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Abstract

Whena band-passlter is appliedto a natural image, the distribution of the outputhasa consistent,
distinctiveform acrossmanydifferentimages, with the distribution sharplypealed at zeio andrela-
tively heavy-tailed. This prior hasbeenexploitedfor several image processingasks. We showhow
thisprior ontheappearanceof natural imagescanalsobeusedto estimatdull-resolutionimagesfrom
incompletedata. Theunobservedmage pixelsare modeledvith a factor graph. Theconstaintsin the
factorgraphare basedonthecharacteristicdistribution of image derivatives We introducean ef cient
representatiorfor nding candidatevaluesfor patchesof theimage beingestimatedavoidingcombi-
natorial explosion.Theusefulnessf this approad is demonstatedby applyingit to two applications:
extracting a high-resolutionimage from a low-resolutionversion and estimatinga full-color image
from an image with one color sampleper pixel. We showhow the superresolutionsystermproduces
noticeablysharperimages,with few signi cant artifacts. Thedemosaicingystenproducesull-color
imageswith fewer color-fringing artifactsthanimagesfromothermethods.

1 Intr oduction

A remarkablyconsistenpropertyof naturalimagesis the distribution of lter outputswhena band-pass

Iter is appliedto theimage. Many researcherf25, 21, 29] have reportedthat the histogramof the Iter
outputsis sharplypealed at zeroandhighly kurtotic, similar to the histogramshowvn in Figure 1(b). This
propertyhasbeenobseredacross/ery mary categoriesof images.

The strengthand repeatabilityof this propertymake it invaluableasa statisticalprior on the structure
of naturalimages. Simoncelli usedthis prior asthe basisof a Bayesiannoise-remwgal algorithm [30].
Simoncelliand Buccigrossiusedthe regular statisticalstructureof imagesfor compressiori31]. Levin et
al. have shawn how this prior canenableanimageto be decomposeithto transparenkayers[17]. Zhuand
Mumford usedtheprior to formulatereaction-difusionequationgor noiseandclutterremoval [39]. Several
authorshave usedthis prior for wavelet-based@magedecorolution[7, 6].

In this paper we describea generalstrateyy for taking advantageof this prior on naturalimagesto
estimatefull-resolutionimagesfrom incompletedata. We thenshav two differentexamplesof how this
stratgy canbe applied. Section3 discusseshe applicationof theimageprior to the problemof estimating
high-resolutionmagesfrom low resolutionimages alsoknovn assupetresolution.ln Section4, we shav
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Figurel: (a) An exampleof a naturalimage.(b) Histogramof the horizontalderivativesof theimagein (a).
Thehistogramis sharply-pea&dat zero.

how to improve the estimationof true colorimagesfrom poly-chromaticallysampledmages suchasthose
createcby CCD's.

In bothtasks thelatentimagebeingestimateds modeledwell with a graphicalmodel. We usethe rst
derivative asthe band-pasdter andusethe regular distribution of naturalimagederivativesto determine
the parameter®f the model. The prior is enforcedusinga graphicalmodelrepresentedby discretestates.
Onelimitation of this approachis the potentiallylarge numberof stateghatneedto be representedt each
node.To overcomethis, we demonstrata novel techniquewhich enablesdiscrete-aluedgraphicaimodel
to representhe wide rangeof imagevaluespossibleat eachnode. This techniqueallows for a e xible
representationf the hiddenvariableswhile controlling the computationatompleity of stateestimation,
whichis atypical problemin learning-basedpproacheto low-level vision.

2 Graphical Modelsand Natural Image Statistics

2.1 Natural Image Statistics

As mentionedthe outputof band-pasdlters, including derivative Iters, appliedto a naturalimagehave
sharplypealeddistributions,with relatively heavy tails [25, 29]. Thesedistributionsareoftendescribechs
sparsdalistributionsbecaus@nly a small proportionof the outputsaregreatetthanzero. Thedistribution of
the outputsis describedvell with a generalized_aplaciandistribution [21]:

'xj®

p(x)/ € s 1)
where0 < ® < 1. We referto this characteristidistribution of derivativesasthe natural image prior,
becauset is consistentacrossa wide variety of real images. An interpretationof this prior is that this
distribution describesmagesas consistinglargely of zero gradientregions interspersedvith occasional
stronggradienttransitions.It seemlausiblethatin a givenimagea sharpedgeis preferredover a blurry
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Figure2: A simpleexampleshaving the in uence of the exponent® in Equationl oninterpolatedmage
sharpness.(a) A simple interpolationproblemwherey; mustbe interpolatedfrom yo andy,. (b) The
probabilitycurvesfor y;. Eachcurve representthe probabilityof y for onevalueof ®. For® > 1, themost
likely valuesof y; is 1.5,leadingto a softerimageedge.For ® < 1, y; is mostlikely 1 or 2, eitherof which
givesasharperedgetransition.

edge. This canbe seenby examiningthe simpleinterpolationproblemshawvn in Figure2. The samplesat
Yo andy, areobsered, but y; mustbeinterpolatedrom theobsenedvalues.

To estimatey1, we assumehat the probability of somevalue of y1, givenyg andys, is proportional
to the probability of derivativesthatwould be inducedby settingy to thatvalue. If we assumehatthe
derivativesin the signalaredistributedaccordingto Equationl, then
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P(yiiyo:y2) | € S (2)
Examiningequation2, shavn in Figure 2(b), shavs that an extremumof p(yijyo;y2) will occurat
y1 = 1.5, regardlessof the valueof ®. However, for ® < 1, theextremumwill be a minimum, causingthe
mostprobablevalueof y; to beeitherl or2. For ® > 1, p(y; = 1:5) will be maximum,makingit the best
estimatdor y;. Thefactthat® < 1 for naturalimagess importantbecausét imposesa “sharpnesgrior”.
If thedistributionis sparseit is preferabldo have asinglestrongderivative, whichwould appearsa strong
edgein animage,ratherthana pair of smallerderivatives,which would appealasa fuzzy edge.
Therelationshipbetween® andthe corvexity or concaity of the probability curve is importantto any
applicationrelying on this naturalimageprior. In [17], Levin etal. shov how the probability mustbe less
thanonein orderto successfullydecomposanimageinto transpareniayers.

2.2 Applying Image Statistics

Graphicalmodelsare a naturalchoicebecausehe constraintson groupsof pixels provided by the sparse
imageprior arecorvenientlyexpressedn a graphicalmodel. For the problemsdescribedn Sections3 and
4, our goalis to infer the pixel valuesof afull-resolutionimage.

We choseto usea factorgraphto expressthe graphicalmodel[16]. An exampleof a factorgraphis
shavn in Figure3. Eachnodelabelledx; representa groupof oneor morefull-resolutionpixelsthatmust
beestimatedEachx; doesnotnecessarilyepresenjustasinglepixel, thestateof x; couldinsteadepresent
thevaluesof multiple pixels,asshavn in Figure3(b). The lled in squaresepresenthelocal functions,or
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Figure3: (a) An exampleof a simplefactorgraph.(b) Thex; nodesin the graphrepresenstatesof groups
of pixels, notasinglepixel. In this graph,eachcandidatestateof a noderepresents valueof four pixels.
Thesecandidategroupsof pixelsarecomputedrom localimagedataby a setof differentlinearregressions,

f1(9:::fn(9.

constraintsthatrelatethevariousnodesto eachother

The probability distribution expressedy a graphis the productof the constraintfunctions. We denote
theconstrainfunctionsbetweemodesasA (9, whichis afunctionof thenodesconnectedo thatconstraint.
Thejoint probability of any con guration of thenodess

1 ¥
P(x1;x2;055%xn) = = A9 (3)
Cia
whereA, (¢ arefunctionsof thenodesin thegraphandC is anormalizationconstant.
Theprobability distribution for agraphin Figure3(a)is

P (X1;X2; X3;X4) = A(X1;X2)A(X2; X4) A(X3; X4)A(X1; X3) (4)

We utilize thepropertieof naturalimagesby basingtheconstraintbetweerntwo neighboringcandidates
ontheimagederiativesthatthe two imagecandidatesvould induceif they werechoserfor the estimated
image. If we expectthe latentimageto appeamatural,thenthe derivativesbetweenits pixels shouldalso
have a sparsalistribution. Consequentlyif x; andx; representethevalueof two neighboringpixelsbeing
estimatedthe generaform of A(x;; X;j) will be

jrii xij”

A(xi;xj) | € s 5)

2.3 ChoosingCandidates

Along with specifyingtheform of compatibility functions,the form of eachvariablein the graphicaimodel
mustalsobe chosen.We modelthe nodesin the graphicalmodel,which representhe pixel valuesin the
imagebeingestimatedasdiscreterandomvariables.



Using a discreterepresentatiomequireschoosingthe numberof statesto be representedt eachnode.
The mostcompleterepresentatiowould requireonestatefor eachpossiblecombinationof intensity-levels
in theimagepatch.Unfortunatelythis makesperforminginferencan themodelcomputationallyntractable
becaus¢he numberof statedor themodelwould be huge.The costof exactinferencegrowns exponentially
in the numberof statesand even approximatenferencealgorithms,suchasbelief propagtion, areO(n?)
in the numberof states.This representatioproblemaffects mary learning-basedision algorithms. The
rangeof possiblevaluesfor eachnodeis very large, so algorithmsmustbe ableto nd a smallnumberof
stateghatrepresenthe mostlik ely valuesof the hiddenvariables.

In [11], Freemaret al. avoid this problemby choosinga small numberof plausibleimagevaluesas
the setof possiblestatesor eachnode. Local imageinformationis usedto selecta candidatesetof image
patcheswhich representhe hiddenimagedataat eachlocationin the image. Using patcheseduceshe
numberof statesfor eachrandomvariableto a reasonable@umber but requiresthat a large databasef
imagepatchesbe stored. In addition, selectingcandidatevaluesrequiressearchinghis databasdor each
variable.

Insteadof selectingpatchedrom a large databasewe generatecandidateglirectly from the obsered
imagedata. The candidatesire producedby a setof functionsthat generatecandidatepixel patchedrom
the obsened data. Theselocal functionscanbe seenas mappinglow-resolutionimagedatato the high-
resolution“scenedata” [35]. Giventhe obsened imageinformationaroundsomepoint, |, the candidate
valuefor the hiddeninformationat thatpoint, h, is modeledasalinearfunctionof | :

h= Tl (6)

whereT is the matrix relatingthe low-resolutionimageinformationto a candidatehigh-resolutionpatch.
Non-linearfunctionscanbe computedsimilarly by expandingl to includenon-linearfunctionsof theimage
data,suchaspolynomials.

To generatamultiple candidateswe nd a setof matrices, T ;::: Ty, eachof which interpolateghe
sameobsenedinformationto a differentcandidatdor the hiddenimagepatch.This s illustratedin Figure
3(b). The candidatestatesat eachnodeare computedby a setof linear regressionf the obsenedimage
data,f1(y) :::fn(y).

Givenatrainingsetof obseredpatchesl, andthe correspondindpiddenimagepatchesh, theinterpo-
latorsarefoundwith a simpleclusteringalgorithm:

1. Usek-mean<lusteringto initially assigneachtrainingexampleto oneof N clusters.

2. Foreachclusterj, setT to betheleast-squaresolutionto h; = T;lj, whereh; andlj arethesetof
trainingexamplesassignedo clusterj . Notethatif thereareK examplesin clusterj, thenh; andl;
will eachhave K rows.

3. Assigneachexampleto the clusterwherethecorresponding ;| bestpredictsh

4. Repeastep?2 until thereconstructiorerrorjjh j T;ljj dropsbelow athreshold.
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Figure4: (a) A systemdiagramof a low resolutionimageL generatedrom a high resolutionimageH .
(b) Exampleof pixel replicationto increaseresolution. (c) Exampleof bicubic interpolationto increase
resolution.

3 SuperResolution

In this sectionwe adaptthe presentedramewvork to the supemresolutionproblem.Speci cally, we describe
modi cationsto themodelpresentedn Section2.2anddescriban detailthealgorithmto nd solutions.

3.1 Problem Description

Superresolutiontakesasinput a singlelow-resolutionimageandproducesasoutputanimagewith higher
resolution,usually by a factorof two or more!. We approachthe problemby assuminga modelfor the
degradatiorof thehighresolutionmage.Speci cally, we assumehatalow resolutionimagel is generated
from a high resolutionimageH by rst corvolving H with a low-pass Iter, to reducealiasing,andthen
downsamplingto the desiredsize. This processs illustratedin Figure4(a). We now wish to performthe
inverseoperation,which is an underconstrainegroblem[3, 6, 28, 33]. Two simple solutionsare pixel
replication(Figure 4(b)) and bicubic interpolation(Figure 4(c)). Pixel replicationproducegaggededges
and“blocky” artifactswhile bicubicinterpolationproducesan overly smoothresult. The challengeof this
problemis to addvisually plausiblehigh frequeng informationin the higherresolutionimageto sharpen
theedges.

3.2 PreviousWork

Functionalinterpolationmethods suchasbicubicandcubic splineinterpolation,approximatean unknovn

continuoudunctionby a setof local functions,which canthenbe discretelysampledo the desiredresolu-
tion [14, 13, 27]. While thesemethodsareusuallyfastandeasyto implement,the resultingimagesoften
have blurrededges.Imagesharpeningechniquesave beenproposedo amelioratethe resultsfrom func-

tional interpolationmethodq12, 22, 34]. Thesemethodsesultin sharpeimages but may containhaloing
artifacts. An alternatesolutioninvolvesdecowolving the blurring lter [5, 36,6, 7, 24]. While the results
arequitegood,decowolution methodsaswell asimagesharpeningnethodspnly enhancdeatureghatare

!Someauthorsreferto extractinga singlehigh resolutionimagefrom multiple low resolutionframesassupermesolution.Here,
we dealwith only singleframes,whichis sometimegalled“imageinterpolation”.



presenin thelow resolutionimage.Learning-basedhethodsuseprior informationto enhancehe solution
spacg28, 2, 18, 32,11, 10, 5]. While mary of thesemethodssharperthe low resolutionimage,a few of
thesealsoaddadditionalfeaturesnot appearingn thelow resolutionimage[2, 18,11, 10].

3.3 Training and Algorithm

For superresolutionwe considerEquation3 which outlineshow to incorporatehe naturalimageprior and
local constraintsin this problem thelocal constrainis thereconstructiorof thelow resolutionimagefrom
the inferred high resolutionpixels. We derie the following equationwhich takesinto accountthe natural
imageprior andreconstructiorconstraint:

|
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Naturalimageprior Reconstructiortonstraint

wheren is the corvolution operatoy f xg arethelatentrandomvariablesandf yg arethe obsenedvariables.
For the naturalimageprior, D; is a directionalderiative kernel, ®; is a patchof pixels from the high

resolutionimageof size equalto the derivative kernel D, ¥y is the standarddeviation parametef the

naturalimageprior, and® is the naturalimageprior. The productrangesover all directionalderivative

kernelsandover all appropriatelysizedpatches For thereconstructiorconstraintW is a Gaussiarkernel,

yi is alow resolutionpixel, x; is apatchof high resolutionpixelsthatsubsampleto thelow resolutionpixel

y;i of sizeequalto the GaussiarkernelW, and¥g is the standardleviation parameteof thereconstruction
constraint.Theabove equationis for alow resolutionimageof sizeM £ N . Also, the rst productcontains
the naturalimageprior constrainwhile the secondoroductis thereconstructiortonstraint.

Considerthe simplecaseof zoomingby afactorof two. We startby corverting Equation? into afactor
graphrepresentatiorgsdiscussedn Section2.3we describehefactorgraphrepresentatiofor Equation?
below). To solve the factor graph,we usethe max-productbelief propagtion (BP) algorithm[8, 37] to
computethe maximuma posteriori(MAP) estimateof the randomvariables. Insteadof consideringall
possibleintensitiesfor the pixelswithin eachpatch,whichis intractable we assumdor eachlow resolution
pixel a smallsetof candidate? £ 2 high resolutionpatches.The setsof candidategpatchedor eachspatial
locationarethe possiblestatesof the latentvariablestherebymakingthe problemtractable.

To illustratehow to representhe above equation et us considerthe one-dimensionatase.Figure5(a)
shawvs thefactorgraph,wherethetransparentirclesrepresentandomvariables(x; arethelatentvariables
andy; arethe obsered variables),the solid squaregepresenthe naturalimageprior constraint,andthe
solid circlesrepresenthe reconstructiorconstraint.We will assumea derwvative kernelof [j 1;0; 1] anda
three-tapGaussiarkernel. For tractability we applythe high resolutionpatchconstraintabove by requiring
eachlatentvariableto represena patchof two pixels,asillustratedin Figure5(e). We notatethe two pixels
a andb of a patchcandidateof latentnodex; in our modelasx? andxib respectiely, shavn in Figure5(f).

To derive the propagtion equationgor the factorgraph,we needto considerthreepropagtion cases:
latentnodeto constrainihode,derivative constraintnodeto latentnode,andreconstructiorconstraintnode
to latentnode, illustratedin Figure5(b)-(d). Let 1 ; be an S-tuple representingnessagepassedetween
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Figure5: (a) Factorgraphfor 1D superresolutionexample. The randomvariablesarerepresentetby the
transparenbhodesvherethex; arethelatentvariablesandthey; aretheobseredvariablesthesolid squares
representhe derivative constraint,andthe solid circlesrepresenthe reconstructiorconstraint. In (b)-(d)
we shov messag@ropagtionfor thethreepossiblecases(b) latentnodeto constraintnode;(c) derivative
constrainhodeto latentnode;(d) reconstructiorronstrainnodeto latentnode. Themessagearecomputed
via Equations8, 9, and10respectely. In all of thesegraphsijt is importantto notethatthelatentnodesx;
represenpatchesnotindividual pixels. In (e), we pictorally shav thatfor a givenlatentnode,thereareS
candidatepatchesin (f), we shav in detailthe two pixelsa andb of a patchcandidatdor randomvariable
Xj.

latentnodei andaconstraininode,whereS is thetotal numberof statedor latentnodei. Eachcomponent
of 1; correspondso oneof the S statesof nodei. To computethe messageentfrom latentnodex; at
a particularsettingto a neighboringconstraintnode,we take the productof all incomingmessaget that
settingof x; exceptfrom thetargetconstraininode.UsingFigure5(b), we write this explicitly asfollows:

La(xi) A L a(Xi)t 2(xi)t 3(xi): (8)

To computethe messagsentfrom a derivative constraintnodeto a latentnodex;.1 ata particularsetting,
we incorporatethe naturalimage prior, as discussedn Section2.2. Using Figure 5(c), the messagés
computedasfollows:
A A Y
XDy i X7
Ya

~ Y 1
Vis (Xiv1) A maxti(x;) exp i 5 (9)
' p2f a;bg
To computethe messagesentfrom a reconstructiorconstraintnodeto a latentnodex;.+1 at a particular
setting,we enforcethe high to low resolutionconstraintasdiscussedn Section3.1. Using Figure5(d), the
messagés computedasfollows:
° 1 AW TxO; | 21

tisn A maxt (x)exp@ o

wherew is athree-tapGaussiarkernelandx®= (x2; xb x&,)T. For thetwo-dimensionamessag@ropa-
gationequationsseethe Appendix.

With the propagtion equationsn hand,we cannow describethe algorithm. We follow the procedure
asoutlinedin Section2.3to producecandidatepatchesrun BP to nd the candidatesvith highestbelief,
andthenconstructhe outputimage.The overall algorithmproceedssfollows:
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Figure6: Galleryof testimagesusedin this paper All imagesareof size256£ 256, with the exceptionof
imageb, whichis of size1l28£ 128

1. For eachpixel p in thelow resolutionimage:

(a) Extractthe3 £ 3 window of pixelscenteredatp. Thisis thelocal evidence.
(b) Vectorizethepixelsin the3 £ 3 window to form|.

(c) Usingthesetof trainedlinearinterpolatorsT 1 ::: Ty andl, linearly interpolateto obtaina set
of highresolutioncandidateatches ::: hy.

2. With the candidatehigh resolutionpatchesandobsenedlow resolutionimagein hand,run BP using
thederived propagtionequationsn the Appendix.

3. Foreachnode,insertinto thecorrespondingositionthe high resolutionpatchwith the highestbelief.

We train the setof linearinterpolatorsy consideringa setof naturalimages.We usea 3 £ 3 Gaussian
kernelandsubsampldo geta low/high resolutionpair. We thenextractfor eachlow resolutionpixel the
corresponding £ 3 low resolutionlocal evidencepatchand2 £ 2 high resolutionpatch. With theselow
andhighresolutionpatcheswe train the setof linearinterpolatorsasoutlinedin Section2.3.

For the experimentdn this paperwe set® = 0:7, ¥y = 1, and¥g = 0:01andranBP for 5 iterations.
For training,nine432£ 576pixel grayscalaaturalimagesvereusedgeneratingoughly500,000ow/high
resolutionpatchpairs,and16 linearinterpolatorsveretrained.

3.4 Results

To evaluateour supemresolutionalgorithm,we (1) decimatedatestimageby ltering with a3£ 3 Gaussian
kernel and subsampleds describedabore and (2) superresolhed backto the original dimensions. We
comparedhe naturalimageprior algorithmagainstthe originalimage bicubicinterpolation Freemaretal.
fastexample-basedupermesolutionalgorithm—amemory-intensie approactusinggraphicaimodelg[10],
PhotoshopAltamira plug-in—anundisclosedoroprietaryalgorithm [1], and Greensparet al. nonlinear
enhancemenrdlgorithm—animagesharpeningalgorithm (here,we usedband-pasdtering, ¢ = 0:4, and
s = 5) [12]. We testedour algorithmon the setof imagesshown in Figure6, noneof which wereusedfor
training.



(d) Nonlinear enhance- (e) Example-based () Naturalimageprior
ment

Figure7: 128£ 128texturedregioncroppedromimage2, decimatedo 64£ 64 andthensuperesohed. (a)
True high resolution;(b) Bicubic interpolation;(c) Altamira; (d) Greenspart al. nonlinearenhancement;
(e) Freemaretal. example-based{f) ournaturalimageprior basedalgorithm.Noticethatour naturalimage
prior algorithmclearly out-performgahe bicubicinterpolationand Altamira algorithms.Also, the example-
basedalgorithm producesnoisy artifacts, which our algorithm overcomes. The nonlinearenhancement
algorithmproduces sharpimageaswell, but at the expenseof “haloing” artifacts.
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(a) Original (b) Bicubic (c) Altamira

(d) Nonlinearenhancement (e) Example-based (f) Naturalimageprior

Figure8: 128£ 128barregion croppedfrom imagel, decimatedo 64 £ 64 andthensuperresohed. (a)
True high resolution;(b) Bicubic interpolation;(c) Altamira; (d) Greenspart al. nonlinearenhancement;
(e) Freemaretal. example-based{f) ournaturalimageprior basedalgorithm.Asin Figure7, ouralgorithm
producesa sharpimagewith minimal noiseand“haloing” artifacts.

11



(a) Original (b) Bicubic (c) Altamira

(d) Nonlinearenhancement (e) Example-based () Naturalimageprior

Figure9: 128£ 128 syntheticfont image (not includedin the testgallery), decimatedto 64 £ 64 and
then superresohed [MSE in braclets]. (a) True high resolution;(b) Bicubic interpolation[0.0345]; (c)
Altamira [0.0294]; (d) Greensparet al. nonlinearenhancemenin.0740]; (e) Freemanet al. example-
based0.0599]; (f) our naturalimageprior basedalgorithm[0.0133]. As in Figures7 and8, we seethat
our algorithm producesa sharpresult. Moreover, notice that the nonlinearenhancemenalgorithm has
signi cant “haloing” artifactsaroundthe fonts. Theseartifactsdo notappeaiin our outputs.

A comparisorof the outputsfor the different superresolutionalgorithmsare shavn in Figures?, 8,
andFigure9. Here,we shav croppedsectionsof two naturalimagesfrom the testgallery, in additionto
a syntheticimageof fonts. In Figure 10, we shav the mean-squaredrror (MSE) of theimagesin thetest
galleryfor thedifferentsupemresolutionalgorithms.Noticethatthepresente@lgorithmresultsin thelowest
MSE for all of thetestimagesfollowedby the Altamira plug-in.

In all of the images,the bicubic-interpolatednethodresultsin overly smoothoutputs. Our method
clearly outperformshis, producingsharperesults. The example-basedlgorithmproducesa sharpimage
aswell, but atthe expenseof perceptualliydistractingartifacts. Thisis dueto thedatabasef patcheghatthe
example-basedethoduseso obtaincandidate$or eachlatentnode.Sincethedatabaseomprisepatches
thatdirectly comefrom a setof trainingimagesthe patchegendto be noisyanddependenon the content
of the training images which our algorithmovercomeghroughthe linear interpolators. The interpolators
reducethe noise,but still provide enoughvariability in the higherfrequencies.Moreover, our methodis
moreefcient in time and memoryusagesincewe do not have to searchor storea databasef patches—
we simply interpolate. The Altamira algorithm producessharpimages but appeardo over-compensatin
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Figurel10: Plotof mean-squaredrror(MSE) for superesolution.Noticethatour naturalimageprior based
algorithmhasthe lowestMSE in comparisono the othermethodsshovn here.While MSE is not alwaysa
goodmeasuref imagequality, for this problemwe feelthe MSE correlategeasonablyvell with theimage
quality for the differentmethodsasshaovn in Figures7, 8, and9.

certainareasyesultingin a highererror The Greenspart al. nonlinearenhancemergharpenshe edges,
but producesinging artifactsascanbe seenin theoutline of thefontsin Figure9(d).

We comparedheresultswhen® is setto 0.7 and2. While the former settingresultsin slightly lower
MSE, thereis not a signi cant improvementin visual quality over the latter setting. This may be because
theinterpolatorsarecapturingwell the derivative statistics.Furtherstudyof theinterpolatorswill shedlight
onthisissue.

4 DemosaicingCCD Output

A similar problemto supetresolutionis that of estimatinga full-color imagefrom samplesof only one
colorband.Typical CCD's areonly ableto sampleonecolor bandat eachpixel in thesensarThisis known
aspoly-chromaticsamplingbecausahe samplesat neighboringpixels representhe intensity of different
colorbands Figurell(c)shovsthepoly-chromaticallysampledrersionof Figurell(a),usingthesampling
patternin Figure11(b)[4]. To obtainthe full-color image,with the value of threecolor bandsper pixel,
the value of the othertwo color bandsat eachpixel mustbeinterpolatedrom the obsered samples.This
problem,known asdemosaicingis similar to the supetresolutionproblemin thatwe aretrying to estimate
hiddeninformationat every pixel locationin the image,exceptnow we aretrying to estimatecolor values
insteadof high-resolutiorinformation.

While the missingcolor valuesin eachbandcould simply be interpolatedrom the obsened valuesin
that band,thatignoresthe correlationbetweencolor bandvalues. A changein onecolor bandis usually

13
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Figurell: An exampleof poly-chromaticsamplingandthe candidatecolor valuesproducedy our method.
(a) The original inputimage. (b) The samplingpatternused(c) The inputimagesampledaccordingto the
patternshavn in Figure11(b).

@ (b) (©) (d)

Figure 12: If the interpolationmatrix bestsuitedfor the edgein (a) is appliedto (b), then(c) results.
However, if the bestinterpolationmatrix for (b) is usedthen(d) canbeachieed.

correlatedwith a changein the otherbandsalso. In orderto take advantageof this correlation researchers
have proposedusingall of the sampledn a neighborhoodaroundthe pixel beingestimatedo interpolate
theunobseredcolorbands.Theinterpolateccolorvalues h, arecalculatedasthelinearcombinatiorof the

obseredcolor samples|:
h=TI (11)

wherel is createdby unwrappinga local K £ K neighborhoodnto aK 2 £ 1 vectorandT isa2 £ K?2
matrix containingtheinterpolationcoefcients. For theresultsshavn herewe usedk = 3.

In [20], Brainardshavs how T canbe foundusingBayesiarmethods.Researchersave usedlearning
methodgo nd T from bothtestpatternd38] andrealimagesd15, 23]. In [23], the systemalsoperforms
non-linearinterpolationby expandingl to includeits squarederms.

Eachof thesealgorithmsassumeshatT is constanfor thewholeimage,which impliesthatthe corre-
lation betweencolor bandsis alsothe sameat every point. However, this correlationbetweencolor bands
variesaccordingto the structureof the image. The correlationbetweenred andgreenbandswill be very
differentfor a cyan edgethanfor a white edge. If the interpolatorbestsuitedto the cyan edgein Figure
12(a)is appliedto thewhite edgein 12(b),thentheresults shavn in Figure12(c),will beincorrect.Onthe
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Figure13: A portion of the candidatecolor valuesproducedby the setof 20 candidatenterpolators.The
centemixel shavs the candidatdull-color valuefor thatpixel.

otherhand,if theinterpolatohestmatchedo thewhite edgeis used thentheresults shavn in Figure12(d)
areexcellent.

This canbe avoidedby allowing the correlationbetweercolor bandsto vary from pixel to pixel. To do
so,the colorsat eachpixel areinterpolatedoy oneof a setof interpolationmatriceseachof which implies
adifferentcorrelationbetweercolor bands.

Effectively, thismodi es equationl1 sothat:

h= Tl (12)

whereT; is oneof N possiblesetsof interpolationcoefcients. By allowing the interpolatorto vary, the
correlationbetweercolor bandscanvary. A portionof the setof possibleinterpolatorss shovn in Figure
13. Thecentemixelsshav the candidatevaluesproducedor the centerpixel in theimageshowvn in Figure
12(b). Thecolor of the centerpixel variesaccordingto the correlationbetweercolor channelsassumedby
eachinterpolator The color of the centerpixel variesasthe correlationbetweencolor bandsassumedy
eachmatrix varies.

4.1 Model

The systemis basedon the factorgraphshavn in Figure14. Nodeslabelledy; denoteobsenedvariables,
while the stateof nodesdenotedx; mustbe estimated. Thereis onex; nodeassociatedvith eachpixel
in the obsered image. The stateof a hiddennodeis the bestinterpolator T j, to useat that point. The
setof possibleinterpolatorsis chosenaccordingto the methoddescribedn section2.3. Using the setof
interpolatorsasthe statefor the variablesin the graphicalmodelis vital becauseepresentinghe image
valuedirectly would requirea large two-dimensionaktatevariableat eachnode. With interpolatorspnly a
smallnumberof statesareneededat eachnode.

As showvn in Figure14(a),eachunobsered nodeis constrainedy its directneighbors.The constraint
functionbetweertwo neighboringnterpolators A(x; : Xj), is basedonthe sparsemageprior of thederva-
tivesbetweenthe pixel valuesthatwould be producedoy eachtheseinterpolators.To createthe constraint
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(a) Constraintdhetweemeighbor (b) Constraint between hidden
ing hiddennodes andobsenednodes

Figure 14: The factorgraphusedfor demosaicing.The graphhasconstraintshetweenhiddennodesand
constraintsrelating hiddennodesto obsered imagedata. For clarity, the two constraintsare depicted
separately

function,we usethe mamginal statisticsof thethreecolor bandsandassumehatthe derivativesof eachcolor
bandhave the samedistribution. For two neighboringcandidatenterpolators;T j andT ;, theconstrainte-
latingtheinterpolatorgs basedntheneighboringpixelsproducedy thetwo interpolatorslf pis produced
by T andp®is produceby T P, then
A !
G 0@ i 0i®: in : (Oi®
A(Ti;TJ-O):exp i) Pri Pl JpglS Pgl™ i IPpi Pyl

(13)

wherep; is thevalueof theredcolor bandat p andtherestof the color bandsarelabelledaccordingly For
theresultsshovn here,we use® = 0:7 ands = 0:1.

This modelalsoincludesconstraintfunctionsbetweeneachinterpolatorandthe local obsered image
information,shavn in Figure14(b). Eachy; nodecorrespond$o apixelin theobseredimages.Thenodes
stateis the sampleof the single color bandobsened at that point. The constraintbetweenthe obsened
imagedataandthe hiddennodesis modeledasa multivariategaussian

A(Tn;I):N(Iiln;§n) (14)

wherel is avectorcontainingthe obsenedsamplefrom a3 £ 3 local patch.Thevaluesof! , and§ , are
foundwhenthesetof interpolatorsT 1 ::: Ty arechosen.

4.2 Demosaicingthe Image

Given a sampledinput imageandN candidateinterpolatorswe estimatethe two missingcolor-bandsat
eachpixel with thefollowing steps:

1. For eachpixel p:

(a) For eachinterpolator T ,, calculateP (T ,jl), thelikelihoodthat T , is the bestinterpolator
giventhelocalimageinformation.
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Figure 15: Comparisorof the meansquarederror of the reconstructiongroducedoy four differentalgo-
rithms for demosaicing.The imagesfrom Figure 6 wereusedfor the test. While the MSE is not a good
indicatorof perceptuatjuality for this task,our algorithmperformscomparablyto others.

(b) Useeachof the candidaténterpolatordo calculatea candidatevaluefor the unobsereddata.

(c) Useequationl3 to calculatethe constraintfunction betweencandidatevaluesof neighboring
pixels.

2. Using the max-productBelief Propagtion algorithm, nd the mostlikely settingfor eachof the
randomvariables.

4.3 Results

For the rst evaluationof our demosaicingalgorithm, we comparedt againstusinga singlelinear inter-
polatorto nd thetwo unobsered color valuesat eachpoint. While [23] suggestgerformingnon-linear
interpolationby augmentinghe obsenrationswith quadraticfunctionsof the data,we found that did not
improve the resultson our training set. Both the singleglobalinterpolatorusedfor comparisorandthe set
of interpolatoraisedby our algorithmweretrainedon asetof 18 naturalimages.Theimagesvereacombi-
nationof scanneghotographandhigh-resolutiordigital pictures.Eachof theimageswasdown-sampled
to reducetheeffectsof any demosaicinghatoccurredvhentheimageswverecaptured Thecandidatevalues
for eachpixel werecreatedby a setof twenty differentinterpolators.The imagesweresampledaccording
to the patternshovn in Figure11(b). In this patternthereareactuallyfour differenttypesof local neighbor
hoods.Thereforewe learnfour differentsetsof twentyinterpolators.The choiceof which interpolatorset
is usedat a pixel depend®ntirelyon thetypeof pixel beinginterpolated.

To evaluatethe performanceof the two algorithms,we useL » norm of the differencebetweeneach
pixel of thedemosaicedmageandeachpixel of thetrueimage.Over thewholetraining set,we foundthat
averagel , errorof the pixels producedby our methodwas86% of thoseproducedoy usinga singlelinear
interpolator Notethat[23] shavedthatusinga singleinterpolatomproduceda signi cant improvementover
simply interpolatingeachcolor bandseparately
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We alsousedthe testsetshavn in Figure6 to compareour algorithmto otherdemosaicingsolutions.
Figure 15 shawvs the meansquarederror of all color bandsfor four differentalgorithms. We compared
our methodto usinga single interpolator bilinearly interpolatingthe color planesindependentlyand an
algorithmutilizing themedian Iter [9]. Themedian Iter algorithmhasbeenfoundto performwell exper
imentallyin [20] and[26]. Our methodoutperformsthe others,exceptfor the median Iter algorithm,in
termsof MSE. Theimagesn thetestsetareaffectedby chromaticityartifactcausedy imagecompression.
Thesdikely adwerselyaffectedtheresultsof our algorithm.

(a) Original, non-sampledmage (b) Image producedusing multi- (c) Imageproducedisingasingle
pleinterpolators interpolator
(d) Enlaigedportionof (a) (e) Enlagedportionof (b) () Enlaigedportionof (c)

Figurel6: A comparisorof theresultsproducedoy usingmultiple interpolatorsrersusa singleinterpolator
Notice that the imageproducedwith multiple interpolators shovn in (c), doesnot have the color fringes
alongthecoatandtie.

However, the meansquarecerrordoesnot capturethe importantperceptuatlifferences.Theimportant
differencein performancdies alongthe edgesn theimage,wherecolor fringing canoccur Thenumberof
pixelsalongedgess relatively smallcomparedo the total numberof pixelsin theimage,sodifferencesn
performancealongthe edgeswill not mucheffect on the overall MSE. Examiningthe imagesgualitatively
shavsamuchgreateimprovementoy usingmultiple interpolatorsespeciallyalongedgesn theimage.The
mostnoticeableartifactsof demosaicinglgorithmsare coloredfringesalongedges.Figure 16 shavs the
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differencen fringing causedy usingoneinterpolatorversusmultiple interpolators Usingoneinterpolator
causeshefringesalongthesuitcoatshavn in Figure16(c). Thesearecausedvhenthecorrelationbetween
color bandsimplied in the interpolatoris incorrect. For example,if the interpolatorbelievesthatred and
greenare correlated,a red edgewill have a greenishfringe whenit is demosaiced.By using multiple

interpolatorsand belief propagtion, our algorithm signi cantly reducesthe amountof color fringing in

Figure16(b).

In Figure17 we comparehe resultsof our algorithm,in Figure17(f), to two othermethodsor demo-
saicing. Figure 17(b) shaws the resultsfrom independenthbilinearly interpolatingthe threecolor bands.
Figure 17(c) shows the resultsfrom applyingthe “Bayes1” algorithmfrom [20]. Again the resultsfrom
usingmultiple interpolatorshave signi cantly lesscolor fringing.

The importanceof settingthe exponent® to be lessthanone, which wasdiscussedn Section2.1, is
illustratedin Figure19. Setting® greaterthan 1 leadsto multiple small derivatives beingfavoredover a
singlelarge derivative. This leadsto the artifactsin Figure19(b). When®is lessthanone,sharpedgesare
preferredresultingin Figure19(b).

(a) Original Image (b) Bilinearly interpolating the (c) Applying the“Bayes1” algo-
colorchannelsndependently rithm from [20]
(d) MedianFilter (e) Usingasingleinterpolator (f) Usingmultiple interpolators

Figurel7: Comparisiorof ouralgorithmwith two method<f demosaicingliscussedh [20]. Figuresl7(a),
17(b),and17(c)camefrom [19]. Enlaigedportionsof these gures areshavn in Figure18.
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(a)Original Image (b) Bilinearly interpolatingthe color channelsnde-
pendently

(c) Applying the“Bayes1” algorithmfrom [20] (d) Usinga singleinterpolator

(e) MedianFilter (f) Usingmultiple interpolators

Figure 18: Enlarged portionsof the gures from Figure 18. Using multiple interpolators,shavn in (f),
increaseshe quality of thereconstructiongspeciallyalongtheroof of the car.

5 Conclusion

Solvingboththe problemof supefresolutionand CCD demosaicingequiresinferring anunobsered, full-
resolutionimagefrom a sampledversionof theimage. In this paper we have outlinedan approachwhich
usesfactor graphsto accomplishthis. The unobsered patchesof pixelsin the full-resolutionimageare
modeledas nodesin the graphandthe characteristidistribution of the derivatives of real-world images
are usedto de ne the constraintfunctionsbetweennodesin the factorgraph. The generalnatureof this
approachmakesit applicableto mary problemsbesidesupefresolutionandCCD demosaicing.

To make inferencecomputationallyfeasible , we usediscrete-aluednodesin the factorgraph. Instead
of usingthe statesof eachvariableto representictualimagevalues,eachstaterepresenta linearmapping
thatrelatesthe obsenedimagedatato the unobsered, full-resolutionimage. This permitsa smallnumber
of discretestatedo modeltherangeof possibleémagevaluesateachpointin theimage.This computational
ef ciency malkesthis approachvaluablefor taskswherea full-resolutionimagemustbefoundfrom a setof
samples.
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(a) Sampleresultsfor ® = 0:7 (b) Sampleresultsfor ® = 2:0

Figure19: The effect of the exponent® on theresults. Theresultsaresharpemwhen® = 0:7 becausdhe
statisticalprior favorsfewer, large derivatives.

Acknowledgments

Erik Sudderthprovided valuablesuggestionsparticularlywith regardsto factorgraphsandthe graphical
modelsin Figure5(a). This work wasfundedby the Nippon Telegraphand TelephoneCorporationaspart
of theNTT/MIT CollaborationAgreementin additionto the TexasInstrument®SPSLeadershipJniversity
Program MFT wasfundedby anNDSEGFellowshipfrom the Departmenbf Defense.

Appendix

Here, we give the two-dimensionalpropagtion equationsfor the superresolutionproblem. The natural

imageprior andreconstructiorconstraintsare shovn graphicallyin Figure20. For the naturalimagecon-

straint,we usethe derivative kernel[j 1;0; 1] andapplyit in four directions(horizontal,vertical, andtwo

diagonaldirections)asshown in Figure20(a)-(d).The propa@tionequationis givenby:
A A 1 e

ix3i Xij

" (15)

N Y 1
t2(x2) A maxt 1(x1) exp i 5
' p2f a;b;c;dg

Thereconstructiortonstrainis shavn graphicallyin Figure20(e)andis givenby the propa@tionequation:

ta(xa) A maxmaxmax® 1(x1)* 2(x2)* s(xz) exp i 5 ———— (16)
1 X2 X3 2 YR
whereW isa3 £ 3 Gaussiarkerneland:
0
X X§ x§
x0= B xt x¢ x & (17)
x5 x5 x§
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Figure 20: (a)-(d) Factorgraphsegmentfor the directionalderivative constraint(horizontal,vertical, and
two diagonaldirectionsrespectiely). (e) The graphsegmentfor the reconstructiorconstraint.In eachof
thesegmentsijt is importantto remembethatthelatentnodesx; represenpatchesnotindividual pixels. In
(f), we pictorially shawv thatfor a givenlatentnode thereareS candidateatchesin (g), we shav in detail
agivenpatchcandidatdor x;.
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