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In this lecture, we present optimization algorithms based on gradient descent and analyze their performance
on convex functions. References [1, 2].

1 Optimization in machine learning

e In supervised machine learning, we are given n i.i.d. samples (x;, y;)7_; of a couple of random variables
(X,Y) on X x Y and the goal is to find a predictor f: X — Y with a small risk

R(f) = Ell(y, f(z))]
where ¢ : Y xY — R is a loss function.

e In the empirical risk minimization approach, we choose the predictor by minimizing the empirical
risk over a parameterized set of predictors, potentially with regularization. For a parameterization
{ fuw}were and a regularizer Q : R? — R (e.g. Q(w) = ||w||% or Q(w) = ||w||1), this requires to minimize

n

Flw) = = Ui, fulai) + Qw).

s
In optimization, the function F': RP — R is called the objective.

e In general, the minimizer has no closed form. Even when it has one (e.g. linear predictor and square
loss), it could be expensive to compute for large problems. We thus resort to iterative algorithms.

e Solving optimization problems to high accuracy is computationally expensive. Which accuracy is
satisfying in machine learning? If the algorithm returns @ and w* € argmin,, R(fy), we have the
risk decomposition

R(fo) = inf R(fu) = {R(fa) = R(Fa) } + {R(Fa) = R(fur) |+ {R(Fur) = R(Fur) } -
< Estimation error < Optimization error < Estimation error

It is thus sufficient to reach an optimization accuracy of the order of the estimation error (usually of
the order O(1/4/n) or O(1/n), see Lectures 2 and 3).



2 First order optimization algorithms

Suppose we want to solve, for a function F': R? — R, the optimization problem

min F(w).

weRP
In today’s class, we analyze the following two algorithms, which are often the methods of choice in machine
learning.

Algorithm 1 (Gradient descent (GD)) Choose step-size sequence (nt)i>0, pick wo € RP and fort >0,
let
W1 = Wt — TItVF(wt).

At each iteration, this algorithm requires to compute a “full” gradient VF'(w;) which could be costly. An
alternative is to instead only compute unbiased stochastic estimations of the gradient g¢(wy), i.e. such that
E[g:(w¢)|wi] = VF (wy), which could be much faster to compute. This leads to the following algorithm.

Algorithm 2 (Stochastic gradient descent (SDG)) Choose step-size sequence (1;)i>0, pick wy € RP
and fort >0, let
Wep1 = wi — Mege(We).

SGD in machine learning. There are two ways to use SGD for supervised machine learning:

e (empirical risk minimization) If F(w) = L 3" | £(y;, fu(z;)) then at iteration ¢ we can choose uni-

formly at random 4; € {1,...,n} and define g:(w) = Vo [l(vi,, fw(zi,))]. There exists “mini-batch”
variants where at each iteration, the gradient is averaged over a random subset of the indices.

e (population risk minimization) If F(w) = E[{(Y, f,(X))] then at iteration ¢ we can take a fresh
sample (z¢,y:) and define gi(w) = Vo [0(yt, fuw(xt))]. Here, we directly minimize the (generalization)
risk. The counterpart is that if we only have n samples, then we can only run n SGD iterations.

3 Analysis of GD for Ordinary Least Squares

We start with a case where the analysis is explicit: ordinary least squares. Let X € R™? be the design
matrix, assumed injective, and y € R™ the observations. The least squares estimator w* minimizes

Flw) = %(w — S (w — ).



Decrease of objective. Then gradient descent iterates with fixed step-size 1, = n are:
w1 = wy — NV E (wy) = wy — nX(wg — w’™).
We diagonalize ¥ = PDP" with D = diag(\1, ..., \q), we define vy, = P T (wy, — w*) which evolves as
vky1 = (Id —nD)vp = vi[j] = (1 —nXj) wolj].
In terms of excess risk, we have

d
2t
Flwg) = vf Doy = 3 A|1— g oolj]” < (mjax 1= nx1) " Flwo).
j=1

Choice of step-size. If we want the fastest asymptotic rate, we need to choose n that minimizes the
contraction ratio. Writing o = min{\;} and § = max{\;} and the condition number . = /a, we obtain

. . B—a k-1
minmax |1 — n\;| = min max —1,1 —nat = =
linmax |1 —nA;| = mi {np na} Bra mil
with the minimizer n = 2/(8 + «). In practice, we do not know «, but we can upper bound =

SUP|[yls<1 uw'Su by = LS llzill3, and we still get an exponential convergence in O(|1 — o BI2).

To go further You can play with the interactive graphs in this article https://distill.pub/2017/
momentum/ (paragraph “First Steps: Gradient Descent”) [3]. For an introductory analysis of SGD on
quadratic functions, see https://francisbach.com/the-sum-of-a-geometric-series-is-all-you-need/.

4 Convex functions

We now wish to analyze GD (and later SGD) in a broader setting. We will always assume convexity,
although these algorithms are also used (and can sometimes also be analyzed) when this assumption does
not hold. In what follows, except for the examples, f denotes the objective and z or y its variables (they
do not stand anymore for a predictor or training variables).

Definition 1 (Convex function) A differentiable function f : RP — R is said convex iff
F) 2 f@)+ V(@) (y—2), VoyeR” (1)

If f is twice-differentiable, this is equivalent to requiring V2f(z) = 0, Vo € RP (here = denotes the
semidefinite partial ordering — also called Loewner order — characterized by A » B & A — B is positive
semidefinite). A more general definition of convexity is that Vz,y € RP and « € [0, 1],

flax+ (1 —a)y) <af(z)+ (1 —a)f(y)

Exercise: show that if f is differentiable, this is equivalent to our definition. The following inequality
appears frequently in the proofs involving convexity.



Proposition 1 (Jensen’s inequality) If f : RP — R is convex and p is a probability measure on RP,

" £(( [ wdn(@) < [ 1@)duta).

In words: “the tmage of the average is smaller than the average of the images”.

Proof Let 2* = [zdu(r). By the definition of convexity we have f(z) > f(2*) + Vf(z*)"(z — z*)
Vz € RP. Jensen’s inequality follows by integrating, and remarking that [V f(2*)"(z — 2*)du(z) =0. ®

The class of convex functions satisfies the following stability properties (exercise):
o If (fj)jepm) are convex and () ;e[ are nonnegative, then 3 7" | v f; is convex.
o If f:R” — R is convex and A : R” — RP is linear then fo A : R? — R is convex.

Example. Problems of the form Eq. (1) are convex if the loss £ is convex in the second variable, f,,(z)
is linear in w, and ) is convex.

It is also worth emphasizing on the following property (immediate from the definition).
Proposition 2 Assume that f : RP — R is convex and differentiable. Then x* € RP is a global minimizer

of filf
Vf(x*)=0.

5 Analysis of GD for strongly convex and smooth functions

Definition 2 (Strong convexity) A differentiable function f is said a-strongly convex, with o > 0, iff

) 2 @)+ Vi@ (y =)+ Slle =yl oy e R

For twice differentiable functions, this is equivalent to V2f = ald (see [1]). This property implies that f
admits a unique minimizer x*, which is characterized by V f(z*) = 0. Moreover, this guarantees that the
gradient is large when a point is far from optimality:

Lemma 1 If f is differentiable and a-strongly convexr with minimizer x*, then it holds

IVF(@)]3 > 2a(f(z) - f(z")), VaeRP.

Proof The right-hand side in Definition 2 is strongly convex in y and minimized with § = = — iv f(x).
Plugging this value into the bound and taking y = z* in the left-hand side we get

£ 2 f@) = V@I + oIV F @I = @)~ 5 19 £)IB:

The conclusion follows by rearranging. |



Definition 3 (Smoothness) A differentiable function f is said [3-smooth iff
T /B 2 D
() = f@) = V@) (y—2)| < Sllz =yl VeyeR

This is equivalent to f having a B-Lipschitz gradient, i.e. |Vf(z) — V£ (y)|3 < ||x — y||3, Vz,y € RP. For
twice differentiable functions, this is equivalent to —8Id < V2f < 8Id (see [1]).

In the next theorem, we show that gradient descent converges exponentially! for such problems.

Theorem 1 Assume that f is B-smooth and ca-strongly convex. Choosing ny = 1/, the iterates (z¢)i>0 of
GD on f satisfy

f(ae) = f(@7) < exp(=tf/a)(f(xo) — f(7)).

Proof By smoothness, we have the following descent property, with n, = 1/8,

(@) = Fle— VI@)/8) < fle) — [V Fe)llE/B + Qlﬂuwwua

Rearranging, we get
* * 1
flreer) = f(27) < (f(z) — f(27)) - ﬁllvf(fﬂt)llg-
Using Lemma 1, it follows

f@ea) = f(@%) < (1= a/B)(f(z) — f(2")) < exp(—a/B)(f(zi) — f(7)).

We conclude by a recursion. |

e We necessarily have a < . The ratio k := 3/« is called the condition number.

e If we only assume that the function is smooth and convex (not strongly convex), then GD with
constant step-size n = 1/ also converges when a minimizer exists, but at a slower rate in O(1/t).

e Choosing the step-size only requires an upper bound 5 on the smoothness constant (in case it is
over-estimated, the convergence rate only degrades slightly).

Example: regularized logistic regression Consider a classification task with y € {—1,41}, the
logistic loss £(y, z) = log(1 + e~¥?), a linear model f, () = 2w and regularization \|lw||3. The objective
of empirical risk minimization is

1 « _
Fw) ==Y log(1 + e % ™) 4 Afw]3.
ni3
This function is convex and differentiable. It is at least 2A-strongly convex thanks to the regularization
term. Its gradient is
I~ —yimy
VF(w) = 72@ + 2w

n -
=1

Tt is also sometimes called geometric convergence, or linear convergence (because it is linear in a “semilogy” plot).



and its Hessian V2F(w) = (9;; F (w ))Z] , 1s

.

1 Yix; w

V2F(w) = —xia:-Te—T + 2\
no (1 eviti w)2

Thus F is S-smooth with 8 = (1/n)> 1, ||zi|3 + 2)\. The condition number, which determines the
convergence speed, is thus k = 8/a =1+ (1/(2An)) Y., ||xi||3. The regularization, originally introduced
to reduce the estimation error, turns out to also help optimization.

6 Analysis of gradient methods on non-smooth problems

We now relax our assumptions and only require Lipschitz continuity, in addition to convexity.
Definition 4 (Lipschitz function) A function f:RP — R is said L-Lipschitz continuous iff

[f(y) = f@)| < Llly — 2|3,  Va,y € R

Exercise: show that if f is differentiable, this is equivalent to the assumption ||V f(z)||2 < L, Vz € RP.
Without additional assumptions, this setting is usually referred to as non-smooth optimization.

6.1 Convergence rate of GD

Theorem 2 Assume that f is convex, L-Lipschitz and admits a minimizer x* that satisfies | z*—zl|2 < R.
By chosing n; = L\/% then the iterates (z¢)i>0 of GD on f satisfy

. 2 + log(t)
0<I;1<1? 1f($s) — f(z¥) < RLm~

Proof We look at how x; approaches x*. It holds
|es1 — 2*|1> = llwe = eV f () — 2*|]* = [lze — 2*|* = 20V f () T (e — %) + 0 |V f () |-
Combining this with the convexity inequality f(z;) — f(2*) < Vf(zs) " (z; — x*), it follows
me(f(z)) = f@) < 5 (llze = 22 = e — *I7) + 5029 @)% (2)

It is sufficient to sum these inequalities and to use convexity to get, for any z* € RP,

* 2o — H 12 Z 0775
775 s ( )) < + L s .
Zs 0778; 223 0s 225 0s

The left-hand side is larger than ming<s<¢—1(f(xs) — f(z*)) (trivially) and than f(z:) — f(z*) where
— t—1 t—1 Yo 3 :
Ty = (D a_oMs®s)/ (D e ns) by Jensen’s inequality.



The upper bound goes to 0 if Ei;%) ns goes to oo (to forget the initial condition, the “bias”) and n; — 0 (to
decrease the “variance” term). Let us choose ns = 7/v/s + 1 for some 7 > 0. By using the series-integral
comparisons below, we get the bound

. « 1
Ogglgntlfl(f(xs) - f($ )) S 4(\/m . 1)

We choose 7 = R/L (which is suggested by optimizing the previous bound when log(t) = 0) which leads
to the result. |

(R% +rL2(1+ log(t))).

In the proof, we used the following series-integral comparisons for decreasing functions:

§ 1 >/t ds
3:0\/8—'_1_ 0 \/S‘l-]_

[zm}z —oViFI-2

and

1 | tds
<1 -<1 — =1 +log(t).
Sopstrist [Tt

e The previous proof scheme is very flexible. It can be extended to:

— constrained minimization over a convex set (we then insert a projection step at each iteration);

— non-differentiable convex and Lipschitz objective functions (using sub-gradients, i.e. any vector
satisfying Eq. (1) in place of V f(z¢));
— non-euclidean geometry (for instance multiplicative instead of additive updates);

— stochastic gradients, as seen below.

Example: logistic regression with /;-regularization. Consider the previous example but with ¢;
regularization, giving the objective

1 « .
Flw) =~ > log(1 + eH ) + A1,
=1

This function convex?. We have F(0) = log(2)/n so any minimizer w* (which exists by coercivity) must
satisfy ||w*||1 < log(2)/(nA). Since || - |l2 < || - |l1, it follows that [|w*||2 < log(2)/(nA) =: R. Using our
previous computations, we also have

n

IVF@)I =+ 3 % 4 Asign(w)|, < 3 il + VA = L.

=
YT, w
im1 L et i=1

From these bounds we get explicit step-sizes and convergence guarantees.

2It is not differentiable, but the theory above could be adapted to deal with this cases



6.2 Convergence rate of SGD
Under the same assumptions on the objective, we now study SGD. We assume the following:
e (H1) unbiased gradient: E[g:(z)|x] = V f(z), Vi, x
e (H2) bounded variance: E[||g:(z) — Vf(z)||3|z] < 02, Vt,z
Theorem 3 Assume that f is convex, L-Lipschitz and admits a minimizer x* that satisfies | z*—zol|2 < R.

Assume that the stochastic gradient g satisfies (H1-2). Then, choosing ny = (R/VL? + 02)/vt+ 1, the
iterates (xt)t>0 of SGD on f satisfy

B . 2 + log(t)
E[f(xs) — fl= )} < RV G? +02m-

where T = (,Zg Nss) /(o s)-

Proof We follow essentially the same proof as in the deterministic case.

E|flwrs1 - a*|13] = B[ lee — mou(ar) — 2]

e — 23] — 200 [ge() (0 — &%) + 2 [lgu() ]

E[llz — 1] — 2B [V () (e — )] + 5 (B[IV (@) 3] +Ellgi () — V1 @)I3])
B[ llo — 2% 3] — 20B [V f(20) (w1 — 27)] + m(G? + 02).

and thus, combining with the convexity inequality f(z;) — f(2*) < Vf(z:) " (z; — x*) it follows

WELf () ~ F&)] < 5 (Bl = 2°)? ~ Bllas - a*?) + 37 (G + o). 3)

Except for the expectations, this is the same bound that Eq. (2) so we can conclude as in the proof of
Theorem 2, mutatis mutandis. We state our bound in terms of the average iterates because the cost of
finding the best iterate could be high in comparison to that of evaluating a stochastic gradient. |
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