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Abstract— The supercritical regime of a percolation model
refers to the range of probabilities (discrete) or densities (con-
tinuous) above a critical value for which there exists a unique
unbounded cluster almost surely. In this paper, we provide an
upper bound to the linear distance from the origin to this giant
connected component for both the discrete and the continuous
(Boolean) model in two-dimensions. By modeling a dense wireless
sensor network with a supercritical Boolean model, our result
bounds the distance traveled by a target moving in a straight
line before it is detected by a node who can relay the alert
through a multihop path to the sink. This result incorporates a
solidified definition of detection requiring that the intrusion alert
successfully reach the central authority.

I. I NTRODUCTION

Consider a wireless multihop sensor network whose task is
to detect the intrusion of a moving object in the area in which
the sensors are deployed. The first question that comes to mind
is to know how far the object can move in the monitored area
before being detected by a sensor. When the object moves
along a straight line, stochastic geometry provides the answer
under the name oflinear contact (or hit) distribution function
(see e.g. [1], p. 80). For example, when the sensor spatial
distribution is Poisson, this function decreases exponentially
with the distance traveled by the object.

The sensor that has detected the intruder needs however to
convey this information to a monitoring station that collects
the sensed data, thesink. Nodes between the detecting sensor
and the sink act as relays for the message. However, various
sources of noise, battery failures in the nodes or simply their
random locations, will inevitably result in having some sensors
disconnected from the network. If the sensor that detected
the intruder is not connected to the sink, the intruder can
continue to progress in the monitored area without actually
being detected by the central sink. Consequently, a second,
more difficult question is to know the distance that can be

The work presented in this paper was supported (in part) by the National
Competence Center in Research on Mobile Information and Communication
Systems (NCCR-MICS), a center supported by the Swiss National Science
Foundation under grant number 5005-67322.

traveled by the intruder until the sink (and not only any sensor)
can be notified. This paper addresses precisely this question.

We assume that the sensor network can be described by
a 2-dimensional Poisson Boolean model: nodes (sensors) are
distributed according to a 2-dimensional homogeneous Poisson
process of intensityλ, their sensing range is identical to their
transmission range, and is randomly distributed, independently
from all other nodes. In such a model, it is well known (see.
e.g. [2]) that given the distribution of the ranges, there isa
critical intensity λc > 0 such that all clusters of connected
nodes are almost surely finite ifλ < λc (subcritical phase) and
a single giant, unbounded cluster of connected nodes appears
almost surely ifλ > λc (supercritical phase). We assume in
this paper thatλ > λc, and that the sink belongs to the giant
cluster.

Suppose that the intruder starts at the origin and moves
along a straight line in any arbitrary direction. How far can
it move until it hits the giant cluster? After having briefly
reviewed the state of the art in Section II, we answer this
question first in a discrete bond percolation setting in Sec-
tion III. Using this construction, we then answer the question
in the Boolean continuous model in Section IV. Section V
concludes the paper.

II. RELATED WORK

Tracking and detecting a moving object is an important
application of a sensor network, and has thus received some
attention. Most of the work is so far devoted to the problem
of computing the linear contact (or hit) distribution function,
i.e. the distance traveled by the intruder until detection by a
sensor without checking that the sensor that spawns the alarm
is actually connected to the network. The simplest case is
to compute this distance when the network is modeled by a
Boolean model; it is known to be exponentially distributed (see
e.g. [1], p.80). More results from this approach are derivedin
[3]. When the motion of the object does not follow a straight
line, but a Brownian motion, explicit formulas and/or bounds
are obtained in [4]. To save energy, nodes periodically switch



off their batteries, which implies tradeoffs between the speed
of detection of an intruder and the energy savings incurred
by rendering many nodes into sleep mode. This tradeoff is
examined in [5].

The same detection problem has been addressed in [6], but
here the propagation speed of alarm messages is studied when
nodes alternate between sleeping and active cycles. To the best
of our knowledge, this paper is the first characterization ofthe
distance traveled by an intruder before the alarm reaches the
sink, and not only the first sensor in the network.

III. T HEOREM FORMULATION AND INSIGHT OF THE PROOF

We consider the set of verticesZ
2, and denote byL2 the set

of the edges joining all adjacent vertices (i.e.L
2 = {〈x, y〉 ∈

Z
4 : |x1 − y1| + |x2 − y2| = 1}). We construct the standard

independent bond percolation model by declaring each edge
openwith probability p, independently of all the other edges,
and closedwith probability 1 − p. We say that two vertices
are connectedif there exists a sequence of contiguous open
edges that joins them. This definition yields the partitioning
of Z

2 into connected components(or clusters).
We know from percolation theory that ifp is greater that

the percolation thresholdpc = 1/2, then the probabilityθ(p)
that the origin belongs to an infinite cluster is strictly positive.
Furthermore, in this case, the infinite cluster (also calledgiant
cluster) is unique a.s..

Our main result states that the distance between the origin
and the infinite cluster is upper bounded by a geometric
random variable. We denote byN the coordinate of the first
vertex on the right part of the horizontal axis that belongs
to the giant cluster. Thus, if the origin belongs to the giant
cluster, we haveN = 0.

Theorem 1:Whenp > pc, there exist constantsc1 andc2 ∈
R

+ such that

Pp(N > n) ≤ c1 exp(−c2n).

A. Construction and its independence properties

To prove Theorem 1, we will perform the following con-
struction: we start at the origin, and look at the set of points of
the half-planeH = Z

+ × Z = {x = (x1, x2) ∈ Z
2 | x1 ≥ 0}

(all the points located on the right hand side of the vertical
axis) that are connected to it. If this set is infinite, thenN = 0.
If not, we look at the size of this connected component.
More precisely, if we denote by∂B+(n) the set of vertices
x = (x1, x2) of H such thatx1 = n or |x2| = n, and by
{0 ↔ S} the event that the origin is connected to some
element of the setS, we look at the events{0 ↔ ∂B+(n)},
n ∈ N, and find the first integern such that this event is not
true. Note that this can be done iteratively, starting withn = 1
and increasing its value one by one. Therefore, if we define
the variableM = min{n > 0 : 0 = ∂B+(n)}, the event
{M = n} only depends on the state of the edges inside the
box B+(n) = [0, n] × [−n, n].

Fig. 1. The construction of the proof. Starting from the origin, the first
cluster we meet is finite. We have that0 = ∂B+(4). Thus,M = 4 in this
example. Then we move to(4, 0) and look only at the edges on the right,
that are independent ofM . The cluster at(4, 0) is also finite, so we move
to (7, 0). The cluster at(7, 0) is infinite, and therefore(7, 0) belongs to the
giant component. We conclude thatN ′ = 7, and thus thatN ≤ 7.

Once we have found the value ofM , we iterate the same
procedure, starting at the point(M, 0), and looking at the
connected vertices in the half-planeH + (M, 0) = {x =
(x1, x2) ∈ Z

2 | x1 ≥ M}. Clearly, the outcome of this second
step is independent of what happened in the first step, because
we only look at the half-plane located to the right of the box
B+(n).

Then we iterate this algorithm until we hit an infinite
connected component in the half-plane. The coordinate of the
stopping point of the algorithm (denoted hereafter byN ′) gives
an upper bound ofN .

However, we have to check that this algorithm stops after a
finite number of steps a.s. whenever an infinite cluster exists
in the whole plane. In fact, it is enough to show that the
probability θ+(p) that the origin belongs to an infinite cluster
in H is strictly positive (in this case, the number of steps before
stopping is a geometric random variable). This result follows
directly from Theorem 7.2 in [7]. LetB(k) = [−k, k]d be the
box with side length2k centered at the origin.

Theorem 2 (7.2 in [7]):For d ≥ 2, let F be an infinite
connected subset ofZd with percolation thresholdpc(F ) < 1.
For eachη > 0 there exists an integerk such thatpc(2kF +
B(k)) ≤ pc + η.

By choosingF = H we havepc(2kF +B(k)) → pc ask →
∞ and the theorem implies that this is true whenpc(F ) = pc

(this result is also given in [7], page 162). In other words, the
percolation threshold is the same in the right half planeH as
in the entire planeZ2.

B. The size of finite clusters

According to our algorithm, the random variableN ′ is
the sum of a random number (the number of steps) of i.i.d
variables (identical to the variableM above). In this section,
we derive a bound on the probability thatM is larger than a
given numbern. Note that this amounts to bounding the radius
of a finite cluster in the half-plane.



Let C+ be the open cluster at the origin on the half-plane
H and consider the event of an open path from the origin to
the surface∂B+(n) when C+ is finite. We claim that there
exist finite constantsk1, k2 > 0 for pc < p < 1 such that

Pp(0 ↔ ∂B+(n), |C+| < ∞) ≤ k1n
2e−k2n for all n.

This result is a fairly straightforward extension of Theorems
8.18 and 8.21 in [7]. For the open clusterC at the origin of
Z

2 and the boxB(n) = [−n, n]d with surface∂B(n), the
theorems state that there exist finite constantsA(p, d), σ(p) >
0 for d ≥ 2 andpc < p < 1 such that

Pp(0 ↔ ∂B(n), |C| < ∞) ≤ A(p, d)n2e−σ(p)n for all n.

In our case, the clusterC+ in H results from the restriction
of the clusterC in Z

2 to its vertices and edges lying inH.
We proceed by modifying the construction proofs for The-

orem 8.18 and Lemma 8.27 of [7], so that the result applies
to the the clusterC+ when |C+| < ∞. Rather than repeat
the entire proof here, we refer the reader to [7] and highlight
the necessary modifications. Firstly, we replaceC in the proof
with the clusterC+ wherex1 ≥ 0 for every (x1, x2) ∈ C+.
The cluster has minimum and maximum extremities in the
horizontal coordinate directionL1 = min{x1 : (x1, x2) ∈
C+} and R1 = max{x1 : (x1, x2) ∈ C+} (similarly L2

andR2 for the vertical coordinate) and diameter diam(C+) =
max {Ri − Li : 1 ≤ i ≤ 2}. We follow the same construction
of two finite clusters whose widths in the horizontal coordinate
direction arem andn such that the clusters only lie in the half-
plane, one to the right of the other. Following the proofs of
Lemma 8.27 and Theorem 8.18, we obtain the same upper and
lower bounds for diam(C+) as for diam(C). In particular, we
find the bound

Pp(diam(C+) = k) ≤
d2

p2(1 − p)2d−2
(2k + 1)de−(k+2)σ(p).

Since the diameter ofC+ is at least as large as its radius,
for the half boxB+(n) = [0, n] × [−n, n] we have

Pp(0 ↔ ∂B+(n), |C+| < ∞)

≤ Pp(n ≤ diam(C+) < ∞)

≤
d2

p2(1 − p)2d−2

∞
∑

m=n

(2m + 1)de−(m+2)σ(p).

This equation gives us the constantsk1 andk2 = σ(p).
To show thatk2 > 0 when p > pc, we must consider

Theorem 8.21 in [7] (which, for the cased = 2, is implied
by Theorem 11.24), and show that it is also true for the finite
cluster on the half-plane. We refer the reader to the proof of
Theorem 11.24 which shows that0 < ξ(p) = ξ(1 − p) < ∞
when p > pc, where ξ(p) = σ(p)−1 is known as the
correlation length. We adapt the proof by considering the
whole planeZ2 but treating edges on the left half of the plane
as closed with probability 1 to imply results onH. Consider the
vertex en = (n, 0) and letτf+

p (0, en) denote the probability
that the origin lies in a finite open cluster containing the
vertex en in H. We need to show an upper bound to this

probability. We slightly modify the definition of the eventAn

(page 298): denoting byY + = {(− 1
2 , k + 1

2 ) : k ≥ 0} and
by Y − = {(− 1

2 ,−k − 1
2 ) : k ≥ 0} the two vertical half-axes,

we define the eventsAn (respectivelyBn) that some vertex in
Y + (respectivelyY −) is joined by a closed path in the dual
lattice to some vertex inX+

d . Using the BK inequality, we
have that

τf+
p (0, en) ≤ Pp(An)Pp(Bn) = Pp(An)2,

becausePp(An) = Pp(Bn). Now,

Pp(An) ≤

∞
∑

k=0

∞
∑

l=n

Pp((−
1

2
, k +

1

2
) joined to (l +

1

2
,
1

2
)

by a closed dual path)

≤

∞
∑

k=0

∞
∑

l=n

P1−p ((0, k) ↔ (l, 0)) .

However,1 − p < pc sincep > pc, and so

P1−p ((0, k) ↔ (l, 0)) ≈ e−(l+k)/ξ(1−p)

ask + l → ∞, from which we deduce, as in [7],

σ(p) = lim inf
n→∞

{

−
1

n
log τf+

p (0, en)

}

≥
2

ξ(1 − p)
.

C. Final computation

In the two previous subsections, we found that there exist
k1, k2 > 0 such that

Pp(M > n) ≤ k1n
2e−k2n for all n. (1)

As k2 > 0, we can choose a new constante−k2 < p1 < 1,
and find a constantk3 ∈ N such that

k1n
2e−k2n ≤ (1 − p1)p

n−k3

1 . (2)

Let us define a sequence of i.i.d geometric random variables
{Xi}i∈N characterized byP (Xi ≥ n) = pn

1 . Combining (1)
and (2), we have that

P (M > n) ≤ P (Xi + k3 > n).

Moreover, the variableN ′ (defined in Section III-A) is the
sum ofK independent variablesMi, identically distributed as
M (note thatM1 = M ), whereK is the number of steps in
the algorithm:

N ′ =

K
∑

i=1

Mi.

As the algorithm stops when we hit an infinite cluster in
H, and this happens with independent probability at each step
(denoted byθ+(p)), we haveP (K = n) = θ+(p)(1−θ+(p))n.
Thus,K is also a geometric random variable with parameter



p2 := 1 − θ+(p). We can write

P (N ′ > n) = P (
K

∑

i=1

Mi > n)

≤ P (
K

∑

i=1

(Xi + k3) > n)

= P (

K
∑

i=1

Xi + k3K > n). (3)

The rest of this section is devoted to the computation of the
above probability, and is purely technical.

We define the random variableN ′′ =
∑K

i=1 Xi. Its gener-
ating function isGN ′′(z) = GK(GX(z)), whereGK andGX

denote the generating function ofK andXi respectively. We
have thus

GN ′′(z) =
p2

1 − (1 − p2)
p1

1−(1−p1)z

= p2 + (1 − p2)
p3

1 − (1 − p3)z
,

where p3 = p1p2/(1 − p1 + p1p2). We see thatN ′′ is a
geometric variable of parameterp3, with some extra weight on
{N ′′ = 0}. To obtain the probability in (3), we must consider
the sum ofN ′′ and k3K. The tail of the distribution of this
sum decreases exponentially, as fast as the slowest term. Here,
depending on the value ofp1, p2 and k3, one can dominate
the other. Anyway, there existsk4 ∈ N such that

P (N ′′ + k3K > n) ≤ pn−k4

4 ,

with p4 = max{p3, p
1/k3

2 } < 1. Finally asP (N > n) ≤
P (N ′ > n) ≤ P (N ′′ + k3K > n), we have

P (N > n) ≤ pn−k4

4 = c1 exp(−c2n),

for c1 = p−k4

4 andc2 = − log(p4).

IV. EXTENSION TO THE CONTINUOUS CASE

In this section, we address a different percolation model –
the Poisson Boolean model– defined as follows: we consider
a homogeneous Poisson point process of intensityλ over the
plane R

2. On each point of the process we center a ball,
whose radiusρ is also random, independent of and identically
distributed as the other balls’ radii. This divides the plane into
anoccupied region, and avacant region, which is not covered
by any ball.

Given the distribution ofρ such thatE[ρ2] < ∞, there
exists a critical densityλc such that if the actual densityλ of
the point process is greater thanλc, then the probability that
the origin belongs to an unbounded occupied connected com-
ponent is strictly positive. Furthermore, above the threshold,
the unbounded occupied connected component is unique a.s..

In the following theorem, we show that the distance between
the origin and the unbounded component along a given direc-
tion can be bounded from above by an exponential random
variable.

x1d y1d (y1 + 1)d

x2

(y2 + 1)d

Fig. 2. A horizontal edge〈x, y〉 that fulfills the three conditions.

Theorem 3:Let D denote the coordinate of the first point
on the positive part of the horizontal axis that belongs to the
unbounded component (D = 0 if the origin is already in the
unbounded component). There existsc3 and c4 ∈ R

+ such
that

P (D > x) ≤ c3 exp(−c4x).

We prove this theorem by mapping the continuous model
onto a (discrete) bond percolation model, and applying Theo-
rem 1.

A. Mapping

We declare each edge〈x, y〉 ∈ L
2 open if the conditions

below are fulfilled in the Boolean model (we assume without
loss of generality thatx1 ≤ y1 andx2 ≤ y2, see Fig. 2):

• There exists an occupied crossing in the rectangle
[x1d, (y1 + 1)d] × [x2d, (y2 + 1)d] in the direction of
its longest edge.

• There exists a vertical and an horizontal crossing in the
square[x1d, (x1 + 1)d] × [x2d, (x2 + 1)d].

• There exists a vertical and an horizontal crossing in the
square[y1d, (y1 + 1)d] × [y2d, (y2 + 1)d].

These conditions depend on a parameterd, that determines
the size of the rectangle. We know that if the Boolean model
is supercritical, the probability that the three conditions are
fulfilled tends to one whend tends to infinity (see e.g.
Corollary 4.1 in [2]). However, in this mapping, the status
of two contiguous edges arenot independent. We constructed
thus a dependent bond percolation model that has the desired
property that any of its connected component correspond to
a connected component in the Boolean model. Therefore,
if the first point on the horizontal axis that belongs to the
infinite cluster has the horizontal coordinateN in the discrete
model, then there exists a point of the Boolean model in the
interval [Nd, (N + 1)d] that belongs to the infinite cluster.
It follows from this observation that if Theorem 1 is valid in
this dependent bond percolation model, then Theorem 3 is also
valid.



B. Domination of the dependent model

To validate Theorem 1 in the above dependent bond perco-
lation model, we use the results in [8]. Let(N, 0) be the first
point of Z

+ × {0} (i.e. the one with the smallest coordinate)
that belongs to the infinite connected cluster. Consider the1-
dependent bond percolation model defined above, where edge
e is open with some probability0 ≤ p′ ≤ 1 independently of
edges separated by distance greater than1. The claim is that
P (N ≤ n) ≥ α(n) for the1-dependent model is implied when
it is true for the independent model. That is, the probability to
hit the infinite open cluster withinn steps is at least as great
on the dependent graph as on the independent graph.

We show this by employing Theorem 0.0 in [8] which states
that thek-dependent random field of{0, 1} random variables
(Xs)s∈Z2 stochastically dominates a translation invariant prod-
uct random field(Ys)s∈Z2 of densityp′′ > 0, wheneverp′ is
sufficiently large. Furthermore,p′′ → 1 when p′ → 1. If we
consider the indicator function1{N≤n} for the event{N ≤ n},
where1{N≤n} is an increasing function on our state spaceΩ,
the theorem tells us that by stochastic domination

∫

1{N≤n}dPp′ ≥

∫

1{N≤n}dPp′′ . (4)

The result of integration givesPp′(N ≤ n) ≥ Pp′′(N ≤ n).
Finally, by increasing the mapping parameterd, one can make
p′ large enough, so thatp′′ > 1/2 and Theorem 1 becomes
valid for the field(Ys)s∈Z2 .

V. CONCLUSION

In this paper, we showed that the distance traveled by an
object moving along a straight line in a supercritical percola-
tion model until it hits the giant component is bounded from
above by a (shifted) exponential variable. It was already known
that the distance before hittingany connected component is
exponentially distributed. With the results of this paper,we
now have a lower and an upper bound for the distribution of
the distance traveled before hitting the giant component.

This distribution is very relevant in the context of detection
of an intruder in wireless sensor networks, as outlined in the
introduction, as well as that of connectivity in mobile ad hoc
networks. Indeed, finite connected components are essentially
disconnected parts of the network, as they cannot exchange
data with the vast majority of the other nodes (those who
belong to the giant component). Therefore, from the point of
view of a mobile user, the value of interest is the time before
connecting to the giant component. The bound computed in
this work provides some guarantee about connectivity in this
very simple mobile scenario. Future work will address the case
where the other nodes also move.
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