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Abstract

The distribution of bandpass�lters with localized,oriented, and bandpasscharacter-
istics applied to natural imagesare sharply peaked with high kurtosis. Thesesparse,
heavy-tailed distributions have beenobservedconsistently acrossmany classesof nat-
ural images,motivating its use as a prior on images. We describe a framework for
incorporating this prior into graphicalmodelsto infer latent information. Speci�cally,
we usefactor graphsand exploit derivative �lters to estimatea high resolution image
from a single low resolution image. The resulting high resolution imageshave good
imagequality with sharp edgesand lower reconstruction error than the state-of-the-
art techniquesto which it was compared. In addition, we describe a novel technique
for �nding candidatevaluese�cien tly in the estimatedimage,avoiding computational
intractabilit y.
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Chapter 1

In tro duction

Considerenhancingthe resolutionof natural images,such asthe 64� 64low-resolution

imageshown in Figure 1-1(a). It is desirableto havea solution that not only resembles

an imagetakenby a camerawith higher resolution,but alsohasthe perceivedquality

of a high resolution image. For Figure 1-1(a), we wish to generatean imagesimilar

to the 128� 128 image in Figure 1-1(b), having sharp edgesand minimal perceived

artifacts. In this thesis, we examinethe task of increasingthe resolution of images,

which is known as the super resolution problem. In particular, we considerthe class

of imagesfrom natural scenesand try to exploit well-observed statistical regularities

of this classto increaseedgesharpnessand reduceperceived artifacts in the higher

resolution.

(a) (b)

Figure 1-1: For the super resolution problem, we are given a low resolution image(a)
and would like to generatean imagewith higher resolution (b). In this example,(a)
hasa resolution of 64� 64 and (b) hasa resolution of 128� 128.

17



A good solution would bebene�cial to the computervision and computergraphics

communities. Moreover, many commercialapplications that use low-resolution im-

ages,due to low-quality camerasor data compression,could bene�t. This includes,

but is not limited to, low-resolution video conversion for display on high de�nition

television, manipulation of imagesfrom low-end digital cameras,and displaying im-

agesor video streamsfrom mobile phonecameras.

1.1 Problem Description

A systemthat performssuper resolution takesas input a singlelow-resolution image

and producesas output an image with higher resolution, usually by a factor of two

or more1. Here, we assumethat a low resolution image L is generatedfrom a high

resolution image H by �rst convolving H with a low-pass�lter, to reducealiasing,

and then downsamplingto the desiredsize. This processis illustrated in the system

diagram shown in Figure 1-2. We wish to interpolate in a manner that provides a

visually plausible approximation to the inverseof the system. Of course,this is an

ill-p osedproblem sincethere are a largenumber of high resolution solutions[3, 6, 14,

36, 41].

Two simple approximate solutions are pixel replication2 and bicubic interpola-

tion. Pixel replication constructs the high resolution imageby duplicating each low

resolution pixel Z times in each spatial dimension, where Z is the zoom factor3,

and maintaining the same spatial relation of the low resolution duplicates in the

high resolution image as in the low resolution image. Figure 1-3(a) shows a one-

dimensionalsignal and �gure 1-3(b) shows graphically the super resolution problem

for this signal. Figure 1-3(c) shows the pixel replication super resolution solution to

the one-dimensionalsignal. Bicubic interpolation approximates the missingpixels in

high resolution imageby �tting cubic functions to the observed low resolution pixels.

1Some authors refer to extracting a single high resolution image from multiple low resolution
frames as super resolution [3]. Here, we deal with only single frames, which is sometimescalled
\image interpolation".

2Pixel replication is also known as zero-orderhold [18].
3For simplicit y, we assumehere integer zoom factors.

18
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Figure 1-2: A system diagram of a low resolution image L generatedfrom a high
resolution image H . We assumethat L is generatedby �rst convolving a lowpass
�lter with H , to reduce aliasing, and then downsampling by a factor of Z to the
desiredresolution.

More information on cubic interpolation techniqueswill be discussedin Section2.1.

In Figure 1-4, we show the output of pixel replication and bicubic interpolation

on the low resolution image from Figure 1-1(a). Pixel replication producesjagged

edgesand \blo cky" artifacts. On the other hand, bicubic interpolation producesa

blurry imagewith overly smooth edges.With thesetwo extremesin mind, we wish

to produce a more natural looking image with sharp edgesand minimal distracting

visual artifacts.

To achieve thesegoals,we will exploit the statistics of the derivativesof natural

images.Thesestatistics have beenrepeatedlyobserved acrosslargeclassesof natural

images. Moreover, we will show how to incorporate thesestatistics into a powerful

and modularized probabilistic framework to infer the high resolution image. The

combination of the derivative statistics and the probabilistic framework allow us to

infer a solution that sharesa commontrait with natural images.

1.2 Overview of System and Thesis Outline

Chapter 2 reviews the previous work relating to super resolution. In particular,

Section2.3reviewslearning-basedapproachesfor super resolution. Here,weintroduce

a powerful probabilistic representation, which is amenableto inference, known as

graphical models. Graphical models form the basis of the work presented in this

thesis.
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Figure 1-3: Consider a small portion of a one dimensional signal (a). We wish to
increasethe resolution of the signal by somefactor Z . We graphically show this in
(b) where Z = 2. One simple solution is pixel replication (c), where we duplicate
each sample. Notice that the output of pixel replication producesjaggededges.

(a) (b) (c)

Figure 1-4: A comparison of two simple techniques for super resolution: (a) the
original high resolution image;(b) pixel replication; (c) bicubic interpolation. Notice
that pixel replication produces\blo cky" artifacts while bicubic interpolation produces
an overly smooth result.
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Chapter 3 gives an overview of natural image statistics and related work in the

�eld that exploits thesestatistics.

In Chapter 4, we formulate the posterior distribution for super resolution. More-

over, natural imagestatistics are usedas the prior in the distribution. We show how

to �nd the maximum a posteriori (MAP) solution by using approximate inference

methods in the graphical models. We present and explain in-depth the solution for

super resolutionto a one-dimensionalsignal,with an extensionto the two-dimensional

casegiven in the Appendix.

If we are not careful to control the state dimensionality, the above solution using

graphical models can be intractable. Chapter 5 introduces a novel technique for

obtaining a tractable number of candidatestatesfor the unknown, latent variablesin

the posterior distribution.

In Chapter 6, we show the super resolution imagesthat our algorithm produces.

Moreover, we compareour algorithm to existing super resolution algorithms.

Chapter 7 reviewsthe contributions of this paper and outlines areasof possible

future research.
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Chapter 2

Prior Work

In this chapter, we survey previouswork on super resolution. Speci�cally, we survey

functional interpolation, deconvolution, and learning-basedmethods.

2.1 Functional In terp olation Metho ds

Supposewe observe the discrete sampling of an unknown function f (x), illustrated

in Figure 2-1. We wish to �nd a smooth approximation g(x) to f (x) using local

piecewise-smooth functions:

g(x) =
X

k

ckuk(x) (2.1)

whereuk(�) are the local functions and ck are parametersdependent on the sampled

data. Simple interpolation methods de�ne these local functions under various con-

straints. This allows us to use Equation 2.1 to estimate the intermediate valuesof

the discretesamples.

Figure 2-2 shows four commonone-dimensionalkernels: nearestneighbor, linear,

cubic1 [22], and cubic B-spline [15]. Each of thesekernelsare simple to computeand

require a small region of support. However, results using these kernels are blurry

or result in heavy aliasing. Other kernels have been proposed to overcomethese

1In two dimensions,linear and cubic are called bilinear and bicubic respectively.
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Figure 2-1: A discretesampling of an unknown function f (x). Functional interpola-
tion methods approximate f (x) by a set of local functions.

limitations, such as the sharpenedGaussiankernel [35].

Several methods attempt to sharpen the imagesproducedby functional interpola-

tion methods. Greenspanet al. usea nonlinearenhancement algorithm to sharpenthe

image[13]. This algorithm learnsa scalingfactor and clipping constant to scale,clip,

and then bandpassthe original image. The result looks sharp, but su�ers from ring-

ing artifacts. Another method usesa di�eren tial equationto smooth jaggedisophotes

from functionally interpolated images [28]. The results are pleasing, resulting in

smooth contours. However the sharpnessdependsheavily on the initial interpolation.

Another approach classi�es local pixel neighborhoods into constant, oriented, and

irregular categoriesand then enhancesthe oriented neighborhoods [43].

2.2 Decon volution Metho ds

To improve upon the blurry results yielded by functional interpolation, researchers

have proposedmethods to deconvolve the blurring �lter. The problem is posedas a

linear observation with Gaussiannoise:

y = Hx + n (2.2)

wherey is the observed, blurry image,x is the desiredunblurred image,H contains

the spatially-invariant blurring convolutions, and n is i.i.d. Gaussiannoise. Note that
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x and y are lexicographicallyorderedvectorsof the images.

Solutions using the wavelet transform have been developed. Here, we assume

that x = W T � whereW is an orthogonal matrix representing the wavelet transform

and � are the wavelet coe�cien ts. The goal is to infer � , often using the sparse

prior on wavelet coe�cien ts, to be discussedin Chapter 3. However, in generalH

is not orthogonal, which raisescomplexities. Work has beendoneto overcomethese

di�culties, but require signi�cant numerical calculations [4, 26, 46]. More e�cien t

resultshave beenobtained through the expectation maximization (EM) algorithm [6,

9]. Also, an algorithm combining Fourier and wavelet methods hasbeenpropsed[30].

While thesemethodsproduceniceresults, in generalit is di�cult to directly represent

and solve the systemassumingvarious constraints on the solution space.

2.3 Learning-based Metho ds

Learning-basedmethods attempt to incoporate a priori information to enhancethe

solution space.Thesemethods are posedusing well-developed frameworks with e�-

cient inferencealgorithms.

An important subset of the learning-basedmethods for super resolution uses

graphical models, which is a powerful visual framework with e�cien t inferenceal-

gorithms. Graphical models have had an immenseimpact on the computer vision

community [12, 42]. Here,we considergraphical modelsand describe the algorithms

to perform inference.

2.3.1 In tro duction to Graphical Mo dels

Let x i denotea random variable on the samplespace
 i . Here, we assumethat the

samplespaceis discreteand �nite, although the ideaspresented in this section can

be generalizedto continuous spaces.For a set of random variablesx1 : : : xN , let the

joint probability be given by Pr(x1; : : : ; xN ). Let us considercomputing the marginal

probability of x1:
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Pr(x1) =
X

x2 ;:::;xN

Pr(x1; : : : ; xN ): (2.3)

Notice that if each random variable hasS states,then the marginal probability com-

putation has time-complexity of O(SN ). However, if the joint probability can be

factorized into many functions each using fewer arguments, then we can reducethis

time-complexity. For example,supposethe following factorization of the joint prob-

abilit y on the random variablesx1; : : : ; x5:

Pr(x1; x2; x3; x4; x5) =
1
C

 1(x1; x3) 2(x2; x3; x4) 3(x4; x5) (2.4)

whereC is a normalization constant. Notice that the factors  (�) may not correspond

to an actual probability distribution. We can compute the marginal probability for

x1 as follows:

Pr(x1) =
X

x2 ;x3 ;x4 ;x5

Pr(x1; x2; x3; x4; x5) (2.5)

=
1
C

X

x2 ;x3 ;x4 ;x5

 1(x1; x3) 2(x2; x3; x4) 3(x4; x5) (2.6)

=
1
C

X

x2 ;x3

 1(x1; x3)
X

x4

 2(x2; x3; x4)
X

x5

 3(x4; x5): (2.7)

Here, the time-complexity is O(S2) instead of O(S5). Also, notice that thesefactor-

izations expressconditional independencerelations. For example,in Equation 2.4, if

we are given the value of x3, then x1 is independent from all of the other random

variables.

A graphical model explicitly represents a classof joint probability distributions,

with each distribution sharingthe sameconditional independencerelations. Graphical

models mainly comein three varieties|Ba yesiannetworks [19, 32], Markov random

�elds [12, 32], and factor graphs [23]|eac h having di�eren t representational capa-

bilities. Here, we will consider the factor graph representation, examplesof which

appear in Figure 2-3.
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A factor graph is a bipartite graph with variable and constraint nodes,indicated

by the transparent circle and the solid squarenodesrespectively. Each variable node

has a one-to-onecorrespondenceto a single random variable. The constraint nodes

correspond to the setof functions, known hereinasconstraint functions, in the factor-

ization. Variable nodesconnectedby edgesto a given constraint node comprisethe

arguments to the corresponding constraint function. Figure 2-3(a) shows the factor

graph for the factorized joint distribution in Equation 2.4. In general, for a given

factor graph the joint probability distribution is proportional to the product of the

constraint functions:

Pr(x1; x2; : : : ; xn ) =
1
C

MY

i =1

 i (�): (2.8)

whereM are the number of constraint nodesand (�) indicates the appropriate argu-

ments to the function.

To seehow the conditional independencerelations are expressedin factor graphs,

let us consider the example above where we observe the value of x3, illustrated in

Figure 2-4 where the observed node is shaded. Two sets of random variables are

independent if the only existing paths connecting two nodes in the di�eren t sets

crossesthe observed nodes. For example,in Figure 2-4 there are no paths connecting

x1 and the other nodeswithout having the path contain x3.

Supposewewish to computethe maximum a posteriori (MAP) estimateof a given

distribution. Let X O and X H be respectively the set of observed and hidden random

variables. Usingthe rulesfor conditional independencein factor graphsabove,observe

that the conditional probability dependsonly on constraint nodeswith at least one

neighboring hidden variable node. In other words,

Pr(f X H g j f X Og) =
1
C

Y

ci 2 N (X H )

 i (�) (2.9)

where N (X H ) is the set of all neighboring constraint nodes of X H . With this, we

compute the MAP estimate X̂ H as follows:
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X̂ H = argmax
f X H g

Pr(f X H g j f X Og): (2.10)

To compute the MAP estimate, an e�cien t message-passingprotocol, known

as max-product belief propagation (BP), has been developed to compute the ex-

act maximum posterior probability at each variable node in factor graphs without

loops [23, 32]. Messagesare passedalong every edgein the factor graph, and after

a �nite number of message-passingiterations the algorithm convergesto the correct

maximum posterior probability.

For factor graphs,there are two typesof messages|thosepropagating from vari-

able to constraint nodesand vice versa. Both of thesemessagetypesare illustrated

in Figure 2-5. If there are S states for each random variable, then each messagewill

be a vector of length S.

For messagespropagating from variable to constraint nodes at iteration t, the

update rule is:

� (t )
ij (x i )  

Y

ck 2 N (x i )ncj

� (t )
ki (x i ) (2.11)

whereN (x i )ncj areall of the neighborsof x i exceptcj , and � ij (x i ) is the messagethat

node x i sendsto cj for a particular setting of x i . For messagessent from constraint

to variable nodesat iteration t:

� (t+1)
ij (x j )  max

f N (ci )nx j g
 i (f N (cj )g)

Y

xk 2 N (ci )nx j

� (t )
ki (xk): (2.12)

For each iteration, we �rst compute all of the variable to constraint node messages

and then usethe results to compute the constraint to variable node messages.The

messagesare normally initialized to one,but the algorithm convergesfor any nonzero

initialization.

After convergence,we compute the belief for each node as follows:

bi (x i )  
Y

ck 2 N (x i )

� ki (x i ): (2.13)

29



PSfrag replacements

(a) (b)

x1

x1
x2

x2
x3

x3

x4

x4

x5

c1

c1

c2

c2

c3

c3

c4

Figure 2-3: Two simple examplesof factor graphswithout loops (a) and with loops
(b). The transparent circle and solid squarenodescorrespond to variable and con-
straint nodesrespectively. Each variable node x i represents a random variable while
each constraint node ci represents the constraint function  i (�). In this case, the
factor graph in (a) represents the factorization in Equation 2.4.

It can be shown that the belief evaluated at a setting of x i is proportional to the

maximum of the posterior probability:

bi (x i ) / max
f X H nx i g

Pr(f X H g j f X Og): (2.14)

From Equation 2.10,we get the MAP estimate for x i :

x̂ i = argmax
x i

bi (x i ): (2.15)

While BP has beenshown to convergeto an exact solution after a �nite number

of iterations for graphswithout loops, this convergenceproperty doesnot hold true

in generalif BP is applied to loopy graphs,an exampleof which appearsin Figure 2-

3(b). In fact, exact inferencefor graphswith loopshasbeenshown to beNP-hard [37].

However, for many loopy graphswe can convergeto an approximate solution after a

�nite number of iterations by applying BP to it anyways. Much work hasbeendone

to study the convergenceproperties of loopy-BP [29, 47, 45].
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random variable x3, illustrated by the shadednode. Two setsof nodesA and B are
conditionally independent given a third set C if there exist only paths connectinga 2
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Figure 2-5: When belief propagation (BP) is applied to factor graphs, there are two
types messages:variable to constraint node (a) and vice versa (b). Here, we have
indicated incoming and outgoing messagesby arrows and have labelled the messages.
SeeEquations 2.11and 2.12for the messageupdate equations.
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2.3.2 Algorithms Using Graphical Mo dels

Schultz et al. formulated the super resolutionproblemusinggraphicalmodels,assum-

ing the Huber function [17] asa prior on the derivatives[36]. Similar approaches,but

specializedonly to imageswith faces,learn a prior on facesand achieve high quality

results [2, 25]. An unsupervisedapproach using a dynamic-treegraphical model has

beenproposed[40].

An example-basedmethod learnsa priori the relationship betweenlow and high

frequenciesby storing in a databasecorresponding patch pairs from a set of training

images[10, 11]. Instead of representing each pixel as a random variable, patches

are represented for more e�cien t computation. The algorithm then searches the

databasefor appropriate patchesat each spatial position basedon the observed low

resolution image and constraint to enforcespatial consistencyamong the patches.

Work producing nice results along similar lines usesprimal sketch priors [41].
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Chapter 3

Natural Image Statistics

In the previous chapters, we introduced the super resolution problem and surveyed

prior work. In this chapter, we introducestatistics that arerepeatedlyobservedacross

many di�eren t classesof natural images. In addition, we survey how thesestatistics

have beenapplied to various tasks in computer vision, computer graphics,and image

processing.In subsequent chapters we will show how to exploit thesestatistics as a

prior on latent variables,which will lead us to a method for super resolution.

3.1 Overview

To understand how the human vision system has evolved, many researchers have

lookedat the propertiesof natural scenes,whoseimagesareprojectedonto the retina.

Drawing from the receptive �elds of the striate cortex [16], characterizedas being

localized,oriented, andbandpass,the statistics of �lters 1 with thesepropertiesapplied

to natural imageshavebeenstudied. It is well-documented that the histogramof these

�lters applied to large classesof natural images,similar to the one in Figure 3-1(a),

are exponential with high fourth-order statistics (kurtosis) [8, 21, 27, 31, 34, 38].

Thesesparse,\heavy-tailed" distributions resemble the histogramshown in Figure 3-

1(b) which, comparedwith Gaussiandistributions of the samevariance,have lower

entropy.

1Localized, oriented, bandpass�lters are also known as wavelets.
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Figure 3-1: (a) An exampleof a natural image. Filters with localized,oriented, and
bandpasscharacteristics have high fourth-order statistics (kurtosis). We seethese
characteristicsin the histogramof the horizontal derivatives(b) applied to the natural
imagein (a).

The distribution in Figure 3-1(b) can be described by the generalizedLaplacian

distribution:

p(x) / exp

 

�
1
2

 
jxj
�

! � !

(3.1)

where � is the standard deviation and � is the exponent parameter. For natural

images,empirically 0 < � < 1. Notice that if � = 2, then Equation 3.1 becomesa

Gaussiandistribution. In Section4.1.1,we considerthe importance of the � param-

eter and its e�ect on the solution space.

Often, Equation 3.1 when0 < � < 1 is known asthe natural imageprior because

of its omnipotenceacrosslarge classesof natural images.To gain an intuition of the

natural imageprior, let us considerthe caseof the derivative �lter. The distribution

says that largederivativesare sparsein a given natural image. Looselyspeaking,this

meansan imageconsistslargely of zerogradient regionsinterspersedwith occasional

strong gradient transitions. It seemsplausible that in a given imagea sharp edgeis

preferredover a blurry edge.
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3.2 Applications Using Natural Image Statistics

The strength and repeatability of the statistics of natural imagesmake it invaluable

asa statistical prior. Simoncellisuccessfullyusedthis prior asthe basisof a Bayesian

noise-removal algorithm [39]. Simoncelli and Buccigrossiusedthe regular statistical

structure of imagesfor compression[5]. Levin et al. showed how this prior canenable

an image to be decomposed into transparent layers [24]. Portilla and Simoncelli

usedjoint natural imagestatistics to synthesizenew textures [33]. As mentioned in

Chapter 2, several authors developed deconvolution methods exploiting the sparse

statistics of wavelet coe�cien ts [6, 9]. Farid and Lyu usedthis prior to help detect

hidden messagesin high resolution images[7].
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Chapter 4

Applying the Natural Image Prior

In Chapter 3, we introducedthe statistics of derivativesfor natural imagesand con-

cluded that they should be a useful prior. In this chapter, we incorporate this prior

into the graphical model framework, introducedin Section2.3, to perform super res-

olution. We will �rst look at a genericincorporation of this prior, which is applicable

to a wide rangeof imageprocessingapplications. Then, we will apply the framework

to the super resolution problem.

4.1 Com bining Graphical Mo dels with the Natu-

ral Image Prior

In Section 2.3, we introduced graphical models and, in particular, the factor graph

representation. Recall that a factor graph is a bipartite graph consistingof random

variable and systemconstraint nodes. The joint probability is given in Equation 2.8,

which is a product of the constraints, represented as functions  (�) of the random

variables.

Let the set of constraint functions be given as:

	 = f  i (�)j1 � i � M g (4.1)

where M is the number of constraints in the system. To incorporate the derivative
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statistics of natural images,we needto ensurethat a subsetof 	 constrainsderiva-

tiv esof neighboring pixels to have the Laplacian distribution, given in Equation 3.1.

Speci�cally,

	 N =

(

 i (x̂ i )
�
�
�
�  i (x̂ i ) = exp

 

�
1
2

 
jD � x̂ i j

� N

! � ! )

� 	 (4.2)

where x̂ i is a patch of spatially adjacent pixels, D is a derivative kernel, � is the

exponent parameter,setbetween0 and1, and � N is the standarddeviation parameter.

This setof constraint functions needsto cover all of the randomvariablesrepresenting

pixels in the latent image.

To illustrate the usefulnessof the prior on imagederivativesfor the task of super

resolution, let us look at a common strategy used in computer vision for inferring

missing information, shown in Figure 4-1(a). Two layers are used,one representing

observed \image" data and the other representing the hidden \scene" data [12, 42].

To infer the scenedata, weplaceconstraints betweenthe imageand scenedata, aswell

aswithin the scenedata itself. This is illustrated in a simpleinstantiation in Figure 4-

1(b) wherethe top circle nodesrepresent pixels in the scene,the bottom circle nodes

represent pixels in the observed image,the solid circlesrepresent constraints between

imageand scenedata, and the solid squaresare the constraints within the scenedata,

given by the natural imageprior.

4.1.1 Example In terp olation Problem

To illustrate the power of combining graphicalmodelswith the statistics of derivatives,

let us considerthe simple one-dimensionalinterpolation problem in Figure 4-2. Our

goal is to interpolate y1 from all of the other observed valuesin the stepsignal,where

yi = 2 for i � 0 and yi = 1 for i � 2.

We wish to use the techniques from Section 4.1 to derive a factor graph with

derivative statistics constraints. Let us assumea simplederivative kernelof [� 1; +1].

Wederive the factor graph in Figure 4-3to �nd solutionsto the interpolation problem,

where the circles represent the samplesof the signal and the solid squaresrepresent
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Figure 4-1: (a) A commonstrategy usedin computer vision to infer missinginforma-
tion is to represent the observed and hidden data as two di�eren t layers. The hidden
data is known as the \scene" layer and the observed data is known as the \image"
layer. (b) To infer the scenelayer, we placeconstraints betweenthe imageand scene
layers, as well as within the scenelayer itself. Here, we demonstratea simple factor
graph instantiation.

the derivative statistics constraint:

 (yi ; yi +1 ) = exp

 

�
1
2

 
jyi +1 � yi j

� N

! � !

(4.3)

for � 2 � i � 3. Therefore,the joint probability distribution is:

Pr(y� 2; y� 1; y0; y1; y2; y3; y4) /
3Y

i = � 2

 (yi ; yi +1 ): (4.4)

If we observe all of the random variablesexcepty1, then:

Pr(y1jy� 2; y� 1; y0; y2; y3; y4) = Pr(y1jy0; y2) (4.5)

/  (y0; y1) (y1; y2) (4.6)

/ exp

 

�
1
2

  
jy1 � y0j

� N

! �

+

 
jy2 � y1j

� N

! � !!

(4.7)

wherewe have taken into account from the factor graph that y1 is independent of all
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Figure 4-2: A simple interpolation problem where y1 must be interpolated from y0

and y2. Realistically, y1 will lie somewherebetween1 and 2. Using Equation 3.1, we
will show how the setting of � in
uences the value of y1.
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Figure 4-3: Factor graph for the interpolation problem in Figure 4-2. The circle
nodesrepresent the random variablesand the solid squaresrepresent the derivative
statistics constraint. Here, the shadednodesindicate observed values.

the other nodesgiven y0 and y2
1.

Examining Equation 4.7, shown in Figure 4-4 for di�eren t settings of � , reveals

that an extremum of Pr(y1jy0; y2) will occur at y1 = 1:5, regardlessof the value of

� . For � < 1, the extremum will be a local minima, causing the most probable

value of y1 to be either 1 or 2. For � > 1, Pr(y1 = 1:5jy0; y2) will be the global

maximum, making it the best estimatefor y1. The fact that � < 1 for natural images

is important becauseit imposesa \sharpnessprior". If the distribution is sparse,it

is preferableto have a singlestrong derivative, which would appear as a strong edge

in an image,rather than a pair of smallerderivatives,which would appear asa fuzzy

edge.

1Note that in generalspatially adjacent bandpass�lters are actually not independent [5]. Here,
we make a variational approximation [20] to the true probabilit y distribution.
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Figure 4-4: Each curve represents the probability of y1 for the corresponding setting
of � . For � > 1, the most likely valuesof y1 is 1.5, leading to a softer image edge.
For � < 1, y1 is most likely 1 or 2, either of which givesa sharper edgetransition.

4.2 Form ulating the Super Resolution Probabilit y

Distribution Function

To do super resolution, we againconsiderthe techniquesfrom Section4.1 to incorpo-

rate the natural imageprior and local constraints in the graphical model framework.

Here, we de�ne the local constraint basedon the systemdiagram in Figure 1-2. We

want the error betweenthe low resolution image and the decimatedhigh resolution

image, which we call the reconstruction error, to be minimized. For this, we as-

sume a Gaussiandistribution on the error. So, the set of local constraints on the

reconstructionerror is given by:

	 R =

8
<

:
 i (x̂ i ; yi )

�
�
�
�  i (x̂ i ; yi ) = exp

0

@�
1
2

 
W � x̂ i � yi

� R

! 2
1

A

9
=

;
(4.8)

whereyi is a low resolution pixel, x̂ i is a patch of spatially adjacent high resolution

pixels that correspondingly subsamplesto yi , W is a lowpass�lter, and � R is the
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standard deviation parameter.

With the set of local and natural image prior constraints in hand, we get the

overall posterior distribution:

Pr (f xg j f yg) =
1
C

Y

 i (�)2 	 N

 i (x̂ i )
Y

 i (�)2 	 R

 i (x̂ i ; yi ) (4.9)

where f xg are the latent high resolution pixels, f yg are the observed low resolution

pixels, and C is a normalization constant. 	 N and 	 R spansover the entire low and

high resolution images.

Let us consider the simple caseof zooming by a factor of two. We start by

converting Equation 4.9 into a factor graph (we describe the factor graph for the

one-dimensionalcasein Section4.3 and the two-dimensionalcasein the Appendix)

and specifying the messagepropagation equations. To solve the factor graph, we use

the max-product belief propagation (BP) algorithm [32] to compute the maximum

a posteriori (MAP) estimate of the random variables. Consideringall possiblepixel

intensities is intractable. To overcomethis, we assumefor each low resolution pixel

a small set of candidate 2 � 2 high resolution patches. The setsof patchesfor each

spatial loacation are the possiblestates of the latent variables, thereby making the

problem tractable. We discussthe tractabilit y issueand how to obtain candidate

patchesin Chapter 5.

4.3 One-Dimensional Super Resolution Example

To illustrate how to represent Equation 4.9 as a factor graph, let us consider the

one-dimensionalcase. Figure 4-5(a) shows the factor graph, where the transparent

circlesrepresent random variables(x i are the latent variablesand yi are the observed

variables), the solid squaresrepresent the natural image prior constraint, and the

solid circles represent the reconstruction constraint. We will assumea derivative

kernel of [� 1; 0; 1] and a three-tap Gaussiankernel. For tractabilit y, we assumethat

each latent variable represents a patch of two pixels, as illustrated in Figure 4-5(e).
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We notate the two pixels a and b of patch candidatej of latent node x i in our model

as xa
ij and xb

ij respectively, shown in Figure 4-5(f).

To derive the message-passingequations for the factor graph, we need to con-

sider three cases:messagespassedfrom latent node to constraint node, derivative

constraint node to latent node, and reconstruction constraint node to latent node,

illustrated in Figure 4-5(b)-(d). Let � i be an S-tuple representing messagespassed

betweenlatent node i and a constraint node, whereS is the total number of statesfor

latent node i . Each component of � i correspondsto oneof the S statesof node i . To

computethe messagesent from latent node x i at a particular setting to a neighboring

constraint node, we take the product of all incoming messagesat that setting of x i

except from the target constraint node. Using Figure 4-5(b), we write this explicitly

as follows:

� (t )
4 (x i )  � (t )

1 (x i )�
(t )
2 (x i )�

(t )
3 (x i ): (4.10)

To compute the messagesent from a derivative constraint node to a latent node

x i +1 at a particular setting, we incorporate the natural image prior, as discussedin

Section4.1. Using Figure 4-5(c), the messageis computedas follows:

� (t+1)
i +1 (x i +1 )  max

x i
� (t )

i (x i )
Y

p2f a;bg

exp

 

�
1
2

 
jxp

i+1 � xp
i j

� N

! � !

: (4.11)

To compute the messagesent from a reconstructionconstraint node to a latent node

x i +1 at a particular setting, we enforce the high to low resolution constraint, as

discussedin Section4.2. Using Figure 4-5(d), the messageis computedas follows:

� (t+1)
i +1  max

x i
� (t )

i (x i ) exp

0

@�
1
2

 
wT x0 � yi

� R

! 2
1

A (4.12)

where w is a three-tap Gaussian kernel and x0 = (xa
i ; xb

i ; xa
i +1 )T . For the two-

dimensionalmessagepropagation equations,seethe Appendix.

43



m1 4m

m3

m2

. . .. . .

. . .

. . .

mi i +1m

i +1m
mi

. . . . . .

{ . . .

. . .. . .

. . .

. . .

PSfrag replacements

(a)

(b)

(c) (d)

(e) (f )

1

S
xa

i xb
ix i

x i

x i

x i

yi

x i +1

x i +1

x1 x2 x3 x4

y1 y2 y3 y4

Figure 4-5: (a) Factor graph for 1D super resolution example. The random variables
arerepresented by the transparent nodeswherethe x i are the latent variablesand the
yi arethe observedvariables,the solid squaresrepresent the derivativeconstraint, and
the solid circlesrepresent the reconstruction constraint. In (b)-(d) we show message
propagation for the three possible cases: (b) latent node to constraint node; (c)
derivative constraint node to latent node; (d) reconstructionconstraint node to latent
node. The messagesare computedvia Equations4.10,4.11,and 4.12respectively. In
all of thesegraphs,it is important to note that the latent nodesx i represent patches,
not individual pixels. In (e), we pictorally show that for a given latent node, there
are S candidate patches. In (f ), we show in detail the two pixels a and b of a patch
candidate for random variable x i .
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Chapter 5

Obtaining Candidates

In Chapter 4, we showed how to combine the natural imageprior with the graphical

model framework to do super resolution. While representing the posterior distribu-

tion in a graphical model and deriving the messagepropagation equations,we were

extremely careful in the description of the latent variables. For the caseof zooming

by a factor of two, we said that each latent variable hasS statesand that each state

correspondsto a 2� 2 patch of pixels. In this chapter, we motivate the useof patches

for the latent variables and show how to obtain a small set of S candidate patches

for each latent variable.

5.1 Motiv ation

The graphical models that we use require a discrete representation of the latent

variables. For the posterior distribution given in Equation 4.9, we could have easily

de�ned each latent variable to correspond to a single pixel in the high resolution

image. If we use the common discretization of pixel intensities, then each latent

variable would have 256states. With this, a problem in complexity arises.

Consider directly representing the reconstruction constraint in Equation 4.9 as

a factor graph, where each latent variable corresponds to a single pixel in the high

resolution image. For the two-dimensionalcaseusinga 3� 3 GaussiankernelW, this

is illustrated in Figure 5-1(a) with messageupdate equation:
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The time-complexity of this update equation is O(S9), where S = 256 in this case.

The complexity getsmuch worseif weconsiderlowpasskernelsrequiring largerspatial

support.

If weuse2� 2 pachesof pixels, then weget the factor graphshown in Figure 5-1(b)

with messageupdate equation:
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The time-complexity of this update equation is O(S4). However, by grouping pixels

into 2� 2 patcheswe get 2564 possiblepatchesfor each latent variable. It is desirable

to somehow signi�cantly reducethe number of states per latent variable while still

obtaining a good solution.

5.2 Learning In terp olators

Freemanet al. reducethe number of statesby choosinga small number of plausible

patchesfor each latent variable [11]. Local imageinformation is usedto selecta setof
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Figure 5-1: (a) Factor graph for the reconstructionconstraint of Equation 4.9,assum-
ing that each latent variable correspondsto a singlepixel. If the commondiscretiza-
tion of pixel intensities is used,then there are S = 256statesfor each latent variable.
The time-complexity for messagepassingin this graph is O(S9) (seeEquation 5.1).
(b) Factor graph for the reconstruction constraint of Equation 4.9, assumingthat
each latent variable corresponds to a 2 � 2 patch of pixels. The time-complexity for
messagepassingin this graph is O(S4) (seeEquation 5.3). However, there are now
S = 2564 states. This motivates us to �nd a small set of candidate patchesfor each
latent variable.
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candidatepatchesfor each location in the image. A databasestoring the local image

information and the corresponding hidden imagedata is built a priori from a set of

training images.To obtain the set of candidatepatches,the databaseis searchedand

the top S candidatesmatching the local imageinformation is used.

Two issuesarisein obtaining candidatesusinga database.First, wemust storethe

databaseof local and hidden imageinformation pairs. To have enoughvariabilit y in

the solution, the databasemust be largeand somewhatrepresentativ e of the solution

space.Second,we must search this databasein an e�cien t manner to draw the top

S candidates.

Instead of drawing high resolution patch candidatesfrom a large database,we

proposegeneratingthem directly from local information in the low resolution image.

A set of learned functions generatehigh resolution patch candidatesfrom a small

patch of low resolution pixels1. Thus, given the low resolution image information y

around somepoint, the high resolution candidate f (y) at that point is modeledas a

linear function of y:

f (y) = T y (5.5)

where T is a matrix relating the low-resolution image information to a candidate

high-resolution patch2. To generatemultiple candidates,we �nd a set of matrices,

T 1 : : : T S, each of which interpolates the sameobserved information to a di�eren t

candidate for the latent variable. This is illustrated in Figure 5-2(b).

Given a training set of low resolution patches Y = f y1; : : : ; yN g and the corre-

sponding high resolution patchesX = f x1; : : : ; xN g, the interpolators are found via

a simple EM algorithm:

1. Usek-meansclustering to initially assigneach training examplepair (x i ; yi ) to

oneof S clusters.

1Theselocal functions canbeseenasmapping the low resolution imagedata to the high resolution
\scene data" [44].

2Although not used to produce the results in this thesis, non-linear functions can be computed
similarly by expanding y to include non-linear functions of the image data, such as polynomials.
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Figure 5-2: (a) An exampleof a simple factor graph. (b) The x i nodesin the graph
represent latent variables having groups of pixels, not single pixels, as states. In
this graph, each candidate state of a node represents a patch of four pixels. These
candidate patches are computed from local image data by a set of di�eren t linear
regressions,f 1(�) : : : f S(�).

2. For each cluster j = 1: : : S, set T j to be the least-squaressolution to X j =

T j Y j , where X j and Y j are each matrices stacked with all of the training

examplesassignedto cluster j . Note that if there are k examplesin cluster j ,

then X j and Y j will each have k columns.

3. Assigneach training examplepair (x i ; yi ) to the clusterwherethe corresponding

T j yi best predicts x i .

4. Repeat steps2 and 3 until the reconstructionerror
P S

j =1 jjX j � T j Y j jj reaches

the desiredthreshold.

By training S interpolators, we no longerneedto storea largedatabaseof patches

or search the databaseto obtain S candidates.We greatly reducethe storagerequire-

ments and the time to obtain candidates.

For super resolution, we empirically found that learning 16 interpolators using

3 � 3 low resolution patcheswill su�ce. Figure 5-3 shows the outputs of the trained

interpolators on a small low resolution patch. We seethat the set of interpolators

can generatea variety of high resolution patches.
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Figure 5-3: Two 3 � 3 low resolution patches and their corresponding 2 � 2 high
resolution patch candidates. Notice that for each low resolution patch (the local
information), a rangeof possiblehigh resolution candidatesare generated.
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Chapter 6

Performing Super Resolution

In this chapter, we outline the algorithm by using the techniquesdeveloped in Chap-

ters 4 and 5. We then demonstratethe algorithm and comparethe results against

other algorithms.

6.1 Outline of Algorithm

With the message-passingequationsin hand, we can now describe the algorithm for

super resolution. We follow the procedureas outlined in Section5.2 to producecan-

didate patches,run BP to �nd the candidateswith highestbelief, and then construct

the output image. The overall algorithm proceedsas follows:

1. For each pixel p in the low resolution image:

(a) Extract the 3� 3 window of pixelscentered at p. This is the local evidence.

(b) Vectorizethe pixels in the 3 � 3 window to form l.

(c) Using the set of trained linear interpolators T 1 : : : T S and l, linearly inter-

polate to obtain a set of high resolution candidatepatchesh1 : : : hS.

2. With the candidatehigh resolution patchesand observed low resolution image

in hand, run BP using the two-dimensionalmessage-passingequations in the

Appendix.
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Figure 6-1: Gallery of test imagesusedin this paper. All imagesareof size256� 256,
with the exceptionof image5, which is of size128� 128.

3. For each node, insert into the corresponding position the high resolution patch

with the highest belief.

We train the set of linear interpolators by consideringa set of natural images.We

use a 3 � 3 Gaussiankernel and subsampleto get a low/high resolution pair. We

then extract for each low resolution pixel the corresponding 3� 3 low resolution local

evidencepatch and 2 � 2 high resolution patch. With theselow and high resolution

patches,we train the set of linear interpolators as outlined in Section5.2.

For the experiments in this paper, we set � = 0:7, � N = 1, and � R = 0:01 and

ran BP for 5 iterations. For training, nine 432� 576 pixel grayscalenatural images

wereused,generatingroughly 500,000low/high resolution patch pairs, and 16 linear

interpolators were trained.

6.2 Results

To evaluate our super resolutionalgorithm, we (1) decimateda test imageby �ltering

with a 3� 3 Gaussiankerneland subsampledasdescribedaboveand (2) super resolved

back to the original dimensions. We comparedthe natural image prior algorithm

against the original image,bicubic interpolation, Freemanet al. fast example-based

super resolutionalgorithm [10], PhotoshopAltamira plug-in [1], and Greenspanet al.

nonlinear enhancement algorithm (using band-pass�ltering, c = 0:4, and s = 5) [13].
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(a) Original (b) Bicubic (c) Altamira

(d) Nonlinear en-
hancement

(e) Example-based (f ) Natural image
prior

Figure 6-2: 128� 128textured regioncropped from image2, decimatedto 64� 64and
then super resolved. (a) True high resolution; (b) Bicubic interpolation; (c) Altamira;
(d) Greenspanet al. nonlinear enhancement; (e) Freeman et al. example-based;
(f ) our natural image prior basedalgorithm. Notice that our natural image prior
algorithm clearly givesa sharper imagethan the bicubic interpolation and Altamira
algorithms. Also, the example-basedalgorithm producesnoisy artifacts, which our
algorithm overcomes.The nonlinear enhancement algorithm producesa sharp image
as well, but at the expenseof \haloing" artifacts.
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(a) Original (b) Bicubic (c) Altamira

(d) Nonlinear
enhancement

(e) Example-based (f ) Natural image
prior

Figure 6-3: 128� 128 bar region cropped from image 1, decimated to 64 � 64 and
then super resolved. (a) True high resolution; (b) Bicubic interpolation; (c) Altamira;
(d) Greenspanet al. nonlinear enhancement; (e) Freemanet al. example-based;(f )
our natural imageprior basedalgorithm. As in Figure 6-2, our algorithm producesa
sharp imagewith minimal noiseand \haloing" artifacts.
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(a) Original (b) Bicubic (c) Altamira

(d) Nonlinear
enhancement

(e) Example-based (f ) Natural image
prior

Figure 6-4: 128� 128 region cropped from image3, decimatedto 64� 64 and then
super resolved. (a) True high resolution; (b) Bicubic interpolation; (c) Altamira; (d)
Greenspanet al. nonlinear enhancement; (e) Freemanet al. example-based;(f ) our
natural imageprior basedalgorithm.

55



(a) Original (b) Bicubic (c) Altamira

(d) Nonlinear
enhancement

(e) Example-based (f ) Natural image
prior

Figure 6-5: 128� 128 region cropped from image4, decimatedto 64� 64 and then
super resolved. (a) True high resolution; (b) Bicubic interpolation; (c) Altamira; (d)
Greenspanet al. nonlinear enhancement; (e) Freemanet al. example-based;(f ) our
natural imageprior basedalgorithm.
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(a) Original (b) Bicubic (c) Altamira

(d) Nonlinear
enhancement

(e) Example-based (f ) Natural image
prior

Figure 6-6: Image 5, decimatedto 64 � 64 and then super resolved. (a) True high
resolution; (b) Bicubic interpolation; (c) Altamira; (d) Greenspanet al. nonlinear
enhancement; (e) Freemanet al. example-based;(f ) our natural image prior based
algorithm.
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(a) Original (b) Bicubic (c) Altamira

(d) Nonlinear
enhancement

(e) Example-based (f ) Natural image
prior

Figure 6-7: 128� 128 region cropped from image6, decimatedto 64� 64 and then
super resolved. (a) True high resolution; (b) Bicubic interpolation; (c) Altamira; (d)
Greenspanet al. nonlinear enhancement; (e) Freemanet al. example-based;(f ) our
natural imageprior basedalgorithm.
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(a) Original (b) Bicubic (c) Altamira

(d) Nonlinear
enhancement

(e) Example-based (f ) Natural image
prior

Figure 6-8: 128� 128 region cropped from image7, decimatedto 64� 64 and then
super resolved. (a) True high resolution; (b) Bicubic interpolation; (c) Altamira; (d)
Greenspanet al. nonlinear enhancement; (e) Freemanet al. example-based;(f ) our
natural imageprior basedalgorithm.
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(a) Original (b) Bicubic (c) Altamira

(d) Nonlinear
enhancement

(e) Example-based (f ) Natural image
prior

Figure 6-9: 128� 128 region cropped from image8, decimatedto 64� 64 and then
super resolved. (a) True high resolution; (b) Bicubic interpolation; (c) Altamira; (d)
Greenspanet al. nonlinear enhancement; (e) Freemanet al. example-based;(f ) our
natural imageprior basedalgorithm.
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(a) Original (b) Bicubic (c) Altamira

(d) Nonlinear
enhancement

(e) Example-based (f ) Natural image
prior

Figure 6-10: 128� 128region cropped from image9, decimatedto 64� 64 and then
super resolved. (a) True high resolution; (b) Bicubic interpolation; (c) Altamira; (d)
Greenspanet al. nonlinear enhancement; (e) Freemanet al. example-based;(f ) our
natural imageprior basedalgorithm.
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(a) Original (b) Bicubic (c) Altamira

(d) Nonlinear
enhancement

(e) Example-based (f ) Natural image
prior

Figure 6-11: 128� 128regioncropped from image10, decimatedto 64� 64 and then
super resolved. (a) True high resolution; (b) Bicubic interpolation; (c) Altamira; (d)
Greenspanet al. nonlinear enhancement; (e) Freemanet al. example-based;(f ) our
natural imageprior basedalgorithm.
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(a) Original (b) Bicubic (c) Altamira

(d) Nonlinear
enhancement

(e) Example-based (f ) Natural image
prior

Figure 6-12: 128� 128 synthetic font image(not included in the test gallery), deci-
mated to 64� 64and then super resolved [MSE in brackets]. (a) True high resolution;
(b) Bicubic interpolation [0.0345];(c) Altamira [0.0294];(d) Greenspanet al. nonlin-
ear enhancement [0.0740];(e) Freemanet al. example-based[0.0599];(f ) our natural
image prior basedalgorithm [0.0133]. As in Figures 6-2 and 6-3, we seethat our
algorithm producesa sharp result. Moreover, notice that the nonlinear enhancement
algorithm hassigni�cant \haloing" artifacts around the fonts. Theseartifacts do not
appear in our outputs.

We testedour algorithm on the set of imagesshown in Figure 6-1,noneof which were

usedfor training.

A comparison of the outputs for the di�eren t super resolution algorithms are

shown in Figures 6-2 through 6-12. Here, we show cropped sectionsof two natural

imagesfrom the test gallery, in addition to a synthetic imageof fonts. In Figure 6-

13, we show the mean-squarederror (MSE) of the imagesin the test gallery for the

di�eren t super resolution algorithms. Notice that the presented algorithm results in

the lowest MSE for all of the test images,followed by the Altamira algorithm.
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Figure 6-13: Plot of mean-squarederror (MSE) for super resolution. Notice that our
natural imageprior basedalgorithm has the lowest MSE in comparisonto the other
methods shown here. While MSE is not always a good measureof imagequality, for
this problem we feel the MSE correlatesreasonablywell with the image quality for
the di�eren t methods, as shown in Figures6-2, 6-3, and 6-12.

In all of the images,the bicubic-interpolated method results in overly smooth out-

puts. Our method clearly outperformsthis, producing sharper results. The example-

basedalgorithm producesa sharp imageas well, but at the expenseof perceptually

distracting artifacts. This is due to the databaseof patchesthat the example-based

method usesto obtain candidatesfor each latent node. Sincethe databasecomprises

patches that directly come from a set of training images, the patches tend to be

noisy and dependent on the content of the training images,which our algorithm over-

comesthrough the linear interpolators. The interpolators reducethe noise,but still

provide enoughvariabilit y in the higher frequencies.Moreover, our method is more

e�cien t in time and memoryusagesincewe do not have to search or storea database

of patches|w e simply interpolate. The Altamira algorithm producessharp images,

but appears to over-compensatein certain areas, resulting in a higher error. The

Greenspanet al. nonlinear enhancement sharpens the edges,but producesringing

artifacts as can be seenin the outline of the fonts in Figure 6-12(d).
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Chapter 7

Conclusion

In this chapter, we review the contributions of this thesisand suggestseveral avenues

for future work.

7.1 Con tributions

In this thesis, we outlined a general framework for incorporating the statistics of

derivativesinto graphical models that is usedin the �eld [24], and then applied this

framework to the problem of super resolution. For tractabilit y, we formulated a novel

approach for generatinglatent candidatevalues.

7.1.1 Application of Graphical Mo dels Using Deriv ativ e Statis-

tics to the Super Resolution problem

We showed that localized,oriented, bandpass�lters applied to natural imageshave

well-observed and robust statistics. We then showed how to incorporate the statistics

of the derivative �lter into factor graphsto constrain latent pixel values. The power of

this incorporation wasdemonstratedon a simpleinterpolation problem,which showed

how the framework biasedthe solutions. We then applied this framework to the super

resolution problem by introducing, in addition to the derivative statistic constraints,

constraints that causethe inferred high resolution imageto decimateto the observed
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low resolution image. For tractabilit y reasons,we grouped pixels into patches and

formulated the factor graph to infer the best patch out of a small set of candidate

patchesfor each latent variable. Wedemonstratedthe resulting super resolvedimages,

which have sharp edgesand few visual artifacts, againstsseveral existing algorithms.

We �nd that our algorithm competeswell overall in visual quality and with respect

to reconstructionerror.

7.1.2 Learned In terp olators to Generate Candidates

To generatea small, well-representativ e set of candidate patches, we formulated a

novel technique that usesa set of interpolators to interpolate locally-observed infor-

mation to get latent information. We train theseinterpolators via an EM algorithm

on a set of locally-observed, latent information pairs. The interpolation technique is

much more e�cien t than existing search-basedmethods, while still providing quality

candidatesets.

7.2 Perceptual Quan ti�cation

While the imagesproducedby the algorithm presented in this thesishave the lowest

overall error comparedto the other competing algorithms presented, this measure-

ment may not translate to perceptualsuperiority. Psychophysicalexperiments, which

comparevarious competing algorithms, needto be done. The results of theseexper-

iments may provide insights into improving the overall algorithm.
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App endix A

Tw o-Dimensional Message-P assing

Equations

Here, we give the two-dimensionalmessage-passingequations for the super resolu-

tion problem. The natural image prior and reconstruction constraints are shown

graphically in Figure A-1. For the natural image constraint, we use the derivative

kernel [� 1; 0; 1] and apply it in four directions (horizontal, vertical, and two diagonal

directions) as shown in Figure A-1(a)-(d). The propagation equation is given by:

� (t+1)
2 (x2)  max

x1
� (t )

1 (x1)
Y

p2f a;b;c;dg

exp

 

�
1
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2 � xp
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: (A.1)

The reconstruction constraint is shown graphically in Figure A-1(e) and is given by

the propagation equation:
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whereW is a 3 � 3 Gaussiankernel and:
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Figure A-1: (a)-(d) Factor graph segment for the directional derivative constraint
(horizontal, vertical, and two diagonaldirectionsrespectively). (e) The graphsegment
for the reconstructionconstraint. In each of the segments, it is important to remember
that the latent nodesx i represent patches,not individual pixels. In (f ), we pictorally
show that for a given latent node, there are S candidatepatches. In (g), we show in
detail a given patch candidate for x i .
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