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Abstract
Whena band-pass�lter is appliedto a natural image, thedistribution of theoutputhasa consistent,
distinctiveform acrossmanydifferent images,with the distribution sharplypeaked at zero and rela-
tively heavy-tailed.This prior hasbeenexploitedfor several image processingtasks. We showhow
thisprior ontheappearanceof natural imagescanalsobeusedto estimatefull-resolutionimagesfrom
incompletedata.Theunobservedimagepixelsaremodeledwith a factorgraph.Theconstraintsin the
factorgrapharebasedonthecharacteristicdistributionof imagederivatives.Weintroduceanef�cient
representationfor �nding candidatevaluesfor patchesof theimage beingestimated,avoidingcombi-
natorial explosion.Theusefulnessof thisapproach is demonstratedbyapplyingit to twoapplications:
extracting a high-resolutionimage from a low-resolutionversion and estimatinga full-color image
from an image with onecolor sampleper pixel. We showhow the superresolutionsystemproduces
noticeablysharperimages,with few signi�cant artifacts. Thedemosaicingsystemproducesfull-color
imageswith fewercolor-fringing artifactsthanimagesfromothermethods.

1 Intr oduction

A remarkablyconsistentpropertyof naturalimagesis the distribution of �lter outputswhena band-pass

�lter is appliedto the image. Many researchers[25, 21, 29] have reportedthat the histogramof the �lter

outputsis sharplypeakedat zeroandhighly kurtotic, similar to thehistogramshown in Figure1(b). This

propertyhasbeenobservedacrossverymany categoriesof images.

Thestrengthandrepeatabilityof this propertymake it invaluableasa statisticalprior on thestructure

of natural images. Simoncelli usedthis prior as the basisof a Bayesiannoise-removal algorithm [30].

SimoncelliandBuccigrossiusedthe regularstatisticalstructureof imagesfor compression[31]. Levin et

al. have shown how this prior canenableanimageto bedecomposedinto transparentlayers[17]. Zhu and

Mumfordusedtheprior to formulatereaction-diffusionequationsfor noiseandclutterremoval [39]. Several

authorshaveusedthisprior for wavelet-basedimagedeconvolution [7, 6].

In this paper, we describea generalstrategy for taking advantageof this prior on naturalimagesto

estimatefull-resolutionimagesfrom incompletedata. We thenshow two differentexamplesof how this

strategy canbeapplied.Section3 discussestheapplicationof theimageprior to theproblemof estimating

high-resolutionimagesfrom low resolutionimages,alsoknown assuper-resolution.In Section4, we show
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Figure1: (a)An exampleof anaturalimage.(b) Histogramof thehorizontalderivativesof theimagein (a).
Thehistogramis sharply-peakedat zero.

how to improve theestimationof truecolor imagesfrom poly-chromaticallysampledimages,suchasthose

createdby CCD's.

In bothtasks,thelatentimagebeingestimatedis modeledwell with a graphicalmodel.Weusethe�rst

derivative astheband-pass�lter andusethe regulardistribution of naturalimagederivativesto determine

theparametersof themodel. Theprior is enforcedusinga graphicalmodelrepresentedby discretestates.

Onelimitation of this approachis thepotentiallylargenumberof statesthatneedto berepresentedat each

node.To overcomethis,wedemonstrateanovel techniquewhichenablesadiscrete-valuedgraphicalmodel

to representthe wide rangeof imagevaluespossibleat eachnode. This techniqueallows for a �e xible

representationof thehiddenvariables,while controlling thecomputationalcomplexity of stateestimation,

which is a typicalproblemin learning-basedapproachesto low-level vision.

2 Graphical Modelsand Natural ImageStatistics

2.1 Natural ImageStatistics

As mentioned,the outputof band-pass�lters, includingderivative �lters, appliedto a naturalimagehave

sharplypeakeddistributions,with relatively heavy tails [25, 29]. Thesedistributionsareoftendescribedas

sparsedistributionsbecauseonly asmallproportionof theoutputsaregreaterthanzero.Thedistributionof

theoutputsis describedwell with ageneralizedLaplaciandistribution [21]:

p(x) / e¡ j x j ®

s (1)

where0 < ® < 1. We refer to this characteristicdistribution of derivativesasthe natural image prior,

becauseit is consistentacrossa wide variety of real images. An interpretationof this prior is that this

distribution describesimagesas consistinglargely of zero gradientregions interspersedwith occasional

stronggradienttransitions.It seemsplausiblethat in a given imagea sharpedgeis preferredover a blurry
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Figure2: A simpleexampleshowing the in�uence of theexponent® in Equation1 on interpolatedimage
sharpness.(a) A simple interpolationproblemwherey1 must be interpolatedfrom y0 and y2. (b) The
probabilitycurvesfor y1. Eachcurverepresentstheprobabilityof y for onevalueof ®. For ® > 1, themost
likely valuesof y1 is 1.5,leadingto asofterimageedge.For ® < 1, y1 is mostlikely 1 or 2, eitherof which
givesasharperedgetransition.

edge.This canbeseenby examiningthesimpleinterpolationproblemshown in Figure2. Thesamplesat

y0 andy2 areobserved,but y1 mustbeinterpolatedfrom theobservedvalues.

To estimatey1, we assumethat the probability of somevalueof y1, given y0 andy2, is proportional

to the probability of derivativesthat would be inducedby settingy1 to that value. If we assumethat the

derivativesin thesignalaredistributedaccordingto Equation1, then

p(y1jy0; y2) / e
¡

³
j 1¡ y j ® + j 2¡ y j ®

s

´

(2)

Examiningequation2, shown in Figure 2(b), shows that an extremumof p(y1jy0; y2) will occur at

y1 = 1:5, regardlessof thevalueof ®. However, for ® < 1, theextremumwill bea minimum,causingthe

mostprobablevalueof y1 to beeither1 or 2. For ® > 1, p(y1 = 1:5) will bemaximum,makingit thebest

estimatefor y1. Thefactthat® < 1 for naturalimagesis importantbecauseit imposesa “sharpnessprior”.

If thedistributionis sparse,it is preferableto haveasinglestrongderivative,whichwouldappearasastrong

edgein animage,ratherthanapairof smallerderivatives,whichwouldappearasa fuzzyedge.

Therelationshipbetween® andtheconvexity or concavity of theprobabilitycurve is importantto any

applicationrelying on this naturalimageprior. In [17], Levin et al. show how theprobabilitymustbeless

thanonein orderto successfullydecomposeanimageinto transparentlayers.

2.2 Applying ImageStatistics

Graphicalmodelsarea naturalchoicebecausethe constraintson groupsof pixels provided by the sparse

imageprior areconvenientlyexpressedin a graphicalmodel.For theproblemsdescribedin Sections3 and

4, ourgoalis to infer thepixel valuesof a full-resolutionimage.

We choseto usea factorgraphto expressthe graphicalmodel[16]. An exampleof a factorgraphis

shown in Figure3. Eachnodelabelledx i representsa groupof oneor morefull-resolutionpixelsthatmust

beestimated.Eachx i doesnotnecessarilyrepresentjustasinglepixel, thestateof x i couldinsteadrepresent

thevaluesof multiplepixels,asshown in Figure3(b). The�lled in squaresrepresentthelocal functions,or
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Figure3: (a) An exampleof a simplefactorgraph.(b) Thex i nodesin thegraphrepresentstatesof groups
of pixels,not a singlepixel. In this graph,eachcandidatestateof a noderepresentsa valueof four pixels.
Thesecandidategroupsof pixelsarecomputedfrom local imagedataby asetof differentlinearregressions,
f 1(¢) : : : f n (¢).

constraints,thatrelatethevariousnodesto eachother.

Theprobabilitydistribution expressedby a graphis theproductof theconstraintfunctions.We denote

theconstraintfunctionsbetweennodesasÃ(¢), whichis afunctionof thenodesconnectedto thatconstraint.

Thejoint probabilityof any con�gurationof thenodesis

P(x1; x2; : : : ; xn ) =
1
C

MY

i =1

Ãi (¢) (3)

whereÃi (¢) arefunctionsof thenodesin thegraphandC is anormalizationconstant.

Theprobabilitydistribution for agraphin Figure3(a)is

P(x1; x2; x3; x4) = Ã(x1; x2)Ã(x2; x4)Ã(x3; x4)Ã(x1; x3) (4)

Weutilize thepropertiesof naturalimagesby basingtheconstraintsbetweentwo neighboringcandidates

on theimagederivativesthat thetwo imagecandidateswould induceif they werechosenfor theestimated

image. If we expectthe latentimageto appearnatural,thenthederivativesbetweenits pixelsshouldalso

haveasparsedistribution. Consequently, if x i andx j representedthevalueof two neighboringpixelsbeing

estimated,thegeneralform of Ã(x i ; x j ) will be

Ã(x i ; x j ) / e
jx i ¡ x j j

®

s (5)

2.3 ChoosingCandidates

Along with specifyingtheform of compatibilityfunctions,theform of eachvariablein thegraphicalmodel

mustalsobechosen.We modelthenodesin thegraphicalmodel,which representthepixel valuesin the

imagebeingestimated,asdiscreterandomvariables.
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Usinga discreterepresentationrequireschoosingthenumberof statesto berepresentedat eachnode.

Themostcompleterepresentationwould requireonestatefor eachpossiblecombinationof intensity-levels

in theimagepatch.Unfortunately, thismakesperforminginferencein themodelcomputationallyintractable

becausethenumberof statesfor themodelwouldbehuge.Thecostof exactinferencegrowsexponentially

in thenumberof statesandevenapproximateinferencealgorithms,suchasbelief propagation,areO(n2)

in the numberof states.This representationproblemaffectsmany learning-basedvision algorithms. The

rangeof possiblevaluesfor eachnodeis very large,soalgorithmsmustbeableto �nd a smallnumberof

statesthatrepresentthemostlikely valuesof thehiddenvariables.

In [11], Freemanet al. avoid this problemby choosinga small numberof plausibleimagevaluesas

thesetof possiblestatesfor eachnode.Local imageinformationis usedto selecta candidatesetof image

patcheswhich representthe hiddenimagedataat eachlocation in the image. Using patchesreducesthe

numberof statesfor eachrandomvariableto a reasonablenumber, but requiresthat a large databaseof

imagepatchesbe stored. In addition,selectingcandidatevaluesrequiressearchingthis databasefor each

variable.

Insteadof selectingpatchesfrom a large database,we generatecandidatesdirectly from the observed

imagedata. Thecandidatesareproducedby a setof functionsthatgeneratecandidatepixel patchesfrom

the observed data. Theselocal functionscanbe seenasmappinglow-resolutionimagedatato the high-

resolution“scenedata” [35]. Given the observed imageinformationaroundsomepoint, l , the candidate

valuefor thehiddeninformationat thatpoint,h, is modeledasa linearfunctionof l :

h = T l (6)

whereT is the matrix relatingthe low-resolutionimageinformationto a candidatehigh-resolutionpatch.

Non-linearfunctionscanbecomputedsimilarly by expandingl to includenon-linearfunctionsof theimage

data,suchaspolynomials.

To generatemultiple candidates,we �nd a setof matrices,T 1 : : : T N , eachof which interpolatesthe

sameobservedinformationto a differentcandidatefor thehiddenimagepatch.This is illustratedin Figure

3(b). Thecandidatestatesat eachnodearecomputedby a setof linear regressionsof theobserved image

data,f 1(y) : : : f n (y).

Givena trainingsetof observedpatches,l , andthecorrespondinghiddenimagepatches,h, theinterpo-

latorsarefoundwith asimpleclusteringalgorithm:

1. Usek-meansclusteringto initially assigneachtrainingexampleto oneof N clusters.

2. For eachcluster, j , setT j to betheleast-squaressolutionto hj = T j l j , wherehj andl j arethesetof

trainingexamplesassignedto clusterj . Notethatif thereareK examplesin clusterj , thenh j andl j
will eachhaveK rows.

3. Assigneachexampleto theclusterwherethecorrespondingT j l bestpredictsh

4. Repeatstep2 until thereconstructionerrorjjh ¡ T j l jj dropsbelow a threshold.
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Figure4: (a) A systemdiagramof a low resolutionimageL generatedfrom a high resolutionimageH .
(b) Exampleof pixel replicationto increaseresolution. (c) Exampleof bicubic interpolationto increase
resolution.

3 SuperResolution

In thissection,weadaptthepresentedframework to thesuperresolutionproblem.Speci�cally, wedescribe

modi�cationsto themodelpresentedin Section2.2anddescribein detailthealgorithmto �nd solutions.

3.1 ProblemDescription

Superresolutiontakesasinput a singlelow-resolutionimageandproducesasoutputanimagewith higher

resolution,usuallyby a factorof two or more1. We approachthe problemby assuminga model for the

degradationof thehighresolutionimage.Speci�cally, weassumethatalow resolutionimageL is generated

from a high resolutionimageH by �rst convolving H with a low-pass�lter , to reducealiasing,andthen

downsamplingto thedesiredsize. This processis illustratedin Figure4(a). We now wish to performthe

inverseoperation,which is an underconstrainedproblem[3, 6, 28, 33]. Two simple solutionsare pixel

replication(Figure4(b)) andbicubic interpolation(Figure4(c)). Pixel replicationproducesjaggededges

and“blocky” artifactswhile bicubic interpolationproducesanoverly smoothresult. Thechallengeof this

problemis to addvisually plausiblehigh frequency informationin thehigherresolutionimageto sharpen

theedges.

3.2 PreviousWork

Functionalinterpolationmethods,suchasbicubicandcubicsplineinterpolation,approximateanunknown

continuousfunctionby a setof local functions,which canthenbediscretelysampledto thedesiredresolu-

tion [14, 13, 27]. While thesemethodsareusuallyfastandeasyto implement,the resultingimagesoften

have blurrededges.Imagesharpeningtechniqueshave beenproposedto amelioratetheresultsfrom func-

tional interpolationmethods[12, 22,34]. Thesemethodsresultin sharperimages,but maycontainhaloing

artifacts.An alternatesolutioninvolvesdeconvolving theblurring �lter [5, 36, 6, 7, 24]. While theresults

arequitegood,deconvolutionmethods,aswell asimagesharpeningmethods,only enhancefeaturesthatare

1Someauthorsreferto extractingasinglehigh resolutionimagefrom multiple low resolutionframesassuperresolution.Here,
wedealwith only singleframes,which is sometimescalled“imageinterpolation”.
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presentin thelow resolutionimage.Learning-basedmethodsuseprior informationto enhancethesolution

space[28, 2, 18, 32, 11, 10, 5]. While many of thesemethodssharpenthe low resolutionimage,a few of

thesealsoaddadditionalfeaturesnotappearingin thelow resolutionimage[2, 18,11,10].

3.3 Training and Algorithm

For superresolution,weconsiderEquation3 whichoutlineshow to incorporatethenaturalimageprior and

localconstraints.In thisproblem,thelocalconstraintis thereconstructionof thelow resolutionimagefrom

the inferredhigh resolutionpixels. We derive the following equationwhich takesinto accountthenatural

imageprior andreconstructionconstraint:

Pr (f xg j f yg) =
1
C

Y

(i;j )

exp
µ

¡
1
2

µ
jD i ¤ x̂ j j

¾N

¶ ®¶

| {z }
Naturalimageprior

¢
M NY

i =1

exp

Ã

¡
1
2

µ
W ¤ ~x i ¡ yi

¾R

¶ 2
!

| {z }
Reconstructionconstraint

: (7)

where¤ is theconvolutionoperator, f xg arethelatentrandomvariablesandf yg aretheobservedvariables.

For the natural imageprior, D i is a directionalderivative kernel, x̂ j is a patchof pixels from the high

resolutionimageof sizeequalto the derivative kernelD i , ¾N is the standarddeviation parameterof the

naturalimageprior, and® is the naturalimageprior. The productrangesover all directionalderivative

kernelsandover all appropriatelysizedpatches.For thereconstructionconstraint,W is a Gaussiankernel,

yi is a low resolutionpixel, ~x i is apatchof highresolutionpixelsthatsubsamplesto thelow resolutionpixel

yi of sizeequalto theGaussiankernelW, and¾R is thestandarddeviation parameterof thereconstruction

constraint.Theaboveequationis for a low resolutionimageof sizeM £ N . Also, the�rst productcontains

thenaturalimageprior constraintwhile thesecondproductis thereconstructionconstraint.

Considerthesimplecaseof zoomingby a factorof two. Westartby convertingEquation7 into a factor

graphrepresentation,asdiscussedin Section2.2(wedescribethefactorgraphrepresentationfor Equation7

below). To solve the factorgraph,we usethe max-productbelief propagation (BP) algorithm[8, 37] to

computethe maximuma posteriori(MAP) estimateof the randomvariables. Insteadof consideringall

possibleintensitiesfor thepixelswithin eachpatch,which is intractable,weassumefor eachlow resolution

pixel a smallsetof candidate2 £ 2 high resolutionpatches.Thesetsof candidatepatchesfor eachspatial

locationarethepossiblestatesof thelatentvariables,therebymakingtheproblemtractable.

To illustratehow to representtheabove equation,let usconsidertheone-dimensionalcase.Figure5(a)

shows thefactorgraph,wherethetransparentcirclesrepresentrandomvariables(x i arethelatentvariables

andyi arethe observed variables),the solid squaresrepresentthe naturalimageprior constraint,andthe

solid circlesrepresentthereconstructionconstraint.We will assumea derivative kernelof [¡ 1; 0; 1] anda

three-tapGaussiankernel.For tractability, weapplythehigh resolutionpatchconstraintaboveby requiring

eachlatentvariableto representapatchof two pixels,asillustratedin Figure5(e).Wenotatethetwo pixels

a andbof apatchcandidateof latentnodex i in ourmodelasxa
i andxb

i respectively, shown in Figure5(f).

To derive thepropagationequationsfor the factorgraph,we needto considerthreepropagationcases:

latentnodeto constraintnode,derivative constraintnodeto latentnode,andreconstructionconstraintnode

to latentnode,illustratedin Figure5(b)-(d). Let ¹ i be an S-tuple representingmessagespassedbetween
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Figure5: (a) Factorgraphfor 1D superresolutionexample. The randomvariablesarerepresentedby the
transparentnodeswherethex i arethelatentvariablesandtheyi aretheobservedvariables,thesolidsquares
representthe derivative constraint,andthe solid circlesrepresentthe reconstructionconstraint. In (b)-(d)
we show messagepropagationfor thethreepossiblecases:(b) latentnodeto constraintnode;(c) derivative
constraintnodeto latentnode;(d) reconstructionconstraintnodeto latentnode.Themessagesarecomputed
via Equations8, 9, and10 respectively. In all of thesegraphs,it is importantto notethatthelatentnodesx i

representpatches,not individual pixels. In (e), we pictorally show that for a givenlatentnode,thereareS
candidatepatches.In (f), we show in detail thetwo pixelsa andbof a patchcandidatefor randomvariable
x i .

latentnodei anda constraintnode,whereS is thetotal numberof statesfor latentnodei . Eachcomponent

of ¹ i correspondsto oneof the S statesof nodei . To computethe messagesentfrom latentnodex i at

a particularsettingto a neighboringconstraintnode,we take the productof all incomingmessageat that

settingof x i exceptfrom thetargetconstraintnode.UsingFigure5(b),wewrite thisexplicitly asfollows:

¹ 4(x i ) Ã ¹ 1(x i )¹ 2(x i )¹ 3(x i ): (8)

To computethemessagesentfrom a derivative constraintnodeto a latentnodex i +1 at a particularsetting,

we incorporatethe natural imageprior, as discussedin Section2.2. Using Figure 5(c), the messageis

computedasfollows:

¹ i +1 (x i +1 ) Ã max
x i

¹ i (x i )
Y

p2f a;bg

exp

Ã

¡
1
2

Ã
jxp

i+1 ¡ xp
i j

¾N

! ®!

: (9)

To computethe messagesentfrom a reconstructionconstraintnodeto a latentnodex i +1 at a particular

setting,weenforcethehigh to low resolutionconstraint,asdiscussedin Section3.1.UsingFigure5(d), the

messageis computedasfollows:

¹ i +1 Ã max
x i

¹ i (x i ) exp

0

@¡
1
2

Ã
wT x0¡ yi

¾R

! 2
1

A (10)

wherew is a three-tapGaussiankernelandx0 = (xa
i ; xb

i ; xa
i+1 )T . For thetwo-dimensionalmessagepropa-

gationequations,seetheAppendix.

With thepropagationequationsin hand,we cannow describethealgorithm. We follow theprocedure

asoutlinedin Section2.3 to producecandidatepatches,run BP to �nd thecandidateswith highestbelief,

andthenconstructtheoutputimage.Theoverall algorithmproceedsasfollows:
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Figure6: Galleryof testimagesusedin this paper. All imagesareof size256£ 256, with theexceptionof
image5, which is of size128£ 128.

1. For eachpixel p in thelow resolutionimage:

(a) Extractthe3 £ 3 window of pixelscenteredatp. This is thelocalevidence.

(b) Vectorizethepixelsin the3 £ 3 window to form l.

(c) Usingthesetof trainedlinear interpolatorsT 1 : : : T N andl, linearly interpolateto obtaina set

of high resolutioncandidatepatchesh1 : : : hN .

2. With thecandidatehigh resolutionpatchesandobservedlow resolutionimagein hand,run BP using

thederivedpropagationequationsin theAppendix.

3. For eachnode,insertinto thecorrespondingpositionthehighresolutionpatchwith thehighestbelief.

We train thesetof linearinterpolatorsby consideringa setof naturalimages.We usea 3 £ 3 Gaussian

kernelandsubsampleto get a low/high resolutionpair. We thenextract for eachlow resolutionpixel the

corresponding3 £ 3 low resolutionlocal evidencepatchand2 £ 2 high resolutionpatch. With theselow

andhigh resolutionpatches,we train thesetof linearinterpolatorsasoutlinedin Section2.3.

For theexperimentsin this paper, we set® = 0:7, ¾N = 1, and¾R = 0:01 andranBP for 5 iterations.

For training,nine432£ 576pixel grayscalenaturalimageswereused,generatingroughly500,000low/high

resolutionpatchpairs,and16 linearinterpolatorsweretrained.

3.4 Results

To evaluateoursuperresolutionalgorithm,we(1) decimateda testimageby �ltering with a3£ 3 Gaussian

kernel and subsampledas describedabove and (2) superresolved back to the original dimensions. We

comparedthenaturalimageprior algorithmagainsttheoriginal image,bicubicinterpolation,Freemanetal.

fastexample-basedsuperresolutionalgorithm—amemory-intensiveapproachusinggraphicalmodels[10],

PhotoshopAltamira plug-in—anundisclosedproprietaryalgorithm [1], and Greenspanet al. nonlinear

enhancementalgorithm—animagesharpeningalgorithm(here,we usedband-pass�ltering, c = 0:4, and

s = 5) [12]. We testedour algorithmon thesetof imagesshown in Figure6, noneof which wereusedfor

training.
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(a)Original (b) Bicubic (c) Altamira

(d) Nonlinear enhance-
ment

(e)Example-based (f) Naturalimageprior

Figure7: 128£ 128texturedregioncroppedfrom image2,decimatedto 64£ 64andthensuperresolved.(a)
Truehigh resolution;(b) Bicubic interpolation;(c) Altamira; (d) Greenspanet al. nonlinearenhancement;
(e)Freemanetal. example-based;(f) ournaturalimageprior basedalgorithm.Noticethatournaturalimage
prior algorithmclearlyout-performsthebicubicinterpolationandAltamira algorithms.Also, theexample-
basedalgorithm producesnoisy artifacts,which our algorithm overcomes. The nonlinearenhancement
algorithmproducesasharpimageaswell, but at theexpenseof “haloing” artifacts.
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(a)Original (b) Bicubic (c) Altamira

(d) Nonlinearenhancement (e)Example-based (f) Naturalimageprior

Figure8: 128£ 128bar region croppedfrom image1, decimatedto 64£ 64 andthensuperresolved. (a)
Truehigh resolution;(b) Bicubic interpolation;(c) Altamira; (d) Greenspanet al. nonlinearenhancement;
(e)Freemanetal. example-based;(f) ournaturalimageprior basedalgorithm.As in Figure7, ouralgorithm
producesasharpimagewith minimalnoiseand“haloing” artifacts.
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(a)Original (b) Bicubic (c) Altamira

(d) Nonlinearenhancement (e)Example-based (f) Naturalimageprior

Figure 9: 128 £ 128 syntheticfont image(not includedin the test gallery), decimatedto 64 £ 64 and
thensuperresolved [MSE in brackets]. (a) True high resolution;(b) Bicubic interpolation[0.0345]; (c)
Altamira [0.0294]; (d) Greenspanet al. nonlinearenhancement[0.0740]; (e) Freemanet al. example-
based[0.0599]; (f) our naturalimageprior basedalgorithm[0.0133]. As in Figures7 and8, we seethat
our algorithm producesa sharpresult. Moreover, notice that the nonlinearenhancementalgorithm has
signi�cant “haloing” artifactsaroundthefonts.Theseartifactsdonotappearin ouroutputs.

A comparisonof the outputsfor the differentsuperresolutionalgorithmsareshown in Figures7, 8,

andFigure9. Here,we show croppedsectionsof two naturalimagesfrom the testgallery, in additionto

a syntheticimageof fonts. In Figure10, we show themean-squarederror (MSE) of the imagesin thetest

galleryfor thedifferentsuperresolutionalgorithms.Noticethatthepresentedalgorithmresultsin thelowest

MSEfor all of thetestimages,followedby theAltamiraplug-in.

In all of the images,the bicubic-interpolatedmethodresultsin overly smoothoutputs. Our method

clearlyoutperformsthis, producingsharperresults.Theexample-basedalgorithmproducesa sharpimage

aswell, but at theexpenseof perceptuallydistractingartifacts.This is dueto thedatabaseof patchesthatthe

example-basedmethodusesto obtaincandidatesfor eachlatentnode.Sincethedatabasecomprisespatches

thatdirectly comefrom a setof trainingimages,thepatchestendto benoisyanddependenton thecontent

of the training images,which our algorithmovercomesthroughthe linear interpolators.The interpolators

reducethe noise,but still provide enoughvariability in the higherfrequencies.Moreover, our methodis

moreef�cient in time andmemoryusagesincewe do not have to searchor storea databaseof patches–

we simply interpolate.TheAltamira algorithmproducessharpimages,but appearsto over-compensatein
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Figure10: Plotof mean-squarederror(MSE)for superresolution.Noticethatournaturalimageprior based
algorithmhasthelowestMSE in comparisonto theothermethodsshown here.While MSE is not alwaysa
goodmeasureof imagequality, for thisproblemwefeel theMSEcorrelatesreasonablywell with theimage
quality for thedifferentmethods,asshown in Figures7, 8, and9.

certainareas,resultingin a highererror. TheGreenspanet al. nonlinearenhancementsharpenstheedges,

but producesringingartifactsascanbeseenin theoutlineof thefontsin Figure9(d).

We comparedtheresultswhen® is setto 0.7 and2. While the formersettingresultsin slightly lower

MSE, thereis not a signi�cant improvementin visualquality over the lattersetting. This maybebecause

theinterpolatorsarecapturingwell thederivativestatistics.Furtherstudyof theinterpolatorswill shedlight

on this issue.

4 DemosaicingCCD Output

A similar problemto super-resolutionis that of estimatinga full-color imagefrom samplesof only one

colorband.TypicalCCD'sareonly ableto sampleonecolorbandateachpixel in thesensor. This is known

aspoly-chromaticsamplingbecausethe samplesat neighboringpixels representthe intensityof different

colorbands.Figure11(c)showsthepoly-chromaticallysampledversionof Figure11(a),usingthesampling

patternin Figure11(b) [4]. To obtainthe full-color image,with the valueof threecolor bandsper pixel,

thevalueof theothertwo color bandsat eachpixel mustbe interpolatedfrom theobservedsamples.This

problem,known asdemosaicing,is similar to thesuper-resolutionproblemin thatwe aretrying to estimate

hiddeninformationat every pixel locationin the image,exceptnow we aretrying to estimatecolor values

insteadof high-resolutioninformation.

While themissingcolor valuesin eachbandcouldsimply be interpolatedfrom theobservedvaluesin

that band,that ignoresthe correlationbetweencolor bandvalues. A changein onecolor bandis usually
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(a) Input image

R G R G R
G B G B G
R G R G R
G B G B G
R G R G R

(b) SamplingPattern (c) Sampledinput im-
age

Figure11: An exampleof poly-chromaticsamplingandthecandidatecolorvaluesproducedby ourmethod.
(a) Theoriginal input image.(b) Thesamplingpatternused(c) Theinput imagesampledaccordingto the
patternshown in Figure11(b).

(a) (b) (c) (d)

Figure 12: If the interpolationmatrix bestsuitedfor the edgein (a) is appliedto (b), then (c) results.
However, if thebestinterpolationmatrix for (b) is used,then(d) canbeachieved.

correlatedwith a changein theotherbandsalso. In orderto take advantageof this correlation,researchers

have proposedusingall of the samplesin a neighborhoodaroundthe pixel beingestimatedto interpolate

theunobservedcolorbands.Theinterpolatedcolorvalues,h, arecalculatedasthelinearcombinationof the

observedcolorsamples,l :

h = T l (11)

wherel is createdby unwrappinga local K £ K neighborhoodinto a K 2 £ 1 vectorandT is a 2 £ K 2

matrixcontainingtheinterpolationcoef�cients. For theresultsshown here,weusedK = 3.

In [20], Brainardshows how T canbefoundusingBayesianmethods.Researchershave usedlearning

methodsto �nd T from bothtestpatterns[38] andreal imagesc[15, 23]. In [23], thesystemalsoperforms

non-linearinterpolationby expandingl to includeits squaredterms.

Eachof thesealgorithmsassumesthatT is constantfor thewholeimage,which impliesthatthecorre-

lation betweencolor bandsis alsothesameat every point. However, this correlationbetweencolor bands

variesaccordingto the structureof the image. The correlationbetweenred andgreenbandswill be very

differentfor a cyan edgethanfor a white edge. If the interpolatorbestsuitedto the cyan edgein Figure

12(a)is appliedto thewhiteedgein 12(b),thentheresults,shown in Figure12(c),will beincorrect.On the
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Figure13: A portionof thecandidatecolor valuesproducedby thesetof 20 candidateinterpolators.The
centerpixel shows thecandidatefull-color valuefor thatpixel.

otherhand,if theinterpolatorbestmatchedto thewhiteedgeis used,thentheresults,shown in Figure12(d)

areexcellent.

This canbeavoidedby allowing thecorrelationbetweencolor bandsto vary from pixel to pixel. To do

so,thecolorsat eachpixel areinterpolatedby oneof a setof interpolationmatrices,eachof which implies

adifferentcorrelationbetweencolorbands.

Effectively, thismodi�es equation11sothat:

h = T j l (12)

whereT j is oneof N possiblesetsof interpolationcoef�cients. By allowing the interpolatorto vary, the

correlationbetweencolor bandscanvary. A portionof thesetof possibleinterpolatorsis shown in Figure

13. Thecenterpixelsshow thecandidatevaluesproducedfor thecenterpixel in theimageshown in Figure

12(b). Thecolor of thecenterpixel variesaccordingto thecorrelationbetweencolor channelsassumedby

eachinterpolator. The color of the centerpixel variesasthe correlationbetweencolor bandsassumedby

eachmatrixvaries.

4.1 Model

Thesystemis basedon thefactorgraphshown in Figure14. Nodeslabelledyi denoteobservedvariables,

while the stateof nodesdenotedx i mustbe estimated.Thereis onex i nodeassociatedwith eachpixel

in the observed image. The stateof a hiddennodeis the bestinterpolator, T j , to useat that point. The

setof possibleinterpolatorsis chosenaccordingto the methoddescribedin section2.3. Using the setof

interpolatorsas the statefor the variablesin the graphicalmodel is vital becauserepresentingthe image

valuedirectly would requirea largetwo-dimensionalstatevariableat eachnode.With interpolators,only a

smallnumberof statesareneededateachnode.

As shown in Figure14(a),eachunobservednodeis constrainedby its directneighbors.Theconstraint

functionbetweentwo neighboringinterpolators,Ã(x i ; x j ), is basedon thesparseimageprior of thederiva-

tivesbetweenthepixel valuesthatwould beproducedby eachtheseinterpolators.To createtheconstraint

15



xx1

xx5

x x

x4

x

x
2

6

987

3

(a) Constraintsbetweenneighbor-
ing hiddennodes

y2

y8

x1

y3
y1

y4

y7 y9

y6y5

(b) Constraint between hidden
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Figure14: The factorgraphusedfor demosaicing.The graphhasconstraintsbetweenhiddennodesand
constraintsrelating hiddennodesto observed imagedata. For clarity, the two constraintsare depicted
separately.

function,weusethemarginalstatisticsof thethreecolorbandsandassumethatthederivativesof eachcolor

bandhave thesamedistribution. For two neighboringcandidateinterpolators,T i andT j , theconstraintre-

latingtheinterpolatorsis basedontheneighboringpixelsproducedby thetwo interpolators.If p is produced

by T i andp0 is produceby T 0
j , then

Ã(T i ; T 0
j ) = exp

Ã
¡j pr ¡ p0

r j® ¡ jpg ¡ p0
gj® ¡ jpb ¡ p0

bj
®

s

!

(13)

wherepr is thevalueof theredcolor bandat p andtherestof thecolor bandsarelabelledaccordingly. For

theresultsshown here,weuse® = 0:7 ands = 0:1.

This modelalsoincludesconstraintfunctionsbetweeneachinterpolatorandthe local observed image

information,shown in Figure14(b).Eachyi nodecorrespondsto apixel in theobservedimages.Thenode's

stateis the sampleof the singlecolor bandobserved at that point. The constraintbetweenthe observed

imagedataandthehiddennodesis modeledasamultivariategaussian

Ã(T n ; l ) = N (l ; ¹ n ; § n ) (14)

wherel is a vectorcontainingtheobservedsamplesfrom a 3 £ 3 local patch.Thevaluesof ¹ n and§ n are

foundwhenthesetof interpolators,T 1 : : : T N arechosen.

4.2 Demosaicingthe Image

Given a sampledinput imageandN candidateinterpolators,we estimatethe two missingcolor-bandsat

eachpixel with thefollowing steps:

1. For eachpixel p:

(a) For eachinterpolator, T n , calculateP(T n jl ), the likelihood that T n is the bestinterpolator,

giventhelocal imageinformation.
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Figure15: Comparisonof the meansquarederror of the reconstructionsproducedby four differentalgo-
rithms for demosaicing.The imagesfrom Figure6 wereusedfor the test. While the MSE is not a good
indicatorof perceptualquality for this task,ouralgorithmperformscomparablyto others.

(b) Useeachof thecandidateinterpolatorsto calculateacandidatevaluefor theunobserveddata.

(c) Useequation13 to calculatethe constraintfunction betweencandidatevaluesof neighboring

pixels.

2. Using the max-productBelief Propagation algorithm, �nd the most likely settingfor eachof the

randomvariables.

4.3 Results

For the �rst evaluationof our demosaicingalgorithm,we comparedit againstusinga single linear inter-

polatorto �nd the two unobserved color valuesat eachpoint. While [23] suggestsperformingnon-linear

interpolationby augmentingthe observationswith quadraticfunctionsof the data,we found that did not

improve theresultson our trainingset.Both thesingleglobal interpolatorusedfor comparisonandtheset

of interpolatorsusedby ouralgorithmweretrainedonasetof 18naturalimages.Theimageswereacombi-

nationof scannedphotographsandhigh-resolutiondigital pictures.Eachof theimageswasdown-sampled

to reducetheeffectsof any demosaicingthatoccurredwhentheimageswerecaptured.Thecandidatevalues

for eachpixel werecreatedby a setof twentydifferentinterpolators.Theimagesweresampledaccording

to thepatternshown in Figure11(b). In thispatternthereareactuallyfour differenttypesof localneighbor-

hoods.Therefore,we learnfour differentsetsof twentyinterpolators.Thechoiceof which interpolatorset

is usedatapixel dependsentirelyon thetypeof pixel beinginterpolated.

To evaluatethe performanceof the two algorithms,we useL 2 norm of the differencebetweeneach

pixel of thedemosaicedimageandeachpixel of thetrueimage.Over thewholetrainingset,we foundthat

averageL 2 errorof thepixelsproducedby our methodwas86%of thoseproducedby usinga singlelinear

interpolator. Notethat[23] showedthatusingasingleinterpolatorproducedasigni�cant improvementover

simply interpolatingeachcolorbandseparately.
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We alsousedthe testsetshown in Figure6 to compareour algorithmto otherdemosaicingsolutions.

Figure15 shows the meansquarederror of all color bandsfor four differentalgorithms. We compared

our methodto usinga single interpolator, bilinearly interpolatingthe color planesindependently, andan

algorithmutilizing themedian�lter [9]. Themedian�lter algorithmhasbeenfoundto performwell exper-

imentally in [20] and[26]. Our methodoutperformsthe others,exceptfor the median�lter algorithm,in

termsof MSE.Theimagesin thetestsetareaffectedby chromaticityartifactcausedby imagecompression.

Theselikely adverselyaffectedtheresultsof ouralgorithm.

(a)Original,non-sampledimage (b) Imageproducedusingmulti-
ple interpolators

(c) Imageproducedusingasingle
interpolator

(d) Enlargedportionof (a) (e)Enlargedportionof (b) (f) Enlargedportionof (c)

Figure16: A comparisonof theresultsproducedby usingmultiple interpolatorsversusasingleinterpolator.
Notice that the imageproducedwith multiple interpolators,shown in (c), doesnot have the color fringes
alongthecoatandtie.

However, themeansquarederrordoesnot capturetheimportantperceptualdifferences.Theimportant

differencein performanceliesalongtheedgesin theimage,wherecolor fringing canoccur. Thenumberof

pixelsalongedgesis relatively smallcomparedto thetotal numberof pixelsin theimage,sodifferencesin

performancealongtheedgeswill not mucheffect on theoverall MSE.Examiningtheimagesqualitatively

showsamuchgreaterimprovementby usingmultipleinterpolators,especiallyalongedgesin theimage.The

mostnoticeableartifactsof demosaicingalgorithmsarecoloredfringesalongedges.Figure16 shows the
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differencein fringing causedby usingoneinterpolatorversusmultiple interpolators.Usingoneinterpolator

causesthefringesalongthesuitcoatshown in Figure16(c).Thesearecausedwhenthecorrelationbetween

color bandsimplied in the interpolatoris incorrect. For example,if the interpolatorbelievesthat red and

greenare correlated,a red edgewill have a greenishfringe when it is demosaiced.By using multiple

interpolatorsandbelief propagation, our algorithmsigni�cantly reducesthe amountof color fringing in

Figure16(b).

In Figure17 we comparetheresultsof our algorithm,in Figure17(f), to two othermethodsfor demo-

saicing. Figure17(b) shows the resultsfrom independentlybilinearly interpolatingthe threecolor bands.

Figure17(c) shows the resultsfrom applyingthe “Bayes1” algorithmfrom [20]. Again the resultsfrom

usingmultiple interpolatorshavesigni�cantly lesscolor fringing.

The importanceof settingthe exponent® to be lessthanone,which wasdiscussedin Section2.1, is

illustratedin Figure19. Setting® greaterthan1 leadsto multiple small derivativesbeingfavoredover a

singlelargederivative. This leadsto theartifactsin Figure19(b). When® is lessthanone,sharpedgesare

preferred,resultingin Figure19(b).

(a)Original Image (b) Bilinearly interpolating the
colorchannelsindependently

(c) Applying the“Bayes1” algo-
rithm from [20]

(d) MedianFilter (e)Usingasingleinterpolator (f) Usingmultiple interpolators

Figure17: Comparisionof ouralgorithmwith two methodsof demosaicingdiscussedin [20]. Figures17(a),
17(b),and17(c)camefrom [19]. Enlargedportionsof these�gures areshown in Figure18.
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(a)Original Image (b) Bilinearly interpolatingthe color channelsinde-
pendently

(c) Applying the“Bayes1” algorithmfrom [20] (d) Usingasingleinterpolator

(e)MedianFilter (f) Usingmultiple interpolators

Figure18: Enlargedportionsof the �gures from Figure18. Using multiple interpolators,shown in (f),
increasesthequalityof thereconstruction,especiallyalongtheroof of thecar.

5 Conclusion

Solvingboththeproblemof super-resolutionandCCD demosaicingrequiresinferring anunobserved,full-

resolutionimagefrom a sampledversionof the image. In this paper, we have outlinedanapproachwhich

usesfactorgraphsto accomplishthis. The unobserved patchesof pixels in the full-resolution imageare

modeledasnodesin the graphandthe characteristicdistribution of the derivativesof real-world images

areusedto de�ne the constraintfunctionsbetweennodesin the factorgraph. The generalnatureof this

approachmakesit applicableto many problemsbesidessuper-resolutionandCCDdemosaicing.

To make inferencecomputationallyfeasible,we usediscrete-valuednodesin the factorgraph. Instead

of usingthestatesof eachvariableto representactualimagevalues,eachstaterepresentsa linearmapping

thatrelatestheobservedimagedatato theunobserved,full-resolutionimage.This permitsa smallnumber

of discretestatesto modeltherangeof possibleimagevaluesateachpoint in theimage.Thiscomputational

ef�ciency makesthisapproachvaluablefor taskswherea full-resolutionimagemustbefoundfrom asetof

samples.
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(a)Sampleresultsfor ® = 0:7 (b) Sampleresultsfor ® = 2:0

Figure19: Theeffect of theexponent® on theresults.Theresultsaresharperwhen® = 0:7 becausethe
statisticalprior favorsfewer, largederivatives.
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Appendix

Here,we give the two-dimensionalpropagation equationsfor the superresolutionproblem. The natural

imageprior andreconstructionconstraintsareshown graphicallyin Figure20. For thenaturalimagecon-

straint,we usethederivative kernel[¡ 1; 0; 1] andapply it in four directions(horizontal,vertical,andtwo

diagonaldirections)asshown in Figure20(a)-(d).Thepropagationequationis givenby:

¹ 2(x2) Ã max
x1

¹ 1(x1)
Y

p2f a;b;c;dg

exp

Ã

¡
1
2

Ã
jxp

2 ¡ xp
1j

¾N

! ®!

: (15)

Thereconstructionconstraintis shown graphicallyin Figure20(e)andis givenby thepropagationequation:

¹ 4(x4) Ã max
x1

max
x2

max
x3

¹ 1(x1)¹ 2(x2)¹ 3(x3) exp

Ã

¡
1
2

µ
W ¤ x0¡ y1

¾R

¶ 2
!

(16)

whereW is a3 £ 3 Gaussiankerneland:
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0

B
B
@

xa
1 xc

1 xa
3

xb
1 xd

1 xb
3

xa
2 xc

2 xa
4

1

C
C
A : (17)
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Figure20: (a)-(d) Factorgraphsegmentfor the directionalderivative constraint(horizontal,vertical, and
two diagonaldirectionsrespectively). (e) Thegraphsegmentfor the reconstructionconstraint.In eachof
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