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Abstract

We consider uniform odd systems, i.e. sets of vectors of constant odd norm with
odd inner products, and the lattice L(V) linearly generated by a uniform odd system
V of odd norm 2t + 1. If u?* = p (mod 4) for all w € V, one has v? = p (mod 4) if
v? is odd and v? = 0 (mod 4) if v? is even, for any vector v € L(V). The vectors
of even norm form a double even sublattice Lo(V) of L(V), i.e. %LO(V) is an even
lattice. The closure of V, i.e. all vectors of L(V) of norm 2t + 1, are minimal vectors
of L(V) for t = 1, and they are almost always minimal for ¢ = 2. For these t’s, the
convex hull of vectors of the closure of V is an L-polytope of Lo(V) and the contact
polytope of L(V). As an example, we consider closed uniform odd systems of norm
5 spanning equiangular lines.
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1 Introduction

We study here odd systems, i.e. sets of vectors with odd inner (scalar) products. An
odd system is a special case of an integral system, which is a set of vectors with integral
inner products. In particular, vectors of an integral system have integral norm (squared
length), which is the inner product of a vector with itself.

Similar to an odd system, an even system is defined. But an even system is nothing
else but an integral system multiplied by /2.

Clearly, an integral system generates an integral lattice. Such lattices arise naturally
in various contexts.



The integral lattice L(V) generated by a uniform integral system V (i.e. system of
vectors of some fixed norm m) determines naturally a closure of the system V, clV, i.e.
the set of all vectors of norm m of the lattice L(V). In other words, clV is the set of all
vectors of norm m which are integral combinations of vectors of V.

The classical example of an integral system is a root system. For our aims, uniform
root systems are important. Only they occur in integral lattices. A uniform root system
is a set of vectors of norm 2 with integral inner products. Fach root system is a direct sum
of irreducible root systems. All irreducible root systems are closed. They are completely
classified. Namely, a uniform irreducible root system is one of A,, D,, Ks, F7 and Fs.

It is natural to consider the next case of an integral system of vectors of norm 3.
Several authors aproached those systems, see, for example, [9], [7]. This case is much
more complicated. But closed integral systems of vectors of norm 3 with inner products
+1 are classified completely. Note that such a system is an odd system.

It turns out that the odd condition is restricting enough. The above mentioned odd
system of norm 3 is a special case of a system of vectors spanning equiangular lines. It is
known that if a set of equiangular lines has sufficiently many lines, then spanning vectors
can be chosen such that they have odd norm and inner products £1. This odd system
lead to study general odd systems.

An important invariant of an odd system spanning equiangular lines is the property
to be closed or not.

For an integral lattice it is important to find minimal nonzero norm of its vectors. An
integral lattice generated by an odd system of norm 3 has minimal norm 3. Similarly,
"most” of integral lattices generated by an odd system of norm 5 have minimal norm 5.

2 Lattices generated by an odd system

Definition 1 An integral (even, odd) system V is a sel of vectors with integral
(even, odd, respectively) mutual inner products. In particular, the norm v? = vo of
v €V, i.e. the inner product of v with itself, is integral (even, odd), too.

An integral system is called irreducible if it cannot be partitioned into two subsystems
such that inner product of vectors from different subsystems is equal to 0. Otherwise, the

system is called reducible.

Clearly, each odd system is irreducible. Of course, an odd or an even system is a
special case of an integral system. Moreover, the division of vectors of an even system by
v/2 makes an isomorphism of the even system to an integral system.

Dimension dimV of an integral system V is dimension of span), the space spanned
by V.

Let V be an integral system, and let

LOV)={v:u=)>zv,z € Z}.

veVY

Obviously, L(V) is an integral lattice, and if V is an even system, then L(V) is an even
system, too. Therefore L(V) is a special case of an even lattice. Recall that an integral
lattice is called even if all its vectors have even norm.



Proposition 2 Let V be an odd system, w € L(V), and v =), cy z,v. Then

Yz =) |zl =u? (mod 2) .

veV veV

Proof. Since for v,v’ € V, vo' =1 (mod 2), we have

u? = Z ZpZpr 0V = Z ZpZyl = (Z 2,)? (mod 2) .

v, v EV v, €V veEY

This implies 3 ,cy 2o = u? (mod 2). The comparision Y ,cy 2y = Ypev |20| (mod 2) is
obvious. O

Proposition 3 Let V be an odd system, and let u; € L(V), u; = ¥ ,ep 240, i=1,2. Then

upuy = uiui (mod 2) .

Proof. Using Proposition 2, we obtain

wuy = Y zizov' = (O 20) (D022 = wiu; (mod 2). O

For ¢ = 0, 1,consider the following subsets of L(V).

L,V)={u€ LV):u®’=q (mod?2) },

L'V)={u:u=> zv, 2, €Z, > z =q}.
veEY veEY
We call the vector —v an opposite of the vector v and denote it v*. V is called
symmetric if for each v € V its opposite belongs to V, too. V is called asymmetric if
V has no pair of opposite vectors.

Proposition 4 Let V be an odd system. Then

(i) Lo(V) is an even sublattice of L(V),

(i) L1(V) = v + Lo(V) for anyv €V, ice. Li(V) is an affine sublattice of L(V),

(iii) if V contains a pair of opposite vectors, then L (V)= LUV). In particular, this
is true for a symmetric V.

Proof. (i) and (ii). Using Proposition 2 we obtain

LiV)={u:u=> zv, 2, €Z, Y z,=q(mod?2) }.
veEVY veV

It easy to see that, if u,u’ € L1(V), then ug = u — v’ € Lo(V), i.e. u = v’ + ug, and
L1(V) is an affine sublattice of L(V).

(iii). Let w € Ly(V), v = Y ,cy 20V, Yovey 2o = ¢ (mod 2). Then Y, oy 2z, = 2z + ¢ for
some integer z. If V is symmetric, then, adding to Y ¢y #, the item —z(vo + v) for some
vg € V, we obtain ) ¢y 2, = ¢. O

If V is asymmetric, then it is possible that the lattice L?(V) is a layer of the lattice
L,(V).



3 Uniform integral systems

Let L be an integral lattice. For £ =0,1,2, ..., we set
Mi(L) ={uc L:u*=k}.

Let V be an integral system. Call V uniform if all vectors of ¥ have the same norm,
which is called norm of V. Consider uniform subsets of L(V). Let

cp(V) = Mi(L(V)).

We cal the operator cly the k-closure. If V is an even system, then clyy1(V) = 0. If
V is an odd system, then, by Proposition 3, clypy1(V) is an odd system for any integer
k> 0. We have
Lo(V) = UpZoclar(V), L1(V) = UiZoclaea (V),

and L1(V) is an odd system.

Let V be a uniform integral system of norm k. We call V closed if V =cli(V).
Obviously, a closed system is symmetric.

A uniform integral system is called maximal if it cannot be enlarged without aug-
menting its dimension. Clearly, maximal uniform integral system is closed. In general,
the converse is not true.

For o € R, denote by a) the set of vectors av for v € V. Obviously, mcl,V Ccl;V,
where ¢ = m*k, and (—1)cl;V =clyV. Hence cardinality |clz)| is an even integer for all k.

We set 1 - |
n(V) = { s1V| if V is symmetric

V| if V is asymmetric.
Proposition 5 Let V be an odd system. Then n(chV) < 1.

Proof. Let vy,vy €cliV. Since cl;V is an odd system, vyvy = £1. This implies that
vy = Fwq. O

Following to [6], call an odd system V pillar if there is a vector e of norm 1 such that
ve € {£1} for all v € V. The vector e is called the shaft of V.

Proposition 6 LetV be a pillar odd system with a shaft e. If chV # 0, then c|V = {*e}.

Proof. Let cl;V # 0, i.e. ¢4V = {£e1}. Then e; = Y ,cp z,v, where Y,y 2, is odd.
Obviously, ee; < 1. But ee; = 3, z,(ev) = 3, +2, is an odd integer. Hence ee; € {£1},
l.e. e; — *te. O

Recall that a set of vectors is a frame if any two vectors of the set are either orthogonal
or opposite.

Proposition 7 IfV is an odd system, then ¢k is a frame.



Proof. By Proposition 3, vyvy is an even integer for any vy, vy €cly)V. Hence if vy # tv,,
v1vg = 0. O

Closed uniform integral systems of norm 2 are classified in [2]. Such a system is a direct
sum of irreducible root systems of type A,, D,, Fs, Fr, Fs. The index n is dimension
of the corresponding root system. They are closed, and they are maximal, apart from
A; C FE7, As C Es, Dg C Es. A frame, up to a multiple, is the special root system A7,
the direct sum of r root systems Ay, for some r. Detailed description of the root systems
is given, for example, in [2].

Below a uniform integral system V of norm 2 is called root system if it is closed.
Otherwise, V is called a set of roots.

Let V4 be an even system of norm 4. Set = % Since V4 has integral inner
products, we have

Proposition 8 Let V, be a uniform even system of norm 4. Then V4 is a root system
if Vy is closed, and it is a set of roots if it is not closed. a

We end this section with two useful lemmas.

Lemma 9 Let V be an odd system, and let v; €clyi 1V, t is an integer. Let vvy =
2r+1>0andi #4'. Thenr < (¢ +1)/2.

Proof. Obviously, v; # vy. Hence 0 < (v; —vi)? = 2(i +7') +2 — 20,04 = 2(i 1’ —2r),
Le. r<(i4+1)/2. O
For any set A" of vectors, we set

a(X) = Z v. (1)

vEX

Lemma 10 Let V be a uniform integral system of norm m, and K C V be a maximal
subset of vectors with mutual inner products —1. Then K contains at most m + 1 vectors,

and if K| =m + 1, then a(K) = 0.
Proof. Set k = |K|. We have

0< (a(IC))2: Zv2—|— Z o' = km 4 k(k—1)(=1) =k(m+1—k),

veK v, €K u#EY!

ie. k<m+1, and if k =m+ 1, then «(K) = 0. O

We call such K of cardinality m + 1 a star. By Lemma 10, «(K) = 0 for a star K.

It V is an even system of norm 2m, then SV is an integral system of norm m. If gV
has a star K (of cardinality m + 1), then 37'K is a set of m + 1 vectors of norm 2m with
mutual inner products -2. We call the set a star of the even system V.

Lemma 10 implies

Corollary 11 Let V be an even system of norm 4t. Then |[K| = 2t + 1 for any star
KCV. 0



A star is a special case of a dependent set in an integral system V. If |[V| >dimV, then
there are dependencies between vectors of V. Let €' C V be a dependency, i.e. a set of
linearly dependent vectors of V. Then

Z z,v = 0. (2)
vel

The equation ( 2) implies 3 ¢ zyvu = 0 for all u € V. Let A be Gram matrix of the
set V. Then 2/ € RY such that zl =z, forv e Cand 2z, =0 forv e V—Cis asolution to
the system of equation zA = 0. Since A is integral matrix, all solutions, up to a multiple,
are rational, and therefore can be taken integral.

Call the dependency ( 2) affine if 3", cc 2z, = 0. By Proposition 4 (iii), each depen-
dency of V can be transformed into an affine dependency if V is symmetric.

Call the dependency ( 2) minimal if }~ cy y,v # 0 for all y such that |y,| < |z,| and
there is a w € C with |y,| < |zu|. As in matroid theory, call a minimal dependency
circuit. If v € C and |z,| = 1 in the corresponding dependency, then the set C' — {v} is
called broken circuit.

We shall consider only uniform circuits and broken uniform circuits.

Proposition 12 Let V be a uniform integral system. Then V is closed if and only if V
does not contain a broken circuit.

Proof. Any vector u € (clV — V) has the form u = 3" ¢¢, 200, where C, C V is a
broken circuit. O

4 Sets of vectors with constant norm modulo 4

Consider an odd system V with vectors of norm v? = 4m(v)+ p, where m(v) is an integer,
and p = 1 or 3 is the same for all v € V. So, v? = p (mod 4) for all v € V.

Theorem 13 Let V be an odd system, and let v’ = p (mod 4) for allv € V, p =1 or 3.
Then u* =0 (mod 4) foru € Lo(V), and u? = p (mod 4) for u € Ly(V).

Proof. Let u =),y z,v. We use induction over the number s(u) = 3",y |2y The
assertion obviously is true if s(u) = 1. Let u = +2vy or u = vy £ vy, and vyvy = 2k + 1.
Note that 2p = 2 (mod 4). Hence u? = vi + v3 + 2viv3 =2+ 2(2k + 1) = 0 (mod 4).
Plainly, (£2v1)®> =0 (mod 4), i.e. the assertion is true for s(u) = 2.

Let the above assertion is true for all «' with s(u’) < s, and Let s(u) = s. Let
zy # 0. Without loss of generality suppose that z,, > 0. Then u = uy + v’, where
Uy = 2z 200+ (20 —1)0", and s(uy) = s—1. If siseven, then u € Lo(V), uy € Li(V), and,
by induction, uj = p (mod 4). Hence u? = uj + v"* + 2uyv’ (mod 4). Since uy, v’ € Ly(V),
Proposition 3 implies, that u;v’ = 2k + 1 for an integer k, ie. u? =2 +4k+2=0
(mod 4). If s is odd, then u € Ly(V), uy € Lo(V), and, by induction, ui = 0 (mod 4).
Proposition 3 implies ujv’ = 21, i.e. u* = p+ 2 x 21 = p (mod 4). O

Theorem 13 implies the following



Corollary 14 If v’ = p (mod 4) for allv € V, then ¢tV =0 for k = 2,4 —p (mod 4).
O

Call a lattice . double even if L is an even system and v? = 0 (mod 4) for all v € L.
Obviously, L is double even if and only if 3L is an even lattice (3 = 1/v/2).

Corollary 15 IfV is a uniform odd system, then the lattice Lo(V) is a duble even lattice.
O

We can find out a uniform odd system ¢ in a double even lattice as follows. Let L be
a double even lattice, and vg € Mg_4(L), where My (L) is the set of all vectors of L of
norm k. It is defined in Section 3. Set

Mup(vo, L) = {v € Myx(L) : vvg = 4k — 2},
1 1

u(v) =v — 5 V0 v(u) = u+ v,

2
Usjr1(vo, L) = {u(v) 1 v € Myx(vo, L)}.
Note that u(v) is orthogonal to vy for all v € Myy(ve, L).

Theorem 16 Let U be a set of vectors. The following assertions are equivalent:
(i) U = Usp41(vo, L) for a double even lattice L,
(ii) U is a closed uniform odd system of norm 2k + 1.

Proof. (i) = (it). Let v,v" € Myx(vo, L). Then vv’ is an even integer, and |vv’| < 4k.
Since u(v)u(v’') = vv’ — 2k 4+ 1 is odd, U = Uzg41(vo, L) is a uniform odd system of norm
2k + 1. Tt is symmetric, because vg — v € Myg(vo, L) and u(vg — v) = —u(v).

Let uy € clap1ld. Since uy € L1 (U), by Proposition 4(iii),

Uy = Z zyu(v).

vEMyy(vo,L),y  2p=1

Hence u; = v1 — %vo, where v; = ZueM4k(uo,L),sz:1 Z,v. Since Y.z, = 1, we have
vvg = 3 2, (vve) = (4k — 2) Y 2, = 4k — 2. Since u, is orthogonal to vy, we have v} =
u? + (%00)2 = 4k. This implies that v1 € Muyg(vo, L) and uy = u(v1) € U. This means
that ¢ 1s closed.

(11) = (¢). Let up be a vector of norm 2k — 1 which is orthogonal to the space
spanned by U. Let Vi, = {v(u) : v € U}, with vg = 2ug in definition of v(u). Since
v(u)v(u') = uu’ 4 uf is an even integer, V4 is an even system of vectors of norm 4k.

Let L = L(V4) be the lattice linearly generated by V. Obviously, vg = 2uy =
(u+ug)+ (—u+ug) € L, vi =8k —4, and Vy, € Myx(vo, L), since vov(u) = 2u2 = 4k —2.
Besides, U C Usp11(vo, L), since u(v(u)) = u. We have to prove that U = Usgi1(vo, L).
Let v € Usgy1(vo, L). Then v’ = v—%vo for v € Muyg(vo, L), and v = 3, ¢y zuv(u), since L
is generated by v(u) for u € U, ie. u' =3,y zuv(U) — o = 2 ycy Zutt + (X uers 20 — 1)v0.
Since u'vy = uvg = 0, we have Y, o, 7z, = 1. This implies that v’ € L(U). Because
(u')? = 2k 4+ 1, we have v’ € clyp U =U. Hence U = Usjy1(vo, L). a

The following theorem has an application to odd systems with inner products equal

to +1.



Theorem 17 Let U be a set of vectors. The following assertions are equivalent:

(i) U = Usy1(vo, L) for a double even lattice L with minimal norm 4k,

(it) U is a closed uniform odd system of norm 2k + 1, and chid =clyy1U =cly,U = )
for 0 <r <k

Proof. (i) = (i¢). By Theorem 16, U is closed uniform odd system of norm 2k + 1. Let
V = My(vo, L), v € Li(U), ie. v’ =3 cpzou(v) with 3 oy 7, = 1. Then v’ + %vo =
Yoy Zul € L'(V)C L.

If v’ €cly, 11U, then, using u'vy = 0 and v5 = 8k —4, we obtain (u'+ %vo)z =2(r+k) <
4k for r < k, a contradiction, since minimal norm of L is 4k.

Let v’ € Lo(H). By Proposition 4, v’ = ¥ ,cpzou(v) with 3 ,cp 2z, = 0. Hence
u' =Y ey 20 € LOV) C L, ie. u? > 4k. This means that cly,f = @ for r < k.

(¢¢) = (¢). By Theorem 16, U = Usk11(vo, L) for a double even lattice L. We have to
prove that minimal norm of L is 4k, i.e. that My, (L) = 0 for 0 < r < k. According to
proof of (1) = (i) of Theorem 16, we can take L = L(V), where V = {u + v : u € U}.

Let v € L(V), then

v = Zzu(u—l—@) = (Zzu)%—l—ZZuu:Z%—l—ul,

ueU 2

where z =Y z,, ug = 3 z,u € L(U).

Let z =0, then uy € Lo(U). By Corollary 15, Lo(U) is a double even lattice. Since
clyd = 0 for 0 < r < k, minimal norm of Lo(U) is > 4k.

Let z = 1. Then uy € L1(U). Since cly, iU = 0 for 0 < r < k, we have

V= (5 4l =2k 1+ul 2 2k — L+ (2 +1) = 4k,

It is easy to see that norm of v with |z| > 1 is greater than 4k. Since v* = 4k for v € V,
minimal norm of L(V) is equal to 4k. a
The following lemma sais that the set Usgiq(vo, L) of Theorem 17 spans a set of

1

equiangular lines at angle arccosg .

Lemma 18 Let U be a closed uniform odd system of norm 2k + 1. Then uu’ = %1 for
all u,uw' € U such that u # xu' if and only if cly,td =0 for 0 <r < k.

Proof. Suppose that there is a pair u, v’ € U such that vu’ = 2r + 1 with 0 < r < k.
Then (u—u')? = 4(k —r), i.e. u —u' eclypnd. O
Lemma 18 and Theorem 17 imply the following fact proved in [6].

Corollary 19 [6] Let L be a double even lattice of minimal norm 4k, and vo € Msg_4(L).
Then the set Usgpi1(vo, L) spans a set of equiangular lines at angle arccosﬁ. a
We denote the lattice L(Myg) with Myr = {v(u) : u € U} constructed in the proof of
(1) = (2) of Theorem 16 by Lo(U).
In the case of Theorem 17 the lattice Lo(Uf) is the section of Ly(U) by the affine
hyperplane H = {x : xvg = 4k — 2}. The lattice L(U) is the projection of L2(U) on H.



5 Contact polytopes and L-polytopes of the lattice
Lo(V)

The convex hull of all minimal vectors of a lattice is called contact polytope of the
lattice.
Let V be an odd system. Let Hj, be the space spanned by cl; V.
Set
m = min{k > 0: clyV # 0}.

Then minimal norm of the lattice Lo(V) is 2m, and conv(cly, V) is the contact polytope
of Lo(V).
An L-polytope of a lattice is the convex hull of all lattice points lying on an empty
sphere of the lattice, and the lattice points on the empty sphere have full affine rank.
Let
t = min{k : clyp1V # 0}.

Then the sphere circumscribing cly.41V with squared radius 2t + 1 is empty in L1(V).
Recall that squared Fuclidean distance of any point of L1(V) from origin is odd, and L, (V)
is a translation of the lattice Lo(V). Any vector of cly;11)V can be taken as the translation
vector. Hence the translation of conv(cly;41V) is an L-polytope of the sublattice Lo(V) N
Hypygq.

Proposition 20 Let V be an odd system. Then

(i) If v* = 3 (mod /) for all v € V, then conv(ckY) is an L-polytope of the lattice
Lo(V) N Hs, and the contact polytope of the lattice L(V).

(ii) If v* =1 (mod 4) for allv €V, and bV =0, then conv(clsV ) is an L-polytope of
the lattice Lo(V) N Hs.

(iit) If V is a uniform odd system of norm 5 with chY =0, and vv’' = £1 for distinct
v,v" €clsV, then conv(clsV) is an L-polytope of Lo(V) and the contact polytope of L(V),
and conv(clsY ) is the contact polytope of Lo(V).

Proof. (i) and (ii) are implied by Corollaries 14 and 15.

(iii) Since ¥V CeclsV, L(V) C Hs. By (ii), conv(cl5V) is an L-polytope of Lo(V). By
Corollary 14 and Lemma 18, clyV = 0 for k = 2,3,4,6,7. Hence clsV and clgV are sets
of minimal vectors of the lattices L(V) and Lo(V), respectively. a

6 Closed uniform odd systems of norm 3

Note that uniform systems of norms 3 and 5 are the first members of the sequences of
odd systems with norm 3 (mod 4) and norm 1 (mod 4), respectively.

Note also that, for & = 1, Theorems 16 and 17 coincide. In fact, on the one hand,
norm of any vector of a double even lattice is a multiple of 4. Hence if Us(vo, L) # 0,
then minimal norm of L is equal to 4. On the other hand, there is no r satisfying (ii) of
Theorem 17, and cly¢f = ) by Corollary 14.

For a uniform odd system of norm 3, Proposition 20(i) gives the following analogue
of Proposition 1 of [7].



Corollary 21 Let U be a unioform odd system of norm 3. Then minimal norm of the
lattice L(U), generated by U, is 3. i O

Let U be a uniform odd system of norm 3. Then the lattices Lo(U) and Lo(U) are
double even lattices of minimal norm 4, and Ly(U) is generated by a uniform even system
My of norm 4. Hence Ly(U) is, up to multiple g = %, a root lattice.

In contrast to SLa(U), the lattice SLo(U) is not always generated by the root system
pelsd. Theorem 22 below shows that GLy(U) is an irreducible root lattice. Since all
irreducible root lattices are known, this theorem allows to classify closed uniform odd
systems of norm 3.

Theorem 22 Let U be a closed uniform odd system of norm 3. Then the lattice BLo(U)
is an irreducible root lattice.

Proof. Recall that U = Us(ve, L) for L = Ly(U). Here vy € L is a vector of norm 4,
i.e. vg € My(L). Hence the set of vectors My(vo, L) U {vo}, generating L, is irreducible,
since vvg # 0 for all v € My(vg, L). This means that the lattice 5L is generated by an
irreducible subset of roots. Hence 8L = S Ly(U) is an irreducible root lattice. O

Theorems 17 and 22 imply the following known fact (see, for example, Theorem 1 of

[7)-

Corollary 23 There is one-to-one correspondence between closed uniform systems of
norm 3 and irreducible root systems. a

It is obvious that a uniform odd system of norm 3 spans a set of equiangular lines at
angle arccos%.

The closed uniform odd systems ¢ of norm 3 and corresponding lattices L(U), Lo(U)
and Ly(U), if they have known names, are given in the following Table 1.

The lattices A¥?, DF* and E3? of Table 1 are described in [4] and [5].

Table 1
ﬂLQ(u) — An Dn E6 E7 ES

dimid | n —2 n—1 5 6 7
nU) | n—21|2(n-—2) 10 16 28
BLo(U) As | Ds | Er
BLU) AP* | DF | EF?

Recall that an odd system U is called pillar if there is a vector e of norm 1 such that
ve € {£1} for all v € U.

Denote by U9 the system U corresponding to the root lattice @), where Q = A, D
or I. Note that ¢« and UP are pillar with ¢ = B(e; + ¢3) where {¢; : 1 <7 < n+1}
is an orthonormal basis such that the roots of A, (D,) are, £(e; — ¢;) (£(e;i £ €;)),
respectively, 1 < 7,7 < n + 1. The unit vector e does not belong to spani/* and belongs
to spanbl??. The vectors u € U;ﬁ have the form u = +3(e; + €2 — 2¢;),3 <i <n+1, and
u==28(e; +ey£2¢),3<i<n+1,foruecUl.

10



The lattice 3Lo(U?) is the section of Q,, by the affine hyperplane H = {z : z(e1+¢3) =
2}. The lattice BL(U?) is the projection of (), onto the affine hyperplane I/. The lattices
BLo(UA) and BLo(UP) are not root lattices, because every its basis contains a vector of
norm at least 4.

7 Pillar uniform odd systems of norm 5

Now we consider closed uniform odd systems of norm 5. Let U be such a system. Ac-
cording to Proposition 8, fclyf is a root system. We try to understand, when the root
system V = fclyd determines uniquely the system /. For example, if e is a vector of norm
1, which is orthogonal to all roots of V, then the set of vectors U = {V/2v+e: v € V}
is a closed uniform odd system of norm 5 with cl&/ = {£e} and clf = 2V U {£2¢}.
Moreover, U is pillar, and, as we show below, every closed odd system U of norm 5 with
clid # 0 has such a form.

Recall that a uniform odd system U is called pillar if there is a vector e of norm 1
such that we € {£1} for all u € U. By Proposition 6, clyjtf = {fe} if U is pillar with the
shaft ¢ and clyif # 0. The assertion of Proposition 6 can be reversed for a uniform odd
system of norm 5. Moreover, an odd system U of norm 5 with clyif # ) is a special case
of a pillar odd system.

Proposition 24 Let U be a uniform odd system of norm 5, and let e be a vector of norm
1. IfU =UU{e} is an odd system, then U is pillar.

Proof. By definition of U’, ¢ €cliid’. Let u €clsUd’ be such that ue > 0. By Lemma 9,
ue = 2r 4+ 1, where r is an integer and 0 < r < %, i,e. ¥ = 0. Hence ue = +1 for all
u €clsi’, in particular, for all v € U. O
Note that Proposition 24 is not true for odd systems of norm > 5.
In this section we show that a pillar odd system of norm 5 is related to a set of roots.

Let U be a pillar uniform odd system of norm 5 with the shaft e. For u € U, set
o(u) = u — (ue)e, )

Vi) = {v(u) 1 u e U}. (4)

It is easy to verify that V4(U) is a uniform even system of norm 4, and ve = 0 for all
v € Vy(UU). If U is closed, than V4(U) is symmetric, since v(—u) = —v(u). The equality
( 3) defines a linear map v : U — V4(U) which is the projection of U on the hyperplane
which is orthogonal to the vector e.

Obviously each vector u € U has the form u = (ue)e + v(u), where v(u) has norm 4.
If clhiid # 0, then v(u) Eclild.

By Corollary 11, any star KX C V4(U) contains 3 vectors with mutual inner products
—2.

Lemma 25 Let V4(U) be closed. Then V4(U) contains no star if and only if it is a frame.

11



Proof. If V4(U) is a frame, then it contains no pair of vectors with inner product +2,
and therefore contains no star. Let V4(U) is not a frame and contains 2 vectors v, v’ with
inner product vv’ = —2. Then (v +v’)* = 4, and v + v' € V4(U), since V4(U) is closed,
and {v,v’, —(v 4+ v')} is a star. 0

Below we consider closed pillar uniform odd systems of norm 5 with the shaft e. We
have the following 3 cases.

(1) Cllu 7£ Q)v

(2) clif =0, and V4(U) is closed.

(3) clif =0, and V4(U) is not closed.

We consider the cases (1) and (2) in details.

Recall that V4(U) and clylf consist of vectors of norm 4. Proposition 26 below describes
a relation between these sets.

Proposition 26 Let U be a closed uniform pillar odd system of norm 5 with the shaft e.
Then

(i) 2e €clld if and only if there is v € Vy(U) such that v+ e € U, and if 2e Eclbid
thenU = {vte:veVy(U)}.

(it) chtd = 0 if and only if Vo(U)Nelld = 0.

Proof. (i) Let v € U, then by ( 3) u = v(u) + (ue)e. Now, if 2e €clyd, then the vector
u' = v(u) — (ue)e belongs also to U, since u’ = u — (ue)2e has norm 5 and U is closed.
Conversely, if ut = v+ e €U, then ut — u™ = 2e Eellt.
(i) v(u) € V4(U) belongs to clyf if and only if +e = +(u — v(u)) Eclild. a
Proposition 27 below completely characterizes U with clyif # (. Recal that 5 = %

Proposition 27 Let U be a closed uniform odd system of norm 5. The following state-
ments are equivalent.

(i) U contains 3 vectors uy, us, us such that uyug = —1, ugus = ugus = 3,

(it) chd # 0,

(tit) U is pillar with the shaft e, and clbU = V4(U) U {£2e},

(iv) U is pillar with the shaft e, 2¢ €cld and V4(U) contains a star.

Proof. (i) = (). It is easy to see that the vector uy + us — us has norm 1, i.e.
up + ug — usz €clid.

(¢¢) = (242). Since e €clhiid, U is pillar and clearly Vo(U) U {£2e} Celyld. Let v €clyld.
Then ve € {0,42} (see Proposition 3). Let ve = 2. Then (v —e)* =1, i.e. v — e €cliU.
This implies that v = 2e. Hence if v # +2¢e, ve = 0. It follows that u(v) = v 4+ e Eclsid.
Since U is closed, v + e = u for some u € U, and ue = 1, i.e. v = v(u), where v(u) is from
( 3). Hence {v(u) :u € U} =clald — {£2e}.

(1i7) = (iv). Since V4(U) Cclyld and e is orthogonal to all v(w), V4(U) is closed. By
Proposition 8, V4(U) is a root system. Suppose that V4(U) is a frame, ie. Vy(U) =
U;{+2¢;}. Then, by Proposition 26(i), 4 = U;{xt(e £ 2¢;)}. The inclusion e € L(U)

implies

e = sz’(e + 2¢;) + Zz;(e —2¢;) = Z(Zj— +z )e+ Z(Zj — 27 )2e;.

7
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Since all ¢; and e are mutually orthogonal, z" — z;7 = 0. Hence z = 27, and 2%, 2 = 1.
_I_

But this is a contradiction, since z;" is an integer. Now, by Lemma 25, V4(U) contains a

star.
(tv) = (¢). Since 2e €clyld, by Proposition 26, v + e € U for all v € Vy(U). Let
K = {v1,v2,v3} C V4(U) be a star. Then the vectors u; = e 4 vy, ug = e + vy, uz = € — v3
belong to U. It is easy to see that these vectors satisfy (i). a
As we saw at the beginning of this section, any root system determines an odd system
of norm 5 with cly&4 # (). Since SV4(U) is a root system, Proposition 26 implies the
following characterization of odd systems of norm 5 with cly¢f # 0.

Theorem 28 There is one-to-one correspondence between closed uniform odd systems
U of norm 5 with chid # O and root systems 3YV. This correspondence is such that if
chid = {+te}, then clld ={£2e} UV, and U = {vte:v €V}, where e is orthogonal to
the space spanning V. a

Now we consider the case cl;if = () and distinguish the case when V4(U) is closed.

Proposition 29 Let U be a closed uniform pillar odd system of norm 5 with the shaft e
and chid = 0. If Vo(U) is closed, then Vi(U) is a frame UY_ {£2¢;}, and exactly one of
(i), (i) below is true.

(i) U = UE_ {£(e + 2¢;}, and el = {F2¢},

(1) U = UE_ {£(e + 2¢;} and clld = 0.

Proof. If V4(U) is closed, then BV4(U) is a root system. According to Proposition
27(iv) and Lemma 25, the equality cl;&4 = () implies that V4(U) is a frame, say V4(U) =
U]f{ﬂ:QGZ}

For each v € V4(U) we have either v + e € U and v — e € U, or only one of these
vectors belongs to U.

If there is v € V4(U) such that v + e,v — e € U, then by Proposition 26 U =
UM £(e & 2¢;)}.

Conversely, if clyd # 0, and v €clyd, then v = ;2 (e + 2¢;) + ¥, 27 (e — 2¢;) =
Cilel 2 )e + (e — 27 )26 and 4 = v = (5" +27))? +4 502" — 27)% This
implies that (2 —27)2 =0, i.e. 2 =27 . Hence v =23, zfe = &1, i.e. v = £2e.

Now, let clyd = . Then above reasoning implies that only one vector from v & e
belongs to U. Since —u € U if v € U and —v € Vy(U) if v € V4(U), reversing, if
necessary, the sign of v, we can suppose that v + e € U for all v € V4(U). This means
that U = U {£(2¢; +¢)}. 0

The case of pillar ¢ with cly¢f = ) and not closed set V() is much more complcated.
In the case, BV4(U) is a set of roots, but not a root system which is closed.

8 Closed odd systems of norm 5 spanning equian-
gular lines

Let U be a closed uniform odd system of norm 5 such that uu’ = £1 for distinct u, v’ € U.
Since cls¥/ = () by Collorary 14, and cly/ = 0 by Lemma 18, Theorem 17 can be
reformulated as follows.

13



Theorem 30 Let U be a set of vectors. The following assertions are equivalent

(i) U = Us(vo, L) for a double even lattice L of minimal norm 8 with vo € L of norm
12,

(it) U is closed uniform odd system of norm 5 such that uu’ = £1 for u,u’ € U,

u # +u', and chUd =0, i.e. U spans a set of equiangular lines at angle arccos%. a

As an example, we consider regular uniform odd systems of norm 5 spanning equian-
gular lines. These systems are in one-to-one correspondence with regular two-graphs with
minimal eigenvalue —5.

[3)

In Table 2 below we give dimensions for which such regular two-graphs are known (see

In each dimension, we know only one closed odd system. This closed system corre-
sponds to the two-graph with a doubly-transitive automorphism group. The correspond-
ing lattices L(U), Lo(U) and Lo(U), which can be identified up to a multiple v with known
lattices, are given in Table 2. The Q-lattices are described in [4]. The lattices Ay and
As4 are Barnes-Wall and Leech lattices, respectively (see [3]). For dimUf = 5, v = %, and
v=p0= % for other dimi/.

The lattice vLy(U), for dimld = 10, is a sublattice of the Barnes-Wall lattice Ayg.
Similarly, the lattices v Ly(U) for dimid = 21,22 are sublattices of the Leech lattice Ayq.

If dimi = 5, then U is a star. Let U(t) be the star of norm 2t + 1. In Table 2 we
include the lattices related to U(1), too. For U = U(t), v = —=

V2427
Table 2

dimid 20+ 1 5) 10 13 15 21 22 23

n(u) 2t 6 16 26 36 | 126 | 176 276
L) | Az, =AY [ Az = AP Qus(2)*? Qa(6)*

t+1

vLo(U) A3 AP Q13(2) (23(6)
’YLz(U) Aqs e

Baranovskii in [1] studies the L-polytope affinely spanned by U(¢) and the lattice
vLo(U(1)). In particular, he proves that the lattice vLo(24(4)) has minimal covering
radius between all integral lattices of dimension 9.

Note that other regular uniform odd systems with +1 inner products (=regular two-
graphs) are known only for dimensions 13 and 15. There are exactly 3 nonisomorphic
systems of dimension 13 and, as it is asserted in [8], one knows 227 systems of dimension
15. These odd systems are partitioned into classes of systems with the same closure.
Besides, for all these systems U, acording to Lemma 18, clyf # (. Hence odd systems with
distinct closure are distingushed by the root system gclydd. We denote below, following
to [3], by A the direct sum of k root systems A,.

The 3 odd systems of dimension 13 have 2 closeness with Sclyd = Ay and feldd = A3

We find 5 different closeness of odd systems U/ of dimension 15:

for U related to Latin squares, Scldd = A2, and A7,

for U related to Steiner triple systems, Bcldd = Ayq and A7,

for U founded by E.Spence (see [8]), Bcldd = AT and AY & Dy.

These odd systems will be described in details elsewere.
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