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1 Introduction

Visibility and illumination problems are among the most appealing and intuitive
research topics of combinatorial geometry. In many cases (though not all) their
analysis requires nothing more than basic topics from geometry, number theory
and graph theory and as such they are very well suited for a wide audience [3]. In
recent years there has been particular emphasis on the algorithmic component
of visibility problems in polygonal configurations and as such they have come to
be studied under the area of “art gallery (watchman) problems”. In turn this
last area lies at the intersection of combinatorial and computational geometry
[15].

Art gallery problems, theorems and algorithms are so named after the cele-
brated question first posed by V. Klee in 1973: “What is the minimum number
of guards sufficient to cover the interior of an n-wall gallery?” The problem was
solved soon thereafter first by Chvatal and subsequently also by Fisk. Since then
art gallery problems have successfully emerged as a research area that stresses
complexity and algorithmic aspects of visibility and illumination in configura-
tions comprising “obstacles” and “guards”. In fact by creating rather idealized
situations the theory succeeds in abstracting the algorithmic essence of many
visibility problems (like in partitioning theorems, mobile guard configurations,
visibility graphs, etc.) thus significantly facilitating the study of their compu-
tational complexity.

In the present paper we focus on a particular class of art gallery problems,
namely those visibility problems which concern configurations of points lying
on the vertices of the integer lattice A. By this we assume that we have point
obstacles (i.e. lattice points can block the view) and point guards (or cameras)
which occupy the vertices of the lattice. We also assume that the cameras have
“full visibility” (i.e. can survey the entire space) and see objects at any distance.

In particular we are interested in the following art gallery problem.

Given an integer s, determine a configuration S (of camera loca-
tions) contained in A and of cardinality s, such that the density of
lattice points which are visible from at least one pownt of S 1s as large
as posstble.

1.1 Some definitions

Before providing an outline of the main themes of investigation we remind the
reader of some basic definitions and simple facts. By A we denote the d dimen-
sional integer lattice consisting of d-tuples of integers and by A, the set of lattice
points in A whose coordinates have absolute value < n/2.* Very important for
our subsequent optimization analysis is the notion of density of a set of lattice

*We suppress mention of the dimension d in our notation for A and A,, but this will be
always implicit in the context.



Figure 1: Points # and y are visible; points z and ¢ are visible modulo p for p # 2, 3.

points. For any set X C A of lattice points we define the density D(X) of X as
the limit (if it exists) of the ratio

X N A
Da(X) = 5

of the number of points in X N A, to the number of points in A,, as n tends
to infinity. The upper and lower densities D(X), D(X) are defined similarly
by taking the lim sup, liminf, respectively. It is easy to check that the density
function is a finitely additive measure on those subsets of A which have density.
In particular, we have

0< D(X) <1,
X CY = DX) < DY),
D(XUY)+D(XNY)=D(X)+ D(Y).

Let P = {2,3,5,...} be the set of prime numbers, and let p range over P,
and Q over subsets of P. Two lattice points are called visible modulo p if they
are distinct modulo p. Two lattice points are said wvisible modulo Q if they are
visible modulo p for each prime p € Q. Two points visible modulo P are visible
in the geometric sense, i.e. the open line segment joining them avoids all the
lattice points (see Figure 1). For all X C A, X/p denotes the quotient set of X
by the relation of equality modulo p.

1.2 Related literature

Interesting visibility problems have been studied on integer lattices [5, 8]. Of
these we single out two which are relevant for our study.



Figure 2: Two guards are enough to cover lattice of pairs of integers < 5/2.

Rumsey [22] shows that for any set .S of lattice points, the density of the set
of lattice points visible from each point of S is given by the infinite product

H (1 _ |S/dp|) . (1)

peP p

(In fact, Rumsey gives a characterization of the sets S for which the density
formula (1) is true.) The above formula was previously obtained by G. Leujeune
Dirichlet for the case |S| = 1 (“the probability that d integers chosen at random
are relatively prime is 1/{(d)”, where {(2) = > -, 777, |z| > 1, denotes the
Riemann zeta function, [11, page 324]) and by Rearick [20, 21] for the case where
|S| = 2 and the points of .S are pairwise visible.

An interesting (and in general still open) art gallery problem was posed by
Moser [14] in 1966: given a set P of points in the plane how many guards
located at points of P are needed to see the unguarded points of P? Abbott [1]
studies the case P = A,, and shows that the minimum number f(n) of guards
which are necessary in order to see all the points of A, (see Figure 2) verifies

the inequalities
Inn

2Inlnn

The lower bound result follows by applying the Chinese remainder theorem and
the Prime number theorem. For the upper bound Abbott constructs recursively
a sequence &1, Za,..., ey such that for each ¢, #;41 is a point x in the set A, for
which the set-theoretic difference Vi, (2) \ (Vi (21) U -+ U Vi (25)), where V()
is the set of points of A, visible from z, is of maximal size and shows that
k = O(Inn) iterations of this procedure suffice in order to cover all the vertices
of the lattice. His method however gives no “qualitative” information on the
location of these points on the lattice. Nevertheless, he also shows using work
of Erdos [4] that there exists a constant o > 0 such that, for d = 2, every

< f(n) <4lnn.



point of the lattice A, is visible from the set {(1,0)}U{(0,4)|j=0,1,...,k},
where k = O(In” n). It is straightforward to see that his methods can easily be
extended in order to yield similar results for the d-dimensional lattice A,,.

In some respects the camera placement problem can be thought of as a
“qualitative” version of Abbott’s problem. Despite the fact that Abbott’s (and
hence Moser’s) question still remains open we expect that our investigations will
also contribute to a better understanding of this problem.

At this point it is worth stressing one more time that we are considering
point obstacles and point cameras. As a matter of fact, the density aspects of
our problem would change were we to assume that the obstacles are discs of
radius > 7, say. According to a theorem of Pdlya [18] no disc at a distance
v/1/r? — 1 from the origin can ever be visible from it. (This comes from Pélya’s
solution of the so-called “Pélya’s orchard problem”, i.e. “How thick must the
trunks of the trees in a regularly spaced circular orchard grow if they are to
block completely the view from the center?” [19][Chapter 5, Problem 239], [2].)
See also [5][problem 13.2] for generalizations of Pélya’s orchard problem.

Many other interesting visibility problems have been studied on integer lat-
tices. The interested reader should consult [5, 8] for additional references.

1.3 Outline of the paper

Our paper is divided in the following parts. In section 2 we give a precise
mathematical formulation of the camera placement problem and we introduce
the notion of abstract configuration which captures the combinatorial part of the
problem. In subsection 2.2 we show that a solution exists and we reformulate
our problem into the following integer optimization problem:

maximize /(b)) + w'(ba) + -+ v (b))

subject to { (bi,...,bm) = Blay,...,am) (2)
a; + -+ ay, = s, a; €N,

where u' is an absolutely monotone function, B is a linear operator and m € N;
the three parameters «’, B and m depend on s (see section 2 for the appropriate
definitions of v/,B and m).

This enables us to solve the problem, in section 2.3, for the case of s < 3¢
cameras. Subsequently in section 3 we make a deeper combinatorial analysis
of our optimization technique and we provide a characterization of optimal
configurations for all s < 5. This caracterization enables us to compute in time
O(slogs) an abstract optimal configuration (i.e, a solution to (2)), assuming that
the visibility function is computable in constant time. In section 4 we discuss
open problems and related work.



2 Camera Placement Problem

The camera placement problem in multidimensional lattices is the following:

Given an integer s, determine a configuration S of s lattice points
(camera locations) such that the density of lattice points visible by
at least one point of S is maximized.

More formally, we want to find conditions on the set S of possible camera
locations so that the following quantity

ws)= S uEe L (- ), ®)

pd
ECS,E#0 peP

which is obtained from the product formula (1) using the principle of inclu-
sion/exclusion is maximized. The quantity u(S) is called the wvisibility of the
configuration. Configurations (if any) which, for a given s, attain the optimal
density will be called optimal.

Clearly the visibility of a configuration depends only on the relations of
visibility modulo p shared by its cameras as p ranges over P. For example for
d = 2 the visibility of a configuration of 4 pairwise visible cameras is given by

() IO I )

peEP PEP pEP

It follows that in order to control the variation of the visibilility function it
will be more convenient to specify a configuration by its relations of visibility
modulo p instead of the coordinates of its points. This leads to the notion of
abstract configuration.

Definition 2.1 An absiract configuration of size s is a family of equivalence
relations

(ro, 73,75, 77, ...) = (Tp)pep

on the sel [s] = {1,... s} indexed by the set of prime numbers such that
irpJ of and only if A —A; €pA,

for some ordered configuration {Ay,... As} of s latlice points. In thal case the
configuration {A1, ..., As} is called a representative of the family (rp)pep. Two
ordered configurations which represent the same abstract configuration are called
equivalent modulo P.

In view of formula (3) it is obvious that two configurations which are equivalent
modulo P have the same visibility.
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Figure 3: A 9-camera configuration.

Example 2.1 Figure 3 displays a 9-camera configuration {Aq,..., Ag} such
that point A; s positioned at the lattice vertex labeled by i. Assuming the origin
is located at O = (0,0) the lattice points have the following coordinates:

Ay =(0,4), Ay = (1,3)
Ag = (8,3), A7 = (7,2)

bl
bl

The corresponding equivalence relations ro,rs, rs,r7,... are described by their
equivalence classes as follows:

ro: {1,3,5,8},{2,4,9},{6},{7}

r3’ {1a4a9}a{Q}a{3a8}a{5}a{6}a{7}

rs: {1},{2},{3, 7}, {4}, {5}, {6}, {8}, {9}
ro {11,426}, {3}, {4}, {5}, {7}, {8}, {9}

and for rp, p > 11, all classes are singletons.
The camera placement problem is then split into two subproblems.

Problem 1. Give necessary and sufficient condition for an abstract
configuration to be optimal.

Problem 2. Compute a representative of a given abstract (optimal)
configuration.

We will not consider the second problem in this article; the interested reader
can consult [16] where it is shown that a representative of an optimal abstract
configuration can be computed in expected time exponential in s'/¢ (for d fixed).



At this point and to guide our analysis it can be useful to make a conjecture
about the solution. In view of formula (3) it is reasonable to believe that the
cameras of an optimal configuration have to be evenly distributed in the classes
of A/p as p ranges over the set of primes. This leads to the notion of balanced
configuration.

Definition 2.2 A configuration S s called balanced if
Vn  square free Ve, € A/n, [|[SNel—]SNe <1.
Conjecture 2.1 An optimal configuration is necessarily balanced.

Before we attempt to prove (or disprove!) this conjecture we must determine
which family of equivalence relations have a representative; in particular we must
determine if balanced configurations exist. We examine this question in the next
section.

2.1 The realizability theorem

The paper of Rumsey [22] is concerned with the following problem.

Given a set S of lattice points, let V(S) be the set of lattice points
which can see each of the points of S. Find the density of the set
V(S) (if it has one).

According to Rumsey [22] aset X C A is called periodic of period the natural
number m if X = X 4+ mA; in other words X is the union of some classes of the
quotient set of A by the relation of equality modulo m.

The following two results appear in [22].

Proposition 2.1 A periodic set X C A of period m has a density given by the
ratio | X/m|/|A/m|. Moreover,

et (PL20Y <, ) < g (1221) (1)

Proposition 2.2 The density of a finite inlersection of periodic sets whose
periods are pairwise relatively prime is the product of the densities of the pertodic
sets. ad

These results suggest a posssible solution to Rumsey’s problem. Recall that
two points are visible modulo p if they are distinct modulo p and let V,(S) be
the set of lattice points which can see modulo p each of the points of S. Rumsey
[22] observes that

V()= [ Va(S)

peP



and that V,(S) is periodic of period p. So it is tempting to assert [10] that the
density of V(.S) is the product of the densities of the V,,(5)

DV (S)) = [T DVa(9)).

peP

The main result of [22] is to give a necessary and sufficient condition so that
the above formula is true. In particular this formula is true when S is finite.

What is this necessary and sufficient condition? It turns out that this nec-
essary and sufficient condition can be reformulated in a much more versatile
way when we replace the sequence Va(S), V5(5), V5(5),... by an arbitrary se-
quence X1, X5, X3, ... of periodic sets of pairwise relatively prime periods. This
reformulation is the following.

Theorem 2.1 Let (Xy),eN be a sequence of periodic sets such that Xy is pert-
odic with respect to my. Assume that the my are pairwise relatively prime and
put

AK)={z€A|Tk, € (X1N...NX;_1 N Xy), myp > K|z|}.

Then the following assertions are equivalent

1) DN Xx) =TT D(Xe)

i) limg_ o D(A(K)) = 0.
Proof. We follow and adapt Rumsey’s proof to work in the present framework.
Let X = (), X&; without loss of generality we assume that the sequence
my, Mo, ... 1S Increasing.
First we prove that ¢) = ¢¢). Since the sequence my, is increasing A(K) C

(ﬂmk<K Xk) \ X. Hence we obtain that

D(A(K)) gﬁ( N Xk) —D(X) =[] D(Xi)- D(X).

mp <K <K

Let now K tend to infinity to get the desired result.
We assume now i) and we prove ). From X = [, X} we get easily that

D(x) < [] P(X0). (5)

In particular if the right-hand side of this inequality is zero then D(X) =
D(X) = D(X) =[] D(X) = 0 which proves (7). So without loss of generality

we may assume that [], D(X3) # 0 or equivalently that ), D(X}) < co. Let
R be a natural number and choose n (the size of the box for computing the

10



density) such that Kn > R. From X =(,, . Xx \U
the fact that the Fys are disjoint) we get

Dn(X):Dn<ﬂ Xk)— > Dn(Fk)—Dn< UJ Fk) (6)

mp <R R<mr<Kn mr>Kn

mysg P (together with

The middle term in the right-hand side of (6) is estimated by using (4) as follows
d
— — n/m
D(Fe) < Du(Te) 5 Ko/ (2221

Then we use pp < nK to bound [n/my]/n by (14 K)/my. Tt follows that
(1+ A)
mg
The last term in (6) is majorized by D, (A(K)) since

D |Xk/mk| = (1+ K)D(Xy).

U Fe|({zeAllzl<n} CAK).

mr>Kn

Combining these majorizations we obtain

Da(X)>Du( () Xo) =1+ K > D(X4) - Da(A(K)).

Now we let successively n, R and K go to infinity and we get

DX) > J[Dpxe)—(1+K)* > DXy) - DAK))

HD (X1) — D(A(K))
HD (X%).

This last inequality combined with inequality (5) gives the desired result. O

Is
s
\%

Is
s
\%

Then Rumsey used the above theorem to prove that the set V(S) admits a
density when S is finite. We reformulate this result replacing the set P of prime
numbers by a subset Q@ of P.

Proposition 2.3 (Rumsey’s Theorem) Lel S be a finile sel of lattice points
and let Q be a set of prime numbers. The set Vo(S) of lattice points visible
modulo Q from each point of S admits a density given by the infinite product

I (2- 0.

peEQ

Furthermore Vo (S) is nonempty if and only if |S/p| < p? for allp € Q.

11



Now we come to the existence question of a representative for a family of
equivalence relations. First we generalize slightly the definition of abstract con-
figuration.

Definition 2.3 Let Q be a set of prime numbers. An abstract Q-configuration
of size s is a family (v,)pco of equivalence relations on the set [s] = {1,..., s}
indexed by the set Q such that

irpJ of and only if A —A; €pA,

for some ordered configuration {Ay,... A} of s latlice points. In that case
the configuration {A1,... As} is called a representative of the family (r,)peo-
Two ordered configurations which represent the same abstract Q-configuration
are called equivalent modulo Q.

Proposition 2.4 (Realizability Theorem) Let & = (rp)peo be a family of
equivalence relations on the set [s] = {1,...,s}. A represeniative of & exisls
if and only if |[s]/r,| < p* for all prime p € Q, and |[s]/r,| = s, for p large
enough. Furthermore the set of representatives of & admits a density given by
the infinite product

I P11/,

sd )
peQ p

where (x)y = x(z —1)...(x —y+ 1) is the descent factorial.

Proof. In [12] the existence part of the Realizability Theorem was proved by a
repeated application of Rumsey’s Theorem. Here we deduce the existence from
the expression of the density.

Let X, be the set of s-tuples (A44,..., A;) of points of A such that 4;— A4, €
p A if and only if ¢ 7, j for all 7 and j. Clearly the set, say X, of representatives
of &£ is the intersection of the X, as p ranges over Q; furthermore we can easily
verify that X, is periodic with period p, and that its density is given by the
ratio

(P)s1/r,|
psd :
Then we are in a position to apply Theorem 2.1.

First we observe that if Hp D(X,) = 0 then our theorem is proved since
D(X) < Hp D(X,). Hence without loss of generality we may assume that
Hp D(X,) # 0;in particular this condition implies that r, is the identity relation
for p large enough. Let now A(K) be the set of lattice points A = (A1,..., A;) €
A’ such that 4; — A; € pA and p > K|A| > 0 for some 4, j and p € Q. Then
there exists a lattice point U € A such that A; — A; = pU. Hence it follows
that

pIU = |A; — 4] < 4] < /.

12



But applying this last inequality with K = 2 it follows that U = 0, i.e,
A = Aj.

The set A(K) is then subdimensional, i.e, it is a subset of a finite number of
hyperplanes, and consequently its density is null.

To prove the existence part of the proposition notice that the product for-
mula is positive if and only if |[s]/r,| < p? for all prime p € Q, and |[s]/rp| = s,
for p large enough. On the other hand these conditions must be satisfied since
for any configuration S of s points we have |S/p| < |A/p| which is equal to p?
and |S/p| = |S] for p large enough since the coordinates of the points of S are
bounded. O

Corollary 2.1 Balanced configurations exist.

Proof. To introduce balanced configurations of size s we argue as follows.
Suppose we have indexed the classes of A/p with integers between 1 and p¢.
So we can attach to each point A of A a finite sequence of integers, say {(A),
which represent the various classes of A/p at which A belongs as the prime
number p ranges over the sequence 2,3,5,...,p, of primes less than s'/¢. Let
i be the operator of pointwise incrementation, i.e. i(z1,®2,...,2,) = (x1 +
l,za 4+ 1,... 2, + 1) where the entry z; + 1 is computed modulo pd. Let 1 be
the sequence (1,1,...,1). According to the Realizability Theorem, there exists
a sequence of lattice points Ay, ..., A such that §) Ay, A; are visible modulo
p for each prime p > s'/¢ and ii) {(A;) = i*~1(1). Since the p{ are pairwise
relatively prime, this configuration is clearly balanced. O

Remark 2.1 We will use the Realizability Theorem in a sligthly stronger form.
According to Theorem 2.1, if a representative of £ exists then we can always
find a representative belonging to some periodic set, assuming that this period
1s relatively prime to any element of Q. For example we can impose on the A;
to verify the conditions

A; — B; € pA

where p ranges over a finite set of primes disjoint from Q and where the B; are
gen lattice points. A similar remark applies to Rumsey’s Theorem.

We end this section by introducing a few more notations and some technical
points which will be useful in the sequel. Let

Ug(s) = | Ve({4}) (7)

AgS

be the set of lattice points which are visible modulo @ from at least one point
of S. From Rumsey’s Theorem and the finite additivity of the density function

13



it is clear that the set Ug(S) admits a density. This density is called the Q-
visibility of the configuration S, and is denoted u(Q,S). According to the
inclusion /exclusion principle,

W(Q.5)= 3 ()] ( |E/P|) (8)

ECS,E#0 peEQ

Note that two configurations which are equivalent modulo @ heve the same
Q-visibility.

Let now Sy,...,5, and T be r + 1 finite subsets of A. In our subsequent
analysis we will encouter the set

Ug(S1)N---NUg(Sy)\ Ug(T)

of lattice points which for each ¢ < r can see modulo @ at least one point of
each set S; and can not see modulo @ any of the points of 7. This set admits
a density, denoted by

U(Q,Sl,SQ, .. ,ST,T)

It will be useful to relate this density to the following difference operator. For
A C A we define the operator A4 on the set of functions F' from P(A) to R as
follows

AQFP(X)=F(AUX) - F(X). (9)
Proposition 2.5 The difference operator and the densily function D verify
1. AyD(X) = D(A\X)
2. ApAAD = —AjnpD

Proof. The first part follows easily from the additivity of the density function
and the set equality X UY = (X \ Y)UY. The second part follows from the
following equations

ABAAD(X) AD(B UX) — AAD(X)
=D(A\(BUX)) - D(A\X)
— J[D(A\ X) ~ D(A\ (BU X))
= —[D((A\NX)\ (A\ (B\ X)))]
=—-D(ANB)\ X)
I—AAQB(X).D

By repeated application of part 2 of the previous proposition we get that
U(Q, Sl, ey ST; T) = (—1)T+1AUQ(51) e AUQ(ST)U(Q’ T) (10)

Proposition 2.6 Assume that Q is infinite. If 1/ is less than the minimal
prime of Q then the set Ug(S1)N- - -NUg(Sy)\Ua(T) admits a non-null density.

14



Proof. Let A; be a lattice point of S; and for each lattice point B of T let ¢p
be a prime number of Q such that A; and B are visible modulo ¢g for all ¢. Let
then @1 = @\ {gp | B € T}, and let S be the set of A;. Then the set, say V,
of lattice points A such that

e A—B€EqgpA,
e and A is visible modulo Q; from each of the A;

is a subset of Ug(S1)N- - -NUo (S, )\Ug(T'). But according to Rumsey’s Theorem
the density of V' is non-null since, by hypothesis, |S/p| < r < p? for each prime
peE Q. d

2.2 Reduction to an integer optimization problem.

The difficulty of the optimization problem previously stated 1s due not only to
the way we specify and manipulate the locations of the cameras (this problem
is now solved by the Realizability Theorem), but also on the formulation of
u(S) as an alternating sum in identity (3). In the sequel we will reformulate the
problem as a non-linear integer optimization problem.

The key idea in overcoming the inherent complexity of optimizing u(S) lies
in an inductive formula for computing u(S). We have the following theorem.

Theorem 2.2 (Reduction Theorem) For any sel Q of primes, any p € Q,
and any configuration S,

plu(Q,8) = Y w(@\{p},5\¢)
c€A/p

Proof. Let ¢ range over A/p. It is clear that a point of ¢ is Q-visible from a
point of S if and only if it is @ \ {p}-visible from a point of S\ ¢, i.e.

Ug(S)Ne=Ug\p3(S\e)ne.

According to Proposition 2.3 the set Ug(.S) Ne¢ admits a density given by u(Q\
{p}, S\ ¢)/p?. We use now the additivity of the density function to write

WQ,9)= 3 D(Ug(S)Ne)
ceA/p

which is, up to notations, the formula given in the theorem. O

A first application of the previous theorem is the following.

Theorem 2.3 (Finiteness Theorem) A necessary condition for the oplimal-
ity of a configuration S s that

¥p € P |S/p| = min{|S], p}.
In particular the cameras of an optimal configuration must be pairwise vistble

modulo p for all primes p > |S|'/ 4.

15



Observe that this theorem proves our conjecture for all square free integer n
divisible by a prime number p > |S|/¢.

Proof. The inequality |S/p| < min{|S|,p?} is always true even if S is not an
optimal configuration. Now we assume that this inequality is strict for some
p € P and we construct a better configuration as follows. Let ¢ € A/p be
such that S N ¢y has at least two elements and split S N ¢; in two non-empty
parts S1,.52. Since there exists a coset ¢o € A/p whose intersection with S is
empty, the Realizability Theorem asserts that there exists a configuration S’ in
bijection with S such that

1. S and S’ are equivalent modulo P \ {p}
2.8 Ne =5
3. 8 Ney =5
4. 5 Ne=(SNnc) forall e #ci,e0 € AJp

where E’ stands for the image of E under the canonical bijection of .S and 5.
Let now «(.) stand for uw(P\{p},.); since S and S’ are equivalent modulo P\{p}
we have, for all E C S, the equality «'(F) = «/'(E'); it follows, according to the
reduction theorem, that

P (u(S") = u(8)) = w'(S\ S1) + /(SN S2) — (S (81U S2)) —u'(S).

But the right member of this equation is —Ay ,(s,)Av,,,(s,)%'(S) where P’ =
P\ {p} and A, is the difference operator (9). According to equation (10) we
can write

pH(u(S) — u(S)) = u'(S1,S2; S\ S1 USs)

which is, according to Proposition 2.6, positive. The proof of the theorem is
complete. O

Example 2.2 The configuration described in ezample 2.1 satisfies
1S/2] = 4,|5/3] = 6,]5/5] = 8,|S/7| = 8.
By the Finiteness Theorem the corresponding configuration cannot be optimal.

An immediate consequence of the Finiteness Theorem is that a solution to
the camera placement problem exists and that the number of solutions is finite
modulo the relation of equivalence modulo P. In some sense we can consider
our problem as resolved: make an exhaustive search to determine an optimal
abstract configuration and use remark 2.1 following the Realizability Theorem
to find a representative of this abstract configuration. However the search space
has size exponential in s't1/4 since, according to the Prime number Theorem,
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m is of order ¢*”/*. Our goal is to reduce the size of the configuration space of
candidates to optimality. We will achieve this goal when s < 5.

To each configuration S, let {p1,...,p,} be the sequence of prime numbers
p such that |S/p| # |S| and let m = py ... p, be their product. We associate to
S the family of integers (a.) defined by

a. =|SNepNesN...Nepl, (11)

where the index ¢ = (c¢y,...,¢,) ranges over the set C := A/p1 x -+ x A/p,.
The integer a. is the number of cameras in the coset ¢ of A/m. Conversely, the
Realizability Theorem shows that given a family of numbers (a.).ec there exists
a configuration S of s = 3, a. points such that |S/p| = |S| for p # p; and to
which the family (a.) is associated by the above described procedure.

Example 2.3 For the configuration of example 2.1 we have that v = 4 and
PL=2,p2=3,p3=5ps=T.
Equipped with this new way of specifying a configuration of cameras we give

now a new expression for the function «(S) to be maximized. We introduce the
reduced density function, defined on the subsets E of S by

U/(E) = U(P\{pla"'apT}aE)a (12)
and the family of reduced configurations B, C S defined by

B.=S\Je (13)
i=1
Then by a repeated application of the Reduction Theorem we get that the
visibility of the configuration S is the mean of the P\ {pi,...,p, }-density of
the p{...p? reduced configurations, i.e.

mu(S) = u'(B.), (14)
ceC
where m¢ = pf...pd. Before we give the properties of the reduced density
function we recall that a real function f(e) is called absolutely monotone if
(—=1)"*LA" f(e) > 0 for all natural numbers n > 1, where A" is the standard
notation of the calculus of finite differences [9]

Alf(z) = flz + 1) — f(z), AT f=AYNA"f).
In particular an absolutely monotone function f is stricly increasing and stricly

concave, i.e f(e 4+ 1) — f(e) is strictly decreasing as a function of e.

Theorem 2.4 (Optimization Theorem) Let S be a configuration of s cam-
eras and let v', and (B;) be the corresponding reduced density function and
famaly of reduced configurations associated to S. Then for E C S the function
W' (F) depends only on the size |E| of the set E. Let u'(e) = v/(F), where e = |E|
and let b, = |B.|. Then we can prove the following properties.
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1. u'(e) is absolutely monotone.

2. miu(S) = D oeec W(be)
3. b. = Zh(c oy Gt where the Hamming distance h(c,c’) is defined as the
number of i such that ¢; # cf.

4o Peee be = sz (pf = 1)
Proof. By hypothesis |S/p| = |S|, for all primes p & {p1,...,p,}. This implies
that for such primes p any two cameras in .S are pairwise visible modulo p. In
particular for any set £ C S, |E/p| = |E|. We conclude from equation (8) that
the density function (P \ {p1,...,pr}, F) depends only on the cardinality of
the set |E'|. More precisely we have

- k
W(E) =Y (-1t (Z) 11 (1 - ﬁ) . (15)
k=1 P#EPL,-Pr
This proves the main assertion of the theorem regarding the function u’.

Next we proceed to the second part of the theorem. In view of the previous
observations the function u/(e) represents the P\{p1, ..., pr} density of a set of e
cameras which are pairwise visible modulo p for each prime p € P\ {p1,...,pr}.
Let £ C S and Ay,..., A, be n points of S\ F such that e = |E|. According
to equation (10) and Proposition 2.6 we have

(=1)" A (e) = u'({A1}, ..., {An}; E) > 0

Parts 2. and 3. are trivial reformulations of equations (11), (13) and (14).
Finally the last part follows from the following identities.

St = Y (avl{c]hle,d) = r)])

[{elh(e,d)=r} ) an

r

= s [Jof -

i=1

This completes the proof of the theorem. O

According to the Finiteness Theorem and the Optimization Theorem, our
original optimization problem is reduced to the following integer optimization
problem

max Zu’(b;)“);: Z ay, Za;:s, ar €N (16)

Iel R(I,J)=r Iel
JET

where 7 = [1..29] x - x [1..p9] with p, < s/, h is the Hamming distance and
u’ 1s an absolutely monotone function.
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Figure 4: Two optimal 4 camera configurations in the plane.

2.3 Optimality for s < 3¢

Now it is possible to give characterizations of optimal configurations of size
< 34,

Theorem 2.5 A configuration of size < 2% is optimal if and only if its cameras
are pairwise vistble.

Proof. Let S be an optimal configuration. From the Finiteness Theorem and
our hypothesis |S| < 29, the cameras are pairwise visible modulo p for all prime
numbers p. Consequently the cameras are pairwise visible. Conversely if the
camers are pairwise visible, then their visibility 1s uniquely determined. O

Theorem 2.6 A configuration S of size < 3% is optimal if and only if S is
balanced.

Proof. Let S be an optimal configuration. From the Finiteness Theorem and
the hypothesis, |S| < 39, the cameras are pairwise visible modulo each prime
p > 3. It remains to determine the visibility modulo 2. Our optimization
problem is equivalent to the integer optimization problen

24 2

d
max Zu/(bi)|bi22ak, Zaizs, a; €N
-1

i=1 ki i=

Here u' (the reduced density function) is an abolutely monotone function and
a; is interpreted as the number of cameras in the ith coset of A/2, provided we
have numbered the 2¢ cosets of A/2. In particular u’ is strictly concave, i.e

Ad'(e) = u'(e + 1) —u/(e)

is stricly decreasing. To show that the optimal solution is obtained when |a; —
aj| <1 we proceed as follows. Assume that for some 4, j we have a; > a; + 1
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Figure 5: An optimal configuration of 9 cameras in the plane.

(& by < b; —1). Then we claim that the objective function is increased by
replacing a; and a; by a; — 1 and a; + 1. Indeed the variation of the objective
function is

Au/(bz) — Au/(b]' — 1)

which is > 0 since u’ is stricly concave. To conclude the proof it remains to
observe that the condition |a; — a;| < 1 determines the value of the objective
function. O

Example 2.4 Figures 4 and § depict optimal configurations of 4 and 9 cameras
wm dimesion 2, respectively. However the configuration depicted in figure 3 is not
optimal.
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3 Optimality for s < 57 Cameras

In the previous section we showed how to transform the original camera place-
ment problem into a non-linear integer optimization problem and proved that
optimal camera configurations of size s < 3% are precisely the balanced config-
uration (cf. Definition 2.2). In this section we extend our analysis even further
in order to give optimality characterizations for the camera placement problem
when the number of cameras is s < 5.

In the sequel it will be convenient to use the following notation. Let

Ll,...,L3d and C’l,...,C’zd

be the 39 classes of A/3 and 2¢ classes of A/2, respectively. We use the ab-
breviations l; = |L; N S|, ¢; = |C; N S|, a;; = |L; N C; NS|. Recall that our
optimization problem has been reduced to the following problem

maximize: Zij u'(bsj)
subject to: b” = Zk;ﬁz,l;’f] ari, Zzy] ai; = S, Aij € N

and that optimal configurations are conjectured to be balanced. It turns out
that this conjecture can not be proved or disproved using only the absolute
monotony of the reduced density function. We refer the reader to [17] for this
point. We prove a weaker result.

3.1 Proof of a weaker conjecture

As already proved the optimality of a configuration S of size s < 59, depends
only on the relative sizes of the quantities /;, ¢; and a;;. By taking advantage of
our main optimization theorem we now give a partial description of the sizes of
the equivalence classes in A/2, A/3 and A/6 when the configuration is optimal.
Our main theorem is the following.

Theorem 3.1 If S s an optimal configuration then
|ll—lzl|§1 and |C]'—C]'/|§ 1.
Furthermore there exists an integer x < s such that, after any permutation of

the indices which ensures that the sequences l; and c¢; are decreasing,

0 or 1 otherwise

a"—{ z or x+1 4f(4,5) > (i, Jo)
ij =

where iy = s mod 3¢ and j, = s mod 27. O

Before we prove the theorem we introduce two transformations on the configu-
rations which play a key role in the proof.
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Exchange Procedure(L;, L;1, S);

e=1;
for k in [1..29]
do
if a;/, + a;; 1s even then a;p := a;; := %
else
a;p 1= EGnEe
iy = Ataus=e.
€:= —¢;
fi
od
end;

Table 1: The exchange procedure.

3.1.1 The exchange and switch procedures

The Exchange Procedure
The first key transformation, called the exchange procedure, is depicted in Ta-
ble 1. Tt takes as argument two classes, say L; and L;, of A/3, and exchanges
cameras between L; N Cy and Ly NCy for k= 1,...,2% so that L; and L;s are
balanced 1i.e.,

|ll — lll| S 1, and |aik - ai/k| S 1. (17)

The following lemma gives a sufficient condition for an exchange to be a visibility
gain.

Lemma 3.1 The exchange procedure, applied to L; and L;, leaves b, and
bik+bir, unchanged forr # i,i'. Furthermore if the exchange procedure decreases
the vector (|bir, — bir|)y=1 . 2a, then the visibility of the configuration increases.

Proof. The exchange procedure clearly leaves a;x + a;; and a,p for r # 4,4
invariant; added to that, by definition, b;; = Zk#yl# agy; therefore b + birp
and b, for r # ¢, are also invariant.
The visibility variation, induced by the exchange procedure, is then, up to
a positive factor, the sum for & = 1,...,2% of the variation of the quantity
o' (bir) + v/ (by); but, according to the strict concavity of the reduced density
function u’ and since b;; +b;:f, is constant, this last quantity increases if |b;x —b;/g|
decreases. O
Of course a similar definition of exchange procedure and a similar lemma
hold for classes in A/2.
The Switch Procedure
The second key transformation, called the switch procedure, takes as argument
two classes, say L; N C; and Ly N Cyr, of A/6, and increases by one the values
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of a;1;,a;5:, and decreases by one the values of a;;, a;;+ (assuming that these
quantities are positive). We can think of the switch as a transformation on 2 x 2
submatrices of the matrix of a;;

-/

J J
i fa+1 a’ a a +1
i ( a a4+ 1) - (a//+1 a . (18)
The following lemma gives a sufficient condition for a switch to be a visibility
gain.

Lemma 3.2 The switch procedure, applied to L; NC; and Ly N Cyr, increases
by one by; and byjr, and decreases by one b;; and byjr, while the other entries
by are unchanged. Furthermore if the vector (|b; —bsj|, |birjr — byj1|) decreases,
then the visibility of the configuration increases.

Proof. Similar to the proof of Lemma 3.1. O

3.1.2 Balancing the classes.

The following four identities are not difficult to prove from the above definitions
and will be useful in the sequel.

bix = s—1l;—cp+ay (19)

bie —bix = (L —lir) — (@i, — aig) (20)

Z(aik —ayg) = lLi—1l (21)
!

D (bok —bix) = (27— 1)l ~ 1) (22)
p

We are now in position to commence with the proof of the main theorem.
We break up the proof into several lemmas.
We begin by examining the exchange procedure.

Lemma 3.3 Assume that l; —l; s even. If S 1s an optimal configuration, then
L; and L; are balanced.

Proof. First we note that the exchange procedure leaves invariant the parity of
bir, —byry,. 1t follows that the vector (|bir, —bix|)g=1, 3¢ is bounded below by the
0-1 vector (bjx — by, mod 2),—;  3a. But this last vector is precisely obtained
by the exchange procedure when [; — l;; is even. According to Lemma 3.1 it
follows that |b;x — bjg| = big — birg mod 2; therefore L; and L; are balanced
according to (22) and (20). |
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Lemma 3.4 Let L; and L; two equivalence classes of A/3 such thatl l; — l;; =
Al >0 1s odd. If S 1s an optimal configuration, then for every k we have

by, — b >0 (@ Al > a;, — ai’k)~

Furthermore the number of k such that by — by, = 0 is at least one more than
the number of k such that by, — b ts an even non-null number, with equality
of only of L; and L; are balanced.

Proof. We use the equivalent form “if, for some k, b,z — b;p < —1 then S
is not optimal 7 and prove this assertion directly. According to Equation (22)
one has by — by > Al for some k'; furthermore a;; > 0 and a3 > 0 (cf.
Equation (20)). Now a switch between the classes L; N\C} and L;y NCyr decreases
|birgr — bige| by two, and decreases |b;i, — big| by 0 or 2; according to Lemma 3.2
this means that .S is not optimal.

Now we prove the second part of the lemma. Let 5(k) = by — b;. Assume,
without loss of generality, that 5(k) is null for k = 1,...,ny, non-null and even
for k=mn;+1,...,ny +ns =n, and odd for k = n +1,...,3% We prove that
ny > ny + 1. From (21) and {; — I/ odd, n is odd. Let n = 2n’ + 1. Now the
exchange procedure leads to l; — l;; = 1 and to B(k) = 1 for k=n+1,...,3%
and B(k) = 0 for n’ + 1 values of k € {1,...,n} and B(k) = 2 for the remaining
values of k; the important point is that we can choose at our convenience the
n’ + 1 values of by, — b;p null among the n possible ones. Let us choose the
n' + 1 first values of kie., k=1,...,n  +1. According to Lemma 3.1 and the
optimality of S, ny < n’+1 and consequently ny > ny+1 since ny+ns = 2n'+1.

It remains to show that the equality 1s obtained only for balanced classes.
Assume ny = na+1, then by, — b = 0,1 or 2, and from (22),(20) we get Al =1
and a;; —az; = —1,0 or 1. O

From Lemma 3.3 we obtain a partition of A/3 and A/2 in two parts of
balanced classes. Without loss of generality, there exist an 0 < iy < 3¢ and a
0 < jo < 2% such that

L = ... = liu = [+ Al

ligpr = -~ = I = I

(&) = = Cj, = c+ Ace (23)
Cjg+1 = =+ = Caa = C

where Al and Ac are odd. Furthermore, if [; = l;/ then for every k, |a;; —a;ii| <
1, and if ¢; = ¢+ then for every k, |ax; — ag;/| < 1. In fact we have a stronger

result. Let A, B, C' and D be the four blocks

| i <io,j <jo}
| io < 4,5 <jo}
| i <io,jo<j}
|i0<i,j0<j}.

(4,
(4,
(¢

(i,

o

J
C={(i.}) (24)
D ={(,J)
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Lemma 3.5 In each block A,B,C' and D we have |a;; — a;i5/] < 1. (& |b;; —

Proof. We prove the contrapositive. Assume there exist (¢, 5), (¢, j') in the
same block such that a;; = @, a;;; = ay; = a+1 and a5 = a+2. Since l; = Iy
there exists a j” such that a;;» = ¢’ + 1 and a;/;» = a’. Now it can be verified
that the switch procedure, applied to L; NCj» and Ly N Cj, leaves invariant the
visibility of the configuration. But since a;;; and a;/; differs now by 2, we can
apply the exchange procedure to C; and Cjs in order to increase the visibility
of the configuration. O

3.1.3 Refining the balancing

In the sequel we write max A for max{ a;; | (¢,j) € A}, and min A for min{ a;; |
(7,J) € A}. Similar notations are used for B, C, D.

Lemma 3.6 Assume that A and B are nonempty. There exist 1,1,k such that
a;; = max A and a;p = min B.

A similar result holds for the pairs (A, C),(C, D) and (B, D) as well as the
transposed pairs (B, A),(C, A),(D,C) and (D.B).

Proof. Let i,7 k, k' such that a;; = maxA and a;;;y = minB. We claim
that min B = a;»; or max A = a;np for some ¢, which will prove our lemma.
Assume the contrary; then a;; = max B > min B for all ¢/ > iy and a;n =
min A < max A for all "/ < iy; consequently ¢ — cpr = Zj(ajk —ajp’) > 2. But
¢y — ¢ = 0; contradiction. O

Before we exploit the previous lemmas we examine the case where one of the
integers ig and jp is null.

Lemma 3.7 If either ig or jo ts null then the configuration is balanced.

Proof. Assume first that ip = jo = 0; then A = B = C = 0, and the
configuration is balanced according to lemma 3.5.

Assume now that ég # 0 and jy = 0 (the case ig = 0, jy # 0 is similar). Let
i < ip < ¢ and ky such that a;z, = maxC and a¢;5, = min D (cf. Lemma 3.6)
and let e = by, — b, = Al—(maxC' —min D). From j, = 0 we get A = B = {),
and consequently by, — b € {e,e+1,e +2} for k = 1,...,3%. But according
to Lemma 3.4 b, — b;x > 0 and vanishes at least once; therefore e = 0, and
by, — b € {0, 1,2}, which according to (22) gives Al = 1 and maxC'—min D =
1. O

In the sequel we suppose that both ¢y and jp are non-null.
Lemma 3.8 Al = max(max A — min B, maxC — min D)).

Proof. It is an obvious consequence of Lemmas 3.4 and 3.6. O
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Lemma 3.9 One of the three following cases holds.
1. Al=maxA—min B =maxC —minD =1
2. Al=max A —min B and maxC < min D

3. Al=max(C' — minD and max A < min B

Proof. If Al =1, it is simply a reformulation of Lemma 3.8.

Assume now that Al = maxA — min B > 3 (the case Al = maxC' — min D
is similar) and let e = maxC' — minD. Let ¢ < iy < ¢ and k; < jp such that
aip, = max A and a;5, = min B (c¢f. lemma 3.6). We put S(k) = by, — by, for
k # k1 and denote by ny and nsg, respectively, the number of & # k; such that
B(k) = 0 and the number of k such that §(k) is even and non-null. From

1. ny > na, (cf. lemma 3.4)
2. the expected value of (k) for k # ky is Al, (cf. equation (22));
3. k) €{0,1,2,Al—e, Al —e+ 1,Al—e+ 2}

we clearly get e = maxC' — min D < 1. O

Let us denote (P1),(P2),(Ps), in this order, the three cases of our previous
lemma, and let (@1),(Q2),(Qs) be their counterpart for Ac; (@1),(Q2) and
(Q3) are simply obtained from (Py), (P2) and (Ps) by replacing Al by Ac and
by permuting B and C'; to be more explicit

(P1){ maxA=1+4+minB (@1)3 maxA=14+minC
maxC =14+ minD maxB =1+minD

(Pz){ Al =maxA —min B (Qz){ Ac=maxA —minC

min D > max C min D > max B

Ac=maxB —minD
minC' > max A

(P3){ Al =max(C —minD

min B > max A

@) {

Lemma 3.10 If (Py) and (Q1) hold then the configuration is balanced.

Proof. In view of (P1) and (@) it suffices to prove that maxB = 1 + min B
(& maxC = 1+ minC). Assume on the contrary that maxB = min B (&
maxC' = minC) and let # be the common value of the entries @;; in the blocks
B and C; according to (P1) and (1) there exists an entry a;; = £+ 1 in block
A and an entry a;;;;0 = 2 — 1 in block D; but then Al = Y7, @i — air g > 2;
contradiction. O

Lemma 3.11 If (Py) (resp. (Q1)) and (Q2) or (Q3) (resp. (P2) or (Ps)) hold

then the configuration s balanced.
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Proof. We examine the case (Py),(Q2) (the other cases are similar). From
Ac > 1 and (Q2) we get that max A —min C' > max B —min D which combined
with (Py) gives maxC'—minC' > max B —min B; hence it follows that maxC' =
14+ minC and max B = min B. But then A¢ =14 maxB —min D < 1, which
implies that Ac = 1 and that max B = min D. O

Lemma 3.12 (P2) and (Qs) (resp. (Ps) and (Q2)) are not compatible.

Proof. Indeed from (P2) and (Q3) we deduce that Al+ Ae = max A—min D+
max B —min B < min(C' — max(C + max B — min B < 1 which is incompatible
with the fact that Al and Ac are odd. O

Lemma 3.13 If(P2) and (Q2) hold and if min D = minC' (or min D = min B)
then the configuration s balanced.

Proof. We assume that min D = minC' (the case min D = min B is similar).
Let ¢ < dp < ¢ and k1 < jp such that a;;, = maxA and a¢;5, = minB (cf.
lemma 3.6). We put 3(k) = by, — by for k& # k1 and denote by ny and na,
respectively, the number of £ # k1 such that #(k) = 0 and the number of £ such
that (k) is even and non-null. From

1. ny > na, (cf. lemma 3.4)
2. the expected value of (k) for k # ky is Al, (cf. equation (22));
3. Ak) €{0,1,2,AlLAl+ 1}

we get that Al = 1. According to (P2) and (@2) one has maxA =1+ minB =
Ac+minC = Ac+minD > Ac + max B; it follows that Ac =1 and min B =
max B = min D = minC’; the configuration is then balanced. O

Lemma 3.14 If (Ps) and (Q3) hold and if min B = min A (or minC' = min A)
then the configuration s balanced.

Proof. Assume that min B = min A (the case minC' = min A4 is similar); as in
the previous lemma we can deduce that Al = 1. According to (Ps) and (Q3) one
has min D = max(C' — 1 = max B — Ac and minC' > min B = min A = max A,
then Ac = maxB —maxC + 1 < 2. It follows that Ac = 1 and maxB =
maxC' = 14 minD. O

The above analysis has shown that an optimal configuration is either bal-
anced or it satisfies one of the two following conditions.

Al =maxA — min B Al =maxC —min D
(51) Ac=maxA —minC (S5) Ac=maxB —minD
1 minD > min(C' E min B > min A

min D > min B minC' > min A
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Lemma 3.15 If (S2) holds then the configuration is balanced.

Proof. First we introduce some notations. Let i < iy < ¢’ such that a;p — a;p
equal min A—max B for some k, and similarly let j < jy < j’ such that ag; —ag;
equal min A — maxC for some k (cf. Lemma 3.6).

Set w(k) = a;p — ayrr, and let k1 > jo such that w(ky) = Al (cf. Lemma 3.4).
We denote by wy the expected value of —w(k) for £ < jy and by wa the expected
value of w(k) for k # k1 > jo. The equation (21), >, (air — ayx) = l; — 7, may
then be rewritten

(2¢/2 + y)w1 = (24/2 — y — Dws (25)

where y = jo — 2%/2. Furthermore it is clear that

maxC —minD — 1 <wy <maxC —min D = Al
min B — max A < w; < maxB — min A

(26)

We note also that w; and ws are non-null; indeed from our hypothesis (S3)
min B — maxA4 > 0 and maxB —minA > 1; but w; > min B — max A and
—w(k) = max B — min A for some k; consequently w; # 0 and ws # 0 follows
from (25) and 2¢/2 4+ y = jo # 0.

Similarly we set 7(k) = ag; — ag;/, and introduce 7 the expected value
of —r(k) for k < iy and 7 the expected value of 7(k) for k # ko > iy with
T(k2) = Ac. Related to equations (25) and (26) are then

324 x)rn =342 -2 —1)my (27)
where x = iy — 39/2, and

{ maxB —minD —1 <717 <maxB —minD = Ac (28)

minC' — max A <7 < maxC —min A

At last 7y and 7 are non-null.
Recall that Al and Ac are odd. The proof is divided in 3 parts: first we
assume Al and Ac > 3, then Al > Ac =1 and at last Ac > Al=1.

Case 1. The quantities Al and Ac¢ are > 3. From Al and Ac > 3, we
get minC' and min B > 2; therefore the number )" 5 . a;; is bounded below
by 2# B U C which is equal to 6% — 4zy; but this number is, by hypothesis, less
than or equal to 5%; consequently

day > 69 — 5% (29)
It follows that that x and y are both positive or both negative.

Case 1.1 The quantities  and y are negative. If # and y are negative
then 2 < —1/2 and y < —1 since +1/2 and y are integers; it follows, according
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to (25) and (27), that » < 71 and ws < wy. Using the inequalities (26) and (28)
we have then
max B —minD — 1 < maxC — min A
max(C' —minD — 1 < maxB — min A

(30)

from which we deduce that | max B—maxC| < min D—min A+1. But min D = 0
since #CUD = 34(24/2—y) > 34(29/24+1) > 5¢ and max B—maxC = Al—Ac
is even; consequently max B = max(C = Al = Ac¢ and min A = 0.

Now the ratios wa/wy = (2¢/2+ y)/(24/2 —y — 1) and /7 = (3%/2 +
z)/(3¢/2 — x — 1) are bounded below by (Al — 1)/Al whose minimal value 2/3

is obtained for Al = 3. Simple manipulations give then

34 24
—5x§7—|—2 and —5y§7+2 (31)

from which we deduce that 4zy < 4(2¢/2+42)(3¢/2+4-2)/25 which is incompatible
with (29).

Case 1.2 The quantities ¢ and y are positive. If x and y are positive,
according to (25) and (27), one has 7 < 7 and wy < wy. Using the inequalities
(26) and (28) we have then

minC' — maxA < max B — min D
min B — maxA < maxC —min D

(32)

from which we deduce that |maxC'—max B| < max A—min D+1. But min A =
0 since #BUA = 34(24/24y) > 39(2¢+ 1) > 59 and max B—maxC = Al—Ac
1s even; consequently min D < max A < 1 and Al = Ac.

Now the ratios wa/wy = (2¢/2+ y)/(24/2 —y — 1) and /7 = (3%/2 +
z)/(3¢/2 —z — 1) are bounded above by Al/(Al— 2) whose maximal value is 3

obtained for Al = 3. Simple manipulations give then

42 <37—3 and 4y<2¢-3 (33)
and consequently 4zy < (2¢ — 3)(3¢ — 3)/4 which is incompatible with (29).
Case 2. We suppose Ac> Al = 1.

Case 2.1 We suppose minD = 0. If minD = 0 then, according to
(S2), max(C' = minC' = 1, min 4 = 0, and max B = Ac. Tt follows that (k) =
brj —by; belongs to {0,1,2, Ac, Ae+1}, and consequently that Ac = max B = 1.
The configuration is then balanced.

Case 2.2 We suppose min D # 0. From 5¢ > Youp @i > #CUD =
39(2¢/2 — y) we deduce that y > 0 and consequently that w; < ws. It follows,
according to (26), that min B—max A < maxC' —min D = 1; and consequently
that min B = max A. But min A = 0since ),  guoup %ij < 5%; hence min B =
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maxA = 1 and maxB = Ac+ minD < 2; then Ac¢ = 1 and minD = 1.
Futhermore max(C' = max B = 2.
We claim that there exist (¢,5) € A and (¢, j') € D such that

Ajj = Q51 = 1 and Air5 = Qg5 = 2.

Indeed let (i, ) such that a;; = max A = 1 and fix j > jo; since byj — byjn
vanishes for some k (cf. Lemma 3.4) it follows that a;; = max B for some k,
say ©. Now according to Lemma 3.4 b;1;, — b;;, vanish for some k > jo, say j',
ie., a;;; = maxC = 2 and a;;; = min D = 1. But the switch

(2 )=(1 )

increases the visibility of the configuration; indeed the corresponding transfor-
mation on the b;; matrix is

b+1 b+3 . b+2 b+2

b+3 b+3 b+2 b+4
where b = s — 1 — 1 — ¢ — 1, and the visibility variation is A3u/(b+ 1) which is
positive.

Case 3. We suppose Al > Ac=1.

Case 3.1 We suppose min D = 0. As in case 2.1 we get Al = 1; contra-
diction.

Case 3.2 We suppose min D # 0. From Al > 3 we get minC' > 3. and
from 5 > 3" p oup @ij > #BUD +3#C > 243%/2 — 2) + 3(3%/2 + x) we get
that @ < 1/2 and consequently 7 < 75 and we can finish the proof as in Case
2.2. ad

Lemma 3.16 If (S1) holds then Al = Ae = 1.

Proof. First we introduce some notations. We fix ¢ < iy < ¢ (resp. j <
Jo < j"), set w(k) = a;p — a;rp (resp. 7(k) = ag; — agj) and let ki < jo (resp.
ko < ip) such that w(ki) = Al (resp. 7(k2) = Ac). We denote by wy (resp. 1)
the expected value of w(k) (resp. 7(k)) for k # k1 < jo (vesp. k # k2 < dp), and
denote by wa (resp. 7o) the expected value of —w(k) (resp. —7(k)) for k > jo
(resp. k > ip). According to equation (21) one has

(29/2 4y — Dwy = (2%/2 — y)ws (34)

(3%24 - )m = (3%/2 — ). (35)
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where y = jo — 2¢/2 and = = iy — 3%/2. Furthermore its is clear that

maxA—minB — 1 <w; <maxA—minB = Al (36)
min D — max(C' < wy; < maxD — minC
maxA—minC —1 <7 <maxA—minC = Ac (37)
min D —max B < 1, < max D —min B

The proof is devided in two parts: first we assume Al # Ac, then Al =
Ac>3.

Case 1. We suppose Al # Ac. We assume Al > Ac (the case Ac > Al is
similar). Since Al and Ac are odd one has minC' — min B = Al — Ac¢ > 2; and
consequently min D > minC > 2; furthermore min A > 2 since Al > 3. We
claim that y > 0 and # < 0;indeed )" , - @i; and )", a;; are bounded above
by 5¢ and bounded below by 229(3¢/2 4+ z) and 23%(2¢/2 — y), respectively.
It follows, according to (34) and (35) that wy < ws and that 7 < 7, and
consequently, according to (36) and (37), one has Al — 1 < maxD — minC
and min D — max B < Ac; combining these two last inequalities we get 4 <
2(Al— Ac) <maxD —minD + max B — min B + 1 < 3; contradiction.

Case 2. We suppose Al = Ac > 3. We observe that maxA > 3, and
min D > min B = min ('; consequently min B = min ' = 0 since the number of
cameras is less than 5.

Now we prove that max A appears at least 9 times in block A; indeed ac-
cording to Lemma 3.4 and since Ly and Ly for k < iy < k' are not balanced
B(1) = by — by vanishes at least 3 times, and consequently the entry max A
appears at least 3 times in each “row” L for k£ < ip; similarly max A appears
at least 3 times in each “column” Cj for [ < jg; this forces iy and jp to be > 3
and consequently proves our claim.

We claim now that xy < 0; indeed )" , ,, @i is bounded above by 5¢ and
bounbed below by 18 + #4AU D = 18 4+ 69/2 + 22y > 5% 4 2zy.

Let

rm=03Y24+2-1)3%2-2)=n/n, (38)
and
re = (29/24y—1)/(29/2 — y) = wa/w. (39)

According to (34),(35),(36),(37) the ratios r1 and ro are bounded below by
m = (min D — 1)/ max A and bounded above by M = max D/(max A —1). But
xy < 0 implies that r1r9 > 1, and consequently m < 1 < M which 1s equivalent
to min D = max A — 1 or min D = max A.

Assume that min D = max A — 1. Then

1/3 <ry,r9 <3/2
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and it can be verified that )", , a;; is bounded below by

2¢ 433941 2¢ 1234 _9
942 * + +2
4 2 2 5

(or the same expression after permutation of 2¢ and 3%) In each case we can
verify that this number is greater than 5¢.
Similarly assume that min ) = max A. Then

<rprp <2

(USRI N

and it can be verified that )", , a;; is bounded below by

22d+33d+14r 2924 _13d_9

2
(. 5 2 3 3

(or the same expression after permutation of 2¢ and 3%) In each case we can
verify that this number is greater than 5¢. O

Proof of Theorem 3.1. From the above analysis an optimal configuration
is either balanced or satisfies Al = Ae = 1 and max 4 = 14min B = 14+minC <
14+ min D. This proves the theorem taking £ = min D and using ZZ»J» a;j <540

3.2 The optimal configurations

Let us call C(#) the set of configurations of size s which satisfy the conditions
of Theorem 3.1. According to >, l; = Z]' ¢ = Zi,j a;; = s these conditions
are equivalent to

b= = G, o= 141
AR S (a0
Cjo+l = 0 = a2 = ¢
and - .
oo {01 TR iy
e [ = |z @0 = d 3¢
S (42)

It will be convenient to use the notation i} and j, for 2¢ — iy and 3¢ — jo,
respectively.

Clearly balanced configurations are in C(0) and optimal configurations are
in C(z) for some z < s. The union of the C(z) is denoted C.
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Let A(z) be defined by the recurrence relation

A0) = AR(b)
{ Mr+1) = AMa)+ AW+ o +2) (43)

where b = s — 11— c— 2, and let

M(s) = min{iyl, jhe,injo — jo(c+ 1) + iyl }
m(s) = max{0,i — jale + 1), ibl — ibjordbe — iodh) (4
z(s) = [M(S)W—l

i0do ‘

We are now in position to give the main result of this section.
Theorem 3.2 Optimal configuration belong to C(x1) where
zy =max{z € [0,2(s)] | A(x) >0}
and are characterized by

Z s { mazimal if A(z1) > 0

K lue if A =0
i any value if A(x1)

Furthermore for each x € [0, 2(s)] an abstract configuration of C(x) such that
D isi i>jo @ij ts mazimal can be computed in time O(slogs) and space O(s).

Before we give the proof of this theorem we introduce a few more notations.
Given a configuration S of C, let

nA = Dicioi<io Ui NB = Yiniaj<jo b (45)
ne = Zigiu,j>]’0 @ij np = 10,5 >j0 Hd>

we use also the notations n(S) for np and x(S) (resp. #'(S)) for the minimal
(resp. maximal) z such that S € C(z). Clearly z(S5), #'(S) and n(S) are related

by
n(s) n(s)
l‘(S) = "i/ > -‘ -1 l‘/(S) = \‘ Y . (46)
0Jo toJo
Straightforward calculations give then
69u(S) = nyu/(b) + nau'/(b+ 1) + ngu'(b + 2) (47)
+ngu'(b+z+2)+ nsu'(b+ 2+ 3)
where b=s—1—c—2 2 =2'(S) and
ny = igjo—na
ny = na+ijjo—ng+injy — ne
ns = ng-+nc (48)
ny = iyjh —np mod ijj

ns = np modiyjy.
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36u(S) 5u’(16) 4 4u’(17) 3u(17) + u'(18)

Figure 6: The two candidates to optimality of the 23-cameras placement problem.

In particular the visibility of the configuration S depends only on the value
of n(S). For example two abstract configurations of 23 cameras in dimension 2
which belong to C(0) and C(1) respectively are represented by their a;;’s matrix
in Figure 6.

We recall that the switch operator picks a camera from L; N C; and puts it
in L; NC; and similarly from L;NC; to Ly NCjr; we restrict our attention to the
ones which leave the configuration in C(x), i.e, we assume that a;; = 0, a;1;» =
zor 0 and a;;; = a;; = 1 (in that case we will say that the switch is applicable
to the configuration). There are two kinds of such transformations. Firstly
i,i" < g (or i,i" > i or j,j’ < jo or j,j° > jo); in that case na,np,nc and
np remain constant; such a transformation will be called a u-switch. Secondly

i <ip<i and j < jo < j';in that case we must have a;; = 0,a;; = a;50 = 1
and a;;; = z and after the transformation we have a;; = 1,a;5 = @550 = 0
and a;;; = x 4 1; such a transformation will be called an = + 1-suitch. An

x + 1-switch increases the values of ny and np by one and decreases the values
of ng and n¢ by one.
We need the following lemma.

Lemma 3.17 With the above notations we have

1. if n(S) < M(s) (resp. n(S) > m(s)) then there exists a sequence of at
most four u-switches followed by an (resp. an inverse) #'(S) + 1-switch
applicable to S;

2.{n(S) | SeC}=[m(s), M(s)] and {x(S)|S €C}=][0,x(s)]
3. A0) > 0 and A(x) is stricly decreasing.

4. A(x) is the variation of visibility induced by an x 4+ 1-switch.
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Proof. Let u(x) be the variation of visibility induced by an « + 1-switch. From
equation (47) a simple calculation gives

pe) =3 b+ 1)+ (b+2+3)—u'(B) =20 (b+2)—u'(b+2+2). (49)
Claims (3) and (4) are consequence of the following expressions of u(0) and
Ap(x)

w(0) = 3d(b+1)+ ' (b+3)—u(b)—3d(b+2)
= AP(b)

20'(b+ 2+ 3)—uw(b+z+4)—u'(b+2z+2)
—Azu/(b—l—x—i—Q)

u() — ue + 1)

which are easily obtained from (49) and which are stricly positive because of
the absolute monotonicity of the reduced density function.

To prove claims (1) and (2) we use the notations introduced above. Obvi-
ously the 4-tuple (n4,np,nc,np) verifies the relations

na+ng = jole+1) na+nc = i(l+1) (50)
ng+np = igl nc+np = Jhe.
and o
0<na <iojo 0<np (51)
0 <np <igyjo 0 < ne <iojp

Elementary algebra shows that np, subject to the only constraints (50) and (51)
(i.e. we do not care what np is for some configuration S), is maximal if and
only if n4 = igjo or ngnec = 0, and np is minimal if and only if ngnp = 0 or
np = ipjo or ne = ipj}. Simple calculation gives then that m(s) and M(s) are
respectively the minimal and maximal value of np. Clearly m(s) and M(s) are
respectively a lower and an upper bound on the minimal and maximal value of
n(S) as S ranges over C; consequently claim (2) is consequence of claim (1).

Suppose now that n(S) < M(s). Then there exist i < iy < i’ and j < jo < j/
such that a;;; = a;;; = 1. Now we show that in at most four u-switches we can
transform the configuration in such a way that a;; = 0 and a;;: = z, hence
we can apply a x + l-switch to increase by one the value of np. We explain
the procedure for a;; (for a;;/ it is similar). There are three cases illustrated in
Figure 7).

1. Firstly, a;; = 0; then we do nothing.

2. Secondly, a;; = 1 but there exists j” < jy such that a;;» = 0; then since
¢j = ¢j there exists ¢’ such that a;u; = 0 and a;#j1 = 1 and we can apply
a u-switch to the configuration to get a;; = 0. Similarly we can do the
same work if a;; = 1 and there exists i" < iy such that a;»; = 0.
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) 1 1 1 ] )
1 1 1
1 1 1
JIEL1T]1 1 J1Q|1]A (11 1[1 J11]0J1]1 1
1 =< 1 1
0111 1[X[1 0 1] |1 0
1] [0 118 0] |1
J’ 1 J’ 1 J’
case 3 case 2 cas 1

Figure 7: Tllustration of Lemma 3.17.

Figure 8: representation of the word 11000011

3. Thirdly, a;; = ax; = 1 for alll < jg and all k < {o; then since n(S) = M (s)

is not satisfied there exist an ¢ < iy and a j < jy such that a;;» = 0;
but since l; = I/ there exists j' > jo such that a;rjm =1 and a;;m =0
and we can apply a u-switch to the configuration to get a;;» = 0 and we
are in the situation of the second case, so we can apply a new u-switch to
get ai5 = 0.

The case n(S) > m(s) is similar. These considerations prove claim (1). O

Proof of Theorem 3.2. The first part is consequence of the above lemma;,
indeed starting from a balanced configuration S (i.e., #(S) = 0) and apply-
ing successively the sequence of switches which increases n(.S) by one until n(5)
reaches its maximal value M (s) (claims (1), (2)) we get configurations of increas-
ing visibility while the variation of visibility A(#) is positive (i.e 2(S) < 1) and
then configurations of decreasing visibility since the function A(z) is decreasing
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(claim (3)).

For the last part, the idea is to start from a balanced configuration and to
apply a sequence of at most 5 switches to increase the value of np by one. The
proof of the existence of this sequence of switches is constructive and it remains
to give its complexity analysis.

It will be useful to think of the abstract representation of a configuration of
C(x) as a complete bipartite graph between the 3¢ classes Ly,..., Lgs of A/3
and the 2¢ classes C1,...,Csa of A/2, where the edge connecting L; and C;
is labeled with the value 0,1,z or & + 1 of a;;. The set of edges emanating
from vertex L; (respectively, C;) would appear as a word of length 24 (respec-
tively, 3¢) in the alphabet {0,1, 2,z + 1}. Such a word is represented by the
binary tree obtained from the complete binary tree whose leaves are labeled
with the letters of the word and by replacing every subtree whose leaves are
labeled by 0 with a leave of label 0 (see Figure 8). The size of such a tree is
O(number of edges labeled with 1, or # 4+ 1). The size of the entire structure
is O(s) (here we assume that s > 3¢). With ad hoc information on the internal
nodes of these trees one can see that it is possible to make search and modify
in logarithmic time the labels of a given tree, or also, always in logarithmic
time, an edge of given label. It is easy to see that with this “manipulation
primitive” it i1s possible to execute a sequence of ad hoc switches permitting
an increase of np by one. It remains to explain how to construct a balanced
configuration. For this one uses the balanced configuration described in Corol-
lary 2.1. The structure of the bipartite graph is initialized with labels 0 and
then changes to 1 the value of the labels of s edges between L; and Cj, with
(4,5) =(1,1),(2,2),...,(s,s), where the last coordinates are calculated modulo
(34, 2%). 0

A natural question arises then. For which values of s 1s the number of can-
didates to optimality exactly 1 or equivalently for which value of s is #(s) = 07
For example for d = 2 we have z(s) = 0 for all s but 23 for which «(23) = 1.
For d = 3 we have #(79) = #(102) = z(125) = 1 and #(103) =2 and #(s) = 0
for the other values of s. In fact one can easily show from the expression of #(s)
given in (44) that the ratio of s for which z(s) = 0 is more than (1—(5/6)¢). In
that case Theorem 3.2 asserts that the optimal configurations are precisely the
balanced configurations for which Zi>ig,j>jg a;; 1s maximal, and that an ab-
stract optimal configuration is computable in O(slogs) time. Concerning the
case #(s) # 0, things are less satisfactory since to determine an optimal config-
uration requires to compute the sign of A(z). While a numerical computation
of A(x) is efficiently possible (see [23]), we leave the determination of its sign
in full generality as an open problem. However it is possible to prove (see [17])
that the sign of A(x) is independant of the absolute monotony of the reduced
density function.
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4 Conclusion and Suggestions for Further Work

In this article we defined and analyzed the camera placement problem in com-
plete integer lattices. We have reduced the combinatorial part of the problem to
an instance of a general integer optimization problem involving absolute mono-
tone function and solved efficiently the problem when the number of camera
is less than 5% in d dimensions. Can our analysis be improved to solve the
case of s > 5% cameras? Our discussion for s < 5% indicates that our conjec-
ture (optimal configuration are balanced) might be too strong since it depends
on properties of the visibility function which are independant of its absolute
monotony. However we have shown that an optimal configuration is close (in
the sense that it is possible to “move” to the optimal one by a series of simple
transformations, called switches) to a balanced configuration; furthermore we
have generated a small number of “candidates” to optimality. The key pro-
cedure in accomplishing this task is an exchange procedure which “calibrates”
the classes of A/p, for p = 2,3. However, does this procedure generalize to an
arbitrary number of cameras? At this point it is reasonable to conjecture that
an optimal configuration of size s is close to a balanced configuration up to a
polynomial number of simple transformations.

The analysis of the camera placement problem proposed in this paper raises
several interesting questions which may become the object of further study.

The first type of questions concerns extensions to systems of points other
than the integer lattice A: for example the vertices of any tiling system [6, 7]
or any point system you can imagine. A priori this is a nontrivial question.
In general it requires the study of the following subproblems: (1) Give a num-
ber theoretic characterization of the visibility relation for points of the given
tiling system; (2) Extend Rumsey’s theorem; in particular, it is necessary to
determine the density of the visibility sets V(.S) in arbitrary tiling systems; (3)
Investigate combinatorial optimization techniques in order to construct optimal
configurations. We refer the reader to our survey paper [13] where it is shown
that our optimization methodology is fairly general and will be useful even in
some of these more general cases.

The second type of questions concern the non-linear optimization problem
to which our camera placement problem has been reduced. This problem 1is
interesting in is own right and it will be interesting to investigate it in more
details. For example, in Chapter 3, an instance of this problem has been solved
in linear time up to a logarithmic factor (counting for 1 the evaluation cost of
the function u’). To prove this result we used the fact that the parameter s is,
roughly speaking, smaller than the number of integer variables a; to be found.
Is 1t an artifact of our proof? For additional questions and considerations we
refer the reader to [13, 16].
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