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1. Introduction

We give a constructive characterization of the complete lattices
of all retractions, preclosure, quasi-closure and closure operators on
a complete lattice. Our general approach is the following: in order
to study the structure of the set I' = (L — L) of operators p on a
complete lattice L satisfying a given axiom A, we show that p has
property A if and only if it is a fixed point of some monotone
operator F on the complete lattice (L — L) proving that I' is the
set of fixed points of F. Then using Cousot & Cousot’s constructive
version of Tarski’s lattice theoretical fixed point theorem, we
constructively characterize the infimum, supremum, union and
intersection of the complete lattice I' which are defined by means
of limits of stationary transfinite iteration sequences for F. Variants
of this argument are used when F is a clousre operator (in which
case the constructive version of Tarski’s theorem amounts to Ward’s
theorem) or when the operators with property A are the postfixed
points of F or the common fixed points of two functionals. The
reasoning is repeated when I' is characterized by means of more
than one axiom.

This work was supported by CNRS, Laboratoire Associé n.o 7.
(*) Attaché de Recherche au CNRS, CRIN-LA. 262.
Recu Décembre 21, 1978.
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2. Preliminaries

1.4. Let L(C,L, T,LI,1) be a non-empty complete lattice with
partial ordering [, least upper bound |, greatest lower bound [7.
The infimum L1 of L is L, the supremum T of L is |JL.
(Birkhoff’s standard reference book [2] provides the necessary
background material).

1.2. Let 9 e(L — M) be a total function from the complete lattice
L(C, L, T,U,T1) to the complete lattice M(L_', L, T/,LU", M1’). 0 is
a join-morphism when (Vz,y €L.0(x|y) = 0(z)LI'0(y)). 0 is a complete
join-morphism when (VS < L,0(LJS) = LI'6(S)). The dual notions
are the ones of meet-morphism and complete meet-morphism.

1.3. Using Church{3]’s lambda notation (so that fe(L — M)
18 Az.f(x)) let us recall that the set (L — L) of all operators on
the complete lattice L(C, L, T,LI,M) is a complete lattice (C', L,
T, 1) where ((fC'g) = (Vzel, f gx)), L'=wn.L, 7' =
= T, L' = 8.0 LI{f(x):f€S)), M’ == xs (T {f(x):feS)). In the
following we will omit the primes so that the distinction between
C, L, 7, W, Mand C’, L 7', W', 1’ will be contextual.

1.4. A retractiorn p on L is an operator on L (i.e. pe(L = L))
which is monotone (i. e. Vz, y €L, (x T ) = (p(z)C p(y))) and idempotent
(. e. p = pop that is Vxel, p(x) = p(p(x))).

1.5.  An upper preclosure operator p on L is monotone, idempotent
and satisfies the upper conneciivity axiom (VzeL, p(zLIp(x)) = p(=)).
The dual notion is the one of lower preclosure operator (Ladegaillerie, [6,
Def. 17]).

1.6. A quasi-closure operator ¢ on L is monotone, comparing
(i. e. VzeL, either xp(x) or o(x)Cx) and satisfies the connectivity
axtom (VzeL, p(z[Me(x)) = p(xllp(x)), Bernard[l, p. 6]). Notice that
monotony and connectivity axiom imply (Vzel, o(x) = p(x[Tp(x)) =
= p(xllp(x))) and using the comparing hypothesis this in turn
implies idempotence.

1.7. An upper closure operator p on L is monotone, idempotent
and extensive (i.e. Ax.z[_p), (Moore[9]). Dually a lower closure
operator poe(Li— L) is monotone, idempotent and reductive (ie.
o L Ax.z).
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1.8. Let p be an upper closure operator on L{(C,Ll, T,LI, ).
For all xel,, the set {yep(L):zCy} is not empty and p(x) is its least
element (Monteiro & Ribeiro[8, Th. 5.2]).

1.9. Let R < L and pe(L - R) be such that for any wel,
p(z) is the least element of the set {yeR :wCy} then p is an upper
closure operator and R = p(L), (Monteiro & Ribeiro[8, Th. 5.3]).

1.10. Let p be an upper closure operator on L, then the
image p(L) of L by p is a complete lattice p(L}C,p(-L), T,2S.p(LIS),I)
which is a complete sublattice of L if and only if p is a complete
join-morphism, (Ward[14, Th. 4.1]).

1.11. Applying the duality principle it follows that if R < L
and p, pe(L - L) are sach that for any zel, p(x) is the least
element of the set {yeR:xr [y} and p(z) is the greatest element of
the set {yeR :y C a} then R = p(L) = o(L) is a complete sublattice
R(C,L, T, W,M) of L whereas p is a complete join-morphism
and o is a complete meet-morphism.

1.12. Let p; and p, be upper closure operators on L. Then
according to Ore[12, p. 525], p,op, and p,op, are upper closure operators
on L if and only if p, and p, are commauting (i. e. p;opy = Peop,) in
which case pepa(L) = Paopy(L) = pu(L) N pa(L).

1.13. Let L(C,L, T,Ll, M) be a complete lattice, y. the smallest
ordinal such that the class {5:3ep} has a cardinality greater than
the cardinality of L and fe(L — L). The upper iteration sequence for f
starting with deL is the p-termed sequence < X%, §eu > of elements
of L defined by transfinite recursion in the following way:

—Xt=d

— X% = f(X%-1) for every successor ordinal Sep

— X® = L] X* for every limit ordinal Sep

a< 8
(The dual lower iteration sequence is defined by:
— X®= [ X* for every limit ordinal Sey)
a8

1.14. We say that the sequence < X® Sep> is stationary if
and only if (Jeep:(VPey, (¢ <B) = (X®* = XP))) in which case the
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limit of the sequence is X°. We denote by luis (f)(d) the limit of
a stationary upper iteration sequence for f starting with d (dually

liis (f)(d))-

1.15. Let f be a monotone operator on L([, L, T,L1,M). The
sets of prefized points fizred points and postfized points of f are

respectively prefp(f) = {zeli:x C f(a)}, fp(f) = {w€Li:x = f(2)}, postfp(f)
— laelf(e) C 2}

1.16. The set of postfixed points of a monotone operator f on
a complete lattice L([C, L, T,LI,M) is a complete lattice postfp(f)
(C, Up(f), T, rS.Quis(z.zLUf(2))(LIS),M) which is the image of L
by the upper closure operator Ad.luis(\z.zlIf(z))(d). The least fixed
point of f is Ifp(f) = luis(f)(L), (Cousot & Cousot[4, Th. 4.2]).

1.17. Let f be a monotone operator on the complete lattice
L(C, L, T, L, M) Then hxluis(ry.yLif(y))(s) = Ax.luis(ry-xLIf(y))(a)
= arfp(ry.x LIf(y)) is an upper closure operator on L greater than
or equal to f, (Cousot & Cousot[4,Th.4.1. & 4.2]).

1.48. Cousot & Cousot[4,Th.5.1]s constructive version of
Tarski[13,Th.1]’s lattice theoretical fixed point theorem states that
the set fp(f) of fixed points of the monotone operator [ on
L(C, L, T,L,M) is a complete lattice fp(f}(C, luis(f)(L), Uis(f)(T),
AS.Iuis(f) (LIS), AS.Uis(f)(MS)).  fp(f) is the image of L by the upper
preclosure operatcr lis(f)oluis(hz.z| | f(z)) and the image of L by the
lower preclosure operator luis(f)ollis(Az.z[f(z)). Moreover luis(f)ollis
(Az.z8(z)) C Uis(f)oluts(hz.zL ) {(z)).

1.19. Let F and F be monotone operators on L(CC, L, T, L4, 1)
such that F CF and Fo-F[CFo F. Then the set [p(E, F) = {zel:z =
=E(x)=f*’(x)} of common fixed points of F and F is a non-
-empty complete lattice fp( FE e, luis(F )( ), Uis(FY(T), AS.luis
(F)(LUS), 2S.Uis(F)(11S)) which is the image of L by the lower
preclosure operator luis(—) lis(Az.z M F(z)) and the image of L by
the upper preclosure operator Illis(F)eo luw(kz z{ | F(z)). Moreover
luLs(F) ollis (Az.z 1 F (2)) C Uis (F)o luts (Az. z| | F(z)), (Cousot & Cousot
[4, Th. 6.1]).
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2. The lattice of all monotone operators on a complete lattice

DEerINITION 24 M,M €(L - L) - (L - L))

M = ¥.02. Li{f(y):(yeL) and (yC x)})
M = N.02M{/(y):(yeL) and (zCy)})

Tueorem 2.2. If fe(L > L) then 1\7[(]”) is the least monotone
operator on L greater than or equal to f and M(f) is the greatest
monotone operator on L less than or equal to f.

Proor: Let a, beL be such that « C b. For all yeL, (y C a)
implies (y Cb) so that L {f(y):yC a}  U{f(y):y C b} proving that
M(f)(a) T M(f)(b). Since[ is reflexive, VaeL we have f(a) C [ ] {f(y):
yC a} =M(f)(a) that is f M(f) proving that Vfe(L L), M(f) is
a monotone operator on L greater than or equal to f.

Let ¢ be a monotone operator on L greater than or equal to f.
For all yeL, f(y) C g(y) so that VaeL, M(f)(a) = LI{f )y C o}
LIte®w):y Ca} C U{e@):g(y) Cela)} = g(a) proving that M(f) is
the least monotone operator on 1, greater than or equal to f.

By duality, M(f) is the greatest monotone opeartor on L less
than or equal to f. End of proof.

From 2.2 and 1.11 we get:

COROLLARY 2.3 M is an upper closure operator on (L — L)
which is a complete Join-morphism and M is a lower closure operator
on (L — L) which is a complete meet-morphism.

The set of all monotone operators on the complete lattice L is a
complete sublattice M(I, — L) = ML ~L)(C, L, T,U,M) of (L—L)
(E’ 'J"7 T, LI? [—I)'

3. The lattice of all extensive operators on a complete lattice

LEe((L — L) - (L - L))

DerinNiTION 3.1 E
E — MO (zLf(x)))
E

= M.(\.(27f(2)))
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Lemma 3.2 If fe(Li—1L) then E(f) is the least extensive operator
on L greater than or equal to f. E is a complete join-morphism.

COROLLARY 3.3 E is an upper closure operator On (L — L).
The set of all extensive operalors on the complete lattice Li is a complele

sublattice E(L — LY(C .z, 7,11 M of (L~ L).

Lemma 3.4
— M.E = EoM is an upper closure operator on (L —1L)

 MLoL)AEL—~>L)=M-EL L) = BoM(L—~>1L) is @
complete sublattice (C a3, T, M) of (L —1L).

Proor: Since [ 18 reflexive, fgr _any fe(Li--L) and zel we
have « C LI {yLIf(y):yCa} 80 that M(E()(@) = UlyUfy)yE z} =
— U (L L f) sy T e =Uip Uy @) syl gf = U U 1©):
yCaop =11 (U {fy):yC ) = E(M(f))(x). Therefore M and E are
commuting and the lemma follows from 1.12 and 1.10. End of proof.

4 The lattice of all upper closure operators on a complete lattice

Lemuma 4.1 Let F be the operator on (M(L - L) N EL -~ L))
defined by 2g.geg. Then

1 — F is monolone

2 — fp(F) = postfp(F)

Proor: 1. Tf fC g then feM(L — L) implies F(f) = fof Cfeg-
Also fog T gog = F(g) proving that F is monotone. B
2. Let fbe a postfixed po_int of F then fof C f. Since feE(L—L)

we have .z C f so that feM(L — L) implies fC fef. By antisym-
metry fof =f- End of proof.

DEFINITION 4.2

e (ML - L) N BL —~ L) > ML > 1) N EL — L))
T = Af.luis (hg.gg) (f) = M-luis (0g-g L1 g°8) ()

Ce((L L) (L))

C = IoMeE = I-E-M
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Ward[14,Th.4.2)’s theorem states that the set I' of all upper
closure operators on a complete lattice L(C, L, T, L, 1) is a
complete lattice I'( I, M.z, TAS. M {nel:(VpeS,e Cm)}, ). We
give now a constructive version of this theorem:

Tueorem 4.3

1 — C(L — L)(C, M.z, T,2S.luis(g.gog) (LI S), M) is the complete
lattice of all uper closure operators on the complete lattice L

2—C is an upper closure operator on (L — L)

3 —vfe(L = L), a(f) is the least upper closure operator on L
greater than or equal to f.

Proor: According to definition 1.7 the set of all upper closure
operators on the complete lattice L([C. L, 7,|,IM1) is the set of

elements of (M(L — L) N E(L — L)) which are idempotent that is to
say which are fixed points of Ag.gog. In compliance with lemmas 4.1
and 3.4 2\g.gog is a monotone operator on the complete lattice

M(L = L)N E(L — L)) (C,Aw.z, L,11,1M) and fp (Ag.gog) = postfp
(Ag.g°g). Therefore 1.16 implies that the set of all upper closure
operators on L is the complete lattice postfp(rg.gog)(CC, luis(rg.gog)
(Ax.x) = €.z, T,2S.Juis(hg.gog) (LUS), ') which is the image of
M(L - L) N E(L L) by the upper closure operator I that is
(lemma 3.4 and definition 4.2) I(M(L — L) N E(L — L)) = I-MoE
(L—>L)=CL — L). C is monotone and extensive since it is the
composition of upper closure operators. vfe(l > L), clf ) is exten-
sive, monotone and ldempotent hence C(f) = EoC {(f)y = C C(f)y =

= IoG( (f) = I-MoEo C( (f) = CoCy( (f) proving that C is ldempotent
whence an upper closure operator. Then 4.3.3 follows from 1.8.
End of proof.

COROLLARY 4.4

1 — C = 2. (luis(E(M(F))))

2 — C = ¥.0wlfp0y. LIM() ()

3 — CG(L = L)(Cz.z, T,2S.luis(1IS),M)

4 — C(L - L)(C 2, T,28. 0fp (g2 LI (LIS) (), )

Proor: It follows from 1.47 that vfe(L — L), luis(E(M(f))) =
= Az.lfp(y.z IM(f)(y)) is an upper closure operator on L greater
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than or equal to M(f ) whence according to theorem 2.2 greater than
or equal to f. Let peC(L — L) be such that fCp. Then EM M(f)
C E(M(p)) = p so that by monotony luis(E(M(f))) C luis(p). Moreover
luis(p) = p since p is idempotent proving that luis(E (M(f))) is the
least upper closure operator on L greater than or * equal to f and
therefore C = A (luis (EMM(f)))) = A z.lfp (\y-z L M(f)(y))) (1.17).

443 and 4.4.4 result from 1.10 remarking that whenever
S = C(L -~ L) then IS is monotone and extensive (theorems 2.3

and 3.3) so that luis(E(M(1S))) = luis(LIS) and Az.lfp(y.zL M(LIS)
() = xlfp g2 LI (LIS)(y))- End of proof.

It should be noted that given a complete lattice L{([C, L, T,L1,I1)
and fe(L. — L) there does not necessarily exists an upper closure
operater on L less than or equal to f. A counter-example is given
by L={L, 7} where L C L T L T and f defined by f(L) =
= T and f(T) = 1. The upper closure operators on L are p, (such
that py(1) = L and p,(T) = T) and p, (such that p,(L) = po(T) =
= T) and neither p, T fnor p, L f.

Monteiro [7], Iseki[5] and Morgado ([10, 11] have given several
characterizations of the upper closure operators on a partially ordered
set by means of a single axiom. We now formulate a characterization
of the upper closure operators on a complete lattice using only one
axiom:

CororLLarY 4.5 IfL(C,L,T,U,1M) is a complete latt ce and p is
an operator on L, then p is an upper closure operator on L if and

only if:
p =2l {yLp(p(y)): (yeL) and (yC )}

Proor: If p is a closure operator then it is monotone (so that
M(p) = p (2.2)), extensive (so that E(ﬁ) = p) and idempotent (so that
p = pop) therefore p = M(E(pop)) = rz. LIy LIp(p(»)):(yeL) and (yCa)}.
Reciprocally, if p is equal to the monotone operator M(E(p-p)) then
it is monotone. Also since M and E commute (3.4) p is equal to
the extensive operator E(M(pep)) whence it is extensive. Since pop
is the composition of monotone and extensive operators it is monotone
and extensive and therefore p = M(E(pop)) = pop (3.2,2.2) proving
that p is idempotent whence an upper closure operator. End of proof.
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5. The lattice of all retractions on a complete lattice

DeriNITION 5.1

I [
m

(M( L — L) - M(L — L))
f-(Uis(hg.gog)oluis(rg.g L1 g°g) (f))
f-(luis(hg.gog)ollis(hg.g T gog)(f))
Re((L L) (L ~L)

ol
> >

t
!

o]

Il
ILO-4 Sy
=2 =i

I W W =
:JJ

Tueorem 5.2 The set of all retractions on a complete lattice
L(C, L, T,L,M) is a complete lattice P—{(L——>L)(;,J_, T, AS. luis
(Ag-gog) (LIS),AS.Uis(Ag.gog) (MS)) which is the image of (L — L) by the
retractions R and R such that RLC R.

Vfe(l — L), if ¢ is a retraction on L greater than or equal to (less

than or equal to) f, then E(f) (R(f)) ts less than or equal to (greater
than or equal to) o.

Proor: The set of all retractions on L is the set of monotone
operators on L(i. e. elements of M(L — L) = M(L — L)) which are
idempotent that is to say fixed points of Ag.geg. Let f,heM L—1L)
be such that fC h. Then & [_ & so that foh T hoh and by monotony
fof C foh hence fof T hoh proving that Ag.geg is a monotone operator

on M(L—>L) Consequently the set of all retractions on L is
fp(Ag.g°g) which according to 1.18 is a complete lattice fp(rg.gog)
(L luis(hg.gog) (L) = L,llis(Ag.gog) (T) = T AS.luis(Ag.gog) (LIS), AS.lis
(Ag.£°g)(I"1S)) which is the image of M(L — L) by the upper preclosure
operator J and the image of M(L — L) by the lower preclosure
operator J hence the image of (L — L) by R and R.

Vfe(L — L), JoM(f)eM(L - L) hence JoM = MoJoM (Th. 2.3.)

Also MoJoM(f) is idempotent so that it is a fixed point of Ag.gog

and consequently a fixed point of J proving that JoeMeJ °M(f =
= I\TIojoﬁ f) = JoM (f)- JoM is 1demp0tent but also monotone since M
is a monotone operator on (L — L) and J a monotone operator on
M(L—»L), hence R and by duality R are retractions on (L — L).

13
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Let fe(LL—~1L) and peR(L——>L) be such that p[Cf Then
p= R(p) C R(f) since p is a retraction on L and R is monotone.

By duality if p is a retraction on L greater than or equal to f

then R(f) is less than or equal to p. In general f and R( (f) on
one hand and f and R(f) on the other hand are not comparable.

However R(f) C R(f) (1.18). End of proof.

6. The lattice of all upper preclosure operators on a complete lattice

DEeriNiTION 6.1
A€(R(L - L) > R(L - L))

A = M.Iuis(g.g°Elg)) (f) = M.luis(g.gLig°E@)(f)
P,Pe((L - L) - (L — L))
P =A-R
P=AR

Turorem 6.2 The set of all upper preclosure operators on a
complete lattice L(C, L, T,Ll, M) is a complete lattice P(L — L)
(C, L, T AS.luis (\g.goE(g))oluis (Ag-gog) (LIS), AS.Ilis (Ag-gg) (MS)) which
is the image of (L. — L) by the retractions P and P satisfying P C P.

vfe(L — L) if p is an upper preclosure operaior on L greater

than (less than) or equal to f then f’(f) (P(f)) ts less than (greater than)
or equal to p.

Proor: The set of all upper preclosure operators on L is the

set of monotone and idempotent operators on L (i.e. elements p
of RIL—>L)= R(L — L)) satisfying the upper connectivity axiom
(1 e. p = M.(p(xLlp(x)))) that is to say which are fixed points of
= Ag-(-(g(2L1g(w)))) = - g°E(g). Let p be an element of R(L—L).
Then F(p) is monotone. Also F(p)°F(p) = Ax. (e(zLp(x)))orz.(p(@Ip()))

= 2. plp(x L p(2)) Ll plp(z Ll p(@))) = ple(@LI p())) = elald p(@)) = Fle)
since p is idempotent a and proving that F(p) is idempotent. Therefore

F is an operator on R(L—>L) Let ¢ and n be elements of R(L—L)
such that p_ 4. Then E(p) C Elx) and by monotony F(p) = ooE(p) T
upoE(vz) _Cv;oE(n) — F(q) proving that F is a monotone operator on
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R(L—>1L). VpeR(L > L) ¢ = F(p) implies F(p)  p. Reciprocally
if F(p) Cp then Ar.z T E(p) implies by monotony p [ pOE(p) =
= F(p) and by antisymmetry p = F(p) proving that fp(F) = postfp(F).
It follows from 5.2 and 1.16 that the set of all upper preclosure
operators on L is a complete lattice postfp(F)(C,luis(F)( L) = L )y T
AS.luts (F)oluis (Ag.gog) (LIS),2S.lis (Ag. g0£)(MS)) which is the image of

R(L — L) = R(L —L) by the upper closure operator A= M.luis(F
(f) hence the image of (L —L) by P and P.

P and P are monotone since R énd R are monotone and A
Is an upper closure whence monotone operator on R(L - L) =
= R(L—>L) Also vfe( L—>L) AOR(f) 1s monotone and idempotent

so that AoR( fl= RvoB(f). AR( f) satisfies the upper connectivity
axiom and therefore it is a fixed pomt of I and consequently a

fixed point of A 50 that AoR(f) — AsAoR(f) = AcReAoR( f) proving
that P is 1demp0tent The same way P is a retraction on (L - L).
Since R =R and A is monotone we have P= A°R C AR=

Vfe(l — L), let peP(L ~ L) be such that fCp. Then peR
(L—>L) and o2 1mphes (f)C p. Since p is closed under A we
have P(f) — R(f) C Alp) = p. Similarly p [ f implies p = A(p) C
C AR()) = P(f). End of proof.

7. The lattice of all comparing operators on a complete lattice

DEeriniTION 7.1

K, Ke(L > L) > (L > L))

K = M.0.(if f() T = then f(z) else xLIf(z)))
K = M.0@.(f s C (&) then f(z) else 5 [1/(x))

Lemma 7.2 If fe(L—L) then K(f) (respectively K(f)) is the least
(greatest) comparing operator on 1. greater than (less than) or equal to f.

CoroLrLArY 7.3 K is an upper closure operator on (L — L),
K is a lower closure operator on (L — L). The set of all comparing
operators on the complete lattice L is a complete sublattice K(L — L)=
=KL ->L)(C, L, T,L,M) of (L — L).
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LemMMa 7.4

— KoM is an upper closure operator on (L — L)

— KoM is a lower closure operator on (L—-1L)
—ML->L)N KL->L)=ML->LN K(L—»L))*KoM
(L - L) = KeM(L — L) is a complete sublattice (C, L, T, L, D)
of (L —L).

Proor: KoM is monotone and extensive since it is the composition
of upper closure operators. Vfe(L — L), KMI(f)) is either equal to
M(f) or to Azx. (xl_JM(f)( )} proving that K(M(f)) is monotone and,

therefore equal to M(K(M ). Hence K(M N = K(M ) =

— K(MKM(f)))) proving that KoM is an upper closure operator
and by duality KoM is a lower closure operator on (L—L). Also

KoM(f) (respectively KoM(f)) is the least (greatest) monotone and
comparing operator on L greater than (less than) or equal to f.

Hence according to 1.11, (M(L —L) N KL —>L)) = (ML—->LNK
(L - L)) is the complete sublattice KoM(L — L) = KeM(L. - L))
(C, L, T,U, M) of (L>L). End of proof.

8. The lattice of all quasi-closure operators on a complete lattice

DEerINITION 8.1
B, Be(K-M(L — L) - KeM(L —~ L))

B = luis(\g.g°E (g))llis(\g-g T12°E(8))
B = lis(Ag.goE(g))eluis(hg.g Ll g°E(g)
Q, Qe((L - L) — (L - L))

Q = BoK-M

Q = BoKeM

Bernard [1,Th.V.II.1]'s theorem states that the set ' of all
quasi-closure operators on a complete lattice L(C, L, T,LI,1) is a
complete | lattice T(C, L, 7,2S.(Ld E(S))e o(LIE(S)), 2S. (ME(S))e (TTE(S)))
where (l_] M) and (LI, Iy respectively denote the union and inter-
section in the complete lattices of upper and lower closure operators
on L. We now give a constructive and simpler version of this
theorem:
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TueorEM 8.2 The set of all quasi-closure operators on a complete
lattice L(E L, T,L, ) is a complete lattice 6(L—>L) (C, L, T,28.
luis(ng. goE (8)) (US), AS.1lis (Ag. goE(g))([_IS)) which is the image of
(L—1L) by the retractions Q and Q satisfying QC Q.

Vfe(L— L), if ¢ is a quasi-closure operator on L greater than

(respectively less than) or equal to f then Q ) (Q(f)) ts less than
(greater than) or equal to .

Proor: The quasi-closure operators on L are the monotone
and comparing operators on L (i. e. pe KoM(L — L)) satisfying the
connectivity axiom p = Az.p(x[7p () = Ar.o(x | lp(x)) that is the
elements of KoM(L—>L) which are common fixed points of the
functionals F = ig.goE(g) = 2g.(\r.(g(2Mg(w)))) and F — Ag.g°E(g) =
= 2.0 (g(alig(2))).

VpeKoM(L — L), p is monotone and so are F(p) and F(p). Also
¢ 1s comparing so that given zeL either z[_p(z) in which case
L p(x) = p(2lMp(z)) = F(p)(x) or p(z)Tz in which case F(p)(z) =
= p(@Me(x)) = plp(x)) and by monotony e(z)) C p(@) Ca. Hence
F(g) is S comparing proving that F (and by duality F) is an operator
on KoM(L —> L).

F and F are monotone operators on KoM(L —L) and F[_ F.
Let us show that FoF [ FoF that is Voe KoM(L — L), vzeL, F(F(p))( )
= el(@ LI p(x M e(2)) M ol U ol M o)) C pl(z T ol LI (@)U el@Me(z
Lip(2))) = F(F))(@). It # p(a) then (@ Lle(zMe())) = e(«) and
(@Me(xLip(x))) = z so that we must show that p(p(x) Me(e(x))) T
L e(zMp(x)) which is true since (p(z)[] (e(®))) = p(x) and (zp(x)) =
= p(z). Else p(xz) C x and then (xl__lp(xl_] p(x))) = z and (2[p(zlp(x)))
= p(%) so that we must show that e(xMe(x)) C elp(x) Lp(p(x))) which
is true since (z[Mp(x)) = p() and (p(x () Lp( (x))) = p(x). Applying 1.19
and using 7.4 we see that the set fp(F, F) of common fixed points
of F and Fis a complete lattice fp(F, F) ), luis (F F)(L)=1,lis
( )(T) = T,AS.luis(F)(LS),AS. lis(F)(I11S)) which is the image of
KoM(L — L) = KoM(L — L) by the lower preclosure operator B and
the upper preclosure operator B satisfying B [ B hence the Image

of (L L) byQandQ
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Since _M ;1\—/1, E_l; R, B _E_:_B and K, B are monotone we
have Q C Q. Q and Q are composition of monotone operators and
therefore monotone. Also Q (and dually Q) is idempotent since

vfe.(L — L), Q(f) is monotone (hence MoQ(f) = Q(f)), comparing

(hence KoQ(f) = Q(f)) and satisfies the connectivity axiom (hence
is a common fixed point of F and F therefore fixed point of B)
so that BeKoMoQ(f) = Q(f)

vfe(L — L), VpeQ(L L), if f ¢ then Q(f) C Qlp) = p and
if o Cf then p = Q) C Q). End of proof.
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