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Stationary set reflection is a simple combinatorial principle that comes as a
consequence of certain strong forcing axioms, such as Martin’s Maximum (MM)
or PFA™ [8]. In a slightly weaker form (which will be considered in Corollary 2),
it also holds above a strongly a compact cardinal.

In recent years, several studies have tackled the problem of whether sta-
tionary set reflection implies another common principle, the singular cardinal
hypothesis, beginning with B. Velickovié¢ [8], then M. Foreman and S. Todorcevié
[3], all of whom considered somewhat stronger versions of stationary set reflec-
tion, until the problem was closed, positively, by S. Shelah [7] in 2004. In this
article, we propose a simpler variant of Shelah’s proof.

The proof presented here is self-contained, aside from one reference to She-
lah’s PCF theory. As such, we briefly recall some of the basic definitions. Let
X be a set and A\ a cardinal. The following definitions are proper extensions
of the usual definitions of club and stationary sets to structures of the form
[X]* ={z € X : Card(x) = \}. For X C ORD, otp(X) denotes the order type
of X.

Definition 1. C C [X]* is said to be closed iff, for any continuous increasing
sequence (c¢ : § < ) of elements of C' of length o < A, U, cc € C.

C is said to be unbounded iff, for any x € [X]*, there exists ¢ D x in C.

C' is said to be club iff it is both closed and unbounded.

Definition 2. S C [X]* is said to be stationary iff for any club set C' C [X]*,
cNnS#0.

Definition 3. Stationary set reflection states that, for any set X and stationary
subset S of [X]¥, we can reflect S in some A € [X]™; that is, S N [A]¥ is
stationary in [A]“.

Definition 4. The singular cardinal hypothesis SCH is the following assertion:
for any singular cardinal s, if 2°°(") < g, then (%) = g+,

The layout of this article is as such. First, we shall need Lemma 2 to set off
the induction in the main proof (Lemma 1 is used to prove Lemma 2). Then
we state and prove the main result in Theorem 1. The fact that stationary set



reflection implies the SCH comes in Corollary 1 as a consequence of the main
theorem. Finally, in Corollary 2, we show that the previous results still hold
without any constraint on the size of the reflecting sets.

Lemma 1. If stationary subsets of [wa]¥ reflect, then they reflect in some « €
w9.

Proof. Let S be a stationary subset of [ws]*, and suppose that S does not reflect
in any o € wy. Then for each a € wy there is a club set C(fy) in [ containing
the closure points in [a]* of some function f, : [a]<¥ — «a, and such that
SNa)* NC(fy) = 0. Letting f,(e) = min(e) for e € [wy]¥ — [a]*, we can look
at fo as a function from [wo]<* into ws.

By making simple definitions by cases, we can build two functions f and g
from [wo]<* into we such that for all X C wy:

1. if X is closed by f, then for all « € X, X is closed by fq;
2. if X is closed by g and Card(X) = Ry, then either X € wy or otp(X) = wy.
The construction of g, for instance, may go as follows.

1. For e € [wo]™ with n > 2, g(e) = n — 3. Thus, if X C wy is closed by g,
then w C X.

2. Forn € wand & € w1 —w, g({n,&}) = he(n), where he : w — & is a fixed
bijection. Thus, if X C ws is closed by g, then X Nw; € wy + 1.

3. For £ € wy and o € wo —w1, g({§, a}) = ia(§), where iy : w1 — «is a fixed
bijection. Thus, if X € [ws]™* is closed by g and w; C X, then X € ws.

4. For a < B in wy —wy, g({a, B}) = ig" (). Thus, if X € [wo]™ is closed by
g and otp(X) > wq, then X Nw; is unbounded, hence w; C X by point 2,
hence X € wy by point 3.

5. In all other cases g(e) equals 0.

Let C(f) and C(g) be the respective club sets of closure points of f and g in
[wa]”.

Finally, let A € [wo]™ such that SN C(f) N C(g) reflects in A. A is closed
by g, but A ¢ ws by hypothesis, so otp(A) = wy. Let then h be the unique
isomorphism from w; into A; {h(§) : £ < wy} is club in A, so there exists « € A
such that AN« € S. Since A is closed by f and « € A, by choice of f we know
that A is closed by f,, hence, due to the definition of f,, so is AN a. On the
other hand, since SN[a]*NC(fo) =0 and ANa € SN[a]¥, ANa cannot closed
by fa; so there is a contradiction. O

Lemma 2. If stationary subsets of [wa]® reflect, then RY® = Ry.



Proof. For each @ € wa, let us pick (X £ :¢< w1) a continuous increasing
sequence of countable subsets of « cofinal in a. Let C' =, {X§ 1§ <wi}.
Notice that [ws]“ —C' cannot reflect in any o € wy by choice of C, so by Lemma 1
it does not reflect at all; hence it is not stationary, hence C' contains a club set.
Since club sets in [wy]® are of size RY° (see [1], Theorem 3.2) and Card(C) = Ry,
we get RYO = Ry. O

Theorem 1 (Shelah [7]). If stationary set reflection holds, then for any reg-
ular cardinal A > Rg, AR = )\,

Proof. Assume that the theorem does not hold, and let A be the least coun-
terexample. Basic cardinal arithmetic (along with Lemma 2) shows that A is
the successor of some & of cofinality Np, and x¥° > \. Furthermore, Lemma 2
implies that 280 < k. Our goal is to show that stationary set reflection does not
hold in [A]“.

To that end we need to borrow the following notion from PCF theory [6].
We borrow the terminology from [2].

Definition 5. Given a sequence {(u, : @ < 3) of regular ordinals and an ideal
I on 8, a scale on {1y : a < () is a I-strictly increasing and cofinal sequence
<f§ 16 < 7> in Ha<ﬁ Ho-

The scale (fe : & < 7) is said to be better iff, for every cardinal oo < v
with cof(a) > 3, there exists a club set C' C «, and, letting (¢; : i < 0) be an
enumeration of C' in increasing order, we can define for each i < § a set Z; € T
such that for alli < jin d, f; | (8 — (Z; U Z])) < fil (B—-(Z;u ZJ))

PCF theory shows that we can choose an increasing sequence (K, : n < w)
of regular cardinals in x with limit x so as to have a better scale (fe : & < A)
on (kn : n < w), with respect to the ideal FIN of finite subsets of w (see [6],
II, Claim 1.5A). In fact, in the scope of this proof, we shall only need the better
scale property to hold for « of cofinality N;.

For X C ORD, let §(X) = sup(XNA), and x(X)(n) = sup(X Nk, ). Most of
the proof will hinge on the comparison, for X € [\, between x(X) and fs5(x).
Let us then define:

Ex ={n <w:x(X)(n) < fsx)(n)}

Let {A¢ : € < w1} be a set of almost-disjoint subsets of w; that is, for all
&€ # (in wy, Ag N A¢ is finite; and let ¢ be a partial function:

¢ Plw) = wy
E—min{{ <w : Card(A¢ N E) =Ny}

Finally, let us consider the set:

S ={X €[\“: ¢(Fx) is defined and ¢(Ex) > otp(X),
X is closed by  — f,(n), for all n}

We are going to show that S is stationary, yet does not reflect in any A € [A\]™.



Claim 1. S does not reflect in any A € [\J™

Proof. Let us assume to the contrary that S reflects in some A € [A\]™. Let
(X; : i < wy) be a continuous cofinal sequence of increasing countable subsets
of A, and let R = {i <w : X; € S§}. Since {X; : i <w;} is club in [A]*¥, saying
that S reflects in A is the same as saying that {X; : i € R} is stationary in [A]*,
or that R is stationary in wy. First, we show that cof(sup(A4)) = N;.

Let us assume towards contradiction that cof(sup(A4)) < N;. Then there
exists « € wy such that sup(X,) = sup(4). Now for any 8 > « with § € R,
fs(xs) = fs(x.)> while x(Xg) > x(Xa); hence Ex, C Ex,, and in particular
#(Ex,) < ¢(Ex,). However, since X5 € S, we also have ¢(Ex,) > otp(Xp),
and otp(Xg) grows towards wi, so there is a contradiction.

Since cof(sup(A)) = ¥y, we are free to assume that 0(X;) = sup(X;) is
stricly increasing, trimming (X; : ¢ < wj) if necessary. Let §; = §(X;), and let
Bi = min(A —§;). Trimming (X, : ¢ < wp) two more times, we can ensure that:

Vi<jeR, (6 <d;)N(Bi € Xj) (1)

Now let us apply the better scale property of (fe : £ < 7) to 6(A): there
exists a club set C' C §(A), with (¢; : i < wy) an increasing enumeration of C,
along with a sequence (n; : i < wj) of elements of w such that for ¢ < j € R and
n > ni,n;, we have f5,(n) < fs,(n). As i+ n; infers a division of C'N R into Ry
subsets, one of them is stationary: let us rename it R. Thus, there exists k € w
such that for all i < j in R, f5, | [k,w) < f5, [ [k,w).

Because of (1), we know that for ¢ in R and j = min(R — (i +1)), fs, <rIn
fs: <rIn fs;, so there exists m; € w such that for all n > m;, fs5,(n) < fg,(n) <
fs;(n). Using the same reasoning as before, we can thin R so as to have m; = m
a constant, and increase k so that k > m. As a result:

Vi<jeR, f5, | [kw) < fp I [kw) <fs | [kw) (2)

Now let f € [, kn With f(n) = U;cg fg:(n) if n > k and 0 otherwise.
Because of (1) and the closure properties of S, for ¢ < j € R and n € w we have
fo:(n) € Xj, 50 f(n) < Ujep(XiNin) = xa(n). Let B={ne€ [k w): f(n) =
xa(n)} and B = {n € [k,w) : f(n) < xa(n)} = [k,w) — B. We are going to
prove that, for all ¢ in some stationary subset of R, f5, | B > x(X;) | B and
fs, | B<x(X,) 1 B.

Let n € B. Since f(n) = x(4)(n) and cof(f(n)) = N;, we can define
a club set C, in x(A)(n) such that for all i < j in Cy, x(Xi)(n) < f5;(n),
and also f5,(n) € X;. As a result, for [ a limit point of C,,, we get fs,(n) >
Uicc,mi f5:(n) = Uicc, ai X(Xi)(n) = x(Xi)(n). Let D, be the club set of limit
points of Cp,: as RN ([,,.,, Dn) is stationary, we rename it R; and for all i € R
we have fs, | B> x(X,) | B.

Let n € B. Since f(n) < x(A4)(n), there exists i(n
N(Xiny (). As 5D, ¢ (i(n)) < w1, R —sup,cp(i(n)) i
rename it (again) R. Thus, for all i € R we have f5, | B

) € wy such that f(n) <
18 btatlonary and we can

X(Xi) | B.



We have shown that for i € R, {n € [k,w) : x(X;)(n) < fs5,(n)} = B, so
Ex, =rin B. In particular, ¢(Fx,) remains constant on R. That is contradic-
tory, since ¢(Fx,) > otp(X;) and otp(X;) tends to w;. O

Claim 2. S is stationary.

Proof. Let C be a club set in [A]“. By Kueker’s theorem, C' contains the set of
closure points of some function f¢ : [A]<“ — A. We are going to look for X € §
such that f{4[X] C X.

In order to build a set X € S, the main issue is to control both Ex and
otp(X), so that ¢(Ex) > otp(X). For that purpose, we consider a closed two-
player game G, for each choice of € € w;. Player 1 sets up constraints that will,
later on, allow us to control Ex and ensure that ¢(Fx) > €; meanwhile, player
2 tries to meet these constraints, build the set X, bound x(X), as well as prove
that otp(X) < e.

In the first part of the proof, we show that player 2 has a winning strategy
for some € € wy. In the second part, we show how player 1 should play against
that strategy in order to obtain X as required. We begin by describing G..

Let 6 be a sufficiently large regular cardinal, say 6 = (2*)*, and let H(0) =
{X :te(X) < 0}, where te(X) is the transitive closure of the set X. Let < be a
well-order on H(#). For X C ORD, we define sk(X) as the Skolem hull of X
in (H(0),€,), ska(X) = sk(X)NA, and cl(X) = skA(X U{(fe : £ < A), fe})-
Moreover, let (¢, : n < w) be an enumeration of each Skolem term in (H(9), €, <)
applied to every possible combination of functions z +— f,(n) for n < w, f¢,
with variables v;, ¢ € N. The idea is that, if we interpret the v;’s as the elements
of some countable set X, the ¢;’s enumerate all possible elements of cl(X).

The game G, proceeds as follows.

1. (a) At step 2n: player 1 picks an ordinal &5, € k,. Player 2 then picks
oy, and 7o, in K, such that &, < as, < Yan.
(b) At step 2n + 1: player 1 picks an ordinal £3,+1 € A. Player 2 then
picks agy, 41 in A such that &5,41 < aopy1-

2. Player 2 chooses an ordinal ¢, in €.

Once the game is over, let X = cl({a, : n € w}). Interpreting the variables v;

in t,, as a;, one can compute the value of each t,. Let 7, be the value of ¢,

whenever it is an element of A. The 7,,’s thus constitute an enumeration of X.
Player 2 is said to win the game iff:

1. For all n € w, X Nk, C vop-

2. The mapping g : X — & with g(7,,)

= (, is well-defined and strictly
increasing. As such g witnesses otp(X) < e.

Fact 1. There exists € € wy such that player 2 has a winning strategy for G..



Proof. Let ¢ € wy. The first point is that the game G. is closed, because if
player 2 loses, that loss is appearent in a finite number of moves. Indeed, if at
the end of the game, for some n € w, X Nk, € vy, then some element 7, of X
witnesses it; but the value 7, can be computed as soon as all a; (recursively)
appearing in t, have been determined, and there is only of finite number of
them. The same goes for the second winning condition.

Since G; is closed, the Gale-Stewart theorem [4] guarantees that one of the
two players has a winning strategy. Let us assume towards contradiction that
player 1 has a winning strategy o. for all € € wy. The crux of the matter here is
that player 1’s best interest is always to play &, as high possible. In particular,
if we modify o, to increase player 1’s answer &, to some sequence of moves by
player 2, we still get a winning strategy.

Assuming that player 1 follows the strategy o., for any given sequence s of
moves by player 2 up to step n of the game, let o.(s) be the answer &, dictated
to player 1 by his strategy o. (letting o.(s) = 0 if s is not a possible sequence
of moves for player 2 when player 1 applies o.). We can define a new strategy o
for player 1 by o(s) = sup.¢,, 0<(s). Due to the remark above, ¢ is a winning
strategy for player 1 for all games G..

From here on we assume that player 2 always plays a,, = &,, and player 1
answers with o. Thus, up to step 2n, this subgame is determined by player 2’s
choices of v9; € Ky, for i < n, and (,, € € < wy. As a result, there are only &,
possible sequence of moves up to step 2n + 1 (we are free to assume wy < Ko);
so the set of all possible plays £9,42 by player 1 is bounded in s,41. Thus,
improving o if necessary, we can assume that player 1’s moves are independent
of all previous moves. Let (£, : n < w) be the sequence of player 1’s moves.

Let us now turn back to the regular games G, and play as player 2 against
strategy o using the following strategy of our own. We are going to play a,, = &,
every turn, so we know from the start the set X = cl({a, : n < w}) = cl({& :
n < w}). Let e = otp(X). We play in the game G..

Since we know X and have a mapping g : X — €, we can compute in advance
the value of each g(7,,). Each turn, we play a, = &,, 7, = sup(X N k,) when n
is even, and (, = ¢g(7,). This is clearly a winning strategy for player 2, so o is
not a winning strategy, which is a contradiction. O

Let then € € w; be such that player 2 has a winning strategy 7 for G.. If
we play against 7, we know that we will get a set X such that otp(X) < e,
X € C, and X is closed by all relevant functions; thus the last remaining point
is to ensure ¢(Fx) > e. Letting A = A., we are going to achieve this by having
Ex = A

First, we need M < H(#) such that x(M) <prn fs5,, and M contains all
relevant objects: (fe : £ < A), (k; 1 ¢ < w), 7, fc. To obtain such an M we
build an increasing continuous sequence (M, : ¢ < wq) of elementary submodels
of H(0) with (M, : a < ¢) € M, for all ¢, and put the aforementioned relevant
objects in My. Since M¢ € Mcy1 and M¢yq < H(6), there exists a continuous
increasing sequence (a(() : ¢ < wq) with a¢ € M, such that for each { < wi,
X(M¢) <pin fa(c+1)- Using the better scale property of (fe : & < A) applied



to the point sup..,, (@(()), we can extract a subsequence (o) : 1 < w) of
(a¢ : ¢ < wi) such that, letting n = sup;_,(n(7)), there exists £ < w such
that fa,,(;). I [k,.w) < fapusny | [ksw) < fa, | [k,w). Then M = M, satisfies
the condition, since X(M) = Ui<w X(Mn(i)) =FIN Ui<w fa"(i) <FIN fa" <FIN
fsn- Let (m; i <w) be an enumeration of M N A.

Fact 2. §(skx(MUg)) = d(M). Similarly, sup(skx(MUkp)Nkpt1) = sup(MN
Knt1) for allm < w.

Proof. Let o € skx(M U k): there exists a Skolem term z; with parameters
Xly.., Ty in M and y1,...,y, in & such that & = 21(B1,- -+, Bms Y1y -+ Yn)-
Now if we consider the Skolem function z3(fi,...,Bm) corresponding to the
formula: sup(z < X\ : Jz1,...,2, € Kyx = 2181, -, By, X1y -+, Tn)), 1t 18
clear that zo(81,...,8m) > 21(B1, -+, Bms Y15 - - -, Yn) I skx (M U k); but, since
M < skx(MUk) and k € M, 21 = z‘;k*(MU”), so o < 2(fB1,...,0m) E MNA
(necessarily z2(f51,- .., Om) < A for cofinality reasons, as the parameters are all
in k).

Hence §(skx(MUk)) < §(M). The converse also holds since M C sk (MUK),
so we have an equality. We can apply the same reasoning to obtain the second
equality. O

Now we play the game G, as player 1 against player 2’s winning strategy 7
as follows.

1. At step 2n:
(a) if n € A, we play &, = 0;
(b) if n & A, we play & = f5,, (n).
2. At step 2n + 1, we play &apr1 = my,.
This game yields a set X = cl({a, : n < w}).
Fact 3. Ex = A.

Proof. Because of player 1’s move &3,41 = m, on odd n, M N A C X, so
Onp < dx. Conversely, X C skx(M U k), so Fact 2 yields dp; = 0x.

Let us look at step 2n of the game we have described. First, if n € A, we
played &, = fs5,,(n), so player 2 was forced to respond with as, > fs5,,(n).
Hence x(X)(n) > fs.(n),son € Ex,so AC Ex.

Second, if n € A, we played &, = 0. Since all moves up to that point in the
game belong to M U k,_1, and 7 € M, we have as, € skx(M UKp—1) Nk, In
particular ag,, < sup(M Nk,) thanks to Fact 2; hence as, < fs5,(n),son & Ex,
so AD Ex. O

Corollary 1. Stationary set reflection implies the SCH.



Proof. Assume to the contrary that SCH does not hold, and let us pick x the
first cardinal that contradicts SCH. Silver’s theorem [5] implies that cof (k) = No;
so we have k™ > x*. Theorem 1, on the other hand, states that (x*)% = x*,
so there is a contradiction. O

Corollary 2. If for all regular cardinal A > Ry and stationary S C [A\]“, S
reflects in some A € [\|<*, then for any regular X > R, AX0 = \. In particular,
SCH still holds.

Proof. That is, Theorem 1 still holds if we allow reflection in any A € [A]<*.
This stems from the fact that, in the proof of Theorem 1, the set S does not
actually reflect in any A € [A]<*.

Assume to the contrary that S reflects in some A C A\, Card(A) < A. First,
suppose that Card(A) < k. Then we can collapse Card(A) on wy with the cor-
responding classic forcing. Since this forcing preserves countable sequences and
stationary sets, S is unaffected and still reflects in A, while Card(A) becomes
w1, which contradicts Theorem 1. As a side effect, however, since ordinals in A
that were formerly of cofinality greater than N; may end up, after the forcing,
with cofinality Ny, and we still need to apply the better scale property to them,
we now have to use the better scale property to a greater extent; namely, we
need it to hold on all ordinals of cofinality greater than or equal to X1, and not
just on those of cofinality N, as was the case in Theorem 1.

Now suppose that Card(A) = k. Let 6 = sup(A) and v = cof(Card(A));
since « is singular, we have v < k. Recall that in Claim 1, we have shown that
cof(sup(A)) > Np; the reasoning we used does not really depend on Card(A)
and still holds. Thus we can apply the better scale property of (fe : & < A) to
d: this entails that the set {n € w: cof(fs(n)) = v} is cofinite. Let then m € w
such that n > m implies cof(fs(n)) = 7.

For each n > m, we are going to build a set B, C AN k,, of size < v; we
consider three cases:

1. if x(A)(n) = fs(n), then we choose B,, C AN Ky, such that sup(B,) =
sup(A4 N ky,);

(
2. if x(A)(n) < fs(n), then B, = 0;
3. if X(A)(TL) > fé(n)a then B, = {an} with o, = mln{X(A)(n) - f(;(TL)}

Let By C A of size 7 such that sup(B)) = sup(4).

Furthermore, let Y = {n > m : x(4)(n) < fs(n)}; since cof(d) > N, using
the better scale property on ¢, we know that there exists a < § in A such that
fa(n) > x(A)(n) for all n € Y (removing a finite number of elements from Y if
necessary). Finally, let B = By U, (Bit1 — ki) U(Bx — k) U{a}. Increasing
B if necessary, we are free to assume that B is closed by = — f,(n), for all n
(because A itself satisfies that condition).



The construction of B ensures that the set

D ={X €[A]*:§(X)=6(XNDB)

AV =z m,x(A)(n) = f5(n) = x(X)(n) =x(X N B)(n)
Aan i Zm, x(A)(n) < f5(n)} U{a} € X}

is club in [A]“. The construction of D, in turn, ensures that for each X € SN D,
Ex =pin Exnp (recall that Ex = {n <w : x(X)(n) < fsx)(n)}), so that we
get X N B € S by definition of S.

As aresult S reflects in B. Indeed, let C be a club set in [B]* and Cy = {X €

[A]“ : X N B € C}, then there exists X e SNDNCy,and XNBeSNC. O
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