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Abstract

We present a possible framework for specifications of data types with infinitary
data, which can be defined by recursive equations. The basic tool is that, as usual,
a recursive definition determines an element given as the least fixed point of the
corresponding recursor, constructed naturally as the least upper bound of the usual
chain of approximations. Somewhat unusually, we limit the prerequisite assumptions
about the underlying ordering to the necessary minimum, arriving at the notion
of a regular algebra as introduced by Tiuryn (1978, 79). It follows then that the
framework of regular algebras can be naturally equipped with the notions permitting

behavioural interpretation of specifications.

1 Introduction

Behavioural semantics for specification plays a crucial role in the formalisation of the develop-
ment process, where a specification need not be implemented exactly but so that the required
system behaviour is achieved — the idea goes back to [GGMT76], [Hoa72]; see e.g. [ST95] for
the context in which we view it now. There have been two basic approaches to behavioural
equivalence to achieve this effect. One introduces a new notion of a behavioural satisfaction of
formulae, based on the interpretation of equality as an internal indistinguishability relation in
each model defined so that two elements are considered equal if they are indistinguishable to
the user of the data type given by the model. The other is based on an external notion of a
behavioural equivalence of models, where two models are considered equivalent if they cannot be
distinguished by any computation the user can perform. For example, see [NO88] for a technical
presentation of the former and [ST87] of the latter approach. There have also been attempts
to unify the two views [Rei85], recently concluded in [BHW94], where it has been shown that
the class of models that behaviourally satisfy a specification coincides with the class of mod-
els behaviourally equivalent to a fully abstract model (in the usual sense) of the specification.
One goal of this paper is to show how these ideas work in the framework permitting recursive
definitions of data.



A well-know framework which facilitates such definitions and has been extensively studied
in the literature is that of continuous algebras (as presented e.g. in [GTWWT7T7], [TW86]).
Unfortunately, under a closer scrutiny from the point of view of the machinery needed for
behavioural semantics, some technicalities of the continuous algebra framework turn out to be
rather cumbersome. In particular, we were not quite able to explicate some standard examples
(like implementation of streams of sets by streams of some lists) in a convincing way. The
technical source of the trouble was the need for limits of all (countable) chains in continuous
algebras, which led to the ideal closure construction [Nel81], [BN82] in the process of behavioural
quotienting of a continuous (implementation) algebra to obtain a continuous (implemented)
algebra. The resulting extra elements can of course enjoy different properties from the ones
present in the implementation (even in the presence of the usual continuity requirements),
and hence render the idea of implementation via quotienting by an indistinguishability relation
intuitively questionable.

Instead of trying to bend our general views to cover this somewhat unintuitive case, we have
decided to explore another possibility and check whether ideal closure is in fact really needed.
The starting point for these considerations was that we tried to minimize the assumptions under
which we can meaningfully deal with recursively defined data in continuous algebras. The key
observation here is that limits of all the chains that can be formed in the partially ordered
carrier of the algebra are not needed for this: all we need are limits of the chains of subsequent
“finitary” approximations of the data defined by recursive equations. Similarly, continuity of
operations of the algebras is not needed: the operations need not preserve limits of all the chains,
but only limits of such definable chains of approximations.

In this way the ordering relation on the algebra carriers becomes just a technical tool to
describe solutions of recursive equations, rather than a central element of the algebra structure
to be specified and argued about by means of logical axioms, as is the case in the continuous
algebra framework.

In this paper we present some of the resulting technicalities. These will cover formal defini-
tions of basic algebraic concepts as well as some most standard facts, familiar from the standard
universal algebra, restated in this framework. We view this paper as a technical note report-
ing the technical progress made and largely recalling the technical developments presented in
[Tiu78], [Tiu79], much more than as an adequate presentation of the framework proposed. For
this, more work would be needed, both on the technical side, to complete the algebraic picture
we have in mind (see [Tiu78], [Tiu79] for some further technical developments we omit here),
and on the more practical side, where examples should be provided to check whether what we

propose applies to the situations typically studied.

2 Regular algebras and their homomorphisms

Let S be an arbitrary set (of sorts). By an S-sorted set we mean any family X = (X;);es of sets.
The usual category of S-sorted sets will be denoted by Set®. We generalise all the standard
set-theoretic notions and notations to S-sorted sets. Moreover, the explicit qualifications by the
set S of sorts and by specific sorts s € S will often be omitted whenever they are clear from the

context. For example, we write @ € X meaning © € X, if s € S is clear (or unimportant); for



R C X xY (thatis, R = (Rs € X5 X Ys)ses) and @ € X5, y € Y;, we will write © Ry meaning
x Rsy; for f: X — Y and © € X we will write f(2) meaning fs(x) for the appropriate s € S;
etc.

An algebraic signature ¥ = (S5,) consists of a set S (of sorts) and of a family Q =
(Qs.)seswes of sets (of operation names). When ¥ is clear from the context, we will write
frsix...xs, = sforsy,...,s,,s €S and f e, ..

Let ¥ = (5,9Q) be an algebraic signature, fixed throughout the rest of the paper.

Definition 2.1
An ordered ¥-algebra A consists of

o an S-sorted set |A| € |Set?|,
e for each sort s € S, a partial order <4 C |A|,x|A[, on |A],,
e for each sort s € S, a distinguished element [4 € |A|,,

e for each operation name f:s; X ... x s, — s, a function f4:|Als, X ... x |Als, — |Als-
O

As usual, we will omit the formally given above sort and algebra decorations (subscripts s
and superscripts A) when no confusion is likely.

The above notion of an ordered algebra departs essentially from the more usual definitions
known in the literature, see e.g. [Mol85]. All we assume here is that some ordering relation,
with a distinguished point, is given on the algebra carriers. This is quite orthogonal to the usual
structure of algebraic operations, which are not even assumed here to be monotone w.r.t. the

ordering.

Definition 2.2
For any S-sorted set X € |Set®| (of variables), we define the set T4(X) of Y-terms with
variables X as the least S-sorted set such that:

o X CT¥(X),
o for fisy x ... xs, = sand t; € TH(X )y, ..oy tn € TE(X)s,, [ty tn) € TH(X)s,

e for any t € TH(X U {z:s})s, where z:s is a distinguished variable of sort s € 5,
pzt e TH(X).

A term is algebraic if it does not contain any subterm of the form pz.t; the set of all algebraic
Y-terms with variables X will be denoted by Tx(X).
For each term ¢t € TH(X) the (finite) set FV(¢) € X of variables that occur freely in ¢ is

defined as usual (z does not occur freely in pz.t). O

The idea is of course that terms of the form pz.t are to denote elements el defined recursively

by

val rec el = t[el]



where t[el] is ¢ with el substituted for all the free occurrences of z. Terms ¢ € TH(X U {z:s})s
with indicated “recursion variable” z:s will be called recursors on sort s (a bit ambiguously, we
will also use this name for the function on an algebra carrier such a recursor implicitly denotes).

Note that we do not equip the set of terms 7% (X) with the structure of an ordered algebra:
no term is distinguished as L, no partial order is given, no operations on terms are defined,

terms of the form pz.t are just formal symbols here, not least fixed points, etc.

Definition 2.3
Given an ordered Y-algebra A, a term ¢t € TH(X); and a valuation of variables v: X — |A|,
we define the value of ¢ in A under v, written as t4p,) € |Als, by induction on the structure of

t as follows:
o for x € X, w5 = v(2),

o for fisg x ... x5, = sand t; € TE(X)sy, ooy tn € TE(X)s,, (St tn))agy is
defined if and only if all (1)ap, ..., (tn)ap are defined and then (f(t1,....4,))ap =
fA((tl)A[v]v sy (tn)A[v])v

e for any t € TH(X U {z:s})s, where z is a distinguished variable of the sort s € S, put

— (L) = L,
— for ¢ >0, t;{'ﬁ](J_) = tafp,)» Where v;: (X U {z:s}) — |A] extends v by vi(z) = t;[v](J_).

(Notation t;[v](J_), as introduced here, will be used throughout the paper.)
Now, (pz.t)ap) is defined if

— t;[v](J_) are defined for all ¢ > 0,
- til[v](J_) <, t;"ﬁ](J_) for all > 0, and
— the least upper bound | ;54 t;[v](J_) w.r.t. <, exists in [Als.

Then (p2.t)ap) = Liso tap(L)-
O

As follows from the above definition, the value of a term in an ordered algebra need not be
defined.

It is easy to check that the usual substitution properties for the values of terms hold:

Lemma 2.4
Consider an ordered X-algebra A, and a term ¢t € TH(X).

e The value of a term depends only on the valuation of its free variables: for any two
valuations v,v": X — |A] such that v(z) = v'(x) for all € FV(t), L4}, is defined if and
only if £ 4,1 is defined and if this is the case then #4,) = 4.

e For any substitution 6: X — T%(Y) and valuation v: Y — |A| such that for all + € X,
0(x) 4 is defined, t4p,) is defined if and only if (1) 4f,q is defined and if this is the case
then t4p) = 0()ap], where 8(t) € T¢(Y') is the term resulting from ¢ by substituting all
free occurrences of @ € X by () (substitution is defined so that unintended clashes of

variables are avoided) and v: X — |A] is defined by v(x) = () ap1.

4



Proof: Follows by induction on the structure of ¢. a

One consequence of the above lemma is that the subsequent iterations of a recursor, defined

semantically in Definition 2.3, may in fact be redefined syntactically as follows.

Lemma 2.5

Consider an ordered Y-algebra A and a recursor ¢ € TE(X U {z:s}),. Define ) = = and
for i >0, 101 = 9,(10)), where ;: (X U {z:s}) — TE(X U {z:s}) extends the identity on X by
0:(z) = t(). Then for any valuation v: X — |A|, for i > 0, til[v](J_) is defined if and only if txgu]
is defined and if this is the case then t;[v](J_) = txgu], where v : (X U {z:s}) — |A| extends v
by vi(z) =L,.

Proof: Follows by an easy induction on ¢ > 0 using Lemma 2.4. O

Definition 2.6
An ordered Y-algebra A is called a regular ¥-algebra it it satisfies the following two condi-
tions:

(completeness condition): For all terms ¢ € T¢(X) and valuations v: X — |A|, the value 1 4,) of
t in A under v is defined.

(continuity condition): For all terms t € TH(X U {y:s})s, recursors ¢ € TH(X U {z:s})s and
valuation v: X — |A],

® 41 < tafuy,), for 2 >0, and

Vit1

L tA[v’] - I_lzZO tA[vi]7

where vt (X U{y:s}) — |A] extends v by v'(y) = (p2.q) ap) and for ¢ > 0, v;: (X U{y:s}) —
|A| extends v by v;(y) = qil[v](J_).
O

More intuitively, regular algebras permit any recursive definitions of their elements, ensuring
that any recursor defined using their operations has a least fixed point given as the least upper
bound of the usual chain of approximations. The first requirement of the above definition gives
the sufficient completeness condition on the (partially ordered) carrier of the algebra. It is easy
to see that for each sort s € S, L, is the least element in |A|; (since pz.x has a value under
any valuation of the free variable ). Notice however that not all the chains in |A| need to have
least upper bounds. Thus, the carriers of a regular algebra need not form complete posets in
the usual sense. The second condition ensures that the operations of the algebra are continuous
w.r.t. to the approximation chains involved in the definition of the meaning of such recursively
defined data. This implies that the denotation of a recursive term of the form pz.t is indeed the
least fixed point of the recursor t:

Proposition 2.7

Consider any regular ¥-algebra A, recursor t € TH(X U {z:s})s and valuation v: X — |A].
Then tap = (pz.t)ap, where v': (X U {z:s}) — |A| extends v by v'(2) = (p2.t) ap). Moreover,
if for some a € |A|, tap,) = a, where v,: (X U {z:5}) — |A| extends v by v,(2) = «a, then
(pzt)ap) < a.



Proof: The first part follows directly from the continuity condition of Definition 2.6. For the
second part, first notice that again from the continuity condition, considering the term puz’.z,
we have th,(L) = tap,) < tap,] = @, where vy: (X U {z:s}) — |A] extends v by vi(2) =L=
(Z)%[UG](L), since vy(z) = a = (Z)h[va]. In fact, for any ¢ > 0, using the same argument and
Lemma 2.5, til[v](J_) = txgu] < txgva] = a (since txgva] = a follows from 1 4},,) = a by an easy
induction on ¢ > 0 using Lemma 2.4). This directly implies that (pz.t)ap) = Liso tp,y(L) < a.

O

The operations of a regular algebra need not be continuous, nor even monotone, since they
in general do not preserve all least upper bounds of chains which may happen to exist in the
carriers of A. However, as the proof of the above proposition indicates, the image of L under all
algebraic operations in A (including those denoted by complex recursive terms) is smaller than
the image of any other value under this operation. Therefore, our definition of regular algebra
does indeed coincide with the definition of a regular algebra as given in [Tiu78], [Tiu79].

Definition 2.8
Given two regular Y-algebras A and B, by a regular ¥-homomorphism h: A — B from A

to B we mean any function h:|A| — |B| such that for all terms ¢t € T¥(X) and valuations
v: X — |A|7 h(tA[U]) = tB[v;h]' O

Again, one can check that regular homomorphisms as defined above coincide with the regular
homomorphisms of [Tiu78], [Tiu79].
It follows that regular homomorphisms preserve the distinguished elements and the values

of operations, as expected:

Proposition 2.9
Let h: A — B be a regular ¥-homomorphisms.

° h(J_A) = 15 and

Y

o for fis; X ... xs, —=sand a1 € |Als, ..., a, € |Als,,

h(fA(alv R an)) = fB(h(al)v SRR h(an))
o fort € TH(X U{z:s})s and v: X — |A], for all ¢ > 0, h(t;[v](J_A)) = t%[v;h](J_B).

Proof: 14 = (pz.z)4 and fala,...,a,) = (f(z1,...,20))ap), where v(z;) = a;fori =1,... n.
The last part follows by an easy induction on ¢ > 0. O

In general, regular homomorphisms need not be continuous or even monotone. They do,
however, preserve the limits of approximation chains that may occur in recursive definitions.

It is easy to check that regular homomorphisms are closed under composition and that
identities are regular homomorphisms. This yields a category RAlg(X) of regular ¥-algebras

and their homomorphisms.

Proposition 2.10
Let h: A — B be a regular ¥-homomorphisms. Then % is an isomorphism (in RAlg(¥) ) if

and only if it is a bijection.



Proof: The “only if” part is trivial. For the “if” part, assume that the regular homomorphism is
bijective. Let h™': |B| — | A| be the inverse of h. We have to show that 2™': B — A is a regular
homomorphism. Consider ¢ € T§(X) and v: X — |B|. Then h™'(tpp) = A7 (tppn-1,1) =
h=H(h(tapn—11)) = tapsn-1- O

Consequently, in RAlg(X) there exist exact isomorphisms (that is, isomorphisms which are

identities as functions between carrier sets) that are not identities of RAlg(Y).

Lemma 2.11
Let B be a nonempty family of exactly isomorphic regular ¥-algebras. Then an ordered
Y-algebra A given by:

e |A| = |B| for any (and hence all) B € B,
e (4= 1P for any (and hence all) B € B,

e for each operation name f in ¥, f4 = fp for any (and hence all) B € B,

o <4 =g<s

is a regular ¥-algebra exactly isomorphic to those in 5.
Proof: First, we have to show that all recursive terms have values in A. By induction on the
structure of a term ¢ € Ty (X) we show that for all valuations v: X' — |A|, {4, is defined and
moreover t4[,) = tp[ for any (and hence for all) B € B.

e For variables the thesis is trivial.
e For terms of the form f(t1,...,1,), the thesis follows easily by the inductive assumption.

e Consider ¢ € TH (X U{z:s})s and a valuation v: X — |A|. Using the inductive assumption,
we show that for any (and hence all) B € B

- by induction on ¢ > 0, q“fl](J_) = qA[v;] = 4Blv] = qjg“, where v (X U {z1s}) — |A|

extends v by v;(z) = qA[ | = QB[

It follows now that for all B € B, qil[v](J_) qi{'[l](J_), and so qil[v](J_) qi{'fl]( ). Let
now a = (pz.q) g for any (hence all) B € B. Since a is the least upper bound of the chain
<qf4[v](l)>izo w.r.t. the ordering <” for each B € B, a = | ;5 QZ[U](J_) w.r.t. the ordering
<4 which shows (pz.q)ap) = (12.9) B

Then, we have to show that the continuity condition holds for A. So, consider ¢ € T¥(X U
{y:s})sr, ¢ € TE(X U {z:5})s and v: X — |A|. Since we have already proved the completeness
condition for A, by an easy induction on ¢ > 0 it follows that t4},] = pp,) for any (hence
all) B € B, where v;: (X U {y:s}) — |A| extends v by v(y) = qil[v](J_) = qB[U](J_). Let now
a = tgpy) for any (hence all) B € B, where v': (X U {y:s}) — |A| extends v by v(y) = (12.4)B[w-
Since <tA[vi](J—)>ZZO is a chain with the least upper bound @ w.r.t. each ordering <P, B € B,
(tapg(L))iso0 is a chain with the least upper bound @ w.r.t. the ordering <#, which proves the
continuity condition for A.



Finally, we have already shown that for all terms ¢ € TE(X) and valuations v: X — |A],
tap) = tBp) for each B € B, which completes the proof that A is a regular Y-algebra exactly

isomorphic to all the regular algebras in 5. O

Corollary 2.12
Let A be a regular Y-algebra. Then in the class of regular Y-algebras exactly isomorphic to
A there exists a regular Y-algebra p(A) with the smallest ordering relation.

Proof: Follows directly from Lemma 2.11. a

3 Regular subalgebras

Definition 3.1
Given two regular Y-algebras A and B, we say that B is a regular Y-subalgebra of A if
|B| € |A| and moreover, for each term ¢ € T¢(X) and valuation v: X — [B|, tpp] = tapy, that

is, if the inclusion ¢: |B| < |A] is in fact a regular ¥-homomorphism «: B — A. O

It is easy to see that if B is a regular subalgebra of A then 17 = 14 and for each operation
name [ in ¥, fp is the restriction of f4 to |B|. However, this is certainly not the sufficient

condition for B to be a regular subalgebra of A.

Example 3.2

Consider a signature Y, with a single sort s and a unary operation name suc:s — s. Let
then B be an ordered algebra with the carrier |B| = {L,bg, b1,...,b}, the ordering induced
by L <B b <P by for i > 0 and b; <P b; for y > ¢ > 0, and the operation sucg given by
sueg(L) = by, sucg(b;) = biyq for ¢ > 0, and sucp(bs) = boo. B is a regular ¥y-algebra, with
(pz.suc(2))B = boo.

Then, let A be an ordered algebra with the carrier |A| = |B|U {¥’_}, the least ordering <4
such that <P C <4 and L <45, <4 b <4 by for 7 > 0, and the operation suc, that extends
sucg by suca(b) = b_. Then A is a regular Yo-algebra, |B| C |A|, sucp is a restriction of
sucy, <B = <40 |B| x |B|, but (pz.suc(z))a = b # beo = (pz.5uc(2))p. 0

It B is a regular subalgebra of A, the ordering on B need not in general be included in the
ordering on A — this is obvious, since a part of the ordering is irrelevant, as Proposition 2.10
indicates. When the minimal ordering as given by Corollary 2.12 is considered, the expected
inclusion holds:
<H(B) C <) n |B| x |B]

This follows easily from Lemma 3.4 below. First, let us point out though that, perhaps surpris-

ingly, the above inclusion may be proper.

Example 3.3

Consider a signature }; with one sort s and a binary operation f:s X s — s.

Let B be an ordered ¥j-algebra with the carrier |B| = {L, by, by, ...} and the trivial order-
ing (induced by the requirement 1 < b; for : > 0). Let then fg(z, 1) = fg(l,x) = = and
IB(bi, b;) = brax(ij) (this does not really matter for the example, as long as some simple conti-

nuity requirements are satisfied). Then B is a regular algebra (with no non-trivial recursively

defined elements) and u(B) = B.



Let then A be an ordered Xj-algebra with the carrier |A| = |B| U {a, bs} and the ordering
induced by <P and L <4 q, b; <4 b; for 3 > ¢ >0, and ¥ <A b, for i > 0. Moreover, let
fa extends fg as follows: fa(x, L) = fa(L,z) =z, fala,b;) = fa(bi,a) = bipq for ¢ > 0, and
fa(z,b0) = fa(boo, ) = bs. Then A is a regular algebra, with b, = (pz.f(, 2)) a[{za}], and
here u(A) = A.

Finally, B is a regular Y-subalgebra of A, <#(B) C <#4) N |B| x |B], but clearly <#B) £
< 0|B] x|B|. -

We will see, however, that if B is a regular Y-subalgebra of A then up to an exact isomorphism,

the ordering on B is (may be chosen to be) the restriction of the ordering on A to the carrier

|BI.

Lemma 3.4

Let A be a regular Y-algebra, and let K C |A| be a subset of its carrier that is closed
under the values of terms in A, that is such that for all terms ¢ € T¥(X) and valuations
v: X — K C|A| ta) € K.

Then an ordered ¥-algebra B given by

o |B|=K,

o 1B =14

e fp is the restriction of f4 to K, for each operation name f in X,
o <P=<4NKxK,

is a regular Y-subalgebra of A.

Proof: We have to show that for each term ¢ € T¢(X) and valuation v: X — K, i) = L4
(and so in particular ¢pp, is defined). This follows by an easy induction on the structure of ¢,
by the assumption that #4},) € K. Then, the continuity condition for B follows easily from the
continuity condition for A. a

Lemma 3.5

Let A be a regular Y¥-algebra and K C |A]. Then the set (K)4 = {tap [t € TE(X),v: X —
K} is closed under the values of terms in A. Moreover, (K')4 is the least subset of |A| which
has this property and includes K.

Proof: Obviously, whenever a subset of |A] is closed under values of terms in A and includes
K, it includes (K)4 as well.

Consider now a term ¢ € T¥(X) and a valuation v: X — (K)4. By definition, for each « € X
there exists a set Y, term t* € TE(Y,) and valuation v,: Y, — K such that v(z) = yTORE We
can assume that for # # 2/, Y, N Yy = 0. Put now Y = W,y Y: and © = (Woex v.): Y — K.
Let 0: X — T¢(Y) be the substitution given by 0(x) = t* for + € X. Then, by Lemma 2.4
ta) = 0(1) 4] € (K) 4, which proves that indeed (K')4 is closed under the values of terms in A

and completes the proof of the lemma. a

We will say that (K)4 is the regular Y-subalgebra of A generated by K. If |(K)4| = |A]
then we say that A is generated by K.



Theorem 3.6

Let A be aregular ¥-algebra. Up to exact isomorphism, regular Y-subalgebras of A are given
by all subsets of |A| closed under values of terms in A and only by such subsets. Moreover, for
any set K C |A| there exists the least regular ¥-subalgebra (K)4 of A that (has the carrier
that) includes K.
Proof: The fact that the carriers of regular subalgebras of A are closed under the values of
terms in A follows directly from definition. Then Lemma 3.4 shows that every subset of |A]
closed under the values of terms in A is the carrier of a regular subalgebra of A. Moreover, it is
easy to check that any two regular subalgebras of A with the same carrier are exactly isomorphic.
Finally, for any set K C |A|, Lemma 3.5 gives the least (carrier of a) regular subalgebra of A
which contains K. O

Another consequence of the characterisation of regular subalgebras is that the image and

coimage of a regular subalgebra under a regular homomorphism is a regular subalgebra:

Corollary 3.7
Let h: A — B be a regular -homomorphism, and let ' be a regular Y-subalgebra of A.
Then A(|C|) = {h(a) | a € |C|} is (the carrier of) a regular ¥-subalgebra of B.

Proof: Consider t € TE(X) and v: X — A(|C|). Let ©: X — |C| be such that o;h = v. Then
tap) = tapn = hitp) = hto) € A(|C]) since teg € |C]. O

Corollary 3.8

Let h: A — B be a regular ¥-homomorphism, and let C' be a regular ¥-subalgebra of B.
Then A=*(|C]) = {a € |A| | h(a) € |C]} is (the carrier of) a regular Y-subalgebra of A.
Proof: Consider ¢t € T¥H(X) and v: X — A7'(|C]). Then h(tap) = tBpn = tcps since
v;h: X — |C] and C is a regular subalgebra of B. Hence, h(tap,)) € |C|, and so tap) € R7H(|C)).

The result then follows from Lemma 3.5. O

Finally, it may be interesting to notice that all regular subalgebras are full in the following

sense:

Proposition 3.9
If B is a regular ¥-subalgebra of A and h:C' — A is a regular ¥-homomorphism such that
h:|C| — | B|, then h: C'— B is a regular ¥-homomorphism as well.

Proof: We have to check that h, given as a map from |C| to | B|, preserves the values of terms.
Let t € T4(X), v: X — |C|. Then h(tcp]) = tapsh] = tBlu;p], Which completes the proof. a

4 Regular congruences and quotients

By a kernel of an S-sorted function f: X — Y we mean an S-sorted (equivalence) relation

ker(f) C X x X given by ker(f) = {(z.2') | f(x) = f(a')}.

Definition 4.1
Given a regular Y-algebra A, by a regular congruence on A we mean the kernel of any regular
Y-homomorphism h: A — B. O
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To give a more explicit characterisation of regular congruences, we need one more technical

concept:

Definition 4.2
By a pre-congruence on a regular ¥-algebra A we mean a preorder C C |A| x |A| (that is,
C is a transitive, reflexive, but not necessarily anti-symmetric relation) such that the following

conditions hold:

e For all recursors t € TH(X U {z:s})s and valuations v: X — |A|, <tf4[u](J—)>izo < a chain
w.r.t. © with the least upper bound (pz.t) 4y, that is:
— thpy(L) E (L), for i >0,
B tf‘l[v](J-) C (pz.t)apy, for i >0,

— for all @ € |A], if t;[v](J_) C a for 7 > 0, then (pz.t) 4 € a.

o Forallt € T5(X U {y:s})y, ¢ € TE(X U {z:s})s and v: X — [A], (ta,])i>0 forms a chain
w.r.t. £ with the least upper bound ¢ 4, where for ¢ > 0, v;: (X U {y:s}) — |A[ extends
v by vi(y) = qil[v](J_) and v": (X U {y:s}) — |A] extends v by v'(y) = (p12.¢) apu), that is

_tA[vi]EtAv_H fOI’Z>0
— ta[,) E tapn for 2 >0,
— for all a € |A|, if t4p,) T a for i > 0 then ¢ 4,1 C a,

e The equivalence generated by C is preserved by the operations: for all f:sy x...xs, — s
and ay,by € |Alg, ..., an, b, € |Al,, such that ¢y C by and b C @y, ..., a, E b, and

b = an, we also have fa(ar,. .., a,) C falbrs. ... b.) and fa(bi,. .. b)) C falar,....a.).
O

Lemma 4.3

The family of pre-congruences on a regular Y-algebra A forms a complete lattice, with
greatest lower bounds given by set-theoretic intersection.
Proof: First notice that the total relation on |A| is a pre-congruence on A. Then, to complete
the proof it is enough to check that the intersection of any non-empty family of pre-congruences
on A is a pre-congruence on A as well — which is rather obvious since all the requirements

imposed on pre-congruences are “implicational”. a

Lemma 4.4
Let C C |A] x |A] be a pre-congruence on a regular Y-algebra A, and let ® = CNE! be
the equivalence relation induced by the preordering C.

An ordered Y-algebra B = A/C given by
o |B|=|A]/~,
o 1B =114,

o for all a,a’ € |A|, [a]x <P [d]lx &= a C d,



o for fisyx...xs, = sand ay € |Als,, ..., an € |Als,, fB([a1]m, - -, [an]x) = [falar, ..., an)]x

is a regular Y-algebra.

Moreover, the natural map a — [a]x, a € |A|, is a regular ¥-homomorphism from A to B.

Ry
Proof: The properties of pre-congruences ensure that ~ is indeed an equivalence relation,
that <P is well-defined (i.e., the definition of [a]x <P [@']~ does not depend on the choice of
the representants of the equivalence classes) and is an ordering relation on |B|, and that the

operations are well-defined functions on |B|. Thus, B as defined above is indeed an ordered

Y-algebra.

To show the completeness condition of Definition 2.6, consider ¢t € TE(X) and v: X — |B|
where for # € X, v(z) = [v(z)]x for some v: X — |A|. By induction on the structure of ¢ we
show that [ = [tap]~ and so in particular {gp; is defined.

e For variables the thesis is trivial.
e For terms of the form f(t1,...,1,), the thesis follows easily by the inductive assumption.

e Consider a term t of the form pz.q, where ¢ € T{(X U {z:s}),. Using the inductive
assumption, by easy induction on 7 > 0 we can show that qg[@](J_) = [qil[v](J_)]z. Then
<q§3[@](l)>izo form a chain w.r.t. <? with the least upper bound [(12.q) ap)~:

— for ¢ > 0, qg[@](L) qg'[l](J_), since qil[v](J_) qi{'fl( ) (by the definition of a
pre-congruence),

— for ¢ >0, q%[@](J_) <P [(pz.q) apl~, since qil[v](J_) (pz.q)ap (by the definition of a

pre-congruence),

— for any [a]x € |B|, a € |A|, if for all 7 > 0, q%[](J_) <P [a]x then for all 7 > 0,
qil[v](J_) C a, and S0 by the definition of a pre-congruence, (pz.q)ap E a, which
yields [(5=-4) sgale < [a]a.

This shows that indeed (p2.q)ppy is defined and (p2.q) ) = [(#£2.¢) ap))~, Which completes
the proof of the completeness condition for B.

To show the continuity condition, consider ¢t € TH(X U{y:s})y, g € TE (X U{z:s})s, 0: X —
| B| such that for v € X, v(z) = [v(z)]x for v: X — |A|. By the above proof of the completeness
condition for B, we have that for ¢ > Q, qg[@](L) = [qil[v](J_)]z, tBl] = [ta[w]l~, Where v;: (X U
{ys}) — |B| extends v by vi(y) = qppy(L) and v (X U {y:s}) — |A] extends v by v;(y) =
Cap(L). Moreover, tpp) = [taf]x, where 0" (XU {y's}) |B| extends v by v'(y) = (12.9) B[
and v": (X U{y:s}) — |A| extends v by v'(y) = (p12.¢) ap). This is enough to show that (tg[y,)is0
forms a chain w.r.t. <? with the least upper bound tB U].

o for: >0, tp[ <B 1Bvi41]> since LA, E ap,,,] by the definition of a pre-congruence,
o for ¢ >0, tp <B tB[w], since 4[] E 4 by the definition of a pre-congruence,

o for any [a]x € |B|, a € |A|, if for all ¢ > 0, tpg[y <® la]x then for all > 0, tap] C @

hence by the definition of a pre-congruence, 4,1 E @ and so tp[y <B la]x.

This completes the proof of the continuity condition for B, and thus of the lemma as well. a
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In the following, given a regular Y-algebra A and a pre-congruence C on A, we will refer to the
regular Y-algebra A/C as the quotient of A by C.

Theorem 4.5

A relation &~ C |A| x |A] is a regular congruence on a regular ¥-algebra A if and only if
~ =LC NC™! for some pre-congruence C C |A| x |A] on A.
Proof: For the “only if” part, consider any regular ¥-homomorphism h: A — B. Define now a
relation = C |A| x |A| by

aCd <  hla) <B h(a').

It is easy to see that C is a preorder relation and that ker(h) = C N C~=1. We still have to show
that C is a pre-congruence on A.

e Consider t € TH(X U{z:s})s and v: X — |A]. By Proposition 2.9, for ¢ > 0, h(tg[v](J_)) =
t%[v;h](L). Then clearly:

— for 1> 0, thy, (L) S5 (L), since thp0( L) <P 5 0( L),
— for @ > 0, %, (L) T (pz.t)apy, since gy, (L) <P (pz.t)prom = h((pz.1) apg),

— for a € |A|, if for all ¢ > 0, til[v](J_) C «a then for all ¢« > 0, t%[v;h](L) <B h(a).
Therefore h(pz.t4p)) = (p12.1) Bl <B h(a), which proves (pz.t)ap C a.

e Consider t € TH(X U {y:s})s, ¢ € TH(X U {z:s}) and v: X — |A|. Then for ¢ > 0,
h(qil[v](J_)) = qg[v;h](L), and so for v;: (X U {y:s}) — |A| that extends v by v;(y) =
Cagy(L), vis b (X U {ys}) — B extends v;h by (vi; h)(y) = ¢ppyy(L). Similarly, for
v (X U{y:s}) — |A| that extends v by v'(y) = (p2.q) ap], v'; h: (X U{y:s}) — | B| extends
vih by (v h)(y) = (12.q)Blw:n)- Given this:

— for ¢ Z 0, tA[vi] E tA[Uz‘+1]7 since tB[vi;h] SB tB[vH.l;h]a
— forz Z 0, tA[vi] E tA[u’], since tB[vi;h] SB tB[v’;h]7
— for a € |A], if for all i > 0, t4,)(L) T a then for all i > 0, tgp,u(L) <P h(a).

Therefore h(tapn) =t <B h(a), which proves tap C a.

e Finally, for all f:s; x...x s, — s and a1,a| € |Als,, ..., an, @/, €|A|s, such that a; C o]
and @) C ay, ..., a, C @ and a/ C a,, that is h(ay) = h(da)), ..., h(a,) = h(d)), we
have h(fa(as,...,a,)) = fe(h(a1),...,h(a,)) = f(h(a)),...,h(d))) =
which proves that fa(ai,...,a,) C fa(a),...,al) and fa(ay,...,a) C falay, ... a,).

This completes the proof of the “only if” part of the theorem.

For the “if” part, consider a pre-congruence C C |A| x |A| and let ¥ = CNC~!. Then
~ = ker(h), where h: A — A/C is the natural regular ¥-homomorphism from A to its quotient
by C (as constructed in Lemma 4.4) given by h(a) = [ax, for a € |A]. 0

Corollary 4.6

Let & be a regular congruence on a regular Y-algebra A. Then for any term ¢ € T¥(X) and
valuations vy, vy: X — |A| such that for all x € X, vi(2) &= va(x), Lap,] = Lafu,]-
Proof: Let &~ = CENC~! for some pre-congruence C on A. Let then v: X — |A/C| be given by
v(x) = [v1(x)]x = [v2(x)]x. Then, by Lemma 4.4, [t ap,)lx = tajci) = [Lafw]]~, Which completes
the proof. a
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Corollary 4.7
Let A be a regular ¥-algebra. For any relation R C |A| x |A| there exists the smallest regular
congruence / on A such that R C ~.
Proof: By Lemma 4.3 there exists the smallest pre-congruence C on A such that RU R™! C C.
O

Then ~ = ENC~! is the smallest congruence on A which contains R.

Theorem 4.8

Let A be a regular ¥-algebra, and R C |A| x |A|. Let then ~ be the least congruence on A
that contains R, and let E be any pre-congruence on A such that ~ = CNE~'. Then A/C
is a categorical quotient of A by R in the following sense: for any regular -homomorphism
h: A — C such that R C ker(h) there exists a (unique) regular ¥-homomorphism g: A/C — C
such that for all a € |A], h(a) = g([a]x).
Proof: Under the assumptions of the theorem, the requirement that for all a« € |A], h(a) =
¢([a]x) determines unambiguously a function ¢: |[A/C| — |C'|. We have to check that it preserves
the values of terms.

Consider t € T¢(X) and v: X — |A/C| where for 2 € X, v(z) = [v()]x for some v: X — |A].
By Lemma 4.4, t4/crs) = [tap))w- Therefore, g(ta/cr)) = hl(tap) = topn) = towy), which
completes the proof. a

Corollary 4.9

Let C; and £, be two regular pre-congruences on a regular Y-algebra A such that C; N C;7! =
CoNCy~ ! Then A/C; and A/C, are exactly isomorphic.
Proof: By the construction in Lemma 4.4, |A/C4| = |A/Cz|. Moreover, by Theorem 4.8, the

identity function is a regular ¥-homomorphism from A/C; to A/C, and from A/C, to A/C;.
O

By this corollary, we can define up to an isomorphism a quotient of a regular algebra by a
regular congruence as the quotient of the algebra by any pre-congruence that determines the

regular congruence:

Definition 4.10

Given a regular Y-algebra A and a regular congruence ~ on A, the quotient of A by =,
written A/, is defined up to an (exact) isomorphism as A/C, where C is any pre-congruence
on A such that ~x =CNC~!. O

5 Observational indistinguishability and behavioural

equivalence of regular algebras

In this section we will present a definition of an observational indistinguishability relation be-
tween elements of a regular algebra. We will show that this indistinguishability relation is a
congruence and characterise explicitly the behavioural equivalence relation between regular al-
gebras “factorized” [BHWO94] by the observational indistinguishability congruence. In this way
we will provide a basis for the further, rather standard now, development of behavioural seman-
tics for specification in its two well-known versions: via observational satisfaction of formulae

and via behavioural closure of the usual model class of a specification.
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As usual, let ¥ = (5, Q) be an algebraic signature fixed for the rest of this section. Moreover,
let OBS C S be a distinguished set of observable sorts.
For any S-sorted set X, by Xppg we will denote an S-sorted set such that

X, for s € OBS
(Xops)s = { 0 for s &€ OBS

Following this notation, Xopggs will denote any S-sorted set (of variables) such that (Xopg)s = 0
for all s ¢ OBS.

By an observational context on sort s € S we mean any term v € T (Xops U{x:s}),, where
o € OBS and x € Xpps is a special new variable.

Given any regular Y-algebra A, observational context v € TH(Xops U {x:s}),, valuation
a: Xops — |A| and value a € |A|, we will write y4[q)(@) for yapa,), where aq: (XopsU{z:s}) — |A|
extends a by a,(z) = a.

Definition 5.1
Let A be a regular ¥-algebra generated by |A|ops. An observational indistinguishability
relation ~9P5 on A is defined so that for s € S, for a,b € |Als, a ~§B5 b if for all observable

contexts v € T (Xops U {x:s}) and valuations a: X — | A, vapa)(@) = Ya[a](0). O
Theorem 5.2
Let A be a regular Y-algebra generated by |A|ops. Then the observational indistinguisha-

bility relation ~9P% is the largest regular congruence on A that is the identity on the carriers

of observable sorts.

Proof: First, notice that since for any observable sort 0 € OBS, x € T%({z:0}), is an observable
context, (~98%), is indeed the identity on |A|,.

To prove that ~{P* as defined above is a congruence on A, define a relation Z{5* C |A| x |A]
so that for s € S and a,b € |Al,, a T9P% b if for all observable contexts v € T¢(Xpps U {x:s})
and valuations a: X — |A[, yap(a) <A Yaje)(b). Since clearly ~9BS = CQPS 0 (CQP9) !

C 9B is a pre-order, it is enough to prove now that C%% is a pre-congruence on A:

, and

e Consider t € TH(YU{y:s})s and v: Y — |A]. We have to show that <tf4[v](l)>izo is a chain
w.r.t. £9P% with the least upper bound (py.t)ap). Consider any v € T¥(Xops U {x:s})
and valuation a: Xpps — |A|. We can assume (Xopgs U {z:s}) N (Y U {y:s}) = 0, hence
teTE(ZU{y:s})s and v € TE(Z U {a:s}) where Z = Xpps WY, Then, by the continuity
condition of Definition 2.6, <7A[awu](tf4[am](i))>izo forms a chain w.r.t. <4 with the least
upper bound yapaw]((#y.1) ajawe)). Therefore, relying on the fact that a value of a term

depends on the valuation of its free variables only (Lemma 2.4):

— for i >0, ¢4, (L) CT98% ¢'FL( 1), since for all v and « as above
» LA A tap\+) v )
Ya1o) (Fapg (1)) = Yaaon) (s (1)) < Yagawn] (g (L) = yap) (55 (1),
— for ¢ >0, til[v](J_) C QP (py.t) ap), since for all 4 and « as above,

Yaod (Fap) (L)) = Yoo (Eapawn) (L)) < Yaown) ((19-1) afowe)) = Yagel (1Y) ap),
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— for a € |A|, if for all : > 0, t;[v](J_) C 985 a then for all v and a as above, for all ¢ > 0,
Vo] (e (1) < Yapw(@), and 50 Yap) (Y1) ap)) = Yaown (1Y) afaw) <7

Y afow] (@) = Yag(@), which proves that (py.t)ap) CT97° a

e Consider t € T (Y U{y:s})s, g € TE(Y U {z:s})s and v: X — |A|. We have to show that
(ta[w])iz0, where v;: (Y U {y:s}) — |A] extends v by vi(y) = qil[v](J_), forms a chain w.r.t.
C 955 with a least upper bound ¢ 4, where v': (Y U {y:s}) — |A| extends v by v'(y) =
(pz2.q) ap). Consider any v € TE(Xops U {2:s'}) and valuation a: Xops — |A|. We can
assume (Xops U {z:s'}) N (Y U{y,z:s}) =0, hence t € TE(ZU{y:s})s, g € TE(ZU{z:8})s
and v € TE(Z U {x:s'}) where Z = Xpps WY . Let then ~[t/z] € TH(Z U {y:s}) be the
result of substituting the term ¢ for all free occurrences of x in ~. By the continuity
condition of Definition 2.6, (y[t/2]jawv])i>0 forms a chain w.r.t. <4 with the least upper

bound v[t/x] sfaws]. Therefore, using Lemma 2.4 a few times:

— for 1 > 0, t4p, EOBS ta since for all v and « as above,

Vip1]s
Yag)(tapg) = (Y[t 2]) appweg < (Y 2]) Afpwviys] = Yae)(Eafga])s

— for ¢ > 0, t [, EgBS t A, since for all v and a as above,

7A[a](tA[vi]) = (V[t/x])A[aLﬂvi] SA (V[t/x])A[aLﬂv’] = 7A[a](tA[v’])7

— for a € |A|, if for all ¢ > 0, 1 4p,,] C 985 a then for all v and «a as above, for all 7 > 0,

(Y[t/]) aparsny = Yarel (Lap)) < Ya(a),

and so
Yar)(tapn) = (V[t/2]) Ajoasny <* agap(a),
which proves that # 4,1 C985 a
e Consider f:s; X ...x s, — s and a1,b; € |Als, ..., an,b, € |Al, such that a; ~§B% by,
o a, ~9P5 b, We have to show that fa(ai,...,a,) ~9%% fa(by,...,b,), that is for
all v E TE(XOBS U {x:s}), for o € OBS and a: Xops — |Al, vaj(falar,...,a,)) =
Aja)(falbr, .. 0,)).

Since A is generated by |A|ops, by Lemma 3.5, there exist terms t; € TH(Ygs), ¢1 €

T5(Zpps)s -5 ta € TE(Yips), 0n € TE(Zhps) and valuations ap:Y5pg — |Aloss,
B Z1035 — |Alops, ..., an: Yips — |Alos, Bn: Zps — |Alops, such that a; = (tl)A[al]7
bi = (q1)aa]s - -5 @n = (tn) afan]» bn = (¢5) a[3,]. Moreover, we can assume that the sets of

variables involved are mutually disjoint.

For 1 < j <n we have then:

Yara](falbr, ... 021, a5, a541,. ., an))
(7[ (qlv"'v% lvxjv J+1 - )/l‘]) AlowWf1W... W3, _1Wasyg.. Uan](a])

( [ (qlv"'v% lvxjv J+1 - )/l‘]) AlowWf1W... W3, _1Wasyg.. Uan](b])
"}/ (fA(bl,...,b]_l,b],a]+1,...,an)).

Thus, it follows by easy induction that yaa1(fa(ar,. .., an)) = Yap)(falbrs ..., 04)).
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The above proves that indeed CZ9%% is a pre-congruence on A, and so ~ 9%

is a regular congru-
ence on A, which moreover is the identity on the observable sorts.

To show that ~9P5 is the largest regular congruence with this property, consider any regular
congruence & on A and assume that for o € OBS, &, is the identity on |A|,. Let a,b € |A;
be such that @ &~ b. Consider an observable context v € Ty (Xops U {z:s}) and valuation
a: Xops — |Alops. By Corollary 4.6, ya[a)(a@) = 7a[a)(b), but since the result sort of v is

OBS OBS

observable, this means that y[a)(a) = Ya[a)(b). Hence, a ~5%° b, which proves &~ C ~5*° and

completes the proof of the theorem. a

Definition 5.3

Let A and B be regular Y-algebras. We say that A and B are behaviourally equivalent if the
quotients AO/NggS and BO/NggS are isomorphic, where Ap = (|A|ops)a and Bo = (|B|oss)B
are the regular Y-subalgebras of A and B, respectively, generated by the carriers of observable

sorts. a

The following theorem gives a more explicit, expected characterisation of the behavioural

equivalence of regular algebras.

Theorem 5.4
Two regular Y-algebras A and B are behaviourally equivalent if and only if there exist a set

Xops (of variables of observable sorts only) and surjective valuations v4: Xops — |A|ops and
vg: Xops — |B|ops such that for all terms t,¢' € TS (Xops), with o € OBS,

tawal = Vap,) == 1Bs] = By

Proof: Let Ao = (|A|ops)a and Bo = (|Blops)s be the regular Y-subalgebras of A and B,
respectively, generated by the carriers of observable sorts.

For the proof of the “only if” part of the theorem, consider an isomorphism 2: AO/NOBS
BO/NggS. Recall that by Proposition 2.10, ¢ is bijective. Let Xppg be any set of the same
cardinality as |A|ops (and |B|ops) and let va: Xops — |Alops and vg: Xops — |Blops be
bijections such that v4;¢ = vp, where v4: Xpps — |AO/~OBS| and vg: Xops — |BO/NOBS|

are valuations defined by 04 = [va(x )]NgOBS = {va(x)} and vp = [vp(x )]NgOBS = {vp(x)} for all

x € Xops. Then for any term ¢ € T5(Xops),
tBLsllagss = to/ngBsn = 1(lag/ngBspg) = i[tapal.gns).

Therefore, since i is bijective, for any two terms ¢, € T¥(Xops)s,

OBS t

OBS
tAlwa] ~ag tap, == tBls ~B, B

[vs]®

Thus, for s € OBS, in which case (Nggs)s is the identity on |A|s and (~ 01035)5 is the identity
on |Bls,
tafwal = tapa) == Blsl = UBlug)

which completes the proof on the “only if” part.
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For the proof of the “if” part, first note that since all variables + € Xppg are terms of
observable sorts, under the assumptions for this part of the theorem, ker(v4) = ker(vg). Hence,
for any set Yppg of variables of observable sorts we can define a bijection tog(__) between
valuations of Ypps into |A|pps and valuations of Ypps into |Blops as follows: for v:Ypps —
|Alogs, tos(v): Yops — |Bloss is given by tog(v)(y) = vg(x) for y € Yops and any @ € Xops
such that va(z) = v(y). Then, for any terms t,t' € T¢(Yops)o, 0 € OBS, and valuation
v:Yops — |A|ops, by the assumptions for the “if” part of the theorem

tap) = tap) == 1Blop)] = tBlion(u)»

since by Lemma 2.4 we have ¢4 = (04(%)) a[u.1]5 t;l[v] = (0u(1")) afva]> tBLton ()] = (0u(1))BLuy), and
t%[toB(U)] = (Gv(t’))B[UB], where 0,(y) = x for y € Ypps and any @ € Xppg such that va(a) = v(y).

Consider now two arbitrary terms ¢ € T4 (Yops)s and ¢' € T (Y gs)s of the same sort s € S,
and two valuations v: Ypps — |A|ops and v": Y/ ge — |Alops. Assume that Yops N Yige = 0.
For any observable context v € T%(Zops U {z:s}), with Zpps U {z:s} disjoint from Ypps and
Y/ ps, and valuation a: Zops — |A|ops, we have then:

Yale](qap]) = VA[a](QA[U/]) — VB[toB(a)](QB[toB(v)]) = VB[tOB(a)](QE[toB(v')])

since by Lemma 2.4 again,

Yapal(qap)) = (Vg/2]) Ajawvsw d VB[t s(a)](4Bltos ()]) = (V[4/2]) Bltos(awwe]
! ! an ! !
7A[a](61,4[u/]) = (7[61 /Z])A[awvwv'] VB[toB(a)](QB[toB(u/)]) = (7[61 /Z])B[toB(awvwv’)]-

Since tog(__) is a bijection between valuations, this shows that

0BS 0BS
Gap) ~ag QA = 4Blop()] ~Bo UBltos (v

Define now a map i:|AO/NggS| SN |BO/NggS| by i([qA[U]]NgOBs) = [qB[tOB(v)]]NgOBS' By

Lemma 3.5, since Ao is generated by |A|ops, ¢ is defined on all equivalence classes in |Ao /~ 57|
and the above argument shows that its definition does not depend on the choice of represen-
tants for the equivalence classes. Moreover, again by the above argument, ¢ is injective, and
by Lemma 3.5, since B is generated by |B|ops and tog(__) is a bijection between the sets of
valuations, ¢ is surjective as well.
It remains to be proved that 2 as defined above is indeed a regular ¥-homomorphism
2 AO/Nng — BO/NggS, that is, that 2 preserves values of terms. For this, consider any term
q € T (Z) and valuation 0: Z — |Ao/~3P%|. Let then v: Z — |A| be such that o(z) = [v(z)]Nng
for all z € Z. Moreover, by Lemma 3.5, for all z € Z there exist a term ¢* € Ty (Z}pg) and a V&OLI—
uation a*: Zpg — [Alops such that v(z) = ¢j,-. Define now v": Z — | B[ by v'(2) = ¢4, (a7
We can assume that the sets Zjpq, z € Z, are mutually disjoint. Define 6(z) = ¢* and
a = W.cz o”. We have then, by Lemmas 2.4 and 4.4:
Wqag/ngpsry) = illaarlagns) = il0(a)arlgrs) = 10(0)Bros(nlgss = (4Bl ges

—  9Bo/~GB [wi]

where the last identity follows by the homomorphism property of the natural quotient map

(Lemma 4.4) since for z € Z we have

1(0(2)) = i([v(2)] oms) = i[Fapasglw985) = [4Bp0 (amplugrs = [V'(2)]ons-

Ao Ao Bo Bo
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This shows that indeed ¢: AO/NggS — BO/NggS is a regular isomorphism, and thus com-
pletes the proof of the theorem. a

6 Final remarks and further work

In this paper we have re-introduced the framework of regular algebras, which we want to propose
as an algebraic framework for specification of algebras with infinitary data defined by recursive
equations. Following [Tiu78], [Tiu79], we have introduced the basic concept of a regular alge-
bra, the related notions of regular homomorphism, subalgebra, congruence and quotient, and
presented some expected relationships between these notions (only some of those can be found
in [Tiu78], [Tiu79]). In particular we have defined the natural notion of an observational in-
distinguishability of elements in regular algebra, proved that it is a regular congruence, and
shown that it factorizes the expected natural notion of behavioural equivalence between regular
algebras. Of course, this is but a preliminary proposal, and much work remains to be done.

First, we have not introduced in this report any formal notion of a logical formula and
satisfaction: for equations this is trivial, and so is an extension to first-order logic. It would be
much less trivial to try to develop some proof calculus for the equational logic, even admitting
infinitary rules which seem to be necessary here to handle infinitary data.

Then, all these definitions should be put together to define an institution of equational logic
for regular algebras: we do not expect any trouble here either, with the reduct functors and
translation of sentences along algebraic signature morphisms defined in the standard way; the
satisfaction condition should follow as usual.

In [Tiu79] the existence of initial (and more generally, free) regular algebras is proved. This
should be generalised to the existence of left adjoints to all reduct functors induced by signature
morphisms, and the institution of equations in regular algebras should be proved to admit initial
models. Again, we expect no troubles here. One consequence of the existence of free regular
algebras is the Birkhoff-style characterisation of equationally definable classes of regular algebras
given in [Tiu79].

Corollary 3.7 shows that all dense epimorphisms in RAlg(Y) are surjective (a regular ho-
momorphism is dense if the least full subobject of the target algebra that contains the image of
the source algebra is the whole target algebra). It is an interesting open question whether all
epimorphisms in RAlg(Y) are dense (i.e., in this framework, surjective). This is known not to
be the case for continuous algebras, and perhaps the well-known example due to Lehman and
Pasztor [LP82] can be adapted to the framework of regular algebras as well.

Section 5 gives the preliminaries for the study of observational satisfaction and behavioural
equivalence in regular algebras. We expect this can be done along the general lines we try to
develop for an arbitrary (concrete) institution. But a lot of work specific for regular algebras
would be needed here as well. Some (infinitary) proof system in the style of context induction
or finitary proof techniques could perhaps be developed following the pattern known for the
standard algebraic framework.

Finally, there is a lot of polishing to be done on the proofs already reported here. For
example, many of the proofs have a similar character and one would hope that there should be

a way to simplify them by extracting the intuitively common induction scheme. Indeed, some
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proofs of elementary facts in [Tiu78], [Tiu79] seem simpler than those given here (Lemma 2.5
as used in the proof of Proposition 2.7 may be crucial in this context).

However, even before all this technical and mathematical analysis is attempted, it is necessary
to make sure that the proposed framework is indeed useful. Some typical examples of the
use of continuous algebras (like in specifications based on streams) should be checked to be
meaningful in this framework (we can see no reason why not). It is important to make sure
that the resulting observational satisfaction implicit in the developments in Section 5 applies
in such specific examples. Is it really the case that a regular algebra with an observational
quotient (i.e., the quotient by the observational indistinguishability congruence) satisfying the
specification is intuitively an admissible realisation of this specification? And vice versa, do
admissible realisations of a specification have quotients which satisfy the axioms in the standard

way (at least to the same extent as in the standard algebraic case)?
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