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Abstract

Earley’s parsing algorithm is shown to be an abstract interpretation of a refinement of the
derivation semantics of context-free grammars. (¢) 2002 Elsevier Science B.V. All rights reserved.

1. Introduction

Abstract interpretation is a theory of the approximation of the mathematical struc-
tures involved in the formalization of the semantics of computer systems [6]. It offers
a unifying point of view on static program analysis [4] (including data flow analysis
[6,8] and typing [2]) of specification and programming languages, model-checking [8],
etc. Following this synthetic point of view, we show that Earley’s parsing algorithm
[9] can be formally designed by abstract interpretation of a refinement of the derivation
semantics of context-free grammars.

2. Context-free grammars, derivations, generated language and parsing

The set of finite words on an alphabet .o/ is denoted .«/*. This includes the empty
word ¢. A language on the alphabet .7 is a subset of .&/*. A context-free grammar
% is a quadruple (A", T, 2P, A), where
e X,Y,...€ N is the finite set of nonterminals,
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the distinguished nonterminal 4 € A" is the axiom;

a,b,...€7, such that 7 N.A =), is the finite set of terminals;
Y E (N UT)\{A4} is the vocabulary;

o, f,... €Y% is the set of finite words on the vocabulary *;

o 2C A x¥™* is the finite set of productions, (X,a)€Z being written X L.

Observe that the axiom A cannot appear on the right-hand side o of productions (X; o).
This restriction can be easily bypassed by introducing a new axiom 4’ such that 4’ 4.

The semantics of a grammar ¥ can be defined as the derivation relation £ which
is the least relation such that a nonterminal derives to the right-hand side of any of its
productions, as specified by the following axiom schema (X € .47, o€ ¥ *):

XZ 4 whenever X 5o (1)

and a word derives to another word by replacement of a nonterminal by any one of
its derivations, as specified by the following inference rule schema:

R g
XSaYy, Y=p
@ >

X = afy

XYeN, a,Byer™ 2)
The leftmost derivation 2%, is defined in the same way but for the nonterminal

replacement which is restricted to the leftmost nonterminal:
X =,a, whenever X —u« 3)

Y K4
Xé/OCY)/, Yé/ﬂ

. . XYe aeT*, Byer* 4)
X =,afy

Similarly, the leftmost derivation from the axiom =4, is the restriction of the

leftmost derivation =, to nonterminals deriving from the grammar axiom:

Agm,/ o, whenever Aioc (5)
XZ,, oy

STMET XyeN weT* yerv* v g (6)
Y=usP

G G
X<, ar., v,
4r %17 By en weT* Byev™* (7)

X gA,{’ afy

The language %y generated by a grammar % is the set of terminal words deriving
from the axiom A:

Py 2 {aeT* 4% a). (8)
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Equivalently, the language generated by a grammar can be defined using the leftmost
derivation [12, Theorem 4.1.1]:

Py ={acT* |42, a}. )

Equivalently, we can also use the leftmost derivation from the axiom:

Lemma 1.

Py ={aneT* 4%, ). (10)

Proof. Obviously, if we have proved X g;A,/oc we can prove X g;/a using (3) for
either (5) or (6) and (4) for (7).

Reciprocally, we prove that if X=4 or IgcT*, cv™: 4 £, nX¢ and x<,5
then X ;‘9;/4’ ,0.

The proof is on the length of the proof of X ;5;/5 by the formal system (3)—(4).

e if we have proved X é?>/5 by (5) then X 2,5 and there are two subcases
o if X=A then Xfm)/é follows from (5);
o otherwise, there exist 7€ 7% and ¢€¥* such that 4%, nX¢. So, by induction,
we can prove that 4 gA/ nX¢ whence X:%;Ajé by (6).
e otherwise, we have proved X igé by (4) so we have 6 =af}y, .7 * and we made
subproofs for X ;%/ oYy and Y :g>/ f. There are now two subcases:
o if X =4 then by induction Xéglm’/ oYy that is 4 ;‘gm,/ oYy with o€ 7 * so that again
by induction YgA’/ f. By (7), we conclude that X:€¢>A,/ ofy that is XgA,/ d;
o otherwise, there exist n€.7* and &€ ¥™* such that 4 £, nXé. By xZ, oYy and
(4), it follows that A :g;, naYyé with no€ .7 *. Hence we can apply the induction
hypothesis and therefore prove that ¥ :%A, ¢PB. By (7), we conclude that X ;%A’ cafy,

9 .
whence X£>A,/ 0.

We conclude that 4%, o if and only if 4%, ,a so that (9) implies (10). [J

Parsing of a given terminal word w € .7 * for a given grammar % consists in deciding
whether this word o belongs to the language generated by the grammar 4: we Zy.

3. Fixpoint semantics of formal systems

It is well-known that formal systems specify a least fixpoint [1,7]. The axioms and
rule schemata of a formal system are interpreted as rule instances @ £ {P/c; |i€A}
on a given universe % where for all icA, PC% is the premise (which is the empty
set () for axiom instances) and ¢; € % is the conclusion of the rule instance P/c;. The
subset of the universe % specified by the formal system @ is defined as its semantics
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[@] £ lfpg Fp where the consequence operator
@ S wiliedNP; C
Fp(X) & ANP; CX (1)

is the set of valid consequences of the hypothesis X. The consequence operator Fp on
@(%) is C-monotonic so that the least fixpoint lfpg Fp does exist [13]. The fixpoint
semantics is equivalent to the more traditional one based on formal proofs [1].

For example, the inference system (5)—(7) defines the leftmost derivation from the
grammar axiom as

% 77
=40 = p< 27,
D9,(R) & {(4,0) |45 o}

UL B) [ (Xary) e RAae T* AY S B}

U{(X,aBy) | (X,aYy) € RAa € T* A(Y,B) €R}. (12)

4. Earley’s parsing algorithm
4.1. Earley’s items

Given a terminal word w€J*, w=w;...w,, n=0 (which is ¢ when n=0),
Earley’s parsing algorithm [9,11] involves Earley’s items which are quintuples written
as follows:

<X - O('ﬁ,i,j),

where X % of is a production of the given grammar ¥ and 0<i<j<n. A valid Ear-

ley’s item is an assertion or judgement stating that o ES ®jt1 ... w; (that is o 2 ¢ when
i=7j). Valid Earley’s items are derived left to right and top-down starting from the
grammar axiom. The set J{Ew of valid Earley’s items for the grammar % and input
word w is specified by the formal system (13)—(16) below.

4.2. Rule-based specification of Earley’s parsing algorithm

The initialization axioms are instances of the following schema (for all productions
4% y of the grammar axiom A):

(4 — -,0,0). (13)

The derivation rules are instances of the following schema (for all productions X EA aYp
and Y'(—g>y of the grammar ¢ and 0<i<j<n):

- 14
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. . . 4 g
The reduction rule schema is (for all productions X — Y and Y =y of the grammar
% and 0<hk<i<j<n)

X = o YB ki), (Y —y.i))
(X — aY - Bk, j) ’ ()

The advance rule schema is (for all productions X KR aafi of the grammar % and
0<i<j<n such that a=w;)
<X—>(x-wjﬁ,i,j.—.1>. (16)
<X — dw; - ﬁ’laj>

The parsing succeeds, that is w€ %y, if and only if one can derive a final Earley’s
item of the form (4 —7-,0,n) where 4 is the grammar axiom.

4.3. Fixpoint specification of Earley’s parsing algorithm

The derivation of the set ng’w of valid Earley’s items by the formal system
(13)—(16) consists in computing the least fixpoint

2 1fps 7L

YG.w>

Iy

G0

Fho) 2 {(4 = 9,000 |45y}
U{Y = 9.0 ) [ (X — - YB,i,j) €1}
U{X — oY - Bk j) | (X — o YR, ki) e IN{Y — y-,i,)) €I}
U{(X = aw; - Boij) [ (X — - w;p.inj— 1) € T} (17)

The Earley’s parsing algorithm [9] terminates by checking that a final item is valid,
so that the correctness of the original algorithm and its variants can be specified as

wE Ly & <A—>V-,0,n>€f§,w- (18)

5. Elements of abstract interpretation
5.1. The abstraction

The approximation or abstraction of a semantics is specified by a Galois connection
[6] that is a pair of maps €L+ M and y€M — L between posets (L, <) and (M,C)
7
satisfying Vx € L: VyeM: a(x)C y < x<y(y) which is written (L, <) & (M,C).

An equivalent definition is «€L+— M and y€M — L are monotonic, aoyElM and
1; <yoa where f =< g is the pointwise extension of < that is Vx € L: f(x) =< ¢(x) and
15 is the identity map Vx €S: 1g(x)=x on the set S.
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We will use the fact that if a preserves least upper bounds existing in (L, <) then

. . .. Y

it has a unique adjoint y such that (L, <) s (M,C).
o

5.2. The abstract interpretation of the semantics

If (L, <) is a complete lattice and f€ L+ L is a monotone map on L, then it has a
least fixpoint 1fpS f [13] which is interpreted as a concrete semantics. The monotone
map geM+— M on M is a said to be a locally complete abstraction of f if and
only if ao f =goa (see [6, 7.1.0.4(3)]). This implies fixpoint completeness in that the
abstract semantics 1fp< g=a(lfpS 1) is the precise or exact abstraction of the concrete
semantics 1fpS f by the abstraction function a.

by
Lemma 2. If (L, <) is a complete lattice, (L, <) s (M,C), feL—L and ge M — M
a
are monotone maps and ao f =goa then a(lfpS f)zlfpE g.

Proof. oo foy=goaoyg by monotony and a(lfpS f)=1fp= g by [6, 7.1.0.4(3)].
O]

Numerous examples of locally complete abstractions of the derivation semantics of
context-free grammars are given in [3]. In this paper, we show that parsing is another
one.

6. Concrete grammar item semantics

Our task is now to show that Earley’s parsing algorithm (17) is an abstract interpre-
tation of the grammar semantics. We consider a refinement of the leftmost derivation
from the axiom semantics (12) in order to take into account the possible contexts of
derivations.

6.1. Grammar items
The grammar semantics defines grammar items which are quintuples written
[)VaX — o ﬁa y]a

where 4,7€7* and X KX ofi. The interpretation of a valid grammar item is that there
exists 7€ 7* such that A% 21Xy, X 5 o and o5

The set gy of valid grammar items is defined by the formal system (19)—(22)
below.

6.2. Rule-based specification of the grammar item semantics

The initialization axiom schema is (for all productions 4 — f§ of the grammar
axiom A)

[e, 4 — -B,¢]. (19)
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The derivation rule schema is (for all productions X KA oYf and Y 2.5 of the
grammar %)

[;":X — - Yﬁa’y]

[Ay,Y — -0,¢] (20)

The reduction rule schema is (for all productions X kA oYf and Y iy of the
grammar %)

[)VaX — - Yﬁa y]a [/1% Y — 5af]

21
The advance rule schema is (for all productions X kA aaf of the grammar ¥)
;u X * 1
[4,X — o-aP,y] 22)

[4,X — aa- B,ya]l’

The derivation context from the axiom is always empty since the axiom never appears
in the right-hand side of production:

Lemma 3. If [1,A— o - f,7] €Sy then L=c¢.
Proof. We proceed by induction on the length of the proof that [, 4 —a - f,y] €5
using (19)—(22).

This is obvious for the basis by (19). For the induction step, we cannot conclude the
proof with (20) because there would be a grammar production of the form (X, oda).
So the proof ends with the use of either (21) or (22) and in both cases A =¢ follows
by induction. []

6.3. Fixpoint specification of the grammar item semantics

In fixpoint form, the grammar item semantics is
Iy =1pS Fg,

Fo(l) 2 {[e.4 — -B.c]| 45 B}

U{[A, Y — 8,6l |[LX —a-YByle I AY S5}
U{[4X — ol - ByE] [ [4X — - YByl €I A[4p,Y — 6-,¢] € 1}

U{[LX — aa- B,ya] | [4,X — a-af,y] €1}. (23)
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7. The leftmost derivation from the axiom is a complete abstraction of the grammar
item semantics

7.1. The abstraction

We consider the elementwise abstraction

a'(I) 2 {(X,yp) |31 e T*: [LX —a-Bylel). (24)

a’ is a complete U-morphism so it is the lower adjoint of a Galois connection

/

b4
(DU * % N X I * X A% T*),C) (N x 17).€). (25)

7.2. The abstract interpretation of the semantics

The leftmost derivation from the axiom semantics is a complete abstract interpretation
of the grammar item semantics:

Lemma 4.
ZLas = (JSq). (26)
Proof.
o’ o Fy(l)
= by def. (24) of o’ and (23) of F 42
{(4.8) 4% B}
U{(Y,8)|3he T* 0, Be?™ [LX o YBylelAY S5}
U{X,pEB) |31 e T*: WX —a- YRyl €IN[IY — 6, ¢ €1}
U{(X,yaB) |31 € T*: [\, X — a-af,y] €1}
= by def. (24) of &’ so that 31 € T*: [L,X — a-B,y] €1 if and only if

(X,7p) € &/(I) and y € 7%}

{(4,p)| 45 B}

U{(Y,0) | (X,9YB) e/ () Ay e T* NY L8}
U{(X9EB) [ (XyYB) e a’ () Ay € TH A(Y,E) e’ (1)}
U{(Xyap) | (Xopap) € &' (1) Ny € T},

=Fyod (),
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by defining
FHR) 2 {(4,0)| 4% 0}
U{(Y.B) | (X.a¥y) eRNoce T* NY 5 B}
U{(X,aBy) | (X,aYy) € RAa€ T* A(Y,B) € R}

U{(X,aap) | (X,aaf) € RAa € T*}. (27)
By Lemma 2, we conclude that a’(fpS %) =Ifp< Z;. Since Zj(R)=2],(R)
U{(X,0aB) | (X,0aB)ERN o€ T *} and the last term {(X,oaf) | (X,0aB)ERNoc T *}
of Z/(R) in (27) adds no new element to the transfinite iterates [5] of 1fp= F}(R),
we have 1fp= 7/ (R)=1fp= 7/, proving a’ (Ifp~ 7 ) =1fp= 7, whence (26) by (12)
and (23). O
8. Item semantics-based specification of the language generated by a grammar
It directly follows from (26) that the language ¥y generated by a grammar ¥
traditionally defined by (8) can be equivalently defined using the grammar item sem-

antics Jy:

Corollary 5.
Ly={yeT*|3eT*: [JA— a,y] € Ig}. (28)

Proof. We have
X, 0) €ea/(Fg)NO€T*

& by def. (24) of a2
Py eET*: S=ypA[MLX —a-B,y] € Iy

= since [LX — o-f,y] € 4 AP € T* implies [L, X — af-,9p] € Iy
by (22) and induction on the length of f3?
ILBeET*: [MLX — af, 0l € Iy

= by def. (24) of a2

(X.0) € o/ (Sg),
proving that for 5.7 * we have the equivalence

X,0)€a'(Fy) & NeT* [LX —a,0]l€ Iy (29)
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We conclude that the language generated by the grammar ¥ is
Py={6e€T*|4<,,8} by (10
={6€T*|(4,9) ca'(F4)} by (26)

={6eT*|NecT* [LX —a,0l €Iy} by (29)1. O

9. Earley parsing algorithm is a complete abstraction of the grammar item semantics

The Earley’s parsing algorithm (17) derives the only grammar items which are valid
for the given input word w =w ... w,, n=0 to be analyzed.

9.1. The abstraction

This is a forgetful abstraction disregarding all information provided by the grammar
item semantics, but for the input word

ab (D)2 {(X —a-B,i,))|0<i<j<n

Noy...0nX — o o ...0] €1} (30)

E

., 1s a complete U-morphism so it is the upper adjoint of a Galois connection

o

'}’E

(P(T*XN XVt *xT*),C) %w({A/xvf*xw*xNxN),g. (31)

%

9.2. The abstract interpretation of the semantics

By abstraction of the fixpoint definition (23) of the grammar item semantics with

E we get the fixpoint characterization (17) of the Earley’s valid item semantics

“(1) 4

Theorem 6.

IL =ab(Iy). (32)

4w

Proof. We must prove that .4 =1fps T o = of (IfpS F)=al(F4) which, by
Lemma 2, immediately follows from af o % = ZF oaf. Because af is a complete
U-morphism, it is sufficient to do prove that term by term. We have

o af({[e,4 — -B.e]| 45 B})
= Definition (30) of aF

(&)

{X —=a-Bij)|0<i<j<nAlop..0,X — o By .. ol
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=Ww..0;,=¢501i=0, X =4, a-f="-s0 a=g¢,
Wip] ... =01...0; =& 50 j =0
{(4 = 2.0,0)[45}.
o B ({[i, Y — 8,6]|[LX — o Ypyl e INY L6}
= (Definition (30) of aF
{X—o-Bi)l0<i<j<nA[o..0,X —a foy.. 0]€
(/0. Y — 8,6l | [V.X — o - YB,y] €I AY 5 5}}
=y=w...0;%0 Ik €[0,i]: X =w1...00 ANy = 0py1...05 X =7,
o-f=-0soa=¢cand f =0, wiy...0; =& 50 i=j1
{Y =0, ))|0<k<j<nA[o..onX = o Y 0. .00] €
InY L5y
=w-B=0d-YB if and only if « =o' and B = Y, renaming k as i?
(Y = 0| (X — o YBij) e {X =o' pLij)|0<i<j<
n/\[wl...wi,X—>oc’~[3’,wi+1...wj]EI/\Yié}}
= (Definition (30) of aF
(Y =0,/ j) | (X — o~ YB,i,j) € ab() A Y 55},
o a,({[%X — oY - Byll|[HX — - YBy) €I N[ Y — 6. ¢ €1})
= Definition (30) of aF
{X —o-Bip)|0<i<j<nA[o..0,X = .. 0]
(X =Y - Byel | WX — o - YRl €T ALin Y — 5,81 € 1}}
=U=o..ona=0dY, f=F, p&=wp1...0
so k€ [i,jl: V= 0it1... 0k NE=pq1 ... 05
{X =Y -BLij)|0<i<k<j<nAlo..o,X—d- Y,

Wiyl ... O] e]A[wl...a)iwiH...wk,Y—>5-,a)k+1...a)j] E[}
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= {Definition (30) of aF
(X = a¥ - Bk ) | (X — o~ YB,i) € aB(1) A (Y — 3-,1,)) € aB(D)}.
o a({[LX — oa- f,ya]|[L,X — oa- f,ya] € 1})
= {Definition (30) of a®
{X—o-pilo<i<j<nAlo..o0,X—oa foi.. ol
e{[ALX = da-pyal|[LX — o -af',y] €1}}
=U=o...on0=0daf=p and ya =wi...0;
SO 7 = Wiy1...wj—1 and a = w;?
{(X = do;- Bi,/) |0 <i<j<n
Nop...opX — o -of o .. .01 €1}
= Definition (30) of a

{(X — aw; - Bi j) [ (X — o wBi,j— 1) € ab(D)}. 0

10. Correctness of Earley’s parsing algorithm

Earley’s parsing algorithm approximates the grammar items for the given terminal
input word. This word is in the language generated by the grammar only if it is
recognized by a grammar item for the axiom, so
Corollary 7. The Earley’s parsing algorithm is correct in that (18) holds.
Proof.

(4—y.0,n) € 75,
< by (32)2

(A4 — y-,0,n) € a(F4)
& by Definition (30) of «f 2

(A—7y,0m) e{(X —oa-Bij)l0<i<j<n

Nor...0nX — o fwig...0] € g}
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SWX =4, y=a-fsoy=oaand f=¢ i=0, j=n

sO wy...m; = ¢ and Wiy ...0; = 0

[, 4 — o, 0] € Iy
< lchoosing A = ¢ and Lemma 3

3eT*: [MA— o, 0] € Iy
< by (28)2

o€ Py. 1

11. Conclusion

We have shown that Earley’s parsing algorithm [9] is an abstract interpretation of a
refinement of the derivation semantics of grammars.

Other parsing algorithms may certainly be formally derived in a similar way using
a more refined item semantics with nonterminal left and right contexts. A compile-
time/static analysis of the grammar (item semantics) is used for top-down left-to-
right generation of sets of grammar items abstracted e.g. as states. The same way a
preliminary analysis of the grammar approximates terminal derivations from the right
contexts by a lookahead. This preliminary static grammar analysis is used to ensure
that the bottom-up recognition with left context is deterministic. This point of view
remains to be applied, e.g. to LR-parsing [10].
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