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Abstract.

A finite semimetric d on a set X is hypermetric if it satisfies the inequality
Zi,jeX bib]‘dij <0Oforall be ZX with ZieX b; = 1.

Hypermetricity turns out to be the appropriate notion for describing the
metric structure of holes in lattices.

We survey hypermetrics, their connections with lattices and applications.
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1 Introduction

The central concept studied in this paper is hypermetricity. This is a natural strenghtening
of the notion of metric, which has many applications and connections. The main topics
to which hypermetrics relate include ;- and f9-metrics in analysis, the cut cone and
the cut polytope in combinatorial optimization, graphs with high regularity, and, most
importantly for our treatment, quadratic forms, Delaunay polytopes and holes in lattices.

The notion of hypermetrics sheds a new light and gives a more ordered view on some
well studied questions; for example, on equiangular sets of lines, on graphs with minimum
eigenvalue -2, on the metric properties of regular graphs. For instance, the parameter
characterizing the three layers composing the famous list of 187 graphs with minimum
eigenvalue -2 from [20] has now a more clear meaning: it comes from the radius of the
L-polytope associated with the graph metrics in each layer (see Section 6.2).

Our central objects are hypermetric inequalities and hypermetric spaces. Given b € Z"
with > <<, b; = 1, the inequality

Z bibjz;; <0 (1)

1<i<y<n

is called a hypermetric inequality. When b = (1,1,-1,0,...,0), the inequality (1) is
simply the metric condition or triangle inequality. A distance space (X,d) is said to be
hypermetric if d satisfies all hypermetric inequalities. The hypermetric cone HYP,
is the cone defined by the inequalities (1) for all b € Z" with Y, ..., b; = 1.

Many important metrics are hypermetric. In particular, all {;-metrics are hypermetric.
More precisely, given a distance d, we have the following chain of implications:

d is isometrically f9-embeddable

—> d is isometrically ¢;-embeddable
—> d is hypermetric

—> v/d is isometrically f3-embeddable



4 M. DEzA, V.P. GRISHUKHIN AND M. LAURENT

Moreover, if d is hypermetric, then v/d has an (3-embedding on a sphere and, as we see
below, this sphere corresponds to a hole in a lattice.

The last property in the above chain of implications is well characterized. Namely,
V/d is isometrically (;-embeddable if and only if d satisfies the inequalities (1) for all
b € Z™ with Y 1<;<,,bi = 0 (see Proposition 2.3) or, equivalently, if and only if the
image £o(d) of d under a linear bijective mapping &y (the covariance mapping, defined in
relation (9)) corresponds to a positive semidefinite quadratic form. Therefore, our object,
the hypermetric cone, is (via the covariance mapping) contained in the cone of positive
semidefinite quadratic forms. On the other hand, the polar of the image of the hypermetric
cone under £y contains the cone of nonpositive quadratic forms and is contained in the
cone of the quadratic forms that are nonpositive on binary variables.

A distance that plays a fundamental role in our treatment is the square of the euclidian
distance, namely the distance d(®) defined by d®(z,y) = (z — y)"(x — y) for 2,y € R".

In fact, the study of hypermetrics amouts to the study of holes in lattices.

Let L be a lattice. Blow up a sphere S in one of the interstices of L until it is held
rigidly by lattices points. Then, there are no lattice points in the interior and sufficiently
many lie on the boundary of the sphere so that their convex hull is a full dimensional
polytope P. The sphere 5 is called an empty sphere in I, its center is called a hole of
L and the polytope P is called a Delaunay polytope, or L-polytope. So the vertices
of P are the lattices points lying on the boundary of the empty sphere S. Let V(P)
denote the set of vertices of P. Then, the distance space (V(P),d?) (with the square of
the euclidian distance between vertices) is called an L-polytope space; such spaces are
fundamental in our treatment.

Usually, empty spheres in lattices are studied from the point of view of their centers
(i.e. the holes of L). But, hypermetrics provide a new way of studying empty spheres,
namely from the point of view of the lattice points lying on their boundary, i.e. from the
point of view of L-polytope spaces.

Indeed, L-polytopes have the remarkable property (discovered in [6]) that their L-
polytope spaces are hypermetric and, conversely, every hypermetric space can be realized
as a subspace of an L-polytope space (see Theorem 3.3). To each hypermetric space
(X, d) corresponds an, essentially unique, L-polytope P; whose dimension is less or equal
to | X|— 1.

Using this connection and Voronoi’s result stating that the number of distinct (up to
affine equivalence) L-polytopes in fixed dimension is finite, we showed that the hypermetric
cone is polyhedral ([32]).

So we have a connection between the hypermetric cone HYP, and L-polytopes of
dimension k& < n — 1. These two objects (hypermetric cone and L-polytopes) have been
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studied for their own sake. For instance, the hypermetric cone HYP,, was mostly studied
from a polyhedral point of view, in particular, in connection with f{-metrics and the
cut cone for which it forms a linear relaxation. On the other hand, L-polytopes were
studied from the classical point of view of geometry of numbers: holes, L-decomposition
of the space, dual tiling by Voronoi polytopes, etc. Our new approach is to study the
metric structure of their sets of vertices. Moreover, taking advantage of the interplay with
hypermetrics, we can transport and exploit some of the notions defined for the hypermetric
cone to L-polytopes and vice-versa.

For instance, there is a natural notion of rank for hypermetrics (namely, the dimension
of the smallest face of the hypermetric cone that contains a given hypermetric distance).
We introduce the cooresponding notion of rank for L-polytopes. This notion of rank
permits, in particular, to shed a new light on a classical notion studied by Voronoi, namely,
the repartitioning polytopes which, indeed, correspond to facets of the hypermetric cone.
The other extreme case for the rank, namely the case of rank 1 for the extreme rays of
the hypermetric cone, corresponds to the class of extreme L-polytopes. An L-polytope
P is extreme if and only if the only affine transformations 7" for which T'(P) is still an
L-polytope are the homotheties. We present several examples of extreme L-polytopes: in
root lattices, in sections of the Leech lattice Agy and of the Barnes-Wall lattice Ag. We
also touch some other topics as perfect lattices and perfect quadratic forms (see Section

5.5).

Historically, L-polytopes and the corresponding L-partitions of the space were intro-
duced by Voronoi at the beginning of this century. They have been studied extensively
mainly by the Russian school, especially by B.N. Delaunay, E.P. Baranovskii, S.S. Ryshkov,
also by R.M. Erdahl from Canada. In dimension 2 and 3, L-decompositions are used in
computational geometry, under the name of Delaunay triangulation; actually, non lattice
triangulations are also studied there. L-polytopes have been also used for the study of
coverings in lattices (see [23], [56]); for instance, the covering radius of a lattice L is the
maximum radius of an empty sphere in L, i.e. a deep hole in L. There is the following
connection between Voronoi polytopes and L-polytopes: The vertices of the Voronoi poly-
tope at a lattice point u are the centers of the L-polytopes that contain u as a vertex.
Moreover, the two partitions of the space by L-polytopes and by Voronoi polytopes are in
combinatorial duality.

Within the list of references, the more relevant and fundamental ones are Voronoi’s
Deuxiéme mémoire [66], the survey [58] and the collection [23] of surveys on lattices and
applications.

Our treatment uses mainly technics from linear algebra, polyhedral theory and euclid-
ian geometry.
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We now briefly describe the main results presented in the paper. Actually, a good
overview of the topics treated in the paper is provided by the list of Contents.

Section 2 contains all preliminaries on distance spaces, lattices and L-polytopes. Sec-
tion 2.3 gives a short proof of Voronoi’s result stating the finiteness of the number (up to
affine equivalence) of L-polytopes in fixed dimension.

We present in Section 3 the basic connection existing between hypermetric spaces and
L-polytopes; namely, every L-polytope space is hypermetric and to each hypermetric space
(X,d) is associated an L-polytope Pj; (see Theorem 3.3). In Section 3.1, this connection
is described together with some first results showing how the polytope P; inherits some
of the properties of the hypermetric space (X,d), in particular, about subspaces (see
Corollary 3.6) and (;-embeddability (see Proposition 3.7). In Section 3.2, we prove that
the hypermetric cone is polyhedral.

Section 3.3 describes all the L-polytopes arising in root lattices; see, in particular,
Figure 1 which shows the L-polytopes in the irreducible root lattices together with their
1-skeleton and radius. If P is an L-polytope in a root lattice, then its edges are the pairs
of vertices at squared distance 2, i.e. its 1-skeleton is determined by the metric structure
of its L-polytope space (see Proposition 3.9). As application, we give a characterization of
the connected strongly even distance spaces that are hypermetric or {1-embeddable (see
Theorems 3.12 and 3.13).

In Section 3.4, we group several results dealing with the radius of the sphere circum-
scribing L-polytopes. We consider, in particular, the spherical {-extension operation which
consists of adding a new element to a distance space at distance ¢ from the other elements.

The notion of rank for L-polytopes is considered in detail in Section 4. If (X,d) is
a hypermetric space with |X| = n, then d € HYP,, and the rank of (X,d) is defined
as the dimension of the smallest (by inclusion) face of HYP, that contains d. If P is
an L-polytope, then the L-polytope space (V(P),d®) is hypermetric and the rank of
P is defined as the rank of the space (V(P),d®). P is said to be extreme if its rank
is equal to 1. In Section 4.1, we consider several properties for this notion of rank, in
particular, its invariance (see Theorem 4.5) and its additivity (see Proposition 4.6). We
describe in Section 4.2 how faces of the hypermetric cone relate to L-polytopes; see, in
particular, Figure 2. In particular, hypermetrics lying on the interior of the same face of
the hypermetric cone correspond to affinely equivalent L-polytopes (see Corollary 4.8), a
geometric characterization for extreme L-polytopes is given in Corollary 4.9, L-polytopes
associated with facets of the hypermetric cone are described in Proposition 4.10, and an
upper bound on the number of facets of the hypermetric cone is derived (see Theorem
4.11).

We present in Section 4.3 some bounds on the number of vertices of an L-polytope
which is basic, i.e. whose set of vertices contains a base of the lattice it spans (see
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Proposition 4.15).

Section 5 is devoted to the study of extreme L-polytopes, which correspond to extreme
rays of the hypermetric cone. The extreme L-polytopes in root lattices are characterized
in Theorem 5.1. In Section 5.1, we derive bounds on the number of vertices of an extreme
basic L-polytope which turn out to be closely related with known bounds on the cardinality
of equiangular sets of lines. We also present a general construction for equiangular sets
of lines from integral lattices (see Proposition 5.3). In the next Sections 5.2, 5.3 and 5.4,
we describe examples of extreme L-polytopes arising in sections of the root lattice Fg, the
Leech lattice Aoy and the Barnes-Wall lattice Ayg. In Section 5.5, we present results on
the construction of perfect lattices from extreme L-polytopes.

Section 6 applies the notion of hypermetricity to graphs. Given a graph G, we consider
two distances: its path metric dg or its truncated distance d (with distance 1 on an edge
and distance 2 on a nonedge). ( is called hypermetric if its path metric is hypermetric. In
Section 6.1, a characterization of the hypermetric graphs and of the {1-graphs is given in
Theorem 6.1; see also Theorems 6.7 and 6.8 for a refined result for the class of suspension
graphs.

In Section 6.2, we study the connected regular graphs whose truncated distance is
hypermetric; see Proposition 6.10 for several equivalent characterizations, one of them
is that their minimum eigenvalue is greater or equal to -2. The graphs with minimum
eigenvalue -2 are well studied. Those that are not line graphs or cocktail-party graphs
belong to the well known list of 187 graphs from [20]. This list is partitioned into three
layers, each of them being characterized by a parameter which is directly related to the
radius of the L-polytopes associated with the graphs in the layer.

We consider in Section 6.3 extreme hypermetric graphs, i.e. the graphs whose path
metric lies on an extreme ray of the hypermetric cone. In fact, all of them are isometric
subgraphs of the Gosset graph or of the Schlifli graph (which are the 1-skeletons of the
Gosset polytope 321 and of the Schléfli polytope 241, respectively). See Proposition 6.18
for their characterization.

In the last Section 7, we consider hypermetric inequalities. They are valid for the cut
cone and, in fact, this was the initial motivation for introducing them ([28]). We describe
in Section 7.1 some classes of hypermetric inequalities that define facets of the cut cone.
We consider in Section 7.2 some analogues of hypermetric inequalities that are valid for
other cut families as even T-cuts, t-ary cuts, multicuts. We consider in Section 7.3 a non
homogeneous version of hypermetric inequalities, obtained by switching and valid for the
cut polytope.
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2 Preliminaries

2.1 Distance spaces

Metric notions

A distance space (X,d) consists of a finite set X and a symmetric function d :
X X X — Ry with d(¢,¢) = 0 for all i € X. Let dyin denote the minimum non zero value
taken by d.

(X,d) is said to be connected if the graph with vertex set X and whose edges are
the pairs (¢, 7) with d(7,7) = dmin, is connected. (X, d) is said to be strongly even if d is
integer valued with even values and dpy;, = 2.

A representation of (X,d)is a mapping i € X — v; € R” (n > 1) such that

d(i,5) = (v; — ?Jj)2 fori,j€ X (2)

or, equivalently,

QUZ'T?J]‘I?JZZ—I—UJZ—d(i,j) fori,j € X. (3)
Clearly, every translation of a representation of (X,d) is again a representation of
(X,d). The representation is said to be spherical if all v;’s lie on a sphere.

For z,y € R", 2Ty = 3", ;.. 7y denotes their scalar product and || z [|2= Vala is
the euclidian norm of z. Given z,y € R", welet dy, (z,y) =|| 2 —y [1= X 1<i<n |2 —yi| and

de,(z,y) =|| 2 — y ||2= \/lel»sn(xi — y;)? denote, respectively, the distance associated

with the ¢;-norm and with the fy-norm on R™ We also set d®(z,y) = (dy,(z,y))? =
(z —y)T(x — y); so d? is the square of the euclidian distance dy,. This distance will play
a fundamental role in the paper.

Given two distance spaces (X, d) and (X', d'), we say that (X, d) is an isometric sub-
space of (X', d') if there exists a mapping f : X — X' such that d(7,5) = d'(f(7), f(J))
for all 7,5 € X.

A distance space (X, d) is said to be isometrically (;-embeddable (resp. hyper-
cube embeddable, (;-embeddable) if it is an isometric subspace of an {1-space (R",dy, )
(resp. of a Hamming space ({0,1}",dy, ), of an {3-space (R",dy,)). Therefore, (X, d) has
a representation if and only if (X,+/d) is isometrically (s-embeddable, i.e. (X,d)is an
isometric subspace of a space (R™, d(?).

A graphic space (V(G),dq) is a distance space where V(G) is the set of vertices of a
graph G and dg is its path metric. A graph G is said to be an hypermetric graph (resp.
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an (1-graph) if its path metric d¢ is hypermetric (resp. isometrically ¢;-embeddable). We
will use extensively the following graphs: the complete graph K, the cocktail-party graph
K, w2 (i.e. Kg, with a perfect matching deleted), the hypercube H(n,2) (i.e. the graph
whose nodes are the vectors z € {0,1}" with two nodes z,y adjacent if dy, (z,y) = 1),
the half-cube graph 1H(n,2) (i.e. the graph whose nodes are the vectors € R" with
Y 1<i<n ; even and two nodes z,y are adjacent if dy, (z,y) = 2).

Given a graph G, its suspension V(G is the graph obtained from G by adding a new
node adjacent to all nodes of G.

Let (X,d) be a distance space. (X,d) is a semimetric space if d satisfies the triangle
inequality d(7,j) < d(i,k) + d(j, k) for all ¢,j,k € X, and (X,d) is a metric space if,
moreover, d(i,7) = 0 only if : = j. The set of all semimetrics on X is the cone MET(X),
or MET,, if | X| = n.

(X,d) is a hypermetric space if d satisfies the inequality

> bibjd(i,5) <0 (4)

i,jEX

for all b € Z¥ with 3;cx bi = 1. (X, d) is of negative type if d satisfies the inequality (4)
for all b € Z* with 3",y b; = 0. The inequality (4) is called m-gonal if ;o |bi| = m;
when Y ;cyb; = 1 (resp. = 0), the inequality (4) is called hypermetric (resp. of
negative type). Note that the 3-gonal inequality (4), obtained for b; = b; = 1, by, = —1
and by, = 0 otherwise, coincides with the triangle inequality. Note also that the 2m + 2-
gonal inequalities are implied by the 2m + 1-gonal inequalities ([28]). But, for instance,
the path metric of Ky 3 is not 5-gonal (i.e. does not satisfy the 5-gonal inequalities) and
the path metric of K7 — (4 is h-gonal but not 7-gonal.

Let X ={0,1,...,n}, |X| =n+ 1. The hypermetric cone HYP, 1, or HYP(X),

resp. the negative type cone NEG, 11, or NEG(X)) is the cone in R("?") consisting of
g + g

the vectors d = (d;;)o<i<j<n satisfying all hypermetric inequalities (resp. all negative type
inequalities). Note th;Lt, for a symmetric function d on X with zero value on the diagonal
pairs, we can alternatively view d as a vector indexed by the pairs (¢,7), ¢ < j, of X.

We denote by PSD,, the set of all p = (Pij)lgigjgn for which the symmetric matrix
(Pij)i<i,j<n (setting p;; = p;;) is positive semidefinite, i.e. satisfies Y i<ij<n Pijrizj > 0
for all 2 € R™ So, PSD,, is the cone of the positive semidefinite quadratic forms on n
variables. For p € PSDy,, if 371 <; ;< pijeiz; = 0 holds only for 2 = 0, then p is said to be
positive definite.

Given a subset S of X, the cut semimetric §(.5)is defined by 6(.5);; = 1if |SN{7, j}| =
1 and 6(5);; = 0 otherwise, for 0 < i < j < n. There are 21X1=1 distinct cut semimetrics
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on X, since 6(5) = 6(X —9). The cut cone CUT, 1, or CUT(X), is the cone generated
by the cut semimetrics 6(.9) for S C X.

Operations on distance spaces
We consider the following operations on distance spaces: direct product, 1-sum, spher-
ical t-extension and O-lifting.

Let (X4,dy) and (X2, dy) be two distance spaces. Their direct product is the distance
space (X1 X X3,d) where d is defined by

d((i1,12), (J1,J2)) = d1(t1, j1) + dalia, j2) for i1, 71 € X1, 12, j2 € Xs. (5)

Let (X1,d1) and (Xg,d3) be two distance spaces with | X7 N X2 =1, X7 0 Xy = {ig}.
Their 1-sum is the distance space (X1 U X3, d) where d is defined by

d(lvj):dh(lvj) fori,j€ Xp, h=1,2 (6)
d(l,])zd(l,lo)+d(],lo) for ¢ EXl, ] EXQ.

Let (X,d) be a distance space, let ig be an element that does not belong to X and let
t € Ry. The spherical t-extension of (X,d) is the distance space (X U {io}, d’) where
d' is defined by

d(i,j)=d(i,j) forijeX -
d'(i,ig) = t for i € X.

We denote the spherical ¢-extension d’ of d as sph,(d) and we set sph}(d) = sph,(sph{*~*(d))
for any integer m > 2 (so sphy(d) = sph,(d)).

Let (X,d) be a distance space and let igp € X, jo ¢ X. Its 0-lifting is the space
(X U{jo},d) defined by

d(i.j)=d(i.j) forijeX -
d/(i,jo) = d(lo,l) for i € X.

In particular, d(ig, jo) = 0. So, every semimetric space is the 0-lifting of a metric subspace.

The direct product, the l-sum and the 0-lifting operations preserve metricity, {;-,
hypercube embeddability, hypermetricity and the properties of having a spherical repre-
sentation or of being of negative type. See Lemma 3.17 and Proposition 3.18 for some
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conditions on t ensuring that the spherical t-extension operation also preserves these metric
notions.

Note that, for graphic spaces, the direct product and the 1-sum operations on the
path metric correspond, respectively, to the cartesian product and the 1-sum operations
on graphs. For ¢ = 1, the spherical 1-extension of the path metric of a graph G with
diameter 2 is the path metric of the suspension VG of G.

The tensor product operation was considered in [3].

Preliminary results on distance spaces
We now group several preliminary results on distance spaces, linking the notions in-
troduced above.

ProrosiTiON 2.1 ([4], [10]) Let (X,d) be a distance space. Then, (X,d) is isomet-
rically (q-embeddable (resp. hypercube embeddable) if and only if d € CUT(X), i.e.
d = Y gcx As6(S) for some scalars Ag > 0 (resp. d € Zi(X), i.e. d = 3 gAs6(S)
for some integers As > 0).

As an immediate consequense, we have the following result.

ProrosiTION 2.2 [9] Let (X,d) be a distance space with rational values. Then, (X,d)
1s isometrically {1 -embeddable if and only if Ad is isometrically hypercube embeddable for
some scalar X\. The smallest such A is called the scale of d.

ProprosiTION 2.3 [59] Let (X,d) be a distance space. Then, (X,d) is of negative type
if and only if (X,d) has a representation, i.e. (X,\/d) is isometrically {y-embeddable.
Moreover, the representation is unique, up to translation and orthogonal transformation.

We give a proof of Proposition 2.3 which relies on the following Lemma 2.4 and on a
fundamental tool, namely, the covariance mapping.
The covariance mapping & is the mapping on R("?") defined by p = &l(d), for
d = (dij)o<i<j<n, P = (Pij)i<i<j<n, With
Pii = do; for1<i<n
{Pz’jzw forl1<i<j<nm. (9)

It is easy to verify that

d € HYP, 41 if and only if  p = &y(d) satisfies the inequalities

Yoi<ij<n bibipij — Y o1<icn bipii 2 0 (10)
for all b € Z"™
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d € NEG, 41 if and only if p = &(d) satisfies the inequalities
Z1gm‘gn bib;pi; > 0 (11)
for all b € Z"™

Therefore, p € £(NEG,,41) if and only if the symmetric matrix (p;;)1<i j<n (setting pj; =
pi;) is positive semidefinite. In other words,

§(NEG,41) = PSD,,. (12)

It follows immediately from relations (10) and (11) that every hypermetric space is of
negative type, i.e. HYP,,4+1 C NEG, 4+1. Therefore,

Note that {o(CUT, 1) is the cone generated by the vectors (z;;)i<i<j<n, for z €
{0,1}". Hence, its polar consists of the quadratic forms that are nonpositive on binary
variables.

It is easy to see that the polar (PSD,,)° consists of the nonpositive quadratic forms,
ie. (PSD,)° = —=PSD,,. So the following chain of inclusions

£o(CUTn41) € Lo(HYPrgq) C PSDy = —(P5D,)° © —(Lo(HYPr41))° € —(£0(CUTn4q))°

shows that our central object, namely the hypermetric cone, is (up to polar and minus
sign) a subcone of the cone of quadratic forms that are nonnegative on binary variables
and contains all quadratic forms that are nonnegative on integer (or real) variables.

LEMMA 2.4 Let A = ((lij)lgi,jgn be a symmetric matrix which is positive semidefinite
and let k < n be its rank. There exist vectors vy,...,v, € R* such that a;; = v?vj for
1 < 4,5 < n. Moreover, if v|,...,v! are other vectors of R* such that a;; = vl’»Tvé for
1 <4,j <mn, then v, = T(v;), 1 < i < n, for some orthogonal transformation T of R,
The system (vy,...,v,) has rank k.

Proor. By assumption, A has k non zero eigenvalues which are positive. Hence, there
exists an n x n matrix Qg such that A = QuDQY, where D is an n x n matrix whose
entries are all zero except k diagonal entries, say with indices (1,1),...,(k, k), equal to 1.
Denote by Q the n x k submatrix of Qg consisting of its first k& columns. Then, A = QQ”T
holds, i.e. a;; = vZij for 1 < 1,7 < n, where vq,...,v, denote the rows of (. It is easy to
see that (v1,...,v,) has the same rank k as A.
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Let )’ be another n x k matrix such that A = Q’Q’". Both matrices ), Q" have rank
k, hence there exists a k x k non singular matrix B such that Q' = QB. Let 1 be a
non singular k& x k submatrix of ¢ formed, say, by its first k& rows, and let @} denote the
k x k submatrix of @' formed by its first k rows. Then, @} = @1B. From the equality
Q:1QT = Q1(Q))T, we obtain that BB is the identity matrix, i.e. B is an orthogonal
transformation of R¥. a

Proposition 2.3 now follows easily from relation (11), Lemma 2.4 and the following
observation: If p = &y(d), then p; = vlv; holds for 1 < ¢ < j < n if and only if
di; = (v — vj)? holds for 0 < i < j < n, after setting vy = 0.

ProrosiTiON 2.5 Let (X,d) be a distance space. Consider the assertions:
(1) (X,d) is isometrically hypercube embeddable.

(ii) (X,d) is isometrically (1-embeddable.

(1ii) (X,d) is hypermetric.

(iv) (X, d) has a spherical representation.

(v) (X,d) is of negative type.

(vi) The distance matriz (d;;); jex has exactly one positive eigenvalue.
The implications (1) = (i1) = (i1t) = (iv) = (v) == (vi) hold.

ProoF. (i) = (1) is obvious.

(it) = (411) Using Proposition 2.1, it suffices to check that each cut semimetric 6(.5) sat-
isfies all hypermetric inequalities. Indeed, if b € Z* with diex bi =1, then 3" b:6;6(5);; =
Yiesjgsbibi = (Ciesbi)(1 = s bi) <0

(i71) = (iv) will be shown in Proposition 3.2.

(iv) = (v) Let (v;,7 € X) be a spherical representation of (X, d), on a sphere of radius
r and center c. We can suppose that c is in the origin (up to translation). Hence, v = r?
for all i € X and d(i,j) = (v; — vj)? for i,5 € X. Take b € Z* with Y iex bi = 0. Then,
i jex bibjd(i,5) = 32 jex bibj(2r? — 20 v;) = =2(3;ex bivi)? < 0.

(v) = (vi) If d is of negative type, then there exist some vectors v; (¢ € X) such that
dij = (v; —v;)? for all i,j € X. Therefore, the quadratic form Y, ..y dijz;z; can be
expressed as 23, .oy viviwj — (Yiex xivi)®. The first term is a quadratic form whose
eigenvalues are 0 (with multiplicity [X|— 1) and =,y v7. Therefore, 3, . ¢ di;zix; can
be decomposed as a sum and difference of squares involving only one positive square. This
implies that the distance matrix (d;;); jex has at most one positive eigenvalue and, thus,
it has exactly one since its diagonal terms are all zero. a

Two partial converses to the implications (iv) = (v) and (i7) = (iv) will be given
later in Propositions 3.14 and 3.16, respectively. There are many examples of distance
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spaces for which (7¢) and (¢¢) are equivalent; see, in particular, Section 6. For instance,
for a graphic space (V(G),dg), if G is bipartite, then all (¢) — (vi) are equivalent; see
Proposition 6.3.

2.2 Lattices and L-polytopes

Lattices

A subset I of R¥ is called a lattice (or point lattice) if L is a discrete subgroup of
R*, i.e. there exists a ball of radius 8 > 0 centered at each lattice point which contains
no other lattice point. A subset V = {vq,...,v,} of L is said to be generating (resp.
a base) for L if, for every v € L, there exist some integers (resp. a unique system of
integers) by, ..., by, such that v = 3", ., ., b;v;. The dimension of L is the cardinality of
a base. o

Any two bases By, By are integral unimodular equivalent, i.e. Mp, = AMp,,
where A is an integer matrix with determinant |det(A)| = 1 and Mp, (resp. Mp,) is the
k x k matrix whose rows are the members of By (resp. Bj) and k is the dimension of
L. The common value |det(B)| for any base B of L is called the determinant of I and
denoted as det(L).

Given a € R¥, the translate L' = L+a = {v+a:v € L} ofalattice L is called an affine
lattice. A subset V' = {wvg,v1,...,v,,} of L' is called an affine generating set for I’
(resp. an affine base of L') if, for every v € L/, there exist some integers (resp. a unique
system of integers) bg, b1, ..., b, such that v = 3 ., biv; and Y gcic,, bi = 1. Clearly,
V'is an affine generating set (resp. affine base) of L’ if and only if V = {vy—vg, ..., v —v0}
is a (linear) generating set (resp. base) of the lattice L.

For simplicity, we use the same word "lattice” for denoting both a usual lattice (i.e.
containing 0) and an affine lattice (i.e. translate of a lattice). We also often omit to precise
whether we consider linear or affine bases or generating sets.

We use the following notation. Given a subset V of R”, we define its integer hull
Z(V) by

Z(V)={>_ bw:bez"}
veV
and its affine integer hull Z,¢(V') by

Zap(V) = {Z byv:beZV and Z b, = 1}.
veV veV

The minimum norm ¢ of a lattice L is defined as

t=min((u—v)*:u,v € L,u#v).
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This terminology of minimal “norm” is classical in the theory of lattices, although it
actually denotes the square of the euclidian norm. In particular, if 0 € L, then ¢t =
min(u? : v € L,u # 0). The minimal vectors of L are the vectors v € L with v? = .
Their set is denoted as Lyin. Then, the polytope conv(Lyiy) is known as the contact
polytope of L. Note that 2¢ coincides with the packing radius of L (see e.g. [23]).

L is integral if uTv € Z for all u,v € L. An even lattice is an integral lattice with
u? € 27 for each lattice vector u. I is a root lattice if [ is integral and I is generated
by a set of vectors v with v? = 2; then, each v € L with v? = 2 is called a root of L.
Observe that, in a root lattice L,

ul'v e {0,—1,1} for u, v roots of L,u # +v. (14)

This follows from the fact that (u — v)? = 4 — 2ulv > 0 and (u +v)? = 4 + 2uTv > 0.
The dual L* of L is defined as L* = {z ¢ R¥: 2Tu € Z for all w € L}. If L is an integral
lattice, then L C L* holds. L is called self-dual if L = L* holds. L is called unimodular
if det(L) = 1. Hence, an integral unimodular lattice is self-dual. For example, the root
lattice Fg, the Leech lattice Aoy are even and unimodular.

The direct sum of two lattices Iy and Ly is defined if I,; and Ly are orthogonal, i.e.
ufuz =0 for all uy € L1, up € Lo, as

Ll@LQI{U1+UQ§U1 ELl,UQELQ}.

L is called irreducible if L = L1 & Ly implies L; = {0} or Ly = {0} and reducible
otherwise. A well known result by Witt states that the only irreducible root lattices are
A, (n>0),D, (n>4), £, (n=6,7,8); we describe them in Section 3.3.

L-polytopes

Let I C R* be a k-dimensional lattice and let S = S(e¢,r) be a sphere with center ¢
and radius 7 in R*. Then, § is called an empty sphere (in Russian literature) in I if
the following two conditions hold:
e(v—c)?>rforallvel,
e SN L has affine rank £ 4+ 1.
Then, the center of 5 is called a hole (in English literature).

Then, the polytope P defined as the convex hull of S N L is called an L-polytope, or
Delaunay polytope. Equivalently, a k-dimensional polytope P in R* with set of vertices
V(P) is an L-polytope if the following conditions hold:

e P is inscribed on a sphere S(c,7),i.e. (v —c)? = r? for all v € V(P),

o L(P)=Zas(V(P)) ={Xvevp)bov : b € ZV(®) and > vev(p) by = 1} is a lattice,
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o (v—c)?>r?forall ve L(P).
If Pis an L-polytope, then the distance space (V(P),d?)is called an L-polytope space.

Let P be an L-polytope in a lattice L. P is said to be generating in L if V(P)
generates L, i.e. I = L(P). There are examples of lattices for which none of their L-
polytopes is generating; this is the case for the root lattice Fg, the Leech lattice Aoy and,
more generally, for all even unimodular lattices (see Lemma 2.6). However, when we say
that P is an L-polytope in L, we always assume that P is generating, i.e. we suppose that
L= L(P).

A subset B C V(P) is said to be basic if it is an affine base of L. P is called basic
if V(P) contains a basic set. Actually, we do not know any example of a non basic
L-polytope.

Two L-polytopes have the same type if they are affinely equivalent, i.e. P’ = T(P)
for some affine bijection T'.

Given a lattice point v € L, the set of all the L-polytopes in L that admit v as a vertex
is called the star of L at v. Clearly, the stars at distinct lattice points are identical (up to
translation). The lattice L is called general if all the L-polytopes of its star are simplices
(which, in general, cannot be obtained from one another by translation or orthogonal
transformation), and L is called special otherwise.

Two k-dimensional lattices L, L’ are said to be z-equivalent if there exits an affine
bijection T such that L' = T'(L) and T brings the star of L on the star of L’; one also says
that L and L’ have the same type.

L-polytopes and Voronoi polytopes

Let us recall the connection between L-polytopes and Voronoi polytopes ([66]).

If L is a lattice in R* and ug € L, the Voronoi polytope at ug is the set P,(ug) consisting
of all points € R¥ that are at least as close to ug than to any other lattice point, i.e.
Py(ug) = {z € R¥:|| 2 — g [|[<|| @ —u || forallu € L}. The vertices of the Voronoi
polytope P,(ug) are precisely the centers of the L-polytopes in L that contain ug as a
vertex, i.e. of the L-polytopes of the star of L at vg.

The Voronoi polytopes P,(u), u € L, form a normal (i.e. face-to-face) tiling of the
space R¥; this tiling is sometimes called the Voronoi-Dirichlet tiling. Another normal
tiling is provided by the elementary cells {u + 3", ., biv; for 0 < b; < 1,1 <7 < k} for
u € L, where (vq,...,v;) is a base of L. Hence, the Voronoi polytopes and the elementary
cells have the same volume, equal to det(L). Another normal partition of the space, called
L-decomposition, is provided by the L-polytopes in L. However, different types of L-
polytopes may occur in this partition; in particular, if L is special, then some of them
are not simplices. For instance, if L is a general lattice of dimension 2, then the normal
partition of R? by the L-polytopes in L is a Delaunay triangulation of the plane. For the
use of L-decompositions in computational geometry, see, for instance, Chapter 13 in [41].
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Given a k-dimensional lattice L, the two normal partitions of the space by the Voronoi
polytopes and by the L-polytopes in L are in combinatorial duality. Namely, there is a
one-to-one correspondence I +— I™ between the faces F' of one partition and the faces F™*
of the other partition in such a way that:

e I” and F™ are orthogonal,

e if F' has dimension h, then F* has dimension k& — h and
o if I} C Fy, then Fy C FT.

Lattices and positive quadratic forms

Let p € PSD,, be a positive semidefinite quadratic form. Then, by Lemma 2.4, there
exist n vectors vy,...,v, € R¥ (1 < k < n) such that p;; = vlv; forall 4,5 = 1,....n
where k is the rank of the system (vy,...,v,) and of the matrix (p;;)i<i j<n. S0, k =nif p
is positive definite, i.e. p lies in the interior of PSD,,, and & < n otherwise, i.e. if p lies on
the boundary of PSD,,. Set L = Z(vy,...,v,). Sometimes, L is a lattice. This is the case,
in particular, if p is positive definite. Recall from relation (13) that &(HYP,41) C PSD,,.
In fact, if p € &(HYP,41), then L is also a lattice. Actually, for p € PSD,,, we have that
p € &(HYP,,41) if and only if L is a lattice and vq,...,v, are all vertices of the same
L-polytope in the star of L at the origin (see Section 3.1).

There is a many-to-one correspondence between the positive definite quadratic forms
p of PSD,, and the lattices in R™. Indeed, the action on p of the group G L(n,Z) of integral
unimodular transformations produces distinct bases of the same lattice L. Voronoi ([66];
we follow [46] for the exposition) showed that the action of G L(n,Z)induces a partition of
the cone PSD,, into disjoint relatively open convex subcones, called the L-type domains,
of dimension 1,2,..., (”"'2'1), such that:
e On each of these subcones the afline structure of the L-decompositions of corresponding
lattices is constant, i.e. the lattices corresponding to the points of a given subcone are all
z-equivalent.
e Subcones of dimension ( correspond to general lattices, i.e. having simplicial L-
decompositions. These L-type domains are polyhedral.
e A subcone of dimension less than (”"'2'1)
domains. If such a cone makes contact with the boundary of an L-type domain, then it is
necessarly a face of that domain. The lattice corresponding to a quadratic form on such
a face is special, i.e. it has among its L-polytopes some that are not simplices.

n—2|—1>

is a relatively open face of two or more L-type

Voronoi ([66]) showed that the number of distinct, up to z-equivalence, lattices in any
dimension k is finite. Therefore, many of the L-type domains correspond to z-equivalent
lattices.

Note that, if p € £(HYP,,41), then the whole L-type domain containing p is also
contained in {(HYP,,41). Therefore, £(HYP,,41) is a union of L-type domains. In fact,
this union is infinite; however, we know that {o(HYP,,41) is a polyhedral cone (see Section
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3.2).

L-polytopes and empty ellipsoids

As we will see in Section 3.1, the study of the hypermetric spaces on n points amounts
to the study of the L-polytopes of dimension k£ < n. We would like to mention another
connection between L-polytopes and the quadratic functions that are nonnegative on
integer variables.

There is a sequence of papers ([42], [43], [44], [45], [46]) studying the set of integer
solutions of equations of the form

flz)=ao+ Z a;x; + Z Qi 5 (15)

1<i<n 1<¢,5<n

where ag, ay,...,a, € R, a;; = aj; € R, and f satisfies the condition

f(z) > 0forall z € Z". (16)

The set of integer solutions of f(z) = 0 is called the root figure of f and is denoted
by Ry. From relation (16), the matrix ay = (a;;)1<; j<n is positive semidefinite and the
region {z € R": f(2) < 0} is free of integral points.

Suppose that ay is positive definite. Then, the surface defined by the equation f(z) =0
is an ellipsoid E; whose interior is free of integral points; F; is said to be an empty
ellipsoid. The root figure Ry consists of the integral points lying on Ey and, thus, is
finite. In fact, the root figure Ry is affinely equivalent to the set of vertices V' of an L-
polytope, with dim(V) = dim(Ry) < n. Moreover, every finite root figure arises in this
way. (See [45].)

On the other hand, if ay is not positive definite, then the root figure B; may be infinite.
However, every infinite root figure arises from the finite ones by a simple construction
(essentially, every infinite root figure is of the form R + I' where R is a finite root figure
and I' is a sublattice of Z™). (See Theorem 2.1 in [45].)

Therefore, the study of the root figures amounts to the classification of the L-polytopes
of dimension & < n.

Consider the cone Q1 (Z") defined by
QT (Z") = {a=(ag,a1,...,an,0;;,1 <i<j<n):
a0 + Pr<icn @i T 21<ij<n Gty > 0 forall @ € Z"},
i.e. each member a € Q@ (Z") corresponds to a function f, satisfying (15) and (16). Erdahl
[44] shows that every @ € @T(Z") lying on an extreme ray of QT (Z") satisfies one of the
following:
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o f, is constant (i.e. a3 =...=a, = a;; =0),
o fu(2) = (31cicn i + )% where (v, ..., ;) is not proportional to an integer vector,
o f, is perfect, i.e. the dimension of the set {b € QT(Z"): Ry, C Ry} is equal to 1.

We note the following connection between the hypermetric cone HYP,,11 and the cone

Q*(z") (it follows from (10)):

Eo(HYP, 1) ={a € QT (Z") :ap =0 and a; = —a; fori = 1,...,n}.

Therefore, HYP,,1 is, via the covariance mapping, a section of the cone Q+(Z"). Note
that the notion of root figure corresponds to that of annullator that we use in Section
4.1. Moreover, there is the following link between the perfect elements of @ (Z") and the
extreme rays of HYP, 1. For d € HYP, 44, d lies on an extreme ray of HYP, 4 if and
only if &y(d) is a perfect element of Q¥ (Z").

Basic facts on L-polytopes
We group several basic properties on the symmetry, the number of vertices, the volume
of L-polytopes.

We start with an observation on generating L-polytopes in even lattices.

LeMMA 2.6 [44] Let P be a generating L-polytope in an even lattice L. Then, the center of
the sphere circumscribing P belongs to the dual lattice L*. Therefore, an even unimodular
lattice contains no generating L-polytope.

Proor. We can suppose that the origin is a vertex of P. Let ¢ denote the center of
the sphere S circumscribing P. Since L is generated by the set of vertices V(P) of P, it
suffices to check that ¢Tv € Z for each v € V(P), for showing that ¢ € L*. For v € V(P),
we have that (c — v)? = ¢2, i.e. 2¢Tv = 02, implying that ¢/v € Z since v? is even. If L is

even unimodular, then ¢ € L* = L, contradicting the fact that S is an empty spherein L. O

Let 5 be a sphere with center ¢. For x € 5, its antipode on S is the point 2™ = 2¢—x.
It is immediate to see that:

LeMMA 2.7 Fvery L-polytope P is
- either centrally symmetric, i.e. v* € V(P) for all v € V(P),
- or asymmetric, i.e. v ¢ V(P) for all v € V(P).

PRrOPOSITION 2.8 Let P be an L-polytope in R*. Then, P has at most 2% vertices.

Proor. Without loss of generality, we can suppose that the origin is a vertex of P. Let
{v1,..., v} be a base of L. We consider the following equivalence relation on L: u ~ v
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if w+wv € 2L for u,v € L. Clearly, every vertex of P is in relation by ~ with one of
the elements > ";c;v; for I C {1,...,k}. On the other hand, no two vertices of P are in
relation by ~. Indeed, if, for u,v € V(P), v ~ v, then % € L, contradicting the fact that
the sphere circumscribing P is empty in L. This shows that P has at most 2* vertices. O

Let w,v,w be vertices of an L-polytope P. One can check directly that the following
inequality holds:

(u—w)? < (u—2)*+ (v —w)

This is the triangle inequality expressing the fact that the L-polytope space (V(P), d(z))
is a metric space. Actually, we will see in Proposition 3.2 that every L-polytope space
is hypermetric, which is a much stronger property. The above relation means that any
three vertices of an L-polytope form a triangle with no obtuse angles. In fact, the latter

property is already sufficient for proving the upper bound 2 on the number of vertices
([26], see also [32]).

The upper bounds from Proposition 2.9 below are shown in [13] as a refinement of the
upper bound vol(P) < 2¥det(L) given in [32].

PROPOSITION 2.9 Let P be an L-polytope in a lattice I C RF with N vertices and let
k
vol(P) denote its volume. Then, vol(P) < %IS(L) if P is centrally symmetric and

vol(P) < % if P is asymmetric.

Proor. Let P,(0) denote the Voronoi polytope at the origin. We can assume without
loss of generality that the origin is a vertex of P. Let hg denote the %—fold homothety with
center 0, i.e. ho(z) = 5. We show that hg(P) C P,(0).
Take a vertex v of P and suppose for contradiction that 5 & P,(0). Take a hyperplane
H supporting a facet of P,(0) which separates P,(0) and %; H is the hyperplane going
through % and orthogonal to the segment [0, w] for some w € L. Let R(0,w) denote the
region comprised between the two hyperplanes perpendicular to the segment [0, w] and
going, respectively, through the points 0 and w. Clearly, v ¢ R(0,w), which implies that
vTw > w?. Moreover, w is not a vertex of P, since there is an obtuse angle in the triangle
(0,v,w). Therefore, || w—c ||>| ¢ || (where ¢ is the center of the sphere circumscribing P)
and, thus, w? > 2w’c. On the other hand, || v — ¢ ||=|| ¢ ||, i.e. v? = 2vTc. We now show
that || v — w — ¢ ||<]| ¢ ||, which contradicts the fact that v — w is a lattice point. Indeed,
(v—w—-c)l-c?=(w—-w)?-2"(v—w)=0?+w?—20Tw— 2" (v —w)
= w? - 207w+ 27w < 2(w? — vTw) < 0.

Consider the star of the L-polytopes in I with the origin as a vertex and let Py,
denote their union. Hence, P is contained in Ps,, as well as any translate P — v of P,
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for » vertex of P, and any translate of the symmetric —P of P with respect to the ori-
gin. Note that the translates of — P coincide with those of P if P is centrally symmetric.
Therefore, Ps,, contains €N copies of P, with ¢ = 1 if P is centrally symmetric and
e = 2if P is asymmetric. We deduce that eN vol(P) < vol( Py, ). We have shown above
that ho( Psiar) € Py(0). This implies that 2ikvol(PSmT) < vol(P,(0)) = det(L). Therefore,

2% det(L
vol(P) < T() ]

Construction of L-polytopes

We now present some methods for constructing L-polytopes: by taking suitable sec-
tions of the sphere of minimal vectors in a lattice, by direct product and by pyramid or
bipyramid extension. Note that every face of an L-polytope is again an L-polytope.

Construction by sectioning the sphere of minimal vectors in a lattice
Let L be a lattice in R* and let V' be the set of minimal vectors (i.e. of minimum
norm) of . Given non collinear vectors a,b € R* and some non zero scalars a, 3, we set

Vo={veV:vla=a}and Vi ={veV: vlb=p}.

LEMMA 2.10 If the sets V, and V, NV}, are not empty, then the polytopes P = conv(V,)
and P' = conu(V, N V4) are L—polytopes.

Note that this is precisely how the Schlifli polytope 251 and the Gosset polytope 341 are
constructed from the root lattice Fg, and how the polytopes Py and Pa3 are constructed
from the Leech lattice Agq (see Sections 5.2 and 5.3).

Direct product

Let L; be a lattice in R¥, let P; be an L-polytope in L; whose circumscribed sphere has
radius 7; and is centered in the origin, for i = 1,2. Then, L = L1 X Ly = {(v1,v3) : v1 €
Lyi,vy € Lo} is a lattice in Rk, k=ki+ kyand P =P, X P, is an L-polytope in L whose
circumscribed sphere is centered in the origin and has radius r = /r? + rZ. Therefore,
the direct product of two L-polytopes is an L-polytope. The direct product of P and a
segment «y is called the prism with base P.

Call an L-polytope reducible if it is the direct product of two other non trivial I-
polytopes (i.e. not reduced to a point) and irreducible otherwise. Note that irreducible
L-polytopes arise in irreducible lattices. Indeed, if L is a reducible lattice, i.e. L is the
direct sum Ly @ Lo of two orthogonal lattices Ly and Lo and if P is an L-polytope in L,
then the projection P; of P on the subspace spanned by L; is an L-polytope in L;, for
i=1,2,and P = P; X P, (up to affine equivalence).

Pyramid and bipyramid
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If P is a polytope and v is a point that does not lie in the affine space spanned by P,
then Pyr,(P) = conv(PU{v})is called the pyramid with base P and apex v. Under
some conditions, the pyramid of an L-polytope is still an L-polytope.

Namely, let P be an L-polytope with radius r and suppose v is at squared distance ¢
from all vertices of P with ¢ > 2r%. Then, the pyramid Pyr,(P) is an L-polytope with
radius R = 2\/% (see Proposition 3.18).

Moreover, if P is centrally symmetric and if ¢ = 2r2, then the bipyramid Bipyr,(P) =
conv(P U {v,v*}) is an L-polytope with radius r, where v* is the antipode of v on the
sphere circumscribing Pyr,(P) (see Proposition 3.18).

The layerwise construction

The following layerwise construction for L-polytopes is described in [64]. Actually,
rather than a construction, it is a way of visualizing a given k-dimensional L-polytope in
a lattice L as the convex hull of its sections by the k — 1-dimensional layers composing L.

Let L be a k-dimensional lattice and let (vy,...,v;) be a base of L. Then, Ly =
Z(vy,...,vg—1)is a k — 1-dimensional sublattice of L and L = {J,c7(Lo + avy). The layers
Lo 4 avy (a € Z) are affine translates of Lg lying in parallel hyperplanes.

Let P be a k-dimensional L-polytope, let L denote the lattice generated by V(P)
and let S be the sphere circumscribing P. Let F be a facet of P and let H denote
the hyperplane spanned by F. Then, Ly = L N H is a kK — 1-dimensional sublattice of
L and L is composed by the layers Lo + av (a € Z) for some v € L — Ly. Therefore,
P = conv(Uyez(5 N (Lo + av))), where SN Lo is the set of vertices of F and, for a € Z,
SN (Lo + av) is empty or is the set of vertices of a face of an L-polytope in Lg. So, we
have the following result:

ProrosiTIiON 2.11 [64] For each k-dimensional L-polytope P, there exists a k—1-dimensional
lattice Lo, an integer p > 1, and a sequence Iy, Iy, ..., F, of polytopes that are faces

of L-polytopes in Lo (where dim(ty) = k — 1, but Fy,..., F, may be empty) such that

P = con(Up<acp(Fu + av)), where v is a vector not lying in the space spanned by Lq.

For instance, the pyramid construction can be viewed as the above layerwise construc-
tion with p = 1, a facet on the layer Ly and a single point on the layer Lo + v.

Let p(k) denote the smallest number p of polytopes Fi,..., F, in Proposition 2.11
needed for constructing any k-dimensional L-polytope.

Given a lattice L, if P is an L-polytope in L which is a simplex, then its volume is
an integer multiple of MZ!Q (this can be checked by induction on the dimension). This
integer is called the relative volume of the simplex P. The maximum relative volume
of all simplices that are L-polytopes in any k-dimensional lattice is denoted by po(k).

It is shown in [64] that p(k) = po(k) holds. In particular, p(2) = p(3) = p(4) = 1,
p(5) = 2 and | E5L] < p(k) < k.
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There is an L-polytope of dimension 6, namely the Schlafli polytope 251, for which the
integer p (from Proposition 2.11) satisfies p > 1. In fact, for 231, p = 2, i.e. three layers are
needed to obtain 291 from its 5-dimensional sections. We mention two ways of visualizing
291 via the layerwise construction. In the first construction, Lg is the root lattice Dy and
the layers Lg, Lo + v, Lo + 2v carry, respectively, Fy = 35, F1 = hvys and Fy which is a
single point. In the second construction, Lg is the root lattice A5 and the layers carry,
respectively, Fo = a5, 1 = J(6,2) and F5 = a5. We refer to [25] for a description of all
faces of 297.

L-polytopes in dimension k < 4

Examples of L-polytopes include the k-dimensional simplex ay, cross-polytope 3 and
hypercube 74. Note that ay = Pyr(ax—1), B = Bipyr(fx—1) and 74 = yx—1 X 71 for
k > 2. We remind that every k-dimensional simplex with no obtuse angles is an L-
polytope which is affinely equivalent to ayp; similarly, every k-dimensional parallepiped
(with square angles) is an L-polytope which is affinely equivalent to ~y.

All types of L-polytopes in dimension k < 4 are classified in [45].
e There is only one type of L-polytope of dimension & = 1, namely, the segment a; =
B =m.
e There are two types of L-polytopes of dimension k& = 2, namely, the triangle (with no
obtuse angles) ay and the rectangle 8 = v2.
o There are five types of L-polytopes of dimension & = 3. They are the tetrahedron as,
the octahedron fs, the cube 73, the prism with triangular base (i.e. a3 X ay) and the
pyramid with square base (i.e. Pyr(vz2)).
e There are 19 types of L-polytopes of dimension k& = 4. They are described in Tables V
and VII from [45]. Among them, 13 can be obtained from the L-polytopes of dimension
1, 2 or 3 by applying the direct product, pyramid and bipyramid constructions.
- Using the pyramid construction, we obtain the pyramids with base ag (this gives ay),
with base 33, with base v, with base the triangular prism and with base the squared base
pyramid.
- Using the bipyramid construction, we obtain the bipyramids with base fs (this gives 34)
and with base 3.
- By taking the direct product of the 3-dimensional L-polytopes with ay, we obtain the
prisms with base as, with base s, with base vs (this gives v4), with base the triangular
prism and with base the squared base pyramid.
- By taking the direct product of two 2-dimensional L-polytopes, we obtain agxay (indeed,
ay X 7z and 2 X 72 have already been mentioned).
We have also the repartitioning polytope ]32072 (associated with the pentagonal facet; see
Section 4.2) which is one more L-polytope of dimension 4; it is the polytope A in the
Table VI from [45]. The remaining 5 L-polytopes are those numbered 4, 5, 6, 9 and 13 in
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Table V from [45].

2.3 Finiteness of the number of types of L-polytopes in given dimension

Recall that two lattices L, I’ are called z-equivalent if there exist an affine bijection T’
such that L' = T(L) and T brings the star of L on the star of L. (Note that any k-
dimensional lattice is affinely equivalent to Z*.) Voronoi ([66]) proved that the number of
distinct, up to z-equivalence, k-dimensional lattices is finite. This implies that the number
of distinct, up to affine equivalence, k-dimensional L-polytopes is finite. Recall that two
L-polytopes are said to have the same type if they are affinely equivalent.

We give here a direct proof of the finiteness of the number of types of L-polytopes in
R since Voronoi’s original proof is very involved; it is taken from [32].

We first observe that:

Fact 2.12 Every type v of L-polytopes is characterized by some integer matriz Y., (once
a representative base for the type has been fized).

Indeed, let P be an L-polytope of type 7. Say, P C R* has dimension k and P has N
vertices. Let L be a lattice in R* containing the set of vertices V(P) of P, but L may be
larger than the lattice L(P) generated by V(P). Let B = {b1,...,b;} be a base of L.

For each v € V(P), let y, € Z* such that v = 3, ;<;(v,):b; holds. Denote by Qp
the N x k matrix whose rows are the vectors v € V(P), by Mp the k x k matrix whose
rows are the members of B and by Ypp the N x k matrix whose rows are the vectors
Yu, v € V(P). Then, the following relation holds:

Qp=YppMp (17)

Clearly, if B’ is another base of L, then Ypps is unimodular equivalent to Ypp. On
the other hand, let P’ be another L-polytope of the same type v as P, i.e. P’ = T(P)
for some affine bijective transformation 7. Then, T'(L) is a lattice containing the set of
vertices V(P') = T(V(P)) of P', T(B) is a base of (L) and, thus, Yp/ () = Yp g holds.
Therefore, the matrix Y, = Yp g characterizes the type v of L-polytopes. It is uniquely
determined once the starting base B, called representative base of v, has been fixed.

ProprosiTION 2.13 Let v be a type of L-polytopes of dimension k. One can choose the
representative base B in such a way that the matriz Y., satisfies the following conditions:
(i) There exists a k x k submatriz D = (a;;)1<ij<n of Yy which is lower triangular and
satisfies: 0 < a; < ag; forall1 < j <1<k,
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(ii) p = |det(D)| is the mazimum possible value of the absolute value of the determinant
of any k x k submatriz of Y.
(iii) p < k12F,

For the proof, we need the following classical result about lattices.

PROPOSITION 2.14 [21] Let L, L' be two k-dimensional lattices in R* such that L' C L.
For every base {ay,...,a;} of L', there exists a base {by,..., by} of L such that

(i) a; = by + ...+ agb;, fori=1,... k, where (a;;)1<; j<k are integers satisfying

(17) 0 < oy < ag, forall1 < j<i<k.

Proof of Proposition 2.13. Let P be an L-polytope of type v with N vertices and let
L be a lattice in R* containing the set of vertices V(P) of P. Let Vg be a subset V(P) of
size k and let (o denote the k x k submatrix of ) p whose rows are the members of Vj.
We choose Vj in such a way that |det(Qo)| is largest possible. We can suppose that Qg is
the submatrix of Qp formed by its first k rows. The lattice L' = Z(V}) is a sublattice of
L and admits Vj as a base. Applying Proposition 2.14, we deduce the existence of a base
B of L such that
Qo= DMp

where D is a lower triangular integer matrix satisfying Proposition 2.14 (ii). Since Qp =
(Qngl)MB, by comparing with relation (17), we obtain that Qngl is the integer
matrix Ypp. Set Y = Ypp; it is an N X k matrix whose first & rows form the matrix D.
Note that p = |det(D)| = ]lsl;t((]\g[;))n = |d5§§8:°))|. Hence, by the choice of g, the absolute
value of the determinant of any £ X k submatrix of Y is less or equal to p. Therefore, if
B is chosen as representative matrix of the type v, then Y, =Y satisfies the conditions
(i),(ii) of Proposition 2.13.

Finally, we check (iii). Let A denote the simplex whose vertices are the members of
Vo, i.e. the rows or o. Then, A is contained in P and, thus, vol(A) < vol(P). But,
vol(A) = |det](f°)| = dzzi(L) and vol(P) < 2%det(L) from Proposition 2.9. Therefore, we
obtain that p < k!2*. a

We can now show the finiteness of the number of types of L-polytopes in RF.
THEOREM 2.15 [32] The number of types of L-polytopes in R” is finite.

ProOF. Every type v of L-polytopes in R* with N vertices is characterized by an N x k
integer matrix Y., satisfying Proposition 2.13 (i)-(iii). It suffices now to show that there is
only a finite number of such matrices. For this, we show that, for fixed p, there is only a
finite number of matrices satisfying Proposition 2.13 (i)-(ii).
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Let Y be an N X k integer matrix satisfying (i),(ii). Suppose that D is the upper
k x k submatrix of Y. Then, the upper k x k submatrix of Y D~! is the identity matrix.
Let 7;;, be a non zero entry of YD1, where k+1 < ¢ < N and 1 < h < k. Let C
denote the matrix obtained from D by replacing its h-th row by the ¢-th row of Y. By
Proposition 2.13 (ii), |det(C')] < p. On the other hand, |det(CD~Y)| = |r;|, implying
that |r| = |detpc | belongs to {0,%,...,%,1}. Since Y D71 is an N x k matrix with
N < 2k (from Proposition 2.8), we deduce that, for fixed p and k, there is only a finite
number of such matrices Y D=, Now, D is a k x k integer matrix with p = aqy ... ag; and
satisfying Proposition 2.13 (i); therefore, there is only a finite number of such matrices D.

Consequently, there is a finite number of possibilities for Y. a

3 Hypermetrics and L-polytopes

3.1 The connection between hypermetrics and L-polytopes

In this section, we establish the fundamental connection existing between hypermetrics
spaces and L-polytopes.

The following Lemmas 3.1 and 3.2 are crucial for Theorem 3.3, which establishes this
connection.

LEMMA 3.1 [6] Let c,vo = 0,v1,...,v, € RF be vectors satisfying
(i) | vi—cli=ll el for 1< i<,

(i) | Srcign bivi— ¢ |12 el Jor all b e 2.

Then, I = Z(vy,...,v,) is a lattice.

Proor. For b € Z", set v(b) = 3 ;¢ bivi; then, v(b) &£ v; € L. Hence, (u1) yields

(v; £0(b)—¢)? > %, ie. (v, —)? + (v(0))? £ 2(v; — ¢)Tw(b) > ¢ and, using (i), we obtain
that:

() (v(0))? > 2|(v; — )T w(b)| for 1 < i < n.

Consider the units vectors e; = ﬁ for ¢ = 0,1,...,n and e(b) = % Set § =
min{max(efu : 1 < i < n):u € R¥ | u |= 1}. In order to conclude the proof, it is

enough to show that 3 # 0, since we obtain from (*) that || v(b) ||> 25 || ¢ || for all b € Z"
such that v(b) # 0. Suppose, for contradiction, that 5 = 0. Then, we can find a sequence
(tp)p>1 of unit vectors of R* such that el u,| < ]1—) forany 1 <7 < n,p > 1. By compacity
of the unit sphere, we can suppose that the sequence (u,),>; admits a limit « when p goes
to infinity (else, replace (up)p>1 by a subsequence). Therefore, || u [|= 1, while el u =0
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for i = 1,...,n, implying that u = 0 since the vectors v1,...,v, span R*¥. We have a
contradiction. a

LEMMA 3.2 [6] Let (X,d) be a distance space, X ={0,1,...,n}. The following assertions
are equivalent.

(i) (X,d) is hypermetric,

(ii) (X,d) has a representation i € X + v; € R¥ (k < n) on a sphere S, and S is empty
in Lop(X,d) = {Xiex bivi 10 € Z% and Yo bi = 1}, dce. || Siex bivi — ¢ ||> v for all
b e ZX with Y iex bi = 1, where ¢ and r denote the center and radius of 5.

ProoOF. (i) = (ii) Since (X, d)is of negative type, (X, d) has a representation vg, v1, ..., v, €
R”, the system (vg,...,vx) has rank k and we can suppose without loss of generality that
vg = 0. We first show that the vectors vg, v1,..., v, lie on a sphere 5, i.e. that there exists
¢ € R* such that
() 2c0 v, = v? for 1 <i < n.

If k£ = n, i.e. the vectors v1,...,v, are linearly independent, then the above equation (*)
admits a unique solution ¢. Let &k < n — 1. Let M denote the n X k matrix whose rows
are the vectors vy,...,v,, let U denote the subspace of R™ spanned by the columns of M
and set f = (v?,...,v2). The above equation (*) has a solution if and only if f € U, or
equivalently, fT¢g = 0 for each g € Ut (the orthogonal complement of U in Rk). Take
g € UL, let b € Z" such that |g; —b;| < 1 fori=1,...,n and set é = g — b; so & belongs
to the unit cube.

Consider p = &y(d); then, p;; = vlv; for 1 < i < j < n. Using relation (10), we deduce
that p satisfies the inequality > 1 <; i<, 0ibjpij — D1 <i<y, biDis 2 0, Lee.

() (> b)) = D bw?>0.

1<i<n 1<i<n

Hence, from relation (**), f1b = Y o0, biv? < (BT M)? = (¢TM — 6T M)? = (6T M)?,
since ¢ € UL. Therefore, fI'h < (6T_]\Zf)2, implying that fTg < f76 + (6" M)?. This
implies that fTg = 0; otherwise, the left hand side of the latter inequality could be made
arbitrarily large while its right hand side is bounded. Note that the solution ¢ to the
equation (*) is unique since (v1,...,v,) has full rank k.
The fact that S is empty in L,¢(X,d) follows from relations (*) and (**).
(ii) = (). Let b € Z* with 3" ;cx b; = 1. Then,
Yijex bibjd(i,j) = i jex bibj(vi — v;)* = 34 jex bibj(vi — e + ¢ —v;)?
=2 jex bibj(2r? = 2(v; — )T (v; — ¢))
= 2r% — 2(Tiex bi(vi — ¢))?
= 2(7‘2 — (ZieX bﬂji — 6)2) <0
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since the sphere S is empty in L,s(X,d). Hence d satisfies the hypermetric inequalities.
O

In particular, every L-polytope space (V(P), d(z)) is hypermetric, where V' (P) is the set
of vertices of an L-polytope P. Conversely, from Lemmas 3.1 and 3.2, every hypermetric
space can be realized as isometric subspace of an L-polytope space. We summarize in the
next theorem this fundamental connection.

THEOREM 3.3 [6] Let (X,d) be a hypermetric space, |X| = n + 1. There exist a k-
dimensional L-polytope Py in R”, for some k < n, and a mapping fq:1 € X + v; € V(Py)
which is generating, i.e. {v;,1 € X} generates the set of vertices V(Py) of Py, and such
that

d(i,j) = (v; — v;)? fori,j € X.

Moreover, the pair (Py, fq) is unique, up to translation and orthogonal transformation.

We refer to P as the L-polytope associated with the hypermetric space (X, d),
the lattice Z,((V(F4)) = {3 ,cv(p,) bov 1 b € zV(Fa) and >vev(py by = 1} is denoted as
L4 and the sphere circumscribing Py as 9y.

Note that, if (X' = X U {jo},d’) is a 0-lifting of the hypermetric space (X,d) with
d(ig, jo) = 0 for ig € X, as in relation (8), then both (X, d) and (X’,d") have the same
associated L-polytope Py (simply representing jo by the same vertex of P, as ig).

We would also like to emphasize the following fact, since it will be very useful in the
sequel.

ProprosITION 3.4 Let (X,d) be a hypermetric space with representation (v;,t € X ) in the
set of vertices of its associated L-polytope Py. For b € ZX with Yoiex bi = 1, the equality
Yijex bibjd(i,7) = 0 holds if and only if the vector 37, x byv; is a vertex of Py.

Proor. It follows from the equality Y; :cx bibjd(i, ) = 2(r* — (X ;ex bivs — ¢)?), stated
in the proof of Lemma 3.2 (ii) = (7). 0

We give two examples illustrating this connection between hypermetric spaces and
L-polytopes.

Example 1. Consider the cut semimetric d = §(.9) for some subset S C X. It is obviously
hypermetric. Its associated L-polytope is the segment ay = [0, 1] and the representation
of the hypermetric space (X,6(9))isi€ S—v;=1,1€ X =5 +— v, =0.

Example 2. Let (X,d) be a semimetric space. Then, d lies in the interior of the
hypermetric cone HYP(X) if and only if its associated L-polytope is the simplex a|y|_; of
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dimension | X|—1 (since, by Proposition 3.4, d satisfies no nontrivial hypermetric equality

if and only if |V (Fy)| = dim(Py) — 1).

We conclude this section with two additional properties concerning the connection
between hypermetrics and L-polytopes.

A first observation is that, if (Y, d) is a subspace of the hypermetric space (X, d), then
its associated L-polytope is embedded in the L-polytope associated to (X, d).

LEMMA 3.5 Let P be an L-polytope with set of vertices V(P) and let X be a subset of
V(P). Let Px denote the L-polytope associated with the hypermetric space (X, d(z)). Then,
V(Px) C V(P) with equality if and only if X is a generating subset of V(P).

Proor. Let Ly denote the sublattice of L generated by X and let Ax denote the affine
space generated by X. Let § be the circumscribed sphere to P, so 5 is an empty sphere
in L. The sphere Sx = SN Ax is empty in Lx. Hence, Px = conv(Sxy N Lx) is
an L-polytope and it is the L-polytope associated with the hypermetric space (X, d(2)).
Therefore, V(Px) = Sx N Lx is indeed contained in V(P) = 5N L. It is easy to see that
V(Px)=V(P)if and only if X generates the lattice L. a

In particular, every face of an L-polytope is an L—polytope. For instance, every 2-
dimensional face of an L-polytope is a rectangle or a triangle with no obtuse angles.

COROLLARY 3.6 Let (X,d) be a hypermetric space and (Y, d) be a subspace of (X,d), i.e.
Y C X. Let Px, Py denote the L-polytopes associated, respectively, with (X,d), (Y,d).
Then, V(Py) C V(Px) holds.

There are some properties of the hypermetric space (X,d) which are inherited by its
associated L-polytope. This is the case for hypercube or £1-embeddability as shown in the
next result. Another such property is the notion of rank and extremality as we will see
later in Section 4.1.

ProrposiTION 3.7 (i) [5] Let (X,d) be a hypermetric space and let Py be its associated
L-polytope with set of vertices V(Py). Then, (X,d) is isometrically {;-embeddable if and
only if Py is embedded in a parallepiped, i.e. (V(Py),d®)) is isometrically {,-embeddable.
(ii) [31] Moreover, if d is rational valued, then (X,d) is {(1-embeddable if and only if Py is
embedded in a hypercube with side length A; the smallest such X\ is the scale of both spaces
(X,d) and (V(Py),d®).

Proor. (i) From Proposition 2.1, d is {1-embeddable if and only if d = 37, <} .., An6(Sh)
for some scalars A, > 0, where the S3’s are subsets of X, for 1 <h <m.
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Set €}, = \/Apen, where e, is the h-th unit vector in R™, for 1 < h < m. Let L denote

the lattice in R™ generated by the system of orthogonal vectors (ef,... e/ ). Tt is easy

to check that the sphere § with center ¢ = 137, ;. ¢}, and radius || ¢ || is empty in
L TYori=1,...,n,set I; = {h € {1,...,m} : 4 € 5,}. So, h € I; if and only if
i € Sp. Therefore, d(i,7) = Yi<h<m, |synfig}l=t M = 2a<h<m, heLal, M- From this,
we deduce that the mapping i € X — v; = >,y €, € R™ is a representation of (X, d).
Indeed, d®)(v;,v;) = (Xherar, e ) = >herar, A = d(i,7) holds. This shows that the
L-polytope P, associated with (X,d) is embedded in the parallepiped spanned by e},
1< h<m.

(i7) is based on Corollary 2.2. Indeed, if d is rational valued, then, (X, d) is {;-embeddable
if and only if (X, Ad) is hypercube embeddable for some scalar A\. Let A denote the
scale of (X,d), i.e. the smallest such scalar. Let ¢ € X — w; € {0,1}" be an isomet-
ric embedding of Ad into the hypercube, ie. Ad(7,j) = dy(w;,w;) for i,j € X. But
di(w;,w;) = d(2)(wi,wj) because the w;’s are binary. Hence, they lie on the sphere
S circumscribing the hypercube [0,1]" and S is empty in Z™. Therefore, (w;,7 € X)
is also the hypermetric representation of Ad, i.e. the L-polytope P,y associated with
(X,Ad) is embedded in the hypercube [0,1]". Hence, %PM is clearly the L-polytope
Py associated with (X, d) and, thus, v € V(Py) — VAv € V(Py) C {0,1}" is an h-
embedding of (V(Py), \dd?)). Xis clearly the scale of (V(Py),d?)) since every h-embedding
of (V(Py),ad?) yields an h-embedding of (X, ad). a

3.2 Polyhedrality of the hypermetric cone

An important application of the connection between hypermetric spaces and L-polytopes
is for proving that the hypermetric cone is polyhedral. Indeed, the hypermetric cone
HYP,, 11 is defined by infinitely many inequalities and it is therefore natural to ask whether
a finite subset of them suffices for describing HYP,11. The answer is yes, as shown in the
next Theorem 3.8. Based on the fact that facets of HYP, 11 correspond to a very special
class of L-polytopes (the repartitioning L-polytopes, see Section 4.2), an upper bound on
the coefficients of the hypermetric inequalities that define facets of HYP, 41 is given in
Theorem 4.11.

THEOREM 3.8 [32] For any n > 2, the hypermetric cone HYP, 1 is polyhedral.

Proor. Set X = {0,1,...,n} and let d be a distance on X. Recall, from relation (10),
that, for bo,b1,...,b, € Z with 3 5c,c, b = 1, d satisfies 3 o, ;c,qq bibjd(i,5) < 0
(resp. = 0) if and only if its image p = &y(d) under the covariance mapping £y satisfies
2o1<i,j<n ibipiy — Xi<icn bipii 2 0 (vesp. = 0).
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Since the mapping &g is bijective linear, the cone HYP, 11 is polyhedral if and only if

the cone &(HYP,.41) polyhedral.
For p € £&(HYP,41), we define its annullator Ann(p) by

Ann(p) ={b€Z":b#0,e1,...,ep and Y bibjpi; — Y bipii = 0}
1<¢,5<n 1<i<n

where eq1,...,e, denote the unit vectors in R™. Let F(p) denote the smallest face of
&(HYP,,41) containing p, i.e.

F(p) = &LHYP )0 () H,
be Ann(p)

where Hj denotes the hyperplane in R("2") defined by the equation Zlﬁmﬁn bib;pi; —
Yoi<i<n bipii = 0. Clearly, showing that &(HYP, 1) is polyhedral amounts to showing
that the number of its distinct faces is finite or, equivalently, that the number of distinct
annullators Ann(p), for p € &(HYP,,41), is finite.

Let P; denote the L-polytope associated with d, let L; be the associated lattice and
let ¢ € X — v; € V(P;) be the representation of (X, d) on the sphere S; with center ¢

circumscribing P;. We can assume that vg = 0; then, Ly = Z(v1,...,v,). For v € Ly, set
Z(v)={beZ":v= > biv}.
1<i<n

Then, from Proposition 3.4, we obtain that

(*) Ann(p)U{0,e1,...,e,} = U Z(v).

UEV(Pd)

Suppose that the polytope Py is of type v and let Y., be the integer matrix characterizing
the type 7, as in Proposition 2.13. From Fact 2.12, there exists a base B in R* such that,
if @p, denotes the matrix whose rows are the vectors v € V(F;) and if Mp denotes the
matrix whose rows are the vectors of B, then relation (17) reads

Qp, = Y, Mp.

Let ) denote the n X k matrix whose rows are the vectors v;, 1 < < n. So, ¢ may have
repeated rows and every row of () is a row of ()p,. We have () =Y Mp, for some integer
matrix Y. If we denote by y,, v € V(Fy), the rows of Y., then the rows of Y are the vectors
Yy, for 1 < ¢ < n. Note that the equality v = >~ <;<, b;v; is equivalent to the equality
Yo = Yi<i<n biYo,- Therefore, Z(v) = {b € Z" : y, = 321 <i<;, biy, } for each v € V(Fy).
Hence, for v € V(Py), Z(v) depends only on (Y, Yu,5-- -, Yu, ). Using (*), we deduce that
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Ann(p) is entirely determined by the matrix Y, and the subsystem (y,,,...,¥ys,) of its
rows. In other words, for each d € HYP, 41, the annullator Ann(&(d)) is completely
determined by a pair (7, 6) where v is a type of L-polytopes in R* with k& < n, and 6
is a mapping from {1,...,n} to the set of rows of Y,. Therefore, since the number of
such mappings 8 is obviously finite and since the number of types of L-polytopes in given
dimension is finite (from Theorem 3.8), we deduce that the number of distinct annullators

Ann(&o(d)), for d € HYP,, 11, is finite. O

3.3 L-polytopes in root lattices

In this section, we group several results on L-polytopes in root lattices.

First, we recall the description of the irreducible root lattices and of their L-polytopes.
We also show that, if P is an L-polytope in a root lattice, then its 1-skeleton is completely
determined by the metric structure of P; namely, two vertices form an edge of P if and
only if their squared euclidian distance is equal to 2 (see Proposition 3.9).

Then, we see that L-polytopes in root lattices arise in a natural way from hypermetric
spaces that are connected and strongly even (see Proposition 3.10). As a consequense, we
obtain a characterization of the connected strongly even distance spaces that are hyper-
metric, or isometrically (1-embeddable (see Theorems 3.12 and 3.13).

Let P be an L-polytope which is generating in a root lattice L. If L is reducible, then
L = Ly ® Ly, where Ly and Ly are root lattices. Hence, P = P; x P, where P; is an
L-polytope in L;, for ¢+ = 1,2. Therefore, it suffices to describe the L-polytopes that are
generating in some irreducible root lattice.

The irreducible root lattices have been classified by Witt (see, for instance, [19]). They
are A, (n > 0), D, (n>4),and E, (n =6,7,8). We recall their description below; we
will consider in more detail the lattices Fg, 7 and Fg in Section 5.2.

For each of the lattices A,, D, and F,, we present some information about its roots
(i.e. its minimal vectors) and about its empty spheres (i.e. its holes). For details, we refer,
for instance, to [19], [23] or [24].

Caseof A,, n >0
o A, ={xcz"tt: 2 0<i<n Ti = 0}.
o The roots of A, are the n(n+1) vectors e; —e;, 0 < ¢ # j < n, where ¢; denote the i-th

unit vector in R"*1.

e There are L%J types of empty spheres in A,. Their centers are

a a n+1—a n+1—a
n+1"" " Tn+1’ n+1 7777 n+1

)7

e = (



HYPERMETRICS IN GEOMETRY OF NUMBERS 33

where nil is repeated n+ 1 —a times and —”;';IT_I“ is repeated a times, with corresponding
radius 7, = %, for 1 < a < [™#1]. The case a = |2 corresponds to a deep

hole, i.e. a hole with maximum radius.

e The L-polytope circumscribed by the empty sphere with center ¢, and radius r, has for
vertices the following (") + (§) vectors (1°,0"+1=2=; 15 0°=%) for 1 < b < a, where

the first b ones are chosen among the n + 1 — a positions of the entries = of ¢, and the

n+1
n+l—a
o of ¢,.

last b ones are chosen among the a positions of the entries —
Its 1-skeleton is the Johnson graph J(n + 1,a).

Case of D,, n >4
e The roots of D,, are the 2n(n — 1) vectors te; £ e; for 1 <i# j < n.

e There are two types of empty spheres in D,,, namely, an empty sphere 57 with center
¢4 = (0,...,0,1) and radius 71 = 1, and an empty sphere Sy with center ¢y = (%, .. ,%)
and radius rq9 = 4

e The L-polytope circumscribed by the sphere 57 has for vertices the 2n vectors (0, ...,0),
(0,...,0,2)and (0,...,0,£1,0,...,0,1) where the 1 is in one of the first n—1 positions.
This is the cross-polytope 3, whose 1-skeleton is the cocktail-party graph K, «s.

e The L-polytope circumscribed by the second sphere S5 has for vertices the 27! vectors
x € {0,1}" with 3", ¢, x; € 2Z. This is the half-cube hy, whose 1-skeleton is the
half-cube graph %H(n_, 2). It corresponds to a deep hole in D,,.

Note that, for n = 4, 84 and hy, are affinely equivalent.

Case of Fyg

o bs={r eR¥:2€Z% orx € ($ +Z)®and Y ;czui € 2Z},ie. Egis the lattice
generated by Dg and %ZKKS e;. I'g is unimodular, so F§ = Fs.

e The roots of Eyg are the 240 vectors e; £ ¢; and %(:tel + ...+ e,), where there is an
even number of minus signs in a root of the second kind.

e There are two types of empty spheres in Fg, namely, the sphere S with center ¢; = (1,07)
and radius ry = 1, and the sphere 59 with center ¢; = (%, %7) and radius ry = \/g.

e The L-polytope circumscribed by the sphere 57 has for vertices the following 16 vectors

(0%), (2,07), (1,0,...,0,41,0,...,0), where £1 is in one of the last seven positions. This
is the cross-polytope (g whose 1-skeleton is Kgys. It corresponds to a deep hole in Fjg.
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e The L-polytope circumscribed by the sphere S5 has for vertices the following 9 vectors
(08), (%, .. ,%) and (1,0,...,0,1,0,...,0), where the second 1 is in one of the last seven
positions. This is the simplex ag with 1-skeleton Kg.

Case of Fr

e The root lattice Fr consists of the vectors of Fg that are orthogonal to a given minimal
vector vy of Es. If we choose vg = (3,...,%), then Er = {z € Eg : 3 1<zt = 0}
Another choice for vy could be vy = (1,1,0%); we will work with this definition of E7 in
Section 5.2 (actually, we shall use there for F; the following affine translate {z € Fjg :
eTvg = 2y + 25 = 1}).

e There are two types of empty spheres in F;, namely, the sphere 57 with center ¢; =

32 16 . - 3 . T 17 .

(3,—7 ) and radius r; = /5, and the sphere S, with center ¢; = (g, —g ) and radius
7

Ty = g

e The L-polytope circumscribed by the sphere S has for vertices the 56 vectors ¢; +
(%2, —%6). This is the Gosset polytope 397 whose 1-skeleton is the Gosset graph Gsg. It

corresponds to a deep hole in F7.

e The L-polytope circumscribed by the sphere S5 has for vertices the 8 following vectors
(0%) and (1,0,...,0,—1,0,...,0), where -1 is in one of the last seven positions. This is
the 7-dimensional simplex a7 with 1-skeleton Kg.

Case of Fg

e The root lattice Fg consists of the vectors of Fz that are orthogonal to two nonorthogonal
given minimal vectors vy and wg of Fg. If we choose vg = (1,1,0%) and wg = (—%8), then
Fs={x € Fs:ax14+z2=23+...4 25 = 0}. (In Section 5.2, we select differently vy and
wo and we consider an affine translate as Fg.)

e There is only one type of empty sphere in Fg. Its radius is \/g and it circumscribes

the L-polytope whose vertices are the following 27 vectors (%, —%, %, —%5), (—%, %, %, —%5)
where % is in one of the last six positions, and (0,0, —%2, %4) where the two —%’s are in

the last six positions. This is the Schlifli polytope 257 whose 1-skeleton is the Schlafli
graph Go7. So the star of Fg contains only copies of 29; and of its image under central
symmetry.

We summarize in Figure 1 below some information about the L-polytopes P arising
in the irreducible root lattices. For each of them, we indicate the square 7?2 of its radius
and its 1-skeleton, denoted by H(P) and called an L-polytope graph.
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lattice L L-polytope P | L-polytope graph H(P) | squared radius r?
Ay (0> 0) J(n+1,1) e
for 1<t < |2t

Dn (n Z 4) ﬁn ](n><2 1
hn %H(n, 2) n/4

Fg asg Ko 8/9
Bs Kgyz 1

Fr ar Kg 7/8
321 G56 3/2

E6 221 G27 4/3

Figure 1

We group several observations about the graphs J(n,t), %H(n,Q), Kovo, K,, the
Schlafli graph Gg7 and the Gosset graph (56 occurring in Figure 1.
e There are some isomorphisms among them, namely, J(n,1) = K,, %H(Q,Q) = K,
TH(3,2) = Ky, K3xo = J(4,2), Kaxo = $H(4,2). Note that J(n,2) is the line graph
L(K,) of K, and J(n,2) is also called the triangular graph denoted by 7'(n). The half-
cube graph %H(5, 2) is also called the Clebsch graph.
o J(n,t) is an isometric subgraph of 3 H(n,2) and of J(n + 1,t), $ H(n,2) is an isometric
subgraph of %H(n +1,2), Ky,x2 is an isometric subgraph of K, 41)xs. Also, V%H(5, 2) is
an isometric subgraph of Gar; %H(G, 2), Kgx2, J(8,2) and V(a7 are isometric subgraphs
of Gse. In fact, J(5,2) (resp. 3H(5,2), Gia7) is the subgraph of 1H(5,2) (resp. of Gar,
(i56) induced by the neighbourhood of one of its nodes.
o J(n,t), Kpx2 (n>2), %H(n,?) are (1-graphs, but Go7, G5 are not {1-graphs.

We consider in the next result an interesting property for an L-polytope P in a root
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lattice. Namely, a geometric feature of P is entirely determined by the metric structure
of P: its 1-skeleton consists of the pairs of vertices at squared distance 2.

ProprosITION 3.9 [31] Let P be a generating L-polytope in a root lattice. Let G(P) denote
the graph with set of vertices V(P) and with edges the pairs (u,v) for which d®(u,v) = 2,
Jor u,v € V(P), and let dgpy denote its path metric. Then, d(z)(u,v) = 2dgp)(u,v)
holds for all u,v € V(P), i.e. the L-polytope space (V(P),d(z)) coincides with the space
(V(P),2depy). Moreover, G(P) coincides with the 1-skeleton H(P) of P, i.e. two vertices
u, v form an edge of P if and only if d(z)(u,v) =2.

Proor. Let u,v € V(P) such that dg(py(u,v) = 2. Let (u, uy,v) be a path in G(P) from
u to v, ie. (u—uy)?=(u; —v)?=2and (u—v)?> 2. Observe that

() (uy — )T (uy —v) = 0.

Indeed, (u; — u)T(u; — v) > 0 since any three vertices of P form a triangle with no
obtuse angles. Using relation (14), we obtain that (u; — u)T(u; — v) = 0,1. Moreover,
(u—v)? =4 —2u —u)l(uy —v) > 2, implying that (uy — u)T(uy — v) = 0 and, thus,
(u—v)* = 4.

Consider now u,v € V(P) such that dgpy(u,v) =k > 2. Let (ug = u,uy,...,up = v)
be a shortest path from u to v in G(P). Then, u —v = 3"y, 7, where r; = u; — ;1
is a root, i.e. 77 = 2, for 1 < i < k. So this path corresponds to the sequence of roots
(r1,...,7%). Consider the subpath (u;_1,u;, u;41). Applying relation (*), we deduce that
rIr;41 = 0 holds. So, any two consecutive roots are orthogonal.

Note that w = u;—1 + w41 — u; is also a vertex of P since w € L and w also lies on
the sphere. Hence, (ug,u1,..., %1, W, Wit1,...,u;) is another shortest path from u to v;
it corresponds to the sequence of roots (r1,...,7i—1, 741,74, Tit2,-- ., 7). By the above
argument, TZTTZ'+2 = (ri_l)TrH_l = 0. After iteration, we obtain that any two roots r;,
rj, i # j, are orthogonal. Therefore, (u —v)* = Y2 ;0 77 = 2k = 2dg(p)(u,v) holds.
Moreover, u — v is the diagonal of the k-cube spanned by ry,...,rr, whose vertices all are
vertices of P. Therefore, u,v do not form an edge of P.

It is easy to see that, conversely, any two vertices u, v of P with (u — v)? = 2 form an
edge of P. a

We now see that L-polytopes in root lattices arise in a natural way from connected
strongly even hypermetric spaces.

ProprosiTION 3.10 Let (X, d) be a connected distance space with minimum distance dpin =
2. The following assertions are equivalent.
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(i) (X,d) is of negative type and d takes only even values.
(ii) (X,d) has a representation i — v; € R™ (m > 1) and L = {3 ;cxbiv; : b €
ZX and Y ;cx b; = 0} is a root lattice.

Proor. For (i) = (i), observe that, since (X, d) is connected, then L is generated by
the set {v; —v; 14,5 € X with d(7, j) = dmin}. Hence, L is generated by a set of vectors v
with v2 = 2, implying that L is a root lattice.

(it) = (1) is obvious. ]

CoROLLARY 3.11 Let (X,d) be a connected strongly even distance space. If (X,d) is
hypermetric with associated L-polytope P; generating the lattice Ly, then Ly is a root
lattice.

As an application, we have the following two Theorems 3.12 and 3.13 which give a
characterization of the connected strongly even distance spaces which are hypermetric, or
{1-embeddable. The application to graphs is formulated in Section 6.1.

THEOREM 3.12 [65] Let (X, d) be a connected strongly even distance space. The following
assertions are equivalent.

(i) (X,d) is hypermetric

(ii) (X, %d) is an isometric subspace of a direct product of half-cube graphs %H(n, 2) (n>
7), cocktail-party graphs K, x3 (n > 7), and copies of the Gosset graph Gsg.

Proor. (i) = (i) From Corollary 3.11, the L-polytope Py associated with (X,d)
is generating in a root lattice. Therefore, from Proposition 3.9, The L-polytope space
(V(Fy), @) coincides with the graphic space (V(Py), dg(p, ) which, using Figure 1, is a
direct product of Johnson graphs, cocktail-party graphs, half-cube graphs, copies of Gyr
and Gsg. The result now follows using the remarks formulated after Figure 1.

The converse implication is obvious. a

THEOREM 3.13 ([31]) Let (X, d) be a connected strongly even distance space. The follow-
ing assertions are equivalent.

(i) (X,d) is an {1-space

(11) (X,%d) is an isometric subspace of a product of half-cube graphs and cocktail-party
graphs.

The proof given in [31] is identical to that of Theorem 3.12, using Proposition 3.7 and
the fact that the graphs G27 and G'sg are not {y-graphs.
In the (main) subcase of graphic spaces, another proof was given earlier in [61]; it is
elementary (it does not use L-polytopes), but longer.
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3.4 On the radius of L-polytopes

We now present several results which give, in some cases, a more precise information on
the radius of L-polytopes.

The first result is a partial converse to the implication (iv) = (v) from Proposition
2.5; it gives explicitely the value of the radius of the spherical representation of a distance
space (X, d) of negative type when 3 ;cy d(¢,7) is a constant.

PRrOPOSITION 3.14 Assume that (X,d) is of negative type and that the sum ) ;o x d(i,7)
does not depend on j. Then, (X,d) has a spherical representation, on a sphere whose
center is the center of mass of the representation and whose radius r is given by the
following relation

1
2 . .
- d 18
r# = g X i) (18)
JEX
Proor. By Proposition 2.3, (X,d) has a representation i € X — v; € R™ and, up to
translation, we can suppose that 3. v v; = 0. Then, using relation (3), we obtain that
0= QUJ‘T(ZZ'GX v;) = Ziex(vj + v} —Qd(i,j)) -
=Y iex vi H | X[vF = Yiex d(3, )

which implies that v? is a constant r? determined by 7% = ﬁ Siex d(i, 7). a
2 Zz JEX di] . . .
Note that (18) can be reformulated as r* = SixpE e V27 is the quadratic mean

of the | X|? values \/d;; for i,j € X.
An example of distance space with constant sum ",y d(¢,5)is (V(G),dg), where dg
is the path metric of a distance regular graph G or of a regular graph G of diameter 2.

The next result is a specification of Proposition 3.14 to hypermetric spaces.

ProprosiTION 3.15 [31] Let (X,d) be a hypermetric space, let Py be its associated L-
polytope and let v denote the radius of its circumscribed sphere Sq. If 3oy d(i,j) does
not depend on j, then the radius r is given by relation (18), namely r* = ﬁ Yiex d(i, 7).

Proor. From Proposition 3.14, we can suppose that X lies on a sphere S with center the
center of mass of X and with radius r given by (18). On the other hand, 54 is a minimal
dimension sphere containing X. Hence, S; C S holds. The affine space spanned by 5y
contains X and, thus, its center of mass, i.e. the center of 5. Therefore, S and 5, have
the same radius. a

The following result is a partial converse to the implication (¢i¢) = (iv) from Propo-
sition 2.5.
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ProprosiTION 3.16 [31] Let (X,d) be a connected strongly even distance space. Suppose
that (X,d) has a representation on a sphere with radius r such that r* < 2. Then, (X, d)
is hypermetric.

Proor. Let (v;,i € X) be a representation of (X,d) on a sphere 5. Up to trans-
lation, we can suppose that »; = 0 for some index ¢ € X. From Proposition 3.10,
L(X,d) = Z(v;,i € X) is a root lattice. We show that the sphere S is empty in
L(X,d) which, by Proposition 3.2, implies that (X,d) is hypermetric. Let H be the
affine space spanned by {v; : ¢ € X}. We can suppose that S lies in H (else replace
S by SN H). Let { be the line in R"" orthogonal to H going through the center
of S, and let ¢ be a point on ( such that (¢ — v;)? = 2 for all 7+ € X. Note that
(¢ — v)? < 2 for each point v lying in the interior of the ball delimited by 5. Note
also that (¢ — v;)T (¢ — v;) € {0,—1,1} for all i # j € X. Indeed, (v; — v;)? is even since
(X,d) is strongly even and (v; — v;)? = 4 — 2(¢ — v;)T(q — v;) < 4r? < 8, implying that
(vi —v;)? € {2,4,6}. Therefore, L' = Z(q—v; : i € X) is a root lattice and, in particular,
a’? > 2foreach a € L', a # 0. Suppose now that some point v € L(X,d) lies in the interior
of the ball delimited by S. Then, (v — ¢)? < 2, yielding a contradiction with the fact that
v—q€el. O

We present now some results on spherical t-extensions of hypermetric spaces. Recall
from relation (7) that (X’ = X U{ig},d’) is the spherical t-extension of (X, d) if d'(i,j) =
d(i,7) for 7,7 € X and d'(¢,i9) = ¢ for i € X. Denote d' by sph,(d) and the iterated
spherical t-extensions of d by sph}*(d).

LEmMA 3.17 [48] Let (X,d) be a distance space. Then, sph,(d) € NEG, 41 if and only if
(X, d) has a spherical representation with radius r and r* < t. Moreover,
(i) If r? < t, then sph,(d) has a spherical representation with radius R = 2\/;_?.

(ii) If t = r?%, then sph,(d) has no spherical representation.

Proor. If sph,(d) € NEG, 41, then sph,(d) has a representation ¢ € X' — v; with
(v; — v;,)% = t; hence, the v;’s (i € X) lie on a sphere Sy with center v;, and radius /7.
Let H denote the affine space spanned by (v;,7 € X ). Therefore, the v;’s (¢ € X) lie on
the sphere Sq = So N H whose radius 7 is less or equal to v/%.

Conversely, consider a representation (v;,7 € X ) of (X,d) on a sphere S; with radius
r, 12 < t. Choose a point v;, on the line orthogonal to the affine space H spanned by
(vi,t € X) and going through the center of Sy such that v;, is at squared distance ¢ — r?
from H. Then, (v;,i € X') is a representation of sph,(d), i.e. sph,(d) € NEG,,1;.

If 72 < t, then let S denote the sphere of dimension one higher than that of Sy, which

contains 54 and v;,. So, Sy = 5N H and the radius R of S'is R = 2\/;_?.
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On the other hand, if 7? = ¢, then v;, is the center of S5 = S, and the representation of
sph,(d) is not spherical. ]

Next, we study the values of ¢ for which the spherical t-extension of a hypermetric
space remains hypermetric.

ProprosiTION 3.18 [48] Let (X,d) be a hypermetric space and let r denote the radius of
the sphere Sy circumscribing Py.

(i) If t > 2r?%, then sph,(d) is hypermetric, its radius is R = 2\/;_? with t > 2R? (and
R > r with equality if and only if t = 2r?). Therefore, sphi*(d) is hypermetric for any
integer m > 1.

Moreover, the L-polytope P associated with sph,(d) is a pyramid with base Py if t > 2r?,
or if t = 2r% and Py is asymmetric, and P is a bipyramid with base Py if Py is centrally
symmetric.

(ii) If r? < t < 2r% and if Py is centrally symmetric, then sph,(d) is not hypermetric.

ProoOF. We use the notation from the proof of Lemma 3.17.

(7) Let Lg be the lattice spanned by V(F;) and let L denote the lattice generated by Ly
and v;,. So, L consists of layers which are translates of L4, the distance between consec-
utive layers being h = v/t — r2. By assumption, ¢t > 272, implying that h > R = 2\/5_?.
This shows that the sphere S is empty in L. Therefore, sph,(d) is hypermetric and its
associated L-polytope P has radius R. If ¢ > 2r?, then P is the pyramid with base Py
and apex v;,. If ¢ = 2r%, then one checks easily that the antipode vy of v;, on the sphere
S belongs to L if and only if P; is centrally symmetric. Therefore, if P, is centrally sym-
metric, then P is the bipyramid with base P; and apex v;, and, if Py is asymmetric, then
P is the pyramid with base P; and apex v;,. Note that ¢ > 2R? follows from R = % and
h > R.

(it) Let v € V(Py) and let v* be its antipode on the sphere S;. Then, w = v + v* — vy,
belongs to L and we show that w lies inside S, which implies that sph,(d) is not hyper-
metric. We have that (v — v*)% = 4r?, (v — ;) = (v —v;))2 =t, (v—¢)? = (v = ¢)? =
(vi, — €)* = R?, from which we deduce that (w — ¢)* = R? + 2t — 4r? < R%. 0

We present some examples of applications (see [14], [47]).
Example 3. Consider the complete bipartite graph Ky ,. Its path metric is sphy(d),
where d = 2d( K ,,) takes value 2 on all pairs of {1,...,n}. So, d is hypermetric with radius

n—1

r =4/, since it can be represented by the n — 1-simplex with side length 2. Therefore,

by Lemma 3.17, d(/,, 1) has a spherical representation with radius R = ﬁ = \/g. If

n = 2,3, then VK, ; has a spherical representation; if n = 4, VK4 is of negative type
but not spherical.
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Example 4. Consider the graph K, — P35, for n > 4. Let d denote the distance on
3 points with two values equal to 2 and one equal to 1. Clearly, d(K4 — P3) = sph;(d)
and K41 — Ps = V(K, — Ps), yielding that d(K, — P3) = sph?_?’(d). One checks easily
that d is hypermetric with radius r3, r3 = %, and with associated L-polytope aj. Set
(rng1)? = 4(1i77“%) for n > 3. Then, 73 = %, T2 = %, ré = %, r2 = %, = %, r3 = 1.
From Lemma 3.17, K, — P5 is spherical with radius r2, for n < 9, but not for n = 10.
From Proposition 3.16 applied to 2d(K,, — Ps), we obtain that K, — Ps is hypermetric
for n < 8. It is known that the L-polytope associated with 2d( K7 — Ps) is the Schlafli
polytope 22; and that the L-poytope associated with 2d(Ks — Ps) is the Gosset polytope
321 (see Section 5.2). From Proposition 3.18 (ii), K9 — Ps is not hypermetric since 3g; is

centrally symmetric and 7‘% <t=1< 27‘%. Note that K,, — P53 for n < 6 is an {y-graph.

We conclude this section with an additional observation on the spherical t-extension
operation. Let (X,d) be a distance space with |X| = n and consider the spherical ¢-
extension sph,(d) of d. Proposition 3.18 (¢) can be rephrased as follows.

(i) Suppose d € HYP,,. Then, sph*(d) € HYP, 1, for all m > 1if ¢t > L(diam(Py))?,
where diam(Py) denotes the diameter of the sphere circumscribing the L-polytope Py
associated with d; moreover, we have an “if and only if” statement if P; is centrally

symmetric.

Compare (1) above with the following two assertions (i¢) and (7¢7) that deal, respec-
tively, with the case when the spherical {-extension is a semimetric, or is isometrically

{{-embeddable.

(i7) Suppose d € MET,,. Then, sphi*(d) € MET, 4., for all m > 1 if and only if ¢t >

Tmax(dy; :i,j € X).

(iii) Suppose d € CUT,,. Then, sph}*(d) € CUT 4, if t > £5(d), where s(d) denotes the
minimum size ) g Ag of a realization of d as d = >~ ¢ Ag6(5) with Ag > 0.

Indeed, if d = Y. gAs6(S) with Y gAs = s(d) < 2¢, then sphy(d) = F(35As6(S) +
YogAso(S U {ig}) + (2t — s(d))é({i0})) has a realization of size t + ﬂ;l (ip denoting the

extension point).

Observe also that, in (7), the limit value when m goes to infinity of (diam(Psphm(d)))2
t
is equal to 2¢. Similarly, in (427), the limit value when m goes to infinity of s(sphy*(d)) is
equal to 2t.

Example 5. Let d = d(K,), i.e. d;; =1 for all distinct ¢, j; d is hypermetric with radius

Z=1 (see Example 3). Then, sph,(d) € NEG,4 if and only if ¢t > %=1 (by Lemma 3.17
(i)) and it is easy to see that sph,(d) € MET, ;1 (or CUT, 41, or HYP, 1) if and only if
t

1
> 5.
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Example 6. Let d = d( K, x2). Since K, «2 is the 1-skeleton of the cross-polytope f,,, d is

hypermetric with radius % (see Figure 1 and Proposition 3.9), i.e. the squared diameter

of the L-polytope Py is equal to 2. The minimum size s(d) of a realization of d in CUTy,
is also equal to 2. It is easy to see that, for each integer m > 1, sphi*(d) € MET, 1, (or
CUT,4m, or HYP,4,,,) if and only if ¢ > 1.

4 L-polytopes: rank and hypermetric faces

There is a natural notion of rank for hypermetric spaces. Namely, if (X, d)is a hypermetric
space, then its rank 7k(X,d) is the dimension of the smallest face of the cone HYP(X)
that contains d. The extremal cases when the rank is equal to 1, or the corank is equal to
1, correspond, respectively, to extreme rays and facets of the hypermetric cone.

Correspondingly, we define the rank rk(P) of an L-polytope P as the rank of its L-
polytope space (V(P),d®). L-polytopes of rank 1 are called extreme; they are associated
to hypermetrics lying on an extreme ray of the hypermetric cone.

Extreme L-polytopes have a highly rigid geometric structure; indeed, their only affine
transforms which are still L-polytopes are their homothetic transforms (see Corollary 4.9).
The first example of an extreme L-polytope is the segment aq, associated with the cut
semimetrics. Other examples are known, as the Schlafli polytope 241, the Gosset polytope
391 constructed from the root lattice Fgy and some others constructed from the Leech
lattice Aoy and the Barnes-Wall lattice Aqg; they are described in the next Section 5.

L-polytopes of corank 1, which correspond to facets of the hypermetric cone, are well
understood; they are the repartitioning polytopes considered by Voronoi, described in
Section 4.2. Based on this connection, an upper bound on the coeflicients of hypermetric
facets is given in Theorem 4.11.

We study several properties for the notion of rank of an L-polytope, in particular, in
Section 4.1, including
e its invariance; namely, for each generating subset V of the set of vertices of P, the rank
of the space (V,d?)) is equal to the rank of P (see Theorem 4.5),
e its additivity; namely, the rank of the direct product of two L-polytopes is equal to the
sum of their ranks (see Proposition 4.6).

We present in Section 4.3 some bounds for the rank of an L-polytope in terms of its
number of vertices (see Proposition 4.15). We also investigate in detail in Section 4.2 the
links between faces of the hypermetric cone and their associated L-polytopes.
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4.1 Rank of an L-polytope

Let (X,d) be a hypermetric space, i.e. d € HYP(X). We define its annullator Ann(X,d)
by
Ann(X,d)={beZ¥ :b# e i€ X, Y bi=1, > bibjd(i,j)=0}.
e X 1,J€EX

(This notion was already used in the proof of Theorem 3.8.) The system S(X,d) consists
of the equations 37, . x bbjz(2,j) = 0 for b € Ann(X,d), i.e. S(X,d) consists of the
hypermetric equalities satisfied by d. Let F(X,d) (or F(d)) denote the smallest (by
inclusion) face of the hypermetric cone HYP(X') that contains d. Hence,

F(X,d)y=HYP(X)n () H,
bEAnn(X,d)

where H; denotes the hyperplane in R(l)f;l) defined by the equation 3~ ;¢ y b;0;d(7,7) = 0.
The dimension of F(X,d) is equal to the rank of the solution set to the system S(X,d).

DEerINITION 4.1 (i)The rank rk(X,d) of a hypermetric space (X,d) is defined as the
dimension of the smallest face F(X,d) of HYP(X) that contains d. Its corank is defined
as (|)2(|) —rk(X,d).

(i) The rank rk(P) of an L-polytope P is defined as the rank of the L-polytope space
(V(P),d?), i.e. 7k(P)=rk(V(P),d®). An L-polytope of rank 1 is called extreme.

Hence, rk(X,d) = 1if d lies on an extreme ray of the hypermetric cone; rk( X, d) = (|)2(|)
if d lies in the interior of HYP(X), i.e. F(X,d) = HYP(X), and rk(X,d) = (¥l — 1 if
F(X,d)is a facet of HYP(X).

In fact, the rank of a hypermetric space is an invariant of its associated L-polytope,
namely, rk(X,d) = rk(Py) holds.

We first observe that a hypermatric space and any 0-lifting of it have the same rank.
This means that we may consider only metrics rather than semimetrics.

LEMMA 4.2 Let (X', d") be a 0-lifting of the hypermetric space (X,d). Then,
rk(X',d') = rk(X,d).

Proor. We take the notation of relation (8). We have to show that the solution sets
of the systems S(X,d) and S(X’,d’) have the same rank. Since S(X,d) is a subsystem
of S(X',d"), it suffices to check that, in the system S(X',d'), each additional variable
x(i,jo), for i € X, can be expressed in terms of the variables 2(i,7), for ¢,7 € X. In-
deed, since d(ig,jo) = 0, the triangle equalities (ig,?) — @(jo,?) — z(ig,jo) = 0 and



44 M. DEzA, V.P. GRISHUKHIN AND M. LAURENT

z(jo,1) — @(ig,?) — x(ig,jo) = 0 belong to S(X',d’). This implies that the equality
z(jo, 1) = 2(ig, 1), for ¢ € X, follows from S(X', d). o

An immediate consequence of Lemma 4.2 is that rk(X,d) = rk(Vx, d) holds, if Vx is
the set of vertices of Py representing (X,d). In fact, rk(V,d?) = rk(P) holds for each
generating subset V' of V(P), as shown in Theorem 4.5, implying that rk(X, d) = rk(Fy).

Let P C R* be a k-dimensional L-polytope with set of vertices V(P) and let V C V(P)
be a generating subset of V(P).

For w € V(P), every a € Z" such that w = 3, oy a,v and 3¢y @, = 1 is called an
affine realization of w in the set V.

From Proposition 3.4, we have that, for b € Z" with dovev bo =1,

b€ Ann(V,d?) if and only if Y b,v € V(P).
veV
In other words, there is a one-to-one correspondence between
- the equations of S(V, d?)) and
- the affine realizations of the vertices of P in the set V.

In particular, if B is a basic set in V(P), then each vertex has a unique affine realization
in the set B and, therefore, S(B,d?)) is a system of |V(P)— B| = |V(P)| -k — 1 equations
in (k-|2-1) variables. We deduce that

(’“ s 2) — [V(P)| < rk(B.d%) < (’“ S 1). (19)

LEMMA 4.3 Let V be a generating subset of V(P) and let ¢ € ZV such that Y ovev €0 =0
and ) cy cuv = 0. then, the folllowing equations

> cr(u,v)=0 forueV (20)
veV

Z cyp(u,v) =0 (21)
u,weV
are implied by the system S(V,d?).

Proor. Take u € V. Set ¢!, = ¢, + 1, ¢, = ¢, for v € V, v # u. Then, ¢ is an
affine realization of w in V, implying that the equation 3, , v ¢, ¢, @(v,w) = 0 belongs
to S(V,d@). It can be rewritten as

() Z CpCop(v, W) + 2 Z cpx(u,v) = 0.

v, weV veV
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By multiplying (*) by ¢, and summing over u € V', we obtain the equation from (21).
Then, (20) follows. o

Let 8'(V,d?) denote the system consisting of the equations (20) and (21) together
with the hypermetric equations 3, oy ajayz(u,v) = 0 where, for w € V(P), a¥ is a
given affine realization of w in the set V.

LEMMA 4.4 The systems S(V,d?) and §'(V,d®)) have the same solutions.

ProoF. It remains only to show that each equation of S(V, d(z)) follows from the system
S'(V,d®). For w € V(P), let b be another affine realization of w in V. Then, we can
apply (21) to a¥ — b, yielding that 37, oy (ay — by)(ay — by)z(u,v) =0, ie.

() Z ay ay x(u,v) — 2 Z aybyx(u,v) + Z bybyz(u,v) = 0.

u,weV u,weV w eV

The first term is equal to 0 since it is corresponds to an equation of §'(V, d(?)). From (20),
we have that, for w € V, 3~ cy ayz(u,v) = 3 ey box(u, v) and, thus, the second term of
(*) is equal to =237, v ayayw(u,v) = 0. Hence, the equation -, oy bubya(u,v) =0
follows from S'(V, d?)). o

THEOREM 4.5 [33] Let V be a generating subset of V(P). Then, rk(V,d?) = rk(V(P),d?)
holds.

ProOF. We show that the solution sets to the systems S(V, d?) and S(V(P),d?)) have
the same rank. Since S(V,d?) is a subsystem of S(V(P),d?), it suffices to check that
each variable z(u,w), for u € V,w € V(P) =V, or u,w € V(P) — V, can be expressed in
terms of the variables z(u,v), for u,v € V.

Let w,w" € V(P)—V and let a,a’ denote affine realizations of w,w’ in V', respectively.
We show that the following equations (22) and (23) are implied by S(V(P),d?).

z(w,u) = Z ayz(u,v) for weV (22)
veV

(w,w') = Z ayan(u,v) (23)

u,weV

For this, set b, = —1, b, = a, forv € V and b, = 0 for v € V(P) — (VU {w}), b, = —1,
bl = al for v € Vand b}, = 0 for v € V(P)— (VU{w'}). We can apply Lemma 4.3. From



46 M. DEzA, V.P. GRISHUKHIN AND M. LAURENT

(20), we obtain that, for u € V, 3= cy(p) bua(u,v) = 0, ie.

—z(u, w) + > ey @w(u,v) = 0, thus stating (22). We now apply (21) for b,b" and b+ b'.
We obtain that =, ey (py bubu(u,v) =0, 30, ey (p) Wibia(u,v) = 0 and

D uwev(p)(bu+0,)(by +b7)x(u, v) = 0, from which we deduce that 3=, ,cv(p) bubyz(u,v) =
0. Expressing b’ in terms of @/, we obtain that

= 2uev(p) but(w, w) + Yuev(py, vev buay(u,v) = 0, where the first term is 0 by (20).
Then, expressing b in terms of a, we obtain that — 37 v a,@(w,v)+32, ey @uay@(u,v) =
0, where the first term is equal to (w,w’) by (20). This concludes the proof. O

We conclude this section with an additivity property of the rank of an L-polytope.

ProposITION 4.6 [33] Let Py and Py be L-polytopes; then, their direct product
Py X Py is an L-polytope with rank rk(Py x Py) = rk(Py) 4+ rk(Py).

Proor. Let V; denote the set of vertices of P;, ¢ = 1,2; so, V = V; X V5 is the set of
vertices of Py x P5. Fix by € Vi and by € V3. Let &1 denote the subsystem of S(V, d(2))
consisting of the equations involving only the variables z((u1,b2), (v1,b2)) for uy, vy € V7.
Similarly, Sy is the subsystem of S(V,d(?)) involving only the variables z((by,u2), (b1, v2))
for ug, vy € Va. Clearly, the rank of the solution set to the system §; is equal to rk(F;),
for ¢ = 1,2. In order to conclude that rk(P) = rk(P1) + rk(P), it suffices to show that
the variables z((uy,ug), (v1,v2)), for (uq,uz),(v1,ve) € V. — (Vi X {b2}) U ({b1} x V2)),
can be expressed in terms of the variables z((b1, u3), (b1,v2)) and @((u1,b2), (v1,b2)), for
u1,v1 € Vi, ug, vy € V. We show that the following relation (*) holds.

(*) a((u1,u2), (v1,v2)) = @((b1, uz), (b1, v2)) + @ ((u1, b2), (v1,b2))

for uy, vy € Vi, ug,v0 € Vs
From the identity (uy,uz) = (v1,v2) 4 (b1, uz) + (u1,b2) — (v1,b2) — (b1, v2), we have
the following equation of S(V(P),d?)
(a) 0= ((b1,v2),(v1,02)) + &((v1,v2), (b1, uz)) + 2((v1, v2), (1, b2))
+2((b1, uz), (w1, b2)) — > z((s1,82), (11, 12))-

(s1,82)=(v1,v2),(b1,u2),(ug,b2)
(t1,t2)=(b1,v2),(v1,b2)

Moreover, the affine dependency (v1, v2)+ (b1, ug)+(uy, b2) —(v1, b2) — (b1, v2) — (w1, u2) = 0
yields the equation
(b) 0= a((v1,02), (b1, u2)) + z((v1, v2), (1, b2)) + 2((b1, uz), (u1,b2))
+ (b1, v2), (01,02)) + @((ur, uz), (b1, v2)) + @((ur, uz), (01, b2))
- > z((s1,52), (t1,12))-

(s1,82)=(v1,v2),(b1,u2),(u1,b2)
(t1,t2)=(u1,u2),(b1,v2),(v1,b2)

Substracting (a) from (b) yields
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(C) 0= $((U1,U2),(b1,v2))+$((U1,U2),(U1,b2))— x((“lv“?)v(bMUQ))
—$((U1, u?)v (ulv b2)) - $((U1, u2)7 (vlv v?))-
The next two hypermetric equations follow, respectively, from the identities: (v, ug) =

(ul,u2) —|— (Ul,bg) — (ul,bz) and (ul,vg) = (ul,u2) —|— (bl,vg) — (bl,UQ).
(d)  @((ur, uz), (w1, 09)) + @ ((ur, b2), (v1,09)) — 2 ((wr, uz), (v1,b2)) = 0

(e)  @((u1,u), (br, uz)) + @((by, v2), (by, u2)) — w((u1, ug), (by, v2)) = 0.
Using (c), (d) and (e), we deduce the relation (*). O

For instance, rk(y;) = k since 7, is the direct product (71)* and rk(y1) = 1.

4.2 [L-polytopes related to faces

We show that hypermetrics that lie in the interior of the same face of the hypermetric
cone are associated with affinely equivalent L-polytopes. Therefore, one can speak of the
L-polytope associated with a face of the hypermetric cone.

Let T be an affine bijection of RF. We set

dr(u,v) = (T(u) = T(v))* for u,v € R,

PROPOSITION 4.7 [33] Let P C R¥ be an L-polytope and let V be a generating subset of
V(P). LetT be an affine bijection of R¥. Let F' denote the smallest face of the hypermetric
cone HYP(V) that contains (V,d?)).

(i) If T(P) is an L-polytope, then dr lies in the interior of F, i.e. F(dr)=F.

(ii) If d lies in the interior of F, then the L-polytope P; associated with d is affinely
equivalent to P.

Proor. (i) Let r denote the radius of the L-polytope T(P). We suppose that T(P) is
centered at the origin. We show that dy satisfies the system S(V,d®). Let a € Z" be an
affine realization of w € V/(P). Then, T'(w) = 3", cy a,T(v) is a vertex of T'(P). Therefore,
5 ey Gutodr (8 0) = Sy ey @ute(T(0) = T(0) = 5, ey autn(2 — 2T(u)TT(v)) =
205 555 ey 0, T () = 0.
(it) Let P; be the L-polytope associated with d and let 7" : V' — V(P;) be a generating
mapping such that d(u,v) = (T(u) — T(v))? for u,v € V. The mapping T is one-to-one
since d(u,v) # 0 for u # v € V. We show that 7' can be extended to an affine bijective
mapping of the space spanned by V', mapping V(P) to V(Fy).

First, we verify that T preserves the affine dependencies on V, i.e., for ¢ € ZV with
Yovev Cv =0, > ,cv ¢v = 0 holds if and only if 3¢y ¢,T(v) = 0 holds. Since the vectors
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v,v € V, lie on a sphere, we have that

() Z culod?(u,v) = Z cuo(u —v)2 = =2 (Z cvv)2) .

u,weV u,weV veV

For the same reason,

(k) Z cuCod(u,v) = Z (T(u) —T(v))* = -2 (Z CUT(?})) .

u,weV u,weV veV

By assumption, F(d) = F, i.e. the systems S'(V,d) and S'(V, d(z)) have the same sets
of solutions (using Lemma 4.4). This implies that the quantities in (*) and (**) are
simultaneously equal to zero, i.e. 3, cy ¢yv = 0if and only if }° cy ¢, T(v) = 0.

We now check that, for b € ZY with 3" ey by = 1, 3,y byv is a vertex of P if and
only if >~ cy 0,1 (v) is a vertex of P;. But, by Proposition 3.4, >~ <y byv € V(P) if and
only if d®) satisfies the equation Y ouwev bubyz(u,v) =0 and 3, oy b,T(v) € V(Py) if and
only if d satisfies the same equation.

Therefore, we can extend 7" to the space spanned by V' by setting T(3° cy bov) =
Yovev boT(v); T is affine bijective and maps P on P. a

CoRroOLLARY 4.8 Let (X,d) and (X,d") be two hypermetric spaces with associated I-
polytopes Py and Py. Let F(d), F(d') denote the smallest face of HYP(X ) that contains
d, d', respectively. Then, F(d) = F(d') if and only if Py and Py are affinely equivalent.

COROLLARY 4.9 Let P be an L-polytope in R*. Then, P is extreme if and only if the
only affine bijective transformations T of R* for which T(P) is an L-polytope are the
homotheties.

PRrROOF. Suppose first that rk(P) = 1, i.e. (V(P),d®) lies on an extreme ray of
HYP(V(P)). Assume that T(P) is an L-polytope. By Proposition 4.7 (i), dy = A2d®) for
some scalar A. hence, (T(u) — T(v))* = A} (u — v)? for all u,v € V(P). It is not difficult
to see that, up to translation, A='7 is an orthogonal transformation.

(ii) Let d € HYP(V(P)) with F(d) = F(d®). By Proposition 4.7 (i), the L-polytope P,
associated to d is of the form AP, where A > 0, implying that d = A2d(3). This shows that
(V(P),d®) lies on an extreme ray of HYP(V(P)), i.e. rk(P) = 1. 0

We now describe the L-polytopes which are associated with facets of the hypermetric
cone.
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Let Simy, Stms be two simplices lying in affine spaces that intersect in one point which
belongs to Simq and Simg. Then, their convex hull P = conv(Simy U Simg) is called a
repartitioning polytope. This polytope was studied by Voronoi ([66]). There is only
one affine dependency among the vertices of Stmy and Sims:

Z b,v = Z by,

vEV] vEV2

where > ey by = > e, b0y = 1, 0, > 0 for v € V3 U V3 and V; denotes the set of vertices
of Sim;, 1 =1,2. Set Vo ={v € V; UV;3:b, =0}. Then, P; = conv(Vy UV, — V) is also
a repartitioning polytope, with the same affine dependency between its vertices as P and
P = Il,ev, Pyr,(P1). We denote the repartitioning polytope P by P, where m = [Vol,

p+1=Vi—Vo|and ¢+ 1 = [Vy — Vp|. Hence, P, has m + p+ ¢+ 2 vertices (if p,q¢ > 1)

and its dimension is m + p + ¢. Note that P/, does not denote a concrete polytope, but

a class of affinely equivalent repartitioning polytopes.
We now show that the L-polytope associated with a facet is a repartitioning polytope.
Let d € HYP(X) and suppose that d lies in the interior of the facet defined by the equation

> bibja(i,j) =0, (24)

i,j€X

where b € Z* and > iex bi = 1. Hence, (24) is the only hypermetric equality satisfied by
d. In particular, d(¢,7) > 0 for distinct 7, j; else, d would satisfy the 2(|X| — 2) triangle
equalities d(¢, k) —d(i,j)—d(j, k)= 0and d(j,k)—d(i,j)—d(:,k)=0for k€ X —{i,j}.

ProposiTION 4.10 [33] Let Py be the L-polytope associated with d lying in the interior of
the facet defined by (24). Then, Py is basic and Py is a repartitioning polytope P}, where
m={t:b; =0}, p+1={i:b; >0} and ¢ = |{i:b; <0}

Proor. Let (v;,¢ € X) denote the representation of d on V(Py). From Proposition 3.4,
the equality (24) is equivalent to the point

o= by (25)

1€X
being a vertex of P;. From Proposition 3.4 and the fact that (24) is the only hypermetric
equality satisfied by d, we deduce that vo & {v; : ¢ € X}, V(Py) ={v; : ¢ € X} U {wo}
and the set {v; : ¢ € X} is affinely independent. Hence, P; has |X|+ 1 vertices and
ZueV(Pd) b,v = 0 is the only afline dependency between the vertices of P, after setting



50 M. DEzA, V.P. GRISHUKHIN AND M. LAURENT

by, = b;if v =wv; for i € X and b, = =1 if v = vg. Set Vo = {v € V(Py) : b, = 0},
Vi={ve V(P :b, >0}, Vo ={ve V(FP) :b, <0}, m = [Vo|], p+1=|V4]
and ¢ + 1 = |V_|. Then, P, = conv(V4 U V_) is a repartitioning polytope qu and
Py = Myev, Pyr,(P1) is a repartitioning polytope P". O

As we see in the next FExample 7, there exist distinct hypermetric facets for with the
b;’s have the same numbers of positive and negative components; hence, they correspond
to repartitioning polytopes with the same parameters p and ¢g. For this reason, we denote
the repartitioning polytope associated with the hypermetric facet (24) by P, (b).

Note that the matrix Y, characterizing the type of the repartitioning polytope P, (b)

is of the form [61.[..bn] (recall Fact 2.12).

Example 7. Let (24) be a triangle equality, i.e. by = by = 1,b5 = —1 and b; = 0
otherwise. Then (25) reads vg = v1 + vz — vz and V4 = {vy, v}, Vo = {vs,v9}. Therefore,
the L-polytope associated with a triangle facet is PlO’1 or, more precisely, Pﬂl(l, 1,-1),a
rectangle whose diagonals are the segments [vy, v9] and [vg, v3].

Let (24) be a pentagonal facet, i.e. by = by = bs = 1, by = b5 = —1 and b; = 0 otherwise.
Then, (25) reads vg = v1 + v3 + v3 — v4 — v5. Therefore, the L-polytope associated with
the pentagonal facet is PQO’2 or, more precisely, P2072(1, 1,1,—1,—1), the convex hull of two
intersecting triangles.

We give two examples of distinct hypermetric facets for which the associated repartitioning
polytopes have the same parameters p,q. Set by = (2,2,2,1,1,1,-2,-2, -2,
—1,—-1)and by = (1,1,1,1,1,1,—1,-1,—1,—1,—1). Then, (24) defines a facet for both
by and by; both are associated with a repartitioning polytope with parameters p = ¢ =5
(with, of course, distinct affine dependency (25) between their vertices).

We can now derive an upper bound for the largest coefficients of hypermetric facets.
Set

bihax = maxi<i<a(|bil 1 b€ Z", 1 cicn bi = 1,
Yoi<icj<n bibja(i,7) < 0 defines a facet of HYP,, ).

THEOREM 4.11 [138] Forn >4, b7, < %q_—lﬂ

Proor. Let P denote the L-polytope associated with a hypermetric facet

Pi<icj<n bibja(i,j) = 0. Let L denote the lattice generated by V(P). From Proposition
4.10, P is a repartitioning polytope of dimension n — 1, with n + 1 vertices vg, v1,..., 0,
where vg = > «;<,, biv; is the unique affine dependency among them.

We consider the (n+4 1) x n matrix M whose rows are the vectors (1, v;) for i = 0,1,...,n.
Let M; denote the n x n matrix obtained from M by deleting its i-th row. We have that
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|det(My)| = det(L) since (vq,...,v,) is an affine base of L, and |det(M;)| = |b;|det(L) for
it =1,...,n. Let Sim; denote the (n — 1)-simplex whose vertices are (1,vp) and (1,v;)
for 1 <j < mn,j#1, and let (); denote the parallepiped spanned by these vectors. Then,

vol(Sim;) = %l_%’,l But, vol(Q;) = |det(M;)| and vol(Sim;) < vol(P), since Sim; is con-

tained in an affine translate of P. Therefore, |bELdf§()j?) < wol(P) with vol(P) < %

by Proposition 2.9. This implies that |b;] < % O

As a consequence of Theorem 4.11, we obtain that the hypermetric cone HYP,, has

n—1
at most 2(=1)° ((nn;{—ll)') facets ([13]). This shows again that the hypermetric cone is
polyhedral. Actually, the proof of Theorem 4.11 is a refinement of that of Theorem 3.8. It
takes advantage of the fact that L-polytopes associated with facets, namely repartitioning

polytopes, have a much simpler structure than the L-polytopes of arbitrary faces.

REMARK 4.12 [13] As a consequence of Theorem 4.11, we obtain that testing whether a
given distance d is hypermetric is in co-NP. It is not known whether testing hypermetricity
is NP-hard. But the following complexity results are known.

(i) Given an integral distance d and an integer m, does d satisfy all (2m + 1)-gonal hy-
permetric inequalities ¢ This problem is in co-NP.

(ii) Given an integral distance d. Is d hypermetric ¢ If not, give the smallest k such that
d violates a (2k + 1)-gonal inequality. This problem is NP-hard.

We conclude this section with an observation on L-polytopes with small corank. We
recall that we do not know any example of a non basic L-polytope. We conjecture that
every L-polytope is basic. This is indeed the case for simplices and repartitioning poly-
topes, i.e. for L-polytopes associated with hypermetrics with corank 0 and 1. We extend
this fact to the case of hypermetrics with corank 2 and 3.

ProprosiTION 4.13 Let P be a k-dimensional L-polytope and let V' be a generating subset
of V(P). If the hypermetric space (V,d®)) has corank ("2/') — rk(V,d®) < 3, then P is

basic.

Proor. We show that V is affinely independent, which implies that P is basic. Suppose,
for contradiction, that >~ .- 0,v = 0 is an affine dependency with ¢' C V and b, # 0
for v € C'. By Lemma 4.3, the equations )~ <o byz(u,v) = 0, for uw € V, follow from the
system S(V,d)). One can check that the matrix of the subsystem 3, b,a(u,v) = 0,
for u € C, has full rank |C]. Since the corank of (V, d(z)) is equal to the rank of the matrix
of the system S(V,d(?), we deduce that corank(V,d®) > |C|, implying that |C] < 3.
Hence, C' = {vy, vy, v3} and, for instance, vz belongs to the segment [v1, v2]. So we have a
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triangle with an obtuse angle, yvielding a contradiction. a

We summarize in Figure 2 below some of the main facts we know about the connec-
tions between faces of the hypermetric cone and their associated L-polytopes.

hypermetric d associated L-polytope Py
d is a cut semimetric <= P=qa
F(d) = HYP,p < Py =ay,
dec CUT, 1 <= V/(P) is contained in the set of
vertices of a parallepiped
F(d) is a facet <= P;is a repartitioning polytope
F(d) is an extreme ray <= Py is extreme
F(d)= F(d) <  Pj, Py are affinely equivalent
Figure 2

For the first two equivalences, see Examples 1 and 2 and, for the last four equivalences,
see, respectively, Propositions 3.7, 4.10, Theorem 4.5 and Corollary 4.8.

4.3 Bounds on the rank of basic L-polytopes

In this section, we present some bounds for the rank of a basic L-polytope. Recall that an
L-polytope P is basic if its set of vertices V(P) contains a base of the lattice generated
by V(P).

LeMMA 4.14 Let P be a basic k-dimensional L-polytope. Then, the following relations
hold.

h(P) > (’“ N 2) - ) (26)
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rk(P) < (’“ : 1) (27)

Proor. It follows immediately from relation (19) and Theorem 4.5. o

For centrally symmetric L-polytopes, we can improve the bound (26).

ProrosiTION 4.15 [33] Let P be a centrally symmetric k-dimensional L-polytope. Then,

k+ 1) _ver (28)

rk(P) > ( 5 5

Proor. Let B be a basic set in V(P). For each w € V(P), a" denotes the affine
realization of w in B and h(w) denotes the corresponding hypermetric equality of the
system S(B,d?), ie. we set h(w) := Y ouweB Gy ayv(u,v). Let v € B. Since w* =
v+ v* — w, the affine realization ¢®" of w* in B is given by " = e, + a*" — a™, where ¢,
is the v-th unit vector in R®. Hence, we have that

h(w*) = h(v*) + h(w) + 23 pep aliz(v, u)

-2 wepana(v,u') —2 Y uleB af;aﬁx(u, u'),
l.e.

(a)  Ww")=h(w)+ Z ay, (h(v*) —2z(v,u) + 2 Z als (z(v,u') — x(u,u'))) .

uwEB uw'eB
If w € B, then h(w) is zero and, thus, (a) implies that
(b)  h(w")=h(»")—2z(v,w)+2 Z als (x(v,u') — x(w,u')).
wEB
Now, we deduce from (a) and (b) that, for each w € V(P),

(¢)  h(w")=hlw)+ Z ay h(u™).

ueB

Using (c¢) for w = v*, we deduce that

(d)  0=h(v")+ > a’ h(u").

ueB

We now show that the system S(B,d(z)) can be reduced to a system of |V(2_P)| -1
equations, which implies that the rank of its solution set is greater or equal to <k-|2-1) —
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MQBM + 1. Clearly, the base B contains at most one pair of antipodal points. For a set A,
we set A* = {a* :a € A}.
Suppose first that B contains no pair of antipodal points. Then, V(P)= BUB*UAU A",
for some A C V(P)— B. By (c), each equation h(a*) = 0, for a € A, follows from the equa-
tions h(a) = 0, for a € AUB*. From (d), one of the equations h(b*) = 0, for b € B, follows
from the others. Therefore, the system S(B,d?)) reduces to |A| 4+ |B*| - 1 = |V(2_P)| -1
equations.
Suppose now that B contains one antipodal pair, i.e. B = B’ U {v,v*} with |B'| = k — 1.
Then, V(P) = BU(B')*UAUA* for some A C V(P)— B. Hence, S(B) reduces again to
|Al + [(B")*| = @ — 1 equations. O
For example, the k-dimensional simplex aj has k 4 1 vertices; relations (26) and (27)
hold at equality. It is easy to check that the rank of the k-dimensional cross-polytope g

is 7k(Br) = (k-|2-1) — k + 1. Hence, (3 realizes equality in the bound (28).
The following Lemma 4.16 may be useful for computing the rank of L-polytopes.

LEMMA 4.16 [33] Let P be a basic k-dimensional centrally symmetric L-polytope and let
B = {vg,v1,...,v5} be a basic set in V(P). Let H denote the affine space spanned by
By = {vy,...,v,} and set Py = PN H. If Py is an asymmetric L-polytope and if there
exists w € V(P) — H such that w ¢ {v},...,v;} and w — vy € H, then rk(Py) = rk(P)
holds.

Proor. The set By is basic in V(P;) = V(P) N H. Hence, rk(P;) is equal to the rank
of the solution set to the system S(Bj,d®). In order to show that rk(P) = rk(Py), it
suffices to check that each variable z(vg,v;), for 1 < i < k, can be expressed in terms of
the variables z(v;,v;), for 1 < ¢,57 < k, in the system S(B,d®). Let a,b € Z*¥t! denote
the affine realizations of w,v§ in B. We have ag # 0,1 since w € H and w — vy ¢ H;
also, by # —1, else the center % of P would lie in H contradicting the fact that Py is
asymmetric. Using relation (b) from the proof of Proposition 4.15 (applied to v = vy and
w = v;), we deduce that
h(v) = h(vg) = 2x(v0, vi) + 2 o< j<k bj(2(v0, v;) — 2 (vi, v;)).
Set hi = =231 ;< bja(vi, v;) for 1 <4 < k. Then,
B(e7) = h(eg) - 2a(v0,0)(bo + 1) + by +2 Toe e by, ).
Substracting the above relations with indices ¢ and 1, we obtain that the equation

hi — hy

() z(vg,v;) = x(vg, v1) + m

)
(

=0, i.e.
*), it can be rewritten as

follows from S(B,d?). Consider now the equation h(w
0= 1<ici<k bibjx(v;,v;) + Po1<i<k b;box (v, v;). Using
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0 = Yicicj<k bibja (v, v;) + bo(1 — bo)z(vg, v1) + 2(19?)—0+1)21§i§k b;(h; — 1). Therefore,

x(vg, v1) and, thus, each z(v;, vg), can be expressed in terms of z(v;,v;), 1 <t < j<k. O

5 Extreme L-polytopes

In this section, we consider extreme L-polytopes, i.e. L-polytopes with rank 1. If P is an
L-polytope, then P is extreme if and only if the only affine bijective mappings T for which
T(P) is still an L-polytope are the homotheties (see Corollary 4.9). Extreme L-polytopes
are of particular interest since they correspond to the extreme rays of the hypermetric
cone.

More precisely, if d € HYP,, lies on an extreme ray of HYP,, then its associated
L-polytope Py is an extreme L-polytope of dimension & < n — 1. Conversely, if P is a
k-dimensional extreme L-polytope, then, for each generating subset V' of its set of vertices,
the hypermetric space (V, d(z)) lies on an extreme ray of the hypermetric cone HYP(V).
Moreover, by taking 0-liftings of (V, d(2)), we obtain extreme rays of the cone HYP,,, for
any n > |V|. In particular, if P is basic, then each basic subset of V(P) yields an extreme
ray of the hypermetric cone HYPy4q and, thus, of HYP,,, for n > k4 1. Therefore, finding
all extreme rays of the hypermetric cone HYP,, yields the question of finding all extreme
L-polytopes of dimension k£ < n — 1.

The only basic extreme L-polytope of dimension k£ < 5 is the segment a;, of dimension
1. Indeed, it is known that the only extreme rays of the hypermetric cone HYP,, for
n < 6, are the cut semimetrics with associated L-polytope ay (see [28] for n < 5 and [15]
for n = 6). Actually, it is announced in [44] that oy is the only extreme L-polytope of
dimension k£ < 5, i.e. the assumption about “basic” can be dropped.

For n > 7, the hypermetric cone has extreme rays which are not generated by cut
semimetrics. Indeed, there exists a basic extreme L-polytope of dimension 6, namely,
the Schlafli polytope 241; it is asymmetric and has 27 vertices. The Gosset polytope 391
is a basic centrally symmetric extreme L-polytope of dimension 7 with 56 vertices. We
describe the polytopes 291 and 351 in Section 5.2. Other examples of extreme L-polytopes
are presented in Sections 5.3 and 5.4. We refer to [33] for a detailed treatment of the
topics treated in this section.

Actually, aq, 291 and 397 are the only extreme L-polytopes occurring in root lattices.

THEOREM 5.1 Let P be a generating L-polytope in a root lattice. Then, P is extreme if
and only if P is aq, 291 or 391.
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Proor. Let L denote the lattice generated by V(P). By assumption, L is a root lattice
and, by Proposition 4.6, L is irreducible. Hence, P is one of the L-polytopes from Figure
1. This implies that P is aq, 291 or 331 since the other polytopes give {1-spaces. a

5.1 Extreme [-polytopes and equiangular sets of lines

In this section, we present bounds on the number of vertices of a basic extreme L-polytope
and we compare them with some known bounds for the cardinality of equiangular sets of
lines. We also present some constructions of equiangular sets of lines by taking sections
of the sphere of minimal vectors in a lattice.

As an immediate consequence of Lemma 4.14 and Proposition 4.15, we have the fol-
lowing lower bounds for the number of vertices of an extreme basic L-polytope.

THEOREM 5.2 Let P be a k-dimensional basic L-polytope. If P is extreme, then,

k(k +3)
2

\V(P)| > if P is asymmetric (29)

\V(P)| > k(k+1) if P is centrally symmetric. (30)

There is a striking analogy between the lower bounds (29), (30) and the following
known upper bounds (31), (32) for the number N, of points in a spherical two-distance
set of dimension k and the number N, of lines is an equiangular set of lines of dimension

k (see [53]).

N, < AEx3) (31)
N, <MD (32)

Recall that equiangular sets of lines and spherical two-distance sets are in one-to-one
correspondence. Namely, let £ be a set of equiangular lines of dimension k 4+ 1 and let
ly € L. Choose a unit vector eg along ¢y and, for each ¢ € L, { # {y, choose a unit vector
e; along ¢ which forms an acute angle with eg. Then, the set P = {e;: € € L — {{p}} is
a spherical two-distance set in dimension k; indeed, if ¢ denotes the common acute angle
between the lines of £, then P lies on the sphere of center (cos ¢)eg, radius sin ¢, in the
hyperplane 27 ey = cos ¢. The construction can be reversed. Also, |P| = |£| — 1 and thus
the two bounds (31), (32) can be deduced from one another.
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The bound (32) was given by Gerzon who proved, furthermore, that, if equality holds
n (32), then & +2 = 4,5 or k + 2 = ¢? for some odd integer q,q > 3 (see [53]). The first
case of equality in (32) is N, = 28 for ¢ = 3,k = 7; it is well-known that an equiangular
set of 28 lines can be constructed from the Gosset polytope 321 (see Section 5.2). Also, the
set of vertices of the Schlifli polytope 25 is a spherical two-distance set in RS, realizing
equality in (31). The next case of equality is Ny = 276 for ¢ = 5,k = 23. Neumaier ([54])
has shown how to construct a set of 276 equiangular lines using the Leech lattice Agy.
In Section 5.3, we shall see that an extreme centrally symmetric L-polytope of dimension
23 and with 552 vertices can be constructed from this set of lines, also that a suitable
section of it is an extreme asymmetric L-polytope of dimension 22 and with 275 vertices.
The next cases of equality in (32) are Ny = 1128 for ¢ = 7,k = 47, and N, = 3160 for
g =9,k =79; but it is not known whether such sets of equiangular lines exist in these two
cases.

On the other hand, we shall see in Section 5.4 some examples of extreme L—polytopes
realizing equality in the bound (29) or (30), but not arising from some spherical 2 -
distance set or from some equiangular set of lines. Also, we shall have examples of extreme
L—polytopes that do not realize equality in the bound (29) or (30).

We now present a general construction for equiangular sets of lines by taking a suitable
section of the sphere of minimal vectors in an integral lattice.

Let L be a lattice with minimal norm ¢ and let L., be its set of minimal vectors.
Given a € L, a # 0, set V = {u € Luyin : 2u’a = a?}. Hence, all u € V lie on a sphere
with center §. By Lemma 2.10,if V' # (), then the polytope P = conv(V) is an L-polytope.
Moreover, P is centrally symmetric.

The following properties can be easily checked: V' # ) if and only if ¢ = ay + ay for
some ay,ay € Lyin and, then, ay,ay € V. If V #£ 0, then |V| = 1 if and only if a® = 4¢. If
|V| > 2, then, for all u,» € V such that v # u,a — u, we have that

(33)

(This follows from the fact that (v — v)* > ¢ and (u + v — a)? > t.) This implies that
t<a?<2tif |[V] > 3.

Since P is centrally symmetric, we can arrange its vertices into pairs of antipodal
vertices. Fach such pair determines a line going through § and with direction 2u — a, for
u € V. Let £ denote this set of lines and let V' = {y/2(u — %) : uw € V'} denote the set of

their directions. Note that u/? = 2t — % for ' € V', and w/Tv" = 2ulv— % for u',v' € V'.

Therefore, if I is an integral lattice, then u'2, w/Tv’ are integers with the same parity as



58 M. DEzA, V.P. GRISHUKHIN AND M. LAURENT

2

%. Note also that, from relation (33), we have that —(t — %) < T < (1 — %) for

uw' v e Vv £ o', —u'. Using the above observations, we obtain the following resuft.
ProposiTION 5.3 [30] Let L denote the set lines determined by the diagonals of the poly-
tope P = conv(V'). The following assertions hold.

(i) If a® = 21, then the lines in L are pairwise orthogonal.

(ii) Suppose a* = 2t — 2, t > 2 and L is an integral lattice. Then, L is an equiangular set
1 s

of lines with common angle arccos(17) (resp. arccos(0) = §) if ¢ is even (resp. odd).

(iii) Suppose a® = 2t — 4, t > 4 and L is an integral lattice. If t is odd, then L is equian-

gular with common angle arccos(t_l_%) and, if t is even, then there are two possible angles
2

between the lines of L, namely arccos(5) and arccos(0) = 7.
We give an illustration of the above construction in the case (i) when a? = 2¢ — 2,

t = 2 and L is a root lattice (see [30] for details). For each irreducible root lattice, we

indicate what is the L-polytope P produced by the construction, the number of lines in

the equiangular set £ of its diagonals and the dimension in which £ occurs.

-for L=A,_1, P= 0,1, |L] =n—1, in dimension n — 1,

-for L =D,, P =a1 X B,-2, |£] = 2(n — 2), in dimension n — 1,

- for L = Fg, the 1-skeleton of P is J(6,3), |£| = 10, in dimension 5,

-for L = F;, P = %H(G,Q), |£| = 16, in dimension 6,

- for L = Fg, P = 39y, |£] = 28, in dimension 7.

Note that, in dimensions 5 and 6, the maximum cardinality of an equiangular set of lines is

equal to 10 and 16, respectively; so the two examples above from Fg and F7 are maximum.

5.2 The Schlafli polytope 2,; and the Gosset polytope 3,; are extreme

In this section, we show that the Schlifli polytope 257 and the Gosset polytope 341 are
extreme. The proof uses the treatment for the notion of rank developed in Section 4.1.
The main steps of the proof are:

e find an affine base B, so |B| = 7 for 291 and |B| = 8 for 331 (therefore, showing that
both 221,321 are basic L—polytopes),

¢ using the affine decomposition of each non basic vertex in B, find the explicit description
of the system S(B,d(?) (it consists of 27-7=20 equations for 251 and 2¢ — 1 = 27 for 341),
e show that the solution set to the system S(B,d®) has rank 1.

We need an explicit description of the polytopes 251, 351. We refer, for instance, to [19],
[23], [24] for a detailed account of the facts about Eg, E7, Fs mentioned below.
The lattice Fg is defined by

1
Es={zcR®: 2 cZorzc(=+Z)°® and inEQZ}.
2 1<i<8
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Let Vg denote the set of minimal vectors of Eg; Vg consists of
e the 112 vectors (£1%,0°) and

o the 128 vectors (:l:%g) that have an even number of minus signs.
So, |Vs| = 240 and vy = 2 for v € V. The set Vg lies on the sphere Sg with center 0 and

radius /2.

Let vg = (1,1,0°) be a given minimal vector. One can check that vTwy = 0,41 for all
v € Vg, v # fug. The lattice Fr is defined by

={zebyg: aTvg=1}.

Let I; denote the hyperplane defined by the equation z7vg = 1; then, S; = Ss N Hr is

the 7-dimensional sphere with center % and radius \/g Set

Vi={x € Vg: 2oy = 1}.

Then, V7 consists of
e the 12 vectors (1,0, 41,0%),
e the 12 vectors (0,1,+1,0°) and

e the 32 vectors (%, %, :l:%6) with an even number of minus signs.
So, |Vz| = 56 and V7 lies on the sphere S7. By Lemma 2.10, the polytope conv(V7) is an
L-polytope; it is the so-called Gosset polytope 331. Observe that the 56 points of V7 are
partitioned in 28 pairs of antipodal points (with respect to the sphere 57, i.e. the antipode

of vis v* = vy — v). So, the polytope 331 is centrally symmetric.

8 . .. 6
Let wg = (%) be a given minimal vector of V7; so, w§ = (%, %, —% ) One can check

that vTwg = 0,1 for all v € V7, v # wg and v # w}. Then, the lattice Eg is defined by
Eg={x€ FE7: 2wy = 1}.

Note that, if v* is the antipode of v € V7, then vTwy + (v*)Twe = vwy = 1 and, thus,
vT'wy = 1if and only if (v*)Twe = 0. Let Hg denote the hyperplane defined by the equation
2Twy = 1; then, S¢ = S7 N Hg = Ss N H7 N Hg is the 6-dimensional sphere with center
UO"'TWO and radius \/g. Set
V6I{$€V7: xTwozl}

and Vg = {v*: v € Vg}. Hence, V7 = Vg U Vg U {wg, wi}. The set Vi consists of
e the 6 vectors (1,0, 1,0%),
e the 6 vectors (0,1,1,0°) and

1

2

e the 15 vectors (%, , 12, %4).
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Hence, |Vs| = 27 and Vg lies on the sphere Sg. The polytope conv(Vs) is the so-called
Schlafli polytope 291; from Lemma 2.10, it is indeed an L-polytope and it is clearly asym-
metric.

REMARK 5.4 (i) The 28 distinct lines determined by the diagonals of 321 form a 7-
dimensional set of equiangular lines with common angle arccos(%); this can be seen directly
or as an application of Proposition 5.3 (ii).

(i) For u,v € Vg, v # u,uTv = 0,1 and, thus, d¥(u,v) = (u—v)? = 4 (ifu"v =0) or 2 (if
ulv = 1). Therefore, the 27 vertices of 291 form a 6-dimensional spherical two-distance
set of points.

(iii) The graph whose nodes are the vertices of 231 and with edges the pairs (u,v) of vertices
at the smallest distance d(2)(u, v) = 2, is called the Schlafli graph and is denoted by Gy7.
The graph whose nodes are the vertices of 331 and with edges the pairs (u,v) of vertices
with d(2)(u,v) = 2 is called the Gosset graph and is denoted by Gss. From Proposition

3.9, Giar (resp. Gse) is the 1-skeleton of 291 (resp. of 321).

We now show that the polytopes 257 and 35 are extreme. This result was proved in
[33]; another proof was given in [44].

THEOREM 5.5 The Schlifli polytope 291 and the Gossel polytope 321 are basic extreme
L-polytopes.

ProoF. We denote the vectors of Vg by u; = (1,0,1;0%), v; = (0,1,1;,0°%), where the
first two coordinates are fixed and the second 1 stays in the (2 + ¢)—th position, for

1<¢<6,and u;; = (%, %, (—%) . (—%) . %4) where the two —%’s stay in the (24 ¢)—th
é j
and (2 + j)—th positions for 1 < ¢ < 7 < 6. One can verify that the distances between the
points of Vg are as follows, where we set ¢ = 2.
d(ui,u;)  =d(vi,v;) =tfori#j
t ifi=y
2t ifi#£j
() ' B ' )t e {k 1}
dluiswn) = dlviwn) =4y it e (k1)

ot LN k=1
i) = i i) {2 = 0
Consider the following subset of Vg

d(ui,vj) =

Bg = {UlzaU247U347U357U157U67@6}-

One can check that Bg is an affine basis of Fg,i.e. that Bg generates the set V5. The affine
decompositions of the non basic points of V5 — Bg in Bg give the following system of 20
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hypermetric equalities in the 21 variables d(7,j) for 1 < i < j < 7 (the indices are modulo
5).

d(e,6)+d(i+1,6)—d(i,i+ 1) =0 for1<i<5
d(e,7)+d(i+1,7)—d(i,i+ 1) =0 for1<i<5
d(i,i4+2)+d(i,14+3)—d(i +2,i+ 3) =0 for1<i<5
d(6,7) + > d(i, j)— > (d(i,6)+d(i,7)) =0 for1<k<5

i,je{k,ik<+]1,k+2} ie{kk+1,k+2}

In fact, the equalities of the first, second and fourth lines corrspond to the representa-
tions of v;, u; and wugg, respectively. The equalities of the third line correspond to the
representations of uys, g5, U3, u13 and uq4.
For example, the equality d(1,6)+d(2,6)—d(1,2) = 0 comes from the affine decomposition
Vs = U12 + U3z4 — Ug of (% in B6.

One can verify that the solution set to the system S(Bg, do) described above, is precisely
given by (*) and, thus, has rank 1. Therefore, rk(221) = rk(Bs,dp) = 1, showing that 23,

18 extreme.

We now turn to the case of 331. Consider the set By = Bg U {wo}. It is clear that By
is an affine base of E7, i.e. that B; generates the set V7. Indeed, V7 = Vg U Vi U {wo, w},
Vg = U2 + Uszg + Usg — Wo and, for v € V6, v* = Vg — UV = U1p + U3q + Use — Wy — ¥ iS, thllS,
affinely decomposable in B;. Since wl v = 1 for all v € Bg, we have that d(2)(w0,v) =2
for v € Bsg.

From Lemma 4.16 (applied to P = 391, P = 291, H = Hg and w = ujy), we deduce
that 7k(221) = rk(321), implying that 331 is extreme.
Note that the system S(Br,d?) consists of the system S(Bs,d®)) together with the 7
equations corresponding to the decomposition of v»* in By, for v € Bg, and shown below.

d(6,8)+d(i+1,8)—d(i,i+ 1) =0 for1<i<5
{ d(1,2)+d(1,3)+ d(2,3)+ d(k,8) — Z (d(i,k)+d(¢,8)) =0 fork=6,7

i=1,2,3
O

Since 2 is extreme and basic, each basic set B C V(251) yields an extreme ray of
the hypermetric cone Hyp;. We have constructed in the proof of Theorem 5.5 the basic
set Bg. It is interesting to know how many distinct (up to permutation) extreme rays of
Hyp; arise in this way from 291. Actually, we believe that all the extreme rays of Hypr,
other than those generated by the cut semimetrics, arise from 251.

For each basic subset B C V(241) = V5, we define the graph G27[B] with set of nodes
B and with edges the pairs of points of B at the smallest distance 2. So, Ga7[B] is the
subgraph of the Schlifli graph Gy7 induced by B; Gy7[B] is called a basic subgraph of
Gio7. For instance, for the basic set Bg defined above, G37[Bg] is K7 — Cs (where Cj is the



62 M. DEzA, V.P. GRISHUKHIN AND M. LAURENT

cycle on the nodes (w12, us4, 15, Uz4, Uss)).

By direct inspection of the 7-vertices subgraphs of the Schlafli graph, we found that
there are in total 26 distinct basic subsets in 297.

Eight of them are connected with Theorem 6.8; namely, they are the graphs G;, 1 < ¢ <
8, where Gl = VBQ (SO7 Gl = G27[B6]), G2 = VHQ, G3 = VHl, G4 = VBg, G5 = VB7,
Ge¢ =VH,y, Gr = VHs and Gs = VBs. The graphs B; (1 <7 <8)and H; (1 <i¢<4) are
shown in Figures 9 and 10, respectively.

We show in Figures 3, 4, 5 and 6 the 26 basic subgraphs of Gy7. Actually, we depict
there the complements G; of the graphs (7; since they appear to be simpler to draw. Hence,
in Figures 3, 4, 5 and 6, an edge means a pair of points at the largest distance 4. The
26 basic graphs G; (1 < ¢ < 26) are partitioned in five classes indexed by some integer
¢, = 8,11,12,14,15. In fact, all basic graphs of the same class are switching equivalent
and the invariant ¢ of each switching class is the number of odd tuples, i.e. triples of nodes
carrying an odd number of edges. We refer to [33] for more details about the occurrence
of switching here.

Finally, note that one obtains at least 26 distinct extreme rays for Hyps from the
Gosset polytope 321. Indeed, each basic set of 251 can be augmented to a basic set of 35;.
We do not know about the classification of all other basic sets of 39;.

Figure 3
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Figure 4

Figure 5
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Figure 6

5.3 Extreme L-polytopes in the Leech lattice Ay

In this section, we describe two extreme L-polytopes coming from the Leech lattice Agy.
They have dimension 22, 23 and they are constructed by taking two consecutive suitable
sections of the sphere of minimal vectors of Agy, precisely in the same way as the Gosset
polytopes 321,291 were constructed from the lattice Fg in Section 5.2.

We refer to [23] for a precise description of the Leech lattice Agy; we only recall some
facts that we need for our treatment.

The Leech lattice Ayy is a 24-dimensional lattice in R?*. For convenience, the coor-
dinates of the vectors € R** are indexed by the elements of I = {oc,0,1,...,22}. For
1 € 1, let e; denote the i-th unit vector whose coordinates are all equal to zero except the
i-th one equal to 1. For a subset S of I, set eg = ;cq€;.

Let By4 denote the family of blocks of the Steiner system (5, 8,24) defined on the set
I; hence, |Bay| = 759. Set Bas = {B — {00} : B € Byy with oo € B}; so Bag is the family of
blocks of the Steiner system 5(4,7,23) defined on the set {0,1,...,22} and |Bys| = 253.
In Bsys, there are exactly 176 blocks that do not contain a given point and there are exactly
77 blocks that do contain a given point.

The Leech lattice Agy is generated by the vectors ey — 4e,, and 2ep for all blocks
B € Byy. Let V denote the set of minimal vectors of Agy; so, 2Ty =32foraz e V. (Note
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that, in the usual definition, all vectors are scaled by a factor of % and the minimal norm

is 4; we choose to omit this factor in order to make the notation easier.) The set V' consists
of the following vectors:

(T) (£42,0%2) (1104 = 2 x 24 x 23 such vectors),

(IT) (£2%,0'%), where the positions of the nonzero components form a block of By and
there is an even number of minus signs (27 x 759 such vectors),

(IIT) (£3,4123), where the 43 may be in any position, but the lower signs are taken on a
codeword of the Golay code Coy4.

Recall that the codewords of Cy4 which have exactly 8 nonzero coordinates are precisely

the blocks of Bas.
Set ¢ = (5,1%%) and ap = (4,4,0?%); s0 ¢, a9 € Agy, c'c = 48 and ag € V. Set

Vas={veV:vle=24} and Voy = {v € V : vle = 24 and vTag = 16}.

Then, by Lemma 2.10, the polytopes Py3 = conv(Vas), Pay = conv(Vaz) are L-polytopes;
they have dimension 23, 22, respectively.

The center of the sphere circumscribing Py3 is the vector 5. Clearly, ap € Va3 and
its antipode afy = ¢ — ag = (1,—3,1%%) also belongs to Va3; therefore, Py3 is centrally
symmetric. The set V3 consists of the vectors ag, af together with the following vectors:
(al) a; :== (4,0,0,---,4;,0,---,0), where the second 4 is in the i-th position, for 1 <7 < 22,
and their antipodes ¢f = ¢ —a; = (1,1,1,---,=3;,1,---,1) where the -3 is in the i-th
position, for 1 <7 < 22,

(all) b(5) := (2,27,0'), where the first 2 is in the first position (oc) and the positions of
the seven other 2’s form the block 5 of Bas,

(alll) ¢(T) := (3,—17,1'), where the 3 is in the first position and the positions of the
seven -1’s form the block T of Bays.

Therefore, |Vas| = 242 x 2242 x 253 = 552; the polytope Pa3 is centrally symmetric and
realizes equality in the bound (30).

The set V3o consists of the following vectors:
(bI) a; for 1 <@ <22,
(bII) b(.5) for all blocks S of Bys containing 0,
(bII) ¢(T') for all blocks T of Bys not containing 0.
Therefore, |Vao| = 224774176 = 275; the polytope Py is asymmetric and realizes equality
in the bound (29). Note that Vas = Voo U V55 U {ag, al}, where V3 = {v* : v € Vaa}.

In fact, both polytopes Pyq, P23 are basic and extreme. We indicate how to construct
an affine base. We first recall a property of the Steiner system Bys: The set {0,1,...,22}
can be partitioned into two sets A, B such that 0 € A, |A| = 11, |B|] = 12 and for any
i € A, there exist two blocks T;, T! of Bag satisfying T; N T/ = {i} and T; UT! = B U {i}.
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Namely, we can take A = {0,1,3,4,5,8,10,11,12,17,21},
B =1{2,6,7,9,13,14,15,16,18,19,20,22} and

To = {0,7,15,16,19,20,22} , Ty = {1,6,7,9,13,15,22},

Ts = {2,3,9,14,15,16,22} , Ty = {2,4,6,9,19, 20,22},

Ts = {5,9,13,16,18,19,22} , Ts = {6,8, 13,14, 16, 20,22},
Tio = {7,9,10,14,18,20,22} , T11 = {2,6,7,11,16, 18,22},
Tiy = {2,12,13,15,18,20,22} , Tyr = {2,7,13,14,17, 19,22},
Ty = {6,14,15,18,19,21,22} and T}, = {2,7,9,13,16,20,21}.

We consider the following set of 23 vectors of V!
B=Ac(T):i€ A-={0}}U{a;:i€ B—{22}}U{as,c(Ts)}

Then, B is a basic set for the polytope Ps3. One can check (using computer) that the rank
of the solution set to the system S(B, d(2)), which consists of 252 = 275 — 23 equations in
(223) = 253 variables, is equal to 1. Therefore, the polytope Ps; is extreme.

One can extend B to an affine basis for P3. Namely, the set B U{b(Tp)*} is an affine
basis for Py3. Indeed, one can check that

ao = b(T}) + o(T1) + o(T}) + a1 — b(To) — 2b(To)"

and, thus, ag is spanned by B U {b(1y)*}. Then, af = b(To) + b(To)* — ap is also spanned
by B U {b(1y)*}, as well as any v* for v € Va3. Now the extremality of Py3 follows from
that of Pa3, using Lemma 6.5 (taking Pa3 for P, Py for Py and ag for v). In conclusion,
we have shown:

THEOREM 5.6 (i) The polytope Pa3 is a centrally symmetric extreme L-polytope of dimen-
sion 23 with 552 vertices, hence realizing equality in the bound (30).

(ii) The polytope Pay is an asymmetric extreme L-polytope of dimension 22 with 275 ver-
tices, hence realizing equality in the bound (29).

Observe that the set V55 is a spherical two-distance set; namely, the distances between
the points of V55 take the two values 32 or 48. Also, the 276 lines defined by the 276 pairs
of antipodal vertices of the polytope Py3 are equiangular (with common angle arccos(%)).
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5.4 Extreme L-polytopes from the Barnes-Wall lattice Aq

In this section, we describe some more examples of extreme L—polytopes coming from the
Barnes-Wall lattice.

We refer to [23] for a precise description of the Barnes-Wall lattice Ayg.

The Barnes-Wall lattice Ajg is a 16-dimensional lattice in R'6. Let V denote the set
of minimal vectors of Ayg . Then, V' consists of the following vectors:
(I) 480 vectors of the form (+2%,0), where there are two non zero components equal to
2 or =2,
(IT) 3840 vectors of the form (41%,0%), where the positions of the +1’s form one of the 30
codewords of weight 8 of the first order Reed-Muller code and there are an even number
of minus signs.

We show in Figure 7 a list of 15 codewords of weight 8 of the first order Reed-Muller
code; the other 15 codewords of weight 8 are obtained by complementation of the code-
words shown in Figure 7.

€12 001111 1111 0000 00
€13 010111 0010 1010 01
C14 011011 0100 0011 10
15 011101 0001 0100 11
c16 011110 1000 1101 00
€23 100111 0010 0101 10
€24 101011 0100 1100 01
€25 101101 0001 1011 00
€26 101110 1000 0010 11
€34 110011 1001 0110 00

€35 110101 1100 0001 01
€36 110110 0101 1000 10
Ca5 111001 1010 1000 10

€46 111010 0011 0001 01
56 111100 0110 0110 00

Figure 7
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Hence, there are 4320 minimal vectors in Ajg and vTv = 8 for every minimal vector.
(Note that in the usual definition, the minimal norm is 4 and all vectors should be scaled
by a factor %; we omit this factor in order to make the notation easier.)

Set a = (2¢,019) (the six 2’s are in the first six positions which are precisely the first six
a

positions distinguished in Figure 7). Let .5 denote the sphere of center § and radius V6;
then, S is an empty sphere in Ajg corresponding to a deep hole (i.e. with maximum ra-
dius). The associated L—polytope P, defined by P = {v € Ay : (v—%)? = 6}, has exactly
512 vertices that we now describe. Note first that the vectors 0 = (0'®) and a = (2°,0'7)
are both vertices of P, since a € Ayg and (%)2 = 6; they are, in fact, antipodal on the
sphere 5. Therefore, P is a centrally symmetric L—polytope. Let v € Ag; v is a vertex
of P if and only if vTa = v? holds. The remaining vertices of P, apart from 0 and a, can
be partitioned into the following three classes:

(a) First, those lying in the hyperplane H® defined by the equation z7a = 8, i.e. those
that are minimal vectors; denote their set by V®. There are 135 such vertices and they
are of the form:

(al) (22,0%,0'), where the two 2’s stay in the first six positions,

(all) (1%,02,4+1%,0°), where the first four 1’s stay in the first six positions, i.e. the posi-
tions of the +1’s form one of the 15 codewords shown in Figure 7, and there is an even
number of minus signs.

(b) The antipodes of the vectors of V¥; denote their set by V¢ so V16 = {a —v:v € V¥}
and they all lie in the hyperplane H!® of equation 27a = 16. There are also 135 such
vertices and they are of the form:

(bI) (2%,0%,019), where the two 2’s stay in the first six positions,

(bIT) (1%,22,4£1%,0°), the 1,41’s form one of the 15 codewords shown in Figure 7 and
there is an even number of minus signs.

(c) The remaining vertices lie in the hyperplane H!? of equation 7a = 12 and they
are of the form vy + vo where vy is of type I and vy is of type II; denote their set
by V12 More precisely, take vy of the form (1% 0%, £1% 0°%) (there are 15 x 8 = 120
such vectors) and vy of the form (2,0° £2,0%), where the first 2 stays in the two po-
sitions of the first two zeros of v, and the £2 stays in one of the positions of the
+1’s of vy and has the opposite sign (there are 8 choices for vy). For example, for
» = (0,0,1,1,1,1,1,1,1,1,0,0,0,0,0,0), v = (2,0,0,0,0,0,—-2,0,0,0,0,0,0,0,0,0), we
obtain the vector v = v; + v, = (2,0,1,1,1,1,—-1,1,1,1,0,0,0,0,0,0). Note, however,
that v can be obtained as the sum of three distinct pairs of vectors vy, v3. Namely,

v=(0,0,1,1,1,1,—1,—1,1,1,0% + (2,0,0,0,0,0,0,2,0,0, 0,
v=1(0,0,1,1,1,1,-1,1,-1,1,0 4 (2,0,0,0,0,0,0,0,2,0,0°% and
v=(0,0,1,1,1,1,—1,1,1,—1,0% + (2,0,0,0,0,0,0,0,0, 2, 0°).
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Therefore, in total, there are 12(31_x8 = 240 vectors in V'? and they are of the form

(2,0,1% £1%,0°), where the positions of the 1,£1’s form one of the 15 codewords of Fig-
ure 7, the 2 stays on one of the two remaining places in the first six positions and there
is an odd number of minus signs. These 240 vectors are clearly divided in 120 pairs of
antipodal vectors lying respectively in the hyperplanes H? (of equation 2Tb = 2) and Hb_2
(of equation 276 = —2), where b = (0°,1'%) (H? contains the vertices with exactly one
minus sign and Hb_2 contains the vertices with three minus signs).

In summary, the set V of vertices of P is V = VEU V2 U VU {0,a}, |V] =512. P
is a centrally symmetric L—polytope of dimension 16 corresponding to a deep hole of Ayg
and having 512 vertices.

By taking some sections of the empty sphere S by some suitable hyperplanes HS,
one can construct some more 15-dimensional L—polytopes, including several examples of
extreme ones.

Clearly, the sets Ay = Aig N HY = {& € Aig: 27a = a}, for a = 8,12,16, are 15-
dimensional lattices and they all identical up to translation; note that they are different
from the laminated lattice Ays (see [23]). The sphere S = 5N HY is an empty sphere in
the lattice A{y; therefore, the polytope P¢ = conv(V?®) = conv(SNHY) is a 15-dimensional
L—polytope in Af;, for any o = 8,12, 16.

Both P8, P16 are asymmetric L—polytopes with 135 vertices. In fact, P® is an affine
image of P16, The polytope P12 is centrally symmetric with 240 vertices. Note however
that the set of vertices of P! is not a spherical two-distance set (indeed, there are three
possible distances between the vertices of P® namely, 8,12,16); also, the 120 lines defined
by the 120 pairs of antipodal vertices of P'? are not equiangular since there are two
possible angles, namely, arccos(0),arccos(%)).

THEOREM 5.7 [33] (i) The polytope P is a centrally symmetric extreme L—polytope of
dimension 16 with 512 vertices.

(ii) The polytopes P®, P'® are asymmetric extreme L-polytopes of dimension 15, each
having 135 vertices.

(iii) The polytope P'? is not extreme.

ProoF. The set

B = {vi2, 113, v14, V15, V16, V23 }U
U{ec12(13), c13(24), c14(24), €15(0), c23(24), c25(12), c26(14), c34(34), c35(24), €45(23) }

is a basic set in V(P'%), where we use the following notation. wv;; denotes the vector
(24,0%,01%) of type (bI) with i,j denoting the positions of the first two 0’s, and ¢;;(zy)
denotes the vector obtained from the codeword ¢;; (see Figure 7) by assigning a minus
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sign to the 1’s in the x-th and y-th positions among the last four 1’s of ¢;;. For example,
¢12(13) = (0,0,1,1,1,1;-1,1,-1,1;0,0,0,0;0,0) and ¢15(0) = ¢15 (no minus sign at all).

The system S(B,d@)) consists of 135-16=119 equations in (126) = 120 variables; one
can check (using computer) that its rank is 1, showing that P!¢ is extreme.

The vector vg = (2,0,1,1,1,1;-1,1,1,1;0,0,0,0;0,0) is a vertex of P lying in H!?
(having the shape of the codeword ¢13). Then, the set B U {vg} is a basic set in V(P).

Using Lemma 4.16 (taking P for P, P16 for P, and the vector v = a — vy for w), we
deduce that P is extreme, since P! is extreme.

For (iii), consider the subset X of the vertices of P'? that lie in the hyperplane H?;
there are exactly 120 such vertices. The polytope conv(X) is a 14-dimensional asymmet-
ric L—polytope in the lattice Ajg N H!* N H? whose rank is equal to 35. Therefore, the
L—polytope P'? is not extreme. a

Note that the hole of the lattice A}$ corresponding to the extreme L—polytope P
is not a deep hole; indeed, its radius is equal to %, while the radius of the hole of A2

corresponding to the L—polytope P'? is equal to v/6 and 6 > %.

Another extreme L—polytope can be constructed from Ajg as follows. Consider the
polytope @ whose vertices are the vertices of P that satisfy z7a = 0,8,16 or 24, i.e. they
are the vertices of P®, or of P!, or they are 0 or a. Hence, ) has 2 x 135 + 2 = 272
vertices, () is a 16-dimensional polytope and the set B U {a} generates all vertices of Q) (B
is the set defined in the proof of Theorem 5.7). In fact, @ is an L—polytope in the lattice
A= AN {z:2Ta =0 (mod 8)}; so, Al is the sublattice of A1 having points only in
the layers z7a = 0,8, 16, 24 ,etc...

THEOREM 5.8 [33] The polytope Q is a centrally symmetric extreme L—polytope of di-
mension 16 with 272 vertices, hence realizing equality in the bound (30).

Proor. Use Lemma 4.16, taking the polytope @) for P, the polytope P16 for P, and the
vector 0 = a* for w. a

Finally, let us look at some L—polytope obtained by taking a section of the sphere
of minimal vectors by some hyperplane (as in the construction of Lemma 2.10). Namely,
consider the section by the hyperplane H?* of equation z7a = 4. In this way, one obtains
the L—polytope Q' = conv(z € Ayg : 2Te = 8and 27a = 4). @' is a 15-dimensional
L—polytope and it has 1080 vertices that are of the form:

(i) (2,0° £2,019), where the first 2 stays in the first six positions (120 such vectors),
(ii) (£1%,0%,£1%,0°), where the positions of the £1’s form one of the 15 codewords of
Figure 7, there is exactly one minus sign in the first four +1 and there is an odd number
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of minus signs in the last four £1 (480 such vectors),
(iii)(1%, 0%, £1°,0%), where the positions of the 0’s form one of the 15 codewords of Figure
7 and there is an even number of minus signs (480 such vectors).

Consider the vertex ¢ = (2,0, ..,0,2) of Q'. Then, the distances d(2)(c, v) from the other
vertices v to ¢ take the values 8,12, 16,20,24; in fact, value 8 (respectively, 12,16,20,24)
is taken for 119 (respectively, 336, 427,176,21) vertices of @)'. Therefore, the set of the
119 vertices that are at distance 8 from ¢ forms a 14-dimensional asymmetric L—polytope
which realizes equality in the bound (29). However, this polytope is not extreme. On the
other hand, the polytope Q' is extreme.

We summarize in Figure 8 the results from this section about the L-polytopes con-
structed from the Barnes-Wall lattice Ajg. Recall that @ = (2°,019), ¢ = (2,014,2), §
denotes the deep hole of Ajg with center § and H' denotes the hyperplane 2Ta = a.

L-polytope dimension number of asymmetric equality in extreme
vertices (A) or bound ?
centrally (29) or (30)
symmetric ?
(cs)
P = conv(S N Ag) 16 512 s No Yes
P® = conv(S N A N HY) 15 135 A Yes Yes
P = conv(S N AN HL) 15 135 A Yes Yes
P = conv(S N AN HL?) 15 240 cs Yes No
@ = conv(S N AN 16 272 Cs Yes Yes
{z : z.a = 0,8,16,24})
conv(x € Agg @ x.x = 8, 14 119 A Yes No
ax = 4dxzec = 8)
Q' = conv(x € Ayg : 15 1080 A No Yes
e = 8ax = 4)
Figure 8

5.5 Extreme L-polytopes and perfect lattices

Let L be a k-dimensional lattice (containing the origin) with minimal norm ¢ and set
Lpin={ve L:v:=1t}.

Let (v1,...,v,) be a base of L and, for each v € Lyin, let v = Y, bYv; denote its
decomposition in the base, with b € Z*. We consider the system Sy, Eomposed by the
following equations
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Z bfb;]x” =t for v € Limin
1<i<y<k
in <k-|2-1) variables. The lattice L is said to be perfect if the system Sy, has full rank <k-|2-1)7

i.e. if it has a unique solution, namely, z;; = QUZ»T?J]‘ for 1 <i<j <k, v =0v? for
1 <7 < k. Perfect lattices are important since they include the lattices with the locally
densiest packings (see, for instance, [58]).

If L is an affine lattice, i.e. L is the translate of a lattice Lg, then we say that L is
perfect if Lo is perfect.

The notion of perfect lattice is closely related to the notion of extreme L-polytope as
the following Propositions 5.9, 5.10 and 5.11 show.

ProposiTION 5.9 [48] Let P be an L-polytope with radius r, let Lo denote the lattice
generated by the set of vertices V(P) of P and let t denote its minimal norm. Suppose
that P is a basic extreme L-polytope, that there exvist u,v € V(P) with (u — v)? =t and
that t > %7‘2. Then, there exists w not lying on the hyperplane spanned by P such that
(w—v)2 =1t for all v € V(P) and the lattice L generated by Lo U {w} is perfect.

Proor. We can suppose without loss of generality that the origin is a vertex of P. By
Lemma 3.17, the spherical t-extension of the space (V(P), d(z)) has a spherical representa-
tion. Let w denote the vector representating the extension point. So, (w — v)? > t for all
v € Lo with equality if v € V(P). Let L denote the lattice generated by LoU {w}. Then,
L = Uuez La, where L, = (Lo + aw) are the layers composing L. The distance between
two consecutive layers is = v/t — r2.

We check that L has minimal norm ¢, i.e. v? > ¢ for all v € L, v # 0. This is obvious if
v lies in Lg. If v lies in a layer L, which is not consecutive to the layer Lo, then || v ||> 2h,
ie. v2 > 4h? = 4(t - 7‘2) > t since t > %7‘2. If v lies in a layer consecutive to Lg, say
v =1u — w where u € Lg, then v? > t.

Since P is basic, we can find a base (vq,...,v;) of Ly composed of vertices of P.
Then, (w,vq,...,v;) is a base of L. So, the system Sy is composed by the equations
>o<i<j<k bibjrij =t where (bow + 371 ;< biv;)? =t with b € Z**!. We show that Sy, has
full rank. Let x denote a solution of Sy. Since w,w — v{,...,w — v € Lin, we deduce
that the equations zgg = ¢, oo+ 2i; — 0 =t (1 <7 < k) belong to §g. Therefore, zgp = ¢
and z;; = zg; fori=1,..., k.

Let v € V(P), v = Y qc;cp, bVv; with b € Z*. Then, v — w € L, implying the
equation xoo — Y 1<i<k bfxof—l—_zlgsjsk b;biw;; =t of Sg. Hence, x safisfies

() DO = b+ Y bibay =0

1<i<k 1<i<j<k
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for each v € V(P).
By assumption, P is an extreme L-polytope, i.e. the system S(V(P),d?)), composed
by the equations

(%) D= D0 bbidei + D> bibid; =0

1<i<k 1<j<k 1<i<j<k

for all v € V(P), has rank (*3') — 1.

Set do; = xy; for 1 <@ <k and d;; = x5 + vj; — 22;; for 1 <7 < j <k, where z is a
solution of Sz. Then, since = satisfies (*), we deduce that d satisfies (**). Therefore, d
and, thus, z, is uniquely determined up to multiple. The fact that there exist u,v € V(P)
with v — v € Ly, permits to fix the multiple. Hence, Sy, has a unique solution z, i.e. L
is perfect. a

Note that Proposition 5.9 still holds if we replace the assumption ¢ > %7‘2 by the
assumption ¢ > r2 and ¢ is the minimal norm of L.

As we saw in Lemma 2.10, every section of the contact polytope by a hyperplane not
containing the origin is an L-polytope. Hence, Proposition 5.9 can be reformulated as
follows.

ProprosiTION 5.10 [48] Let L be a k-dimensional lattice with minimal norm t and let P
be an L-polytope obtained by taking a section of the contact polytope of L by a hyperplane
not containing the origin. If P is basic extreme and if P contains two vertices u,v with
(u—v)? =1, then L is perfect.

For example, the root lattice Fg and the Leech lattice Ayy are perfect. This can be
seen by applying Proposition 5.10; for Fyg, take ¢t = 2, P = 351 with squared radius % and
for Aga, take t = 32, P = Py3 with squared radius 20 (see Sections 5.2 and 5.3). Another
example of perfect lattice is the lattice Alg (defined as AjgN{z : 27a = 0 mod (8)} where
Aqg is the Barnes-Wall lattice and « is a minimal vector); apply Proposition 5.10 with the
polytope P (see Section 5.4).

The following result can also be checked.

ProrosiTiON 5.11 [48] Let P be an extreme basic L-polytope with radius r and let L'
denote the lattice generated by the set of vertices of P and the center of P (L' is known
as the centered lattice). If L' has minimal norm 72, then L’ is perfect.

Note that the Schliafli polytope 291 is an extreme basic L-polytope in Fg. The lattice
generated by V(291) and its center is the dual lattice £§ which is indeed perfect.
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We conclude this section with some remarks on perfect forms. The quadratic form
Qz) = 2o1<iyj<n @it is said to be perfect if the symmetric matrix (@ij)1<ij<n is the
Gram matrix of the base of a perfect lattice. Voronoi ([66]) introduced this notion and
proved that the number of distinct, up to equivalence, perfect forms in any given dimension
n is finite. (Two quadratic forms are equivalent if they coincide up to positive multiple
and integral unimodular transformation.) In dimension n = 2,3,4,5,6,7, the number of
nonequivalent perfect forms is 1,1,2,3,7,33, respectively. For details on perfect forms, see,
for instance, [58] (the complete enumeration in the case n = 7 was done recently by Jaquet
150]).

We mention briefly some of the known perfect forms, in our terminology. If (a;;)i<i j<n
is a symmetric matrix, then p = (a;;)1<i<j<n belongs to §o(NEG, 41) and its image d =
fo_l(p) under the inverse of the covariz;nze_map belongs to NEG,4+1. It turns out that
several perfect forms correspond, in this way, to distances d that are related to easy
graphs.

We use the following notation: K4 denotes the complete graph with set of nodes A
and K, . 4, denote the complete t-multipartite graph with a; nodes in the first part, ...,
a; nodes in the ¢-th part.

o The quadratic form Qf(z) = 3" <;c;<, xix; is perfect for any n > 2. Its symmetric
matrixis a;; = 1 for 1 <17 < n and ai_j _:_% for 1 < ¢ # 7 < n; the corresponding distance d
is the path metric of the complete graph K, 1. This is the only perfect form for n = 2, 3.

e The form Q7 (z) = > 1<icj<n Ti%j — T179 is perfect for n > 4; Q4 and Q7 are the only
perfect forms for n = 4. The corresponding distance is d = d(K,,41 — P2) (where P is the
path on (1,2)).

The two forms @ and Q)7 are known as the first and second principal forms, in terms of

Voronoi; they are equivalent to the forms A,, D, (corresponding to the root lattices A,,
D,,), in terms of Coxeter.

e The last perfect form for n = 5, that we denote by @3, corresponds to the distance
d = L(d(Kg) + d(K123)) (which is an (;-metric).

e The perfect form Q5(z) = 2(|%52|Q7(2) + z122 — Z3<Z<]<nac z;), for n > 3, was
discovered by Anzin ([2]); its corresponding dlstance is d = 2[22|d(Kny1 — Kpioy) +
)
(

2d( K1 — ]({3,4,...,71})- (Note that Q3 = 2Q3, ~ Qf and Q3 = 4@2

o The 7 perfect forms for n = 6 have as correspondmg distances d(K7), d(K7 — Py),

d(K7 P3) (which is an extreme hypermetric), $(d(K7)+d(K12:22)), 5(d(K7)+d(K12.4)),
(d(lw) + d(I&1,1,2,3)) and %(d(ff7 - P(2,1,6,5)) + d(lw - P(3,1,2,5,6,4)))

e Among the 33 perfect forms for n = 7, six of them correspond to the distances d(K3g),

d(Ks — P,), d(Ks — P3) (which is an extreme hypermetric), $(d(Ks) + d(G)) where G is

K223, K229 00 Ky11,23 Thereis also Anzin’s form Qi(z )

sLady
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o The irredicible root lattices A, (n > 0), D, (n > 4) and £, (n = 6,7,8) can be
represented by their Coxeter-Dynkin diagrams, that are very special trees. It turns out that

Eo(d( K 41) + sphg(d(G))) is the symmetric matrix for the quadratic form corresponding
to the irreducible root lattice whose Coxeter-Dynkin diagram is G

6 Hypermetric graphs

We group in this section several results concerning hypermetricity of distance spaces arising
from graphs.

There are esssentially two ways of constructing a distance space from a graph. The
most classical construction of a distance space from a connected graph G is by consid-
ering the graphic space (V(G),dg), where dg is the path metric of G. If (V(G),dg) is
hypermetric (resp. isometrically (;-embeddable, of negative type), we say that G is a
hypermetric graph (resp. an {;-graph, a graph of negative type).

Another distance space which can be constructed from a graph G is the space (V(G), dy,),
where dF, is the truncated distance of GG defined by

Qi) =1 i ij € B(G).i# j.
Qi) =2 ifij € E(G), i # J,
di(i,1) =0 forall : € V(G).

Observe that, if G has diameter < 2, then the two notions of path metric and truncated
distance coincide. We shall, in particular, consider the class of suspension graphs, which
have diameter 2.

6.1 A characterization of hypermetric and ¢;-graphs

We first present a characterization of the graphs whose path metric is hypermetric, or
isometrically ¢1-embeddable.

THEOREM 6.1 Let G be a connected graph. Then,

(i) ([65]) G is hypermetric if and only if G' is an isometric subgraph of a product of half-
cube graphs, cocktail-party graphs and copies of the Gosset graph Gsg.

(i1)([31], [61]) G is an {1-graph if and only if G is an isometric subgraph of a product of
half-cube graphs and cocktail-party graphs.

Proor. This is an immediate consequense of Theorems 3.12 and 3.13 applied to the
connected strongly even distance space (V(G),2dg). ]

For the sake of completeness, we recall the following result which characterizes the
isometric subgraphs of a hypercube, i.e. the graphs whose path metric is isometrically
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hypercube embeddable. The equivalence (¢) <= (i¢) is from [40] and the equivalence
(1) <= (ii7) from [11].

THEOREM 6.2 Let GG be a connected graph. The following assertions are equivalent.

(i) G is an isometric subgraph of a hypercube.

(it) G is bipartite and, for all nodes i,j € V(G), the set G(i,j)={k € V(G) : dg(i, k) <
da(j, k)} is closed under taking shortest paths.

(111) G is bipartite and dg is 5-gonal.

We recall that, for a bipartite graph G the hierarchy of metric properties from Propo-
sition 2.5 collapses. Namely,

ProPosITION 6.3 [57] Let G be a connected bipartite graph. Then, the following asser-
tions are equivalent.

(i) G is an isometric subgraph of a hypercube.

(i1) G is an {1-graph.

(111) G is hypermetric.

(iv) G is of negative type.

(v) the distance matriz (da(i,7))i jev(a) has evactly one positive eigenvalue.

Moreover, G has then an essentially unique {1-embedding.

The characterization from Theorem 6.2 is a “good” characterization, in the sense that
it permits to recognize in polynomial time whether a graph is an isometric subgraph of a
hypercube. The result from Theorem 6.1 (ii) does not yield, a priori, a good character-
ization of (i-graphs. However, the proof method developped by Shpectorov [61] permits
to recognize {i-graphs in polynomial time. No good characterization is known yet for
hypermetric graphs (recall Remark 4.12).

If we restrict our attention to the class of suspension graphs, then we have some refined
characterizations for hypermetricity and ¢;-embeddability. Note that, for a graph G, its
suspension V(G is hypermetric (resp. an {;-graph) if and only if V.H is hypermetric (resp.
an (1-graph) for each connected component H of Gi. Indeed, the path metric of VG arises
as the 1-sum of the path metrics of VHy, ..., VH,,, if Hy,..., H, are the connected
components of G.

We start with a characterization of the suspension graphs that are of negative type.
Given a graph GG on n nodes, its adjacency matrix Ag is the n X n symmetric matrix
with zero diagonal entries and whose (7, j)-entry is equal to 1 if ¢, 5 are adjacent in G and
to 0 otherwise, for distinct ¢,7 € V(G). Let Anin(Ag) denote the smallest eigenvalue of
A
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Figure 9

ProrosiTION 6.4 [7] Let G be a graph. Then, its suspension VG is of negative type if
and only if Amin(Ag) > —2 holds.

ProoFr. We use Proposition 2.3, so we show that Apin(Ag) > —2 if and only if the space
(V(VG),dvg) has a representation. Let ig denote the suspension node of VG and suppose
G has n nodes. If Apin(Ag) > —2, then the matrix Ag+21 is positive semidefinite. Hence,
there exist n vectors uq,...,u, € R” for some m such that Ag+ 21 is their Gram matrix,
i.e.

(w;)?=2 fori=1,...,n,
ulu; =1 ifij € E(G),

ul'u; =0 otherwise.
Then, the mapping i € V(G') — u;, 19 — ug = 0, provides a representation of (V(VG), 2dye).
Indeed, (u; —u;)? =2 if iy € F(VG) and (u; — u;)* = 4 otherwise. All the above argu-
ments can be reversed, stating the converse implication: If VG is of negative type, then
Amin(AG) > —2. O

Given a graph H, its line graph is the graph L(H) whose nodes are the edges of H
with two edges adjacent in L(H) if they share a common node. It is easy to see that the
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suspension VL(H) of any line graph is an (;-graph. Indeed, if we label the suspension

node by 0 and each edge e € E(H), e = ij, by the vector BH;J

vector in the space RY(#)) then we obtain an {;-embedding of VL(H). Line graphs have
been characterized by Beineke [17] by means of excluded subgraphs.

(e; denoting the ¢-th unit

THEOREM 6.5 [17] A graph G is a line graph if and only if G does not contain as an
induced subgraph any of the nine graphs B;, 1 <1 <9, shown in Figure 9.

REMARK 6.6 One can verify that

o VB, is not an ly-graph for all 1 <7 <9 except ¢ = 3; in fact, VBy, By are not 5-gonal
and V By, V Bg are not 7-gonal.

o For each of the graphs H;, 1 <1 < 4, shown in Figure 10, V H; is not an {1-graph.

Figure 10

Let G be a connected graph and suppose that its suspension V' is hypermetric. Let
H denote the 1-skeleton of the L-polytope associated with the space (V(VG), dy¢g). Then,
H is one of the L-polytope graphs shown in Figure 1. Therefore, if VG is an f{1-graph,
then, by Proposition 3.7, H # Gz, Gs¢ and H is one of J(m,1), %H(M,Q) and K, 2.
More precisely, we have the following result.
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THEOREM 6.7 ([7], [8]) Let G be a connected graph. Then, the following assertions are
equivalent.

(i) VG is an {;-graph.

(i) G does not contain as an induced subgraph any of the graphs from the family F =
{By, By, B4, Bs, Bs, B7, Bs, Bg, Hy, Hy, H3, H4}.

(iii) G is a line graph or G is an induced subgraph of a cocktail-party graph.

Proor. The implication (¢) = (i?) follows from the fact that the suspensions of the
graphs from F are not (;-graphs. The implication (i¢i7) = (i) is clear. We show that
(it) = (i7¢) holds. Let G be a connected graph that does not contain any member of F
as an induced subgraph. If G does not contain Bs as an induced subgraph, then G is a
line graph by Theorem 6.5. Hence, we suppose that Bs is an induced subgraph of G} say,
Bs = G[Y] is the subgraph of G induced by the subset of nodes Y, |Y| = 5. We show
that GG is an induced subgraph of a cocktail-party graph. For this, consider the following

property (P).

(P) For each subset Z C V() such that Y C Z and for each i € V(G) — Z, if G[Z]
is an induced subgraph of a cocktail-party graph and G[Z U {i}] is connected, then
G[Z U {i}] is also an induced subgraph of a cocktail-party graph.

We show that (P) holds, by induction on |Z] > 5.
(a) We show that (P) holds for Z = Y. Let ¢ € V(G)—Y such that G[Y U{i}]is connected.

So, G[Y U{i}] is a connected graph on six nodes containing Bs = K5 — P> as an induced
subgraph. By direct inspection, one can check that there are eleven connected graphs on
six nodes containing B3 as an induced subgraph. Among them, we find Hy, Ho, Hs, Hy;
we also find two graphs containing B, and three graphs containing By; these cases are
excluded since G does not contain any member of F. The remaining two graphs are Kg— P,
and VV K59 which are, respectively, induced subgraphs of K542 and K445. Hence, the
property (P) holds for Z =Y.

Consider now Z such that Y C Z C V(G), |Z] > 6 and G[Z] is an induced subgraph
of a cocktail-party graph, and consider ¢ € V(G') — Z such that G[Z U {i}] is connected.
Set Y = {v1,v2, Y3, ¥4, ys } where, for instance, y; and yy are not adjacent in G and, thus,
every other pair of nodes of YV is adjacent in G.

(b) Let s,t € Z such that s and t are not adjacent in G. We show that ¢ is adjacent to
both s and t. Since G[Z] is contained in a cocktail-party graph, every other node of 7 is
adjacent to both s and t. Let u € Z be a node which is adjacent to ¢. Then, ¢ is adjacent to
at least one of s or t (else, G[{u,s,t,i}] would be a By induced subgraph of ). Hence, for
U={s,1,93,91,9s5}, G[U] is Bs and G[U U {i}] is connected. By the argument from case
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(a) above, we deduce that G[U U {i}] is an induced subgraph of a cocktail-party graph,
which implies that ¢ is adjacent to both s and t.

(c) Let s,t € Z such that s and ¢ are adjacent in G. We show that ¢ is adjacent to at
least one of s or t. If there exists r € Z which is not adjacent to s, then, by the argument
of case (b) above, 7 is adjacent to both r and s. Similarly, if there exists r € Z which is
not adjacent to ¢, then ¢ is adjacent to t. Else, each r € Z is adjacent to both s and ¢.
Let r € Z which is adjacent to i. We can find a set U such that |U| = 5, r,s,t € U and
G[U] = Bs. Therefore, G[U U{i}] is an induced subgraph of a cocktail-party graph, which
implies that 7 is adjacent to at least one of s or .

We deduce from (b) and (c) that G[Z U{i}] is an induced subgraph of a cocktail-party
graph. So, we have shown that (P) holds. ]

THEOREM 6.8 ( [7], [8]) Let G be a connected graph. Then, the following assertions are
equivalent.

(i) VG is a hypermetric graph, but not an (1-graph.

(i1) G is an induced subgraph of the Schlifli graph Gz and G contains as an induced sub-

graph one of the graphs of the family Fo = F—{ By, By, By, Bs} = {Bs, Br, Bs, By, Hy, Hy, H3, H,}.

Proor. (i) = (ii) By Theorem 6.7, if VG is not an (y-graph, then G contains as an
induced subgraph one of the members of F and, in fact, of Fy since VBy, VBy, VBy, VBg
are not hypermetric (recall Remark 6.6). Let P denote the L-polytope associated with
the hypermetric space (V(V(G),2dv) and let H denote its 1-skeleton. By Corollary 3.11,
P is a generating L-polytope in a root lattice. Thus, P is a direct product of L-polytopes
from Figure 1 and H is a direct product of L-polytopes graphs from Figure 1. In fact,
since the graph G is connected, H is not a direct product, i.e. H is one of the L-polytope
graphs from Figure 1. Now, H is G7 or Gie since all the other L-polytope graphs are
ly-graphs. Therefore, VG is an isometric subgraph of G5¢ and, thus, G is an isometric
subgraph of Gy7.

(it) = (1) is clear. ]

COROLLARY 6.9 [7] Let G be a connected graph on n nodes.
(i) If n > 37, then VG is an ly-graph if and only if VG is 5-gonal and of negative type.
(ii) If n > 28, then VG is an (1-graph if and only if VG is hypermetric.

Assouad and Delorme ([7], [8]) have studied, more generally, the graphs G' whose
truncated distance d; is {;-embeddable. We mention their results.
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Let G be a bipartite graph. Then, df, is isometrically {;-embeddable if and only if dF,
is 31-gonal, i.e. it suffices to check all induced sugraphs on at most 31 nodes.

On the other hand, arbitrary graphs whose truncated distance is isometrically f;-
embeddable cannot be characterized by a finite list of forbidden subgraphs. Indeed, for
each n > 2, there exists a graph on 2n 4 1 nodes for which d, is not 2n + 1-gonal but, for
all its proper induced subgraphs, their truncated distance is isometrically ¢1-embeddable.

Let A be an integer, A > 1. Then, the graphs for which df, is isometrically (;-
embeddable with scale A, i.e. Ady, is isometrically hypercube embeddable, can be charac-
terized by finitely many forbidden subgraphs. Namely, there exists an integer n(A) such
that, for any graph &, df, is isometrically (;-embeddable with scale A if and only if the
same holds for all induced subgraphs of G'on at most n(A) nodes. For instance, n(2) < 120,
n(A) =5 for A odd.

6.2 Hypermetric regular graphs

We group here several results on the hypermetricity of the truncated distance space of a
regular graph. They will apply, in particular, to the usual path metric of strongly regular
graphs, i.e. distance-regular graphs of diameter 2.

Given a graph ' on n nodes, we denote by Df, the symmetric n X n matrix whose
(1, j)-entry is equal to dg(¢,7), for all ¢,7 € V(G).

The first result gives several equivalent characterizations for the truncated distance of
a regular graph to be hypermetric.

ProrosiTION 6.10 [31] Let G be a connected regular graph on n nodes with valency k.
Then, the following assertions are equivalent.

(1) df. is of negative type.

(71) the distance space (V(G),2dE,) has a spherical representation with radius r satisfying
r? < 2.

(1ii) df, is hypermetric.

(iv) VG is of negative type.

(U) Amin(AG) > —2.

(vi) Df, has exactly one positive eigenvalue.

Moreover, if df. is hypermetric, then the radius r of the L-polytope associated with the
space (V(G),2d},) is given by
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Proor. (i) = (i) Note that 3 ;cy (@) 2d5(4,J) = 2(2n — 2 — k) is a constant. Hence, by
Proposition 3.14, (V(G), 2d}) has a spherical representation whose radius r is given by
relation (18),i.e. r2 =2 — k%? and, thus, r? < 2.

(i1) = (4i7) follows from Proposition 3.16.

(i11) = (iv) By Proposition 3.15, the radius of the L-polytope associated with (V(G), 2d)
is given by (34). Since (V(V(), 2dv) is the spherical 2-extension of the space (V(G), 2dy),
we deduce by Lemma 3.17 that (V(VG),dvg) is of negative type.

The equivalence (iv) <= (v) follows from Proposition 6.4.

(v) = (vi) Let Ay = k > Ay > ... > A, > —2 denote the eigenvalues of the adjacency
matrix Ag of G. Note that DY = J — (Ag + 2I), where J is the n X n matrix of all
ones. The vector of all ones is a common eigenvector of Ag and D, for the eigenvalues
k and 2n — 2 — k, respectively. One checks easily that the other eigenvalues of D, are
—Ao—2,..., =, —2with =Xy —2< ... < -, —2<0. Hence, 2n — 2 — k is the only
positive eigenvalue of DF..

(vi) = (v) follows by reversing the arguments of (v) = (vi).

Using the obvious implication (iv) = (¢), we obtain the equivalence of (i) — (v?). 0

Proposition 6.10 applies, in particular, to regular graphs of diameter 2; then, dg and

& coincide. However, without the regularity assumption, the equivalence of (i) — (vi)

does not hold. For instance, K9 — P5 and K19 — Ps have diameter 2 (are not regular),
satisfy (v) but not (7i7) (recall Example 2).

Let G be a connected regular graph with Apin(Ag) > —2. Hence, its truncated distance
df, is hypermetric. Let P denote the L-polytope associated with the space (V(G),2d,)
and let H} denote its 1-skeleton. By Proposition 3.9, (V(G),dy,) is an isometric subspace
of the graphic space (V(H¢), dpy,). By Corollary 3.11, Py is an L-polytope in a root lattice
and, thus, H( is a direct product of some of the L-polytope graphs shown in Figure 1.
We show in the next result that, if 4 is a non trivial direct product, then it can only be
the direct product of two complete graphs.

A bipartite graph B with bipartition V;UV; of its set of nodes is said to be semiregular
if all nodes in Vj (resp. V3) have the same degree.

LeMMA 6.11 [31] Let G be a connected regular graph on n nodes with valency k. Suppose
that Amin(Ag) > =2 and let HY denote the I-skeleton of the L-polytope Pr associated
with (V(G),2dg,). If HE is a non trivial direct product, then HY, = K,, x K, for some
ni,ny > 1, G is the line graph of a bipartite semiregular graph and n = 12 (k 4-2).

nin
ProoF. Suppose that H is the non trivial direct product Hy x H;. By assumption,
(V(G), d¢) is an isometric subspace of the graphic space (V(H),dpy). Let f:i€ V(G) —
f2) = (fa(e), f2(2)) = (i1,12) € V(Hy) x V(H3) denote this isometric embedding. For
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f2(3)}. If 4,5 are adjacent in G, then j € Vi(i) U V5(i). Conversely, we check that, if
[Vi(¢)],|Va(e)| > 1, then both Vi(¢) and V3(¢) induce a complete graph in G.

For this, let j € Vi(¢) and h € Vy(i) with j # ¢, h # i. Then, 2 > di(j,h) =
dHl(jlvhl) + dH2(j2,h2) = dHl(ilvhl) + dH2(j2,i2) (since il = jl and iz = hz) which is
equal to d5(i,h) + d5(i,7) > 2. This implies that d(i,h) = d&(i,7) = 1, i.e. both h and
j are adjacent to 7. One deduces easily that any two nodes in Vi, or in V5 are adjacent.

Therefore, if |V1(2)],|Va(7)| > 1, then |Vi(¢)| + |Va(¢)] = k + 2. For j € Vi(0), Vi(¢) =
Vi), k42 < V() + Vo)l implying that [Va()] < [Va(j)| and, thus, [Va(7)l, [Va()| > 1.
yielding k 4+ 2 = [Vi(j)| + |Va(j)| and, thus, |Va(j)] = |Va(?)]. Therefore, since G is
connected, there exist integers p,q > 1 such that |Vi(¢)| = p, |Va(¢)| = ¢ for all ¢ € V(G).

Let B denote the bipartite graph with node bipartition V4 UV;, where Vi = f1(V(G)) C
V(Hy) and Vo = fo(V(G)) C V(H;), and two nodes i € Vi, i3 € V; are adjacent in B
if (i1,42) = f(¢) for some node 7 € V(G). So each node of V; (resp. of V;) has valency p
(resp. q), i.e. B is semiregular. It is immediate to see that (& is the line graph of B.

We now check that Hy and Hy are complete graphs. Set ny = |Vi|, ny = |V3| and
n = |[V(G). Let r denote the radius of the L-polytope Pf; r is given by relation (34).
So, r? =2 — k%? = % + % Let r,, denote the radius of the L-polytope whose

1-skeleton is the graph H,,, for m = 1,2. Then, r? = r} + 72 holds. We use the following
observation: For each L-polytope P in a root lattice, its radius r satisfies r? > %

with equality if and only if P is a simplex. Therefore, 72, > |‘T‘(/IL(I]’;I"71|)_|1 > ”’;7:1, since
\V(Hp)| > np, for m = 1,2, But, r* = 7§ + 13 = % + %, from which we deduce

that r2 = %, |\V(H.)| = ny and, thus, H,, is the complete graph K, form =1,2. O

COROLLARY 6.12 [31] Let G be a connected regular graph on n nodes with valency k and
such that Amin(Ag) > —2. Then, one of the following assertions holds.

(i) G is the line graph of a bipartite semiregular graph and n = %(lﬂ + 2), for some
n1, N3 Z 1.

(ii) G is the line graph of a regular graph and n = Z(k + 2) for some m > 3.

(111) G = Ky w9 and n = k + 2.

(iv) G is an induced subgraph of the Gosset graph Gsg and n = 2(k + 2).

(v) G is an induced subgraph of the Schlifli graph Ga7 and n = %(k +2).

(vi) G is an induced subgraph of the Clebsch graph $H(5,2) and n = 3(k +2).

Proor. Let Hf, denote the 1-skeleton of the L-polytope Pg associated with (V(G), 2d§).
If HE is a direct product, then we have (i) by Lemma 6.11. So we now suppose that H}
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is one of the L-polytope graphs from Figure 1. We know that the radius r of P7 satisfies
r?=2- 2 o9

o If HY = J(m,t) for some t > 1, n > 2t, then r? = ng—Q < 2 implying that ¢t = 1,2, 3.
If H = J(m,1) = K., then G = H}, = K, is the line graph of the bipartite semiregular
graph Ky ,,; hence, m = n and we have (2). If H%: = J(m,2) = L(K,,), then G is a line
graph. Since G is regular, one can check that G is the line graph of a regular graph or
a bipartite semiregular graph. Since r? = w, we deduce that n = G(k +2). So, we
have (¢) or (i¢). If HE = J(m,3), then m = 6,7,8. If H}, = J(6,3), then G is an induced
subgraph of Gsg and 72 = 2 = 2 — E2_vielding n = 2(k + 2), i.e. we have (iv). The
cases m = 7,8 are excluded. Indeed, one can check that every subgraph K of J(m,3)
(m = 7,8) such that K is not contained in .J(6,3) or J(n,2) and no pair of nodes of K
m(k+2)

9—m

are at distance 3 in J(m,3) has strictly less than nodes.

o If HY = K,,«2, then we have (zit).

o If HY = %H(m,Q) for some m > 4, then r* = 2 < 2, implying that m = 4,5,6,7.
If m = 4, then H, = K;x9 and, thus, we have (iii). If m = 5, then r? = % yielding
n = 3(k 4 2) and, thus, we have (vi). If m = 6, then r? = 2 yielding n = 2(k + 2) and,
thus, we have (iv) since $H(6,2) is an isometric subgraph of Gss. The case m = 7 is
excluded (similarly to the exclusion above of the cases J(7,3) and (J(8,3); indeed, there
is no k-regular subgraph of $H(7,2) on n = 4(k + 2) nodes which is not contained in
TH(6,2)or J(7,2) and does not contain a pair of vertices at distance 3).

o If H} = (s, then we have (iv) and, if HY = G7, then we have (v). o

REMARK 6.13 Under the assumptions of Corollary 6.12, the only possibilities for the 1-
skeleton H} of the L-polytope P} associated with the hypermetric space (V(G),2dE) are
H = Ky, X Ky, J(m, 1), J(m,2), J(6,3), Kinx2, $H(5,2), $H(6,2), Gar and Gse. In
particular, if G is not a line graph nor a cocktail-party graph, then Hf, is one of J(6,3),
%H(5,2), %H(G,Q), Gor or Gse. Note that the radius v of the L-polytope Pf, satisfies
r? = % for %H(5,2), r? = % for Go7 and r? = % for %H(G,Q), J(6,3) and G'se.

The graphs for which Apin(Ag) > —2 are well studied. It is easy to check that
Amin(Ag) > —2 for every line graph G (indeed, if G = L(H), then 21 + Ag = NTN,
where N is the node-edge incidence matrix of H); moreover, Apin(Ag) = —2 if and only
if G contains an even circuit or two odd circuits (see [20]). If GG is a cocktail-party graph,
one computes easily that Apnin(Ag) = —2.

Let Lpcs denote the class of graphs which are connected, regular, not line graphs nor
cocktail-party graphs and satisfy Amin(Ag) = —2. This class has been extensively studied.
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In fact, it is completely classified; see [20]. Lpcs consists of 187 graphs, each of them has
n < 28 nodes and valency k& < 16. The graphs of Lpcg are partitioned into three layers
L1, Lo, L3 depending on the value of the quantity kiw where n is the number of nodes
and k the valency of a graph in ,CB(;S The layer L1 (resp. Lz, L3) consists of the graphs

G € Lpcg for which k-|—2 = 2 (resp. k-|—2 = g, = %)
Our approach permits to shed a new light on the parameter k%Q characterizing each
layer of Lpcs. Namely, the parameter knﬂ is nothing but the quantity 2 — 2, where 7 is

the radius of the L-polytope associated with the hypermetric space (V(G),2d}) for any
graph G € Lpcg. Therefore, each layer in Lpcog is characterized by a quantity derived
from the hypermetricity of its graphs.

We summarize several facts about the class Lpcs and its three layers.
¢ The first layer £ consists of 163 graphs (the graphs NN1-163 in [20]); it is characterized
by z3z = 2. For each graph G € Lpcs, the L-polytope P associated with the hypermetric
space (V(G),2dg,) has radius 2 and its 1-skeleton is $H(6,2), J(6,3) or G's¢. Hence, each
graph G € L4 is an induced subgraph of G5 and, thus, has diameter 2 or 3. Therefore,
the graphs of £1 with diameter 2 are hypermetric with L-polytope graph %H(G, 2),J(6,3)
or G56.
¢ The second layer L, consists of 21 graphs (the graphs NN164-184 in [20]) including the
Schlfli graph G2z (which is N184 in [20]). It is characterized by the value 35 = 3. For
each G € Ly, the L-polytope Pg is 231 with radius r, r? = %. Hence, each G € L5 is an
isometric subgraph of Go7 and, thus, has diameter 2 and is hypermetric.
e The third layer L3 consists of 3 graphs; they are the Clebsch graph %H(5,2) (N187 in
[20]) and two of its regular subgraphs (the graphs NN185,186 in [20]). Lj is characterized
by the value 25 = %. For each graph G € L3, P5 = hvys with radius r, 72 = , with
1-skeleton %H(5, 2). Therefore, each graph of L3 is an isometric subgraph of %H( 2) and,
thus, has diameter 2 and is an {;-graph with L-polytope graph %H(5, 2).

We conclude this section with some results on hypermetric distance-regular graphs.

A graph G is distance-regular if there exist integers b,,, ¢, (m > 0) such that for
any two nodes 7, j € V() at distance dg(7, j) = m there are exactly ¢, nodes at distance
1 from ¢ and distance m — 1 from j, and there are b,, nodes at distance 1 from ¢ and
distance m + 1 from j. Hence, GG is regular with valency by and there are k,, nodes at
distance m from any node i € V(G), where kg =1, k1 = 1, kypy1 = k:’;i’f, m > 0.

C

If G is distance-regular, then } ey (g dg(l J) = >0 Mky, is a constant. Therefore,
from Proposition 1.6, a distance- regular graph is of negative type if and only if the space
(V(G),dg) has a spherical representation.

Let p denote the number of common neighbours of two nodes at distance 2,i.e. p = ¢s.
Koolen [51] has classified the hypermetric distance-regular graphs with g > 2. We recall
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his result (see [19] or [51] for the description of the graphs not defined here).

THEOREM 6.14 (Theorem 3.15 in [51]) Let G be a distance-regular graph with p > 2.
Then, G is a hypermetric graph if and only if one of the following holds.
(i) . = 2n — 2 and G is a cocktail-party graph K, 2.

(77) p = 10 and G is the Gosset graph Gsge.

(1ii) p = 8 and G is the Schlifli graph Gar.

(iv) i = 6 and G is a half-cube graph.

(v) p =4 and G is a Chang graph.

(vi) p =4 and G is a Johnson graph.

(vii) p = 2 and G is a Hamming graph.

(viii) p = 2 and G is a Doob graph (including the Schrikhande graph).
(iz) p = 2 and G is the icosahedron graph.

The following distance-regular graphs with g = 1 are hypermetric: the cycle C,, the
double-odd graph DOz, 41, the dodecahedron graph, the Petersen graph. (In fact, they are
all {1-graphs). The distance-regular graphs which are isometric subgraphs of a hypercube
are precisely the double-odd graph DOg,41, the hypercube H(n,2) and the even cycle
Cyn ([51], [67]).

ProprosiTION 6.15 ([51], [31]) Let G be a strongly regular graph. Then, G is hypermetric
if and only if G is one of the following graphs: K, x K, J(n,2), K2, %H(n, 2), Glaz, the
s-cycle C's, the Petersen graph, the Schrikhande graph, or one of the three Chang graphs.

6.3 Extreme hypermetric graphs

In this section, we consider extreme hypermetric graphs, i.e. the graphs ' whose path
metric d¢ lies on an extreme ray of the hypermetric cone.

Let G be a hypermetric graph. Let Pg denote the L-polytope associated with the
hypermetric space (V(G),2dg) and let Hg denote its 1-skeleton. Hence, Pg is an -
polytope in a root lattice and (' is an isometric subgraph of Hg. Moreover, G is an extreme
hypermetric if and only if P is an extreme L-polytope (by Theorem 4.5). By Theorem 5.1,
the only extreme L-polytopes in a root lattice are the segment oy, the Schlifli polytope
251 and the Gosset polytope 331. Therefore, if G is an extreme hypermetric graph distinct
from K5, then,

o cither Hg = Gisg, i.e. G is an isometric subgraph of G's¢ which is generating (i.e. V(G)
viewed as subset of the set of vertices V(321) of 321 generates V(321)); we say that G is
an extreme hypergraph of Type L

e or Hg = (g7, ie. G is an isometric subgraph of Gz which is generating (i.e. V(&)
generates V' (291)); we say that GG is an extreme hypermetric graph of Type II.
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A generating subset in G397 has at least 7 elements. We found that there are 26 distinct
(up to permutation) generating subsets in Ga7 with 7 elements (i.e. basic subsets of 231;
see Section 5.2). For B C V(Gy7), let G27[B] denote the subgraph of Ga7 induced by B.
Note that Go7[B] is an isometric subgraph of Go7 if and only if G57[B] has diameter 2 and,
then, G'37[B] is a hypermetric graph. Among the 26 basic subsets B of (37 (whose graphs
(i97[B] are shown in Figures 3, 4, 5 and 6), the graph G37[B] has diameter 2 for twelve of
them, namely for the graphs G; for 1 < ¢ < 8, G, G1s, G'24 and Go6. Hence, these twelve
graphs are extreme hypermetric graphs on 7 nodes with L-polytope graph Go7. We recall
that Gy = VBg, Go = VHy, G3 = VH{, G4 =VBg, G5 = VB;, Gg = VH,, Gy = VHj
and Gs = VBs, where the graphs B; (1 < ¢ <8)and H; (1 <i<4) are shown in Figures
9 and 10, respectively. We show in Figure 11 the graphs Gis, G1s, G'2a and Gag (their
complements are shown in Figures 4, 5 and 6).

Figure 11

For each of the above twelve graphs, their suspension VG, (for 1 < ¢ < 8, ¢ =
16,18,24,26) is an extreme hypermetric graph on 8 nodes with L-polytope graph Gse.

LEMMA 6.16 [31] Let H be a mazimal (by inclusion) L-polytope graph which is a proper
isometric subgraph of Gsg. Then, H is one of the following graphs.

(i) H=J(8,2).

(ZZ)H = Kgyo X K>.

(i) H = $H(6,2).

(Z’U) H = G27.

Proor. We know that H is a direct product of the L-polytope graphs from Figure 1. Let
r denote the radius of the L-polytope whose 1-skeleton is H. Then, r? < %, since H is
contained in Gxg.

o If H = J(n,t), then r? = ﬁnn—_tl < %, implying that ¢ = 1,2,3. Then, H is not maximal
except for J(8,2). Indeed, if t = 1, then n < 7 and K,, Cis J(8,2); if t = 2, then n < 8

and J(n,2) Ciso J(8,2);if ¢t = 3, then n = 6 and J(6,3) Cyso 3 H(6,2).
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o If H = K, x2, then n < 6 and K x2 Ciso Kgxa X Ko.

o If H = %H(n,Q), then 72 = 2 < %, implying that n < 6 and, thus, H C;, L1 H(6,2).

1 )
Else H = Gy7 or H is a direct product. Suppose that H = Hy X Hs. Denote by 7, ro the
radius of the L-polytope whose 1-skeleton is Hy, H, respectively. Then, r? = rf 473 < %
Looking at the radii of the L-polytopes from Figure 1, it is easy to see that the only
possibility is Hy = K¢y, Hy = Ky (ri = 1, 72 = %) (for instance, for Hy = Hy = Ky,
rf =13 =3 but Ky X K4 Ciso J(8,2)). O

LEMMA 6.17 [31] Let H be a mazimal (by inclusion) L-polytope graph which is a proper
isometric subgraph of Gq7. Then, one of the following holds.

(i) H = J(6,2).

(ZZ) H = K5y5.

(iti) H = $H(5,2).

(iv) H = K.

Proor. The proof is similar to that of Lemma 6.16. We use the fact that the radius r of
the L-polytope whose 1-skeleton is H satisfies r? < %. It is easily seen that H cannot be
a direct product.

o If H = J(n,t), then r% = ﬁnn—_tl < %, implying that ¢ = 1,2 and n < 6. Hence, we have
(7) or (iv).

o If H = K, «2,then n <5 (because K¢y is not contained in G'a7) and, thus, H C;s, K5x2.
o If H = %H(n,Q), then r? = 2 < %, implying that n < 5 and, thus, H C;q, %H(5,2). O

We deduce the following characterization for extreme hypermetric graphs.

ProPosITION 6.18 [31] Let G be a connected graph distinct from K. Then, G is an
extreme hypermetric graph if and only if one of the following assertions hold.

(i) Type I: G is an isometric subgraph of G's¢ and G is not an induced subgraph of J(8,2),
Keyxa X Ko, %H(G,Q) or Gor.

(ii) Type II: G is an isometric subgraph of G37 and G is not an induced subgraph of Ksy3,
J(6,2), Kg or $H(5,2).

Observe that all the excluded graphs in Proposition 6.18 are {;-graphs. In other words,
every isometric subgraph of G'sg is either an extreme hypermetric graph, or an {y-graph.

As an application of Proposition 6.18, we obtain that:
¢ Every isometric subgraph of Gy7 on n > 17 nodes is extreme.
¢ Every induced subgraph of G37 on n > 20 nodes is extreme (since deleting 7 nodes from
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(97 preserves the diameter 2 because p(Gzr) = 8).

¢ Every isometric subgraph of Gsg on n > 33 nodes is extreme.

¢ Every induced subgraph of Gs6 on n > 47 nodes is extreme (since u(Gsg) = 10).

o If GG is a connected graph of diameter 2, then its suspension V' is an extreme hypermetric
graph of Type I if and only if G is an extreme hypermetric graph of Type II.

We now collect some properties for extreme hypermetrics arising from the graphs
G € Lpes.

As we saw in Section 6.2, if G is a connected regular graph with Anin(Ag) > -2,
then its truncated distance df, is hypermetric. Let P/ denote the L-polytope associated
with (V(G),2dY,) and let H}, denote its 1-skeleton.

Suppose that G belongs to the class Lpcs,i.e. G is connected regular with Apin(Ag) =
—2 and G is not a line graph nor a cocktail-party graph. By Remark 6.13, H¢, is one of
J(6,3), 1H(5,2), $H(6,2), Gor or Gs6. Since (V(G),dy) is an isometric subspace of
(V(HE),dpey) which, in turn, is an isometric subspace of (V(G's6), dg,, ), we deduce that
G does not contain any pair of nodes at distance 3 in G'5g; in particular, if G'is an induced
subgraph of %H(G, 2), then GG has at most n < 16 nodes.

This implies the following Proposition 6.19

ProposITION 6.19 [31] Let G be a graph of Lgcs. Then, if G is not an induced subgraph
of %H(G, 2), then df. is extreme hypermetric. In particular, if G is on n > 17 nodes, then
di. is extreme hypermetric.

ProPosITION 6.20 [31] A graph G € Lpcs is extreme hypermetric if and only if it has
diameter 2 and it is not an induced subgraph of %H(G, 2).

FPuvery extreme regular hypermetric graph of diameter 2 belongs to Lpcos.

Let G be an extreme hypermetric graph from Lpcs; then, G is of Type I (resp. Type II)
if and only if G belongs to the layer Ly (resp. L3).

FEvery graph from Lpcos on n > 17 and with valency k > 9 is extreme. They are the 29
graphs in layer L1 numbered NN135-163 in [20] and the 8 graphs in layer Lo numbered
NN177-184 in [20].

All the 9 mazimal (by inclusion) graphs of Lpcs are extreme hypermetric graphs; they are
the Schlifli graph Gor numbered N184in [20], the three Chang graphs NN161, 162, 163,
and the five graphs NN148-152 on 22 nodes.

7 Hypermetric inequalities for the cut cone

Set X ={1,...,n}. We recall that the cut cone CUT,, is the cone in R() generated by
the cut semimetrics 6(.9) for S C X. In fact, CUT,, consists of the semimetrics d on X
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for which the distance space (X, d) is isometrically {;-embeddable (see Proposition 2.1).
In the context of graph theory and combinatorial optimization, the set of edges ¢ of the
complete graph K, that have an endnode in .5 and the other endnode in X — 5 is called a
cut; so the cut semimetric §(.9) is its incidence vector. For the sake of simplicity, we call
6(5) a cut semimetric or a cut.

The cone CUT,, can be alternatively described by a system of linear inequalities, its
valid inequalities. Recall that, for v € R(g), the inequality vz < 0 is said to be valid for
CUT, if it is satisfied by all cut semimetrics 6(.5), S C X. Moreover, the valid inequality
vT'z < 0 defines a facet of CUT,, if there exist () — 1 linearly independent cut semimetrics
satisfying the equality vT2 = 0. Hence, finding the valid inequalities for CUT, amounts
to characterizing f1-embeddable semimetrics by linear inequalities.

We have seen in this paper two important classes of valid inequalities for the cut
cone, namely the hypermetric inequalities and the inequalities of negative type (defined in
relation (4); recall Proposition 2.5). In fact, the inequalities of negative type never define
facets of the cut cone since they are implied by the hypermetric inequalities (this is the
implication (¢7¢) = (v) from Proposition 2.5).

We describe in section 7.1 some classes of hypermetric inequalities that define facets
of the cut cone; we also present some generalizations of hypermetric inequalities yielding
new valid inequalities for the cut cone. In section 7.2, we describe how, by analogy with
hypermetric inequalites, some inequalities can be constructed that are valid for other cut
families, as even T-cuts, t-ary cuts, multicuts or even multicuts. We present in section 7.3
the inequalities that arise by ”switching” the hypermetric inequalities; they are valid for
the cut polytope. They are, in fact, part of the much larger class of gap inequalities.

As a curiosity, let us mention an analogue of hypermetric inequalities for a class of non
necessarly symmetric distance functions. Namely, let (2, A, ) be a nonnegative measure
space and let A;, z € X, be members of A with finite measure, i.e. p(A,) < co. Consider
the function d : X? — R4 defined by d(z,y) = (A, — A,) for z,y € X. Then, d satisfies
the inequality lekjsm(—l)i“d(a&i,x]‘) <0 forall zy,...,2, € X, m > 1 ([4]). To
enable the reader to compare this inequality with hypermetric inequalities, we make the
following two observations.

- First, any hypermetric inequality > <<, bibjay; <0, with 37y, bs = 1 and b € Z7,
can be viewed as the inequality > 1 <;cj<p Tij + 2opyi<ici<nN Tij — 2i<i<p<j<n Zij < 0if
weset P =73, obi, N =3 cic, |bi] and if we allow repetition of the points.

- Second, a semimetric d on X is isometrically £;-embeddable if and only if there exist a
nonnegative measure space (2, 4, ) and sets A, € A, z € X, of finite measure such that

d(z,y) = p(A;AA) for all 2,y € X ([4]).
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7.1 Hypermetric facets for the cut cone

Hypermetric inequalities form a large class of valid inequalities for the cut cone. Therefore,
we have the inclusion CUT,, € HYP,, for all n > 3. In fact, for n < 6, the hypermetric
inequalities suffice for describing the cut cone, i.e. CUT, = HYP, for n < 6, but the
inclusion CUT,, C HYP, is strict for n > 7. In other words, CUT, (n > 7) has a
facet that is not defined by a hypermetric inequality or, equivalently, HYP,, (n > 7) has
an extreme ray that is not generated by a cut semimetric. Indeed, such extreme rays
of HYP,, arise from the extreme L-polytope 291 (see section 5.2). For examples of non
hypermetric facets of CUT,,, see e.g. [36], [37]; the complete description of the facets of
CUT7 can be found there.

Hypermetric facets for the cut cone have been studied in several papers ([29], [36],
[37],[38], [62]); we refer to [35] for a survey.

We now recall the description of CUT,, for n < 6. As a short notation, let us denote
the hypermetric inequality Zl§i<j§n bibjx;; < 0, where b € Z" with Zlgign b; = 1, by
Hyp,,(b1,...,b,), or Hyp, (b).

For n = 3,4, the cut cone CUT,, is completely determined by the triangle inequalities
Xij — Xgp — Tjk < 0fori,j, ke X.

For n = 5, the facets of CUT}5 are (up to permutation of the nodes) defined by one of
the following hypermetric inequalities Hyps(1,1,—1,0,0) and Hyps(1,1,1,—1,—1) ([28],
120]).

For n = 6, the facets of CUTg are (up to permutation of the nodes) defined by
one of the following hypermetric inequalities Hypg(1,1,—1,0,0,0), Hypg(1,1,1, —1,—1,0),
Hypg(2,1,1,—-1,—1,—1) and Hypg(1,1,1,1,-2,—1) ([15]).

The complete characterization of the hypermetric inequalities Hyp, (b) that define
facets of CUT,, seems to be a hard problem. Note that, if Hyp,(b) defines a facet of
CUT,,, then it also defines a facet of HYP,, and, thus, its associated L-polytope is a repar-
titioning polytope Py (b) (m = [{i : b; = 0}, p+ 1 = [{i : b; > 0}], ¢ = {7 : b; < 0}])
which can be embedded in a parallepiped; see Propositions 3.7 and 4.10. In particular, by
Theorem 4.11, if Hyp,,(b) defines a facet of CUT,,, then max(]b;] : 1 < < n) < %
Let f3,, denote the maximum absolute value of an n x n determinant with binary entries;
then, the following bound max(|b;| : 1 < i < n) < f3,,_1 can be shown in an elementary

way ([12]).

Example 8. Consider the hypermetric inequality Hyp-(b) for b = (3,1,1,1,-1,-2,-2).
This is an example of a hypermetric inequality that defines a facet of HYP7, but not of
CUT;.

Indeed, there are 20 affinely independent cut semimetrics satisfying the hypermetric
inequality Hyp-(b) at equality. The truncated distance of the graph Gg shown in Figure
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3 (taking value 1 on the edges of Gy and value 2 on the pairs that are not edges) also
satisfies the hypermetric inequality Hyp~(b) at equality (for this, label the nodes of Gig as
1,2,3,4,5,6,7 if their degrees in the complement Gg of Gy are 3,2,2.2,5.1.1, respectively).
So, this distance together with the 20 cut semimetrics form a set of 21 affinely independent
distances satisfying Hyp~(b) at equality.

Note also that the truncated distance of the graph G13 (with a suitable labeling of its
nodes) (resp. G11, Go) satisfies the hypermetric inequality Hyp-(—3,1,1,1,1,—2,2) (resp.
Hyp,(3,-1,—-1,-1,1,-2,2), Hyp,(—3,1,—-1,—1,1,2,2)) at equality. In fact, the hyper-

metric inequalities Hyp-(—3,1,1,1,1,-2,2), Hyp-(3, -1, -1,-1,1,-2,2), Hyp-(-3,1,-1,-1,1,2,2)

are switchings of Hyp,(b) by the cuts 6({1,5,7}), 6({1,6}), 6({2}), respectively (see Sec-
tion 7.3 for the definition of switching).

The complete characterization of the hypermetric facets Hyp,,(b) for CUT,, is known
for the following classes of parameters b = (by,...,b,):

(1) by >...2>2b,>0>byy1 > ... > b, with b,_y = —1 (i.e. all negative b;’s except at
most one are equal to -1) ([29], [36]).

(i1) b; € {w,—w,1, =1} for all i = 1,...,n, for some integer w > 2 ([37]).

For instance, in case (¢), Hypn(b1,...,by,—1,...,—1) defines a facet of CUT,, for all
3<p<n—-3,by,...;0p>land by +...+b,—(n—p)=1.

One of the main tools for constructing hypermetric facets is a lifting procedure permit-
ting to obtain a hypermetric facet of CUT, 41 from a given hypermetric facet of CUT,,.
For instance, if Hyp, (b) defines a facet of CUT,, then Hyp, ,(b,0) defines a facet of
CUT,, 41 (this is 0-lifting).

Recall that a valid inequality v”2z < 0 defines a simplicial face of CUT,, if the semi-
metrics §(5) satisfying the equality v"2 = 0 are affinely inedependent. For example,
Hyps(1,1,—1), Hyp,(1,1,—1,0), Hyps(1,1,1,—1,—1) define simplicial facets of CUTj,
CUTy, CUTs;, respectively. More generally, Hyp, (n —4,1,1,—1,...,—1) defines a sim-
plicial facet of CUT,, for all n > 3. In fact, for b = (a,n —5—a,1,1,-1,...,—1) with
a > ”2;5, n > 6, Hyp,,(b) defines a facet of CUT,, if and only if « < n — 4, and Hyp,(b)
defines a simplicial face of CUT,, if and only if « > n — 4 ([36]).

Several generalizations of hypermetric inequalities have been proposed. They are of the
form 37 cicj<p bibjij — Yijem(q) i < 0, where b € Z" and G is a subgraph (eventually
edgeweighted) of K. So, hypermetric inequalties are the case when >y, b; = 1 and
G is the empty graph. When 3" ..., b; = 2r + 1 is odd and  is an antiweb (resp. the
suspension of a tree), we have the clique-web inequalities (considered in [1], [36], [37],
[38]) (resp. the suspended-tree inequalities, considered in [18]). Further generalizations of
suspended-tree inequalities are considered in [63].
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For instance, let b € Z™ with by,...,0, > 0 > bpg1,.. ., b, 2 1<ic, 0: =3, p > 3 and
let C' be a cycle on the nodes (1,...,p). Then, the inequality -

Z bibjx;; — Z 2 <0

1<i<j<n 1ijEE(C)

is valid for CUT,, (it is the case r = 1 of the clique-web inequalities); it defines a facet of
CUT,, for instance, if p> 5 and b4y =...=b, = —1.

Also, let b € Z™ with > 1 c;c, bs =2r 4+ 1, 01,...,0, >0 > bppq,...,0,,3 <p<n—-1,
let T be a tree spanning the nodes (2,...,p) and, for i € {2,...,p}, let degr(i) denote the
degree of node 7 in T. Then, the inequality

Z bib;x;; — @( Z (2 — degr(i))z1; + Z zi;) <0

1<i<j<n 2<i<p ijEE(T)

is valid for CUT,, (it is the suspended-tree inequality).

7.2 Analogues of hypermetric inequalities for other cut families

We indicate how hypermetric inequalities can be modified in order to obtain valid inequal-
ities for other cut families.

We recall some definitions. Let X = {1,...,n} and let T'C X with |T'| even. The cut
6(95) is called an even T-cut (resp. odd T-cut) if |5 N7 is even (resp. odd). If n is
even and T = X, then an even T-cut is simply called an even cut.

Even cuts can generalized to t-ary cuts as follows. Let ¢ > 2 be an integer and suppose
n =0 ( mod ¢). The cut §(9) is called a t-ary cut if |S| = 0 ( mod ¢). Hence, 2-ary cuts
are just even cuts.

Let 51,...,5% be a partition of X into k parts. The multicut 6(57,...,5%) consists
of the edges 75 of K, whose endnodes ¢, j belong to distinct classes of the partition. So,
for k = 2, we have the usual notion of cut. The multicut §(51,...,5%) is said to be even
if [S1],...,|9%| are all even.

We now indicate analogues of hypermetric inequalities that are valid for even T-cuts,
t-ary cuts, multicuts, and even multicuts.

¢ ([39]) Suppose T' C X with |T'| even. Let b € Z" such that b; is odd for all ¢ € T', b; is
even for all © € X — T and Zlgign b; = 2. Then, the inequality

> bibjai; <0 (35)
1<i<y<n
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is satisfied by all even T-cuts. In particular, if b; = £1 for all 7, then the inequality (35)
defines a facet of the even cut cone (the cone generated by all even cuts of K,,).

Let ¢ > 2 be an integer and suppose n = 0 ( mod ¢). Let b € Z" such that b; =
G (modt)foralli=1,...,n, where g € {1,2,...,t— 1}, and Y ;<;<,, b; = t. Then, the
inequality (35) is satisfied by all t-ary cuts. -

o ([49], [34]) Let b € Z" with 0 = 371 ,<,, b; > 1. The inequality

Z bib]wij <

1<i<y<n

o(oc—1)

is satisfied by all multicuts. For instance, if b; = £1 for all 2, then the above inequality
defines a facet of the multicut polytope (the convex hull of all multicuts of K, ). (Note
that the multicut cone coincides with the cut cone.) Another generalization of hypermetric
inequalities to multicuts is presented in [22].

o([39]) Let b € Z" with 0 = Y1 <;<,, b; > 2. The inequality
-2
Z bibja;; < M

1<i<y<n 2

is satisfied by all even multicuts.

7.3 Hypermetric inequalities for the cut polytope

The cut polytope CUTY is defined as the convex hull of all cut semimetrics 6(5) for § C X.
This polytope has been extensively studied since it plays a central role for the resolution
of the maximum cut problem in combinatorial optimization.

In fact, CUTY is, in a sense, equivalent to the cut cone CUT,,. Indeed, all the facets of
CUTY containing a given vertex §(5) of CUTY can be obtained from the facets of CUT,,
(that is, the facets of CUTY containing the origin §() = 0) by some simple reflection,
called switching ([16]).

Switching acts on inequalities as follows. Let v’2 < a be a valid inequality for CUTY
and let 6(.9) be a cut. Define v° € R() by UZS]« = —v;; if 6(9);; =1 and UZS]« = v;; otherwise.
Then, the inequality (v°)'2 < a — v76(9), obtained by switching v’z < a by the cut
6(9), is valid for CUT?.

Given b € Z™, set 0 = 3 cic, by and y = min(|o — 23,5 b;| : 5 C X), called the gap
of the b;’s. Then, the inequality

2 2
O' j—
> bibjai; < 2 !
1<i<y<n
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is valid for CUTY; it is called a gap inequality ([52]).

Note that the gap inequalities with ¢ = 0 are exactly the inequalities of negative type
and the gap inequalities with ¢ = 1 are the hypermetric inequalities. Moreover, the gap
inequalities with o odd and such that ). 4 0; = 6’2;1 for some A C X, are exactly the

switchings of the hypermetric inequalities; they are of the form Zl§i<j§n bibjx;; < 6’24—_1.

Let GG be a graph on n nodes and let me¢(G) denote the maximum cardinality of a cut
in G, ie. me(G) = max(Pjepa) Ty T € CUTY). Some upper bounds for me(G) are
known. Let L(G) denote the Laplacian matrix of &, L(G) is the n X n matrix whose ij-th
entry is degg(i) if ¢ = j, -1 if ij € F(G) and 0 otherwise. Set

P(G) = T min(Aar(L(G) + diag(u))  w € K", Y- wi = 0)
1<i<n

where diag(u) is the diagonal matrix with diagonal entries uq,...,u, and Apax(L(G) +
diag(w)) is the largest eigenvalue of the matrix L(G) + diag(u). Set

1 1
P(G) = max(§Trace(AY) : §J — Y is positive semidefinite and Y;; = 0 for 1 <7 < n)

where J is the n X n matrix with all entries equal to 1. Then, me(G) < ¢(G) ([27]) and
me(G) < P(G) ([60]). In fact, by general duality theory, these two bounds coincide, i.e.
p(G) = $(G) ([55]).

It is easy to see that

¥(G) = max( Z : x satisfies the inequalities (36) for all b € Z").
EE(G)

0.2

> b < (36)
1<i<y<n

The inequalities (36) are clearly valid for the cut polytope CUTL, but they are never
facet defining since they are dominated by the gap inequalities. While optimization over
the convex body defined by the gap inequalities is probably hard, optimization over its
relaxation by the inequalities (36) can be done in polynomial time. Compare with the
complexity results about hypermetric inequalities from Remark 4.12.
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