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ABSTRACT

This paper is concerned with the analysis/synthesis and enhance-

ment of signals that can be efficiently modeled as “quasi-harmonic”.

We first provide a formal definition of quasi-harmonic signals and

show that known estimation methods for such signals can be in-

terpreted in a non-parametric local approximation framework. We

then investigate the possibility of using “adaptive multi-kernel” es-

timation methods for which the duration of the analysis frame is

tuned independently for each harmonic depending on the local be-

havior of the signal.

1. INTRODUCTION

Sinusoidal modeling now is a well established approach in speech

and audio processing, with applications such as speech coding and

enhancement or musical synthesis [1]. The basic methodology of

sinusoidal analysis/synthesis can be described as follow:

Analysis Consider the signal in overlapping short-time frames (with

duration typically ranging from 20 to 40ms) assuming that

the signal in each frame may be modeled as a noisy sum

of sinusoids. Estimate the parameters via least-squares or

Fourier transform.

Synthesis Reconstruct a “smooth” signal by interpolation of the

results obtained in each frame, either by direct sinusoidal

parameter interpolation or by time-domain overlap-add syn-

thesis.

Although very efficient in practice (for speech signals notably), the

approach sketched above raises a number of challenging (and yet

unsolved) issues:

Is the short-time model appropriate? [2, 3] When modeling sp-

eech or music signals with sinusoids, the residual signal

(difference between the actual signal and the synthetic one)

is far from being the stationary noise process one would ex-

pect if the model was correct (even when only considering

the frame level residual).

Is frame-based processing justified? [4, 5, 3] The usual frame

duration of 20-40ms is nothing more than the result of a

compromise: larger durations make the sinusoidal model

grossly wrong, while durations shorter than a few periods

render sinusoidal parameter estimation unreliable. Various

schemes have been proposed to overcome the limitations of

standard-frame based processing, usually by allowing high

frequency components to be updated more frequently.

Finally, the optimal use of sinusoidal modeling for enhancement of

signals corrupted by wideband noise is also an open question. It is

well known that the basic approach to sinusoidal analysis/synthesis

described above does not have any potential for denoising (see also

fig. 3). When the sinusoidal model is used for denoising, the anal-

ysis stage is thus followed by a (soft or hard) thresholding of the

estimated sinusoidal components [6, 7, 4].

In this contribution, we focus on the case of pitched signal and

introduce in section 2 a general non-parametric model to describe

such signals. In this context, the standard frame-based sinusoidal

analysis can be interpreted as an instance of the Local Polynomial

Approximation (LPA) method, or more precisely of the zero order

LPA or kernel method. In section 3, we motivate and describe

recent techniques which make it possible to adapt the kernel (or

short-time window) duration, depending on the local behavior of

the signal1. We then discuss the application of these methods to the

quasi-harmonic model and consider in particular their implications

for the denoising application.

2. A MODEL FOR QUASI-HARMONIC SIGNALS

We first define an observed discrete-time locally sinusoidal signal

as follows
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where

� The phase and quadrature amplitudes a(u), and b(u) are

C

2 (twice continuously differentiable) functions defined on

[0; 1℄.
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In (1), the variations of the instantaneous amplitude and frequency

are modeled as regularly sampled C

2 functions which formalizes

our intuition that for real-life narrow-band signals, the variations

of the instantaneous amplitude and frequency should be smooth.

Compared to similar constructions such as that of [8], the advan-

tages of (1) are twofold: i) it is a discrete-time definition, ii) it

is asymptotically (ie. for large values of T ) coherent with usual

properties of discrete-time sinusoidal signal, as eg.
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1In non-parametric estimation, the size of the kernel is usually referred
to as “the bandwidth”. We will not use this term which is clearly mislead-
ing in a signal processing context.
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where the constant C depends only upon the functions a(u); b(u)

and !(u) (and not on t). (2) justifies that !( t
T

) may indeed be

considered as the instantaneous frequency of s
t

when the number

of observations is large. It is important to note however that (1)

does not correspond to the sampling of a fixed continuous-time

signal (see also [9] on this point).

The natural extension of (1) to the case of quasi-harmonic sig-

nals is given by
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where the amplitude functions a

k

and b

k

(for k = 1; : : : ; K)

are C1 on the interval [0; 1℄. (3) correspond to a so-called non-

parametric model because the quantities that define s
t

are func-

tions and thus cannot be described by a set of finite dimensional

parameters.

In the sequel, we consider that the observed signal is a noisy

version of (3)
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where fB
t

g is a stationary random noise sequence. (4) typically

correspond to the case of a voiced sequence of speech observed

in measurement noise. In order to analyze complete sections of

speech or music, the model should be extended to allow for an

additional random locally stationary signal component. We omit

this issue for the sake of simplicity and furthermore assume that

the psd. of B
t

is known.

3. LOCAL POLYNOMIAL APPROXIMATION

The rationale underlying the Local Polynomial Approximation (LPA)

approach [10] is that an unknown function may be approximated

locally using Taylor expansions
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The quality of this approximation is related to the magnitude of

the terms of higher order that are omitted in the development (and

thus to higher-order derivatives of a(u) in t

0

T

). The LPA estimate

of a( t0
T

) is then obtained by computing the tapered least-squares

solution corresponding to the pseudo-model
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. The LPA or order 0 is usually referred to as kernel smooth-

ing. Application of the kernel method to the amplitudes and fre-

quencies in (1) yields the following approximation
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(6) of course correspond to the familiar sinusoidal analysis but is

now considered only as an approximation of the real signal given

by (3). The important feature of the non-parametric model (3) is

that the estimation will not systematically improve when increas-

ing the kernel size h: When h decrease, the variance of the esti-

mates do increase because the number of observations taken into

account is 2h+ 1, however the systematic bias due to the approx-

imation decrease because the higher order terms in (5) get smaller

and smaller. The kernel size h thus control the bias-variance trade-

off.

In practice, computation of the least-squares solution of (6)

requires some numerical optimization since the problem is non-

linear in 
. The results of Katkovnic [11] (although obtained un-

der slightly different hypotheses) however suggest that even in the

non-parametric context, the optimal rate of estimation for the pitch

is much faster than that associated with the amplitude of the har-

monics2. Thus, there is asymptotically no loss in estimating the

time-varying pitch beforehand (with an optimal estimation proce-

dure!) and using (3) as if the phase component �( t
T

) was known

exactly (which was also the conclusion of the example considered

in [3]). In the present work, we do not consider optimal adaptive

pitch estimation and simply proceed as follow

1. Estimate the pitch using fixed-duration 30ms frames with

5ms hop and interpolate it to sample precision

2. Compute an estimate of

�(

t

T

) =

Z
t
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0
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using a cumulative sum approximation (�(0) is arbitrary

and can be set to 0).

3. Consider the model of (3) with known phases �( t
T

).

The kernel method applied to the amplitudes of (3) now yields the

following approximation
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Although the regressors are not anymore exact sinusoids (but

sinusoids with slowly drifting frequencies), it can be shown that

if �(u) verifies the assumptions mentioned under (1), the least-
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where C

w

is a constant that depend on the type of the kernel

(equals to 1 for a rectangular kernel) and 


B

(�) is the psd of the

noise B

t

at frequency �. As in the case of stationary harmonic

signals, (8) suggests that when the kernel duration is large, the

phase and quadrature components corresponding to all the har-

monics form a set of 2K quasi-orthogonal waveforms.

2See [12] for a proof of this result in the parametric context (assuming
that the model in (6) is exact).
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4. ADAPTIVE ESTIMATION

To make the analysis really “adaptive” (dependent on the local be-

havior of the signal around t

0

) we need to tune the value of h in

t

0

. For this purpose, we use the method of Lepski [13] which is

asymptotically minimax with respect to the mean squared error

risk

Ejâ(
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t

0

T

)℄ +Bias

2

[â(
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Compared to more traditional solutions detailed in [10], Lepski’s

procedure is advantageous because it does not involve estimating

(even indirectly) the bias due to the local approximation: The idea

rather consist in computing â(

t

0

T

) for different increasing values

of h on a logarithmic scale in order to detect the first value of h

where the variations of â( t0
T

) with h become large compared to

the variance. The point of this construction is that contrary to the

bias, the variance does not depend on the unknown signal and can

be readily computed according to (8). The reader is referred to

[13] or [8] for detail concerning the kernel selection procedure.

For the locally harmonic model (3), there are several options

in applying this kernel selection rule. the experiments that we have

done so far indicate that

1. Global kernel selection, ie. selection of a single kernel

duration used for estimating all the harmonic components

based on the signal estimate
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is not effective for speech. This is due to the large differ-

ence in level between the different harmonics: While all

harmonics contribute equally to the variance of ŝ
t

0

, only the

first harmonics (or more generally, a few highest harmon-

ics) significantly contribute to the bias. As a consequence,

global kernel selection appears as a compromise between

incompatible requirements (compare the durations selected

for H1 and H5 on figs. 1 and 2).

2. Harmonic-dependent kernel selection is faced with the prob-

lem that the phase a
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pertinent choice for selecting the kernel duration. The best

results where obtained using separate kernel selection pro-

cedures for both the estimated phase �̂
k

and quadrature ^

�

k

components in t

0

. In cases where these two selections do

not agree, the smallest of the two durations is kept for esti-

mating the contribution of the k-th harmonic component in

t

0

.

For speech processing, it is not realistic to repeat the above

estimation procedure at each time index t
0

. The adaptive estima-

tion scheme is thus applied to time indexes t
0

spaced of 5ms and

the approximation given by (7) is used to reconstruct the signal on

10ms frames, the signal being interpolated via a standard overlap-

add procedure. Note however that the duration of the synthesis

frame is always much shorter than that of the analysis frame and

that the former is not varied with h.

5. RESULTS AND DISCUSSION

The method previously described is applied to a section of voiced

speech corrupted by Gaussian white noise. The signal as well as

its 10dB noisy version are displayed on fig. 3. For kernel selec-

tion, Lepski’s procedure is applied with 6 different possible kernel

durations ranging from 16ms to 320ms on a logarithmic scale.
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Figure 1: Kernel durations selected for each of the first five har-

monics (30 dB SNR in the [0,1kHz] band).
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Figure 2: Kernel durations selected for each of the first five har-

monics (10dB SNR in the [0,1kHz] band).

Figs. 1 and 2 display the selected kernel durations for each har-

monics (with the first harmonic H1 at the bottom of the plot as in

a usual spectrograms) for two value of the SNR. A first interesting

remark is that for both noise conditions, higher harmonics tend to

be analyzed with longer frame durations. This results which is in

complete contradiction with the analysis scheme used in [4] can be

interpreted as follow: (8) show that multiplying the kernel duration

by 2 reduce the variance by only 3dB whereas the bias term is re-

duced by 12dB when dividing the kernel duration by a factor 2. In

noisy situations, the fact that higher harmonics have smaller mag-

nitude and hence lower SNR is thus predominant, even if there are
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good reasons to think that for speech and music signal terms such

as
�

�

�a

k

(

t

T

)

�

� may take larger values for higher harmonics. Closer

inspection of fig. 2 together with fig. 3 shows that the variations of

the selected kernel duration for each harmonic are clearly related

to the amplitude of the harmonic. Another point of interest is that

for noisy signals, the selected kernel durations are larger than is

common in speech processing: For the first harmonic, selected du-

rations which lie around 20ms for the low noise condition (fig. 1)

are typically of the order of 100ms when the noise level is high

(fig. 2).
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Figure 3: From top to bottom: A Original signal; B Noisy signal

(10dB SNR in the [0,1kHz] band); C Sinusoidal estimate with fixed

25ms frames; D Adaptive sinusoidal estimate with multi-kernel se-

lection.

Fig. 3 displays the signals on a gray-level narrow-band (25ms

analysis frames) spectrographic representation with 35dB of depth.

Fig. 3-C clearly shows that standard sinusoidal estimation enhances

the signal in a very limited way because the harmonic components

that fall below the noise level are estimated with an estimation

variance that is larger than their power: The visual and auditive

impression is that the noise is still present at a lower level with

slightly different characteristics. In comparison, on fig. 3-D there

is a marked noise reduction effect. Compared to fig. 3-C, the ad-

ditional noise reduction can be evaluated more precisely by not-

ing that in the middle section of the signal the kernel durations

selected for the upper harmonics (H3 to H5 on fig. 2) are approx-

imately 10 times larger than 25ms which correspond to a 10dB

attenuation (assuming that the harmonics are indeed well below

the noise level in this section). Note that there is a price to pay

for this noise reduction which is a slight augmentation of the bias

(“over-smoothing”) which is visible for the third harmonic (fig. 3-

D, around time 0.35s).
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Figure 4: Adaptive sinusoidal estimate with multi-kernel selection

and hard thresholding.

As is clear from the previous discussion, complete denoising

of the signal would require testing for kernel durations much larger

than 320ms. Note however that the spurious low level sinusoids

visible on fig. 3 have very smooth variations because there are es-

timated from long kernels. In these conditions, thresholding can be

done reliably and, as an example, fig. 4 shows the result of zeroing

all harmonics for which the longest kernel duration was selected.
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