard form. Then

P'(@Q) © Fwelp :7=w

&

These propositions follow easily by induction. Thus we may without loss of generality re-
strict our attention to programs on standard form and simple form.

We refer to ® and 8 as base values since they depend on the base case of the original program.

We denote by @ the incrementation matrix of a program on simple form. We have the fol-
lowing relationships between the matrices associated with a program and its standard and
simple forms:

Proposition 5:
Let P be any program with incrementation matrix K and constraint matrix C'. Let P’ be its
standard form and P" its simple form. Let ® be the incrementation matrix of P’

1. d=KCT
2. The constraint matrix of P’ is ®T.

3. The incrementation matrix of P’ is the identity matrix (the matrix whose diagonal ele-
ments are 1 and all the others are 0)

4. The constraint matrix of P’ is the identity matrix.

5. Let w be a string in Lp, and suppose p(w,X), p'(w,q) and p”(w,T) hold. then

&

Informally, the argument § of a program on standard form, counts the number of times each
recursive rule has been used, while the argument = of a program on simple form says which
rules are applicable. Or more graphically, given a string w € Lp for some program P, its
standard form P’ computes the position in space reached by w considered as a path, while its
simple form P’ says in wich directions one may continue.



We define z7 by
7= 077+ 0,
to indicate the value of the simple program corresponding to a point of the standard program.

Furthermore we have the following

Proposition 6:
Let P be any program with incrementation matrix K. Assume K is invertible. For any given
X, it is decidable wether p(¥) holds. o

Proof:
Construct the standard form P’ of P. Since

p(X) & FJ:X=K"7+b A p(7)
and since K is invertible, solve the equation
x=K'G+b

in 7 (Y is given) and check if p/(g) holds. This is done by computing P’ bottom-up. Either
will be reached, or one generates points §’ such that 7 £ §. The branches in the bottom-up
tree starting from such a point ' cannot contain 7 since every use of of a recursive rule of P’
increments some component of its argument vector and leaves the other ones untouched. Thus,
these branches are pruned. After at most |g| steps, § must be reached or all branches are prunedo

Clearly, if K is not invertible, then there may be infinitely many g such that Y = KTg+b
holds for a given X. In this case the argument above does not work. It is not known (to us) if
p(X) is decidable in general for this case. It is decidable if P has at most two recursive rules.
This will be shown later in this report (it is also a consequence of the results in [4]).

2.2 Reachability and Paths

With a program on standard form, we associate a reachability relation —% where w is a string
of the language (dy + - - -+ dy,)*. The reachability relation is defined as follows:

€ —

7 — 9
7L T4+h) — @)+ >0 A 72T
72 @+1,) — @.%)+ka>0 A 727

Strictly, the reachability relation -2 should be parameterized by the program P’. For the

sake of readability we suppress the parameter P’. It is always understood that % 1is associ-

ated with a given program.
We have the following simple relation

Proposition 7:

<
=
1§
A
[l
=
+
g|

&

We sometimes write gw instead of 7+ w. By |w| we denote the length of a string w. Thus



|w| = |w].

We extend the definition of = to languages £ C (dy + - -+ + d,)* and define

— W=

57 & Jwel:g 27

We write § 4+ 7 %2 7" instead of § < §@ A 7 “2 7. We have

Proposition 8:

727
= Li+Lo E/ = V
7 =7
a L1Lo q/ o Ela// 7 _£_1> q// _£_2> q/

&

Thus, for finite languages a linear arithmetic formula can be given by applying the propo-
sition above together with the definition of - .

The motivation for introducing Lt ddn)” g the following fact:

Theorem 1:
Let P’ be a program on standard form with recursive rules labeled by di, ..., d,. Then

J (et g oo ()

Corollary:
Let P be any program with incrementation matrix K| and let Lt +d)” e the reachability
relation associated with its standard form. Then

p(X) © F7:x=K"g+b A 0 Lhtetd)’ 7

&

This report 1s devoted to giving linear arithmetic formulas characterizing

{dttda)” for some programs of the forms discussed above.

2.3 Paths and Motifs

A string w is refered to as a path. If § 2 7’ we say that §’ is reachable from 7 by the path w.
We introduce gy, (7) defined by

0@ & 7 :7 =7
—1

We say that w is applicable or admissible at 7 iff g,,(7) holds. Remember thatg 2 7 = 7 =
7+ W, 80 gy(q) could equivalently be defined as

0(7) & 7% 7+w

Theorem 2:
For any path w there exists a vector ¢, (possibly with some components —w), such that

Qw(a) e E?Z ¢w



Corollary:

f? < _?/ = (Qw (@) = Ow (5/))

The definition of g, (7) is extended to languages £ as follows

0:(9) & FweL:pu(q)

Given any vector @ with nonnegative components, & denotes the (finite) language of strings w
such that w = u. The set &7 is called the motif of w. Obviously the following holds

Proposition 9:

757 = 7=7+1
o
Proposition 10:
&a, &, C oyt
The converse does not hold in general. o

Let w be any vector with nonegative components, and consider the motif éz. Let & = (z,y, 2)T

be the argument vector of a simple program with labels h, v and ¢, and let ¢ = g+ w. If
r7 = g, then x is said to be preserved (or let invariant by 7). We say that & is a pattern.
If only two rules is used in &z, the pattern is called planar. More specifically, in order to dis-
tinguish among planar patterns of different planes, we will refer to & more specifically as e.g.

a planar vt-pattern if &g C (v + 1)*.

In particular, for programs with three recursive rules, a pattern that preserves two compo-
nents of the simple program is called a co-pattern (or more simply a pattern).

The derivations in this report of linear arithmetic formulas that characterize the reachabil-
ity relation, turns out to be independent of the base value § (or equivalently 50). Strictly the
expressions should thus be parameterized by K as p Ahtott)” p’. But since ® will not occur
as a coefficient in any of the expressions given (that is n - k; where n is a varaible does not
occur, only subexpressions of the form ...+ k; + ...), if B(R) is a linear arithmetic relation,
then 38 : B(R) A D vt t)” P’ is also a linear arithmetic relation. Therefore we suppress
the parameter.

Note that we do not say that the reachability relation does not depend on the base value,
only that our arguments do not assume a fixed value.

3 Programs with One Recursive Rule

. . * . . . . . .
To give an expression for 4. associated with programs with one recursive rule, is straight-
forward.



Theorem 3:
Consider the program P’ on standard form:

?'(0).
di: P@E@+h) — (@%)+r >0, p().

and let -4 be its associated reachability relation. Then

In>0:7=7+n-1;

A
747 e q=7V (7,71) + K120
A
(7 —11,%) + k120
o
Proof:
Follows easily by induction and the fact that either
(P1)+r12>20 = (7+11,%) +51 20
or
@+1L.%)+r 20 = (7.7) +r1 20
o

The expression for EUT general, but if one knows that that

T@%)+rk1 >0 = (T+11,%)+r >0

it can be simplified to

and if one knows that
(@+11,9)+ x>0 = (3,9,) +x1 >0
it can be simplified to

In>0:7 =
727 ©q7=7V A
(@ —11,%1) +r1 >0

5—1—77,11

For any given program, the direction of the implication above 1s decidable an can be precom-
puted to get a simpler expression for 4

Actually, the formula for programs with one recursive rule i1s a special case of the formula
for motifs.

Theorem 4:
Let @ be any vector with nonnegative components and let £ be its associated motif. Then
. 7 =7+nw
77 ©g=7 Vv In>1: A

VO <n' <n:oe_(7+nW)



holds. o

If

0e(T+1'W) = 0 (T+ (0" + )W)
or

0ex(T+ (0" + D) = 0e5(7 + ')
holds, then

VO<n' <n:ge_(7+nW)

collapses to

wa(q)
e (7+ (n — 1)w)

respectively. The formula for programs with one recursive rule can be considered as the formula
for reachability by a motif where the motif is given by & = {d; }.

Note that
(VO <n' <n:g_(7+ nlm)) & A
holds in general.

4 Programs with Two Recursive Rules

Programs with two recursive rules was allready treated in [2][4]. We present here a uniform
analysis along a different line (the programs need not be divided into different classes) which is
slightly more general in the sence that the proof does not depend on linear integer arithmetic,
but only on some general properties of the functions and the constraints.

4.1 General Analysis

In this section we derive a linear arithmetic formula defining {htv)” agsociated with the

program

p(xo0, Yo).
h: ple+ey+A) — x>0, plx,y).
ve  pletpy+f) — y>20, play).

We will work only with its standard form

p'(0,0).
h: P@+1n) — @, +krr >0, pD).
v:  p(P+1ly) — B.%)+ke >0, p(p).

where 7, = (e, )T, 7, = (A, f)T. We use the labels h and v for “horizontal” and “vertical”
respectively. By abuse of notation we also let h and v be variables denoting positions on the
horizontal and vertical axes. Thus a point P is a vector (h,v)T.

10



Lemma 1:
The constraints of the program above are monotonic. That is, either

PP)+r:i >0 = P+1;2)+r: >0
or

P+1;%)+r >0 = (0,%)+r >0
holds, for all i = h,v and j = h,v. o
we use the convention

ph=p+1n

pr=p+1,

We say that when P’ = ph, then 7' is the result of making a horizontal move from (or applying
rule h to) B, and similarly for 7’ = pv

Lemma 2:
Applications of rules are commutative:

phv = pvh
o

The construction of a formula for -2+2)° actually relies only on lemmas 1 and 2. Therefore
the construction applies to more general constraints than (5.3;) + «; > 0. To emphasize this
generality (and simplify notation), in this section we write ¢;(P) instead of (5.%;) + oy > 0.

The intuition behind the formula is illustrated in figures 1, 2 and 3. The path from a

' \ x=0

Figure 1

point P to 7’ is viewed as consisting of two parts: It begins with a sequence of applications of
both rules and ends with a sequence of applications of a single rule, or it begins with a single
rule followed by using both rules, or it consists of a sequence of applications of a single rule
followed by a sequnce of applications of the other rule. These parts are characterized sepa-
rately by linear arithmetic formulas, and the formula for the reachability relation is obtained

11



y=0

T (v

Figure 2

by “concatenating” them. Thus, the formula R(p,7') for reachability in two dimensions will,
in its full generality, be of the form

p 7 7 =7
R(p,7) < 3,7 : v A mho(T,7) A Y
P57 7 =P

where 74, (7,7’) is a relation characterising reachability in the region where both rules are ap-
plicable. The rest of this section will be devoted mostly to the construction of rp,(7,7’) (note
that we do not characterize all admissible paths, only reachable points). The basic idea behind

x=0

Figure 3

the definition of r,(7,7') is based on the observation that the area defined by ¢4 (D) A ¢y (D)
is convex in some sence, and that (roughfly speaking) all paths inside this area are admis-
sible. Thus, if two points p and 7' satisfy ¢4(P) A ¢, (D) and (D) A @, (7P') (that is, both

12



points lie inside the area) and if p < T/, then there exists an admissible path from 7 to 7.
This gives the intuition of the construction, but it is not true as a matter of fact. We will
define three predicates s(p), e(7,7’) and ¢(p,P’), where the first relation yields an over approxi-
mation of the set of reachable points, and the latter two cut away points that are not reachable.

First, the set ¢4 (P) A ¢y (P) is actually too small, so we define an extension of this set as

en(P) N pu(P — 10)
s(p) & v
(P —1n) A eu(P)
Figure 4 shows the set defined by ¢p (B)Ap, (P) and also illustrates why this set is too small. The

o

x=0

y=0

Figure 4

point 7 is reachable from P by a path in (h + v)* allthough neither 7 nor 7’ belongs to the set.
The area s(p) is illustrated in figure 5 and it is seen that p and 7’ belongs to this extended set.

Lemma 3:

Let s(p) hold. Then
1. I ¢n(7) = ¢n(7 + 14) holds, then ¢p(P) holds.
2. If =pp(7) = —¢n(7+ 1a) holds, then ¢n(F — 13) holds.

The analogous statement for v is also true. o
Proof:
Consider the first property. Since s(p) holds, ¢4(F) V ¢n(P — 15) must hold. Assume, —pp (D).

Then (P — 15) must hold. But since ¢5(7) = ¢n(7 + 1), it follows that ¢5(p) holds, which
is a contradiction. Thus ¢p(P) must hold. The proof of the second property is similar. o

The set defined by s(P) is not always connected in the sence that there may exist points p
and 7’ such that s(p), s(p') and p < P’ hold, but ' is not reachable from 7. Figures 6 and

13



x=0

y=0

Figure 5

9 1llustrates two such situations. We introduce two predicates to take care of this problem.
Define

-/ 1/ 1/ -/ 1/ 1/ SD’U (hp’ UZ_)”)
e(@,7) eV <P <F A-en(P') A (P) = v
on(hg, vp)

The intuitive meaning of the predicate e(p,7’) is illustrated in figure 6. The idea is that for
P’ to be reachable from P, there must exist a path u or u’ that “goes around” any point 7"’
between p and P’ for which —p (P") A =, (P”) holds. In the figure, the prefixes of w are the
only admissible paths starting at p and w ends at p”’. Thus, P’ is not reachable from P, and it
is seen in the figure that e(p,7’) is not satisfied since @p(hg, vp) V @y (hy, v ) is not satisfied.
That a simple predicate as e(p,7") is sufficient for expressing such an a priori complicated
property is due to the fact that the constraints satisfy lemma 1 and because we are working
in only two dimensions. In figure 7 the lines has been slightly shifted so that no point 7"
between P and 7’ satisfies —pp (7'') A =, (") so e(p, ') holds, and clearly T is reachable from
7. Figure 8 illustrates a situation where e(p,7’) is satisfied even though a point 7’ between p
and P’ satisfies ¢y (7)) A=y (B''). In this case pp,(hp, vp) holds and the path u is admissible.

Lemma 4:
Let e(p,p') and —e(p+ 15,7') hold. Then

ﬁgph(h—// U—//) /\ _|S0’U (h—// U—//)

7' Vp 75 VB
A
I P+ 1, <P <P A —pp (hp, vp)
A
v (hi, v ) A=y (hy + 1, vpn)

holds. The analogous statement is also true when e(7,7') and —e(p + 1,,7’) hold. o
Proof:
Follows immediately from the definition. o
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Figure 6

y=

Figure 7

Figure 8
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Lemma 5:
Let e(p,p') and —e(p+ 15,7’) hold. Then

L =¢(@) = ~¢u (@ + 1n)
2. If 5(p + 15) holds, then =, (7) = = (7 + 1y)

Proof:

1. From lemma 4 we get ¢, (h
statement.

7 U5 ) A 2@y (hy + 1, v51). Lemma 1 immediately yields the

2. From s(p+15) we get 0o (B+1n) Vo (P+15—1y). That is, @y (hp+1, vp) Ve, (hp+1, vp—1).
But by lemma 4, =, (hp+1, v ) holds, and since vy < vpr, lemma 1 yields the statement.

o
Lemma 6:
Let e(p,7'), —e(p+ 14,7') and s(p + 15) hold. Then —s(p’) must hold. o
Proof:
By lemma 4 there exists some p + 1, < 7" < P’ such that —p,(hg, vpr) A —pp (hgr, vr) A

—n(hp, vp) holds. By s(p 4 1x) we have ¢p(hp,vp) V on(hy + 1,vp), so from =gy (hgr, vp)
and lemma 1, —¢4(7) = —¢n(7+ 1n) must be true. By lemma 5, —¢, (7) = —u(§+ 13) So
if vz = vy, from the two implications above, and from —, (hg, v ) A —@p(hpr, ver) we get
=y (hp, v5) A —@p(hgy, vp), so —s(p’) must hold. If on the other hand vz < vp/, since by

lemma 5, =9, (7) = 2@ (T+ 11) and =9, (7) = —¢. (7+ 1) hold, from —g, (hpr, v ) it must

follow that =, (7') A =y (P’ — 1), and consequently, —=s(7') must hold. N
Define
on(P" — 1n)
op,7) VP <P <P Aen(@) Ao (P") = v
o(P — 10)

The intuition behind the predicate ¢(p,7') is illustrated in figure 9. It essentially says that the
area defined by p < 7/ <7 A s(p”) must be “wide” enough to allow for a path to be included
in it.

Lemma 7:
Consider p and §' where p <P’ and hy # hy. Then
L. ¢(p,7) = c(p+14,7)

2. c(pap/) = c(pap/ - 1h)

Proof:
Follows immediately from the definition. o
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Figure 9

Now we define the reachability relation rp, (p,7’) as
P<p
A
(P P) & P=FV s(p) A s(P)
A
e(p,7) N e(p, P)

We first prove soundness of this relation. That is, if rp,(p,7) holds there endeed exists an
admissible path from p to 7':

(5, 7) = p L)L

This is stated in lemma 17 which is preceeded by several technical lemmas. Soundness of
(htv)*

p 219 ¥ then immediately follows from lemma 8.

Lemma 8:

Assume § < P, hy < hpr, 74(P,P’') and =13 (F 4 1, 7). Then —=s(p + 1;) must hold. o
Proof:

=74y (D + 1, 7)) implies

pH1, L7
vV
P#T A —s(P+ 1n) V —s(P)
vV
_'e(ﬁ—i— 1haﬁ/) Vv _'c(ﬁ—i— 1haﬁ/)

Since p < 7’ and hgy < hg hold, p+ 1, £ 7 cannot be true. By 71,,(p, ') we have s(p') and
e(p,7), and by lemma 7, ¢(p+ 15,7') holds. So —=s(p+ 14) V —e(P+ 1,7) must hold. Suppose
s(p+ 1) was true, then —e(p + 15,7) must hold. By 74, (P, 7’) we have e(p,p’). But then, by
lemma 6, =s(7') must hold, which is a contradiction. Thus, —s(p + 13) holds. o

17



Lemma 9:
Assume s(P) and =, (P). Then

L. va(ﬁ_ 11})

2. 2pu(@) = ~pu(@+ 1)

o
Proof:
1. Follows immediately from the definition of s(p).
2. Follows from lemma 1 and from ¢, (P — 1,) A =, (P).
o
Lemma 10:
Assume —s(p + 1) and ¢p(P). Then —p, (7 + 13) holds. o
Proof:
Follows immediately from the definition of s(p). o
Lemma 11:
Let (B, ), 7n(P+ 15) and =, (F + 1) hold. Then ¢, (p) must hold. o
Proof:
Follows immediately from the definition of e(p, 7). o

Lemma 12:

Let p < ﬁ/a vy < Upr, S(ﬁ/), TP (ﬁ) and —'%@) = Ty @-l- 11}) hold. Then Pu @) = P @-l- 1h)
must hold. o

Proof:

By lemma 3, ¢, (P’ — 1,) must hold. But since —¢,(7) = -, (7 + 1,) is true, it cannot be
the case that hy = hg, because —,(p) would then imply —p, (7' — 1,). Thus hy < hz. It
cannot be the case that =, () = —¢, (7 + 15), because then =, (7' — 1,) would hold. Thus,
by lemma 1, ¢,(7) = ¢u (g + 15) must hold. o

Lemma 13:

Consider p < 7' such that hy < hy and vy < v/, and let s(p), s(p'), =s(p + 1n), ¢n(p) and

e(p,7') hold. Then ,(p) must hold. o

Proof:

18



Assume, by contradiction, that —¢,(P) holds. By lemma 10, —¢, (P + 13) holds. Assume
- (P + 13). By lemma 11, ¢,(P) holds, which contradicts the assumption of =, (p). Thus
on(P + 1p) holds. By lemma 9, =¢,(7) = —¢u(7 + 1,) is true, and then by lemma 12,
©u(7) = @u(7+ 1p) holds. But by lemma 9, ¢,(p — 1,) holds, so ¢, (P + 1n — 1) is true.
But since ¢p(P + 13) and ¢, (P + 15 — 1) then are true, s(p + 1) must be true, which is a
contradiction. Thus, ¢, (7) must be true. o

Lemma 14:
Consider p < 7’ such that hy < hy and vy < vy, and assume 4, (5, 7'), ~7ho(P + 15, 7’) and

on(P). Then ¢, (p) must be true. o
Proof:
By 710(P, ') we have s(p), s(p’) and e(p,7’). By lemma 8 we get —s(p+15). The result follows
then immediately from lemma 13. o
Define

d(p,7) = ¢ - 7l
Thus, d(p,7’) is the Manhattan distance between the two points (it is assumed that p < 7).

Lemma 15:
Consider p <7, and assume ¢4 (P), ¢y (D), —9pn(P + 1) and =, (P + 15). Then

-/ -/ -/ _'Sph(ﬁ/)
VP TSP AND#P ANe(B,T) = Vv
_‘Spv@/)

Proof:

Induction over d(p,7’). For the base case, assume d(p,p’) = 1. Then ' =+ 13, in which case
=y (P + 1p) holds, or o = p+ 1,, in which case =y (P + 1,) holds. For the induction hypoth-
esis, assume the statement is true for all 7’ such that d(p,7’) = n, and consider any 7" with
d(@,7") =n+1 (where 1 < n), and ¢(p,7") hold. First note that since ¢ () and —pn(P + 1,)
hold, by lemma 1, =4 (7) = —¢n(7+ 1y). Similarly =4, (7) = —¢u (7 + 15) holds. There are
three possibilities: hy = hgv A vy < vz, hy < hy A vy = ver or hy < hzn A vy < vgr. Consider

—11,

the case when hy = hzr A vy < vpr. Since =y (P + 1) and =4 (7) = ~¢n(7+ 1,) hold, clearly
—¢p(P") must hold. Analogously, the lemma holds also for the case when hy < hzr A vy = vp

Thus we may assume that hy < hgv A vy < vz holds. Suppose, by contradiction, that
on(P") Ny (P") was true, and consider p”/ — 1. Since hy < hpr, d(p, 7’ — 1) = n. By lemma 7,
e(p, P’ — 13) holds, and since =, (7) = =y (T + 1) and ¢, (P”) hold, ¢, (p"” — 1) must hold.
By the induction hypothesis then, =, (7" — 15) must hold. Next consider 7" — 1,. By the
symmetric reasoning we get that =, (7" — 1,) must hold. Thus = (7" — 13) A =, (7" — 1)
holds. But this contradicts the assumption that ¢(p,7’’) holds. Thus it must be the case that
—on(B) V 0 (). o

Lemma 16:

Consider p < 7’ such that hy < hy and vy < vy, and assume 74, (7,7 ), ¢n(P), ¢u(P) and

=74y (D + 1p, 7). Then 71y (P + 1,,7) is true. o

Proof:
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Suppose, by contradiction, that =7, (7 + 1,,7) holds. Two applications of lemma 8 yields
—s(p+1p) and =s(p+ 1,) (by symmetry lemma 8 holds both for 5+ 15 and p+1,). —s(p+ 1s)
yields (by definition)

“@p(P+ 1n) Voo (P4 1n — 1)
A

—@n(P) V 2w (P + 1n)
and —s(p+ 1,) yields

~on(P+ 1s) V=0, (P)
A

P+ Lo = 1) Vopu (B + 1)
on(P) and ¢, (P) then yields —¢n(F+ 1y) and =g, (5 + 1). By lemma 1,

~on(7) = —n(7+1,)

and

=0u(7) = (T + 1a)

must then hold. But from 74, (7,7'), we get s(p'), which by definition implies ¢ (7' ) Apn (P —11)
and ¢, (7)) A ¢y (P’ — 1,). So by lemma 1

en(T) = enl(@+ 15)

and

Pu(@) = (T + 1)

must be true. But by lemma 3 then, o5, (7') A, (p') holds. Since, as noted above, 4 (B) A ¢y (D)
and =y (D + 1,) A =y (P + 14) hold, and since rp, (P, 7’) yields ¢(p,7'), lemma 15 applies and
says that —p(P') V =y (P') holds, Wthh contradicts ¢4 (P') A ¢y (P'). Thus the assumption
=74y (D + 1y, P’) must be false. o

Lemma 17:
Assume 7y, (P, 7). Then there exists an admissible path w such that p =% 7. o

Proof:

Induction over d(p,7'). The base case when d(p, ') = 0 is trivial. For the induction hypothesis,
assume that for all p and 7’ such that d(p,7') = n and r,(p,7), there exists an admissible
path w such that p % p’. Consider any 7" with d(7",7) = n+ 1 and rp, (7', 7). There are
three cases: hgr < hy A vz = vpr, hpn = hy N vpn < v or hgr < hgy A vgn < vpr. Consider
the first case. By Tho (p p) we have s(p’) and 5( N, Wthh means that goh( v gph(ﬁ” —1p)
and (7)) V (P’ — 14) hold. Now, ¢ (7) must be true for all 7/ < § < 7' — 13, otherwise
—0r(7) = —¢n(7 + 1) would hold by lemma 1, and consequently = (') A —¢n (7 — 14)

would be the case. But then h"*! is an admisible path such that p” 2. 7. The case when
hpi = hy Avpn < vp is treated analogously. Thus we may assume that Az < by A vpr < vy,

By 74 (P, 7') we have s(p"), which yields ¢, (P") V ¢, (7). Suppose that ¢, (F") holds. Then
an h-move is admissible, and since hgzr < hg, d(B" + 15, 7) = n. If 7y (7" + 14, 7') is true, by
the induction hypothesis there exists an admissible path w such that (p" + 15) <% 7’ holds,
but then hw is an admissible path such that p/ % P’ and we’re done. Suppose on the other
hand that =7y, (" + 15, 7) holds. By lemma 14, gov( ") is true. Thus a v-move is admissible.
Since vz < vpr, d(F"”" + 1y, ') = n, and by lemma 16, rp, (" + 1,,7') is true. By the induction
hypothesis then, there exists a admissible path w such that (7 + 1,) =% 7’ holds, but then
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vw is an admissible path such that p” % p’. This concludes the proof. o

Theorem 5:

Assume R(p,7'). Then there exists an admissible path w such that p % 7'. o
Proof:
Follows immediately from lemma 17 and proposition 8. o

Comleteness of R(p,7') is mutch simpler. The idea is to show that all admissible paths in-
side the s-area are captured by the 74, (P, 7' )-relation. Completeness of R(p,7’) then follows
by observing that any point where an admissible path changes direction must lie in the s-area,
50 7y (P, D) connects the points of the first and the last change of direction, and p 4% 5 and

7 5 7 characterises the prefix and suffix of the path.

Lemma 18:
Assume s(p) and p % P’ for some w. Then ¢(p,7) is true. o

Proof:

Induction over the length of w. If w = €, the statement is trivially true. For the induction
hypothesis, assume the lemma is true for w. That is, For all points p < 7' < pw (with p £ 7')
such that on (') A @u(F) is true, op(P' — 14) V ¢, (7' — 1,) holds. Consider w’ = wh. When
we move one step horizontally, the only new points that must be considered, are those 7"’ such
that hg, = hyr and vy < ver < vpyr. So it is enough to show that every such point that
satisfies @, (P") A 0y (P) must also satisfy ¢p (" — 15) V ¢, (p” — 1,). Since w’ is admissible,
on(pw’ — 1) is true. Consider any P’ such as mentioned above and assume = (P’ — 15).
By lemma 1, ¢4(7) = ¢n(7 + 1,) must hold, otherwise ¢p(pw’ — 15) would not be true. Also
on(7) = @n(7 + 1) must hold, otherwise p(p"”) would not be true. But from s(7) we get
on(P) V pn(P — 1p), so for all points 7 such that p < 7, we have that ¢ (7) holds. This contra-
dicts the assumption that —¢s (" — 13) holds. So ¢4 (P” — 15) must be true. The case when
w’ = wu is treated analogously. o

Lemma 19:
Assume s(p), s(p') and p 2% 7’ for some path w. Then e(p,7') is true. o

Proof:

Induction over length of the path. The statement 1s trivially true when w = €. For the induction
hypothesis assume the statement is true for pw. Consider w’ = wh and let 7 & 7. When
we move one step horizontally, the only new points that must be considered, are those 7"’ such
that hy = hzn and vy < vpr < wp. So it is enough to show that every such point that satisfies
—p(P") A e, (P") must also satisfy ¢, (h, v"") V ¢ (h”,v) Consider such a point . Since by
s(7'), en(P') V @u(T'), clearly vzr < vy But then, by lemma 1, ¢, (7) = ¢, (7+ 1,), must hold.
By s(p) and lemma 3 we thus get ¢, (P) and so ¢, (h,v"”) must hold. The case when w' = wv
is treated analogously. o

Lemma 20:
Assume s(p), s(p') and p % P’ for some path w. Then 74, (P, 7) is true. o
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Proof:
If w=¢then p = 7, so rpy(p,P) is true. If w # ¢, Then claerly p < 7. Lemma 18 and
lemma 19 together with the assumptions s(p) and s(p') yields the result. o

Theorem 6:
Assume p % 7 for some admissible path w. Then R(p,7') holds. o

Proof:

For any path w it is clearly true that w = ujusus where w3 € (R* + v*), ug € (h 4+ v)* and
ug € (B* 4+ v*). If w = € the theorem is trivially true. Let u; be the longest prefix belong-
ing to (h* +v*). If w # € then w3 # € since w at least must begin with A, say. Since w is
admissible, ¢p(P) must be true, and since uy ends with A, ¢p(Pu; — 1p) also must be true.
Clearly pu; = p+ n - 1; for some n, so p 25 (Pu1) holds. If usus = ¢, the theorem follows
trivially. Suppose usug # €. Let ug be the longest suffix belonging to (h* + v*). If ua = ¢,
usz € v* must hold, and the theorem follows by similar reasoning as above. Suppose us # e.
Then uz # € since uy must end with some move, and this belongs to (A* + v*). w2 must begin
with v, otherwise u; would not be the longest path of h*. Since w is admissible, ¢, (Pu1) must
hold. This, together with ¢ (Pus — 13), yields s(puy). Suppose that us ends with h, say. Then
o (Puiug — 1) holds, and uz must begin with v, so ¢, (Puiusz) holds, and thus s(pujus) holds.
By lemma 20, rp,(Puy,puiusz) holds. Finaly, since ¢, (Puiuz) and ¢, (Puiusus — 1) holds,
(Puiusg) AN (Puiugus) holds. This concludes the proof. o

Note that the whole proof only uses the properties stated in lemma 1 and lemma 2. The
expression given for the least fixpoint can therefore be addapted to more general situations
than mereley linear integer arithmetic with one linear constraint. Conjunctions, nonlinear con-
straints, reals e.t.c. can be allowed as long as lemma 1 and lemma 2 are satisfied. For instance,
any constraints of the form fi(hz, vp) > 0, where ¢ = h, v, is allowed for functions f; that are
monotonic in both arguments. The construction is limited, however, to two recursive rules.

4.2 Alternated incrementation matrices

In this section we consider programs of the form

p(xo0, Yo).
h: ple+ey+A) — x>0, plx,y).
ve  pletpy+f) — y>20, play).

That 1s, we restrict our attention to programs of linear integer arithmetic. More specifically,
we focus on programs which have “alternated incrementation matrices”, i.e., matrices with a
negative diagonal and a positive antidiagonal, or the opposite. For a point 5 = (h,v)T, the
corresponding variables zy and yp are defined by x5 = eh + pv 4 k5 and yy = Ah + fv + K,

4.2.1 negative diagonal

Consider a program with the signs of the matrix given by

o= (7 )

where e, f > 0 and A, > 0. Depending on the values of the coefficients, this corresponds to
one of the situations illustrated in figures 10 and 11. Consider two points p and 7', and denote
by 7, y5, Tp and yp the x and y values associated with the points.
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e

X=-e
y=0
x=0 »
/p
Figure 10
y=-f
' L» \
h
p\ ,J

X=-€

x=0

y=0

Figure 11
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Proposition 11:

r5 > —e Ty 2> —e€
Vpa p/a Lo Yoy T s Yp' - A A D hiv 7 = A
yp > —f v > —f
o
Proof:
Follows easily by fixpoint induction. o

By looking at figures 10 and 11, this can be interpreted as that one can never move very
far away from the cone once it has been reached. Note the special case illustrated in figures 12
and 13 (figure 12 is the same situation as that illustrated in figure 6). The figures 11 and 12

P,
\\ o o o SN
o o o
o o \ - o o o o
o o o o ‘o\ ’
P
o o o\ o o
o e o o o
.
x=0 - o o
y=0 %
X=-e
p|/
Figure 12

shows the situation when
—e A
<0
‘ wo=f ‘
That is, the area defined by ¢5(P) A ¢y (P) diverge. This means that if one starts in a point
sufficiently far up to the right, there is an infinite path starting at this point. In figure 12 it is

seen that there are only finitely many points reachable from p; since it lies too far to the left.
This is formalized in the following proposition.

Proposition 12:
Let

—e A
<0
‘ 1z —f‘—

and let e, f > 0. Consider the point p. If Azp+ eyy > 0 or fry+ pyy > 0, then there exists an
infinite path starting from p. o
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Proof:

We give the proof for the case when Azy+ eyy > 0. The proof of the case when fry + pyy > 0
holds 1s similar. When we apply an h-step we add —e to « and A to y, and when we apply a
v-step we add —f to y and p to . It is enough if we can show that for all w € (h + v)*, if
(&', VT = (27, y5)" + ®Tw then 2’ > 0 or ¥’ > 0. That is, no matter how we walk, at least
one next step can be taken. Assume to the contrary that for some w with h, horizontal steps
and v, vertical steps,

Ty — ehg + pvg <0
Yp + Mg — f@ <0

holds. Then
Mg+ eyy — (ef — pX)vg <0

must hold. But by assumption, Azy 4 ey > 0 and
—e A
ef —puA = <0
f—u ‘ 0 —f ‘ <
hold, which is a contradiction (since vg > 0). o

The converse of this theorem does not hold. We observe that if Az + ey < 0, 0 < y and
—e < z hold, then —e < z < 0 and 0 < y < A. Similarly, fo + py < 0, 0 < z and —f < y hold,
then —f <y < 0 and 0 < z < p. Thus, there are only finitely many classes of points for which
—e >z A —f >y and such that there are only finitely many paths starting at these points

(two points p and P’ belong to the same class iff x5 = 25 and yp = yz).

The properties Az + ey > 0 and fo + py > 0 are invariant under the assumption that
—e A
<0
‘ wo=f ‘ -

since then the inequalities says that v > vy and h > hg respectively (for some constants hg and
vg), and this property is clearly preserved.

For the special case when the matrix of the program has the form

(5 -7)
po=f
where e, f > 0 and A, ¢z > 0, the expression for the fixpoint can be given in more “compiled”

form. We distinguish the situations when the determinant is strictly positive, and when it is
negative or zero.

4.2.2 positive determinant
Consider first the situation when
—e A
>0
‘ wo=f ‘
and e, f > 0, which is illustrated in figures 10 and 13. Consider figure 10. The point ' =
(hs, vz—,/)T is given by a solution to
—e < —ehy Fpvy 4oy
—f S My —fup to

=4

p

IV A A
B o o
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or equivalently

—e < xy < 0
-f <y <0
P > 7

(For figure 13 the points p and 7’ are p, and 7, or B, and 7, respectively). The set of inequalities
above has a finite number of solutions and always has at least one solution when p satisfies

E(@) & dn:
Ty +np > 0)
vy —nf > —f

Vv
xF —ne > —e
¥y +nd > 0
or equivalently

E(@) & dn:

feg +uyy > —fe —fu
Vv

Ary Feyy > —fe —el

That is, 7 is to the left of and/or below an area (a set of points) where —e < # < 0 and
—-f <y<O.

Moreover, all solutions are comparable so there exists a untque minimal solution. Therefore
the function 7(p), which returns the minimal solution to the inequalities above, is well de-
fined whenever F(p) holds. The point 7 must be chosen as o' = p'(p). Figure 13 shows that
it is essential to choose the minimal solution since in this figure both B} and 7, are solutions
allthough 7 is not reachable from p;. The set of inequalities consisting of the two first rows has
only finitely many solutions since by assumption the determinant is strictly positive. Thus, the
solutions may be precomputed (for fixed ap, and @, ). The fact that all solutions are comparable
is due to the signs of the matrix

(o)
po=f
and is not true in general. For P the set Qx(7q) defined by

0:T) & a7> ¢ A y>—f A F<T<F )

characterizes all reachable points 7 above B that lies “close to” the positive cone (7 is to the
left of and below the intersection x = —e, y = —f. Note that there does not necessarily exist
an integer point ' such that x5 = —e and y = —f.). This is illustrated by the shaded areas
in figures 10 and 13. The set of points reachable from 7 is characterised by the formula

BT = (E(®) N (D)

dn : - V
-f

o
A

=t
>

<
Vv
q=
The second disjunct covers the points on a horizontal or vertical line starting at p. In : § =
P+ n -1 can also be expressed as

feg Fpyr < fop Auys
Arg ey = Azp  +eyr
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and dn:g=p+n-
freg +pyg
Arg  teyg

P

—_

v

IA I

o o o o
y=-f
\\ ) o o
o o o o o
o o o

.

as

Jag

Al‘p

P

+ 1y
+eyy

4.2.3 negative determinant

Consider the second case when

‘—e A
po —f

<0

4 ) ) ) ) )
o o o
o o o ,
Pi
X=-C
Figure 13

and e, f > 0, which is illustrated in figures 11 and 12. Consider figure 11. There is an infinite
path starting at p iff there are no solutions to

—e < —echy

—f S Ay —fuy fo

—

+pvp

+ayp

<

<
2

0
0

p

Otherwise 7’ is the minimal solution (see figure 12: There is an infinite path leaving p, but
only finite paths leaving p;, since there is a solution P} > p; to the inequalities above, but no
solution Py > P,). If the determinant is strictly negative, the inequalities of the first two rows
have only finitely many solutions (for fixed aj and a,). If a solution exists, the set Qx(7) is
defined exactly as above and if no solution exists it 1s defined by

@) & 22— Nyp=-f NPT
(which may be seen as though the point 7' lies at infinity: 7 = (00, 00)T). If

0

P < g may alternatively be expressed as

—e A
po=f
fep +uyp
Ary ey

< frg
S Al‘?

+1yg
+eyg

The set OQp(7) for the case when no solution J’ exists is illustrated by the shaded area in
figures 11 (In figure 12 there is a solution Py > p; but no solution p}, > P,. The shaded areas
shows Qx(7) for the two cases.) The set of points Ry(q) reachable from p is defined as before.
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4.2.4 positive diagonal

Let us now consider programs with the signs of the matrix given by

o=(_ 1)

where A, zr > 0 and e, f > 0. Depending on the values of the coefficients, this corresponds to
one of situations illustrated in figures 14 and 16. As before we consider two cases depending
on the sign of the determinant.

4.2.5 negative determinant

Consider the case when
e —
<0
‘ —n S ‘

which is illustrated in figure 14. Consider the inequations

x=0
y:(]-
Figure 14
0 < ehy  —pvy  +oap < p
0 S —Ahz—,/ +fUZ—,/ +a, < A
P > b

or equivalently

0 < oy < p
0 < Yy < A
P > P

A unique minimal solution P’ always exists when p satisfies
E(ﬁ) = 1‘1720 A ypZO

Thus, the function 7’(7), which returns the minimal solution to the above set of inequations, is
well defined for p such that F(p). Since the determinant is strictly negative, the inequations of
the first two rows have finitely many solutions. The set

(7)) & 27>0 ANy >0 A P<g<T (P
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characterizes all points § below 7'(p) that are reachable from p. This set is illustrated by the
shaded area in figure 14. When 7 satisfies F(p), all points reachable from P can be reached by
starting from some point in Qp(7) and walking any number of steps horizontally or vertically.
Thus, P’ is reachable from p iff

Pr=q+n-1,
P'=7+n-1,

It is easily seen that this is equivalent to

, hgr < hy )
pP<p A v
Up < Vp'(p)

which is illustrated by the shaded area in figure 15. Alternatively, hz# < hg(5) may be expressed
as

Jep@) +ryee < frpr tpyee
and vy < vprp as
Arpip) Feypp) S Awpr teypr

It means that p” is in the complementary region located at the right and above p’. The set of

0< x<p
0 y<A
N PI
h -
p
x=0 *
+
y=0
Figure 15

points reachable from p 1s characterised by the formula

hg < hg )
Rs(@ < [E® AP<T A v
U7 < VR (p)
v
0<azyp Ag=p+n-1,
dn : \%
0<y}7/\§:p+n 1,
v
q=7
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where dn : ¢ = p+ n - 1 may also be expressed as

feg Fpyr < fop Auys

Arg  Hey; = Azp  teyp
and n:g=p+n-1, as

feg Fpyr = fop Auys

Arg ey < Azp teyr

4.2.6 positive determinant

Consider the second case when
‘ e —A

>0
pof

which is illustrated in figure 14. The inequations

Figure 16
0 < ehy  —pvyp  +oap < p
0 S —Ahz—,/ +fUZ—,/ +OZU < A
P > b

may or may not have solutions. In figure 16 there is a solution 7} > 7, but no solution 7, > 5.
When a solution exists there exists a unique minimal solution so 7'(p) is well defined as before.
When no solution exists we define 7'(p) = (00, 00)T. Thus, with Qx(7) defined as before, the
shaded areas in figure 17 illustrates this set for the cases when a solution exists and when it
does not exist. As before, the set of points 7"’ reachable from p when E(p) holds is given by

, hgr < hy )
pP<p A v
Up < Vp'(p)

which reduces to p < 5’ when p'(p) = (00, 00)?. That is, the whole plane above 7 is filled when
the inequalities above have no solutions. This is illustrated by the shaded areas in figure 17.
With the convention that 7 (p) = (00, o0)? when no solutions exist, the set of points reachable
from any point P is given by R5(q) as defined for the case when the determinant is negative.
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P, /
st
XX
e 0
[ b pz
3 9 b
e - &
o &
6
0L x<p
0< y<A
N
y=0 "~
<
x=0
Figure 17

5 Programs with Three Recursive Rules
In the rest of the report, we focus on programs with three recursive rules:

P(ﬂb‘o,yo,zo).

plet+ey+rz+y) — >0, ple,y z).
topletpy+fiete) — y>0, plzy ).
t: ple+oa,y+8,24+9) — 220, ple,y, z).

The behaviour for such programs are far more complicated than for programs with only two
recursive rules.

Proposition 13:
Knowing the least fixpoint (Ifp) of a program with the associated matrix ®, one can infer the

Ifp of the program with associated matrix —®. o
Proof:
Briefly, consider a rule of a program P:

0 p(@,T)

i p(F+ ki, @) — x>0, p(F7T)
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By turning the program “backwards”, one gets

0: P (@, 7).

which computes the same relation, but the coefficients has changed signs. (See [1] for a de-
tailed investigation of such program transformations and the relationships between theire least
fixpoints.) o

Proposition 14:
The Ifp of a program, the associated matrix ® of which contains a fully negative row (a row
made of 3 negative coefficients), is known. (see [4] pp. 139-152). o

Proposition 15:
The Ifp of a program, the associated matrix ® of which contains a fully negative column (a
column made of 3 negative coefficients) and a row containing 2 positive coefficients, is known.

(see [4] pp. 139-152). ©

Proposition 16:
The Ifp of a program with associated matrix ® of one of the following forms:

+ o+ - + - 4+ o« + -
S I S
- - - — 4 e + - 4+
S -+ - .« — +
+ e - -+ 4+ + o+ -
-+ 4 + o= e -+ -
is known (see [4] pp. 139-152). ©

Proposition 17:
Any matrix (or its negative form) falls into one of the following classes:

(a) matrix with a fully negative row
(b) matrix with a fully negative column and a row containing two positive coefficients

(¢) matrix of the form

+ o+ - + - 4+ o« + -
— e 4 I S
I — 4 e + - 4+

(d) matrix of the form
- - 4 + - - -+ -
I - - 4 S
- - 4 I S
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+ -+ - +

(e) matrix with (at least) one minor associated with a diagonal element of the form

(1)

That is, a matrix of the form

— 4+ e — e 4+ o o
+ — e e o o - 4+
e o o + e — + -

(f) matrix of the form

+ 1+
|+ +
++
|+ +
++
+ 1+

&

From propositions 13 to 17 it follows that the matrices for which the associated Ifp are (a
priori) unknown, are matrices of type (e) and (f) of proposition 17.

Programs, the associated matrices of which are of types (a) to (d) of proposition 17, will
in this report be refered to as programs of class 1, and those described by case (f) as class 5.

In the rest of this report, we mainly focus on matrices of type (e).

The three subcases of form (e) correspond one-by-one too three elements of the diagonals
(chosen for the associated minors). The corresponding least fixpoints are identical up to a
permutation of variables x, y, and z. Therefore we will focus on matrices of the form

We will suppose furthermore that the determinant of the submatrix (the minor) is nonnull.
The matrices of type (e) are subdivided into three classes:

class 2:
This class contains the following 6 matrices (but two of them have already been treated else-
where):

+ 0+
|+ +

[For a matrix such as the one above, the associated Ifp is known by proposition 15]

- - - - 4+
+ + - -+ -
- - 4+ - - 4+
+ - + - - 4+
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[By proposition 14, the lfp associated with a matrix of the last of the above forms, is known.]

class 3:
This class contains the following 6 matrices:

- 4+ + - 4+ + - 4+ +

+ - + + - + - - +

+ + - - 4+ - + + -

- 4+ - - 4+ - - - +

+ - + + - + - - +

- 4+ - + + - + + -
class 4:

This class contains the following 13 matrices (but two of them have already been treated
elsewhere):

¢ o +
¢ o +
o o +

[By taking the negative of the matrix above, one obtaines a matrix with a fully negative row.
By proposition 14, the associated 1fp is known.]

+ + - + + - + + - + + -
+ - + + -+ - - 4+ - - 4+
+ + - -+ - + + - -+ -
+ - + + -+ + - + + -+
+ - + + -+ - - 4+ - - 4+
+ + - -+ - + + - -+ -
_|___
+ - +
+ + -

[By taking the negative of a matrix of this last form, one obtains a matrix with a fully negativ
column and a row containing two possitive coefficients. By proposition 15, the associated Ifp is
known.]

_|__

-+

|+ +
|+
+ 0+
|+
|+

+ +

6 The Pigeon-Hole Principle

The analysis of programs with three recursive rules is not as straightforward as for 2-rule pro-
grams. In this section we derive a tool for computing certain patterns that exists within the
Ifp of some classes of programs. The idea is to show that there is a finitie family of (infinite)
sets of points, and that a sufficiently long path of some particular form must visit a set of the
family at least twice. This yields a solution to a set of equations from which a corresponding
motif may be computed.
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We denote by Ty (7, 7"), oz (7, 7") or Ty, (7, 7') the set of pairs (z,y) > (r,7'), (x,2) > (1, 7)
or {y,z) > (7,7}, respectively. By [['4y(7,7")] we denote the set of points 7 such that
(¥, y5) € Tay(r,7') (and similarly for the other sets). We write pr_ (, -y to indicate that
P € [Toy(r, 7).

By Tuy. (7,7, 7") we denote the set of triples (z,y,z) > (r,7',7""). We use the same con-
ventions as above for pr_ ¢, -/ 1) and [Cpy. (7,7, 7).
Lemma 21:

Consider a matrix of the form

e A v
<I>: L ] f [ ]
e o ¢

where no assumptions are made on f, g, A or v. Let 7 = min{0, f} and 7/ = min{0, ¢}. Suppose

p vt 5 for some p and 7.
1.IfA>0 VvV v <0, then

Ela € Fyz(T, T/) 7 (h+t)*(h4v)* 7 R*t(h+u+t)* ﬁ/

vV
(1) (htv)" 5

-~

3

where h*t(h + v +¢)* can be replaced by ¢(h + v +¢)* in the case where A > 0.
2. 1f A< 0V v >0, then

E'a & Fyz(T, T/) ;ﬁ (h4v)*(h41)* E/ h*v(h+v+t)* ﬁ/

vV
(htv)* (ht )"

3
3]

where h*v(h 4+ v +t)* can be replaced by v(h + v +1)* in the case where y > 0.

Proof:
We give the proof for the case when A > 0 vV v < 0. The other case is identical.

Since

P (h+v+1)* ﬁ/ = 37:p (h4+)* (h4v)* 7 (h+v+1)* ﬁ/

it 1s enough to prove
p 0 ) o (k) o
EW/ c Fyz(T, 7_/) 7 (h+t)*(h+v) 7 h*t(h+v+t) p/
V
p Lt hkv)” o

This follows easily by induction on n from the following implication

p () g k)"
n=0Ag=7
V
EW/ c Fyz(T, 7_/) 7 (h+t)* (h+v) 7 h*t(h+v+t) ﬁ/
V
I . p k) htu)” (htvtt) " 7
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Consider points P, 7 and p’ such that p (htt)” (htv)” q (htvtt)” p’ for some n. The case

when n = 0 is trivial, so assume n > 0. Then § =% 7' for some w € (h —|— v+ t)* with
|w] = n > 0. There are three cases: w = hw', w = v’ and w = tw’ for some v’ € (h+ v + )*
with |w’'| = n— 1. If w = hw' or w = vw’, then clearly P (htt)"(htv)” 7 hiv, @ w! 3

which implies p (htt)"(htv) 7 htvt)"” - P’ and we’re done. Suppose therefore that w =

tw'. Now, p =% 7 for some u € (h+t)*(h + v)*. If u contains no v-move, as above we

then have p (A" (hte)"  (htv+)"™ % for some g'. Thus assume u = u'vh* for some
"€ (h+1)*(h+v)*. We have the situation illustrated in figure 18. Consider the point g

Figure 18

such that 7 4% 7. Clearly min{f,0} < Yz and 0 < zz. If A > 0, then min{f,0} < y; since
an h-move increases y. Thus § € [I'y.(7,7')]. If ¥ < 0, then 0 < 2z since an h-move decreases
z. Thus ¢ € [Ty (7, 7")].

We have § 2Fvdt)” 5 and g 224" 5/ This concludes the proof. o
Corollary:
Consider a matrix of the form
e o o
S=| p o ¢
[ ] [ ] g

Where no assumptions are made on e, g, g or §. Let 7 = min{0, e} and 7/ = min{0, g}. Suppose

p vt 5 for some p and 7.

1L.Ifu>0V 6§ <0, then

(v48)*(h4v)* a v*t(htv4t)* ﬁ/

V
ﬁ (v+1)*(h4v) ﬁ/

G €Ty, (r, 1) :

3

where v*t(h 4+ v 4+ t)* can be replaced by ¢(h 4+ v+ ¢)* in the case where p > 0.
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2. If p <0V § >0, then

Jg e Fm(T, 7_/) P (h4v)*(v+t)* 7 v h(h+v+t)* ﬁ/

V
(h+v)* (v+1)* ﬁ/

3

where v*h(h 4+ v +t)* can be replaced by h(h + v + 1) in the case where § > 0.

o
Corollary:
Consider a matrix of the form
e A e
<I> = [ J f [ ]
a [ e

where no assumptions are made on e, f, «w or 5. Let 7 = min{0, e} and 7/ = min{0, f}. Suppose
p vt 5 for some p and 7.

1.IHG>0V a<0,then

-~

(h)* (v4)* 7 t*h(htot)*

vV

(bt t)" (v )",

G ely(r,m):p

3

where t*h(h + v +1)* can be replaced by h(h + v +1)* in the case where 3 > 0.
2.1 <0 V a>0,then

3q € Tpy(r,7) 1 p LHLURDT, g Folidodi)”, 37
v

(v+t)" (htt)"

ﬁ/

where t*v(h 4+ v 4+ t)* can be replaced by v(h + v 4+ ¢)* in the case where o > 0.

Proof:
Follows from lemma 21 by permutation of A, v and t. o

Lemma 21 and its corollaries says that after at most two changes of planes, either zy, zz
or yz cannot be very negative.

The next lemma is a slight generalization of proposition 11.

Lemma 22:
Consider a matrix of the form

L ]
<I>: L ]

@~ e

.
]
g

where 6, 3 > 0 and no assumptions are made on f or g. Let 7 = min{0, f} and 7/ = min{0, g}.
Then

FEl,.(rnm) AP L F = 7 c[l,.(r,7)
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must hold. o

Corollary:
Consider a matrix of the form
€ v
o = o o o
8% L ] g

where v, &« > 0 and no assumptions are made on ¢ or g. Let 7 = min{0, e} and 7/ = min{0, g}.
Then
PENe(r, )] A D L F = P elh(r, )]

must hold. o

Corollary:
Consider a matrix of the form

A e
f e

o =

e = o

where A, > 0 and no assumptions are made on e or f. Let 7 = min{0, e} and 7/ = min{0, f}.
Then

PE[May(r )] AP LT P = F e [Toy(r, )]
must hold. o
Proof:
Follows from lemma 22 by permutation of A, v and t. o

Lemma 22 and its corollaries says that (under the stated conditions) I'yy (7, 7') is an invari-
ant for all paths in the hv-plane (and the corresponding statements for the At- and vi-planes).

Lemma 23:
Consider a matrix of the form

e A v
o = o f 6
e By

where 8,6 > 0 and no assumptions are made on f, g, A or v. Let 7 = min{0, f}, 7/ = min{0, g}.
Assume p -2+HDY 5 for some points p and 7 where 7 € [Ty (7, 7")]. We have:

1L.IEA>0 A v >0, then

3q € Tys(r,7') i p Lbutl g Lhbodtl

V
=7
2. 1fX>0 A v <0, then
P vt 7 (h+v+1)* ﬁ/
G el,.(r,): \
B h(h4v)* 7 t(htv+t)* 7
V

LA
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3. A <0 A v >0, then

P _utt, 7 (h+v+1)* ﬁ/
gel,.(r,): \
P h(h+1)* 7 v(h+v+t)* ﬁ/
V
P (h+1)* ﬁ/
4. If A <0 A v <0, then
P vt 7 (h+v+1)* ﬁ/
V
g e Fyz(Ta 7_/) : 7 h(h+v)*v 7 h*t(h+v+t) ﬁ/
V
P h(h+t)*t 7 h*v(htv+t)* ﬁ/
V

(o) + ()",

p ———=T7

o
Proof:
Follows by an easy adaptation of the proof of lemma 21 and using lemma 22 by which T'y, (7, )
is invariant under (v +t)*-paths. o

The motivation for this lemma is that we will construct an algorithm that searches for cer-
tain points in T'y. (7, 7') starting from a point in I'y,(7,7'). The lemma above allows us to
restrict the form of the paths that needs be considered. Furthermore, we will use the fact that
very restricted paths are sufficient to derive bounds on the search to guarantee termination.

For completeness, we state the obvious corollaries to lemma 23.

Corollary:
Consider a matrix of the form
€ v
D= poe 4
8% L ] g

where o,y > 0 and no assumptions are made on e, g, g or 8. Let 7 = min{0, e}, 7/ = min{0, g}.

Assume p LD 5 for some points p and 7 where p € [Ty (7, 7")]. We have:

L.Ifu>0 A 6>0,then

37 € Los(r, 7)1 p Lt g Lhbedtl

\
p=7
2. f p>0 A 6 <0, then
P htt 7 (h+v+1)* ﬁ/
G €Ty, (r, 1) : \
ﬁ v(h+v) a t(h+v+t) ﬁ/
\

p )
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3. I p<0 A 8> 0, then

hit, g (hdv+t)* 7

p
3@ € sz(T, 7'/) : \V]
5 _vvtt)” 7 h(h+v+1)* 7
V
I M ﬁ/
4. If p <0 A § <0, then
D htt 7 (h+v41) 7
V
G E Ty (r,7): | p 2lt)h 5 lihtvdt)” 5
V

-~

v(v4it)"t 7 v h{h+v+1)*

Vv
P (h4v)* +(v+t) ﬁ/

Corollary:
Consider a matrix of the form
e A e
o=\ p f
a

where g, A > 0 and no assumptions are madeon e, f, @ or 3. Let 7 = min{0, e}, 7/ = min{0, f}.
Assume p 0" 5 for some points p and 7' where 7 € [Tey(r,7")]. We have:

1. Ifa>0 A §>0, then

I € oa(r,7) - p Aot g ket
V
p=7
2. fa>0 A <0, then
ﬁ h4v E (h+v4t)* ﬁ/
G €Ty, (r, 1) : \Y
p 0 5 vtk
V
7 h+t) p/
3. fa<0 A 32>0, then
7 htv, 7 (h+v41)* p/
G el (r,7): \
p At g h(tvit)
V
ﬁ v+1 ﬁ/
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4. a <0 A B <0, then

ﬁ h4v E (h+v+t) ﬁ/

V

) h 7 ot 5
V

ﬁ t(v4t)*v a t*h(h+v+t) ﬁ

vV
B (h+)* +(v+1) 7

-~

G el (r,7):

3

-~

Proof:
Follows from lemma 23 by permutation of A, v and ¢. o

Lemma 24:
Consider a matrix of the form

)
P = o f 46
e F g
where 8,3 > 0 and no assumptions are made on e, f or g. Let 7 = min{0,e}, 7 = min{0, f}
and 7 = min{0, ¢g}. Then
pely:(r, )] A p It 3 =

I € Lays(r, 7/, 7)o p Lt g Dlvtt)

vV
P (v+t)* ﬁ/

must hold. o
Corollary:
Consider a matrix of the form

€ L ] "}/

o = o f o
8% L ] g

where v, > 0 and no assumptions are made on e, f or g. Let 7 = min{0, e}, 7' = min{0, f}
and 7 = min{0, ¢g}. Then

FE[Me(r, )] A p Lttt 5 =
Jg e F:cyz(T, 7_/’ 7_//) P (h+t) 7 v(h+v+1t) ﬁ/
V
7 h+t) p/

must hold. o

Corollary:
Consider a matrix of the form

o =

e = o
o~ >

.
.
g
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where A,y > 0 and no assumptions are made on e, f or g. Let 7 = min{0, e}, 7' = min{0, f}
and 7 = min{0, ¢g}. Then

PE[ley(r, ™) A B Lhtvdt)”
Jg e F:cyz(T, 7_/’ 7_//) P (h+v) 7 t(h+v+t) ﬁ/
Vv
R

must hold. o
Proof:
Follows from lemma 24 by permutation of A, v and t. o

Lemma 24 and its corollaries says (under the stated conditions) that starting from a point
in [y (7, 7')], when a t-move is applied, one must be in [Ty, (7, 7/, 7"')] (and the corresponding

statements for [Ty (7, 7)) and
[Ty (7", 7))
Lemma 24 and its first corollary has the following consequence: Consider a matrix of the
form
[ [ ] ")/
P = o f 6
a f§ oy
where «,v,3,6 > 0 and no assumptions are made on e, f or g. Let 7 = min{0,e}, 7 =
min{0, f} and 7" = min{0, ¢}. If 7 € [[y.(r, )] and
P htvtt)” P’ for some p and 7', then there exists a sequence of points p,, Py, ..., D, such
that 7, € Ty, (7, 7', 7") and
7 (v+1) ﬁo h(h+t) ﬁl v(v+t) ﬁZ h(h+t) ﬁS B ﬁn v+t ﬁ/

This is illustrated in figure 19. Consider more specifically the matrix

/

P,

Figure 19
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—e =X 7
=\ —p —-f ¢

o 5oy
where e, pu, a, A, f, 3,7,6 > 0 and no assumptions are made on g. If p Lhtvdt)”, P’ and P and

7’ are not in the same hv-plane, then there exists a sequence of points in 'y, (7, 7/, 7"’) such
that

B (v+1) Bo R*t(htt) B t(v4t) s R*t(h4t) s ..., (v+1) 7
or
B (h41) By t(v4t) B R*t(h4t) By t(v4t) Bs...D, (h41)

That 1s, the sequence of planes does not degenerate to p Lhtv)", p’. This can be seen since

M 7 o p AR B g6 any sequence of hi- and vi-moves that do not contain

any t-move, collapses.

We will be interested in dividing the set [I',.] into subsets in some way. Given a family of
sets, say {M;} such that [T'y,] = |JM;, it is obvious that the lemmas and their corollaries
above hold when [T',.] is replaced by | J M; (the same is true for [Ty, ], [I's:] et.c.). In particular
we introduce the two sets, [Q,;] and [II,.,], such that [T'y.] = [€,.]U[Il,.] and which are defined
as follows:

We define
Mey(d,d') = {{z,y) : (w,y) ETpy(r,7") ANz <d A y<d}
M. (d,d) = {{z,2) : (z,2) € Tpo(r, 7)) A z<d N z<d'}

Uy.(d,d)={{y,z) : (y,2) €Ty, 7") AN y<d A z<d'}

It is clear that the sets I,y (d,d’), ,.(d,d') and II,,(d,d’) are finite. We will refer to pairs
in a set II,,(d,d") as pigeon-holes. By [Il,,(d,d')] we denote the set of points § such that
(yp, z5) € I, (d, d’) (and analogously for the other sets).

The motivation for introducing these sets is that we will construct a sequence of points

Do (htvdt)”, D1 Proy (htvtt)” P, such that p; € [I,,(d,d")] for all 0 < ¢ < r. By the
pigeon-hole prmc1ple, for sufficiently large r, we must have (yp ,25,) = (yz—,j,zz—,j) for some
0 <2< j <r. This yields a solution to a set of equations which can be exploited for giving an
expression for the least fixpoint.

We also introduce sets

oy (d, d'), Q2 (d, d’) and Q. (d, d’) defined by

Qoy(d, d') = {(z,y) :
z)
z)

<$’>€ny( /)A(l‘ZdVyZd/)}
Q. (d,d) = {(z, (2, 2) €Tpu(m, ) A (x>d AN 22>d)}
Qy:(d,d’) = {{y,2) : {

For a point p € [Q,.(d, d")], some simple reasoning often applies to characterize the points reach-
able from p. The required property or transformation usually fails for points in [II,.(d, d')].
But since II,,(d,d’) is finite and the elements are known, special arguments may be applied
and repeated a bounded number of times before some pattern must arize.

y,z) €0yu(r, 7)Y A (y>d A 2> d)}

It is obvious that the definitions of the Q- and II-sets implies that [Ty, (7, 7')] = [Qy.(d,d')] U
[II,.(d,d")] (and the analogous for the other sets).

Strictly, the sets I, (d, d’) and Q. (d, d') should be parameterized by 7 and 7. We will supress
the parameters 7, 7/, d and d’ when they are understood from the context.
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6.1 Derivation of Bounds

In this section we will answer the question (for some matrices) of how long a path must be to
be guaranteed to be able to reach some point in [II,,], starting from [II,.].

Let us restrict our attention to matrices of the form

. A 04
o = o —f 6
B —g

where f,g,3,6 > 0 and no assumptions are made on A or v. We will throughout this section
consider [I'y,(—f,—g)], so we dropp the parameters and write [I'y,]. Thus if a point 7 is in
[y.], then —f < g5 and —g < 2.

We state a refinement of lemma 23 and 1its corollaries.

Lemma 25:
Consider the matrix

. A 04
P = o —f )
B —g
where f,g,8,6 > 0 and no assumptions are made on A or 7. Assume

p Lt 5 for some points p and P where p € [II,.(d,d")] (remember that [T'y,] = [II,.] U
[Qy:] and [II,.] N [©2y.] = 0).

1L.IEA>0 A v >0, then

HEEFW P htv+t 7 (h+v4t)* ﬁ/
Vv

=/

p=p
2. 1fX>0 A v <0, then

IFET,, :p L g LD 5

<

EWE Hyz 3§§ﬁ+§0 A ﬁ h(h+v)* a t(htv4t)* ﬁ/

EWEQyziﬁ h(h+v)* 7 t(h+v+it)* 7

where 55 = (ho, vy, 0)T and hg = f(_éf_&qé)_l__;jd-l_fdl)] +1if

Ay
‘_M‘«)

and hy = |—(6d—fd;\)6;(f—véf—fg)‘| +1if
Ay
IR

and where vy = fd'i'fﬂ] +1.
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3. A <0 A v >0, then

IFET,, :p L g LD 5

V
EWE Hyz 3§§ﬁ+§0 A ﬁ h(h+t)* a v(htv4t)* ﬁ/
V

EI@ c Qyz :ﬁ h(h+t) a v(h+v+t) ﬁ/

where 55 = (hg,0,20)7 and hg = f(_gf__(ﬁ_gggﬁ%itﬁdl)] + 1if
‘ g _'gy ‘ >0

and hy = [WHELEC 00 4y if
‘ g _'gy ‘ <0

and where {5 = fdl'i'%] +1.

4. If A <0 A v <0, then

IgET,, :p L g Ldvdd)” 5

vV
e, :7<P+5 AP Ahtvv g Ahdvit)] 5
vV
HEE Qyz :ﬁ h(h+v)*v a h*t(h+v+t) ﬁ/
vV
IgeM,. :g<p+5, A p ML g Rlulhdvdt)], 5
vV
IGEQ,. D h(h4t)*t 7 h*v(htv+t) 7
vV

p () )

where 59 = (hg, v0,0)T, ho = f_f;d] + 1 and vy = f%] + 1, and where 5, = (h},0,t4)7,
hy = f#]—l—landt’ = fd?]—l—l.

Proof:

If A,y > 0, by lemma 23, [T',] is invariant for all paths, so in this case the search for a point in
[T'y.] will succeed after one step in any direction. Actually Q,, is also an invariant, so it follows
that starting from [II,.], going one step in any direction will either yield a new point in [II, ]
or no such point will ever be reached.

Assume A > 0 A 4 < 0 and consider a point € [II,;.(d,d')]. Then —f < y5 < d and

—g < z5 < d'. By lemma 23, we need only consider paths of the form h(h + v)* since a v- or
a t-move applied to 7 leads directly to a point in [I'y,]. Consider byz + fzy. Since p € [II,.],
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we have —6f — fg < bys+ fzy < 6d + fd'. Suppose p Lhtv)”, p’ for some point p’. Then for
some h and v,

Uy = yp +A —fu
o = 2y +yh +bv
and thus
Syp + fapr = bypt+ S H(AO+ fy)h (1)

From equation 1 we see that the sum éyz + fzpr only depends on the number of h-moves in an
(h+ v)*-path (that is, the sum is invariant under v*-paths). Furthermore, since A >0, —f <y
is an invariant under (h + v)*-paths. So if 6y5 + fzpr < —6f — fg, then zp < —g and thus
7 € [I'y.] and no sequence of v-moves will lead to a point in [I'y,] (and consequently in [II,]).
And if dys + fzz > 6fd + fd’, then F' cannot be in II,, and no sequence of v-moves will lead
to a point in [IT,].

There are two cases to consider: (A8 + fv) < 0 and (A8 + fv) >0

Assume (Aé + fv) < 0. Since dyp+ fzy < 6d+ fd', after at most hy = f(_éf_&%)_l__;jd-l_fdl)] +1
(not necessarily consecutive) h-moves [I'y,] and thus [II,,] cannot be reached by any (h + v)*-
path. Since yr < d and a v-move decreases y by —f, ho horizontal moves will make at most
vg = fd"'fﬂ] + 1 v-moves possible. Thus, if p 2 P’ for some w € (h+v)*, and 7' € [I'y.],

then w < (hg, vo, 0)7.

Assume (A6 4+ fy) > 0. Since dyp+ fzp > —6f — fyg, after at most hy = f(éd 1d )+(Méf fg)]

(not necessarily consequtive) h-moves, dyy + fzp > 6d + fd’ must hold and thus, any (h + v)
that leads to [['y.], must lead to [Q,.]. Thus, if p <% 7’ for some w € (h +v)*, and 7 e l,.],
then W < (hg, v, 0)7, where vy is determined as above.

For the case when A < 0 A 5 > 0 one consider paths of the form (h + ¢)* and reasons

with the sum gyz + fzp. If (h+)", 7’ for some points p € [II,,(d, d’)] and F’, then for some

h and t,

U = yy +Ab 4
o = 2y +yh —gt
and thus
gy + By = gys + B —(=Ag = fy)h (2)

By a similar reasoning as above, if p % P’ for some w € (h 4 t)*, and ' € [II,..], then w <

{(hg, vo, O)T where hy = f( gf_(ﬁ_gig (gdtﬁd )-|—|—1 if (=Ag—pFy) > 0and hg = [(gd+fgl_)>\g(_g$) ﬁg)]-l—

Lif (—Ag — B7) < 0, and where to = [££2e] 41,

Consider now the case when A < 0 A v < 0. By lemma 23, (h + v)"- or (h + t)*-paths
must be considered. But since now all (A +v)*-paths decrease y and all (h+1¢)*-paths decrease
z,if p € [II,;] (which means that y5 < d and 27 < d’), then after at most hy = f_f_d] +1
horizontal moves (not necessarily consequtive), 5 < —f so [I'y.] will not reachable by any

(h + v)*-path, and similarly after at most hf = f%_dl] + 1 horizontal moves (not necessarily
consequtive), zz < —g [I'y;] will not reachable by any (h 4 ¢)*-path. is guaranteed to hold (so
7 € [Ty.]). It is also clear that no more than vy = f%] + 1 vertical moves can be made in a
(h + v)*-path, and no more than tj = fdl] + 1 transversal moves can be made in a (h + ¢)*-

path. Thus, if p % 7 for some points p,p’ € [II,.], then @ < (hp, v, 0)* if w € (h + v)* and
w < (hy, 0, t’) ifwe (h+10)".
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This concludes the proof. o

Note that lemma 25 does not cover the situation when the relevant subdeterminant for the
different cases i1s zero. At present, we have no means of treating such programs.

We also stress an important point. The derivation of the bounds does not depend on the
fact that all pairs (y, z) that satisfy —f <y <d A —g < z < d actually belongs to II,,. What
is important is that all pairs in II,, satisfy —f <y <d A —g < z < d’ for some d and d’. But
this is true for any finite subset of I'y,. This is important, since choosing the elements in II, .
cleverly, the number of elements may be dramatically reduced.

For completeness we state the corollaries to lemma 25 obtained by permutation of h, v and ¢.

Corollary:
Consider the matrix
—€ [ ] "y
P = T ]
« [ ] —g
where e g,a,y > 0 and no assumptions are made on pu or 6. Assume

p LT 5 for some points § and 7 where § € [I,..(d, d')].

L.Ifu>0 A 6>0,then

EWEFW P h+v+4t 7 (h+v4t)* ﬁ/
V

=/

p=p
2. f p>0 A 6 <0, then

Jgell,, :p L g (tottl

<

EWE I, g<P+50 AP v(h+v)* 7 t(htv4t)* ﬁ/

<

HEEsz:ﬁ v(h+v)* a t(htv4t)* ﬁ/

vV
5 ()

p
where 5y = (hg, vo, O)T and vg = f(_w_zgv);gd-l_edl)] +11f
— v
‘ c ‘ -0

(d—ed)=(—ve=fo)] 4 1 jf

and vg = [ e

and where hy = f%] + 1.
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3. I p<0 A 8> 0, then
hit, 7 (htott) o

dgely. :p
vV
Elq cl,., g<P+50 AP v(v+it)* 7 h{h+v+8)* p/
vV
E'q c sz P v(v+it)* 7 h{h+v+8)* p/
vV
P (v+t)* ﬁ/
where 5 = (0, vg,t0)? and vy = f(_ge__(a_gzgfad;;adl)] + 1if
o]
o —g
and vo = [LHEEEEEESR + 1if
wooo ‘<0
o —g

and where {5 = [dl'i'%] +1.

4. M p <0 A 8 <0, then

hit, g (hdv+t)* 7

WGEN,, :G<P+5, Ap 2ht)h 7 vlilhtodt)” 5

Vv
3g € Qp, - p WERSh g et
Vv
e, :G<P+5, AP v(vtt)t 7 R(h+v+t)* =i
Vv
ey, P v(v4t)*t 7 B(h4v+t) 7
Vv

P (h4v)* +(v4t)" p/

where 59 = (hg,vg, 0)7, vg = f%_d] + 1 and hg = f%] + 1, and where 5, = (0, v),t5)7,

v():f#]—l—landt’ :[d?]—l—l.

o
Corollary:
Consider the matrix
—e A e
¢ = po—f e
o p
and no assumptions are made on « or f. Assume

where e fiu, A > 0
p Lt 5 for some points p and P’ where p € [y (d, d")].
1. Ifa>0 A §>0, then
vt g (htett) o
V

=/

pP=D

EWEnyiﬁ

48



2. Ifa>0 A B <0, then

e, 7 Ltv g Lbott) m

\
Jgellyy:g<p+350 AP thtt)" 7 wlhtvdt)” o
\
Jg € Qxy :p t(htt)” 7 v(hdv4t)* 7
\
5 40",
where §0 = <h0a Oat0>T and to = [(_Ae_zfi\)_;i;‘d+ed )'| + 1if
—e A
‘ o« g ‘ <0
ity = (Rt
—e A
‘ o« 4 ‘ >0

and where hg = [CH-TMD] +1.

3. Ifa<0 A 5>0,then

A ET,, p b g (vt
\Y
G EM,, :T<P+50 A p Lt 7 hltett)” 5
\Y
37 €Qyy D t(v+t) 7 A(htv+t) 7

Vv
N

where 55 = (0, vg,%0)? and ¢y = f(_fe__(u_fcz;ifu%t“dl)] +1if

ﬂ J—
f <o
and tO = [(fd+f(d'_);f(_—5;)—uf)] + 1if
po=f
‘ o« 0 ‘>0

and where vy = [dq}ﬂ] +1.
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4. a <0 A B <0, then

EI@ c ny 7 htv 7 (h+v+t) ﬁ/

Vv
g Ell,, :g<p+5) A p Lth 7 Celhbett)” o
Vv
3@ € Qxy P t(htt)"h q t*v(htv+t) ﬁ/
Vv
e,y T<P+5, A Lt g thhitudn
Vv
3@ € Qxy 7 tott)w q t*h(h4+v41t) ﬁ/
Vv

(h)* +(v+)* 7

3

where 59 = (hg,0,0)7, =5

= ] + 1 and hg = [4] + 1, and where 5} = (0, v}, t§)7,
N

6.2 Pigeon-Hole Graph

In this section we show how to construct a finite graph describing the reachability relation
between points in [II,,]. Each node in the graph represents a (possibly infinite) set of points
P, and the links are labeled with relative positions in hvt-coordinates of points of the sets rep-
resented by the nodes in the graph.

We define the graph and the algorithm for [II,.]. It is obvious how it is done for [II,.] and [, ].

Definition 1:

A p-graph G is a pair (Il,,, U) where II,, is the set of vertices and ¥ is a set of labeled
edges (triples). The interpretation of the graph is the following (remember that 7 € [II,,] iff
(yg, z5) € Wy.): I ({y, 2), (¢, 2"), (h,v, 6)T) € W then

h
(Y, 25) = (v, 2) A P=p+ v = (v, ) = (y',2")
it

&

It is clear from the definition that if there is a cycle in the graph, then the sum of the la-
bels along the cycle is a solution to the equations

Y A —fv 406t = 0
z: vh +év —gt = 0

We will later in this section discuss the relation between the graph and solutions to the equa-
tions above.

We will now present an algorithm for computing the graph above. The idea is simply that
for each pair (y, z) € II,,,, we search exhaustively for pairs (y/, 2’) € I, reachable by paths of
the restricted form h+v+¢, v+t 4+ (h+ v)* or v+t + (h 4+ 1)* depending on the signs of A
and v, and such that the paths are bounded by 5y (and 5; when A < 0 A 5 < 0). See lemma 25.
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We present the algorithm for the case when A > 0 A ~ < 0. It is obvious how it should
be changed for the other cases.

Let W(y, z) = {{{y, 2),%,&(: ((y,2),¢,§(€ ¥}. Then
¥ = U U(y,z)

{y,2)ell

The set ¥(y,z) are all links in the graph that leaves the node {y,z) and it is computed as
follows:

W(y,2) =0 % No pigeon-hole has yet
% been reached
If y>0and (y— f,z+6) € I, then
V(y,z) = V(y,2) U{({y,2),(y — f, 2+ 6),(0, 1, 0>T>}
% When moving one v-step,
% —f is added to y and
% 6 is added to z.
If z>0and (y+ 3,2 — g) € II,, then
Uy, 2) =Wy, 2) U{({(y,2), (y + 8.2 — ), (0,0, )T)}
% When moving one t-step,
% @ is added to y and
% —g is added to z.
If (y+ A z+7) €l then
Uy, 2) =Wy, 2) U{({y,2), (y + A, 2 +7),(1,0,0)7)}
% When moving one h-step,
% X is added to y and
% v is added to z.

elseif (y + A,z +v) € Q,, then % Do not investigate
% points in [Q,].

E={{{y+ X 2+7),(1,0,0)T); % The set of nodes to be
% investigated.
while £ # ) do
choose any ({y', '}, (', v/, t)\T) € &;
£ = £ — {{{y, )1 (b, YD)
if (h' v )T <5, then % The search bound has not
% been reached.
If(y + A 2 +7) €ll,, then
U(y, 2) == Uy, 2) U{{{y, 2), (¥ + A, 2" +7), (W' + 1, U/’t/>T>}
% When moving one h-step,
% X is added to y and
% v is added to z.

elseif (y + A, 2" +7) ¢ Q,, then % Do not investigate
% points in [Q,].
&= E UL + X & o), (0 + 1,0, )T,
% New point to investigate.
nd ( ! f + &) € I, then
o Sl 5wy v+ 10y
% When moving one v-step,
% —f is added to y and
% @ is added to z.
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elseif (y — f, 2/ +6) € Q. then % Do not investigate
% points in [€,].
E=CU{{{y — [, +8), (K v +1,t"h7T);
% New point to investigate.

od;

bl

By lemma 25, we must first search one step verticaly and transversally. Then the search con-
tinue with h(h + v)*-paths until the bound has been reached.

Note that points in I, or €, are not investigated. Note also that there is no test to wether
the paths investigated are actually admissible. The tests for y > 0 and z > 0 are used merely
to reduce the search space since, by definition, all points in a set represented by a node in the
graph has the same associated y and z values, so if in the algorithm above y < 0, for example,
then a v-move can never be applied, so no points are lost. But the z-value may differ for dif-
ferent points with the same y- and z-values. Therefore no test on the z-value in the algorithm.
The admissibility of a path will be taken care of in the construction that follows. However,
such a test could be incorporated in the algorithm above as an optimisation to avoid computing
things twice.

Example 1:
Consider the matrix
-1 2 -3
o = -1 -5 7
13 4 —4

Let us choose Il , to be the following set of pairs:

m,. = {y,2); -5 <y<0 A -4<z2<0}
U
{<_4’0>’<_5’0>’<_5’1>’<_5’2>’<_5’3>}

We see that if (y, z) € I, then -5 <y < 1 and —4 < z < 4 (with a good marginal) so d = 1
and d’ = 4. There are 25 pigeon holes. The matrix above falls into case three of lemma 25, and
the upper right determinant is

Aoy | 2 =3 | _
|5 3=l e
so the limit kg is given by
—35—-20—-7-20
ho =1 — 1+1=283
14+2-83
UO:[;]H:%

7
Thus

5o = (83,25,0)7

Figures 20 and 21 shows parts of the search space of the algorithm for some pigeon holes.
Numbers inside ellipses correspond to pairs in II,, and numbers inside rectangles correspond
to Qyz. Figure 22 shows a “compressed” reachability graph (It is the transitive closure of
the original graph where some points have been removed. We have done so in this example
for illustration to reduce the number of nodes). Note that there are three simple cycles. Note
also that the lengths of the simple cycles measured as the sum of the labels along the path, all
equals (8,4, 1)7. This is because the equations

Yy = /\h —fU —|—6t = 0
z = —vh +4év —gt = 0
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has a unique minimal solution when

A
-f
In case when

A
-f

the equations lack solutions, which means that the graph would have no cycles.

computed with base value (—13, —5,0)7 is shown in figure 23

-7
o

-7
o

/-1
0.6 — 2,9 —4-12—6,-15 — 8-18 — 10,-21 —

<0

>0

. o

S5 T 1.8 — 3,11 — 5-14

2
G D16 — 19 — 32 —

-5 — 1,8 — 3411 ——

I.\?

G

06 — 2-9 ——4-12— 6,15 — 8-18 — 10,21 —
7 17 — 3-10— 5-

S S/ /
— 9-19 — 11,22 — 13,-25 — 15,-28 —

The fixpoint
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Figure 23
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6.3 Linear arithmetic expressions for reachability between pigeon-

hole points

Let us make the following observation:

Bl a5
, d
‘ Bo—g | | =f 8] B g
are all nonnull iff all solutions (h, v,?) to
Y A —fv 40t = 0
z: vh +év —gt = 0

satisfies h £ 0, v # 0 and ¢ # 0.

From now on we assume

—f §
B -y

and that the determinants above are nonzero.

<0

Lemma 26:

It
_}\: g #0 and g _Z #0
and the equations (3) have solutions, then
_} 7 <0 and g o
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Proof:
From (3) we get

(BA+fyh = (fg —po)t

(BA+ v = —(=Ag = Pyt
It is immediatelly seen that the signs of the determinants are necessary for i, v and ¢ to have
the same signs. o
Corollary:
IfA>0 Avy>00r A>0 A~y >0 then (3) has no solutions. o

If (3) has solutions, it has infinitely many. Since we assume that all subdeterminants are

nonzero, all solutions to (3) are comparable. That is, if € and E/ are solutions, either £ < E/ or
oz
£ <¢

A cycle in the graph yields a nontrivial solution to (3). By the pigeon-hole principle, a (simple)
cycle cannot be longer than [II,,|. Furthermore, the derivation above of the bounds kg on the
number of horizontal steps from a pigeon hole to the next, yields a bound |II,, |hg on the total
length of an hwvt-path corresponding to the cycle. Thus there exists a unique maximal solution
corresponding to the maximum of the sums along all simple cycles. Note that several simple
cycles may have the same sum. Also note that (3) may have solutions even though there are
no cycles in the graph. This may happen when A < 0 and v < 0 for instance. Of course, when
(3) has no solutions, there cannot be any cycles.

Lemma 27:
Consider the matrix

. A 04
P = o —f )
e 3 -y

where f,g,5,6 > 0 and no assumptions are made on A or 7. Let & be the sum of the labels
along a simple cycle in the graph with maximum sum of labels, and let ¢ be the motif of €. If no
cycle exists let € = 0 and ¢ the empty language. Consider a point 7 € IL,.]. fp htutt)” P
for some point 7’ € [II,,], then one of the following holds:

7 _(htott)SFer (htot )<t

where k = [II.| - (|So] + 1) and Sy is given by lemma 25 under the proper assumptions on the
signs of submatrices. o

Proof:

From any 7 € [II,.], it is sufficient to walk a path of length at most [55| + 1 to reach another
point ' € [II,.] since either a single h, v or ¢ move suffices, or a (h + v)*- or (h + t)*-path of
length |5y suffices (depending on the signs of the coefficients by lemma 25).

Since there are no more then |II,,| elements in II,., a path of length at most |II,.| - (|So| + 1)
can be taken before entering a cycle. Since € is a multiple of every cycle, any number of appli-
cations of any cycle is a multiple of € plus some residue path. After any number of applications
of cycles, some extra pigeon-holes may be visited before 7' is reached. The length of this tail
together with the residue, cannot exceed |II,. |- (|So|+ 1), otherwise a new cycle must have been
entered.

Thus, from § a path of the form (h + v + ¢)SF suffices to reach a cycle. Then some path
of the form £* may be applied, followed again by a path of the form (h + v+ ¢)<* to leave the
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cycle suffices to reach any reachable point 7’ € [II,.]. o

The proof of lemma 27 does not actually depend on an explicit construction of the pigeon-
hole graph. It only depends on the bounds given in lemma 25 and the size of II, ., since
can be taken as the motif associated with the largest solution ¢ to (3), such that |¢] < k.
However, the formula obtained this way is unnecessarily large, as suggested by example 1
where k = |II,,| - (|So| + 1) = 25 - (108 + 1) = 2725 but all simple cycles in the graph satisfy
|€| = 8 +4+ 1 = 13. For simplicity (h + v + )<* is used in the expression to guarantee that
all reachable pigeon-hole points are covered, but in practice (h + v +¢)<* should be replaced
by (614 -+ fn)fkl where k' = |II,;| and & are the motifs associated with the labels of the
edges in the graph, just as for the cycles. As noted above, the construction of the motifs can
be incorporated in the graph construction algorithm. The explicit construction of the graph
can thus be considered as a way of searching for relevant solutions to the equations

y A —fv 46t =y
z +vh +év —gt = 2

where (y, 2), (y/,2) € IL,.

Theorem 7:
Consider the matrix

. A 04
P = o —f )
g —g

where f,g,5,6 > 0 and no assumptions are made on A or 7. Let & be the sum of the labels
along a simple cycle in the graph with maximum sum of labels, and let ¢ be the motif of €. If
no cycle exists let £ = 0 and ¢ the empty language. Assume p Lhtvdt)”, P’ for some points p
and p’. Then

1L.IEA>0 A v >0, then
(h4)" (htv)* (htv ) SH e (htott)SF

vV
Ge[Q.]:P (A41)" (h4v)* (4o ) e (hto ) S 7 (hbvdt)”

3

2. 1fX>0 A v <0, then
(h+1)* (A+0)* (h4v4+8) SR e* (htv+1)S* (h4v)* 7

V
€[] D (h48)* (h+0)* (A+v+)S* " (h4v+1)5F (htv)* 7 (h+v+t)* 7

3

3. A <0 A v >0, then
(h40)* (h)* (A+v+)E* e* (htv+)SF (h40)* 7

Vv
€[] D (ht0)* (h+1)" (v +1)S* £ (v +1)S* (A4t)* g (et

3

4. If A <0 A v <0, then

B ) (o) (o) SHE (htvt )< (hto)”

\
P (h+)* (h+0)* (h+v4+)SFe* (hdv4+)SF (h41)* 7
\
356[%2]1? (h)* (h40)* (htv+)S*e* (Ao + SR (hto)* = _(htv+t)* 7
\

37 € [Qy.] 1 p D) (o) (hbott) e (hpupt) <F (hte)® (vt t)” o

=2
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where k = [II.| - (|So] + 1) and Sy is given by lemma 25 under the proper assumptions on the

signs of submatrices. o
Proof:
Follows by combining lemmas 21, 25 and 27. o

6.4 An observation

Consider figure 24.  Let ¢ be the motif associated with a solution & = (hg,vg,tE)T to the

\

T

q+ng

q
Figure 24
equations
y = A —fv 45t = 0
z = —vh +4év —gt = 0

and assume that the motif is applicable at a point 7. Also assume that & increases x. Suppose
that after a number of applications of £ it is possible to reach a point §’ such that there exists
an infinite path in the vi-plane, m, leaving 7. Since the motif keeps y = 0 and z = 0, and
increases x, it is possible to continue to apply the motif. After some number of applications,
the plane 7 will be crossed at a point ¢/ = 7+ n -, say. But since 7 > 7', there must be
an infinite path in the plane 7 leaving 7’ as well. Now, §” is a point of the path in ¢ that is
repeated, and & keeps y = 0 and z = 0, thus there must be an infinite path in the vt-plane
leaving the point §. So either one can walk infinitely in the v¢-plane starting from some point

7 such that 7 <F < 5+ &, or no such point can be reached by iterating the motif €.

Assume that the solution & decreases x. This situation is shown in figure 25. Suppose
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q+n&

A ™

— 0 e h

q
Figure 25

that after a number of applications of ¢ one reaches a point ¢/ = §+n-& such that by a number
of h-moves, hz say, a point ' can be reached for which there is an infinite path in the vt-plane
leaving 7'. Since ¢ decreases z, x7 > g so hg» h-moves can be applied at 7 to reach 7. Since
§ lets y = 0 and z = 0, we have that y; = yz# and z7 = 2z and thus yz» = yz and 25 = 2,
so there must exist an infinite path leaving 7””/. So either one can walk infinitely in the vi-plane
starting from some point 7 + m - 1;, for some m such that p <7 < 5+ €, or no such point can

be reached by iterating the motif .

7 Class 1

We include in this class the programs corresponding to cases a to d of proposition 17. That
is, the class of 3-rule programs treated in [4]. We call this class hierarchic because there is one
rule of the program that has priority over the other ones. Every admissible path is contained
in at most four planes. In this section we give examples of programs from each of these types.

The figures depict all the possible paths associated with the nondeterministic application of
all the rules. The orientation of the figures in terms of A, v and ¢ is:

I

h

7.1 case a

-4 -2 -1
P = 2 -1 -3
-1 3 1
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Starting with the base value (—1,—4,3)7 one gets the fixpoint ploted in figure 26. Every point
is reachable by a path of the form (¢ 4+ v)*h*(t + v)*.

ARSARAARARARRARRAARARRARRARAE

Figure 26

7.2 caseb
—4 2 -1
o = 2 -1 =3
1 3 -1

Starting with the base value (—1,—4,3)7 one gets the fixpoint ploted in figure 27. Every point
is reachable by a path of the form t*(h + v)*.

7.3 casec

4 -2 1
P = 2 -1 -3
-1 3 -1

Starting with the base value (—1,—4,3)7 one gets the fixpoint ploted in figure 28. Every point
is reachable by a path of the form (¢ + v)"h*t*v" (h + ¢)*.

7.4 cased
—4 =2 1
o = 2 -1 =3
-1 -3 1

Starting with the base value (4,4,4)7 one gets the fixpoint ploted in figure 29. Every point is
reachable by a path of the form v*A*t*v*h*t*v*.
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Figure 28
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ARSARAARARARRARRAARARRARRARAE

Figure 29

8 Class 2

First let us make the following simple observation: Consider a point Pa,. € [€2,.] and some point

P’ such that Pa,. < P’. Then there exists a point 7 such that pg, l—L 7,7 =g+ (h,v,t)T
and either v = 0 or t = 0 (which is illustrated in figures 30 and 31 respectively). This 1s

q

TN

P

p
Figure 30

true since there exists an infinite path leaving P, —in the vi-plane, so at some point along this
path either vz = v or t7 =tz must hold. Thus by moving in the v{-plane starting from Pa,.

either the ht- or the hv-plane of P’ will be crossed.

In this section we always assume

—f §
‘ g —9‘7&0
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p
Figure 31

where e, f,¢g > 0 and 6,5 > 0. In order to fix the ideas, we will assume as a matter of fact
.-
B —g

(The case where the subdeterminant is strictly positive can be treated similarly).

<0

Remember that, by proposition 12, if éyy 4+ g2 > 0 V gys + Bzy > 0 then there is an infinite
path in the vt-plane starting at p. Then if d and d’ are chosen sufficiently large, 7 € [Q,.(d, )]
will guarantee that éyy+ g2 > 0 V gy + B2 > 0 holds.

Lemma 28:
Consider a program with the matrix

—e o —v

o = o —f 6

g —y
where v > 0. Let Py € [€y:] and ' be points such that pq (htvdt)” 5 and 5 > 0.
Assume also that there is a point § such that Pa,. LvAD)”, gand §' =G+ (h,0,t)T for some h
and . Then § 2225 7 (and therefore Pa,. Lvtt)"h7, 7). o

Proof:

Since Py | Lhtvtt) 5 either Pa,. LAt F oor Pa,. v t)"Hh+v)" 5 st hold. The
first case is trivial, so assume the second case holds. Then there exists a point §' = (hg, vy, tq/)T,
such that pg (htvtt)” 7 UA4v)" 5 Then zg > 0 must hold. But then zz» > 0 must
hold, where g’ = (hq/,vz—,/,tqf)T, since a v-move increases z. But then zzn > 0 must hold,

where 7" = <h179yzavz7’at?’>Ta since an h-move decreases z. Finaly then zz > 0 must hold,

where 7 = <hi_’nyz , vz—,/,tg)T, since a t-move decreases z (note that by assumption hy = hy and

vy = vg). Therefore 7 % 7", Since x5 > 0 and an h-move decreases x, xz» > 0 and hence
7" L . Weget 7 25 7 5 P That is, 7 25 . The situation is illustrated in fig-
ure 32. o

Lemma 29:
Consider a program with the matrix

—€ [ ] [ ]
o = e —f 6
—a B -y
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Figure 32

where o > 0. Let pg , € [Qy:] and P’ be points such that pg | {htvdt)™ 5 and ry > 0.

Assume also that there is a point § such that Pa,. Lvtt) gand §' =G+ (h,0,t)T for some h

and ¢. Then § 22t°0% 5/,

o
Proof:
The proof is similar to that of lemma 28. Consider figure 33.
q// )
/p
q,\ /’T
q/
q///
P
Figure 33
Tg 2 T 2 Xor 2 Tt 2> 0.
Z?/// Z Z?// Z Z?/ Z 0 &

Lemma 30:

63



Consider a program with the matrix

—e —A .
P = o —f )
g —g

where A > 0. Let pg . € [Qu:] and P’ be points such that pg htvtt)” 5 and ry > 0.
Assume also that there 1s a point § such that Pa,. Lvtt) 7 and p' = g+ (h,v,0)7 for some h

and v. Then 7 2% 7. o

Proof:
The proof is similar to that of lemma 28. Consider figure 34.

717

q q//
VNS
q ! }
/\‘ /* 7777777
V |
p
Figure 34

l‘?/// Z l‘z—,/ Z 0
Y7 =Yg 2 Y 2 Yy 2 0. o

Lemma 31:
Consider a program with the matrix

—e . .
P = - —f )
e 0 —y
where yt > 0. Let pg , € [Qy:] and F' be points such that pq_ {htvtD)” 5 and x> 0.
Assume also that there 1s a point § such that Pa,. Lvt) gand o' =7+ (h, v, O)T for some h
and v. Then 7 2% 7. o
Proof:

The proof is similar to that of lemma 28. Consider figure 35.

g > xgr > x> x> 0.
Y 2y 2y 2 0. °

Corollary:
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Figure 35

Let po,, € [Qy.] and P’ be points such that Pa,. {rtvt)” 5 and x> 0. Then either

Pa,. LA )ThTETRT o Pa,. Lott)"h ™A 5 holds in the following cases (where A, v, o, p >

—e =X —v
P = o —f )
e 5 -y
(by lemmas 28 and 30),

|
()
|
|

(by lemmas 28 and 31),

—e —A .
P = w —f ]
—a  f -y
(by lemmas 29 and 30),
—e o o
P = - —f ]

—a -y
(by lemmas 29 and 31). o

Finally note, that if pg = p” for some path w € (h + v +¢)* and some point p, then
we W+t)y orwée (h+v+t)h(v+1) hold (since if h is used, it must somewhere in w
be used for the last time) and thus pg A B or Pa,. (htvdt)” 7 B+’ 5 where
clearly x> 0 hold. But then, by the above corollary, pg () hTHTRT g hlvdt)”
or Pq,. (wtt)"h™wh™ 5 hw+)’ 5 holds depending on the signs of the coefficients. In ei-
ther of the cases when w € (v 4+ )" or w € (h 4+ v+ )*h(v + ¢)*, we must then have

Po (v A"t R* (v41)* ﬁ// or ﬁﬂyz (v4t)* A" v A" (v41)* ﬁ// for any point ﬁ// such that ﬁﬂyz W, ﬁ//~

yz

We are now in the position to give expressions for the full reachability relations for the matrices
discussed so far.
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Theorem 8:
In the matrices below A, v,a, x4 > 0 holds, and proper assumptions are made on signs of
subdeterminants. Consider two points p and p’ such that p Lhtvtt)", p’. Then

1. for
—e =X —v
P = o —f )
e B -y
we have
i (h+)* (h+0)* (h4v4+8) SR (hbv+1) 2% (A4o)* (v+1)*h*v*h* (v+1)* 7
or
i (h48)* (h+0)* (Ao +)S* e (h4v+ S () (v )" R v A* (v +1)* 7
2. for
—e A =y
=\ —p -—-f ]
e B -y
we have
P (h+)* (h+0)* (h4+v4+) SR (hpv )% (A4o)* (v+1)*h*v*h* (v+1)* 7
3. for
—e —A .
P = u —f ]
—a -y
we have
i (h40)* (h1)* (Ao +)S* e (h4v+ SR () (v )" R* t R (v+1)* 7
4. for
—e . .
P = - —f ]
—a -y
we have
i (h40)* (h+1)* (Ao +)S* e (h4v+)SF (R4 ()" R* t*h* (v+1)* 7
where ¢ and k are given by theorem 7 o
Proof:
Follows from the corollary above and theorem 7. o

Note that the first case where all elements of the top row of the matrix are negative, actu-
ally belongs to class 1 (case (a) of proposition 17).
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9 Class 3

In this section we consider matrices (not belonging to class 2) of the form

—e . .
P = o —f )
B —g
where e, f,¢,5,6 > 0,
—f Fy
0
B —g #
As a matter of fact we assume
—f Fy
<0
B —g
but the case where the subdeterminant is strictly positive can be treated similarly.

We investigate reachability 7, Lhtv+D)" 5 under the assumption that B Pa,, € [y (d, d)] for

sufficiently large d and d’ that guarantees that a planar vt-pattern 1is apphcable and zp > 0.

We distinguish two subclasses in class 3: the subclass where there is at least one planar vi-
pattern that makes x strictly increase, and the subclass where both planar vi-patterns make x
decrease (or let invariant).

9.1 increasing vt-pattern

Throughout this subsection we assume that at least one planar vi-pattern makes z strictly
increase. That is, for a matrix

—e Ay
P = u —f ]
a f -y
we assume
ny+ad >0
or
pB+af >0

Lemma 32:
Consider the matrix

—e Ay
P = u —f ]
a f -y

where A,y > 0 (we make no assumptions on « and p),
—e v —e A
0 and 0
‘ a —g ‘ 7 ‘ o —=f ‘ ?
Consider two points pg . and p' such that pg & [IIy.], P’ € [II.2], 7' € [1sy] and @ > 0.
Then Pa,. Lhtvdt)” P’ iff one of the following holds.

1. Po ()" " (Wh* +th")<* B for some k (depending only on the coefficients of ®).
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9. Py LA 5

Pa,,
3. Pa,. (vt (htu), 7
o
Proof:

The proof i1s a case analysis with respect to the signs of o and p.

Consider the case when a, g > 0. Without loss of generality one may assume that

— ) =n h(h ) =
Po,, Sodd), Po,, Alhtott)”, p

for some P’ (that is, the path from Pq,, to P’ contains at least one h-move, the other case is
trivial). This is illustrated in figures 36 and 37 respectively.  Since Pa,. € [€2,.], it must be

—

q
P
/
p
Figure 36
q\
P
/
p
Figure 37

the case that ﬁgw € [Qy.], so both patterns in the vt-plane can be applied to ﬁ’éw, and in par-
ticular the one that makes z increase. Call this pattern &,;. Suppose there exists a point 7a,,
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such that pg | fvztk(”—"'t)skl> q,, for some k and some &' < |&|, and P’ = g, + (', o )T
where either v = 0 (figure 36) or ' = 0 (figure 37).

Assume v’ = 0. Since 7 € [Qy.], —¢ < o, holds, and since 0 < gy and &,; makes

x strictly increase, after at least k& applications of &,; followed by a path (v + t)skl, d < zq,
vs
holds for some d such that V2qq,. €, >~vd—eg >0 or 9rg,,, Tz, > gd—ag >0

holds. Thus qq , € [Qy.]. Either pg | )" 7 Ahte)” 5 in which case reachability is

(v+)* 7 h(hvt)*t 7 (h4v)*

Then zz > —g must hold. Since a v-move increases z, zzn > —g must hold for some 7" such

trivial, or p, p’ for some 7. Consider the second case.
) Qy2

that 7 <, 7' (see 36). But since an h-move increases z, zz > —g must hold. By assumption,

rp >0 and 7' ¢ [I;.], so 7' € [Qg.]. Thus 7 {A41)" % and thus Pa,. CR MR M)

If v = 0 but pg R GRS Tq,, does not hold, the difference between pg = and p' in
terms of vt-moves is bounded by &F,. Therefore ﬁgw R (uhT R P'. k is chosen so that

5. . >0
A T,. T g, >0
s, 29 = v
A , 977, + oz, >0
ph,, Lot g

This is possible since {,; strictly increases z. Thus pg | ()" h* (wh* +th*)<* 5

Assume t/ = 0 (see figure 37). The treatment is analogous to the case when v/ = 0:

a,. 2 275, Td24d,

Uq,. >—f,s07qq, € [Qay],

rg > 0,

Y > Yz > Yy > —f, 80D € [Quy]since 7’ ¢ [I;y] and thus Ta,. (hto)* 7 so Pa,. ()" (htu)* 7.

I3

Consider the case when g <0 and « > 0. This is illustrated in
figures 38 and 39

Consider figure 38 which illustrates the situation when v = 0. We get:
Ty, >apn  +d>d,

2y
Z?gyz Z —9, 80 aﬂyz € [sz]a
Ly Z Oa
251 > g > 2y > —g, 80 P € [Qg.] since F' ¢ [1I.] and thus 7q,. htt) 3.

Consider figure 39 which illustrates the situation when ¢’ = 0. We get:
g 2y 2 Yy = =,

g, > g > xgr > x> 0.

If 7" <, P, then 7q,. A% P’ If not, then yz» >0 and thus 7q,. S2TuThY 5 Note that there

is no assumption ' & [Il;,] needed here.
Consider the case when y > 0 and « < 0. This is illustrated in figures 40 and 41

Consider figure 40 which illustrates the situation when v = 0. We get:
Z?/// Z ZZ—)/ Z Z?// Z qu Z —g’
¥,,, = ¥ 2oy 20,

hrt*

and thus 7o =~ 2t 7 (since if 0 > zzn then 7q,. <n P’ so 7q,. 4% 7). No assumption
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Figure 40
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P & 1] is needed.

Consider figure 41 which illustrates the situation when ¢’ = 0. We get:

q//
\ / '
Vet T

p
p
Figure 41
rg, gy +d>d,
2 ve
y?Qyz Z _fa S0 aﬂyz € [Ql‘y]a
l‘z—,/ Z 0,
Yp > Ygr > yp > —f, 50 P € [Quy] since P’ & [Izy] and thus g | ()" o
Lemma 33:
Consider the matrix
e
P = u —f ]
o F -y
where A, v, > 0 (no constraints on y) and
—e 5
Tl

=/

Consider two points p, = and P’ such that Pa,. € [y:], P’ € [I;:] and 25 > 0.

Then Pa,. {htvtt)”, P’ iff one of the following holds.

1. % (v48)*h* (vh*4th*)<F

- Pa,, 7’ for some k (depending only on the coefficients in ®).

- ) (h+t)* =
2. Py, HLCED

3. P w0

yz

Proof:

Analogous to the proof of lemma 32. Consider figure 42 which illustrates the situation when
v' = 0. We get:

vz, > xp+d>d,

9oy
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Figure 42
s> —g, 50 T, € (2],
$1_7/ Z 0,
zp > 2 > zp > —g, 50 P € [Qy] since P’ & [11;;], and thus gq | NGO

Consider figure 43 which illustrates the situation when ¢’ = 0. We get:

2z

/

Figure 43
rgy 2 ap 20,
v > ypr > ypr > yp > —f, and thus g, 205

B*

ﬁ/ (since o> Yg1! then aﬂy; Sh ﬁ/ SO
Ia,, —— 7'). No assumption 7’ ¢ [II,.] is needed.

&

Lemma 34:
Consider the matrix

—e A =y
P = u —f ]
a f -y
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where A,y, 4 > 0 (no constraints on «) and

‘—e
7

A
|0

Consider two points pg , and ' such that pg = & [II,.], P’ € [Il.y] and =5 > 0.
Then Pa,. {htvtt)”, P’ iff one of the following holds.

1. Po (v t)"h* (vh*th*)<* 7’ for some k (depending only on the coefficients in ®).

2. Pa,. (vt (htt)", 7
3. Pa,. (vt (htv)?, 7
o
Proof:

Analogous to the proof of lemma 32. Consider figure 44 which illustrates the situation when

q

/

p

e
/S
RS

Figure 44

v' = 0. We get:
rgy 2 ap 20,
a2 zpe > zgr > 2 > —g, and thus gg LB F (since if 0 > zgm then Gg < P’ so

7q,. AN 7). No assumption §’ € [I,,] is needed.
Consider figure 45 which illustrates the situation when ¢ = 0. We get:

7, >xpn +d 2> d,
y? Z _fa 50 qﬂyz S [sz]

$1_7/ Z 0,
Yo' > ygn > Yy > —f, 50 T € [Qoy] since P’ & [II,,] and thus Ta,. L) o

As for class 2, if pg % P” for some point p” where w € (h + v +1)", and if an h-move
occurs in w, then there is a point 7’ such that A is applied for the last time at . Thus 25 > 0

andﬁ’ hgv+t!* ﬁ//~

We summarize the results of this subsection as
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Figure 45

Theorem 9:
For the matrix of lemma 32 the reachability relation is given by

(h48)* (A+0)* (A+v+) 2R (h4v+D)2F () * (B4 * (v+1)* 7

P
\

7 (h+)* (h+v)* (h4+v+) SR (htv ) SR (w4 )* (h4v)* (v +2)* 7
\

P () (o) (v )% e* (v +0)S* (v t)* h* (Wh* +th*)S* (vt )" 7

for the matrix of lemma 33 the reachability relation is given by

-~

(h40)* (R4 (A+v+) SR e (hv+ DR (40 * (v+)* (A1) * (v 4+)* P

P
\

P (h+0)* (h)* (h4v+) SR e* (hpv+) 2% (A4)* (v 1) * (h4v)* (v +1)* 7
\

() (b)) (o) 5% e* (o +0)S% (hht)* (v 46) h* (vh* +th*)SY () o

3

p

and for the matrix of lemma 34 the reachability relation is given by

-~

(h48)* (A+0)* (A+v+) R e (hv+ DR (h40)* (v+)* (B4 * (v+1)* P

P
Vv

i (h48)* (h+0)* (Ao +)S* e (h4v+D)2F (h40)* (v4+8)* (h+0)* (v41)* 7
Vv

() (ho) (v +) 5% e* (v +0) 5% (hto)* (vt)* h* (vh* +th*)S* (v48)* 7

p
for some &, k, and &’ (depending only on the matrix coefficients).

Proof:
Follows by combining lemmas 32, 33 and 34 with theorem 7.
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9.2 decreasing vt-pattern

Consider the matrix

—e =X ¥
=\ —p -—-f ]
a f -y

where A v, p, @« > 0 and where both planar vt-patterns make « decrease. That is
—pg +ad <0

and

—puB+af <0

Consider a path w ending at a point P’ and starting from some point Pa,,- The path can be
represented (by considering it backwards from the end to the beginning) as a sequence:

Po, Po» Pis Pi> Doy -+ Doy Py

where p; -0 B forall 0 < i < r and Tt )" 5o for all 0 < i < r—1 and such that for
00 Piy1, Pig1, B; and B}, By L) 5 or Pig1 {h+v)" 5 holds. We say that the sequence
is not degenerate (see lemma 24 and its corollaries, section 6). Furthermore we have

v, > —e, y5, =2 0, z > —g
o > 0, oy > —f, o 2 —yg
This is illustrated in figure 46.
pg\
Py

/

. )
3 \ N P,
I
o
Y—p
Figure 46
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Lemma 35:
Let us consider a path w represented, as above, under the form

ﬁ()a ﬁOa ﬁlla ﬁla ﬁ/Za ﬁ;'a ﬁr
Then the path w can be transformed into a path w’ represented as the sequence
ﬁ()a EOa Ella Ela E/Za as—la a;
such that
L. g, 2+ 5
2.7, Wt Fforalll1<i<s—1
3. Tip L) goforall 0< i <s—1

4. (yg, < di V xg, < do) A qugdzorajq/ﬁlgm A zq/ﬁlgnforallogigs—l

5. 7, =7,
For some constants dg, dy, ds, m and n. o
Proof:

part 1

In the first part of the proof we show the existence of a point g, which is vi-connected to Py,
(7, 2 7)) and such that Yz, < di V xg, <dp and 2z, < ds.

Let us consider the beginning of the sequence (that is, the end of the path)

ﬁ{)a ﬁOa ﬁlla ﬁla ﬁ/b
Let us recall that

5, > —¢, Y5, 20, 25, > —g

o

One assumes furthermore that y; > di(k1,k2) A @5, > do(ki, ko) or 25, > da(ky, k2), where
do(ky, k2), di(k1, k2) and da(kq, k2) are values that depend on some constants k1 and k2 that
will be explained later on. We sometimes write dgy, di and ds instead of do(k1, k2), d1(k1, k2)
and da(kq, k2). Intuitively, kq is a lower bound which guarantees that a point 7 belongs to Q,,
whenever x5 > k; and z; > —g. The constant ks is a lower bound that guarantees that the
point g, is in €2y,.

Consider a point 7, € [Qy¢] such that g, ¥+ 7, and that satisfies
1. k’l S $?0
2. ko < Yz, < k/Z (S dl)

3. —g <z5, <6 (< do)

76



/

’

/

Figure 47

(see figure 47)

In this part we show that such a point g, exists under the assumption that x5, > do(k1, k2) A
Yp, > dl(k'l, kz) or zp, > dz(k‘l, kz)

—//

Assume x5, > do A yp, > di. There exists a point pg such that py AN Py and

rpy 2 a5, 2 do, Y 2 Y5, 2 di, 0> z5, > —g

Starting from P}, one moves backwards along the vi-pattern that keeps z invariant, thus
reaching a point §,. Moving along the pattern, —g < z < 4 holds in every point and thus
—g < zz, < & (< dy). Also, moving backwards from 7y along the pattern makes x (globally)
increase or let invariant, so that the value of z is always kept greater than zg — ¢ (for some
constant €). Since Tpu > do, the point 7, satisfies zg7 > Tp — € 2> dog — € > k1 (The latter
inequality holds by takmg a sufficiently large value as for do) (see figure 48). It is clear that
if Py 1s in the shaded area, then g, CRIMN Po- Furthermore, if BA¢ < y5 then Py lies in the
shaded area (if By € [Q¢]). Take dy to be SAZ, and its value is given by dy = ka4 (63 — fg)j.
Then ks <yz, (< k24 (88— fg) < d2) is guaranteed to hold. If k5 is chosen sufficiently large,
7, must belong to [£2,.].

Assume 25, > dz. One moves transversally as much as possible, thus reaching a point
Py. The value dy has been chosen so that Ygw 1s guaranteed to be greater than di and suffi-
ciently large to ensure that g, Lvt) Py (This is illustrated by the shaded area in figure 48.
The figure shows a situation that violates this criterion. P, is not reachable from g, since it
does not lie above g,.). Since f > 0 by assumption, the line y = 0 cannot be parallel to
the v-axis, and since the determinant fg — 64 1s not zero, the lines y = 0 and z = 0 are
not parallel. Therefore it is possible to choose ds sufficiently large to ensure that p, lies in the
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p()

Figure 48

shaded area of figure 49. The rest proceeds as above. Thus we have proved the existence of g,.

"
p()

Figure 49

We now distinguish two cases depending on whether p; < g, or not.

part 2 p, < ¢

We suppose p; < q,. The situation is illustrated in figure 47. We show that in such a case, one
can connect Py to §,. The interest of the constructions lies in the fact that g, is “small” in y
and z.
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Let us show that if 271 > m or z5; > n (together with the assumption that yg, > di(k1, k2) or
25, > da(k1, k2)), there exists a point g}, such that!

1 gy e,

=2

0

2.9, L 7
Start at 7, and walk backwards horizontally until the vi-plane of 7; and ] is intersected in a
point g. Since p; < G, it must be that p; < gj. By going backwards transversally (down),
one will reach a point 7j, such that p; (v+?) 7, (v+?) Py. This is shown in figure 50. Note

that P} can always be reached from p; by a path such as the one represented by the solid line
in the figure.

Assume ap > m. We have zgn > ap > m (see figure 50) since a t-move increases .

Figure 50

Since the vi-pattern that keeps z invariant decreases x, by going backwards along the path

xg > ki holds if m 1s chosen sufficiently large. Since also zz7 > —g and 7y < @, we have, for

sufficiently large ki, that 7, -2+9° 7o (recall that xg, > k1 and 27, > —g).

Assume z > n. Since zp > 0, if n is large enough, sufficiently many {-moves to make
x> m can be made. The rest follows as above.

We have shown that when (x5, > do A y5, > d1) V 25, > do and rp >m V zp > n, the
path represented by the sequence

Po» Bo» Pis Prs Poy Pay -+,

can be replaced by a path represented by
Pos Qos Q0sP1s Phy Doy

with yz < d; and 2z, < ds.

Let us now consider the case where 5, £ 7,. We distinguish the cases corresponding to different

1 As for di and do, we denote by m and n constants that depend on k1, k2.
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signs of the determinant eg — ay, and show that, in both cases, one can reduce the number of
planes that connect P, to 7j.

part 3 eg —ay <0

The situation is illustrated in figure 51. Remember that we assume x5 > m V zp > n and
Y5, > dy V 5, > ds.

By moving horizontally from 7, as much as possible (5, -2~ F/) one reaches a point 7 such
that 250 > 25 > k1. If k1 1s sufficiently large, Py isin [Q,.]. Tt is then possible to walk in the
ht-plane along the planar pattern that keeps # invariant. One thus goes from 7} to a point g
at the intersection of the vi-plane of 7, (5! “2t2% 7). We have zgn > zpy — € = ki (because
eg —ay < 0).

On the other hand, by moving vertically backwards from p, as much as possible, one reaches
a point 7y (7y A Po) such that 0 > 25 > —g. By walking backwards in the vt-plane along
the planar pattern that preserves z, one goes from P to a point 7 at the intersection of the
ht-plane of p; (note that this plane must be reached since by construction p; < B,). We have
6 > zp > —g, therefore zgy > z5. It follows that there 1s a sequence of {-moves from qy top
(7 -5 P). Therefore we have:

py LS oy S gy op Ll B

Since gy, 0% 5 and p, -t Bl we finally get 7

Ul gy Lt 3

Therefore the the sequence

p{)a pOa plla pla p/2a

reduces to the sequence

—/ —

Pos 905 P2y -

It is not necessarily the case that (J:%/ <do V ygr < di) A zgn < ds. However, the number
of planes always reduces.

part 4 eg —ay >0

Suppose zz, > da. By moving horizontally from p; as much as possible
(7, 25 PY) one reaches a point B/ such that 0 > zpy > —e. Then by walking in the ht-

plane along the planar pattern that keeps x invariant, one goes from P} to a point 7 at the
intersection of the vt-plane of 7, (7 -2+ 74). We have o > Tgy > —e.

On the other hand, by moving transversally as much as possible from p,, one reaches a point
Py such that xgn > ki1 + ¢ and zzy > —g. This is possible since x5, > —e, so if dy is chosen
sufficiently large, x5 > k1 + ¢ kan be made to hold. Following the pattern backwards in the

vt-plane that preserves z, one reaches a point p at the intersection of the ht-plane of p; such
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z=0

/

Figure 51

that 7 > k1. We have x5 > ky, therefore x5 > rgu. It follows that there is a sequence of

t-moves from 74 to p (74 > 7). Therefore we have:

P A5 pf DR gy £op LD

(htt)* (v+t)*

Since pf, 2% 5 and p, WL P we finally get p, A5 g )"

Po-

Therefore the the sequence

ﬁ()a ﬁOa ﬁlla ﬁla ﬁ/Za

reduces to the sequence

—/ -1 =

Pos 905 P2y -
Suppose yp, > dy (see figure 52). By moving backwards horizontally One moves backwards
from P, following the parallel to z = 0 until one intersects the vt-plane of 7 in a point g,. We
have yz, > dy — ¢ and z5, > —g. Therefore there is a path in the vt-plane from 7, to 7,. Thus

By F g, (At

Py, hence one can reduce the sequence

ﬁ()a ﬁOa ﬁlla ﬁla ﬁ/Za ﬁZa )

to the sequence

ﬁ()a ﬁOa EOa ﬁZa )

again the number of planes is reduced.

As a recapitulation, we have shown that one can reduce the sequence

ﬁ()a ﬁOa ﬁlla ﬁla ﬁ/Za ﬁZa )
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to a sequence
= = - = —t -
Pos 905 905 P15 P2, P2y -,

where 7, is “small” in y and z, or to a shorter sequence.

By repeating the transformations above until no more transformation can be applied, the
original sequence is reduced to a sequence

ﬁ{)a aOa Ella Ela Elza Es—la Ts
where 7, — P, that satisfies the condition of lemma 35 such that
L g, L+ g,
2. q, W Fiforalll<i<r—1
3. Tip ) goforall0<i<r—1

Aoyg Sdi Az Sdyorag <di Az, Sdpforall0<i<r—1

o
The case

—e A =y
P = w —f ]
—a -y

s symmetric to
—e =X ¥
=\ —p -—-f ]
o B -y

by permuting ¢ and v.

Lemma 35, allows us to apply the pigeon hole principle to the points of a reduced path. Since
there are finitely many points such that (25, < do V yz, < di A 27, < do, and finitely many
such that rg <d; A 2, < ds, for a sufficiently long path, some yz- or zz-values must
appear twice. This yields a three dimensional pattern that either preserves y and z, or x and

zZ.

What remains is to show that this pattern can be computed in advance, and that it is the
same for all paths. Let us assume that for some ;_, Y7, = Y7, and g, T A, for several [
J=1,2,...and i; > ¢p. That is, by the pigeon-hole principle, some yz-values occurs over and
over again. Furthermore suppose 6%10 —|—fz@D > 0or 9Y3,, —1—6,2% > 0. By proposition 12, there
exists an infinite path in the vt-plane starting at g, (and at all @ij). In particular, one may
choose a path that makes z invariant. Call this path w. Then w = k(0, g, 6)7 where k = gA—~3.
Thus we reach a point 7; = 7;, +w@. We have ey, =2, —(pg—ad)(gh—~7). Since a, > —g,
assuming Ty, 2 d for some constant d, TeT, + eaq, > 0 or gy, + azg > 0 must hold so
that there exists an infinite path in the ht-plane leaving 7; . Once again we may choose a path
that keeps z invariant. Call this path w’. Then W = k'(g,0,7)” where k' = —gf + 36. Thus
we reach a point 7/, =7, +@ =7, +W", where W’ = w' +w = (K g, kg, k6 +k'y)T. It is easy

to verify that yzv =7 . and 2z = 27 . hold. Furthermore, x5/ = x7 . gD hold, where
ig z ig z ig z

—e =X ¥
D=|-p —-f ¢
o B -y
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Thus, @ is a vi-pattern. We will now show that -2++9° can be expressed in terms of @'

under certain assumptions.

1. Assume that there is a unique minimal solution to

y(hyv,t) = =Xh —fv 45t = 0
z(h,v,t) —vh  +b6v  —gt 0

$aY Smin. All other solutions are of the form 5§ = [5,,;,, for some [.
2. Assume S, makes x strictly increase.

3. By the path reduction and the pigeon hole principle, either for §; some zz-values repeat,
or for §; some yz-values repeat. Assume that for g; some yz-values repeat.

4. By (3), we get a solution to y(h,v,t) = 0 and z(h,v,t) = 0. By 1, if y7, = yg, and
27, = 27, for some g; and g;; such that g; <q, it must be that g, = G; + I5,4, for some
[. By (2), all solutions make x increase. Since we start with # > —e, after a bounded
number of g;:s we reach 7, say, such that rg, 2 d for some constant d.

5. Assume q;, satisfies 6%10 + fzaD >0 or 9yg,, + ﬁzqm > 0. By the reasoning above, the

pattern w" is applicable at g, .

6. By (4), §; sufficiently far from g, , is of the form g,, = g, +{'@”, and by (5), 7, L, T

7. g, can be chosen such that it is connected to pj by a bounded number of planes (the
bound is independent of p, and 7).

If one assumes that
o —g

one may reason analogously for zz-values.

If Spmin decreases , one reasons as above except that one starts from the the end 7y and
go backwards towards p,. If 5., keeps x invariant, the determinant D is zero, which we as-
sume 1t is not.

If q;, does not satisfy 6%10 + fz@D > 0 or 9yz,, + ﬁzqm > 0, the algorithm in sectition 6

can be adapted to compute a pattern @ such that g; £z q; for gq;, sufficiently far from g, .
We summarize this section as

Theorem 10:
Consider the matrix
—e =X ¥
P = - —f ]
a B -y

where A v, pu, @ > 0 and where both planar vi-patterns make x decrease. Assume that there is
a unique minimal solution to the equations

y(hyv,t) = =dh —fv 45t = 0
z(hyv,t) = —vh +6v —gt = 0

Then the fixpoint is given by

B (htv)* (h+)* (v+0)* (htv+)SPe2(htv+0) S5 (h+)" (v+1)* 7
\
7 (h+v)*(h+t)*(v+t)*((h+t)*(v+t)*)Sk’g%,,(v+t)*(h+t)*(v+t)* ﬁ/
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10 Class 4

In this section we consider matrices of the form

e . .
o = o —f 6
g —g
where e, f,¢,5,6 > 0,
—f 5‘
<0
‘ B —g

We investigate reachability pg Ahtv+t)” % ynder the assumption that Pa,. € [Qy:(d, d")] for
sufficiently large d and d’ that guarantees that a pattern is applicable, and a5 > 0.

10.1 increasing vt-pattern

Throughout this subsection we assume that at least one planar vi-pattern makes z strictly
increase. Note that this assumption excludes matrices of the form

€ L] ®
P = - —f ]
I

where p, > 0 since this would imply that both vi-patterns made x decrease.

Lemma 36:
Consider the matrix

€ L] ®
=\ u —f ]
e 3 -y

Where ] Z 0 Suppose pﬂy; M p/ fOf some pOiIltS pﬂy; & [Qyz] and p/ SuCh that ZZ—)I Z 0
Then one of the following holds.

1. Pg (A1) A" (wh*+th" )< 5 for some k.

9. 7o (v+t)* h*t* ﬁ/

yz

3 5 (A B R o

Proof:

The proof is similar to the proof of lemma 32, so we only give the key relations. We distin-
guish the cases when, by moving along the pattern that increases , one cross either the ht- or
hv-plane of p'. This is illustrated in figures 53 and 54 respectively.

Consider figure 53. We have

Z?ZZZ—,/ZO
ry > xg> e +d2>d
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Figure 53

Figure 54
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Y =t =t

Thus§ 25 7 25 p
Consider figure 54. We have

ygr > Y 2 Yy 2 0

$1_7/ Z l‘?// Z l‘?/// Z l‘? Z l‘z—)// —|— d Z d

Thusq h E/// v a// h ﬁ/ o

Lemma 37:
Consider the matrix

€ L] ®
P = o —f )
a p —g

Where 8% Z 0 Suppose ﬁﬂy; M ﬁ/ fOf some pOthS ﬁﬂy; & [Qyz] and ﬁ/ SUCh that ypl Z 0
Then one of the following holds.

1. Po (vtt)"h* (wh"+th)<* 51 for some k.

= O R tTRY . —t
2. Tg, Lo O)TRTITRT 5

3. % (v4t)*h*v* ﬁ/

Proof:
Consider figure 55. We have

N

Figure 55

Z?/// Z Z?// Z Z?/ Z 0
$1_7/ Z l‘?// *Z l‘?/// Z* l‘? Z l‘z—i// —|— d Z d
Thus g 25 ¢ & 7 22 ¢

Consider figure 56. We have

Yy >y >0
g > a7 > xpr +d>d
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N

Ne)

Figure 56

Thus7 2=~ 7 <5 ¢ o

As for class 2 and class 3, after §’ such that yz > 0 or zz > 0, it is sufficient to walk a
v(h +¢)*- or ¢(h + v)*-path respectively, since 7’ can be chosen to be the point at which the

last v- or t-move respectively, is applied.

We summarize this as

Theorem 11:
Consider the matrix
€ Ay
=\ u —f ]
e B -y

where 1t > 0. Suppose p -2+t 7 for some points  and 7. Then

1L.IEA>0 A v >0, then

P () (o) (hto+0) 5P * (v +)S* (v ) A (wh* +th* ) SE (ho)* 7

Vv
i (h48)* (h+0)* (h+v+)S* ¢ (Atv+1)SF (v+)* B* " (h+v)* 7

2. 1fX>0 A v <0, then

P () (ho) (htv+)SF e (v +0) % (hto)* (v+)* h* (vh* +th*)S* (hto)* =

Vv
i (h48)* (h+0)* (Ao +)S* " (A+v4+8)S* (hto)* (v+)* B*t* (h+v)* 7

3

3. A <0 A v >0, then

-~

P (h40)* () (htv+) SR * (v +0)S* (hD)* (v +)* h* (vh* +th*)S* (hto)*

\
i (h+0)* (h41)* (h+v4+)SFe* (hdv+)SF (h4)* (v ) R* t* (h40)* 7
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4. If A <0 A v <0, then

P () (b)) (htv+)SF e* (o +0)S% (hto)* (v ) * h* (wh* +th*)S* (hto)* 7
\
7 () (h+0)* (v ) SFe* (o +) S* (b ) (04 )*h* (WA +th) S (hto)* F
\
i (h48)* (h+0)* (Ao +)S* " (A+v4+8)S* (hto)* (v+)* B*t* (h+v)* 7
\
7 (h+)* (h+0)* (h+v4+) SR (h4v ) SR (A" (v )" ¥t (h40)* 7
for some &, k and &’. o

Proof:
Follows from theorem 7 and lemma 36, and from the fact that A" v*h*(h 4+ v)* C R*t*(h+v)* o

Theorem 12:
Consider the matrix
€ Ay
o = o —f 6
a B —yg

where o« > 0. Suppose p -2+2+0° 5 for some points p and . Then
1L.IEA>0 A v >0, then

3

() (b)) (hto+)SF e (v +0) 5% (ut)* h* (wh* +th* ) S (ht1)* 7

Vv
i (h48)* (h+0)* (h+v+) 2R e* (h4v+)SF (w48)* h* v * (h41)* 7

2. 1fX>0 A v <0, then

() (hv)* (hto+) P e* (v +0)S* (hto)* (v+t)* h* (wh* +th* ) S (ht)* 7

Vv
i (h48)* (h+0)* (h+v+)2* e (h4v+D)2F (h40)* (v+8)* B v * (h41)* 7

3

3. A <0 A v >0, then

3

(h40)* () (htv+)SF e* (o) S% (ht)* (v 46) h* (vh* +th*)S* (htt)* 7

Vv
i (h40)* (h41)* (A+v+) X e (hv+ DR () (v+)* ™0 * (h+1)* 7

4. If A <0 A v <0, then

P () (hv)* (hto+) P e* (v +0)S* (hto)* (v+t)* h* (wh* +th* ) S (ht)* 7
\
P (ht2)* (ht o) (hpv+1) S5 £ (Rt +1)S* (b t)* (v )" ™ (Wh* +1R*)SF (htt)* 7
\
i (h48)* (h+0)* (h+v+)2* e (h4v+D)2F (h40)* (v+8)* B v * (h41)* 7
\
P (h+)* (h+)* (h+v4+)SFe* (A44SR (h4)* (v ) R v* (A41)* 7
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for some &, k and &’. o

Proof:
Follows from theorem 7 and lemma 37, and from the fact that A*t*h*(h +¢)* C R™v* (R +1)* 0

10.2 class 4 decreasing

Throughout this subsection we assume that both planar vi-patterns makes = strictly decrease.
This assumption excludes matrices of the form

€ L] ®
P = u —f ]
a p —g

where p, a > 0 since this would imply that both vt-patterns made z increase.

First let us note that (h+v+1)* C ((v+1¢)*h*t*)* which means that any path w € (h+v+1¢)*
between two points p, % P is included in the sequence

Py W g ALy g g EDL o AL g G (see figure 57), where the

sequences (P}, Py, P;41), are such that

ry >0, v = - 25!

y1_71+1 > _f’ ZZ_7;+1

VARV

!/

Figure 57

Lemma 38:
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Consider the matrices

e =X v e —A .
P = - —f ) or &= o —f )
e f -y —a  f -y

where A, v, p, @ > 0 and both vi-patterns make « decrease. Let us consider a path w represented,
as above, under the form

ﬁ{)a ﬁOa ﬁlla ﬁla ﬁ/Za ﬁZa ﬁ;'a ﬁr

Then the path w can be transformed into a path w’ represented as the sequence

Do, Tos Q1> Tus Tor - Tee1s Ts
such that
1. g, W+ 7

7 Wt Fforalll <i<s—1

3. Tipy ) G forall0 < < s —1

4 ky Syg, Sk (Sdi) N —g<zg <6 (Sdy)orag, <k Ay, Sdi Vg, <do)

5. 7, =7,
For some constants dg, dy, ds, m and n. o
Proof:

part 1

In the first part of the proof we show the existence of a point §, associated with p, such that
ko <wyg. <ky A —g < 27, < 6. The proof proceeds exactly as for class 3 (the first part of the
proof of lemma 35.

part 2

Part 2 of the proof consists in showing that, if p; < g,, there exists a path that links 7, to p,
contained in a number of planes smaller than the number of planes crossed by the path via py,
P} and py. This is illustrated in figure 58. Let g be the intersection point of the horizontal line
passing by P4 and the vi-plane of §,. There exists a linear path (either transversal or vertical)
that connects 7 to a point, say 7p, of the region Yz, 2 —f A g > —g of the vi-plane of g,.
The path p, — 7y — 7, — P} is an admissible path. The subsequence By, By, Py, Dy, Do can be

replaced by the shorter sequence 7}, 7j, 7.
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/_‘p:]

S ;\\ 0
I 4
%
Figure 58
part 3

Part 3 of the proof consists in showing that, if p; £ g,, one can connect the point 7, to the
point gg.
The assumptions are:

* I > kq or Yp > di A 251 > ds for some sufficiently large k1, dy and ds.

o di > yz, > ko for some ks.

® 0> 27 > —g

Consider the matrix

e =X v
=\ —p -—-f ]
e 5 -y

where Ay, > 0. There are two subcases: Ty > kq or Yp, > di A 251 > ds.

Consider the case when z5 > ki (the situation is illustrated in figure 59). By walking back-
=/

wards vertically from P} as much as possible, one reaches a point p}. Then by walking backward
along the pattern preserving z, one reaches a point 7, at the intersection of the vi-plane of g,.

We have: Tpn > rp > ky and Tq > apn > k1 > 0.

On the otherhand, let g be the intersection point of the horizontal path through g, and
the vt-plane of 7.

We have: ypi > yz, > k2 and 27 < 25, <0.
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Therefore g is located above 7. Therefore there exists an admissible path pb—7; =76 — 704’ — 7o
from 7, to 7,, where qj;’ is the intersection point of the horizontal line passing through g, and
the vertical line passing through g,.

7”7

9
q/ \Y ”””””””””””””””” 4 ~_
s W 9
q;)//

’

pz\J\p

Figure 59

Consider the case when Yp > di A zp > do. Since Zp > d-> one can move backwards

vertically as above and yield a point B} such that Tpy > k1. The rest proceeds as above.

Consider the matrix

e —A .
o = e —f 6
I

where A, o > 0. Let us again show that there exists a path from 7, to g,.

Consider the case when ap > ky (the situation is illustrated in figure 60). By walking back-
wards transversally from P} as much as possible, one reaches a point p}. Then by walking
backwards along the pattern preserving y, one reaches a point g) at the intersection of the
vt-plane of g,.

We have: Tpn > rp > ky and Tq > apn > k1 >0

On the other hand, let gy be the intersection point of the horizontal path passing through
7, and the vt-plane of 7).

We have: Ygu > g, 2 ks.
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There 7y is located above 7. Therefore there exists a path §, — 7} — @ — 73’ — g, where

7y’ is the intersection point of the horizontal line passing through gf, and the vertical line pass-

ing through 7.

/7

P

/7

9

qQ ‘\
777

’

Figure 60

Consider the case where Y5 > di Nz > dz. Since Y5 > dy one can move backwards
transversally as above, and yield a point p} such that xgr > k1. The rest proceeds as above.

As a recapitulation we have shown that one always can reduce the sequence oj), Dy, D), Py, Do
to a sequence By, g, T, Dy, Ps (Where g, is “small”), or to a shorter sequence. By iterating the
process, one yields a sequence By, Gg, T, ---, 75, qs (With g, = D,) satisfying the conditions
of the lemma. o

The result applies to matrices of the form

+ - + + - .
- —f ) and o —f )
e 5 —y - B -y
Symmetric results (with kv instead of ht) can be shown for matrices of the form
+ 4+ - + .
o —f ] and - —f ]
- B -y e 5 —y

These 4 matrices cover all the cases of class 4.
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Lemma 38, allows us to apply the pigeon hole principle to the points of a reduced path. Since
there are finitely many points such that ks < yz. < k5 (< di) A —g < 2z, < 6 (< d3) or
rg <k A (y?'prl <d; V 2, < ds), for a sufficiently long path, some zy-, yz- or xz-values
must appear twice. This yields a three dimensional pattern that either preserves x and y, y
and z, or x and z.

What remains is to show that this pattern can be computed in advance, and that it is the
same for all paths. Let us assume that for some ;_, Yg., = Ya.. and g, T A, for several [
J=1,2,...and i; > ¢p. That is, by the pigeon-hole principle, some yz-values occurs over and
over again. Furthermore suppose 6%10 —|—fz@D > 0or 9Y3,, —1—6,2% > 0. By proposition 12, there
exists an infinite path in the vt-plane starting at g, (and at all @ij). In particular, one may
choose a path that makes z invariant. Call this path w. Then w = k(0, g, 6)7 where k = gA—~3.
Thus we reach a point 7; = 7;, +w@. We have ey, =2, —(pg—ad)(gh—~7). Since a, > —g,
assuming Ty, 2 d for some constant d, TeT, + eaq, > 0 or gy, + azg > 0 must hold so
that there exists an infinite path in the ht-plane leaving 7; . Once again we may choose a path
that keeps z invariant. Call this path w’. Then W = k'(g,0,7)” where k' = —gf + 36. Thus
=7, +W =7, + @', where W' =W +w = (k'g, kg, k6 + k')T . 1t is easy

we reach a point q; =

to verify that Yz = Ya,, and aqu = A, hold. Furthermore, Ty = X, gD hold, where
—e —=A 04
D=|—-u —f )
o B -y

Thus, @ is a vi-pattern. We will now show that -2++9° can be expressed in terms of @'

under certain assumptions.

1. Assume that there is a unique minimal solution to

0
0

—Ah —fv 44t
—vh +év —gt

<
—~
< \.G
o~
~—
Il

Say Smin. All other solutions are of the form s = [5,,;,, for some [.
2. Assume S, makes x strictly increase.

3. By the path reduction and the pigeon hole principle, either for §; some zz-values repeat,
or for §; some yz-values repeat. Assume that for g, some yz-values repeat.

4. By (3), we get a solution to y(h,v,t) = 0 and z(h,v,t) = 0. By 1, if y7, = yz,, and
27, = 27, for some g; and g;, such that g; <, it must be that g, = G; + I5,,4, for some
[. By (2), all solutions make x increase. Since we start with # > —e, after a bounded
number of g;:s we reach 7, say, such that ry, 2 d for some constant d.

5. Assume q;, satisfies 6%10 + fz@D >0 or 9yz,, + ﬁzqm > 0. By the reasoning above, the

pattern w" is applicable at g, .

6. By (4), 7; sufficiently far from g, is of the form g, = ; +{'@w”, and by (5), 7;, S8 G-

7. g, can be chosen such that it is connected to P}, by a bounded number of planes (the
bound is independent of p, and 7).

If one assumes that

e
@ —g

95



one may reason analogously for zz-values.

If S, decreases z, one reasons as above except that one starts from the the end pj and
go backwards towards p,. If 5., keeps x invariant, the determinant D is zero, which we as-
sume 1t is not.

If q;, does not satisfy 6%10 + fz@D > 0 or 9yz,, + ﬁzqm > 0, the algorithm in sectition 6

can be adapted to compute a pattern @ such that g; st q; for gq;; sufficiently far from g, .
We summarize this section as

Theorem 13:
Consider the matrix
—e =X ¥
=\ —p -—-f ]
a B -y

where A v, pu, @ > 0 and where both planar vi-patterns make x decrease. Assume that there is
a unique minimal solution to the equations

y(hyv,t) = =dh —fv 45t = 0
z(hyv,t) = —vh +6v —gt = 0

Then the fixpoint is given by
(ht0)* (h+)* (v+0)* (htv+)SPe2(htv+0) S5 ()" (v+1)* 7

V
5 (o) () (v (h0) (04D €8, (040" ()" (140"

p

11 Fixpoint Plots

In this section we show plots of example programs with three recursive rules. We give examples
for classes 2, 3 and 4. Needless to say, only an initial segment is shown since the fixpoints are
infinite in general. The orientation of the figures in terms of h, v and ¢ is:

tTA
h

The figures represents all the possible paths associated with the nondeterministic application
of all the rules.

11.1 class 2

-1 3 =7
d=1 -1 -2 5
4 1 -2

The patterns in the vt-plane are (0,5,2)7 (which keeps y invariant) and (0,2, 1)? (which keeps
z invariant). There is no three dimensional pattern preserves y and z Note that [y¢] is reached
after some initial segment.
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Starting with the base value (—10,—6,6)7 one gets the fixpoint ploted in figure 61.

15

10 0
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Figure 61

11.2 class 3 increasing pattern

Consider the matrix

-1 -3 1
=1 -3 -1 2
2 2 -1

The patterns in the vt-plane are (0,1,2)7 (which keeps y invariant) and (0, 2,5)? (which keeps
z invariant). The pattern (0, 1,2)7 increases z.

Starting with the base value (—3,—4, 1)7 one gets the fixpoint ploted in figure 62.

Let us give another example of a program belonging to this class. Consider the matrix

-2 -1 3
o= -1 -1 2
3 3 =5

The patterns in the vt-plane are (0,3, 1)7 (which keeps y invariant) and (0, 5,2)? (which keeps
z invariant). The pattern (0,3, 1)7 keeps x invariant.

Starting with the base value (21,10, —36)7 one gets the fixpoint ploted in figure 63.
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Figure 62

Figure 63
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11.3 class 3 decreasing pattern

Consider the matrix

-1 -3 1
=] -5 -1 2
2 2 -1

The patterns in the vt-plane are (0,1,2)7 (which keeps y invariant) and (0,2, 1)? (which keeps
z invariant). Both patterns decrease x.

Starting with the base value (—3,—4, 1)7 one gets the fixpoint ploted in figure 64.

Figure 64

11.4 class 4 increasing pattern

Consider the matrix

1 -3 1
=1 -3 -1 2
2 2 -1

The patterns in the vt-plane are (0,1,2)7 (which keeps y invariant) and (0,2, 1)? (which keeps
z invariant). The pattern (0, 1,2)7 increase .

Starting with the base value (—3,—4, 1)7 one gets the fixpoint ploted in figure 65.

11.5 class 4 decreasing pattern

Consider the matrix

1 -3 1
=] -5 -1 2
2 2 -1
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Figure 65

The patterns in the vt-plane are (0,1,2)7 (which keeps y invariant) and (0,2, 1)? (which keeps
z invariant). Both patterns decrease x.

Starting with the base value (—3, —4, 1)T one gets the fixpoint ploted in figure 66.

12 Class 5

Let us consider class b, which has not yet been treated, and in particular, to matrices of the
form

(see lemma 17 in section 5). We are going to see informally that, contrary to the cases studied so
far, the least fixpoint cannot be expressed under a linear arithmetic form. The underlying rea-
son for such a difference, is that for such matrices, the possitive subspace, > 0 Ay >0A 2> 0
(that is, a subspace where a co-pattern of constant size is applicable), is no longer accessible
from the origin through a constant number of planes.

This subspace is now only accessible from the origin through a “generating spiral” that rolls
around the negative subspace, £ <0 A y <0 A z < 0 (from this generating spiral, start also
some “secondary spirals” that end into the subspace 2 < 0 A y < 0 A z < 0 before having
a chance of reaching the positive subspace). This is illustrated in figures 67 and 68 where the
matrix is

-1 3 -1
P = -1 -1 2
2 -1 -1

and the base values are respectively (128, —293, —1)7 and (26, —62, —1)7.  The zyz values of
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Figure 68

consecutive vertices (corners) of the generating spiral are linked together through a recurrence
relation. We explain the computation of this recursive relationship for the matrix chosen above
as an example, but the computation is general.

Let us suppose that we start from a point p, such that
<x1_70’ Yy ZZ_70>T = <l‘0, —Yo, _1>T

where zg,yo > 0 (and satisfy some linear relationship that will be explained later on).

Since an h-move decreases x by 1, it is possible to apply zy + 1 horizontal steps thus reaching
241

a point P} (that, is p; 2 ) such that

(Tp1, Y Z;—;g>T = {1,320+ 3 — yo, —x0 — 2>T

Provided that 3z¢+ 3 > yo, one can apply 3z + 4 — yy vertical steps to reach a point B (that
3zgti—vo —yy

is, ph =" 7y) such that

(epy vy 7)) = (=320 = 5+ o, =1, =20 + 6 — 2y0)"

Finally, one can apply bzg + 7 — 2yo transversal steps, provided that bxy + 7 > 2yp, to reach a
. v -y pSeot+T—2v0  —
point py (that, is p; 2" 7,) such that

<$1_71ay]_71a’21_71>T = <7l‘0 + 9 — 33/0, —5l‘0 — 18 + 23/0, _1>T = <l‘1, —Yi1, _1>T

Therefore, through a h*v*t* (“helicoidal”) path, we have linked B, to 7;, and xg, yo, 1, 41 are
related to each other through the linear relationship

(o)=(2 23)(2)+(2)

102



Therefore, a sequence of vertices By, Py, Pa; - - -, P, With corresponding zyz-values (z;, —y;, —1)7
such that {(#;1,yi+1) and {(z;, y;) are related by the recurrence equation above, are connected
as p; 1 P,y provided that

gy Z 0
3z +3 > wo
brg +7 > 2yo

x > 0  thatis: Txo +9 > 3y
31 43 > that is:  16zy 422 > Ty
5r1 47 > 2y that is:  2bxzy 452 > 18y

X > 0 thatis:  34zg +82 > 29y
3z 43 > Yo that is:  77zg 4110 > 34y,
Sry 47 > 2y that is:  120zy 4123 > bH3yg

It is always possible to choose the values of zg and yg so that the spiral makes as many rolls

as one desires (i.e. so that the sequence of vertices Dy, Dy, Da,...,D, is as long as desired).
In the above example, starting with the base value (128, —293, —1)7 one yields the sequence
(128,293, —1)T, (26, —62, 1),

(5,—14,—1)T (2, -5, —1)T before reaching the positive subspace.

The points p; are not expressible as a linear arithmetic formula (the z;- and y;-values are
roughly divided by a factor of 5 when going from p; to p; ;). This implies that the fixpoint
itself cannot be expressed as a linear arithmetic formula because, otherwise, the generating spi-
ral (and therefore the points 7;) would be expressible as a linear arithmetic formula by filtering
out points from the Ifp, as explained hereafter.

If the Ifp was a linear arithmetic formula G, one could indeed describe describe the gener-
ating spiral S by excluding the secondary spirals from (. It is more convenient, actually, to
describe the complement of S by characterizing the points of G, which are accessible only via
secondary spirals

7€l 7€l
A A
7+1,€G 7+1, €G
PEG—S & peG A J<p: A Vv A
7+1, G 7+ L eG
A A
7+1,<p 7+1.<p

One can then express the points p; from the above formula, by taking the complement S of the
above expression, then by intersecting S with the set of points having —1 as z-value. If G was
a linear arithmetic formula, the points p; would also be expressible under a linear arithmetic
form, which is impossible.
Finally, let us note that, similarly, one can link a vertex (—1,y, —2)* to a vertex (—1,y', -2}
through a v*¢*h* path, with

()= 2)(2)+(%)
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Likewise, one can link a vertex (—z,—1,2)7 to a vertex (—z’, —1,2/)7 through a t*h*v* path,

with

(2)=05 )0 (0)

Another matrix of class 5 is analysed in appendix A.

13 Recapitulation

In this report we have studied a special form of Datalog programs made of 3 recursive rules with
arithmetical cosntraints. We have decomposed such programs in three groups (hierarchic, peri-
odic and spiralling) according to the signs of the coefficients of their “incrementation matrices”.

Most of the report has been devoted to the study of the periodic group (classes 2, 3 and
4), whose incrementation matrices contain “central” submatrices of the form

(1)

We have shown that any path of the least fixpoint is made of the repetition of a pattern (pre-
ceded and followed by prefix- and postfix-paths, which are contained within a constant number
of planes).

Most of the non-periodic programs fall into the group of hierarchic programs (class 1), whose
incrementation matrices are, roughly speaking, characterized by a row or a column of coeffi-
cients of the same sign. For these programs, every path of the least fixpoint is contained in at
most 4 planes.

Finally we have stressed the existence of a group of programs (class 5), which correspond

to 4 specific cases (over a total of 512) for which the paths are nonlinear, but have a vortical
form, spiralling around the negative subspace x <0 A y<0 A 2z <O0.
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A Another example of a program of class 5

Let us finally look at an example that illustrates the suprisingly complex behaviour of the sim-
ple class of programs we study.

Consider the matrix

-1 3 =2
d=1 -2 -1 3
3 -2 -1

whose determinant is zero. Note that every rule lets the expression (z + y + z) invariant.
Starting with the base value (1,—5,—1)7 we get the fixpoint shown in figure 69. As can be

Prestteetoetoetestes

Figure 69

seen, the only admissible path is hzvztzhzvztz_. ... The pattern (1,1,1)7 preserves z, y and z,
(that is, € = (1,1, 1)7 solves the equation ®7¢ = 0), but no path w such that w = (1,1, 1)7 is
admissible at the origin.

Now choose (2,—7,—1)7 as base value. The fixpoint is shown in figure 70. In this case the
only admissible path is h3v3t3h3v3t3 .. .. We emphasize that only the base value has changed
and not the matrix.

The base value (5,—13, —1)7 yields the fixpoint is shown in figure 71.  Now the spiral is
of the form A%v%t6A5v%t% .. . Also some secondary spirals branch out from this spiral, but they
all end up in the negative area (x <0 A y <0 A z <0).

By choosing the base value carefully, it is possible to construct a fixpoint whose only cycle
18 A" 0" t" for any n. Clearly this means that a linear arithmetic expression independent of the
base value cannot be given. Since the cycle must be expressed by a formula of the form

0 &£ 7 @ In:p=n-¢
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where ¢ depends on the base value (and thus is not a constant), such an expression is not a lin-
ear arithmetic formula. This suggests that a linear arithmetic expression for the fixpoint could
be given if one sacrifise the indpendense of the base value. However, choosing the base value
as (2, —10, O)T yields the fixpoint shown in figure 72, which has a qualitatively very different
appearance. In this case all cycles h?9"¢"” such that n > 6 will appear at some point. This

ARSARAARARARRARRAARARRRRRARRE

Figure 72

fixpoint is a “vortex” with a “hole” (x <0 A y <0 A z < 0)in the core, and the admissible
paths spirals around it in ever growing cycles. The fixpoint 1s not a cone since the angles of
the planes enclosing it grows according to a geometric progression, as discussed in section 12,
that converges to some limit.

This intuitively explains why linear arithmetic expressions cannot be given in general for these
programs, and it also gives a hint to the difficulties of dealing with programs with associated
matrices that has zero determinants (or subterminants). The pigeon-hole approach does not
work for these programs since it is not possible to derive upper bounds for the construction of
the graph.
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B Fixpoint Graphics

The pictures illustrating fixpoints has been generated using gnuplot. The program below com-
putes (an initial segment of) the fixpoint and generates a data file that can be read by gnuplot.
To generate a fixpoint plot for the program with matrix

-1 2 -3
o = -1 -5 7
13 4 —4

say, with base value, (—13,—5,0)7 the predicate

coefficients([-13, -5, O,

-1, 2, -3,
-1, -5, 7,
13, 4, -41).

is added to the program. The goal
botup(15).

will compute the fixpoint bottom-up to a level of 15 rule applications, and write the result on

the file
’pointpictures/pointset_3d.dat’

This is simply the set of points corresponding to the number of horizontal, vertical and transver-
sal moves that are reached. The following sequence of commands to gnuplot will plot the result:

set parametric

set nohidden3d

set data style points

splot "pointpictures/pointset_3d.dat'" using 1:2:3 notitle

An example of a plot of this type is seen in figure 62. The goal
pairs_botup(15).
works as
botup(15).
but now the fixpoint is represented as pairs of points and thus keeping the information about

which rules are applicable at which point. The result is a directed acyclic graph (actually a

finite piece of {htvtt)”, ). The following sequence of commands to gnuplot will plot the result:

set parametric

set nohidden3d

set data style linespoints

splot "pointpictures/pointset_3d.dat'" using 1:2:3 notitle

An example of a plot of this type is seen in figure 61.
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B.1 Program Code

member (E, [E|_]) :- !.
member (E,[_|L]) :-
member (E,L).

append([]1,L2,L2).
append([A|L1],L2,[A|L3]) :-
append(L1,L2,L3).

Y======= [Dh,Dv,Dt,Dx,Dy,Dz,Phi_x,Phi_v,Phi_t] ===============
step([H,V,T,X,Y,7],

[Dh,Dv,Dt,Dx,Dy,Dz,Phi_x,Phi_y,Phi_z],
[H_new,V_new,T_new,X_new,Y_new,Z_new]) :-

X >= Phi_x,
Y >= Phi_y,
Z >= Phi_z,

X_new is X + Dx,
Y_new is Y + Dy,
Z_new is Z + Dz,

H_new is H + Dh,
V_new is V + Dv,
T_new is T + Dt.

children([],_,Kids,Kids).
children([Operator|Ops],Point,Previous_kids,New_kids) :-
(step(Point,0Operator,New_point) ->
(member (New_point,Previous_kids) ->
children(Ops,Point,Previous_kids,New_kids)
; children(Ops,Point, [New_point|Previous_kids],New_kids))
; children(Ops,Point,Previous_kids,New_kids)).

generation([],_,New_generation,New_generation).

generation([Point|Points],Operators,Cumulative,New_generation) :-
children(Operators,Point,Cumulative,New_cumulative),
generation(Points,Operators,New_cumulative,New_generation).

new_generation(Previous_generation,Operators,New_generation) :-
generation(Previous_generation,Operators, [],New_generation).

closure(lN,Limit,_,Cumulative_closure,Delta,Closure) :—
N>Limit,!,
append(Delta,Cumulative_closure,Closure).
closure(N,Limit,Operators,Cumulative,Delta,Closure) :-
new_generation(Delta,Operators,New_delta),
append(Delta,Cumulative,New_cumulative),
N_new is N + 1,
closure(N_new,Limit,Operators,New_cumulative,New_delta,Closure).
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closure(Limit,Operators,Base,Closure) :-—
closure(0,Limit,Operators, []1,Base,Closure).

closure(Limit,Operators,Base,Closure) :-—
closure(0,Limit,Operators, []1,Base,Closure).

init_gnu_dat_file(Stream) :-
open(’pointpictures/pointset_3d.dat’,write,Stream).

output_points([],_).

output_points([[H,V,T,_,_,_]|Fixpoint],Stream) :-
output_points(Fixpoint,Stream),
format(Stream,"~0d “0d ~0d"n",[H,V,T]1).

end_gnu_dat_file(Stream) :-
close(Stream).

gnuplot_path(Fixpoint) :-
init_gnu_dat_file(Stream),
output_points(Fixpoint,Stream),
end_gnu_dat_file(Stream).

botup(Limit) :-
coefficients([A1,A2,A3,
K11,K12,K13,
K21,K22,K23,

K31,K32,K33]),
closure(Limit, [[1,0,0,K11,K12,K13,0,-1000000,-1000000],
[0,1,0,K21,K22,K23,-1000000,0,-1000000] ,
[0,0,1,K31,K32,K33,-1000000,-1000000,011,
[[0,0,0,A1,A2,A3]],Clo),
gnuplot_path(Clo).

pairs_children([],_,Kids,Kids,Pairs,Pairs).
pairs_children([Operator|Ops],Point,Previous_kids,New_kids,
Previous_pairs,New_pairs) :-
(step(Point,0Operator,New_point) ->
(member (New_point,Previous_kids) ->
pairs_children(Ops,Point,Previous_kids,New_kids,
[[Point,New_point] |Previous_pairs],
New_pairs)
; pairs_children(Ops,Point, [New_point|Previous_kids],
New_kids,
[[Point,New_point] |Previous_pairs],
New_pairs))
; pairs_children(Ops,Point,Previous_kids,New_kids,
Previous_pairs,New_pairs)).
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pairs_generation([],_,New_generation,New_generation,Pairs,Pairs).
pairs_generation([Point|Points],Operators,Cumulative,New_generation,
Cum_pairs,Pairs) :-—
pairs_children(Operators,Point,Cumulative,New_cumulative,
Cum_pairs,Cum_pairs2),
pairs_generation(Points,Operators,New_cumulative,New_generation,
Cum_pairs2,Pairs).

new_pairs_generation(Previous_generation,Previous_pairs,Operators,
New_generation,New_pairs) :-
pairs_generation(Previous_generation,Operators, [],New_generation,
Previous_pairs,New_pairs).

pairs_closure(N,Limit,_,_,Pairs,Pairs) :-
N>Limit,!.
pairs_closure(N,Limit,Operators,Delta,0ld_pairs,Pairs) :-
new_pairs_generation(Delta,0ld_pairs,Operators,
New_delta,0ld_pairs2),
N_new is N + 1,
pairs_closure(N_new,Limit,Operators,New_delta,0ld_pairs2,Pairs).

pairs_closure(Limit,Operators,Base,Pairs) :-
pairs_closure(0,Limit,Operators,Base, [],Pairs).

output_pairs([],_).
output_pairs([[[H1,V1,T1|_]1,[H2,V2,T2|_]]|Fixpoint],Stream) :-
output_pairs(Fixpoint,Stream),
format(Stream,"~0d “0d ~0d"n",[H1,V1,T1]),
format(Stream,""0d “0d “0d"n"n"n",[H2,V2,T2]).

gnuplot_pairs(Fixpairs) :-
init_gnu_dat_file(Stream),
output_pairs(Fixpairs,Stream),
end_gnu_dat_file(Stream).

pairs_botup(Limit) :-
coefficients([A1,A2,A3,
K11,K12,K13,
K21,K22,K23,
K31,K32,K33]),
pairs_closure(Limit,[[1,0,0,K11,K12,K13,0,-1000000,-1000000] ,
[0,1,0,K21,K22,K23,-1000000,0,-1000000] ,
[0,0,1,K31,K32,K33,-1000000,-1000000,017,
[[0,0,0,A1,A2,43]],Pairs),
gnuplot_pairs(Pairs).
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coefficients([A1,A2,A3,

K11,K12,K13,
K21,K22,K23,

K31,K32,K33]).

base values

Matrix Phi
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