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Summary. Reversible jump methods are the most commonly used Markov Chain Monte Carlo tool for
exploring variable dimension statistical models. Recently however, an alternative approach based on
birth-and-death processes has been proposed by Stephens (2000) in the case of mixtures of distribu-
tions. We show that the birth-and-death setting can be generalised to include other types of continuous
time jumps like split-and-combine moves in the spirit of Richardson and Green (1997). We illustrate
these extensions both for mixtures of distributions and for hidden Markov models. We demonstrate the
strong similarity of reversible jump and continuous time methodologies by showing that upon appropri-
ate rescaling of time, the reversible jump chain converges to a limiting continuous time birth-and-death
process. A numerical comparison in the setting of mixtures of distributions highlights this similarity.
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1. Introduction

Markov Chain Monte Carlo (MCMC) methods for statistical inference, in particular Bayesian in-
ference, have become standard during the past ten years (Cappé and Robert, 2000). For variable
dimension problems, often arising through model selection, a popular approach is Green’s (1995)
reversible jump MCMC (RJMCMC) methodology. Recently however, in the context of mixtures
of distributions, Stephens (2000) rekindled interest in use of continuous time birth-and-death pro-
cesses for variable dimension problems, following earlier proposals by Ripley (1977), Geyer and
Mogller (1994), Grenander and Miller (1994) and Phillips and Smith (1996). We will call this
approach birth-and-death MCMC (BDMCMC) and its generalisations continuous time MCMC
(CTMCMC).

In this paper, we investigate the similarity between the reversible jump and birth-and-death
methodologies. In particular, it is shown in Section 4 that for any BDMCMC process satisfying
some weak regularity conditions, there exists a sequence of RJIMCMC processes that converges, in
a sense specified below, to the BDMCMC process.

In their application of RIMCMC to mixtures of distributions, Richardson and Green (1997)
implemented two types of moves that could change the number of components of the mixture:
one was birth-and-death, in which a new component is created or an existing one is deleted, and
the other was split-and-combine, in which one component is split in two, or two components are
combined into one. In contrast, Stephens (2000) only dealt with birth-and-death moves in order to
keep the algorithm within the theory of marked point processes on general spaces, while pointing
out that “one can envision a continuous time version of the general reversible jump formulation.”
We show here that continuous time algorithms are not limited to the birth-and-death structure
and that convergence of reversible jump to birth-and-death MCMC is much more general. For
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example, split-and-combine moves could be incorporated, resulting in more general CTMCMC
algorithms, and the appropriate theoretical framework is that of Markov jump processes. To
complete our study of the connections between RIMCMC and CTMCMC, we implemented a full-
scale numerical comparison with moves similar to those in Richardson and Green (1997) used in
both algorithms: the outcome is the same for both samplers, with a longer execution time for
CTMCMC.

The paper is organised as follows: in Section 2 we review the main features of the BDMCMC
methodology, including moves more general than birth-and-death in Section 2.4 and variance re-
duction techniques in Section 2.5. This technology is exemplified for hidden Markov models in
Section 3. Section 4 addresses the comparison of this approach with reversible jump MCMC
methodology, recalling the basics of RJIMCMC in Section 4.1, establishing convergence of RJM-
CMC to BDMCMC in Section 4.2 and detailing the numerical comparison of both algorithms in
Section 4.4. Section 5 concludes the paper with a discussion.

2. Continuous time MCMC methodologies

In this section we review BDMCMC in the mixture case considered by Stephens (2000) and discuss
the extension of the birth-and-death moves to other continuous time moves. While Stephens
(2000) provides a full description of the method in the specific set-up of mixtures of distributions,
continuous time MCMC is limited neither to birth-and-death moves, nor to mixture models. For
example, CTMCMC may be applied to any of the examples in Green (1995). See also Ripley
(1977), Geyer and Mgller (1994), Grenander and Miller (1994) and Phillips and Smith (1996),
where broader descriptions of continuous time approaches can be found. In particular, Ripley
(1977) introduces the concept of simulating a birth-and-death process to approximate its limiting
distribution, even though he was interested in a problem of fixed dimension, while Geyer and
Mpgller (1994) propose a Metropolis—Hastings algorithm for spatial point processes and argue on
the superiority of this scheme compared with a continuous time approach, as do Clifford and
Nicholls (1994).

2.1. A reference example: mixture models
Our benchmark is a mizture model, with probability density function of the form

k
i=1

where k is the unknown number of components, w = (wy,...,wy) are the component weights,
¢ = (¢1,...,0r) are the component parameters and f(:|¢) is some parametric class of densi-
ties indexed by a parameter ¢, like the Gaussian, the Gamma, the Beta, or the Poisson family.
The component weights are non-negative numbers summing to unity. Mixture models have been
extensively considered in the literature, but remain a challenging setting for variable dimension
techniques.

The above densities are written as conditional on the parameter ¢, given the Bayesian perspec-
tive of the paper. Hence we need to specify a prior density for (k,w, @), denoted by r(k,w, ).
Here, r is a density with respect to a product measure, made of the counting measure in the k-
dimension and of the Lebesgue measure in the (w, ¢)-dimension. We make no further assumptions
about the prior, except that it is proper and exchangeable for each k, that is, invariant under
permutations of the pairs (w;, ¢;). We do not impose any ordering of the ¢;, motivated by iden-
tifiability reasons, as found in Richardson and Green (1997). We also denote by L(k,w,¢) the
likelihood

L(kvwa ¢) = Hp(yi|kawv ¢)a
i=1

where y = (y1,...,ym) is the observed data. The posterior density, which is our starting point
for inference, is thus proportional to r(k,w, ®)L(k,w, ¢). More realistic models typically involve
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hyperparameters, which add no further difficulty. Below we set 8 = (w, ¢), with k being implicit
in this notation, and ©*) denotes the space of k component parameters.

A feature inherent to mixture models is that we may associate with each observation y; a label
or allocation z; € {1,...,k} with P(z; = j | k,w) = w;, that indicates from which component y;
was drawn. Given the data, these labels can be sampled independently according to

k
P(zi=j|k,w,¢,y;) = wjf(yi|¢j)/z we f (yelde)- (1)
=1

This simulation is called completing the sample as, following EM terminology, (z,y) is referred
to as the complete data. As detailed in Section 3 and as demonstrated in Celeux et al. (2000)
for mixtures, completion is not necessary from a simulation point of view. Richardson and Green
(1997) devised an algorithm that carries along the complete data through all moves of the sampler.
In contrast, the algorithm of Stephens (2000) works with incomplete data, that is, y alone, in the
dimension-changing moves, but completes the data at regular intervals to carry out a resampling
of all parameters and hyperparameters but k.

2.2. Birth-and-death MCMC

In Stephens’ (2000) form of BDMCMC, new components are created (born) in continuous time at
a rate ($(0), where 0 refers to the current state of the sampler. Whenever a new component is
born, its weight w and parameter ¢ are drawn from a joint density h(0; (w, ¢)). In order to include
the new component, the old component weights are scaled down proportionally to make all of the
weights, including the new one, sum to unity; that is, w; := w;/(1 + w). The new component
weight-parameter pair (w, ¢) is then added to 8. We denote these operations by ‘U’, so that the
new state is @U (w, ¢). Conversely, in a (k+ 1) component configuration 8 U (w, ¢), the component
(w, @) is killed at rate

L(0)r(0) 1 B(B)h(B; (w,9))
OU (w0, 0)r(0U (0,8)  k+1 (d—w)k-1 2)

(0 (w,0)) = =

The factor (1 — w)*~! in (2) results from a change of variable when renormalising the weights.
Indeed, when the component (w, @) is removed, the remaining component weights are renormalised
to sum to unity. We denote these operations by ‘\’, so that 8 = (8 U (w, ¢)) \ (w, ¢).

An important feature of BDMCMC is that a continuous time jump process is associated with
the birth-and-death rates: whenever a jump occurs, the corresponding move is always accepted.
The acceptance probability of usual MCMC methods is replaced by the differential holding times.
In particular, implausible configurations, i.e. configurations such that L(8)r(0) is small, die quickly.

2.3. The Markov jump process view and local balance

The birth-and-death process described in the previous subsection is a Markov jump process: when-
ever it reaches state @, it stays there for an exponentially distributed time with expectation depend-
ing on 0, and, after expiration of this holding time, jumps to a new state according to a Markov
transition kernel. To ensure that a Markov jump process has an invariant density proportional to
L(08)r(0), it is sufficient, although not necessary, that the local balance equations

L(0)r(0)q(0,0") = L(6")r(0")q(0',0) for all ,0', (3)

are satisfied (Preston, 1976; Ripley, 1977; Geyer and Mgller, 1994). Here ¢(0,8’) is the rate of
moving from state @ to @'. Special care is required with such considerations, however, since the
transition kernel of the jump chain typically does not have a density with respect to a single
dominating measure. For example, after killing a component the new state is completely known
given the current one. This problem also occurs for RIMCMC samplers, as exemplified by the
measure construction in Green (1995), and we do not detail it further here. Further reading on
Markov jump processes is found in, for example, Preston (1976), Ripley (1977, Sections 2 and 4),
and Breiman (1992, Chap. 15, Sections 5 and 6).
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Let us now derive (2) from (3). In the particular case of birth-and-death moves and a &
component configuration 6, (3) takes the form

L(0)r(0)xB(0)h(0; (w, ¢))/(k+1)!><(1 —w)* ™ = L(BU(w, ¢))r(0U(w, ) x6(8; (w, ¢))/k!, (4)

which indeed leads to (2). The justification for the various factors in (4) is as follows: the factorials
k! and (k4 1)! arise from the exchangeability assumption on the mixture components. Given that
we do not impose an ordering constraint on ¢, ..., ¢, there are k! and (k + 1)! equivalent ways
of writing € and 6 U (w, ¢), respectively. The equivalence is to be understood as giving the
same likelihood, prior and posterior densities. The 1/(k + 1)! and 1/k! terms thus appear as the
probabilities of selecting one of the (k + 1)! and k! possible ways of writing 8 U (w, ¢) and @ in
the birth and death moves. This selection is immaterial, since it has no relevance for the posterior
distribution. Furthermore, b(8)h(0; (w, ¢)) is the density of proposing a new component (w, ¢),
and (1 —w)*~! is again a Jacobian arising from renormalisation of the weights. This determinant
should be associated with the density h, as the (k + 1) component parameter 8 U (w, ¢) is not
drawn directly from a density on ©(*+1) but rather indirectly through first drawing (w,¢) and
then renormalising. In order to compute the resulting density on ©* 1 one must then calculate
a Jacobian. Thus, ¢(8,0 U (w, ¢)) = B(0)h(0; (w, $))/(1 —w)*~L.

2.4. Generalisations of birth-and-death MCMC

Stephens (2000) resampled component weights and parameters with fixed k, as well as hyperpa-
rameters, at deterministic times (as opposed to the random occurrences of the birth-and-death
moves). This makes the overall process inhomogeneous in time. We can incorporate similar moves
into the continuous time sampler by adding a continuous time process in which, in state @, such
moves occur at rate y(6#). Birth-and-death rates stay the same. The rates for resampling the
component weights, parameters, and hyperparameters, could also be different.

A further generalisation is to introduce other moves, like the split-and-combine moves of
Richardson and Green (1997). We consider here the special case where, as in Green (1995), the
combine move is deterministic. For simplicity 6 denotes an element of the k£ component parameter
0. Thus, in a mixture context, typically 8 = (w, ¢).

Asg for the RIMCMC proposal, the split move for a given component 6 of the k component
vector @ is to split this component as to give rise to a new parameter vector with £+ 1 components,
defined as ((0 \ #) UT(,¢)) where T is a differentiable one-to-one mapping that outputs two new
components and ¢ is a random variable with density function p. We also assume that the mapping
is symmetric in the sense that

P{T(9,e) € B' x B"} = P{T(8,e) € B" x B'}  forall B', B". (5)

We denote the total rate of splitting by n(0) and assume that, in a split move, each component is
chosen with equal probability 1/k. Conversely, the local balance equation (3) provides for any of
the k(k — 1)/2 pairs of components of 6, the rate of combining them. In this particular case,

£0)r(0) x " 5 2() x ‘% /(k+ 1)!
= L{(@\O)UT(0,e)}r{(O\O)UT(0,2)} x q[{(8\O)UT(0,e)},6] /k!

k (0, ¢)
As above, the factorials arise as probabilities of selecting particular representations of @ and (6 \
0) UT(0,¢e), and n(@)/k is the rate of splitting a particular component as 7n(@) is the overall
split rate. The coefficient 2 is due to the fact that a component can be split in two pairs that
are identical apart from the ordering, and that occur with the same probability because of the
symmetry assumption (5); otherwise we would have to replace p(e) with the average of two terms.
Thus, the rate of combining two components, ¢[{(8\ 8) UT(8,¢)},80], is

L(6)r(0) n(0) oT(0,¢)
L{@\0) UT@,))r (B\O)UT 0.2} * (kt DF 21’(5)‘ 50,2

In Section 4.3, we will directly derive this rate from Richardson and Green’s (1997) sampler.

(6)
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2.5. Sampling in continuous time: a new Rao—Blackwellisation

For a discrete time RJMCMC sampler, its output is typically monitored after each step, or on
regular intervals in order to decrease inter-sample correlation as in Ripley (1977, Section 5) and
Richardson and Green (1997).

In continuous time, there are more options. For example, the process may be sampled at regular
times, as in Stephens (2000), or at instants given by an independent Poisson process. In either
case posterior means E[g(0) | y] are estimated by sample means N " Ziv g9(0(7:)), where {0(t)} is
the CTMCMC process and the 7;’s are the sampling instants. Under the former sampling scheme,
if the sampling interval tends to zero, we effectively put a weight on each state visited by {0(t)}
that is equal to the length of the holding time in that state, when computing the sample mean.
Before elaborating further on this idea, we introduce some additional notation.

Let T, be the time of the n-th jump of {6(¢)} with To = 0. By the jump chain we mean
the Markov chain {8(T},)} of states visited by {#(t)}. We denote this chain by {6,}, that is,
6,, = 6(T,). Let A(8) be the total rate of {68(t)} leaving state @, that is, the sum of the birth and
all death rates, plus the rates of all other kinds of moves there may be. Then the holding time
T, —Tn—1 of {B(t)} in its n-th state 6,,_; has a conditional exponential Exp(A(0,_1)) distribution.

Returning to the sampling scheme, we can reduce sampling variability by replacing the weight
Tn — Th—1 by its expectation 1/A(8,—1). In this way the variances of estimators built from the
sampler output are decreased: both numerator and denominator have reduced variance by virtue
of the Rao—Blackwell theorem, since

- 9(0n-1) _ 5 Boos]g(®
; m = ;E[Tn —dp_1 | gn—l] g(gn—l)

and likewise for the denominator. The asymptotic variance of the ratio

i:: nl//\nl/ZI//\nl

can then be shown to be smaller than when using T,, — T),—1 in place of 1/ /\(én_l), following
Geweke (1989).

When sampling {0(¢)} this way, we only simulate the jump chain and store each state it visits
and the corresponding expected holding time. Alternatively, the expected holding times may be
recomputed when post-processing the sampler output. The transition kernel of the jump chain
is as follows: the probability of an event happening is proportional to its rate. For example, the
probability of a birth is 5(8)/A(8), and if a birth occurs the new component weight and parameter
are drawn from h(@; (w,®)) as before. Thus we need to compute all rates when simulating the
jump chain, just as we do when simulating {0(¢)}. All possible moves are incorporated into the
Rao—Blackwellised estimator, not only those that are selected.

This reformulation of the continuous time algorithm has more than practical appeal for the
approximation of integrals. Indeed it highlights a point that will be made clearer in Section 4,
namely that the continuous time structure is paramount neither for the MCMC algorithm nor for
the approximation of integrals.

3. Anillustration for hidden Markov models

Before moving to the comparison with reversible MCMC, we illustrate the potential of our contin-
uous time extension in the set-up of hidden Markov models (Robert et al., 2000).

3.1. Setting

In this generalisation of the mixture model, the observations y, are such that, conditional on
a hidden Markov chain {z,} with finite state space {1,...,k}, yn is distributed as a N(0,02 )
variate. Therefore, marginally, y,, is distributed from a mixture of normal distributions.



6 Cappé et al.

Unlike previous implementations, we choose to parameterise the transition probability matrix
of the Markov chain {z,} by P = (w;;) as follows:

k
P(Zn—i-l Zj | Zn =7,) =wij/2wig.
(=1

The w;;’s are therefore not identified, but this parameterisation should facilitate the MCMC moves,
provided a vague proper prior is selected, since it relaxes the constraints on those moves. Further,
this reparameterisation allows for a point process representation of the problem (Preston, 1976;
Ripley, 1977; Geyer and Mgller, 1994). The prior model consists in a uniform prior 4{1,..., M}
on k, an Exp(l) prior on the w;;’s, a uniform ¢/(0,«) prior on the o;’s and a data dependent
Exp(5 max |y,|) prior on the hyperparameter 1/a; Robert et al. (2000) noticed that the factor 5 in
the exponential distribution was of little consequence. We stress that we impose no identifiability
constraints by ordering the variances, in contrast to Robert et al. (2000). Another major difference
is that, as in Stephens (2000), we do not use completion to run our algorithm. That is to say, the
latent Markov chain {z,} is not simulated by the algorithm. This can be avoided due to both the
forward recursive representation of the likelihood for a hidden Markov model (Baum et al., 1970),
already used in Robert et al. (1999), and the random walk proposals as in Hurn et al. (2003).
While not strictly necessary from an algorithmic point of view (Robert et al., 1999), this choice
facilitates the comparison with Stephens (2000).

3.2. The moves of the continuous time MCMC algorithm

Since Robert et al. (2000) implemented reversible jump for this model, we focus on the CTMCMC
counterpart, extending Stephens (2000) to this framework. In addition to birth-and-death moves,
which were enough to provide good mixing in Stephens (2000), we are forced to introduce additional
proposals, similar to those in Richardson and Green (1997), because we observed that the birth-and-
death moves are not, by themselves, sufficient to ensure fast convergence of the MCMC algorithm.
The proposals we add are split-and-combine moves, as described earlier, and fixed-k moves, where
the parameters are modified via a regular Metropolis—Hastings step. The latter proposals are
essential in ensuring irreducibility and good convergence properties.

The birth-and-death and fixed-k£ moves are simple to implement, and are equivalent to those
given in Hurn et al. (2003) with fixed-k moves relying on random walk proposals over the transforms
logw; and log(o;/(a — 0;)).

The split-and-combine move follows the general framework of Section 2.4 with a combine rate
given by (6). We used n° as an individual split rate which is the same for all components. This
means that the overall rate of a split move for a k component vector is 7(8) = kn®. In the practical
implementation of the algorithm, we chose n° = n® = 2 and ™ = 5, where ” and " correspond
to the birth and fixed-k move rates, respectively.

In the case of the above normal hidden Markov model, a split of state ¢g into states ¢; and i»
involves four different types of actions.

a) A split move in row j # ig for w;;, as
J,%0
Wiy = Wiic€j, Wiis = Wjio(1—¢€5),  where &; ~U(0,1).

This proposal is sensible when thinking that both new states i; and iy are issued from the
state 79 and the probabilities to reach ig are thus distributed between the probabilities to
reach the new states iy and i», respectively.

(b) A split move in column ¢ # ig for w;, ; as

Wiy i = Wig,i&i,  Wis,i = Wig,i/&is where & ~ LN(0,1).

The symmetry constraint (5) is thus satisfied, that is, & and 1/&; have the same lognormal
distribution. Before this, we tried a half-Cauchy C*(0, 1) proposal, which also preserves the
distribution under inversion, but this led to very poor mixing properties of the algorithm.
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(c) A split move for w;, ;, as

Wiy iy = wio,iosiogiu Wiy i = Wip,ig (1 - gio)fiza
Wi, iy = Wi ,igEio /€i17 Wig,is = Wip,ig (1 - gio)/fiza

where ¢;, is uniform on (0, 1) and &;,,&;, are LA(0,1).
(d) A split move for o7, as

2 2 2 2
0;, =0;Eq 0 =0 [€q, where e, ~ LN(0,1).

The combine move is chosen in a symmetric way, so that states i; and i are combined into
state ig by taking first the geometric average of rows i; and is in the unnormalised transition
probability matrix and then adding columns 7; and i5. One can check that this sequence of moves
also applies to the particular case of wy, ;,. The variance J?O is the geometric average of 0’?1 and
032. Appendix B details the computation of the corresponding Jacobian.

3.3.  Anillustration

For a comparison with Robert et al. (2000), we consider a single dataset studied in that paper,
namely the wind intensity in Athens (Francq and Roussignol, 1997). Since the prior distribution
on the o’s is a uniform U(0, ), « is an hyperparameter that is estimated from the dataset in a
hierarchical way and updated through a slice sampler (see Robert et al. (2000) for details) via an
additional process with intensity n®, set equal to 1. The variances o7, being constrained to be
smaller than o2, are updated via a Gaussian random walk proposal in the a-logit domain, that is
using the transform log(o/(a — o)) and its inverse.

Fig. 1 summarises the output for this dataset. As in Robert et al. (2000), we obtain a mode of
the posterior distribution of k& at k = 3, although the posterior distribution slightly differs in our
case since the posterior probabilities for 1,2, 3,4 are 0.0064,0.1848,0.7584,0.0488, to be compared
with Table 1 of Robert et al. (2000). Fig. 1 also provides the distribution of the number of moves
per time unit (on the continuous time axis). The loglikelihoods cover a wider range than those
found in Robert et al. (2000), although the highest values are the same. For instance, the largest
likelihood for k = 2 is —688, while it is —675 for k¥ = 3 and —670 for k¥ = 4. That we find lower
loglikelihoods than with RIMCMC techniques is to be expected since, although both RIMCMC
and CTMCMC explore the same target distribution, continuous time algorithms can explore more
unlikely regions in the parameter space, like the tails of the target, by down-weighting states with
shorter lifetimes.

4. Comparisons of reversible jump MCMC with continuous time algorithms

In this section we provide a comparison of reversible jump and continuous time methodologies,
starting with a review of reversible jump MCMC within the framework of mixtures.

4.1. Reversible jump MCMC

In a k component state 6, at each iteration, the simplest version of the reversible jump algorithm
proposes with probability b(0) to create a new component and with probability d(8) to kill one.
Obviously, b(@) + d(0) = 1, if we do not account for fixed-k moves at this level. If an attempt to
create a new component is made, its weight and parameter are drawn from h(6@; (w, ¢)) as above.
If an attempt to kill a component is made then, for instance, in a mixture model, each component
is selected with equal probability. A new component is accepted with probability min(1, A), where

_ _ _ LOU (w,9))r(0 U (w,)) (k+1)!  d(OU (w,9)) (1- w)’“*1
A=AB:6U(w.9) = L0)r(0) TR X R Db0) * h(@; (w, d)
_ L(O J (’U), ))r(G U (UJ, QS)) ~ d(o U (’U), ¢)) « (1 — w)k71 (7)
L0)r(0) 00 h(O (w9

Here the first ratio is the ratio of posterior densities, b(6)h(0; (w, ¢)) is the density corresponding
to proposing a new component (w, ¢), and d(0 U (w, ¢))/(k + 1) is the probability of proposing to
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Fig. 1. Continuous time MCMC algorithm output for a sequence of 500 wind intensities in Athens; (from
top to bottom) (a) plot of an equal time sample of k’s; (b) plot of the corresponding loglikelihood values; (c)
histogram of the number of moves per time unit; (d) MCMC sequence of the probabilities 7; of the stationary
distribution of the three components when conditioning on k = 3; (e) same graph for the o;'’s.
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kill component (w, ¢) when in state QU (w, ¢). Finally (1—w)*~! is the same Jacobian determinant
as above, and the factorial ratio arises from the exchangeability assumption. If a proposal to kill
a component (w, ¢) of a (k+ 1) component state 8 U (w, ¢) is made, the acceptance probability is
min(1,1/4), where A = A(0;0 U (w, $)) is as above.

RJMCMC typically involves other kinds of moves like fixed-k moves resampling the component
weights, parameters ¢; and, possibly, hyperparameters—see, e.g., Richardson and Green (1997).
A complete sweep of the algorithm consists in the composition of a birth-and-death move with
these other fixed-k moves. Sampling for a fixed k can be carried out using a Gibbs move after
completing the sample according to (1). As noted above, Richardson and Green (1997) designed
additional moves for splitting and combining components.

4.2. Convergence to BDMCMC
In this section we construct a sequence of RIMCMC samplers converging to the BDMCMC sampler.

Before proceeding we introduce some additional notation. Let S*~1 = {(wy,...,wg) : w; >
0,>,w; = 1} and let ® denote the space in which each ¢; lies. Hence O®) the space of k-
dimensional parameters, is ©%) = S*¥=1 x % Finally let © = UkzlG)(’“) denote the overall

parameter space.
For N € N we define an RIMCMC sampler by defining birth and death probabilities

bn(0) =1 —exp{—B(0)/N}, dn(0) =1—bn(0) = exp{-3(0)/N},

where 3(0) is the birth rate of the BDMCMC sampler. Then A also depends on N, and we write
A = An. We remark that as N — oo, by (8) ~ 5(0)/N, and if 5(0) is bounded we can take instead
by (8) = B(0)/N. The state at time n = 0,1,... of the N-th RIMCMC sampler is denoted by 2,
and for each N we construct a continuous time process {8" (t)}i>0 as 8™ () = OJLVNt |» where |[-]
denotes the integer part. The state of the BDMCMC sampler at time ¢ > 0 is denoted by 6(t).

We now consider what happens as N — oco. The probability of proposing a birth in state 6
tends to zero as 3(0)/N. Hence the acceptance ratio Ay tends to infinity, so that a birth proposal
is always accepted. If time is speeded up at scale IV, on the nominal time scale the limiting process
of accepted births in state 8 is a Poisson process of rate 3(8). Furthermore, the scaled probability
of deleting component (w, ¢) in a state @ U (w, ¢) € OK*+1) ig

Ndn(6) x min[1,1/An{0;0 U (w,¢$)}]/k + 1
L(0)r(6) 1 h(8; (w, ¢)
TOU . o)r@Uwe) “kr1 PO g

and the right hand side is just §(0; (w, ¢)), given in (2). Considering the rescaled time axis and
the independent attempts to create or delete components, in the limit the waiting time until
this component is killed has an exponential distribution with rate §(0; (w, ¢)), agreeing with the
BDMCMC sampler. Thus, as N — oo a birth is rarely proposed but always accepted and a death
is almost always proposed but rarely accepted. Both these schemes result in waiting times which
are asymptotically exponentially distributed with rates in accordance with the BDMCMC sampler.
Thus, one may expect that as N — oo, the processes {8~ ()} and {8(t)} will become more and
more similar.
We will now make this reasoning strict, starting with the following assumptions:

as N = oo,

AQ) @ has a separable topology which can be metrised by a complete metric.

(AD)
(A1) 3(0) is positive and continuous on ©.

(A2) r(0) and L(0) are positive and continuous on 0.

(A3) For each (w,¢) € (0,1) x ®, h(-; (w, p)) is continuous on © and for each 8 € O there is a
neighbourhood G of @ such that supg h(@';) is integrable.

We first note that, since the standard topology on the open unit interval (0, 1) is separable and
can be metrised by a complete metric, for example d(z,y) = |log(z/(1—z)) —log(y/(1—y))|, S**
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can be viewed as a complete separable metric space. Then O, with the induced natural topology,
is a space of the same kind. The process {0(t)} is a Markov process on © which we assume has
sample paths in Dg[0, 00), the space of ©-valued functions on [0, 00) which are right-continuous
and have left hand limits everywhere.

We then derive the following result (see Appendix A for a proof).

THEOREM 1. Under assumptions (A0)—(A3) and assuming that 0(0) and 0y are drawn from
the same initial distribution, {@™ (t)};>0 converges weakly to {8(t)};>0 in the Skorohod topology
on Dgl0,00) as N — oo.

4.3. Convergence to other continuous time processes
Recall again that, in Richardson and Green’s (1997) version, the RJIMCMC sampler also includes
a split-and-combine move. More precisely, using the same notation as in Section 2.4, they propose
to split a randomly chosen component of the k component vector 8 with probability sy (0) so as to
give rise to a new parameter vector with k& + 1 components, defined as (8\ ) UT'(0,¢e). Conversely,
the probability of proposing to combine a randomly chosen pair of components of @ (there are
k(k — 1)/2 pairs) is denoted by en(0) = 1 — sn(8).

A split move changing the k component vector 8 to (8\ ) UT'(8,¢) has acceptance probability

min{l L((O\O)UT(®,2))r ((B\OUT(®,c)  (k+1)

L(9)r(6) TR

-1 }
If, as above, we let sy(0) = 1 — exp{—n(0)/N} for some 7(0), so that Nsy(8) — n(8), and
accordingly scale by N the trajectory of the corresponding discrete time sampler, the limiting
continuous time process has a rate of moving from (6 \ ) UT'(,¢) to 8 by a combine move which

is given by (6). Convergence of reversible jump MCMC to continuous time processes thus occurs
in a broader context than within the birth-and-death framework of Stephens (2000).

en((O\OUT@, Nk 1

oT(0,¢)
sn@EE+ D2 2p(e)

9(6,¢)

4.4. A numerical comparison of both methodologies

While Theorem 1 establishes a strong connection between RIMCMC and CTMCMC, by showing
that CTMCMC can be arbitrarily well approximated by an RIMCMC algorithm, it does not imply
that in practice both approaches perform equivalently, for instance in terms of computational cost.
We thus carried a numerical comparison of both approaches based on identical moves and identical
proposals on both sides. Further implementation details are provided in Appendix C. In this
comparison, we chose to remain within the framework of mixtures of distributions, partly because
the setting is simpler than hidden Markov models and partly because most of the earlier literature
on the topic relates to this area: for instance, we rely on the Galazy dataset, heavily used in the
literature since Roeder (1990).

4.4.1. Implementation issues

We first discuss computational aspects of both discrete and continuous time algorithms. In con-
tinuous time settings, once a state @ is visited, it is necessary to compute the rates of all possible
moves leading to an exit from that state, that is O(k) and O(k?) computations for birth-and-death
and split-and-combine moves, respectively. Discrete time settings do not require this exhaustive
checking, as the acceptance ratio of a move is not computed until the move is proposed. This
advantage of reversible jump MCMC is however mitigated by three facts.

(i) For continuous time moves such as birth and split, rates are typically very simple (e.g,
constant) and it is only the death or combine rates that are expensive to compute.



Reversible jump and continuous time MCMC 11

(ii) Except for small datasets, the cost of evaluating the acceptance probability in RIMCMC
mainly lies in computing the loglikelihood at the proposed parameters according to

m k
log L(k,w,¢) = > log > w;f(yile;), (8)
i=1 j=1

which involves O(k x m) computations. For mixture models, the computation associated
with RIMCMC thus also increases proportionally to k.

(iii) At the expense of storing all values f(y;|¢;) as in Stephens (2000), it is possible to reduce
significantly the cost of repeated evaluations of (8). For instance, in a death proposal the
only required new computations are the summations in ¢ and j, omitting the index of the
selected component. Although this remark also applies to the RIMCMC sampler, it is most
profitable when applied to the implementation of the continuous time sampler.

Thus, when only birth-and-death moves are used, the average computation times for simu-
lating one jump of the continuous time sampler and one step of the reversible jump sampler are
comparable. In our implementation, the former is longer by a factor which varies between 1.5
and 2, depending on the dataset. On the other hand, the computation time for continuous time
simulation with split-and-combine moves is a factor 3 longer for the Galaxy dataset.

4.4.2. Birth-and-death samplers

We first contrast the performance of the two types of samplers, RIMCMC and CTMCMC, when
only birth-and-death moves are used in addition to moves that do not modify the number of
components. Except for the fine details of the proposals described in Appendix C and the absence
of completion in the fixed-k moves, we are thus in the setting considered by Stephens (2000). Note
however that for CTMCMC, we adopted the Rao—Blackwellisation device discussed in Section 2.5
(weighting each visited configuration by the inverse of the overall rate of leaving rather than by the
corresponding exponentially distributed holding time). We proposed the fixed-k moves according
to an independent Poisson process of rate n’, which leaves the overall continuous time process
Markovian, whereas Stephens (2000) proposed these moves at fixed regular times. By setting the
probability PF' of proposing a fixed-k move in RIMCMC equal to the rate n¥ = 0.5 at which fixed-k
moves are proposed in CTMCMC, and likewise PP = 1® = 0.25 for the birth moves, we guaranteed
that the moves were proposed in equal proportions by both samplers. The most important aspect
is that both the reversible jump and the continuous time sampler were implemented using exactly
the same move proposals to the point of sharing the same routines, which allows for meaningful
comparisons. In the following, we compare the performance of both samplers when the number
of jumps (number of visited configurations) in CTMCMC is equal to the number of iterations of
RIJMCMC.

The main message here is conveyed by Fig. 2 which shows that there is no significant difference
between the samplers: be it for a small (5,000) or a large (500,000) number of iterations, the
accuracy of the estimated posterior probabilities for all allowed values of k is equivalent for both
samplers. Other signals like posterior parameter estimates conditional on a fixed k tend to show
even less difference; this is not surprising granted that both samplers share the same fixed-k moves.

Another evaluation of the performance of MCMC samplers is provided by the autocovariance
function of simulated traces. To implement this idea for the continuous time sampler, the Rao-
Blackwellised continuous time path—that is, the path of the continuous time process where the
inverse rates are substituted for the corresponding holding times—was sampled regularly, with a
number of points equal to the number of jumps. Fig. 3 shows the resulting autocovariance for the
posterior simulations of k£ for both RIMCMC and CTMCMC, estimated on 2 million iterations
after discarding a burn-in period of 8 million iterations. Once again, both samplers are seen to
perform equivalently: although all moves are accepted in CTMCMC, the mixing is not significantly
improved over RIMCMC because of the weighting mechanism. This is well captured by Fig. 4
which shows that only about 30% of the configurations visited by the continuous time sampler are
maximally weighted. Conversely, 15% of the configurations have a negligible weight, a situation
which occurs when there is at least one death move which has a very large rate.
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Fig. 2. Galaxy dataset, box plots for the estimated posterior on k& obtained from 200 independent runs:
RJMCMC (top) and CTMCMC (bottom). The number of iterations varies from 5,000 (left), to 50,000 (middle)
and 500,000 (right).
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Fig. 4. Empirical distribution function of the inverse rates in CTMCMC. The maximal value corresponds to
the addition of the fixed rates: 1/(n" + 1) = 1/(0.3 4+ 0.35) and thus occurs in configurations in which all
death rates are negligible.

4.4.3. Samplers with split-and-combine moves

Richardson and Green (1997) suggested that for mixture models, it is profitable to allow moves
that can combine two components in a single one or conversely split a component. The inclusion of
such moves in the CTMCMC framework is straightforward and has been discussed in Section 4.3.

Fig. 5 is the equivalent of Fig. 2 with all types of moves enabled; here, PF' = nf' = PB =B =
PS5 =n% = 0.2 s used, where P° and n° are the probability of proposing a split move in RIMCMC
and the split rate in CTMCMC, respectively. Looking in greater detail at the 5,000 iterations plot,
it is possible to see a small advantage for the continuous time sampler: the reversible jump one
has a small downward bias for £ = 3 and its variability is slightly larger at all bins. Part of the
explanation is that the weights (inverse rates) in the continuous time sampler have a very similar
distribution for the death and combine moves whereas the acceptance probabilities for these are
very different in the reversible jump sampler, where deaths are accepted about three times more
often. This is due to the fact that even when k is large, there are always at least one or two pairs
which have a reasonable rate of being combined and these are selected by the continuous time
sampler. In contrast, when k is large, the reversible jump sampler has a low probability of drawing
precisely these few pairs.

Another interesting conclusion to be drawn from Fig. 2 and Fig. 5 is that the inclusion of
the split-and-combine moves does not significantly improve the accuracy of the results. This is
understandable for RIMCMC since split proposals need to be very carefully tuned in order to
maintain reasonable acceptance probabilities (see also Appendix C). For CTMCMC however, the
same conclusion is also true despite the advantage mentioned above.

In conclusion, were we to rank all techniques on the basis of their computation time, as detailed
in Section 4.4.1, the optimal choice would be RIMCMC with birth-and-death only, very closely
followed by the equivalent CTMCMC sampler; then, at some distance, RJIMCMC with both types
of dimension changing moves enabled and finally CTMCMC in the same conditions, which is
unattractive because of its high computational cost.

5. Discussion

Our work suggests that there is no clearcut improvement in using continuous time MCMC algo-
rithms: While discrete time moves can also be implemented in continuous time, this alternative
implementation does not bring a visible upgrade in the performances of the algorithms. If any-
thing, the continuous time samplers are slower, because they involve consideration of the whole
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Fig. 5. Galaxy dataset, box plot for the estimated posterior on k obtained from 500 independent runs: Top
RJMCMC and bottom, CTMCMC. The number of iterations varies from 5,000 (left plots) to 50,000 (right
plots).

range of possible moves and their respective rates after each move. Repeated calls to the likelihood
function are very costly in computing time and/or memory.

The advantage of continuous time samplers is rather their ability to move to unlikely places:
given that the split and birth rates are independent of the data, the algorithm can impose moves to
low probability regions of the parameter space. Such regions are of little interest for inference but
they can constitute a kind of springboard for the Markov chains, allowing these to move from one
mode of the posterior distribution to another one. But this potentially better mixing behaviour
can only be achieved when a wide variety of moves are proposed simultaneously, as illustrated in
Fig. 5.

A typical set-up of BDMCMC is to let 3(8@) be constant, say 3(8) = 1, since a different constant
only rescales time. Likewise, for RIMCMC b(0) = d(6) = 1/2 is typical, except for states 8 with
k = 1 for which b(@) = 1. Under these assumptions, equations (2) and (7) relate as A = (k+1)§~!.
Since both samplers have the same stationary distribution, we find that if one of the algorithms
performs poorly, so does the other one. For RIMCMC this is manifested as small A’s—birth
proposals are rarely accepted—while for BDMCMC it is manifested as large §’s—new components
are indeed born but die again quickly.

The “attractive alternative” to Richardson and Green (1997) in terms of mixing over the values
of k, as reported in Stephens (2000, Section 5.3), is thus not to be sought in the continuous time
nature of his algorithm, but rather in the different choices made in the sampler: Stephens (2000)
used birth-and-death moves only for modifying the dimension of the model, and these moves did
not involve the complete data, that is, the component labels, while Richardson and Green (1997)
used split-and-merge moves as well and carried along the component labels through all moves,
including the dimension-changing ones. The issue of completion is not directly related to the
central theme of this paper, but it may be that the absence of completion explains the different
behaviour of the sampler. This was not the case however in the fixed-£ mixture setting studied by
Celeux et al. (2000).

Finally we perceive Rao—Blackwellisation as an advantage of continuous time algorithms; this
feature is, as noted above, obtained at no extra cost. Rao—Blackwellisation could in principle be
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carried out in discrete time as well—holding times have geometric distributions—but, there, the
expected holding times cannot be computed easily; see (9) in the proof of Lemma 1 below. See
also Casella and Robert (1996) for another Rao—Blackwellisation of Metropolis algorithms.
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A. Proof of Theorem 1

For 8 € O, let
k
AB) = B(6) + 25(9 \ (wi, ¢i); (wi, $4))
i=1
be the overall rate of leaving state @ in the BDMCMC sampler and let Ax(6) be the overall

probability of moving away from state 6 (in one step) in the RJIMCMC sampler.
Before proving the theorem, we state and prove a lemma.

LEMMA 1. For each k > 1 and ' € O there is a neighbourhood G C ©%) of @' such that
supgcc INAN(0) — A(0)] — 0 as N — oo.

Proof. We first note that for 8 € %) A\x (@) can be written

An(0) = /bN(B) min{Ax(6;0 U (w, $)), 1}h(6; (w, 9)) d(w, §)

k
+ ZdN(O)%min{A;,l(G\(wi,@);e),l}. (9)
Thus
sup [NAN(0) — A(0)]
Ocac
< /SUP INbn (8) min{An(0;0 U (w, ), 1}1(0; (w, $)) — B(0)h(0; (w, $))| d(w,d)  (10)
e
k
£ |3 N (8) min{ AR 0\ (wi, 60);0), 1} — 56\ (i, 60); (s, 6)]. (11)
i=1 UeG

We start by looking at the ‘birth part’ (10) of this expression. We shall prove that it tends to
zero by showing that the integrand tends to zero for all (w, ¢) and showing that the integrand is
dominated, for all sufficiently large N, by an integrable function. Bound the integrand as

sup [Nby (8) min{Ax (6;0 U (w, $)), 1}1(6; (w, ¢)) — B(0)(8; (w, §))]

Oca
< sup |[Nby(6) — ()] x 1 x sup h(8; (w, ¢)) (12)
Occ Occ
+ sup $(0) x sup [min{An(6;0 U (w,$)), 1}h(6; (w, $)) — h(8; (w, $))]. (13)
Oca Occ
For >0 and N > 8, ,
£_16_<1_e—3/N<£’
N 2N2 — - N
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so that
IN(1— e #/N) - B < ?/2N.

Hence, for sufficiently large N, (12) is bounded by

% sup 32(0) x sup h(0; (w, ¢)); (14)
Occ Oca

by (A1) and (A3), for an appropriate G this expression tends to zero as N — oo and is dominated
by an integrable function.

Regarding (13), it is dominated by an integrable function similar to (14) (remove 1/(2N) and
the squaring), and it remains to show that it tends to zero as N — oco. We have

min{ Ax (856 U (0, 8)), 1}4(8; (1, 8)) — h(8; (w, 6))| = h(8; (w, 6))
C[LOU (w0, )0 U (w,6) _ dn(0U (w,6)) o
- mm{ L(0)r(9) v e G VAL (w’¢)>} ‘

By (A2), for each (w,¢), L(B U (w, ¢))r(0 U (w,¢)) and L(0)r(0) are bounded away from infinity
and zero, respectively, on a sufficiently small G. Likewise, by (A1), dy(0U (w, ¢)) and by (0) tend
to unity and zero, respectively, uniformly over such a G. Finally, by (A3), h(8; (w, ¢)) is bounded
on an appropriate G, and we conclude that (13) tends to zero uniformly over G as N — oo if G is
small enough.

We now turn to the ‘death part’ (11). By arguments similar to those above, for large N and
sufficiently small G it holds that

1NdN(ﬁv) min{Ay" (0 \ (w;, ¢;);0),1}

k
_1 . L0\ (wi, ¢i))r(0\ (wi, ¢i) _ On(O\ (wi, $i)) (O \ (wi, §i); (wis i)
= %Nmm{ L(0)r(0) x N (1= w;)F 2 ,dN(B)}
L(0\ (wi, ¢:))r(0\ (wi, $i)) Non (0)h(0\ (wi, ¢i); (wi, i)

= w1y
N k

L(6)r(0) (1 — w; )2

uniformly over GG, and, also using arguments as above, one can show the right hand side of this
expression converges to §(0 \ (w;, @;); (w;, ¢;)) as N — oo, uniformly over a small enough G. O

Recall the definitions of jump times and the jump chain in Section 2.5. The sequence {5,“ T, —
T,,_1} of visited states and holding times form a Markov renewal process (MRP). The transition
kernel of this MRP is denoted by K, that is, K(8; Ax B) = P(8, € A, T, —Ty_1 € B| 6p,_y = 6).
Since {@(t)} is Markov, the conditional distribution of T}, — T,,—; given én,l = 0 is exponential
with rate A(@). In addition, 8(T,) and T,, — T,_; are conditionally independent. Similarly,
{0V (1)} is a semi-Markov process with jump times {TN} in the lattice i/N, and the kernel of
the associated MRP is denoted by Ky. Since {8} is Markov, 8~ (TN) and TN — TN | are

conditionally independent given 8~ (TN ).

Proof of Theorem 1. Using results of Karr (1975), it is sufficient to prove that for each real-valued
uniformly continuous function g on @ x [0, o),

(i) Kg(8) is continuous on ©);
(i) Kng(0) — Kg(0) uniformly on compact subsets of @ as N — oc.

We start by showing (ii). By the structure of ©, it is sufficient to show that for each 8 € ©*)
there is a neighbourhood G' C ©*) of @' such that Kxg(8) — Kg(8) uniformly on G, and this is
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what we will do. For 8 € @), Kng(0) and Kg(#) can be written

Kng(6) = fj [ =2 @)™ oy(@) min{Ax(8:0U (w,6)), 1}
B (00w, 0),5) daw,0)
+§jl(1—m )y 1Zdw L min{ AR 0\ (i, 6:);0), 1}g (0\ (wi, 00), )
= [ [ an) Y Ny @) min{an (6:6U (w0, 1)
(6569 (00 (w00, ) dudtw, )
+ [Ta-aen

ZNdN A (0 (11,00:0),Lg (0 (3,00 21 )

0= / e O N0510.0))9(8 U (1, 0), 1) du (o, )

200 00\ (Wi, ;); (wi, ds
+/ Z/\(g)e NCPRICAN )\<Z(50))( i)

= /Ow/eA(G)Uﬂ(G)h(g; (w,$))g(0 U (w, ¢),u) du d(w, §)

g(0\ (w;, ¢i),u) du

o k
o 7O (w10 60 1,60,

where [z] is the smallest integer no smaller than x.

We again start by looking at the ‘birth parts’ of the kernels, bounding the corresponding part
of [Kxg(8) — Kg()] as

/ / sup
0 Occ

(1= An ()N Nby () min{An(0;0 U (w, ), 1}A(6; (w, $))

(eu(w 9, X “1) e NOBB)(: (1, 6))g(8 U (w, ), w)| dud(w, ).

We wish to prove that this expression tends to zero as N — co. We can do this by showing that
the integrand tends to zero for all u > 0 and all (w, ¢) and that there exists a dominating (for all
sufficiently large N) integrable function.
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In order to accomplish this, we add and subtract a number of telescoping terms, giving us

[Nul

sup | (1= An(8)) V%) N (8) min{An (6: 0 U (w, 6)). 1} 1(8: (w, )} (0 U (w, ), —)

Occ N

—e 2 Dup(0)1(0; (1, 6))g(0 U (w, 9),u)

< sup |(1 = An(0)N — e Oul s qup Nbn () x 1 x T(w, ¢) % ||g]]sc
Oca Occ
+ sup e MO 5 sup Noy(0) x 1 x h(w, ¢) x & /n
Oca Occ
+ sup e O s sup [Ny (8) = B(8)] x 1% h(w, ) x [lg]ln
Oca Oca
+ sup e O o sup 3(0)
Oca Occ
x sup [min{An(0;0U (w, ¢)), L}h(0; (w, )) — h(0; (w, )| x ||g]|c,

Occ

where h(w, $) = supg.., h(0; (w,$)) and 5f/N = SUD A ((9,u).(8' u))<1/N lg(0,u) — g(0',u")| is the
modulus of continuity of g; A is a metric making © x [0,00) separable and complete. All of the
terms on the right hand side but the first one can be treated as in the proof of the lemma, with the
extra observation that A(6) > £(8) is bounded away from zero on compact subsets of ©. Moreover,
since

(1 - An (@)Ul < e (O) [ Nu] _ efN/\N(o)([NuJ/N),
the lemma implies that the first term is, for large N’s, dominated by an integrable function. Finally
(1— An(0)) Vel — e~ MO)u < eI (O Nu| _ A(O)u
— MO (e—k(a)(LNuJ/N—u)HNuJo(l/N) _ 1) ,

where, by the lemma, the o(1/N) term is uniform over a small G so that the right hand side tends
to zero uniformly over such a G. The inequality log(1 —z) > —z — 222 for 0 < 2 < 1/2 leads to a
reverse inequality which is handled similarly.

The ‘death parts’ of the kernels, that is, bounding the corresponding parts of |Kng(0)— K g(0)|,

can be handled combining arguments for the ‘birth parts’ and arguments used to prove the lemma.
Finally requirement (i) above can be proved using similar techniques. O

B. The Jacobian for the split-and-combine move

The parts of the Jacobian determinant corresponding to the split move in Section 3.2 are

(a) wjio;
(b) 2wi,.i/&;
(c)
Eiogl& €ip /511 (1 - Eio)glé (1 - 8io)/£i2
(4)3 ) €iop  —Eip /5221 0 0
t0,%0 0 0 (]- - Eio) _(1 - 620)/532 ’
gil 1/521 _fiz _l/giz
that is,
87:0 fil 0 €i2 0
W3 Eig _25i0/£z’21 0 0 =4w3 . 7&0(1 _51'0)_
i0,%0 0 0 (1 — Eio) —2(1 — 5@’0)/5@‘22 10,10 filgig ’
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(d) this part of the Jacobian can be obtained as

102 0% (a = o3, )(a = 0i) [l = 03,)o

where 0;, = a-logit ' [a-logit (04, ) + £,] and o;, = a-logit™ " [a-logit(o;,) — &,] (differentiat-
ing with respect to o7, ).

C. Implementation details for the numerical comparison experiment

C.1. Model

We consider a Gaussian scalar mixture model with parameters (wy.x, pi1:x, V1.1 ), where the v;’s are
the variances. The prior modelling is such that

kNu({laaM})a wl:kNDk(la"'al)a /I/iNN(O,KJ), U;lNga(aaB)a

where D denotes the Dirichlet distribution, and with the following hyperparameters (scaled for the
recentered Galaxy dataset):

M =15, k= (max{Y;}i<i<n —min{Yi}i<i<n)®’, a=05 B=10"".

C.2. Sampler

The sampler consists of fixed-k, birth-and-death and split-and-combine moves, for both the re-
versible jump and the continuous time versions. The fixed-k moves are proposed with probability
PF in RIMCMC and with rate n = PF in CTMCMC (for k = M these numbers are both zero).
In both cases, it consists of the three Metropolis-Hasting proposals (weights, means, variances)
with independent accept/reject decisions. The proposal is a multiplicative lognormal random walk
on the w;’s, LN(0,n), an additive normal random walk on the p;’s, N'(0, p), and a multiplicative
lognormal random walk on the v;’s, LN (0,v). These moves can just as easily be carried out glob-
ally or one component at a time, but only global moves (i.e. with proposal affecting the parameters
of all the components) were used in our simulations. The sampler parameters were tuned in order
to achieve acceptance rates that stay in the range 0.3—0.7 for all values of k < 15, and we obtained
n =0.05, p= n/(2000k), and v = 0.08. The normalisation of p by k tends to stabilise the accep-
tance rate (with constant p the acceptance rate drops for high values of k). Despite good mixing,
these moves alone are not sufficient to generate label switching (see Celeux et al., 2000).

The birth-and-death moves are Stephens’ (2000), namely such that when in a k component
configuration we propose a new component from the prior according to w ~ Be(1,k), u ~ N(0, k),
and v~! ~ Ga(a, B), where Be is the Beta distribution. For the continuous time version of the
move, the birth rate is n® = PP (again, these numbers are zero for k = M) and the death rates
are given by

n? L(0)/L(OU (w,¢)) x k + 1,

where ¢ = (u1,v); notice that h(@; (w, ¢))/(1—w)*~! in (2) cancels with the ratio r(8)/r(8U(w, #))
of prior densities.

The split-and-combine move is inspired by Richardson and Green (1997). If a component i is
proposed to be split, this is done according to

(a) w; = (Ew;, (1 = &w;) with £ ~ Be(vs,7s),
(b) pi = (i — & pi + &) with € ~ N(0, ps),
(C) Vi = (Ui/gavif) with f ~ ‘CN(an.S')‘

In the current implementation P* is constant except for edge effects (P (M) = 0). On the galaxy
data, the choice of parameters that maximises the acceptance rate for the split-and-combine move
is vs = 1, ps = 0.2, and vs = 3. However, the acceptance rate is then only 4.3% (compared to
13.3% for the birth-and-death move).
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