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Abstract. Behavioural logic is a generalization of first-order logic where
the equality predicate is interpreted by a behavioural equality of objects
(and not by their identity). We establish simple and general sufficient
conditions under which the behavioural validity of some first-order for-
mula with respect to a given first-order specification is equivalent to the
standard validity of the same formula in a suitably enriched specifica-
tion. As a consequence any proof system for first-order logic can be used
to prove the behavioural validity of first-order formulas.

1 Introduction

Observability plays a prominent role in formal software development, since it pro-
vides a suitable basis for defining adequate correctness concepts. For instance,
for proving the correctness of a program with respect to a given specification,
many examples show that it is essential to abstract from internal implementation
details and to rely only on the observable behaviour of the program. A similar
situation is the notion of equivalence between concurrent processes and the ab-
straction from single step transitions to input-output operational semantics.

Behavioural correctness concepts can be formalized by using a behavioural
logic, where the usual satisfaction relation of first-order logic with equality is
generalized to a behavioural satisfaction relation (cf. e.g. [14, 12]). The key idea
1s to interpret the equality predicate symbol by a behavioural equality, where two
objects are behaviourally equal if they cannot be distinguished by experiments
with observable results. Hence to prove the behavioural validity of a formula
we have to consider in general infinitely many observable experiments which are
formally represented by an infinite set of “observable contexts”.

The problem considered in this paper is how to prove the behavioural validity
of some first-order formula ¢ with respect to a given first-order specification SP.
We prove that, when the (first-order) specification SP satisfies some general and
simple property (called the “Observability Kernel assumption”), the behavioural
validity of the first-order formula ¢ (w.r.t. SP) is equivalent to the standard va-
lidity of the same formula ¢ with respect to the specification SP enriched by



an adequate finitary first-order formula that represents the infinite set of all
observable experiments. To this end, we use a general characterization of be-
havioural theories that we established in [5], and we show that the behavioural
first-order theory of SP is equal to the standard first-order theory of the class of
the fully abstract (standard) models of SP. Then we provide an infinitary axiom-
atization of full abstractness, and finally we show that, under the “Observability
Kernel assumption”, this infinitary axiomatization is equivalent to a finitary one.

The main significance of our result is that any available theorem prover for
standard first-order logic with equality can be used, first to discharge the “Ob-
servability Kernel assumption”, and then to prove the behavioural validity of
first-order formulas. The soundness and completeness of behavioural proofs only
rely on the soundness and completeness of the actually used standard proof sys-
tem. Our result is fairly general since we do not need any restriction neither on
the first-order specification SP nor on the first-order formula ¢ to be proved.

In the literature several approaches formalize behavioural correctness con-
cepts by introducing some kind of behavioural semantics (cf. e.g. [8], [14], [12],
[15], [2], [13]). The main drawback of these approaches is that they either do not
provide a proof-theoretical framework or suggest technically complicated proof
techniques which are only of limited interest for practical applications (cf. the
context induction principle in [10] or the correspondance relation in [16]). [4] can
be considered as a preliminary result, but restricted to the behavioural proof of
equations w.r.t. equational specifications, with only one non observable sort.

This paper is organized as follows. In Section 2 we briefly summarize the basic
notions of algebraic specifications that will be used later on. In Section 3 we define
the behavioural equality and the associated behavioural satisfaction relation, we
explain how all usual notions can be generalized in a behavioural framework and
we point out the crucial role of fully abstract algebras. In Section4 we study
sufficient conditions (the “Observability Kernel” assumption) under which it is
enough to consider a finite number of observable experiments. In Sectionb we
show how the “Observability Kernel” assumption leads to a general method to
prove behavioural theorems using any theorem prover for standard first-order
logic.

2 Basic Notions

We assume that the reader is familiar with algebraic specifications [9, 6]. The
basic concepts and notations that will be used hereafter are briefly summarized
in this section.

A (many sorted) signature X is a pair (S, F') where S is a set of sorts and F' is
a set of function symbols.® To each function symbol f € F is associated an arity

® In this paper we assume that both S and F' are finite.



$1...8, — swith s,s1,...,8, € S.If n = 0 then f is called constant of sort s. A
total X-algebra A = ( (As)ses, (f4)jer ) over a signature ¥ = (S, F') consists
of a family of carrier sets (As)ses and a family of functions (f4);ep such that,
if f has arity sy ...s, — s, then f# is a (total) function from A, x ... x A, to
Ay (if n = 0 then f# denotes a constant object of A;). L-morphisms are defined
as usual. The category of all X-algebras is denoted by Alg(X).

Throughout this paper, given a signature X' = (S, F'), we assume given an
arbitrary but fixed family X = (X;);es of countably infinite sets X of variables
of sort s € S. Tx(X) denotes the X-term algebra freely generated by X, the
carrler sets of which are the sets T's; (X)s of terms of sort s (and with variables
in X). Given a X-algebra A, a valuation o : X — A is a family of mappings
(a5 : X5 — As)ses. Any valuation o : X — A uniquely extends to a X-morphism
Iy Tx(X) — A, called the interpretation associated to «.

Given a X-algebra A, a Z-congruence on A is a family =4 = (R4 s)ses
of equivalence relations ~4 , on A, compatible with the signature X, i.e. for
all f € F of arity s,...s, — s, for all a;,b; € A, if a; =~a,, b then
fA(Cll, cey Cln) REA,s fA(bl, cey bn)4

2

In practice it is often useful to consider instead of arbitrary Y-algebras those
algebras that are finitely generated by a distinguished subset {2 of the function
symbols, called constructors. In these algebras all elements can be denoted by a
constructor term (which is built only by constructor symbols and by variables of
those sorts for which no constructor is defined). More precisely, let &' = (S, F')
be a signature and §2 C F' be a distinguished subset of constructors. A term ¢ is
called a constructor term if t € Tx:(X'), where ' = (5,2), X' = (X])ses with
X! = X, if 5 is not the result sort of some constructor f € £2 and X = § oth-
erwise. The set of constructor terms is denoted by T;. A Y-algebra A is called
finitely generated by §2 if for any a € A there exists a constructor term ¢t € T,
and a valuation « : X’ — A such that I,(¢) = a. In particular, if £2 = 0, then
any algebra A € Alg(X) is finitely generated by the empty set of constructors.
(Note also that the definition of the generation principle is independent of X
because X is countably infinite for all s € S.)

Given a signature X and a set of variables X, the set WFF(X, X)) of (well-
formed) finitary first-order X-formulas is defined as usual, from equations { = r,
the logical connectives = A, ... and the quantifiers V,3. Here the only predi-
cate symbol is equality. In some occasions we will also use infinitary X-formulas
of the form A;c; ¢:, where (¢;)ies is a countable family of Y-formulas. A X-
sentence 1s a X-formula which contains no free variable. In the sequel we will
use the following abbreviations: For any term ¢ € Tx(X), var(t) denotes the
set of variables occurring in ¢, and similarly var(l, r) for a couple of terms [, r.

* In the sequel, for sake of clarity, we will omit the subscript s and write @ /x4 b instead
of a ma.b.



Hence a universally quantified equation will be denoted by Yvar(l,r) . [ =1r.

The (standard) satisfaction of a X-formula ¢ (finitary or not) by a X-algebra
A, denoted by A = ¢, is defined as usual in the first-order predicate calculus:
the only predicate symbol = is interpreted by the set-theoretic equality over the
carrier sets of the algebra.

A standard algebraic specification SP is a tuple (X, 2, Azx) where X = (S, F)
is a signature, 2 C I is a distinguished subset of constructors and Az is a set of
Y-sentences, called azioms of SP. The model class of SP, denoted by Mod(SP),

is the class of all X-algebras which satisfy the axioms of SP and which are

finitely generated by £2, i.e. Mod(SP) = {A € Alg(Z) | A | ¢forall ¢ €

Az and A is finitely generated by £2}.

Remember that if 2 = ) then any algebra A € Alg(Y) is finitely generated
by the empty set of constructors. Hence in that case Mod(SP) is simply the class
of all X-algebras satisfying the axioms of SP. Therefore our assumption that any
specification includes a declaration of a set of constructors is not a restriction
but, on the contrary, it allows to apply our results to specifications with or with-
out reachability constraints.

The (standard) theory of a class C C Alg(X) of Y-algebras, denoted by

Th(C), is defined by Th(C) ' {¢ € WFF(X, X) | A |z ¢ for all 4 € C}.

In the following SP = ¢ is an equivalent notation for ¢ € Th(Mod(SP)).
Ezample. Let us consider the following CONTAINER specification.

spec : CONTAINER
use : ELEM, NAT, BOOL
sort : Container
generated by :
() : — Container
insert : Elem Container — Container
operations :
_U _: Container Container — Container
remove : Elem Container — Container
_€ _: Elem Container — Bool
card : Container — Nat
subset : Container Container — Bool
axioms :
¥ S,S’ : Container, e,e’ : Elem .
PUus=s
insert(e,S) U S’ = insert(e,S U S’)
remove(e,0) =
remove(e,insert(e,S)) = remove(e,S)
not(e = e’) = remove(e,insert(e’,S)) = insert(e’,remove(e,S))



e €0 = false

e € insert(e’,S) = ((e eq e’) | (e € 3))

card() = 0

(e € S = true) = card(insert(e,S)) = card(S)

(e € S = false) = card(insert(e,S)) = succ(card(S))

(subset(S,S’) = true) <

(Ve:Elem. (e € S = true) = (e € S’ = true))

end CONTAINER.

We do not detail the subspecifications ELEM, NAT and BOOL which are the usual
ones. Note that the models of CONTAINER are finitely generated by the op-
erations () and insert. Since the CONTAINER specification is rather loose, its
model class contains, among other algebras, the algebra of finite sets of ele-
ments, the algebra of finite multisets of elements, as well as the algebra of fi-
nite sequences of elements. It is quite easy to show (by structural induction
w.r.t. the constructors ) and insert) that® CONTAINER =S U@ = S, for in-
stance, or that CONTAINER =e € S U S’ = (e € S) | (e € S?), but it is
important to note that CONTAINER [~ insert(x,insert(x,S)) = insert(x,S)
and that CONTAINER [~ insert(x,insert(y,S)) = insert(y,insert(x,S)).
As a consequence, the (standard) CONTAINER specification cannot be considered
as a correct abstract implementation of a (standard) specification of sets. &

3 Behavioural Specifications and Behavioural Theories

As explained in the Introduction, we want to reflect the followingidea: Some data
structures are observable with respect to some observable sorts. (For instance,
in the example given in the previous section, Containers are observable with
respect to Booleans and Natural numbers by means of the €, subset and card
operations.) The underlying intuition of our approach is that two objects are be-
haviourally equal if they cannot be distinguished by experiments with observable
results. In the definitions below, experiments are formalized through contexts
and experiments with observable results through observable contexts. Then we
will generalize first-order logic to behavioural first-order logic: Instead of the set-
theoretic equality, we use the behavioural equality for the interpretation of the
= predicate symbol. This behavioural equality is defined with respect to the ob-
servable contexts (hence the observable sorts) and is used to define a behavioural
satisfaction relation. Similar approaches can be found in [14, 12, 10, 2, 3]. We
provide now the necessary technical definitions:

Definition1 (Context). Let X = (S, F) be a signature and Y = (Vj)ses
be an S-sorted family of countably infinite sets Y, of variables of sort s.% Let

® For sake of clarity the variables occurring in the equations used in our examples are
implicitly universally quantified.

% For sake of clarity we assume that the sets of variables Y, used for contexts are
disjoint from the sets of variables X used for formulas.



Z = {2z, | s € S} be an S-sorted set of variables such that z, € Y, for all s € S.7

1. A context is a term C' € Tx(Y U Z) that contains, besides variables in Y,
one or many occurrences of exactly one variable z; € 7, called the context
variable of C'.

2. By exception, var(C') will denote the set of variables occurring in C' but the
context variable of C'.

3. The arity of a context C'is s — s’, where s is the sort of the context variable
of C' and s is the sort of C.

4. C't] denotes the term obtained by substituting the term ¢ (of sort s) for the
context variable z; (of sort s) of C.

5. Given a distinguished subset Sp of S and a sort s in S, we denote by €SP
the set of all contexts C' of arity s — s4, with s4 € Sp.

Definition2 (Contextual equality). Let X = (S, F') be a signature, C be an
arbitrary set of contexts and A be a Y-algebra. The contextual equality on A
induced by C, denoted by ~¢ 4, is defined as follows:

Two elements a,b € A, of sort s are contextually equal (w.r.t. C), i.e. a m¢ 4 b,
if and only if, for all contexts C' € C with context variable z; of sort s, for all
valuations « : Y — A, we have I, (C) = I,,(C), where oy, : Y U{z,} — A
are the unique extensions of « defined by a;(z;) = a and aa(zs) = b.

Note that, if there is no context C' € C with context variable of sort s, then we
have a ~¢ 4 b, for all a,b € A, of sort s.

The intuition behind this definition is that two elements a¢ and b are contextually
equal w.r.t. a given set C of contexts if they cannot be distinguished by at least
one of the computations represented by the contexts of C. Note that ~¢ 4 is
a family of equivalence relations (one for each sort s € ), in particular ~s¢ 4
always contains the set-theoretic equality. However, ¢ 4 is not necessarily a
congruence relation, i.e. /¢ 4 is not necessarily compatible with the signature
Y. From our definition of the contextual equality induced by a given set of
contexts C we immediately deduce the following characterization:

Lemma 3. Let ¥ = (S, F) be a signature and C be an arbitrary set of contexts.
For any X-algebra A, any sort s € S and any a,b € A;, let xp,zp € X, and
B {xr,2r} — A be the valuation defined by f(xr) = a and S(xr) = b. Then
amcabif and only if A, B E Ncee(s) Vvar(C) . Clzr] = Clzg]

where C(s) denotes the subset of all the contexts in C with context variable of
507”7% s. As usual, when C(s) is empty, then the empty conjunction /\CEC(s) ... s
equivalent to true.

Note that the formula ariomatizing the contextual equality is an infinitary one
if C(s) is an infinite set of contexts.

In the following we assume given a signature X' = (S, F') and a subset of observ-
able sorts Sops € S. S-ops denotes the complementary subset of non observable
sorts, i.e. Soops = S\ S0ss-

7 We assume as well that z. Z X..



Definition4 (Observable context and behavioural equality).  The set

Coups def Uses Coovs denotes the set of all observable contexts.

Let A be a X-algebra. The contextual equality on A induced by Cops (cf. Defi-
nition 2) is called the behavioural equality on A and is denoted by rops, 4.

Lemmab. The behavioural equality =ops 4 on A is a XY-congruence.

Note that, on observable sorts, the behavioural equality coincides with the set-
theoretic equality, since C% always contains the “trivial” context z;, when s is
an observable sort. For the non observable sorts, the behavioural equality con-
tains the set-theoretic equality, but there may be also distinct values which are
behaviourally equal.

Now we can define the behavioural satisfaction relation with respect to Sops:

Definition 6 (Behavioural satisfaction relation). The behavioural satisfac-
tion relation w.r.t. Sops, denoted by Eoys, is defined as follows:
Let A be a Y-algebra.

1. For any couple I, € T’y (X), of terms of sort s, for any valuation o : X — A,
A, a Eops L =7 if and only if In(I) =ops,a La(r).

2. For any arbitrary Y-formula ¢, for any valuation o : X — A, A « |Eops ¢
is defined by induction over the structure of the formula ¢ in the usual way.

3. For any arbitrary Y-formula ¢, A =04 ¢ if and only if, for all valuations
a: X — A A alEops ¢

Hence Definition 6 is quite similar to the definition of the standard satisfaction
relation f=, the only difference concerns (1) where I, ({) ~ops 4 Io(r) replaces

Lo(l) = L(r).

Lemma 7. Let A be a X¥-algebra and Vvar(l,r) . | = r be a universally quantified
equation. Let s be the common sort of | and r.

If s is an observable sort, then A =ops Yvar(l,r) .l =r if and only if

A EYvar(l,r) . l=r.

If s is a non observable sort, then A |Eops Yvar(l,r) . I =r if and only if,

for all observable conterts C' € Co%, A = Yvar(C) Uvar(l,r) . C[{] = C[r].

Remark. LemmaT is often used in the literature to define directly (i.e. without
introducing explicitly the behavioural equality) the behavioural satisfaction of
equations. However the explicit definition we have chosen is necessary to define
the behavioural satisfaction of arbitrary first-order formulas. On the other hand,
this lemma suggests that to prove the behavioural satisfaction of an equation
| = r (between non observable terms), it is equivalent to prove the standard
satisfaction of the infinite set of equations C[l] = C[r], for all C € C5°%. Con-
text Induction (a specialized version of structural induction) was introduced by
R.Hennicker in [10] as a means to prove such infinite sets of equations and has
been implemented in the ISAR system (cf. [1]). In [4] it is explained how an



explicit use of context induction can be avoided under some assumptions. Un-
fortunately, none of these ideas directly extends to the proof of the behavioural
satisfaction of arbitrary first-order formulas.

In a similar way to what was done for the satisfaction relation we also generalize
the generation principle of algebras to take into account the behavioural equality:

Definition8 (Behaviourally finitely generated algebra). Let £2 C F be
a distinguished subset of constructors and A be a X-algebra. A is called be-
haviourally finitely generated by £2 (w.r.t. Sops) if for any a € A there ex-
ists a constructor term ¢t € Ty and a valuation « : var(t) — A such that
I,(t) =0ops,a a. In particular, if 2 = 0, then any algebra A € Alg(X) is be-
haviourally finitely generated by the empty set of constructors.

Behavioural specifications can be built on top of standard specifications as fol-
lows:

Definition9 (Behavioural specification).

1. A behavioural specification is a tuple SP—Obs = (SP, Spps) such that SP
= (X, 2, Az) is a standard specification (with signature ¥ = (S, F')), and
Sops € S 1s a distinguished subset of observable sorts.

2. The model class of SP—Obs, denoted by Mod(SP—0Obs), is the class of all
Y-algebras which behaviourally satisfy the axioms of SP and which are be-

haviourally finitely generated by 2, 1.e.:

Mod(SP-Obs) = {A € Alg(Z) | A Eos ¢ for all ¢ € Az and

A is behaviourally finitely generated by £2}.

Now we can consider the behavioural theory with respect to Sops of a given class
C of Y-algebras:

Definition10 (Behavioural theory). Let C C Alg(X) be a class of -
algebras. The behavioural theory of C w.r.t. Spps, denoted by Thops(C), is de-
def

fined by Thoys(C) = {¢p € WFF(X, X) | A =ops ¢ for all A € C}.
In the following, SP—Obs [=0ps ¢ means ¢ € Thoys(Mod(SP—0bs)). In this case
¢ is called a behavioural theorem (w.r.t. SP—Obs).

FEzample. Let us consider again our CONTAINER specification and assume that
the observable sorts are Elem, Nat and Bool. Then we obtain a behavioural
specification (CONTAINER, {Elem, Nat, Bool}). Two objects of sort Container
will be considered as behaviourally equal if they cannot be distinguished by ob-
servable contexts. Here, all observable contexts (with context variable of sort
Container) must contain either €, subset or card. If we consider the algebra
of finite sequences of elements, 1t is intuitively clear that two distinct sequences
will be behaviourally equal if they contain the same elements (not necessar-
ily with the same number of occurrences or in the same order), because these
sequences cannot be distinguished by the operations €, subset or card. For
the same reasons, 1t is intuitively clear that the two characteristic equations of



sets, insert(x,insert(x,S)) = insert(x,S) and insert(x,insert(y,S)) =
insert(y,insert(x,S)), are behaviourally satisfied by all models of the be-
havioural specification (CONTAINER, {Elem, Nat, Bool}). Indeed no observable
experiment (done with the €, card and subset operations) can distinguish the
left and right-hand sides of these equations. The aim of this paper is to provide
a proof technique to formally establish that this intuition is right. &

Fully abstract algebras play an important role for the characterization of be-
havioural theories. Following Milner’s notion (cf. [11]), we define full abstractness
with respect to the observable sorts Sops as follows:

Definition11 (Fully abstract algebra).

1. A Y-algebra A is called fully abstract with respect to Soss if Rops, 4 coincides
with the set-theoretic equality over the carrier sets of A.
2. For any class C C Alg(X) of X-algebras, FApps(C) denotes the subclass of

the fully abstract algebras of C, i.e.

FAops(C) def {A € C | A is fully abstract w.r.t. Sops }.

Frample. Consider again our behavioural specification (CONTAINER, {Elem, Nat,
Bool}). The algebra of finite sequences of elements is not fully abstract (we have
pointed out above that two distinct sequences may be behaviourally equal), while
the algebra of finite sets of elements is fully abstract.

Since an algebra A is fully abstract if and only if all behaviourally equal objects
are identical, we have:

Proposition12 (Infinitary characterization of fully abstract algebras).
A X-algebra A is fully abstract w.r.t. Sops if and only if A satisfies (in the stan-
dard sense) the following infinitary formula FAY, : N\ FAZ, (s), where,
for each non observable sort s € Soops, FAYR,(s) is:

Ver,xRr:s . [(/\CchObs Yovar(C) . Cler] = C’[xR]) = x; = TR

SES-Obs

Proof. Straightforward from Definition 11 and Lemma 3. a

The crucial role of fully abstract algebras is outlined by the following result:

Theorem 13 (Characterization of behavioural theories). Let SP—Obs =
(SP, Sops) be a behavioural specification.

1. ThObs(MOd(SP—ObS)) = Th(FAObs(MOd(SP)))

2. Let SP—FAZ,, be the (standard) specification SP augmented by the infinitary
ariom FAY,, defined in Proposition 12. Then:
Thoys(Mod(SP—0bs)) = Th(Mod(SP—FAY,,)) i.e.
SP—0bs [Eows ¢ if and only if SP—FAY,, |E ¢, for all ¢ € WFF(X, X).

Proof. (1) is a special case of a more general theorem given in [5]. (2) is a direct
consequence of (1) and of Proposition 12. a



According to Theorem 13, the behavioural satisfaction of a given first-order for-
mula ¢ by the model class of the behavioural specification SP—QObs is equivalent
to the standard satisfaction of the same formula ¢ by the standard specification
SP—FAZ, .. Unfortunately this result is up to now of limited practical interest,
since Proposition 12 only provides an infinitary axiomatization of fully abstract
algebras, hence the specification SP—FA®,, contains an infinitary axiom. In the
sequel we study sufficient conditions for getting rid of this infinitary axiomati-
zation.

4 The Observability Kernel

Since the behavioural equality is defined with respect to an infinite set of observ-
able contexts which represent the infinitely many experiments with observable
results; 1t is not surprising that our characterization of fully abstract algebras
involves an infinitary formula (cf. Proposition 12). A natural idea to get rid of
this infinitary formula is to check whether, under some conditions, it would be
enough to consider some adequate finite set of observable contexts instead of the
infinite set of all observable contexts.

In a first step we will study some sufficient conditions under which the con-
textual equality induced by an arbitrary set of contexts C coincides with the
behavioural equality.

Lemma14. Let A be a X-algebra and =24 be an arbitrary congruence on A.
If =4 coincides with the set-theoretic equality on the carrier sets of all observable
s0rts 5 € Sops, then 4 C =ops,A-

Proof. Let a, b be two elements of A, for some sort s € S and assume that
a ~4 b. Since &4 is a congruence (hence is compatible with the signature X),
we have, for any observable context C' € C7°%* and for any valuation o : Y — A,
I, (C) ma I, (C), where oy, 00 : Y U {2z, } — A are the unique extensions of «
defined by a1(z5) = @ and aa(zs) = b, where z; is the context variable of C'. Since
C' is an observable context, both I, (C) and I,,(C) belong to the carrier set of
some observable sort. But since we have assumed that /4 coincides with the set-
theoretic equality on the carrier sets of the observable sorts, Iy, (C) &4 I, (C)
implies I, (C') = Ia,(C'), hence we have a R2ops 4 b. Therefore =4 C m2pps,4. O

Remark. Indeed it 1s easy to prove that the set of all congruences on A that
coincides with the set-theoretic equality on each observable sort is a complete
lattice, the smallest element of which 1s the set-theoretic equality, the greatest
element being the behavioural equality.

Lemmal15. Let C C Cops be an arbitrary subset of observable contexts such
that, for any observable sort s € Sops, 25 € C and let A be a X-algebra. Then
Re.A = Robs,a i and only if =¢ 4 15 a X-congruence.



Proof. Assume that ~¢ 4 is a Y-congruence. Since C C Coys, obviously we have
Robs,4 C ~o¢ 4. To prove that ~¢ 4 C =ops,a, by Lemmal4, it is enough to
prove that ~¢ 4 coincides with the set-theoretic equality for each carrier set of
an observable sort. But this holds since C contains by assumption all the “trivial”
contexts z; when s is an observable sort. The converse direction is trivial. ad

Notation. In the following, C’,{ denotes a context of the form

Fyr, - k=1, Zs, s Yk+1, - - -, Yn) built from a function symbol f € F of arity
$1...5Kk—15k Sk41-..5n, — 8, an integer k£ with 1 < k < n, a context variable
zs, of sort s, and pairwise distinct variables y; € Y. Provided they are pairwise
distinct, the actual names of the variables y; are irrelevant and these variables can
be left implicit in the notation CI{. Moreover, when the context C’,{ is substituted
for the context variable of another context C' to form the context C’[C’,{], we
assume w.l.o.g. that the variables y; of C’g are distinct from the variables y;

occurring in C' (i.e. we assume that var(C) N var(C’]{) =0).

Proposition16. Let C be an arbitrary set of contexts and A be a X-algebra.
The contextual equality ~c 4 on A induced by C ts a X-congruence if and only of
A satisfies the following (possibly infinitary) formulas, for each s € S, for each
function symbol f € F of arity sy ...5, — s, for each integer k with 1 <k <n
and s = s:
Vep,zp:s. [(/\CEC(S) Yovar(C) . Clar] = C’[xR]) =

Aerectsry Yoar(C") Uvar(CL) . C'[CLTar]] = C'[C] [xR]]]
where C(s) (C(s") resp.) denotes the subset of all the contexts in C with context
variable of sort s (s’ resp.).®

Proof. For the proof we use the following lemma:

Lemmal7. Given a X-algebra A, a family =4 of equivalence relations is a X-
congruence on A if and only if, for alls € S, forall f € F of arity sy ...5, — &,
for all k with 1 < k < n and s = s, for all a,b € As, if a =4 b then for all
ci € Ag,, FA(er, o Cho1,a, Chgty ooy Cn) Ra FA(CrL, ko1, by Chat, - Cn)-

Now let A be a Y-algebra, and C be an arbitrary set of contexts. Let s € S
and let f € F be an arbitrary function symbol of arity s;...s, — s, let k
be an arbitrary integer with 1 < k£ < n and s = s. According to the lemma
above, /¢ 4 1s a X-congruence if and only if for all a,b € A,, a ~¢ 4 b im-
plies that fA(c1,...,ch-1,a,cht1,---,¢n) Xca [A(c1, oo hot, by Chgty oy Cn)
holds for all ¢; € A;,. We will now show that this implication is equivalent
to the fact that A satisfies the formula given in the proposition. According
to Lemma3, a ~¢a b iff A5 E /\CEC(s) Yovar(C) . Cler] = Clzg], where
B {er,zr} — A is the valuation defined by f(xr) = a and G(zgr) = b.
Similarly, fA(c1,..., k1,8, Cht1,--- ¢n) Rc.a fA(c1, oy Cho1,b,Cht1,. .o Cn)
iff A, 8" E Acreesry Yvar(C') . O[] = C'[g], where §" : {a], ok} — Ais

® Remember that an empty conjunction is as usual equivalent to true.



the valuation defined by 8'(z%) = f4(c1,...,cr-1,a, ki1, ..,cn) and F'(2%) =

fAer, .y ch_1,b,¢kq1, -5 ¢n). Now let a var(C’]{) — A be the valuation de-
fined by a(y;) = ¢;. Then #'(2}) = Isua(Cf[2r]) and §(2%) = Isua(CY[2R]).
Hence fA(c1, ..., o1, @ Cha1, .- cn) ~ca fA(c1, . cho1,b,Cht1, ..., cn) holds

forall ¢; € Ay, iff A, BUa | Agrgeqery Yoar(C') . C'[C{[x1]] = C'[C{[2g]) holds
for all o : var(C’]{) — Aie iff A, B E Aciees Vvar(C”)Uvar(C’]{) . C”[C’fcC [z]]

= C”[C’fcC [2R]], which shows that the required implication is exactly the one pro-
vided by the proposition. a

Lemma 15 points out that we can replace the infinite set Cops of all observable
contexts by any subset C C Cops (in particular by any finite subset C), provided
that C contains the trivial observable contexts and that the contextual equality
induced by C is a congruence. Moreover, Proposition 16 provides a necessary and
sufficient condition for this contextual equality to be a Y-congruence. The prob-
lem now is to find an adequate finite subset of Cpps. Remember that observable
contexts represent experiments with observable results. A typical experiment
will start by some computations involving mainly non observable values and
providing non observable results, then there will be a computation providing an
observable result, possibly followed by more computations over observable val-
ues. The crucial idea is that intuitively only the step going from non observable
values to observable ones is critical. Hence our intuition suggests that, in addition
to the trivial observable contexts, it would be enough to consider the contexts
of the form C’l{, with f € X of arity s1...8,-1 Sk Sk41.--5n — 8, § € Sops and
sg € S.ops, provided that the contextual equality induced by these contexts is a
Y-congruence. To make this intuition more precise we start by introducing some
useful notations.

Notation. According to the partition of the sorts S into Spps and S-pps, the
set of function symbols F' can be split into:

1. The subset Fp of function symbols of arity fo : s1...s, — s, with s € Soss,
and at least one s; € S.0ps;

2. The subset F7 of function symbols of arity fr : s1...s,, — s, with s € S_oss,
and at least one s; € S-0ps;

3. The subset of all other function symbols.

Definition18 (Crucial observable contexts). The set of the crucial observ-
able conterts, denoted by CCoys, 1s defined by:
CCops = {C’ifo | fo:s1...8-18i8i41...5, — s € Fo and

i is such that s; € Soops } U {25 | 5 € Sows }-
Note that, for each adequate choice of fo € Fp and i, we make an arbitrary
choice for the (pairwise distinct) variables y; left implicit in the notation C’Zfo.
Hence the set of the crucial observable contexts is finite.

Frample. Consider again our behavioural specification (CONTAINER, {Elem, Nat,
Bool}). We have Fp = {€, card, subset} and F; = {insert, U, remove}.



CCObs = {l‘ € ZCont, Card(ZCont)a subset(S, ZCont)a Subset(ZContaS)a ZBool
ZNat ZElem}~ <>

Before stating the main result of this section we observe the following property:

Lemma19. The contertual equality induced by the set of the crucial observable
conterts CCops 15 always compatible with the function symbols fo € Fo.

Proof. Let A be a Y-algebra and ~¢¢,,,, 4 be the contextual equality induced
over A by the crucial contexts CCops. We know that ~¢e,,,. a coincides with
the set-theoretic equality on the carrier sets of the observable sorts. Hence
it is enough to check the compatibility w.r.t. non observable sorts. Let s €
S-ops and a,b € A, such that a =ccp,,,4 0. Let fo € Fp of arity fo

$1...5, — s, and let k such that s, = s. Let ¢; € A;, be arbitrary values. Then
fa(er, o cho1, @, Chgt, - en) (fa(cry. oy cho1,b,Chq1,...,cn) Tesp.) is equal
to IQI(C']{O) (Tos (CI{O) resp.), where « : var(C’]{O) — A is the valuation defined
by a(y;) = ¢; and ay, a1 Y U {z;} — A are the unique extensions of « defined
by ai1(zs) = a and as(z,) = b. By definition, a =cc,,, a b implies IQI(C',{O) =

IQQ(CgO),i.e.fé(cl, e Che1, Gy Chgly 5 Cn) = [B(C1, e o1, by Ch1, -y R ).
Hence f4(c1,...,Cho1,a,Cht1,--1Cn) NcCope,a JH(ClsewvyCho1, b, Chgty ..., Cn)
and Lemma 17 shows that ~cc,,. 4 is a (S, Fo)-congruence. O

We have now the necessary ingredients to state our main result:

Theorem 20 (Observability Kernel). Let A be a X-algebra. The contextual
equality ~cc oy, a on A induced by the set of the crucial observable contexrts CCops
cotncides with the behavioural equality ~ops 4 of and only if the algebra A satisfies

(in the standard sense) the following finitary first-order formula OKx, s,,., called

the Observability Kernel associated to X and Sops, and defined by OKx s, def

/\seSﬁoz,s OKx(s), where for each non observable sort s € Soops, OKx(s) is the
following implication:

Vo, ep s . [(/\}\;EFO Vvar(CZ.fO) . Cifo[xL] = C{O[l’R]) —
Nyler, N3 ep, Yoar(CI2) Uvar(CfT) . Cfo[C L)) = Cf°[Cf 2]

(o]
and where:

1. /\}\;EFO 1s an abbreviation for the conjunction over all contexts C’Z»fo, for all
fo € Fo and all choices of i such that the sort of the context variable of the
context C’Z»fo 15 s.

2. Similarly /\}\IjeFI /\}\;EFO 1s an abbreviation for the conjunction over all con-
texts C]fl and C’Z»fo, for all f; € Fr, fo € Fo and all choices of j and © such
that the sort of the context variable of the context C]fl 1s s and the sort of
the context variable of the context C’Z»fo 1s the sort of the context C]fl.

Proof. According to Lemma 15, the contextual equality induced by CCops co-
incides with the behavioural equality if and only if it is a X-congruence, 1.e. if



it 1s compatible with all f € F'. Since the contextual equality induced by CCops
coincides with the set-theoretic equality on the carrier sets of the observable
sorts, and since it is compatible with Fo (cf. Lemmal9), it is enough to check
the compatibility w.r.t. non observable sorts and function symbols in F7. But
then the Observability Kernel is exactly the conjunction, for all non observable
sorts and for all fr € Fr, of the formulas given in Proposition 16 (with CCops as
a special case for C). O

It is important to note that, since the signature X is finite, O Kz g, 1s a finitary
first-order formula.

Frample. Consider again our behavioural specification (CONTAINER, {Elem, Nat,
Bool}). The Observability Kernel is the following formula (here there is just one
non observable sort, Container):°

¥ CL, CR : Container .
[ (V¥ x:Elem, S : Container .

x € CL =x € CR A

card(CL) = card(CR) A

subset(S,CL) = subset(S,CR) A

subset(CL,S) = subset(CR,S) )

— (Y y, z:Elem, S1, S2: Container .

z € insert(y,CL) = z € insert(y,CR) A
z € (S1 UCL) =z € (S1 UCR) A
z € (CL US1) =z €& (CR US1) A
z € remove(y,CL) = z € remove(y,CR) A
card(insert(y,CL)) = card(insert(y,CR)) A
card(S1 U CL) = card(S1 U CR) A
card(CL U S1) = card(CR U S1) A
card(remove(y,CL)) = card(remove(y,CR)) A
subset(S1, insert(y,CL)) = subset(S1, insert(y,CR)) A
subset(S1, S2 U CL) = subset(S1, S2 U CR) A
subset(S1, CL U S2) = subset(S1, CR U S2) A
subset(S1, remove(y,CL)) = subset(S1, remove(y,CR)) A
subset (insert(y,CL), S1) = subset(insert(y,CR), S1) A
subset(S2 U CL, S1) = subset(S2 U CR, S1) A
subset(CL U S2, S1) = subset(CR U S2, S1) A
subset (remove(y,CL), S1) = subset(remove(y,CR), S1) ) ]

Note that in the next section we will study further simplifications that will
considerably improve the Observability Kernel, and as a consequence will lead
to much more simpler formulas to be proved. &

® For sake of clarity we have chosen more adequate names for the variables and we
have moved the universal quantifiers in front of the conjunctions.



Corollary 21. Let A be a Y-algebra. If A = OKx, s.,, then for any non ob-
servable sorl s € S_ops, for any a,b € A and valuation p: {xp, e} — A with
B(xzr) = a and B(xg) = b, the following conditions are equivalent:

1. a RObs, A b
2. a RICCops, A b

3. A BE /\CchObs Yvar(C) . Cler] = Cleg]
4 ABE Njer, Yoar(Cl?) . Gl [er) = Cf° [an)

Proof. Follows immediately from Theorem 20 and Lemma3. In particular, ac-
cording to Lemma3 we know that a ~¢c,,, 4 b is equivalent to
A, B E Nceccoy(s) Vvar(C) . Clrr] = Clag]. Since s is a non observable sort,

the latter formula is the same as the one given in 4. O

5 How to Prove Behavioural Theorems

We assume given a behavioural specification SP—Obs = (SP, Spps) with signa-
ture X' = (S, F') and with observable sorts Sops € S. We keep the notations Fo
and F7 introduced in the previous section. CCops denotes the set of the crucial
observable contexts.

We can now combine the results obtained in Section 3 (especially Proposi-
tion 12 and Theorem 13) with the simplifications induced by the Observability
Kernel assumption (cf. Theorem 20 and Corollary 21).

Proposition 22 (Finitary characterization of fully abstract algebras).

Let A be a Y-algebra. If A = OKyx 5,,, then A is fully abstract w.r.t. Sops
if and only if A satisfies (in the standard sense) the following finitary formula
FAops - /\seSﬁoz,s FAops(s), where, for each non observable sort s € S_ops,
FAObs(S) i

Ver,xRr:s . [(/\}\;Eﬂ) Vvar(C’Z»fo) ) C’Zfo[a:L] = C{O[l‘R]) = x; = TR
Proof. Follows from Proposition 12 and Corollary 21 (3 < 4). a

Now we obtain our final result:

Theorem 23. Let SP partitioned by Fo be the (standard) specification SP
augmented by the finitary aziom FAops defined in Proposition 22.

If SP ': OI(Z,SObs then

Thops(Mod(SP—0bs)) = Th(Mod(SP partitioned by Fp)), i.e. for all ¢ €
WFF(X, X), SP—0Obs =ops ¢ if and only if SP partitioned by Fp = ¢.

Proof. By Theorem 13.1 we have Thoys(Mod(SP—0bs)) = Th(FAows (Mod(SP))).
The assumption SP | OKyx s,,, and Proposition 22 imply that
FAops(Mod(SP)) = Mod(SP partitioned by Fp). O



Theorem 23 provides a very general and powerful method to prove the be-
havioural satisfaction of arbitrary first-order formulas by SP-Obs: First we com-
pute the Observability Kernel OKx s, and we prove, once for all, that:
(A) SP ': OI(Z,SObs
Then, for any first-order formula ¢, to prove SP—0Obs E=ops ¢ we prove:
(B) SP partitioned by Fp = ¢

The result is general since we have made no assumption neither on the axioms
of SP nor on the number of non observable sorts. The result is powerful since for
both (A) and (B) we can use any available theorem prover for first-order logic.
Our method has been successfully applied to various examples using the Larch

Prover V3.0 [7].1°

A last improvement can be obtained using the following remark. In most
cases 1t 1s possible to split Fo into two sets Fpy and Fpa, with the following
property (for all s € S_gp5):

(R) SP =Verp,zp:s. [( n Yoar(C/o) . Clofer] = C{O[l‘R]) =

fo€Fo1
}\(Z)EFO2 Vvar(C’Z»fo) . C'Z»fo [zr] = Cl.fo [g;R]]
Then the proof of (A) is split into the proof of (R) (for all s € S.0ss) and the
proof of the Reduced Observability Kernel, which is similar to the Observability

Kernel, but where the conjunctions /\}\;EﬁwO are restricted to /\}\;EFOI.

Frample. Consider again our behavioural specification (CONTAINER, {Elem, Nat,
Bool}). Using our last improvement, we can split Fo into Fo; = {€} and
Fos = {card, subset}. Then the proof of the Observability Kernel is split
into the proof of the Simplifiability of the Observability Kernel:

¥ CL, CR : Container .
[(V x:Elem.x € CL = x € CR)
—> (V S : Container .
card(CL) = card(CR) A
subset(S,CL) = subset(S,CR) A
subset(CL,S) = subset(CR,S) ) ]

and the proof of the Reduced Observability Kernel:

¥ CL, CR : Container .
[(V x:Elem.x € CL = x € CR)
— (V y, z:Elem, S: Container .
z € insert(y,CL) = z € insert(y,CR) A
z € (SUCL) =z € (SUCR) A
z € (CLUS) =z ¢€ (CRUS) A
z € remove(y,CL) = z € remove(y,CR) ) ]

10 Tndeed the partitioned by construct was inspired by the Larch Prover where it is
available.



It is not difficult to show that CONTAINER = “Simplifiability of the Observabil-
ity Kernel” and that CONTAINER | “Reduced Observability Kernel”. Hence we
now consider the enriched specification CONTAINER partitioned by €, i.e. the
specification CONTAINER enriched by the axiom:
¥ CL, CR : Container . [ (V x:Elem.x € CL = x € CR) —> CL = CR]
and it is then very easy to prove that:
CONTAINER partitioned by € |= insert(x,insert(x,S)) = insert(x,$S)
and that:
CONTAINER partitioned by € =

insert(x,insert(y,S)) = insert(y,insert(x,S))
which means that these two equations are behaviourally valid in the model class
of the behavioural specification (CONTAINER, {Elem, Nat, Bool}). This means
as well that this behavioural specification can be considered as a correct abstract
implementation of sets. &

6 Conclusion

We have provided a technique that allows us to reduce the infinitary charac-
terization of behavioural equality to a finitary one. Hence to prove behavioural
theorems we can use arbitrary theorem provers for standard first-order logic.
Our technique relies on the so-called “Observability Kernel Assumption”. Un-
fortunately there are interesting examples where this condition is not satisfied
(like the usual specification of stacks.) However, in all such cases that we have
considered so far we can define a conservative extension of the given specification
by introducing appropriate auxiliary function symbols such that the extended
specification satisfies the Observability Kernel Assumption. It is an interesting
objective of further research to study under which conditions appropriate con-
servative extensions exist and to develop a general method for the construction
of such extensions.
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