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Power-law random

graphs

Rough definition: graphs such that number X; of degree i-nodes verifies
X; ~ C x i~P for some exponent 3 > 0 over some wide range of values i

Examples: Web graph, FaceBook graph, Hollywood graph, protein
interaction graph, Internet router-level graph,...
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Also known as scale-free graphs: no natural scale for node degrees.

Contrast with E-R graphs G(n,d/n): for d >> In(n), with high probability
all node degrees close to d (Exercise!)

Laurent Massoulié (Inria) Power-law random graphs and small-world ph February 9, 2021 3/20



Also known as scale-free graphs: no natural scale for node degrees.

Contrast with E-R graphs G(n,d/n): for d >> In(n), with high probability
all node degrees close to d (Exercise!)

Outline
o The Barabasi-Albert (BA) preferential attachment model
@ Power-law property of the BA random graph
@ Azuma-Hoeffding concentration inequality

@ The small-world phenomenon and Kleinberg's navigable graphs
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BA preferential attachment model

Iterative construction of graphs G; = (V¢, &), t > 0 from initial graph
Go = (Vo, &o)

Step t:

e Add new node t to V;_1, hence V; = Vo U{1,...,t}, and
ne = ’Vt| =ng+t

@ Connect node t by single edge to anchor node V; € V;_1, hence
Et = gt—l U {(Vt, t)}, and € = "E’t’ == ’50| +t

@ Selection procedure of anchor node V;:
Vv € Vi1, P(Vy = v|Fi_1) = anll +(1- Q)M

2et1 7’

where F;_1 = o(V{ ') and D;_1(v): degree of node v in G;.
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Main result

Theorem

Let X;(t) = number of degree i-nodes in G;. Let

C 2 Vi>1 & 3-a
= — ] = — .
1731 q 61 2+ 20+ (1—a)i

. . 1
Then for any fixed i > 1, almost surely one has lim ?X;(t) = G
oo
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Main result

Theorem
Let X;(t) = number of degree i-nodes in G;. Let

2 . Ci 3—«
= Vi>1 — = :
A=gxa Y o 2+ 20+ (1—a)i

. . 1
Then for any fixed i > 1, almost surely one has tILm ?X;(t) = @
(0. o]

Corollary

The Barabasi-Albert random graph model for o € [0, 1] is approximately

power-law with exponent [3 = i’:—g

in that for some constant C >0, ¢ci ~ C x i ? as i — 0o
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Comments

@ Model extensions: new node creates fixed number (not necessarily
one) of edges; edges can be oriented = possibility to induce distinct
exponents (in, Bout for node in-degree and out-degree distributions

@ Precursors of BA model for explaining power-laws by preferential
attachment dynamics: Yule model of evolution (Yule, 1925) of
number of species in each genera (family of species)

@ Alternative explanations of power-laws: Mandelbrot's argument that
power laws optimize some criterion (e.g., power-law distribution of
word frequencies in a language optimizes information content per
symbol)
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The Yule model

Species grouped in genera. Mutation within a species induces creation of a
new species, assumed to belong to same genera with probability 1 — «
(mild mutation), or to initiate a new genera with probability « (radical
mutation)

Discrete time model: at each step choose one species uniformly and add

corresponding mutant species. Preferential attachment: bigger genera
increase more than smaller ones.
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The Yule model

Species grouped in genera. Mutation within a species induces creation of a
new species, assumed to belong to same genera with probability 1 — «
(mild mutation), or to initiate a new genera with probability « (radical
mutation)

Discrete time model: at each step choose one species uniformly and add
corresponding mutant species. Preferential attachment: bigger genera
increase more than smaller ones.

Theorem

Let Y;(t): number of genera with | species
Letdy = 2%, Vi> 1, g =1— 2500, i>1

a’ 1+i(l1—«
Yi(t
Then almost surely ¥i > 1, lim i() =d;
t—00 t

Hence, power-law distribution with exponent 5 = (2 — a)/(1 — «)
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Proof elements: controlling the mean

Proposition

For fixed i > 1 let x;(t) := EX;(t) and 0;(t) := x;(t) — cit.
Then for all € > 0, J;(t) = o(t°) as t — oc.

[} = =
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Proof elements: controlling the mean
Proposition

For fixed i > 1 let x;(t) := EX;(t) and 9;(t) := x;(t) — cit.
Then for all € > 0, 6;(t) = o(t€) as t — 0.

Evolution equations

]P(X]_(t + 1) == X]_(t)|ft) == IP(Dt(Vt+1) == 1"/—'}_’)
=X 4 (1 )00
P(Xi(t+1) = Xa(t) + 1|F) =1-a”8 —(1-a)%l
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Proof elements: controlling the mean

Proposition

For fixed i > 1 let x;(t) := EX;(t) and 9;(t) := x;(t) — cit.
Then for all € > 0, 6;(t) = o(t€) as t — 0.

Evolution equations

]P(X]_(t + 1) == X]_(t)|ft) == IP(Dt(Vt+1) == 1"/—'}_’)
=X 4 (1 )00
P(Xi(t+1) = Xa(t) + 1|F) =1-a”8 —(1-a)%l

Hence xi(t +1) — xi(t) =1 — [ﬂ + l—a] x(t).

2et

Laurent Massoulié (Inria) Power-law random graphs and small-world ph February 9, 2021

8/20



Proof elements: controlling the mean

Proposition

For fixed i > 1 let x;(t) := EX;(t) and 9;(t) := x;(t) — cit.
Then for all € > 0, 6;(t) = o(t€) as t — 0.

Evolution equations

]P(X]_(t + 1) == X]_(t)|ft) == IP(Dt(Vt+1) == 1’ft)
=X 4 (1 )00
P(Xi(t+1) = Xa(t) + 1|F) =1-a”8 —(1-a)%l

Hence xi(t + 1) — xi(t) =1 — [% + 12_‘9?‘] x1(t). This yields

o1(t+1) —d1(t) = —C1+1—[n%+1_°‘ (crt +601(t))

2et
= —a+1-(a+5%)a+0(t1)
_ |:n%» + 12*&01} 51(t),
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Proof elements: controlling the mean 2
Hence 01(t +1) = O(t 1) +[1 — & —

Fec101(t) = 3oy O(s™1) = o(t)
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Proof elements: controlling the mean 2

Hence §1(t+1) = O(t7 1) +[1 — & — 2€t a151(t) = >t O(s7Y) = o(t9)

Case i > 1: evolution equations

P(Xi(t+ 1) = Xi(t) + 1|Ft) =P(D¢(Viy1) =i —1|F)
= X204 (1 - 0) (100,
P(Xi(t + 1) = Xi(t) — 1|F2) P(Dt(VtJrl) = i|F¢)
_Xi(p) ixX;(t)
= ne +( - ) 2et

i
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Proof elements: controlling the mean 2
Hence §1(t+1) = O(t7 1) +[1 — & —

Case i > 1: evolution equations

P(Xi(t +1) = Xi(t) + 1|F;) =P(De(Vig1) =i — 1|F¢)
= o X 10 4 (1 )= 1)2x, 10
et )
P(X(t +1) = Xi(t) ~ 1IF) = P(De(Vern) = il Fe)
— X(t ( a)i><2)(;(t),

hence difference x;(t + 1) — x;(t) equals

e PRTORI R PO

n¢ 2et
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Proof elements: controlling the mean 2
Hence §1(t+1) = O(t7 1) +[1 — & —

Case i > 1: evolution equations

P(Xi(t+ 1) = Xi(t) + 1|Ft) =P(De(Viy1) =i —1|F)
_ cy)< (t) +(1- )(' 1Xi—1(t)
(

=X 4 (1- a)i'xgefff)

261L )

hence difference x;(t + 1) — x;(t) equals

o, (L-a)(i- 1)] oa(t) [a L ii-a)

n¢ 261_» n¢ 2€t

] xi(t)

Writing x;j(t) = ¢jt + d;(t), and using induction hypothesis
(5,'_1(1') = O(te) yields

[6i(t + 1) < [0:(8)] + O(t*™).
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Azuma-Hoeffding inequality

Definition

A sequence {Ms}o<s<¢ is a martingale with respect to an increasing
sequence {Fs}o<s<t of o-fields if for all s, Ms is Fs-measurable, and
]E(Ms|]:s—1) = Ms—l .
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Azuma-Hoeffding inequality

Definition

A sequence {Ms}o<s<¢ is a martingale with respect to an increasing
sequence {Fs}o<s<t of o-fields if for all s, Ms is Fs-measurable, and
]E(Ms|]:s—1) = Ms—l .

Theorem

Let {Ms}o<s<+ be a martingale with bounded increments: there exist
constants cs such that almost surely, Vs > 0, |Ms — Ms_1| < cs.
Then for all x > 0, P(My — My > x) < exp ( <

S S
t
2 Zs:l Cs2
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Azuma-Hoeffding inequality

Definition
A sequence {Ms}o<s<¢ is a martingale with respect to an increasing

sequence {Fs}o<s<t of o-fields if for all s, Ms is Fs-measurable, and
]E(Ms|]:sfl) = Msfl .

Theorem

Let {Ms}o<s<+ be a martingale with bounded increments: there exist

constants cs such that almost surely, Vs > 0, |Ms — Ms_1| < cs.
2

Then for all x > 0, P(My — My > x) < exp ( a2
y
Corollary
. 2
Under the same assumptions, P(|M; — My| > x) < 2exp <—ﬁ>
s=1"%s
V.
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Azuma-Hoeffding inequality — Proof
Write My — My_1 = Z - ¢t + (1 — Z)(—¢;) for some random Z.
Necessarily Z € [0,1] and E(Z|F;—1) =1/2

For 6 > 0 write

Elexp(0(M; — My _1))|Fe_1] < B[Ze< + (1 —

o egct+e—05t

< exp ((9q)2> .

Z)e 0| Fy 4]
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Azuma-Hoeffding inequality — Proof
Write My — My_1 = Z - ¢t + (1 — Z)(—¢;) for some random Z.
Necessarily Z € [0,1] and E(Z|F;—1) =1/2

For 6 > 0 write

Elexp(0(M; — My _1))|Fe_1] < B[Ze< + (1 —

o egct+e—05t

< exp ((ect) ) .

This yields after iterating E[e?(M:=Mo)] < exp (02 >

Z)e 0| Fy 4]

t 2
s=1 CS)
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Azuma-Hoeffding inequality — Proof
Write My — My_1 = Z - ¢t + (1 — Z)(—¢;) for some random Z.
Necessarily Z € [0,1] and E(Z|F;—1) =1/2

For 6 > 0 write

Elexp(0(M; — My _1))|Fe_1] < B[Ze< + (1 —

o egct+e—9q

< exp ((Gct) ) .

This yields after iterating E[e?(M:=Mo)] < exp (92 >

Z)e 0| Fy 4]

t 2
s=1 CS)

Result follows by Chernoff’'s argument:

P(M; — Mo > x) < exp <— sup[fx — In Ee‘g("/’f—"/’o)]>
6>0
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Azuma-Hoeffding inequality — Remarks

o A Gaussian-like bound on tail probabilities IP(M; — My > x)
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Azuma-Hoeffding inequality — Remarks

o A Gaussian-like bound on tail probabilities IP(M; — My > x)

Corollary
Let f :Qq x --- x Q: — IR: measurable function. Assume there exist
constants ci, . .., ¢ such that for all xlT € Q1 x - xQy, all
s € [t],ys € Qs,
F(xf) = FOS yso xE)| < .

Then given independent random variables X1,..., Xt € Q1 X -+ X €4,
random variable Y := f(X{) satisfies for all x > 0:

rv- 80020 <om (5
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Azuma-Hoeffding inequality — Remarks

o A Gaussian-like bound on tail probabilities IP(M; — My > x)

Corollary
Let f:Qq x --- x Q: — R: measurable function. Assume there exist
constants ci, . .., ¢ such that for all xlT € Q1 x - xQy, all
s € [t],ys € Qs,
FOd) = FO5 ™y )l < e

Then given independent random variables X1,..., Xt € Q1 X -+ X €4,
random variable Y := f(X{) satisfies for all x > 0:

rv- 80020 <om (5

Proof: Apply Azuma-Hoeffding to Ms := E[Y|X{]
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Key Lemma (see lecture notes for proof)
Lemma

For fixed i, t € N construct from variable X;(t) in the BA graph model the
martingale Ms := E[X;(t)|Fs] where Fs = o (V7).
Then this martingale has increments bounded by 2.
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Key Lemma (see lecture notes for proof)

Lemma

For fixed i, t € N construct from variable X;(t) in the BA graph model the
martingale Ms := E[X;(t)|Fs] where Fs = o (V7).

Then this martingale has increments bounded by 2.

Corollary

X
8t

For all i,t € N,x € Ry, P([Xi(t) — xi(£)] = x) < 2exp (— 2) .
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Key Lemma (see lecture notes for proof)
Lemma

For fixed i, t € N construct from variable X;(t) in the BA graph model the
martingale Ms := E[X;(t)|Fs| where Fs = a( V7).
Then this martingale has increments bounded by 2.

Corollary

FdaHAtEDLXGHLﬁPﬂXKQ—xKﬂ|2x)§2@m(—§>.

:PO&(—& £)| > 4\/tIn(t ><7
By Borel-Cantelli lemma almost surely only finitely many events

A = {|Xi(t) — xi(t)| > M/W} occur. Thus for all € > 0, large
enough t:

|Xi(t) — cit| < [0i(t)] +4+/tIn(t) = O(t%) + 44/t In(t).

X,'(t)

Hence lim;_ o = ¢; almost surely.
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Power laws as optimal design

Mandelbrot's argument for power-law distribution of word occurrences

Words wy, ..., w;, ... over alphabet of a letters,
pi: frequency of i-th word (in lexicographic order)

Per-word information content: Shannon's entropy

H({pi}) == 22; piIn(1/pi)

Let |w;|: length of word w;.

Average information per character: ':’((fg]})) where L({pi}) :== >, pi|wi
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Power laws as optimal design 2

Result:

Average information per character 'Z((gg’;)) maximized by frequencies
: = Clwil

pi < e .
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Power laws as optimal design 2

Result:

Average information per character 'Z(({{I’;’;)) maximized by frequencies
pi X e~ Clwil,

Using a2 11 >0 > aw this yields

In(pi) ~ - Clwg| ~ —CIn(i)/ In(3),

i.e. a power-law shape for the optimal distribution {p;}
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Small-world graphs—Milgram'’s experiment (67)

S. Milgram asked people to transmit letter (based on destination name,
city and profession) to some friend, recursively, until letter reaches
destination

Most letters reached destination in < 6 hops

Now known as the “small-world”, or “six degrees of separation”
phenomenon: everyone connected to everyone in at most 6 hops

Consequence: the “social graph” has diameter at most 6
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Small-world graphs—models
First modeling attempt:

view social links as Erdés-Rényi G(n, d/n) graph.
— For d > In(n), diameter of G(n, d/n): O(In(n)/In(d)), hence small
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Small-world graphs—models

First modeling attempt:

view social links as Erdés-Rényi G(n, d/n) graph.

— For d > In(n), diameter of G(n, d/n): O(In(n)/In(d)), hence small

Criticism: E-R graphs have no structure, contrarily to social graphs
(affected by geographic, professional, religious, etc proximities)

Laurent Massoulié (Inria) Power-law random graphs and small-world ph February 9, 2021

17/20



Small-world graphs—models

First modeling attempt:
view social links as Erdés-Rényi G(n, d/n) graph.
— For d > In(n), diameter of G(n, d/n): O(In(n)/In(d)), hence small

Criticism: E-R graphs have no structure, contrarily to social graphs
(affected by geographic, professional, religious, etc proximities)

Second modeling attempt (Watts and Strogatz, 90's):

Augment structured graph (eg “path” graph: nodes=|n]; edge (i, /) if and
only if |[i — j| = 1)

with random edges, e.g. each i € [n] creates with probability ¢ > 0 edge
towards short-cut destination Z;.
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Small-world graphs—models

First modeling attempt:
view social links as Erdés-Rényi G(n, d/n) graph.
— For d > In(n), diameter of G(n, d/n): O(In(n)/In(d)), hence small

Criticism: E-R graphs have no structure, contrarily to social graphs
(affected by geographic, professional, religious, etc proximities)

Second modeling attempt (Watts and Strogatz, 90's):

Augment structured graph (eg “path” graph: nodes=|n]; edge (i, /) if and
only if |[i — j| = 1)

with random edges, e.g. each i € [n] creates with probability ¢ > 0 edge
towards short-cut destination Z;.

Then for any € > 0, and Z; i.i.d. on [n], diameter is w.h.p. O(log(n)),
hence small
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Kleinberg's navigable graphs

Strogatz-Watts model: explains small diameter as result of structured
(large diameter) graph augmented with random edges

Does not explain how people found short paths in Milgram’s experiment
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Kleinberg's navigable graphs

Strogatz-Watts model: explains small diameter as result of structured
(large diameter) graph augmented with random edges

Does not explain how people found short paths in Milgram’s experiment

Kleinberg's model: similar to Strogatz-Watts, with P(Z; = j) o< |i — j|=¢,
for exponent o > 0

For neighbor selection (or routing) algorithm Alg, let Taj (s, d): number
of steps for letter started at s € [n] to reach destination d € [n]
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Kleinberg's navigable graphs

Strogatz-Watts model: explains small diameter as result of structured
(large diameter) graph augmented with random edges

Does not explain how people found short paths in Milgram’s experiment

Kleinberg's model: similar to Strogatz-Watts, with P(Z; = j) o< |i — j|=¢,
for exponent o > 0

For neighbor selection (or routing) algorithm Alg, let Taj (s, d): number
of steps for letter started at s € [n] to reach destination d € [n]

Simplest distributed routing algorithm: greedy, i.e. letter for d € [n]
forwarded by i € [n] to Argmin;_;|d — j|
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Kleinberg's navigable graphs

For oo = 1 (so-called Harmonic distribution of shortcuts Z;),
Vs,d € [n], ETgreedy(s,d) = O(In(n)?)
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Kleinberg's navigable graphs

For oo = 1 (so-called Harmonic distribution of shortcuts Z;),
Vs,d € [n], ETgreeay(s,d) = O(In(n)?)

For @ # 1, and any distributed algorithm Alg (relying only on information

d,{j:j~ i} to choose next hop when at node /), one has
E T (s, d) = Q(n)
for fraction Q(1) of pairs s, d € [n], and positive exponent 3
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Kleinberg's navigable graphs

For oo = 1 (so-called Harmonic distribution of shortcuts Z;),
Vs,d € [n], ETgreedy(s,d) = O(In(n)?)

For @ # 1, and any distributed algorithm Alg (relying only on information
d,{j :j ~ i} to choose next hop when at node i), one has

E T (s, d) = Q(n)

for fraction Q(1) of pairs s, d € [n], and positive exponent 3

— Graph is navigable (i.e. there is a fast distributed routing algorithm)
only for harmonic distribution of short-cuts.
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Kleinberg's navigable graphs

For oo = 1 (so-called Harmonic distribution of shortcuts Z;),
Vs,d € [n], ETgreedy(s,d) = O(In(n)?)

For @ # 1, and any distributed algorithm Alg (relying only on information
d,{j :j ~ i} to choose next hop when at node i), one has

E T (s, d) = Q(n)

for fraction Q(1) of pairs s, d € [n], and positive exponent 3

— Graph is navigable (i.e. there is a fast distributed routing algorithm)
only for harmonic distribution of short-cuts.

For D-dimensional initial structured graph (V = [n]®,
i~j< ||i—jll; =1), same result holds where now harmonic distribution

defined as P(Z; = j) o ||j — i|| 7 °
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Takeaway messages

@ Preferential attachment dynamics induce scale-free, power-law
distributions

Examples: Barabasi-Albert random graph model, Yule model of
number of species per genera

@ Azuma-Hoeffding inequality: Chernoff-like bound for martingales with
bounded increments, an example of a concentration inequality

Navigable graphs: obtained from harmonic distribution of shortcuts,
provide fast routing based on greedy algorithm

A potential model of information location in social networks (as in
Milgram's experiment), but also a potential design for engineered
(computer) networks
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