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Theory attracts practice as the magnet attracts iron.

Karl Friedrich Gauss (1777-1855)

Preface

The demand for efficient technology for information exchange is constantly
growing all around the world. The design and operation of communication
networks requires a wide range of problems to be solved, relating both to
engineering and economics. Analysis of mathematical models of real-world
systems often helps to handle these challenges successfully and opens new
perspectives for the evolution of communication tools.

Usually, the study of a communication network has to be based on in-
complete or unpredictable information on many factors that influence its
behavior. Common examples of a priori unknown environmental factors are
the time, the location, and the amount of user demand for the service. Also,
a complete description of network architecture—the locations and connec-
tion scheme of all of its components—is not always available. Probability
theory can deal with such uncertainty, making it possible to incorporate
hypotheses on the external environment, on the configuration, and on the
behavior of the system into the model.

The principal function of a network is to transfer information, so there
is obviously a link between the effectiveness of the system on one side and
the spatial distribution of network elements and user demand on the other.
The statistical information about the network is often available only in the
form of aggregate data, which is not sufficient for performance analysis. For
example, from the total amount of offered load and rejected calls, it is not
possible to identify the part of the network that creates bottlenecks. A
macroscopic network model must therefore account for the spatial factor,



i.e. provide a description of the architecture and distinguish between the
individual network elements in space.

Stochastic geometry provides a notion of a random object in space [40],
and therefore turns out to be particularly suitable for macroscopic modeling
purposes. The idea of the new modeling approach developed in [4] is to
represent the components of a network (subscribers, nodes, service zones,
link and transportation infrastructure) as a family of random objects (point
patterns, graphs, tessellations), i.e. as realizations of stochastic processes
with distribution parameters that can be estimated by measurements and
observations.

Why use a stochastic description instead of the more traditional combi-
natorial one? The reason is that spatial distribution laws provide a much
more compact representation for the locations of network elements than col-
lections of individual coordinates. The network characteristics expressed as
functionals of stochastic processes depend only on a limited number of distri-
bution parameters. As a consequence, for really large networks, probabilistic
representations are easier to treat well by analytical methods.

This thesis is a contribution to the analysis of network performance using
methods from stochastic geometry. It is organized around two problems:
the evaluation of the effectiveness of a routing mechanism, and the analysis
of the spatial distribution of service zones in hierarchical networks.

The aim of Chapter 1 is to explain what types of networks can so far be
modeled with such an approach and how these models are constructed. This
chapter also presents a survey of problems that can be treated and discusses
the results of this thesis in the context of network applications.

It should be noted that the analysis of stochastic spatial network models
is based on general methods of stochastic geometry, of the theory of point
processes, of spatial statistics, and of graph theory. New methods developed
for studying the geometry of random graphs and tessellations and for the
calculation and optimization of functionals of point processes expand the
scope of the approach and are important in their own right.

Chapter 2 is devoted to the issues of routing, i.e. of finding a path for
delivering information from the source to the destination. In some situations,
finding the shortest path turns out to be a high-cost operation. We consider
a simple ray-shoot algorithm for finding short paths and test its performance
on a random graph representing the communication network. For this, we
study the class of paths generated by this algorithm. The segments of paths



from this class form a Markov chain. We look at its ergodic properties and
derive the stationary distribution. This is the central result of this part, and
it allows us to find the mean relative length of a short path with respect to
the Euclidean distance between its end-points. Comparing this value with
the length of the shortest path (obtained by simulation) we get an idea of the
effectiveness of the considered path-finding procedure. Using these results,
we sketch a routing algorithm in which the routing decisions are based on
local views of a network rather than on the knowledge of the state of all of
its links.

Chapter 3 is the study of partitions of space into areas corresponding
to the individual stations of a multi-level, hierarchically organized network
(for instance, a telephone network). Assume that each level of stations is
represented by a stationary point process. The space is divided between the
stations into service zones, hence the stations can be viewed as nuclei of the
cells, which form a tessellation. Consider a situation in which each station
of level n controls the stations of level n + 1 located in its cell. Iterating
this scheme, we obtain a branching process. We now look at a group of
stations of level n that have a common ancestor at the top level. Our aim
is to describe the geometry of the area assigned to such stations, i.e. of the
union of the corresponding cells of the n-level tessellation. For each n, such
areas form an aggregate tessellation (AT), which we study in this part of the
thesis.

We trace the evolution of the shape of a typical aggregate cell as n
grows, and find a closed-form expression for the coverage probability, which
may be explicitly evaluated for network models based on Poisson—Voronoi
tessellations. The main result of this part is a general condition for the
existence of the limit tessellation as n — oo. We also look into the properties
of its boundary in the special case when this tessellation is a fractal. Finally,
we discuss potential applications of AT-based models to the modeling of
cellular structures in wireless networks.

The results presented in this thesis were published as [6] and [59].






Chapter 1

Introduction

1.1 Wired and Wireless Telephone Networks

We begin with short overviews of the communication networks to which
the models considered in this thesis are related. The goal of this section is
to bring forward the spatial organization of these communication systems,
the interconnection hierarchy, and the functions of their main elements.
Further reading may be started, for example, from the book of Keshav [32],
which provides a comprehensive introduction to a wide range of networking
concepts and technologies.

1.1.1 Static Telephone Network

The telephone network offering a two-way voice connection between a pair of
users is nowadays by far the most popular communication service with the
number of its subscribers passing a billion mark. Since the late 70s of the
last century, when the first public telephone network was conceived by Bell
Telephone Company, technological innovations were constantly increasing
the performance of the system. However, the basic architecture principles
have remained almost unchanged.

The telephone service is based on the concept of circuit switching, from
where the name Public Switched Telephone Network (PSTN). A circuit is a
temporary communication path that the network sets up between two end-
points by switching the existing links. Once established, the circuit lasts for
the duration of the call and is then dismantled; the links become available
for reuse.

The telephone network is organized hierarchically (Figure 1.1). The low-
est level of the hierarchy is formed by the end-systems, most often ordinary
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telephone sets, sometimes fax machines and modems. All the end-systems
within a particular geographical zone are connected to a switch at the cen-
tral office (CO). By switching the local links, the CO can complete calls
from the end-systems within its local zone. This local part of connection is
called the local loop, as it is usually done by a pair of wires.

Central Offices

Sty

End-systems

Figure 1.1: Public Switched Telephone Network

In order to be able to pass calls outside of local zones, the local COs are
connected to less numerous COs of higher level, and so on. The hierarchy
of the COs consists of two to five levels; the top level COs are handling the
long-distance calls at the national and the international scale. FEach of the
COs of higher level can perform switching of the links to the lower-level COs,
as the local COs can perform switching of wires to the end-systems. The top-
level COs are interconnected by high-capacity backbone links so that any
two COs can either communicate directly, or establish a path in a few hops
using other COs as intermediate relays. These links form the core network.
Depending on the capacity that is required for the transmission links at
different levels, different types of media can be used: twisted pair, coaxial
cable, fiber optics; the transmission can also be performed over wireless
links.

A number of other communication systems make use of the global span
of the telephone network. For example, Internet service providers use the
local loop to reach customers at the households. The wireless systems that
we consider below are closely integrated with PSTN and may use the core
network as a relay medium for long-distance calls.
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1.1.2 Wireless Networks with Mobile Users

Wireless networks are designed to provide voice and data connection to
mobile users. The concept of the wireless systems is to deploy a number
of low-power stations in the service area and let the mobile user commu-
nicate with the station providing the best quality of transmission. The
whole service area is thus partitioned into subareas served by the stations,
called cells. The size and shape of a cell is defined by the transmission and
propagation factors. Low transmission power and low interference between
stations makes it possible to reuse frequencies some distance away, which
considerably increases the capacity of the system.

The acronym PLMN (Public Land Mobile Network) is often used as
a general reference to the land-based cellular networks. Let us look more
closely at the architecture of a cellular network on the example of GSM.
A complete description of GSM system can be found in [47], [53]; see [56]
and [57] for an overview. Other cellular networks are organized similarly,
the principal difference between them lies in the technology of signal trans-
mission.

Mobile Switching Centers

Base Stations

Mobile Terminals

Figure 1.2: Wireless Telephone Network

A GSM network consists of three superposed layers (Figure 1.2):
e mobile terminals carried by the subscribers;
e base stations;

e network subsystem and switching centers.
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Mobile terminals are portable handset transceivers used by subscribers.
The mobile terminals communicate over the radio links with the base sta-
tions. The geographical area in which the base station can be best heard
is called a cell. The cells are grouped in clusters, each station is assigned
a unique set of frequencies so that the frequencies in the same cluster do
not repeat, and the frequencies of different clusters do not interfere. The
clusters are called location areas.

The base stations of each location area are controlled by a mobile switch-
ing center (MSC), which sometimes is also called mobile telephone switching
office (MTSO). The switching centers are interconnected by trunk lines so
that they can transfer data and exchange signaling information. The gate-
ways are implemented in some of the switching centers, which provide an
interface to the fixed telephone network and other services.

Such hierarchical organization allows for effective handling of calls from
mobile terminals. The two main problems arising from the mobility of a
subscriber are location tracking and communicating with mobile terminals.

When a mobile subscriber in active call mode moves from one cell to
another, the call has to be switched between the two base stations. This
action is called handover. Generally, it is initiated by a mobile terminal,
which monitors the signal quality from neighboring stations and signals to
its current switching center when the quality of the signal degrades beyond
a certain limit. A mobile center can also perform handovers if it is unable to
handle all the mobile terminals in its cell. There are two types of handovers:
between cells controlled by the same switching center and belonging to the
same local area, and between cells controlled by different switching centers.

The problem of effective handover policy is one of the major challenges in
wireless networks. The signal power levels are subject to sudden fluctuations
caused by natural obstacles. Because each handover involves a signaling
cost, it seems unreasonable to perform switching each time the signal power
falls, as it might result in the call being bounced back and forth between
two stations. From the other side, if the reason of the signal degradation is
the increasing distance between the mobile and the station, not performing
handover may result in call dropping. An effective handover policy must
then balance the cost and the reliability of service.

1.1.3 Mobile Wireless Networks

Another rapidly evolving sector of wireless communications are the net-
works in which not only the customers, but also part of the infrastructure
is mobile. An example from this class are the systems of low-orbit satellite



1.1 Wired and Wireless Telephone Networks 15

Figure 1.3: Satellite Communication Network

communications, designed as an extension to the existing wired and wireless
land-based telephone networks (Figure 1.3). The most known commercial
implementations, Iridium and Globalstar, offer point-to-point voice connec-
tion, messaging and other low-rate data services. The technology to provide
multimedia data transfer with small delays is currently under development.

The worldwide coverage is achieved by deploying a constellation of satel-
lites on low-earth orbits (LEO), at 750-1500 km over the land surface. The
orbits are configured so that one or more satellites is always visible from
any terrestrial location. The advantage of LEO satellites is that they can
be reached directly from low-power mobile terminals. For voice communica-
tions, it is also important that the propagation delay from the LEO satellites
is relatively small.

The ground-based segment of the satellite network consists of mobile
satellite terminals (satellite telephones) and gateways to PSTN/PLMN.
There is also a number of control centers that oversee satellite operations
and manage the radio resources.

The mobile satellite terminal operates as a typical mobile terminal when
the land-based cellular network is within reach. When the land-based net-
work is unavailable, it establishes connection with a satellite. Next, the
call is either relayed from satellite to satellite (Iridium), or is immediately
bounced back to the land-based gateway (Globalstar), and is then completed
via the PSTN/PLMN network. Thus the satellites act as “enhanced” base
stations in conventional cellular networks.

An ad hoc network (Figure 1.4) is formed by a number of mobile hosts
communicating over wireless links without any centralized infrastructure
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Figure 1.4: Ad Hoc Network (Mobile Radio Network)

(see e.g. [38], [39]). Such a situation occurs, for example, at emergency res-
cue operations, when communication services must be rapidly deployed in
a region where the wired infrastructure is unavailable or inexistent. Fre-
quently the networks of this type are called mobile radio networks, since the
mobile hosts usually communicate over radio channels. If the source and
the destination hosts are out of the radio range, other hosts participate in
transmission by receiving and forwarding bits of information one to another.

1.1.4 Routing in Packet Switched Networks

The mechanism of routing ensures that the information transmitted from a
source to a destination in the network finds its way along the link structure.
There are two major ways of doing this: either to establish a communication
path, a circuit, from source to destination for the whole period of connection
(this is called circuit switching), or to split the information in small units,
packets, and let the network independently choose the best way for each
packet (called packet switching). Most of the telephone networks use circuit
switching, which allows to guarantee the transmission quality. Internet,
satellite communications, and mobile networks use packet switching, which
better exploits the transmission capabilities of the networks and is more
robust against link failures.

In packet switched networks, each station must be capable of forwarding
information to the next hop on the way to the destination, i.e. must possess
a so-called routing table matching each destination address to the address of
the next hop in the routing path. The procedure of creating and maintaining
such tables is called the routing protocol. The routing protocol defines which
part of the global information on the network topology should be collected
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and made available to each station so that it can create a coherent routing
table. The protocol also implements the rules on how such informations
should be exchanged between the stations.

For a routing protocol, at least three requirements can be formulated [32]:

e Size of routing tables and overhead signal messages should be mini-
mized, to save useful bandwidth.

e Failures of communication links should not cause loss of information
or loops.

e Paths used by the protocol should be optimal to minimize the network
congestion and to maximize the overall network performance.

The last requirement depends on the choice of metric for the links. The
optimal path may be the one with the minimal number of hops, with the
least total length, or with the smallest delay. The metric may also depend
on current link load and hence vary in time. We will look at mathematical
models addressing the problems of path choice in Chapter 2.

Routing in the fixed telephone networks is largely predefined by the
hierarchical network topology. Each CO maintains the list of phone numbers
in its local zone and communicates it to the CO of superior level to which
it is connected. When a call arrives, a CO checks whether the destination
number is located within its local zone. If it is, the call is forwarded to
the corresponding lower-level CO. If it is not, the call is forwarded to the
superior level of the hierarchy.

Multiple routing decisions are possible when the call is forwarded to the
top level of the telephone network (the core), and hence a path has to be
established between two top-level COs. Because the network configuration
at this level is essentially static, the links seldom fail, and the traffic is
quite predictable, the common solution is to precalculate several variants of
paths between each pair of top-level COs and to use the appropriate variant
according to the traffic situation.

In wireless networks, in order to route incoming calls to subscribers,
mobile phone numbers should be matched to the address of controlling base
stations. In order to do this, the system must be able to rapidly determine
the subscriber location. One way of doing this would be to page every cell of
the network producing an excess of service messages. Another way would be
to track every mobile and update this information at some global database
each time a mobiles changes cells. The solution is usually a trade-off: the
system permanently keeps track only of the location area of a mobile and
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pages every cell of this location area when the mobile has to be located.
Mobile tracking is thus replaced by tracking of the corresponding MSC.

The routing scheme is thus the following. In the global database, the
phone number of each subscriber is matched to the address of a home MSC
to which the subscriber is permanently assigned. This home MSC stores
and updates the address of the MSC that currently controls the mobile of
the roaming subscriber. The calls o a roaming mobile are first routed to its
home MSC and then to the MSC controlling its current location. The calls
from a roaming mobile are routed to the destination via the current MSC
and the home MSC. A scheme of this kind scales well and makes billing and
accounting simple. The calls to and from the subscribers of fixed networks
are forwarded through a number of PSTN/PLMN gateways. An update of
the routing path is necessary each time when the mobile phone moves out
of the cell of its current base station or out of the area of current MSC.

One of the most important engineering challenges is the design of routing
protocols for distributed packed switched networks where no centralized
information on the network topology is available [29], [28]. In such situations
each host broadcasts to the others its local view of the network; the task
of the routing protocol is that the information received by each host is
consistent and as up-to-date as possible.

The two major types of distributed routing protocols use distance vec-
tor or link state algorithms. In the first, each host communicates to the
neighbors its view of the distance to all hosts, and computes the optimal
path to each host using the information received from its neighbors. In the
second, each host broadcasts information containing the state and the cost
of its adjacent links. Each host builds its own complete view of the network
based on the information received from the others, and computes the op-
timal paths from this view. Both algorithms are also used in conventional
wired networks.

1.2 Stochastic Geometry Network Models

The aim of this section is to show how models of different communica-
tion networks can be cast within the common mathematical framework of
stochastic geometry. Common design principles make it possible to represent
specific network architectures by combinations of abstract geometrical ob-
jects: point processes, graphs, and tessellations. A survey of results presents
the examples of the analytical treatment of a number of evaluation and op-
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timization problems. Applications of point processes to network modeling
have also been reviewed by Schmidt & Frey in [20] and [21].

1.2.1 Model Design Principles

The locations of central offices of a large telephone network form an irregular
point pattern. This irregularity is caused by spatial variations of population
density, consumer demand, and a number of other geographical and techno-
logical factors. Though the picture looks essentially static, the development
and upgrade of the system make it change in the long run. The dynamics
is more evident for snapshots of wireless networks with mobile subscribers
and mobile relay hosts.

With this irregularity and possible dynamics in mind, we argue that
stochastic point processes provide good representations of locations of dif-
ferent network entities. The distributions of such processes can be chosen so
that their realizations will look quite similar to observed point patterns. At
the same time, a point process is in some way a much simpler object than
the complete set of locations, because we care only about its distribution
and not about the coordinates of many individual points.

For the sake of unity, in what follows, we will use the generic term station
for network entities at each hierarchy level including the subscribers, and
we will call link any form of physical connection between them, regardless
of the media type.

In §1.1 we outlined the hierarchical organization of functional elements
in several types of communication networks. From this viewpoint, the links
between stations can be divided in two classes.

Inter-level links. Connections between stations of different levels of
the hierarchy. This class comprises, for example, the local loops con-
necting subscribers to central offices, or the radio links between mobile
terminals and base stations. Any two elements connected by a link of
this class are in “parent—offspring” relation.

Intra-level links. Connections between the stations of the same level.
Example from this class are the backbone links between the top-level
COs and direct radio channels between mobile hosts in ad hoc net-
works.

A general design principle in communication networks is to exploit local-
ity and to minimize lengths of physical and radio links, thus saving resources
and facilitating transmission. Following this line, we will assume that the
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inter-level links always connect an offspring station to the closest station of
the parent level. In geometric terms this means that each level of parent
stations generates a Voronoi tessellation of the space (see Definition A.2.1 in
Appendix A), and the offspring stations that are located in the same Voronoi
cell are connected to the parent station associated with its nucleus. We call
two stations of the same level neighboring if they have adjacent service zones.
In the basic models, we will assume that the intra-level links connect only
neighboring stations. Thus the set of intra-level links constitutes a Delaunay
graph (see Definition A.2.3) with stations as vertices.

The above assumptions on connections are, of course, idealistic. Natural
obstacles and different engineering constraints influence the practical imple-
mentations of communication systems. The models discussed here capture
only general tendencies and should be regarded as first-order approximations
of reality. Hence, some attention should be paid, whether the assumptions
apply in the context of each special case.

Here is the summary of the basic principles that define the structure of
the forthcoming spatial stochastic models:

e Stations form an irregular point pattern represented by a spatial point
process.

e Inter-level links connect a station to the closest station of the upper
level. A Voronoi tessellation is thus generated by the upper-level sta-
tions, with cells corresponding to service zones. A station is connected
to a station of the upper level, if it is located in its Voronoi cell.

e Intra-level links connect stations of adjacent cells. The set of links is
thus represented by a Delaunay graph with the vertices at the locations
of the stations.

1.2.2 Basic Cell Model

A simple representation of a generic network with a single level of stations
can be built in the plane (or in R%) with only three components: a Poisson
point process II = {x;}, the Voronoi tessellation © = {C(x;)} generated by
II, and the Delaunay graph D having II as the vertex set.

The Poisson process is perhaps the simplest non-trivial way of represent-
ing irregular point patterns formed by stations. Most often we will use a
homogeneous Poisson process II. It is clear that the homogeneity assump-
tion ignores several important features of the networks. However, it reflects
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the main quality of randomness of station locations in a region where the de-
mographic density is approximately constant and it serves as a good starting
point in the absence of additional information. With such an assumption,
the model depends on the single parameter, the intensity A of II, and a
number of network characteristics may be explicitly evaluated.

In cases when this assumption does not apply, an inhomogeneous pro-
cess II may be considered. Its intensity measure A(-) may be chosen propor-
tional to the demographic density, the density of demand for the service, or
to the hardware concentration. The estimation of A(-) may be performed
from one realization e.g. by the maximal likelihood method (see [35], [36],
and [52]).

So far, the model makes no distinction between the individual sub-
scribers; they can be located anywhere in the space.

This construction serves as a primary block to build more complex sys-
tems. Used as a model in its own right, it admits several interpretations:

e Top level (core) of a fixed telephone network. The Voronoi tessella-
tion corresponds to the division of space into service areas, and the
Delaunay graph corresponds to the infrastructure of backbone links.

e Fixed part of a wireless communication system in the ideal signal prop-
agation environment. Voronoi cells correspond to radio cells, and the
stations are mobile switching centers, interconnected by land lines.

e Snapshot of configuration of mobile hosts in a mobile radio network.
The Voronoi cells are local coverage areas, and the nodes of the De-
launay graph denote the radio channels established between the hosts.

1.2.3 Hierarchical Model

The hierarchical model is an extension of the basic cell model and it is based
on the same assumptions. Consider a sequence of independent Poisson point
processes

o, 4, . .., I,

with II;, = {z¥} representing the stations of the k-th level (k-stations).
If only homogeneous processes are considered, let A\; be the intensity of
II. Denote by ©F = {C¥(2¥)} the Voronoi tessellation generated by the
k-stations. Stations of IT;y; that are closer to x¥ thus are contained in
C*(z¥). The inter-level links connect each (k + 1)-station a:f“ belonging to
C*(2¥) to the nucleus z¥. These links constitute a family of spanning trees
in the phase space, see Figure 1.5. The intra-level links connect each pair of
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Figure 1.5: Hierarchical model of a communication network

top-level stations z¢ and x? whose Voronoi cells C?(zY) and C’O(x(;) share a
(d—1)-dimensional face. Thus, the intra-level links form a Poisson—Delaunay
graph.

This model describes the fixed part of the infrastructure of wired and
wireless networks, with the end subscribers represented by the lowest-level
process II,,. Alternatively, we may think of points of II,, as of the base
stations, and use a separate representation for the subscribers, like the one
defined in the next section.

The connection rules that apply to the hierarchy of stations may be
generalized in a number of ways by changing the type of tessellations as-
sociated with the point processes II;. For example, to each station a:f we
may assign a random mark w(a:f) reflecting its individual capacity or usage
cost. Such a characteristic can be incorporated in the model by consider-

ing weighed Voronoi tessellations defined by (multiplicatively or additively)
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weighed distances

d(y, a7) = w(f) |y — |,
d(y, «f) = w(af) + [ly — «f].

Systems in which for reliability reasons a station must be linked to several
parent-level stations can be modeled with higher-order VTs, in which an
area is assigned to the closest m-tuple of nuclei. See [42] and [51, Chapter 3]
for definitions and a detailed account of properties of generalized Voronoi
tessellations.

The strict hierarchical principle is seldom rigorously observed in real-
world networks, which means that stations of non-adjacent levels may some-
times be connected directly. To reflect this fact, the topology of inter-level
links can be modified by introducing direct connections between stations of
non-adjacent levels, for example, k-stations connected to the closest stations
of levels 0,1,...,k — 1.

It is also possible to use other types of graphs of intra-level links, for
instance, the Fuclidean minimum spanning tree on some bounded subset
of RY. This is a connected graph that has Iy N B as a vertex set and the
minimal sum of edge lengths among all connected graphs with the vertex set
ITp N B. A well-known result is that the minimum spanning tree is a subset
of the Delaunay graph constructed on the same vertex set.

1.2.4 Wireless Communications Model

Mathematical representation for the fixed part of a cellular network is pro-
vided by a basic cell model or by a hierarchical model. Let us see how
the aspects related to mobility of the subscribers can be integrated in this
environment.

A simple way to model mobile subscribers would be to assume that their
initial positions at time instant 0 are given by a Poisson process II = {z;}
and to let the subscribers move independently without interaction. Denote
by d; the displacement of the mobile z; after time t. Bartlett’s theorem (see
e.g. [34]) states that the distribution of the set of new locations of subscribers
{z; + d;} is again Poisson provided that all d; are mutually independent.
Hence, such a model is essentially equivalent to the fixed case.

A more realistic model was proposed in [7]. Assume that the trajectories
of subscribers are all straight lines (roads) in the plane. Each line is defined
by a pair of parameters (p, «), where p is the distance from the origin, and
« is the inclination. Let the road system be represented by a Poisson line
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process II; = {D;} in the space of parameters R x [0, 7), with the intensity
measure

M(dD) = A\pgdp O(dav). (1.1)

Here A4 is the road density, and O(da) is the orientation distribution of a
typical road. When the orientation distribution is homogeneous, the model
is isotropic with all the road inclinations being equivalently probable. If the
orientation has atomic distribution there is only a fixed number of possible
inclinations of the roads corresponding to the atoms.

We now turn to definition of the traffic patterns on a given road D =
(p, ). In the local coordinates, the subscribers on this road are characterized
by three parameters: position, velocity, and calling state. Let the position
and velocity at time instant 0 be represented by a two-dimensional Poisson
process

H}?v = {(2:(0),v;(0))}

with the intensity measure
ADVP (dv).

Here A} is the traffic intensity, and VP is the velocity distribution of a
typical subscriber at the road D.

The velocities are marks of the subscribers, and we suppose that they
remain constant in time so that a subscriber at x;(0) after the time period
t moves to x;(t) = x;(0) 4+ v;t. Since the process {z;(0)} is homogeneous
and the displacements of the points are independent, the distributions of the
processes {(z;(t),v;)} and {(x;(0),v;)} coincide. This result is a consequence
of Bartlett’s theorem. It highly simplifies the analysis of the model.

The calling state s;(t) is another independent mark of x;(¢). It equals 0
if the user is not active at the time instant ¢, and 1 if the user is in the
call mode. We assume that the idle periods and the calling periods are
independent exponentially distributed random variables with parameters
IQOD and kP, respectively, and that

D
Ko

P@mn_m_ﬁg+m,
which makes the distribution of the calling state stationary in time.

Thus, the mobility component of the model is represented by a marked
Poisson line process II; = {D;} with each of its lines marked by a traffic
configuration: locations of the subscribers, velocities, calling states. Marks
related to different lines are assumed independent.
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1.3 Analytic Results for Stochastic Geometry
Models

Poisson—Voronoi cell characteristics

Point processes form the basis of a large number of probabilistic models, and
an extensive theory has been developed for them. A thorough theoretical
introduction and an advanced review of applicable mathematical tools are
contained in Daley and Vere-Jones [15]. Of all the point processes, the
Poisson process is the most important and the best studied special case. An
extended account of its properties can be found in Kingman [34].

Interest in the geometry of random graphs and tessellations derived from
stationary point processes has persisted due to a vast number of potential
applications. The most common type of results imply moments, distribu-
tions and correlations of various cell characteristics, such as the volume,
number of faces, surface area, etc. The results, initially scattered over the
literature, have been united in Stoyan et al. [58], and in Okabe et al. [51],
who also provide the research history and organized lists of references. We
will review only some of the results that have direct applications in network
analysis.

In the settings of stochastic geometry models, many network characteris-
tics related to individual stations and their cells can be represented as marks
of underlying point processes. A ready example is the area of a service zone
assigned to a base station (used to estimate the volume of the expected traf-
fic), or the number of mobile phone users communicating to a base station.
Another example of a mark is the number of faces of a cell, i.e. the number
of neighbors with whom a station has direct connections.

The Palm probability approach provides a framework to study the dis-
tributions of such marks. Consider the empirical mark distribution of a
stationary marked point process {x;, m(x;)}, constructed from the obser-
vation of a stationary simple point process N' = {x;} through a bounded
window W = b(0, R)

_ 1

P(m <) = Y M(m(z;) < z)M(z; € W). (1.2)
N (W)

aciGN'

Here we suppose that the marks are observable for all points x; € W. When
the marked point process {x;, m;} is ergodic, the empirical distribution (1.2)
converges to the Palm distribution PY of the mark m(0) as the size of the
window R tends to infinity (for the definition of P, see Appendix). Thus,
the Palm distribution can be interpreted as the distribution of the mark of
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a point randomly chosen in A/. We will also refer to it as the distribution of
a typical mark.

The notion of a mark can be naturally extended to geometric objects.
For example, the cell C(x;) itself can be regarded as a mark of its nucleus z;.
Let H contain all positive measurable functions on the set of the polytopes
contained in R%. Denote by E° the expectation corresponding to PY. Let 6,
be a shift by ¢t € R? (see Appendix). The Palm distribution of a typical cell
C(0) may be completely defined through E° h(C(0)) for different h(-) € H
such that

B(O:C (1)) = h(C(ay).

As follows from the definition (see Appendix), the (d — k)-facets of d-
dimensional Voronoi tessellation can be indexed by (k + 1)-tuples

[x]k’-i-l = ($i07 Liyy--- 7$ik)

from the nuclei process N'. A centroid associated with the facet F'([2]p41)
is a point z([z]k41) covariant under translations

Z(at[$]k+1) = gtz([.l‘]k+1) .

Such centroids can be defined in several ways, for example, z([x]k_H) may be
the gravity center of F([w]k+1) We can now consider the stationary marked

process of centroids
N = {z([x]rs1) }

with the marks being the characteristics of the corresponding facets. The
density \g_; and the intensity I;_j of (d — k)-facets in R? are given by

Ad— E Z ‘F ]kt mB|d k
[$k+1

EZ ( st eB).
[$k+1

Due to the stationarity of the underlying nuclei process, these characteristics
do neither depend on the choice of B, nor on the definition of centroid.
The values of A\;_, for Poisson—Voronoi Tessellations (PVTs) were found
for arbitrary k = 1,2,...,d, a result due to Miles [44]. A wide range of
results for stationary tessellations comes from the relations between Ag_p,
I;_1, and other mean cell characteristics. General expressions in R? are
given in [45], for d = 2, 3 see [58, §10.3]. Mean value relations of similar type
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also exist for the tessellations induced by the intersection of a d-dimensional
PVT with a k-dimensional hyperplane [45].
Consider the following cell characteristics

N = mean number of vertices,
L = mean perimeter,

S = mean surface area,

V = mean volume,

B = mean average breadth of a typical cell.
From the mean-value relations, in the planar case (d = 2) it follows that

Ip=2\, I, =3\, b=\ N=6,
L=4/VX S=1/A

In the spatial case (d = 3)

Iy =247°0/35, L+ I, =3Io+ )\, I3=X\ N =247%/35,
A1 = (16/15)(3/4) 3230 (4/3)A%/3, Ay = 4(x/6) /3D (5/3)AY/3,
S = (2567 /3)/30(5/3)A72/3, vV =1/),

B = (n/3)75/342/30(1/3)A"/3 /5.

A number of other mean cell characteristics can be expressed as functions
of the above values, see [58, §10.4, §10.6.2], [51, §5.4], [45, §7], [43].

The boundary I' of a Voronoi tessellation is defined as the union of the
boundaries of its cells. Let B be a compact star-shaped set in R? containing
the origin. The contact distribution function Hpg(r) is the probability that
the random set I' hits the set B scaled by r on the condition that the origin
does not belong to I'

Hp(r)=P(I'NrB#0[0¢T).

Integral formulas of Hp(r) for Voronoi tessellations generated by a simple
stationary process are presented in [25]. Typical choices of B are the unit
ball b(0,1), or the segment [0,1]. They yield, respectively, the spherical
and the linear contact DFs. Integral representations for these functions for
stationary Poisson—Voronoi tessellations are given in [22] and [49].

The contact DFs may be interpreted e.g. as a probability measure of
the interference that a mobile terminal with the emission range r creates



28 Introduction

in the neighboring cells of a wireless system. Specific shapes of the set B
correspond to unidirectional or non-directional types of broadcast.
Consider the one-dimensional point process induced on a line [ by the
intersections with the boundary of a stationary PVT. Let {T}, k € Z} be
the points of this process in local coordinates on [ such that Tjp_; < T}
and T_; < 0 < Tpy. In wireless network context, T} corresponds to the
locations along the mobile’s trajectory ! at which handovers between the
base stations are performed. The chords [T;_1, T] correspond to the parts of
the trajectory when the mobile is controlled by different stations; these parts
can be regarded as the marks of Tj. Clearly, P(||7o|| < r) coincides with
the linear contact DF. The typical chord length distribution L(r) is defined
as the Palm distribution of ||Ty — Tk_1]|| with respect to the process {T}}.
The inversion formula of Palm distribution (see e.g. [3]) yields the relation

Hoa(r) = 7 [ (1= L))

where L = [;°(1 — L(r)) dr is the mean chord length. For stationary PVTs
of the intensity A, in [22] it was shown that

L=x"1d ar(a-3) [r(+)] , (1.3)
2r(@r(2-4) [r(4+ 1>]<2d—1>/d

General forms of contact DF's of stationary Voronoi tessellations were ob-
tained in [25]. The contact DFs were expressed there in terms of the two-
point Palm distribution and the pair correlation function. Expressions for
the mean chord lengths follow as a corollary.

Apart from mean characteristics, there are quite a few explicit results
on the distributional characteristics of Poisson—Voronoi cells. The situation
is somewhat better for the Delaunay graph and for the triangulation of
the plane that it defines: typical cell size and shape have been completely
characterized in [44], [31], and all moments of the volume were found in [45].
For the Delaunay graph corresponding to a Poisson—Voronoi tessellation, the
density function for the length of the typical Delaunay edge was obtained
in planar and spatial cases in [48].

Cost of the infrastructure

Consider a model of a two-level hierarchical network generated by the Pois-
son processes Iy and I1;. Several cost-related characteristics associated with
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a typical station of Iy can be expressed as functionals of the form

Sifl= > f=}) Wz} € Co(0)).

le elly

For instance, with f(z) = 1 this functional becomes the number of sub-
scribers of a typical ITp-station, which we will denote by Sy; with f(x) = ||z|
it becomes the total length of the links from this station to the subscribers
in its zone and will be denoted by S;. The first two moments of these
characteristics can be calculated using Campbell’s theorem and numerical
integration (see [19]).

ESy =M/d, ESp=A/2\/3),
VarSy = A1 /Ao + 0.2802/)3,  VarSy = \;/(7)\3) + 0.147\3 /A3,
Cov(Sy,S1) = A /(2A%) 4+ 019722 /222,

Further problems of evaluating the cost of the infrastructure in multilevel
hierarchical networks were considered in [8]. As follows from the description
of the hierarchical model, each station xf can be viewed as the root of
the tree of inter-level links connecting xf to the stations of lower levels
k+ 1,k +2...,n. The cost functions G(z¥) introduced in [8] associate
with such a tree the cost of all stations and links that belong to it. These

functions are defined recursively as follows

Gab)y =T+ 3 (G(xg?ﬂ) + L(xf,x;?“)) I(z4+! € Oy (ah)).

Here I corresponds to the cost of installation and maintenance of a k-

station, and L(xf,a:?“) corresponds to the cost of the link connecting xf
to 2%, The definition of L takes into account two factors:

J

e capacity of the link, which in its turn is a function of S(z¥), the number
of subscribers (n-stations) managed by x¥;

e cost of the medium, a function of the length of the link and of the level
number.

In the simplest case,

L(xf,25™) = epS(af) |laf — ™|, (1.4)
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with some constants ¢y >0 and ap >0, k=0,1,...,n— 1.

From the formal viewpoint, the marks G(z¥) are associated with the pro-
cess of station locations II;. In this setting, the average total cost assigned
to a typical k-station is expressed as E%n G(0) (a shorthand for the expec-
tation with respect to I U {0}, Ix4q,...,IL,). An expectation of this kind
can be evaluated using Campbell’s theorem and Neveu’s exchange formula
(see [50]), the final form of the expressions depends on the definition of L.
For example, for a three-level network with the link cost defined by (1.4),

A A
EQ,G(0)=Io+ ;= + L2
’ )\0 )\0
CoN () C1A2 aq
b ), ok o)
wao/QAS‘O/QH 2 A )\0)\(111/27&1/2 2 "

Here is an example of optimization problems that may be stated in these
settings: given the intensity Ag of the process of top-level stations Iy and
the intensity Ao of the process of subscribers, find A; that minimizes the
average cost of the infrastructure E872 G(0). Generally, such parametric
optimizations require numerical calculations. Some special cases can be
treated analytically, for instance, for Is = 0, ap = 1, and ¢ = 1, the value
of E872 G(0) attains its minimum

3[11/363/3)\3/3 4 Co)\g at A — (Cl)\2>2/3
1= .

1/3 2/3
Ao8 / 2)\0/ 41

Ip+

The hierarchical model may be adapted to incorporate somewhat more
general connection principles. For example, in [8] an hierarchical network
was considered in which a k-station is directly connected to the closest sta-
tion chosen of I, IIy,..., 11y . Expression for the corresponding cost
functions are obtained by similar methods of Palm calculus.

It is also possible to evaluate the costs associated with the individual
“branches” of the spanning trees. Consider a hierarchical model generated
by the processes Ilg,Il;,...,II,, with the last level representing the sub-
scribers. Suppose, a subscriber z™ € II, is placing a call that should be
routed to the top level of the hierarchy. Under the model assumptions, the
path used for this call is one of the “branches” rooted at a top-level station.
Denote the vertices of such path by

(2", "L, 1Y),

where z, € I and 2*+1 € Cy(2"), for all k = 0,1,...,n — 1. Suppose
that the cost L(z*+! %) assigned to each link is given by (1.4) with S = 1.
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Then, using the independence of the processes I1,,, it is easy to verify that
the mean cost of the hierarchical path constructed from a typical subscriber
is given by

n—1

Bun B et ) - S () 1+ ]

Traffic in cellular networks

Consider a mobile networks model represented by superposition of the basic
cell model of §1.2.2 and the mobility component described in §1.2.4. Several
important characteristics of a mobile communication system than can be
expressed as
X =Y 7(Dy),
D;€ll

where 7(D;) is the value of some random field {7(D)} at D;. For example,
if 7(D;) is the number of cars in the call mode on the intersection of the
road D; with the zone Z C R?, then X = X¢(Z) is the total number
of communicating mobiles in Z. If 7(D;) is the number of active mobiles
on D; entering and leaving the zone Z during the time period At, then
X = Xy (Z, At) becomes the total number of handovers for the zone Z over
the period At.

Let ¢p, be the characteristic function of 7(D;). By [7, Th.1], if all 7(D;)
are mutually independent, the ch.f. of X has the form

B(s) = exp ( [@nts) = 131am) ).

where M is given by (1.1). From here, the moments of X can then be
derived, in particular,

EX:/ETTDM(dD),
VarX = /ET’T M(dD),

where E7 denotes the expectation with respect to the distribution of 7(D).

In the case of the isotropic road system with constant Ay and with
constant calling probability k = k1/(ko + K1), the ch.f. of the number of the
communicating vehicles in zone Z is given by

=ex Ard exp(k a)(e’ — — o
B(s) = p( /hit(z)( D Aer (py ) (€ — 1) — 1) d dp),

™
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where hit(Z) = {(p,«) : line D = (p, ) intersects Z}, and I(p, «) equals
the length of the intersection of the line D = (p, «) with Z. From here,

EXC’(Z) = KEA\trArd |Z|7

2AZ N\,
+ m/ (v, p) dovdp.
T hit(Z)

The ch.f. and the first two moments are calculated in a similar way for the
number of border crossings for the zone Z during a fixed period of time At.
For Z being a convex, bounded domain, the probability of large deviations
of X¢(Z) is given in [7, Th.2]. Finally, (1.5) can be extended to the case of
Z being a random cell of a typical base station Cj, constructed with respect
to a Poisson process Il of intensity Ag. The first two moments of the above
characteristics are then given by

VarX¢(Z) =E X¢(Z) (1.5)

5>\tr )\rd
Ao
85)\157' )\Tdf/

71')\(1)/2

E Xc(Co) =

E X5 (Co, At) = At + O((At)?)
H2 )‘%r /\rd /432 )\tr )\rd

VarXc(Co) ~ E Xc(Cp) + 0.672 Ve +0.280 °
0

KAty )\rdv

VaI'XH(Co, At) ~ EXH(C(), At) + 1.890A¢ Y
0

+0((At)?),

where V is the first moment of the velocity distribution V.

The problem of optimal size of local areas can be addressed in the set-
tings of a three-level hierarchical model representing the mobiles, switching
centers, and local area stations. Clustering of radio cells in location areas
reduces the number of update messages in the network, but increases the
search costs. The definition of the cost of mobile tracking introduced in [§]
takes into account these two factors.

Let the cost of location updating be proportional to the frequency at
which the mobile crosses the borders of the local areas (Ilp-cells). Suppose V/
is the mean velocity of a mobile, and « is the cost of one operation of location
updating. Using the fact that the intensity of cell border crossings by a
straight line equals 4\'/2 /7 (see e.g. [58]), we can define the location update
cost per time and per space unit as

Gl = 404‘7A2)\é/2/ﬂ'.
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Let S(n) be the cost of locating a mobile in a Ilp-cell containing n base
stations, and let p be the temporal intensity of calls directed to a mobile.
Then the mobile search cost per time and per space unit writes as

Go = pho BY (11 (Co)), (1.6)

where Cj is the IIp-cell containing the origin. Suppose, Y (n) = fn for some
constant 8 > 0, then

35\ 0
8tho

EY (I, (Cy)) = BroM E|Co| =

and the minimal value of the total cost function

G()\o) = G1 + G2

e (358 )
07 \32a07V )
Thus, Aj is the optimal intensity of the location area stations in these set-
tings.

is attained at

Stochastic gradients

The statistical approach to network optimization is applicable when no
closed-form expressions can be obtained for the network characteristics. The
optimization is based on the estimation of the gradients of functionals of
point processes, see [54], [2], [46], [5], and [61].

Let F(N) be some characteristic of a point process A/ observed through a
window W C RY. If the process is ergodic, an estimator of the expectation
of F(N) can be constructed using a single configuration of A/. For the
stationary and Palm distributions, it is given, respectively, by

EFV) = |W1’ /W F(0_N) d,
. (1.7)
B0 F(V) = N(lw) S PO,
z,eENNW

Suppose, W = W, is a sequence of bounded convex sets such that each
Wy contains a ball of radius ¢, and Wy C Wy for t = 0,1,.... By the
ergodic theorem [15, Prop. 10.2.11], the estimators (1.7) converge as t — oo



34 Introduction

respectively to E F(IT) and E® F(TI) a.s. and in £,(TI), p > 1. The convexity
of W; is not required for the convergence if A/ is a Poisson process.

In practice, the point process N is usually observed through a finite-size
window W. Thus, problems arise with the application of the estimator (1.7):
for some statistics, F' (6_36(./\/' N W)) is not defined, for others, a bias is
introduced by the edge effects.

o/
O‘Q

Figure 1.6: Fundamental region of the cell C(x;).

Call the statistic F'(N) local if there exists a compact set B(N') such
that F(N) is completely determined by the restriction of the process con-
figuration N on B(N).

For example, any translation-invariant characteristic of a Voronoi cell
C(x;) generated by a Poisson process II is a local statistic, because the
Voronoi cell is completely determined by the restriction of II on the so-
called fundamental region (also known as the Voronoi flower) defined as a
union of closed balls centered in the vertices of C(z;) and having z; in its
boundary (see Figure 1.6). The length of the paths on the Poisson-Delaunay
graph that we will be considering in Chapter 2 is another example of local
statistics.

For local statistics, the edge effects in (1.7) can be treated with a naive
border method (see e.g. [55], [58]). It consists in reducing the observation
to the window W' = {z e W : 6,B(0_,N) C W}. Replacing W for W’
in (1.7) reduces the bias. Of course, this method discards a large part of
observed information, which may be unacceptable when the estimator bases
on a single configuration of . For several basic characteristics of a sta-
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tionary point process (intensity, pair-correlation function, nearest-neighbor
distance, etc.) more sophisticated edge-corrected estimators were developed,
see e.g. the surveys [9], [58, §4.6], [21].

Let F(IT) be a local statistic on the realization of a homogeneous Poisson
process of the intensity A, representing, say, some infrastructure costs. We
would like to find the value of the parameter A at which the optimal value of
E F(II) is attained and would like to implement, for example, the steepest
descent method. For this we need an estimator for the gradient % E, F for
a given .

A random variable D is called a stochastic gradient of F' if

% E,F=E,D.
If such a random variable exists for F, the estimation of the derivative
% E, F can be reduced to the estimation of the expectation of D using (1.7).
For Poisson point processes, stochastic gradients exist under certain con-

ditions (see [5]) and have the form

%EOF EO/[F(HU{x})—F(H)]dx

= /Eg [F(TU {z}) — F(IT)] da.

The expression remains valid if E&] is replaced by Ey. Note that for the local
statistics, F(H U {:1;}) - F(H) = 0 if  does not belong to the dependence
region B(II). With this fact and (1.7), the estimator for the subintegral
expectation in (1.8) is given by

T S [P e}) = F(O-I0)] e € BO-.10),

x; eIINW’

(1.8)

Taking the integral we obtain

Z / H(ITU {z}) — F(11)] da,

z; elINW’

where F; = Fofl_,,. Using the Monte-Carlo method, we obtain the following
estimator for stochastic gradients

- 'W’ T z (U {un}) = B()], (19)

x; GHﬂW/

where u,,, m = 1,2,..., M are independent uniformly distributed in W
random variables. The asymptotic variance of the estimator (1.9) has the
order O(|W |~ + M~1).
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1.4 Contribution of This Thesis

1.4.1 Short Paths and Routing Algorithms.

Routing algorithms are designed to find communication paths connecting
distant subscribers. On many occasions, call routing is performed in homo-
geneous environment, for instance, between two top-level stations of PSTN,
or between two hosts in mobile radio network. In conventional wired or wire-
less networks, the routing protocols are usually based on modifications of one
of the two schemes for the search of the shortest path on the graph of links.
The distance-vector routing uses the algorithm of Bellman—Ford [11], [18],
which prescribes the exchange of distance vectors between network neigh-
bors. This allows one to distribute the routing process among the hosts and
if all links stay up all the time, every host eventually ends up with a table
containing the next hop in the shortest path to every destination. The clas-
sical algorithm is unstable against links failures, which may cause infinite
exchanges between hosts (the famous “counting to infinity” problem). To
avoid this, in different modifications of the algorithm the distance vector is
completed with some path information (at the expense of the size of the
routing tables), see e.g. [13]. In link-state routing, each host broadcasts the
cost and the state of the links to its neighbors over the whole network and
collects such information from the other hosts. This information is united by
the host in global network picture. Then the host usually applies Dijkstra’s
algorithm [16] to construct a spanning tree of shortest paths from itself to
every destination.

Both types of algorithms require certain relaxation time: either for the
distance vectors to converge, or for the link state information to reach every
host. Routing in mobile networks requires this time to be short: when the
actual network image and the image perceived by a host are significantly
different, routing through this host is impossible. From the other hand,
host mobility and frequent changes of the network topology significantly
increase the quantity of overhead information and therefore slow down the
convergence between the perceived and the real network states.

This difficulties cannot be entirely eliminated as soon as routing proto-
cols aim at finding shortest paths, because shortest paths, by their nature,
rely on comparison of many possible routing decisions, and hence, on in-
teraction between many hosts. The aim of the first part of the thesis is
to examine some path-finding algorithms that do not require extensive ex-
change of information between the stations and still yield reasonably short
paths.
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Figure 1.7: Aggregate cell of the first order (filled).

Stochastic geometry provides a framework for testing different routing
algorithms by evaluating the corresponding paths’ characteristics. In Chap-
ter 2 we consider a simple ray-shoot algorithm in the context of basic network
model and give a probabilistic analysis of a class of “short” paths that it
generates on the Poisson—Delaunay graph. One of the main results of the
chapter is the expression for the mean length of such paths, which is then
compared to the length of the shortest path and the Euclidean distance
between the two endpoints. The length results may also be used for compu-
tation of costs of the infrastructure that is needed in order to connect two
network nodes.

1.4.2 Aggregate Tessellations in Network Models

Tessellations naturally arise in network models whenever a partition of space
between some network elements is considered. An example of such a parti-
tion is the division of the coverage area of a wireless network between the
base stations. As we have seen in §1.3, the connection rules between different
types of network entities can also be described by means of tessellations.
The models presented in §1.3 mainly use the concept of Voronoi dia-
grams, with the cells being convex non-empty polyhedra. A number of
reasons suggest that one should use more sophisticated shapes to obtain
accurate models of service zones. The variability of the radio cells is an
intrinsic feature of the wireless networks, where possibility of connection to
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Figure 1.8: Radio cells in GSM network.
(Reproduced with permission of Prof. R. Mathar)

Figure 1.9: Realization of an aggregate tessellation.
(PVAT of order 3; A\, = 10", n=0,...,3)
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a base station is defined by the signal strength rather than by the Euclidean
distance. Measurements of the signal quality in different locations of the
service area show that the radio cells have irregular, distorted shapes and
fuzzy boundaries (see Figure 1.8). The relative sizes of the cells are also af-
fected by the different capacities of stations. Moreover, some of the stations
may be made inactive and thus their zones will be empty.

Hence, in many cases the first-order approximation models oversimplify
the complex geometry of service zones and radio cells. A refined represen-
tation for them is provided by the aggregate tessellations (ATs) that are
introduced and studied in Chapter 3.

An AT of the first order is obtained from two arbitrary tessellations
equipped with nuclei sets. The construction consists in merging (aggre-
gating) those cells of tessellation 1 whose nuclei fall into the same cell of
tessellation O (see Figure 1.7). By induction, an AT of order n 4 1 is pro-
duced from a sequence of tessellations by merging those cells of tessellation
n + 1 whose nuclei fall into the same cell of the aggregate tessellation of
order n. The formal definition of ATs will be given in §3.1.

Special cases of aggregate tessellations arise in the models of hierarchi-
cally organized networks. Consider as an example a multilevel hierarchical
model with stations and service zones represented, respectively, by the point
processes Iy, and by the tessellations ©F = {C*(2¥)}, k = 0,1, as described
in §1.2.3. The inter-level links connect a top-level station z¥ with every 1-
station located in its cell C%(z?). Every 1-station a:jl controls its local service
zone Cl(:c}). Thus, the area

G = U )
j: (E}ECO (=?)
is the territory controlled by the top-level station ¥ via the 1-stations. This
territory corresponds to a cell of an AT of order 1 produced from ©° and ©1.

In the wireless context, ATs provide a model of cellular structure that
fits well with observed cellular patterns (compare Figure 1.8 and Figure 1.9).
The AT-based models can be used, for example, for the evaluation of cov-
erage capacities of base stations and for testing the effectiveness of different
handover policies. Some remarks on the interpretation of such models will
be given in §3.7.

Chapter 3 is devoted to the study of the aggregate tessellations. We
adopt a general viewpoint and introduce a sequence of ATs of increasing or-
der generated by arbitrary stationary tessellations equipped with nuclei sets.
The first group of obtained results concerns the evolution of this sequence:
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we estimate different expansion and extinction probabilities of typical ag-
gregate cells and find their coverage functions. The second group of results
concerns the conditions of the existence and the characteristics of the limit
tessellation. Special attention is given to the properties of ATs generated
by Voronoi tessellations.



Chapter 2

Markov Paths on the
Poisson—Delaunay Graph

The aim of the present chapter is to give a probabilistic analysis of a special
class of paths on the Poisson—Delaunay graph constructed with a simple
ray-shoot algorithm. The motivation for investigating such objects comes
from two quite independent problems arising in communication networks.

e Development of an effective routing algorithm for mobile wireless net-
works. A ray-shoot packet relay may be useful as a tradeoff in sit-
uations when high host mobility makes computation of the shortest
paths impossible and at the same time flooding of information packets
to all hosts creates too large volumes of overhead messages. Thus,
the properties of paths issued from the ray-shoot algorithm are worth
exploring.

e Determination of a fair cost of a call between two locations of a large
static network. Such a characteristic must account for the cost of the
communication circuit between the end terminals. As we have seen
in the previous chapter, when the network connectivity is achieved
by linking the geographical neighbors, the link infrastructure can be
modeled by a Delaunay graph. It is important to establish a relation
between the costs of circuits that provide connection and the distance
between the two end terminals.

In stochastic geometry terms, we will be interested in paths constructed
on the Poisson—Delaunay graph that approximate well the Euclidean dis-
tance between the end points. The exposition is organized as follows. After
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the preliminaries of §2.1, we introduce in §2.2 a class of paths on the Delau-
nay graph constructed along the segment connecting the end points. The
use of the term Markov paths is justified in §2.3, where we prove that the
segments of the paths of this kind form a Markov chain and derive its tran-
sition probabilities. Next, in §2.4 we use the embedding of the Markov path
into an ergodic point process to formulate several ergodic results and find the
stationary distribution of the corresponding Markov chain. As a corollary,
we obtain in §2.5 an expression for the mean and asymptotic ratio of the
path length to the Euclidean distance between the end-points. In the planar
case, the ratio evaluates to 4/m, for higher dimensions we give the results
of numerical computations. Some implications of this result are discussed
in §2.7. In §2.6 we show that conditions of the mean drift criterion are
verified for the chain, which implies geometric rate of convergence of tran-
sition probabilities to the stationary regime. Several modifications of the
Markov path that lead to shorter paths at the cost of additional complexity
are introduced in §2.7. Finally, in §2.8 we discuss possible applications to
routing in mobile communication networks; we introduce a family of dis-
tributed routing algorithms based on a local view of the network and use
the analytical results to characterize their mean performance.

2.1 Paths Approximating the Euclidean Distance

For a graph constructed on the vertex set {z;}, a path p(x;, x;) between two
nodes z; and z; is a sequence of segments

[xiaxilL [ﬂfil,CCiQ], ) [winfu‘rj] )

such that every segment is an edge of the graph. The length of the path
|p(z4, ;)| is the sum of the lengths of all of its segments.

We say that a class of paths t-approzimates the Fuclidean distance if for
each path p(z;,z;) in this class

p(i, )] < tllwi — aj]]. (2.1)

A class of paths asymptotically t-approzimates the Fuclidean distance if for
each path p(z;,z;) in this class

IpCiz)l (2.2)

)
o =yl =

llzi—;||—o0

In what follows, we will be considering paths on a random Delaunay
graph having as its vertex set a homogeneous Poisson point process IT = {z;}
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Figure 2.1: Markov path on the Poisson-Delaunay graph.

!L‘

of intensity A = 1 defined in R%. The paths constructed on such a graph are
thus random closed sets and their lengths are random variables. For classes
of random paths, we will speak of t-approzimation in mean if (2.1) holds for
the expectation of |p|, and of asymptotic t-approximation if (2.2) holds with
probability one.

2.2 The Markov Path Algorithm

Let s and ¢ be two points in R?. Suppose, z; and xj are the two points of
IT which are the closest to s and ¢, respectively. A path on the Delaunay
graph between z; and z; can be defined using the dual Voronoi tessellation
© = {C(x;)} as follows.

Consider the sequence C(z;), C(xi,), - .., C(x;) of cells successively cros-
sed by the segment [s,¢]. The sequence of nuclei of these cells defines a
Markov path p = p(s,t,II) on the Delaunay graph from z; to x; (see Fig-
ure 2.1). This path is the main object of our study.

Another way to define the end-points of a random path is to add two
fixed points s and t to the vertex set IT and consider the path p(s,t, II') with
II' =TT U {s} U {t}. Relation (2.33) at the end of this section shows that
both paths have the same asymptotic behavior.

We are interested in the distribution of p. Because the underlying Pois-
son process Il is homogeneous and isotropic, without loss of generality we
may assume s to lie at the origin and let ¢ belong to the d-th coordinate
axis, so that t = (0,0,...,]|t]). The finite sequence of vertices of p(0,¢,1I)
is a subsequence of the infinite sequence {z;,,z;,,...} of the nuclei of the
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cells crossed by the ray {at, 0 < o < oo}. It is convenient to introduce for
the infinite paths a special notation

p(0,00,11) = {Zy, Z1,. . .}.

Denote by T'(x,y) the point at which the bisector hyperplane of the
segment [x,y| intersects with the coordinate axis containing [s,¢]. Observe
that if for some z;, z; the ball b(T (24, z;), ||z; — T(x;,2;)||) contains no point
of II, then

(a) the segment [x;,x;] belongs to the Delaunay graph;

(b) the axis containing [s,] crosses the border between C(z;) and C(z;)
at the point T'(z;, x;).

The next proposition gives a criterion for an arbitrary sequence of points
of II to be the sequence of vertices of the path p(0,¢,1II). Let

qn = {xjoalev s 7$jn}
be an arbitrary sequence of points of II. Denote T}, = T'(z;, ,,xj,). Define
the sets

By :=b(0, [|zj]])
Bk = Bk(xjkfl,:cjk) = b(Tk, ||':Ujk71 - TkH), k= 1, 2, ey
Dy = Di(xj,_,,vj,_,) ={z € R : 2% > x?kil} \ Br—1, k=12,...,n.

Proposition 2.2.1 A sequence ¢, = {xj,,xj,,...,2;,} coincides with the
n+ 1 first vertices {Zy, Z1,...,Zn} of the path p(0,00,1II) if and only if the
following conditions are satisfied

(i) I(By) =0, k=0,1,....n;
(fi) l‘jkEDk, k=1,...,n.

Proof. Condition (i) for some k > 1 is equivalent to saying that the cells
C(xj, ,) and C(zj,) are adjacent and that their common border is crossed
at point T, by the coordinate axis containing [0, ¢]. For k = 0, this condition
means that z;, is the nucleus of the cell containing 0. Condition (ii) is
satisfied if and only if 0 < T} < T} < ... < T!_,, which means that the
cells are crossed in the same order as their nuclei appear in the sequence q,.

Note that if ¢, coincides with the vertices of p(0,¢,II) for some ¢, then
the set {1} } is the restriction on the segment [0, ¢] of the point process of cell
border crossings by the coordinate axis containing [0,¢]. Some properties of
this process were discussed in §1.3.
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2.3 Markov Property of the Path

A remarkable fact is that the sequence of segments {[Z,,_1, Z,]}n>1 of the
path p(0,00,1I) is a Markov chain. Here are some heuristic arguments
(rigorous proof will be given below, after the introduction of appropriate
parametrization). Fix the history of the process up to the n-th step, that
is up to [Z,—1,Zy]. From Proposition 2.2.1, Z, ;1 is a point of IT in D,
such that II(B,+1) = 0. There exists a.s. exactly one such point because
the points of II are a.s. in a general position. Due to the strong Markov
property of the Poisson process, the numbers of points of II in the disjoint
sets Bpt1 N Dyy1 and Byy1 N Dy, are independent. From the history, it
follows that II(B,,+1 N Dy, ;) = 0. Therefore, the event II(B,11) = 0 has
the same conditional probability as the event

{T(Bnt1 N Dpy1) = 0} = {Il(Bny1 \ Bn) = 0}. (2.3)
Note that the shape of D,41 and the form of Condition (2.3) depend only
on the pair (Z,-1, Z,), and not on the whole history of the process.
Spherical coordinates

Spherical coordinates provide a representation of points z € R? in the form
x = r-s(f). Here r € [0,00) is the distance from the origin to x, and
5(0) € R? is the direction to x defined by the spherical angles

0=(0',6%...,097 ) e A:=[—m,7) x[0,7)2
as follows

s'(0) = sin@sin6? - ... - sinh9!

s2(0) = cosf'sin6? - ... -sin 4!

sTHB) = cos 0% 2 sin 991

s%(0) = cos 9?71

The Jacobian of transition from Cartesian to spherical coordinates has the
form ()41 Jy(6), where

d—1
Jq(0) = H sin®~! g (2.4)
=2
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Figure 2.2: Two consecutive segments of the path p(0,¢,II).

Parameterization of the Markov path

Let us now introduce a more convenient coordinate system for p(0, oo, IT) =
{Zy, Z1,...}. Define the following parameters (see Figure 2.2)

Ry = distance from the origin to Zy;
®(y = spherical angles of Zy;
Ry, = distance from T} to Zj (equivalently, to Zy_1);
@}, = spherical angles of Z — T}, (equivalently, of Zj as seen from T});
W, = spherical angles of Zp_1 — Tj;
A segment [Z)_1, Zj] is thus defined by 2d parameters
Ty, Ri, @ = (O}, ®F,..., 007 Y), Uy = (W), 07,..., i1
as follows

Zyp_1 =T, + R 8<\I/k), Zy =T, + Ry 8(‘I)k). (2.5)
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From the relations (see Figure 2.2),

Ziy1 = Ti41 + Ri1 S(Ppt1) (2.6)
Ry, sin |4~ b sin |94
vy = # _ H (2.7)
sin | Wi o Sin ’\I/JJrl |
k
Tir =3 [Recos ! — Ry cos 0] (2.8)
=0
vhoo=dl,  1=1,2,...,d-2 (2.9)

it follows that the first n segments of the path p(0,00,1II) are completely
defined by the following d(n + 1) parameters

Ry, ®g, @y, WL @, Wil (2.10)

The following conditions on the parameters of the path are equivalent to the
conditions of Proposition 2.2.1:

d— d— d— d—
o < e, et > @]

Transition probabilities

Theorem 2.3.1 The sequence {(Ry,®n,¥,)} is a Markov chain in the
state space Ry x A, where

A={(@0) e AxA: 0< o™ <[y}
The transition probabilities are given by three components: by the conditional
den‘%ty Of {(I)”+17 \P?L:-II} given {Rn = Tn, (I)n = ¢n}
F(&, 47 [ 1n, 8n) = exp{~|Bns1 \ Bal}x
7y sin |gd—t ¢ cos i1 — cos yd1
e v

s 44T sin [p41]

(2.11)

with the expression for |Bpy1 \ Byl in (2.18), and by the equalities for Ry41
and\IlfIH, 1<lI<d-2

Ty, SIN ]d)d_l]

d—1
sin |W)

ol =¢, 1=1,2,...,d—2. (2.13)

Ryy1 = (2.12)
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Proof. We start from deriving the distribution of parameters (2.10) of the
first n segments of the path p(0, 0o, II) from the distribution of the random
vector {Zg, Z1,. .., Zn} in R2+1) From Proposition 2.2.1, it follows that
this distribution admits a density with respect to the Lebesgue measure in
RU 1) given by

d(z0, 21, 20) = exp {—| Uisg Bel} [[ o (). (2.14)
k=1

Introduce the notation p, := (ro, ¢o, 1,91, .., dn,¥n), and consider the
mapping A : p, — (20,21, .., 2n) , defined by the following equations:

20 = 10 5(¢0),
and for k=0,1,...,n—1,

Zhg1 = Tht1 S (Gr1)

Zoy1 = T 82 (Drt1)

21 =11 57 (drg)

Zg+1 = Zk + Tk+1 (3 (Pr+1) — Sd(wkﬂ)),
with

et = 70 H sin |¢d 1|
o sin |’(/Jj+1 |
According to (2.6-2.9),
(Zo,Z1 ..., Zn) = A(Rg, ®0, By, W41 .. B, W),
This mapping is a diffeomorphism between the two open subsets of R2(+1):

O ={pn : 70>0, [Pt >|¢¢ >0, Wit > |¢i=t] >0, k=1,2,...,n}

and
O ={zeR¥™) . 2 e Dy, 28 #£0, k=1,2,...,n}.

Making in (2.14) the change of variables (20, 21, ..., 2n) = A(py), We obtain
the density d,(p,) of the path parameters (2.10). The Jacobian of the
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mapping is equal to [}, Di(pk), where
Do(po) = Ja(¢o) (r )CH

Do) = Jald) <r0 H sin \d)d )d Ccos gzbzfl - coswgfl’

sm 1/)]+1\ sin |¢,‘j_1|

and Jy is given by (2.4). It is easy to verify that Dy > 0 on the set O.
Therefore,

dn(pn) = exp {—| Up_o B} | | Dr(ps)- (2.15)
k=0

The conditional density d(¢, ! ’pn) of (Pp41, \llfb“) given
{Ro =ro, o= ¢o, O =y, VL =it k=1,2,...,n}
is equal to dy,11(pn, ¢, ¥* 1) /dn(pn). Since
(UrZoBe) \ (Ui=oBr) = Bus1 \ Bn,
from (2.15) we obtain
d(¢, 9" |pn) = exp {~|Bus1 \ Bal} Dos1(pn, 6, 07). (2.16)

Let us now calculate the volume of By, ;1\ By,. The volume of the intersection
of the unit ball (0, 1) with the half-space {x € R? : 2¢ < cosa, a € (0, 7]}
is given by

v(a) = b‘iT_l <(d - 1)/ sin?=2 0 df + cos a sin?~? a) . (2.17)

For d = 2 we have v(a) = m — a + sinacosa; for d = 3 this results in
v(a) = Zcosa(2 + sin’@). In higher dimensions, the integral in (2.17)
evaluates to (see e.g. [26])

(d=3)(d=5)---(d=2i—1) . 4 g
cosa ) (d—2)(d—4)---(2—22‘—2)Smd “a

d— 3N
+ Ed 2;, []I{d odd} + (7T - a)ﬂ{d even}]

Using (2.17) and (2.7), we obtain
|Bri1\ Bul = (ra) (v(16571]) = ba) + (rns1)? v(m — [9771)
. d—11\ d
= o (o6 — ) + () e — o,
(2.18)
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Observe that the conditional density d is a function of only ¢, Y41, ry,
and ¢,. Indeed, as follows from (2.18), the volume of B, \ B, depends
only on 7, ¢2~1, and ¢%~!, whereas by (2.7),

(2.19)

: —1\ ¢ d—1 d—1
psin [¢971\ @ cos ¢?1 — cos
D =J
n—‘rl(pn’ (b: ¢> d(¢) ( sin W}d_1| sin |¢d_1|
Hence, substitution of (2.18) and (2.19) into (2.16) gives the expression
for transition density (2.11). Equality (2.12) follows from (2.7), and (2.13)
from (2.9).

Remark 2.3.1 In the planar case (d = 2), the conditional density is defined
in A={(¢,v) € [-m,m)? : 0<|¢p| <|¢|} and is expressed as

5 COS ¢ — COS Y

J(& [rns dn) = (rasingn)” =t
x exp { —(rn sin ¢n)*(v(1) — v(¢n)) } L(|Y] < |dn]), (2.20)

where

_ Iyl —siny| cos|yl
sin? y '

va(y) :

By Fubini’s theorem, the conditional density (2.20) admits decomposi-
tion into a product of two conditional densities

F(30 | rnsdn) = F1(@ ) fo(¥ [ 1n, d0), (2.21)
where
Ai6]9) - T s, b (w (222)
P rnsbn) = G F (), Wle (Gmm)  (223)
and
Flrn,n0) = =3 b {~(rasingn)? (2(®) ~ walon)} . (2:24)

This remark concludes the proof of Theorem 2.3.1.
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2.4 Ergodic Properties and Stationary
Distribution

It is clear even without detailed analysis of the transition probabilities that
the Markov path p(0, 0o, IT) should inherit some ergodic properties of the
embedding point process II. In the present section we prove convergence
to the equilibrium of the sequence of path segments and find its stationary
distribution in the explicit form.

Consider the process N' = {T,, n € Z} of cell border crossings by the
coordinate axis containing [0,¢]. Since the generating Poisson process II is
stationary, the point process {T,,, n € Z} is also stationary with respect to
shifts along the line containing [0,¢]. Its intensity Ar can be obtained by
inverting (1.3). The parametrization introduced in §2.3 extends naturally
to the path p(0, —oo,II). Consider now a stationary marked point process
Ny = {(T,, My,),n € Z} with the marks {M,, = (R, @y, ¥,,), n € Z} such
that (R, ®,,V,,) coincide with the parameters of p(0, oo, II) for n > 0, and
with the parameters of p(0, —oo,II) for n < 0.

Proposition 2.4.1 The process Ny = {T),, M, } is mizing (and hence, er-
godic) with respect to the family of shifts {0s,s € R} along the line containing
[0, t].

The following is an ergodic theorem for simple stationary point processes
(see e.g. [15, Lemma 10.2.IT and §12.4]).

Proposition 2.4.2 Let {(T,, M,), n € Z} be a stationary ergodic marked
point process, and n(t) the number of points of {T} in the segment [0,t].
Then for all PR/—measumble functions L of marks M,

el —oo ngt) nzlL(M") =By L(Mo) s (2:25)
and ot
oo o 0T
Also, as N — oo,
1Y .
Jim = ) L(My) = E} L(Mo)  a.s. (2.26)
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By Campbell’s theorem, the limits (2.25-2.26) exist as well in £;(II).

Remark 2.4.1 In addition, the mixing property of the process AVy; implies
that for all bounded continuous functions L of marks M,,,

lim E L(M,) = ES L(M)),
n—oo

(see [15, Theorem 12.4.1V]), i.e. that the distribution of M, converges
weakly to the Palm distribution of M.

In particular, when L(M,) = R, ||s(¥) — s(®n)|| = || Zn — Zn—1]|, we have

(t)
1 n(t) 1 «
lim —[p(0,¢, 1) = lim ——2—— Zn— Zn_1l = Ar EQ Lo aus.
e T P TV = B T gy 2 1P = el = A B Lo - as
1 N
lim — Y [ Zy — Zo-1l| = EXr Lo, as,
N—»oo]\fn:1
and

lim E||Z, — Z,_1|| = E} Lo.
n—oo

The next result establishes the relation between the distribution of { M, }
and that of the embedding process {(T},, My,)}.

Proposition 2.4.3 Assume that the marks M,, n > 0 of a stationary er-
godic marked point process {(Ty, M), n € Z} form a Markov chain. Then
the Palm distribution P?\/ of the marks is a stationary distribution 7(-) of
the Markov chain {M,, n > 0}.

Using this result, we derive a stationary distribution for our special case of
Mn = (Rna (Dny \Ijn)

Theorem 2.4.1 The stationary distribution 7(-) of the Markov chain
{(Rpn, ®pn, ¥,,), n > 0} in the state space Ry x A has the density

/\1T Ja(¢) Jg(v) (cos %1 — cos 1) 1242 exp{—byrd}, (2.27)

where \p is the intensity of the process N = {T,,, n € Z} of cell border
CToSsings:

2r(@r(2- ) [r(4+1)] (24-1)/d

k()]
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Remark 2.4.2 In particular, in the planar case (d = 2), the density of the
stationary distribution of the Markov path becomes

2

Tleosg —cosy)r? ™™, 0< [ < gl < (2.28)
The rest of the section contains the proofs of formulated statements.

Proof of Proposition 2.4.1. By definition, the process Nj; in RxR; x.A
is mixing if for any A, B € Fy;,, = Fy @ B(Ry xA),

P(NM €A, Ny € B) — P(NM € A)P(NM S B) as [t| — oco. (2.29)
By construction, Ny is a measurable transformation of the Poisson point
process II; thus {Ny; € A} corresponds to {II € A’} for some event A’ €

B(II). Moreover, 0:Ny; € A if and only if 6,11 € A’. The proposition now
follows from the mixing property of the Poisson process.

Proof of Proposition 2.4.3. Recall that OGN = {T,, — t}nen. The Palm
probability is invariant with respect to the shift 67, (see e.g. [3, Remark
3.2.1], and therefore

P?\f(Mn €)= Png./\/(Mn €)= P?\/’(Mn-i-l € ).

From the other hand, if P((r, ¢,1),-) is the transition probability of the
Markov chain {M,, = (R, ®,,¥,)}, then

P (Myi1 € ) = EX P(Myqq € -| My).
Therefore, P§, is the stationary distribution of the chain {(Rp, ®n, Up)}.
Proof of Theorem 2.4.1. As Proposition 2.4.3 shows, it is the Palm
distribution of M,, that we are interested in. We start from finding the dis-

tribution density of (71, Ry, ®1, ¥1), and act as in the proof of Theorem 2.3.1:
take the density (2.14) for (Zy, Z1) and make the change of variables

(20, 21) = (t1,71, 01,%1),
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with the mapping defined by (2.5). The Jacobian of the mapping has the
form

0 0 10 0 1
| @) sTG) s9) W) . W) W)
T
05 (9)...-5"(6)) 0
O(4T6T )
0 05 (1))
1)

Calculating it, we obtain the density of (71, R1, 1, ¥1):
c(t,r, 1) = 122 (cos 1 — cos @) x
x Ja(¢)Ja() exp{—|Bo U B1|(t,7,¢)},

defined in the state space R? x A.
To find the explicit form of the Palm probability, we use its local inter-
pretation (see e.g. [3, §6.2]): for each Borel set B € Ry X A,

PY (M, € B) = %%P(Ml € B|Ti < h).

Hence

’ 1 dt, d
P (M, € B) = lim Jrpado B<:¢7¢>c<t1,r,¢,w) t <r,¢,w)‘
o fR+XA fO C(t17 T, (Z)a w) dtl d(T, d), ¢)

Since for each ¢t > 0 and (r, ¢,v) € Ry x A

(2.30)

c(t,r, ¢,%) < c(0,7,0,7)
=1r22(cos ¢ — cos YY) Jy(9) Ju(p) exp{—bar?},

by the Dominated Convergence Theorem, the limit in (2.30) is equal to

fRerA ]IB (Ta ¢a ¢)C(O7 T, ¢a 77[)) d(’l”, ¢, w)
fRerA C(Ov T, ¢7 w) d(?”, ¢a 1/)) '

P (M, € B) =

The denominator in the last expression equals

IimP(Ty < h)/h = M.
}iﬁ}(l_)/ T
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This follows from Dobrushin’s estimate (see e.g. [3, p. 39])
P(Ty < h) = Arh+o(h),

which can be obtained from the inversion formula of the Palm distribution.
Therefore, evaluating the integral

/ 22 (cos ¢ — cos ™) Ja(¢) Ja(¥) exp{~bar?} d(r, 6, )
RyxA

rez-13
= b((zi—l/dd> ((d — l)bd,1)2><
T i
X2/ / CoS ¢d’_1(sin ¢d—l)d—2(sin,¢}d—l)d—2 d(bd_l dwd—l
0 0

- 2F(d)F<2 - 5) [F<% N 1>]<2d—1>/d

= 2
1 d+1
av(a=3) [r(4)]
we obtain as a byside result the intensity of the process of cell border cross-
ings A\r = L' given by (1.3).

2.5 Path Length

For a non-negative measurable function L : Ry x A — R, by Campbell’s
formula,

E  L(Mp) g, = Ar [t B L(Mo). (2.31)

k
The path length is probably the most important of the characteristics which
follows from (2.31). Obviously, we may consider other cost functions L of the
marks My; an example with power function is given below, in Corollary 2.5.2.
The following assertions follow from Theorem 2.4.1.

Corollary 2.5.1 For each s,t € R?

mien = L ()

d
x / 15(6) — ()| Ja(d) Ja(t) (cos 7 — cos &) depdip.
A
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In the planar case, the path length can be calculated explicitly.
Corollary 2.5.2 For each s,t € R?
. 4
s
If, more generally,
L(Mk) = ||Zk — Zk_1||a, a> —1,

then

E;L(Mk)]ITkE[O,t] = 4‘7|T” (;)ar (a2+2> : (2.32)

Note that J4(¢) is the density of the spherical angles of a point uniformly
distributed on the surface of the unit ball 9b(0,1). From here follows a
simple interpretation of the expression in Corollary 2.5.1. Let S1, So be two
independent, random vectors, uniformly distributed on 9b(0,1) in R%. Then

E|p(s,t, )| = c|[s —t]| - E [||S1 — S |1S] — S]],

=T 0 )"

This representation provides a basis for numerical simulations. A program
written in C (the source is available from the author) calculated the ex-
pression in Corollary 2.5.1 by the Monte-Carlo method. The results of a
numerical experiment producing 107 iterations of vectors S; and Sy are
grouped in Table 2.1.

where

Dim 3 4 ) 6 7 8 9 10
Length 1.499 1.698 1.874 2.040 2.178 2352 2478 2.669

Table 2.1: Simulation results for the relative path length E |p(s, ¢, II)|/||s—¢||
in higher dimensions.

The mean path length E |p(s,t,11)| does not depend on the intensity of
the generating Poisson process: for the process of the intensity A, the typical
segment length is scaled by A%/, while the intensity of the process N is
multiplied by A/

The next results show that the Markov paths defined in §2.2 are asymp-
totically equivalent in approximating the Euclidean distance in the mean.
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Theorem 2.5.1 The mean lengths of the paths p(s,t,IT) and p(s,t, 1) dif-
fer by at most a constant, i.e.

E [p(s, ¢, II)| — E[p(s,t,1T)]| < C, (2.33)

where C' depends only on the intensity of the underlying Poisson process.

Proof. Assume that the paths p(s,t, 1) and p(s,t,IT') are defined in the
same probability space. Our proof bases on the following fact: if

p(s,t, 1) = {s,21,25,..., 2, t}, (2.34)
then {Z],Z), ..., Z] } is a subpath of p(s, ¢, II). In order to verify this, denote
From (2.34) it follows that no point of II lies in the interior of the balls

B(s,Zy), B(Z),t), B(Z,,Z/,,), i=1,2,...,n—1.
Hence the points T'(s, Z}), T(Z},,t), and T(Z;, Z{, ), i = 1,2,...,n — 1 on
the segment [s,t] belong, respectively, to the closures of the Voronoi cells
C(Z)), C(Z)), and C(Z]), i = 1,2,...,n — 1. Consequently, the nuclei of

these cells belong to p(s,t,1I).
Define a family of regions in R? as follows:

S1(s,t,Z) =b(s,||s = Z|)) Ub(t, ||t — Z||) U B(s,t)
So(s,t, Z,Z") = b(s,||s — Z||) Ub(t, ||t — Z'|) U B(s, t)
S3(s,t,Z) = B(s,Z) U B(t, Z)

Sy(s,t, 2, 7"y = B(s,Z) UB(t, Z").

Consider the following events, which form a partition of the probability space
(see Figure 2.3):

Ey={3Z €Il : 1(S(s,t,Z)) = 0}

Ey={32,7' €1l : Z+ Z" and I(Sa(s,t,Z, Z')) = 0}
E3;={3Z cINB(s,t) : M(Sy(s,t, 7)) =0}

Ey=1{32,7 eUNB(s,t) : Z+# Z" and 11(S3(s,t,Z,Z")) = 0}.
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% V4 i :
Ey

Es Ey

Figure 2.3: Events E1—F4 form a partition of the probability space.

The events Ey and Es imply that |p(s, ¢, II)| = ||s—t||. On Ej, the points

s and t belong to the Voronoi cell with the nucleus Z, and |p(s, ¢, II)| = 0.

On Ejy, if some point Z” € p(s,t,1I), then I(b(v, |[v — Z"||)) = 0 for some
€ [s,t], and thus

v = Z"|| < min{[jv - Z||, v = Z'||} < min{[|t — Z|,[|s — Z']|.
This implies that all vertices of the path p(s,¢,II) lie in the figure
b(T(s,t),7(s,t,2,2"))\ Sa(s,t, 2, 2Z"), (2.35)

where 5
r(s,t,2,2") = |ls = Zl + 5lIs = th + It = 2.

On Es, p(s,t,1') = {s, Z,t} and the common part for both paths consists
of a single point Z. Moreover, for Es3, the remaining two parts of p(s, t,II)
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lie in the closure of

whereas the remaining parts of p(s,t,1I') are just two segments [s, Z] and
[t, Z]. Situation is similar for E4, when both paths coincide between the
points Z and Z’, the remaining two parts of p(s,t,1I) lie in the closure of

(b(s, l|ls = Z|) Ub(t, ||t = Z'||)) \ Sa(s,t, Z, Z"), (2.37)

and the remaining parts of p(s,t,IT') are [s, Z] and [t, Z'].

Note that due to the independence property of the Poisson process, the
conditional distribution of II in the interior of the domains (2.35-2.37) on
the events Fo—F,, respectively, is the same as the unconditional one.

For any open Borel set B € R? of diameter ¢, the expectation of the max-
imal length of a path constructed on the vertices of the Poisson—Delaunay
graph containing in B is less than ¢ - E(II(B) — 1) < Abg2469+1,

Now, to estimate the expectation of

Ds,t) = [E[p(s,t,11)| — E[p(s,t, 1)

we make use of this fact and the total probability formula
E [D(s,t){E4, Z =2z 7 = z’] < K(s,t,2,2),
where
K(s,t,2,2) = Abg2%(||z — s[|Th + ||z — s[|T) + ||z — s|| + |/ — ¢]|.
Similarly, in the case of E3, when the common path consists of a single point,
E [D(s,t) ‘ E, 7 = z] < K(s,t,z,2).
The point Z from Fj has a density f(z | Eq). In Cartesian coordinates
F|B) P(BY) = Aexp {~A[S1(s, 1, 2)]) gy oy (2)

Similar densities exist in the cases of Fs—F4. Summarizing the above results,
we have

ED(svt) < [ Alls— ¢l exp{-AlSi(s.t,2)]} dz
+ /AgbderdH(s,t,z,z/) exp{—)\|52(s,t,z,z/)|} dzdz'
+ /)\2 K(s,t,2,7) exp{—)\|S4(s,t,z,z')]} dzd?

+ /)\K(s,t,z,z) exp{—X\|S5(s,t, 2)|} d=.
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The first two integrals vanish as ||s — t|| becomes large. The second two are
bounded by constants. Hence, E D(s,t) is bounded by a constant, which
depends only on A.

2.6 Convergence of Transition Probabilities

As noted in Remark 2.4.1, the mixing property of the embedding Poisson
point process Il guarantees weak convergence of the Markov chain M,, =
(Rp, ®p, ¥y,), n > 0 to its stationary distribution 7. In this section we will
use the explicit form of the transition probabilities of the chain derived in
Theorem 2.3.1, and examine more closely its limiting behavior. We will be
interested in convergence rate and its uniformity with respect to the starting
point as well as in the uniqueness of the stationary distribution. We will test
the chain for various forms of convergence by verifying mean drift conditions
and invoking different forms of the Foster—Lyapunov criterion.

Several modifications of the Foster—Lyapunov criterion and related for-
malism are described in [41]. Roughly speaking, for a Markov chain {X,}
in the state space X, the criterion relies on the existence of a “basin of at-
traction” C' C X, and a test function V : X — R, such that the mean drift
function

AV(z) =E[V(Xp41) | Xy =2] - V()
is bounded on C', and negative on X\ C.

Before formulating the main result of this section, we need to introduce
the definition of V-uniform ergodicity. For a function V : X — [1,00),
consider the norm of a probability measure P

Plv = su z)P(dx).
Ply g:|g|2v/9” (dx)

(For V =1 this is just the total variation norm.) Now define the V-norm
distance between two transition probabilities Py (z, -) and Pa(z, -) as follows:

Pi(z,-) — Pa(z,-)|v
P, — Pafv =sup
| Iv = sup V()

(2.38)

Definition 2.6.1 (Meyn & Tweedie) An ergodic Markov chain X,, with the
n-step transition probabilities P"(x,-) and the stationary distribution 7(-) is
called V -uniformly ergodic if

lim [[P" — ||y = 0.
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The aim of the section is to prove the following statement, which we
formulate, for simplicity, for the Markov chain in two dimensions.

Theorem 2.6.1 The Markov chain M, = (R,,®,,¥,), n > 0 in the plane
1s regular, positive Harris recurrent, and V -uniformly ergodic for the func-

tion V defined in (2.44).

This implies that for some positive constants C' and p < 1, for V defined
in (2.44), and for the stationary distribution 7 given by (2.28),

|[P" —mllv < Cp™.

Various limit theorems hold for V-uniformly ergodic chains; see e.g. [41,
Theorem 17.0.1], which formulates the Central Limit Theorem, the Law of
Large Numbers, and the Law of the Iterated Logarithm for functions having
the form S, (L) =Y p_; L(My).

The proof of Theorem 2.6.1 is divided into several lemmas. The first one
shows that the chain is irreducible with respect to the Lebesgue measure on
Ry xA.

Lemma 2.6.1 The chain {(R,, P, V,,)} is Y-irreducible.

Proof. The assertion of the Lemma follows from the definition of -
irreducibility (see [41, p. 89]) and the following fact: if B is Borel subset
of Ry x A of positive Lebesgue measure, the two-step transition probability
P2((r, ,), B) considered as a function of (r,¢,) is strictly positive in
R, xA.

To prove this fact, we use the following form of the two-step transition
probability

P*((r,¢,1), B) Z/ Wp(ra, ¢2,P2) f (2, 2| 71, 61) X

Ax A

X f(o1, 1|7, @) do dipy dy dipy,  (2.39)
where f is defined in (2.20), and where
B sin ¢ B sin ¢ sin ¢
ro=r S| and ro=r Sy sinds|” (2.40)

For each (7_;2, gi;_g, 12) in the interior of B € B(R;xA) and for each (r, ¢, 1))
there exists (¢1,%1) € A such that

sin ¢ sin ¢
sin )y sin s

o =T s
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and in addition,

1] > | 9], |h1] > |1l |d1] < [9ha].

The indicator function in (2.39) is non-zero in some neighborhood of
(¢h2,2). Also the product of the densities under the integral is positive in
some neighborhood of (¢1, 11, $2,1)2). Thus the integral in (2.39) is positive
for every (r,¢,1) € Ry x A.

Recall the following definition (see [41, p. 106]).

Definition 2.6.2 A set C C X is called v-small for the chain X,,, if there
exists a non-trivial measure v such that for each B € B(R; xA),

inf P"(z. B) > v(B).
inf (v, B) > v(B)

Lemma 2.6.2 Define the set Cyr of (r,¢,1) € Ry XA such that for some
M >0,
r>M, rsin|¢| <M, |¢|<7/2 or r <M. (2.41)

There exist non-trivial measures v; such that Cyr is v;-small for i > 3.
Proof. For every B® € B(Ry x.A) and i > 3,

int P((1,0,). B) > inf P((r,6.v). B') [inf (0 ¢,¢),B)}H. (2.42)
Consider
B = {(r,¢,¢) € [2M,3M] x [r/11,7/10] X [, 2]},

where

. rsin|¢| .
a1 = T — arcsin a9 = T — arcsin
1 M 3 2

7 sin | @]

First, we will show that for this special set By and for some § > 0,

icpr((r, ¢,1), BY) > 4. (2.43)

Note that max{m/2,|¢|} < a1 < agy. Next, use the decomposition of transi-
tion probability (2.21). From (2.22) it follows that when ¢ > 7/2, for some
01 > 0 we have

P(®, € [r/11,7/10] | ¥y, =) ) > 61.



2.6 Convergence of Transition Probabilities 63

Using (2.23) and (2.24), we verify that for (r, ¢,1) € Cp; and some d2 > 0,

P {\I/n+1 € [a1, as] ‘ R,=r ®,= gb} =F(r,¢,a1) — F(r,¢,a2)
1
> 56_57TM2(1 — e_”M2) > 0.

From here follows (2.43) with § = 0102.

The distribution P*((r, ¢,v), B) does not depend on %, as can be easily
seen from (2.20). As we have shown in the proof of Lemma 2.6.1, for each
i > 2, it is a positive function of (r, ¢) if only |B| > 0. Actually, a stronger
fact holds: this distribution admits a conditional density +*(rq, ¢1, 1 |7", ?)
with respect to the Lebesgue measure in Ry x. 4. This density can be con-
structed by a change of variables in (2.14) in the same way as in the proof of
Theorem 2.3.1. Choose a closed neighborhood U of (r1, ¢1, 1) in R4 XA such
that +* is strictly positive and continuous in B x U. Then, for some &’ > 0,

inf P’ U) > |U| inf +* > §'|U|.
lélo ((T,¢,¢), )—| |31011<U,y (T17¢17¢1 T7¢) el | ’

As it now follows from (2.42) and (2.43), a non-trivial minorizing measure
for P? can be taken proportional to the Lebesgue measure restricted to the
set U:

vi(B) = 54 /R w6 ) (6.,

Recall the definition of aperiodicity from [41, p. 118]. From Lemma 2.6.2
immediately follows the next assertion.

Lemma 2.6.3 The Markov chain {(Ry, ®n, ¥,)} is aperiodic.
Let V : Ry xA — Ry be a measurable function. Denote
PV(r,¢,4) = E[V(Rni1, Poi1, Ung1) | Ry =7, @ =, ¥, =1 ].
The mean drift function A is thus given by
AV(r,¢,¢) =PV (r,¢,1) = V(r,¢,9).
Lemma 2.6.4 (Geometrical drift towards Cys) For the function
V(r,¢,v) = max{rsin|¢/2|,1} (2.44)

defining a mapping from RyxA to [1,00) there exist the constants 3, M > 0,
and b < oo such that

AV(T’ d)v 1/}) < —ﬁV(T, (;5) 1/)) + b]ICM (Tv Qba ¢)
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Proof. We have
PV(T, ¢a¢) <E |:Rn+1 Sin|q>n+1/2| | R, =r &, = ¢:| +1
—E [Rn+1 E [sin[@n1/2| | Uni1] | R =7, @, = ¢>} T

Using the conditional density (2.22), we verify that
E [sin |[®n41/2] | Upp1 = 1] < |1]/5.

Therefore,

PV(T, ¢7’¢) <E [Rn—i-l ’ ’\Ijn+1‘/5 ‘ R, = T, ®, = ¢] +1

5 (2.45)

Trsin|é| n

—o [ L 9 B 1) iy + 1.
/|¢| sin|g1| 5 Oy (.6, 41) din

First, suppose that (r,¢,1) € Cps and let us show that PV (r, ¢,1) is

bounded by a constant. If » < M and |¢| > 7/2, then from (2.45) we have

PV(r,¢,9) < - E[Rpy1| Ry =71, @ =] +1

< - (2r +E[Ruy1 I{Ryy1 > 2Rp} Ry =71, @ = 9]) + 1

a3y

2rM o0
§W+7T/ P (Rt > 2| Ry =7, ®, =¢) do+1.
) 5 Jor
(2.46)
From the geometrical viewpoint, the inequalities |¢| > 7/2 and R,41 >
x > 2R, imply that a disc of radius x/2 can be inscribed in the domain

By+1 \ By, containing no points of II. Hence, the probability in the last
integral of (2.46) does not exceed exp(—z2/4), and

PV(r,¢,1) < g(2M +1)+1 for (r,¢,9) € Car, |6 > m/2.  (2.47)
Now let |¢| < 7/2. Since 1/ sine; < 7/2 for ¢ € (0,7/2], from (2.45) we
have

77 sin | |
10

+7E [Rnﬂ T{W, 1 > 7/2, Rys1 < MV2}| Ry =1, @, = qﬁ}

PV(r,¢,v) < +1

t 7 E [Rnﬂ T{U,41 > 7/2, Ry > MV2}| R, =7, &, = ¢}

TM o
< —— +TMV2+T P(Rpp1 > |Ry=r, &, =0¢) do+1.
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By the same geometrical considerations as in (2.46), the probability under
the integral does not exceed exp(—x2/4), and

V(r,¢,) < m(M/10+MvV2+1)+1 for (r,¢,%) € Cnr, |@] < 7/2.

(2.48)
Now suppose that (7, ¢, 1) € C§,. Integrating (2.45) by parts, we get
Vo) <" rirg),
where o
_ [T rsin|¢ o1\
I(’f’, ) - /|¢| 5 <Sin’l/]1) F(r7¢7¢1)d¢1+1-
Then
, 9]
AV(o) < rsinlof2l (1% - 1) 410 29

Using (2.12), (2.23), and (2.24), we note that

1
I(T,¢):EI:]QRH‘Rn:T7 q)n:¢:| + 1.

As follows from (2.7),

i <
PR L
R, sin®,, else.

Therefore, I(r,¢) < 1/(10M) + 1. Also in (2.49) for all ¢,
9] 3
)< 2
<5sin|¢/2| =10

and thus we have

Put M = 20. Then, for all (r, ¢,w) e Oy

V(r, ¢,¢) = rsin|¢/2] >

M
2 =

and therefore

V(r,¢,¢) < —*V( o),  (r,o,¢) € Oy (2.50)
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From (2.47), (2.48), and (2.50) follows the statement of the lemma with

1
M =20, f=-35 b=100.

Proof of Theorem 2.6.1. The assertion of Theorem 2.6.1 results from
different modifications of the Foster—Lyapunov criteria. Let us summarize
the properties of the test function V defined in (2.44) and the test set Cs
defined in (2.41). By Lemma 2.6.2, the set C) is small. The function V
is finite everywhere and bounded on Cj;. By Lemma 2.6.4, the condition
of geometrical (and hence, uniform) drift towards a small set is satisfied.
Moreover, by Lemma 2.6.1, the chain {(R,,, ®,, ¥,)} is ¢-irreducible, and
by Lemma 2.6.3, aperiodic.

Therefore, by [41, Th.11.3.4], the chain {(R,, ®,, ¥,)} is Harris recur-
rent and admits an invariant probability measure. This theorem uses the
broader concept of a petite set; it is easy to see from the definition [41,
p. 121] that every small set is petite. By [41, Th.11.3.15], the chain is reg-
ular. From [41, Th.16.1.2] it follows that the chain is V-uniformly ergodic
and that the transition probabilities P™((r, ¢, 1), - ) converge with geometric
rate to the invariant probability measure in the special metric (2.38) induced
by V.

2.7 Other Short Paths on the Delaunay Graph

The shortest path Since each realization of II is locally finite, for each
pair of points x;,x; there exists the shortest path p*(x;,x;). We call the
quantity |p*(z;,x;)| the Delaunay distance between x; and x;. In [30] it
was shown that in the Euclidean plane, for an arbitrary vertex set, the ratio
Delaunay distance/Euclidean distance does not exceed 27/(3 cos(m/6)) =~
2.42. On the other hand, the example constructed in [14] shows that this
ratio can be arbitrarily close to /2 ~ 1.57. Since then it is a standing
conjecture that 7/2 is indeed the worst case, i.e. that there always exists a
path 7/2-approximating the distance between its endpoints. As can be seen
from Corollary 2.5.2, for the Delaunay graphs generated by an homogeneous
Poisson process, the asymptotic value of the above ratio is bounded by
4/m =~ 1.27, which is far less than 7/2.

Let s and t be two fixed points. Denote by p*(s,¢,II) the shortest path
between the two vertices of II which are the closest to s and ¢, respectively.
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The family of paths {p*(s,t,II)}s+ is subadditive: for any three collinear
points s, v, t such that v € [s, t],

p* (s, ., 10| < [p*(s, v, )| + [p* (v, 2, IT)].

Therefore, by Kingman’s subadditive theorem (see e.g. [33]), the finite limit

W= i T
exists a.s. and in the mean. In other words, the class of shortest paths on the
Poisson-Delaunay graph asymptotically x(p*)-approximates the Euclidean
distance.

Obviously, if some particular family of paths provides a k-approximation
to the Euclidean distance, then x is an upper bound for x(p*). By Proposi-

tion 2.4.2,

|p* (0, ¢,1II)]| (2.51)

1
= | 1”1m Whﬁ((), t,IT)| a.s and in £q(II).
t||—oo

K(p)
As Corollary 2.5.2 shows, in the plane x(p*) < 4/m; in higher dimensions
numerical bounds for k(p*) are listed in Table 2.1 on page 56.

The value of k(p) also facilitates the computation of the shortest path it-
self. Indeed all the paths between z; and x; of length smaller than |p(x;, x;)|
lie within the ellipsoid £ defined by the focuses x;, x;, and the larger semi-
axis |p(x;,x;)|/2. Since II is stationary and has intensity 1, the number of
vertices of this graph has the order of |£]. For each realization, the number
of points of Il in £ is finite, and hence, one of the algorithms for finding the
shortest path on a finite graph (see e.g. [23]) can be applied to the restriction
of the Delaunay graph to the domain £.

First-passage percolation The constant x(p*) corresponds to the so-
called time constant arising in first-passage percolation models. In these
models a non-negative variable, the passage time, is associated with each
edge of an infinite connected graph. The passage time along a path on the
graph is the sum of the passage times of all the edges belonging to this path.

In many models, under appropriate conditions, the limit (2.51) exists,
and the shortest path length corresponds to the minimal passage time be-
tween the vertices of the graph which are the closest to s and ¢. If the vertex
set is given by a Poisson process, and if the edge set includes the edges of the
Delaunay triangulation, then the Markov path may be useful for obtaining
an upper bound for the time constant.
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Best Effort Farthest Neighbor

Figure 2.4: Modifications of the Markov path algorithm.

As an illustration, consider the planar first-passage percolation model on
the Poisson—Delaunay graph, where the passage times along the edges are
independent random variables {7;} with common distribution function F.
As shown in [60], the time constant is finite in this model if and only if
JoT 1= F(t)]*dt < oo. Replacing in (2.31) the marks L(Mj,) by the passage
times 73 and using the fact that A\p = 4\5/ m, we immediately obtain that
k(p*) < 4V Ery/m, where X is the intensity of the underlying Poisson
process.

The next example concerns the model introduced in [27]. This model
is based on complete graph whose vertex set is given by a Poisson process.
The passage time between any two points x; and x; of the Poisson process
is set to be equal to ||z; — z;||* for some a > 1. Taking as L(M},) the length
of an edge raised to the power «, we obtain from (2.32) that in the planar

case .
N2\ [a+2
) < “)r .
=T <ﬁ) ( 2 )

Modifications of the Markov path For applications, it is important
that the paths can be built in an incremental way. Here is an algorithm
for constructing the Markov path: start from Zy, the point of II which is
the closest to s. Suppose that the path has been constructed to Z,. If
t & C(Z,), then choose among the neighbors of C'(Z,,) the next Voronoi cell
that is crossed by the segment [s,t]. Take the nucleus of this cell for Z, ;1.
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Several other algorithms for constructing short paths on the Delaunay
graph can be derived from the Markov path algorithm. We consider here
two simple modifications:

1. Best Effort. Take for Z,11 the nucleus of the neighboring cell that is
the closest to the destination t (see Figure 2.4).

2. Farthest Neighbor. Take for Z, 1 the nucleus of the neighboring cell
that is last crossed by [s, t] (see Figure 2.4). For each realization of II,
the length of this path cannot exceed |p(s,t,II)|, because its set of
vertices is contained in the set of vertices of p(s,t,II).

Note that the paths constructed with these modified algorithms do not
satisfy the subadditivity conditions of Kingman’s theorem, and thus the
limit (2.51) for these paths may not exist.

Simulations were carried out in order to estimate the asymptotic ratio
Path length / Euclidean distance for the shortest path (see Figure 2.5) and
for both modifications of the Markov path. The Delaunay graph was con-
structed on 5000 points uniformly distributed in the rectangle (—0.7 < z <
0.7, —0.25 < y < 0.25). The paths were searched between the two closest
vertices to (—0.5,0) and (0.5, 0), respectively. The results of the series of 30
experiments for each algorithm are presented in Table 2.2.

Algorithm Relative length Standard deviation
Markov Path 1.27 -

Best Effort 1.18 0.005
Farthest Neighbor 1.08 0.02
Shortest path 1.05 0.04

Table 2.2: Simulation results. The relative lengths |p(s,t,II)|/|ls — t|| of
different short paths on the Poisson—Delaunay graph.

The Delaunay graph was constructed with the program QHULL', which
uses a convex hull algorithm for computing Delaunay triangulations and
Voronoi diagrams [10]. Modifications of the Markov path algorithm were
programmed in MAPLE; for the shortest path, Dijkstra’s algorithm was used
from MAPLE package library. The program sources are available from the
author.

'The Qhull homepage is at http://www.geom.umn. edu/sof tware/qhull/
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0.4

Figure 2.5: Shortest path on the Delaunay graph between the points (-0.5, 0) and (0.5, 0).
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2.8 Routing Algorithms for Mobile
Communication Networks

In §1.1.4 we outlined the basic principles of routing in packet switched
networks. Some difficulties of implementation of routing protocols based
on shortest path algorithms were discussed in §1.4.1. The conclusion is
that the routing problems arise in mobile networks when the link topology
changes much faster than the information about the changes propagates in
the network.

Therefore, it is desirable to have a routing algorithm that would work
well with a rapidly changing graph of links, yield reasonably short paths,
and not require from a host the knowledge of entire network configuration
in order to take a routing decision.

In view of this, the Markov path on the Delaunay graph and its modifi-
cations possess an attractive property. As it was mentioned in the previous
section, such paths can be constructed incrementally, adding vertices one
by one. It is important that the choice of the next vertex Z,,4+1 of the path
is made between the neighbors of the current vertex Z, (more precisely,
between the neighbors belonging to the area D, 1, see Proposition 2.2.1).
Hence, if F'(Z,,) is the fundamental region of the cell Z,, (see Figure 1.6 on
page 34), then Z, ;1 is defined exclusively from the restriction of the De-
launay graph on F(Z,). Changes in the vertex set of the graph outside of
F(Z,) do not affect the choice of Z,, ;1. Consequently, the whole Markov
path p(s,t,1I) is completely defined from the restriction of the vertex set to
the union of the fundamental regions of the cells crossing [s, t].

Let us now look, how this property can be translated in network terms.
Consider a mobile wireless network that transfers packetized information
between pairs of fixed end-stations (gateways) using mobile stations as in-
termediate relays. We assume that stations of the mobile layer move without
any centralized control, as in an ad hoc network. In addition, we assume
that

e Each mobile station can determine its own location in the space and
the locations of its closest neighbors, so that at any time it can re-
construct its own Voronoi cell and Delaunay edges with respect to the
point process of locations of the mobile stations.

e Each packet carries information on the locations of the source and the
destination end-stations.
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e The network configuration changes that might occur during the period
of transfer of a single packet can be neglected.

In such settings, the Markov path algorithm (or one of its modifications) can
be used. The routing procedure for each mobile station can be described as
follows:

1. The source sends a packet to the closest mobile routing station.

2. The mobile station receives a packet and extracts the positions of the
source and the destination end-stations.

e If the cell of the current station contains the destination, the
packet is relayed to it.

e Else, the packet is relayed to the mobile station whose cell is
crossed next by the source—destination line.

The advantage of this algorithm is that the decision on where to relay the
packet is based only on the position of the closest neighbors, i.e only on
the local geometry of the network. Also note that if the mobile stations
can be modelled by a Poisson point process, Corollary 2.5.2 gives explicitly
the mean path length and the mean number of hops. The Markov property
could also be used to determine variances or large deviations from this mean
behavior.

The network configuration can be assumed static during the transfer of a
single packet, but significant changes may occur over longer time periods. If
the communication links are established along nodes of the Delaunay graph,
as in the Markov path algorithm, then changes in the topology of the intra-
level links correspond to changes in the topology of the Delaunay graph.

The last remark concerns the possible number of such changes. Suppose
that the network consists of n mobile hosts that move in the Euclidean plane
without collisions along straight lines maintaining constant velocities. It
was shown in [24] that the number of topology changes of the corresponding
Delaunay graph over time has a lower bound of O(n?) and an upper bound
of O(n?®). Bounds of this type were established also in higher dimensions
and for arbitrary continuous point trajectories, see e.g. [1].



Chapter 3

Aggregate and Fractal
Tessellations

In this chapter we look into the distribution properties of the so-called ag-
gregate tessellations. ATs represent a spatial analog of branching processes
generated by a sequence of stationary tessellations of the Euclidean space.
As mentioned in §1.4.2, ATs can serve as a refinement to Voronoi-based
models of service zone in wireless networks. Special cases of ATs arise in
the hierarchical network models described in §1.2.3.

The organization of the chapter is the following. In §3.1 we introduce an
operation of aggregation, which may be interpreted as an approximation of
cells of the first tessellation by the union of the cells of the second. In §3.2 we
find an expression for the coverage probability function of a typical aggregate
n-cell via the corresponding characteristics of the generating tessellations
©Y,...,0". This result is valid for any independent sequence of stationary
tessellations although a closed-form expression can be obtained only in a few
cases. In §3.3 we find a uniform upper bound on the diameter of a typical cell
of a Poisson—Voronoi aggregate tessellation (PVAT). Here “typical” refers
to the cell with the nucleus at the origin under the Palm distribution of the
nuclei process. We also give estimates for the probability of the extinction
of a cell and show that with positive probability there is a ball contained in
all n-level aggregate cells C¢(0). In §3.4 it is shown that for the self-similar
tessellations this property guarantees the existence of a limit tessellation,
with cells defined as lower set limits of {C#(2?)}nen. Further, we consider
alternative definitions of limit cells and some generalizations of the existence
condition.

Defined by a simple recursive procedure, the boundary of the limit PVAT
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has an intricate self-similar structure at any scale allowing us to call it
fractal. To characterize its degree of irregularity, we provide in §3.6 an
upper bound for its Hausdorff dimension. It is based on the analysis of the
boundary contact distribution function in the preceding §3.5. Note that
the parts of fractal cell boundary are highly dependent making most of
previously developed techniques for random fractals inapplicable in our case
(a presentation of modern methods used in studying fractals can be found
e.g. in the book of Falconer [17]). Finally, we discuss the construction of a
cellular network model that would account for both large- and small-scale
propagation factors, and show how ATs can be used for this purpose.

3.1 Operation of Aggregation on Tessellations

The main object of study in this chapter, the aggregate tessellations, are
generated from a sequence of independent stationary tessellations. We as-
sume that the cells of every considered tessellation © = {C;} are equipped
with nuclei x; = x(C;) satisfying the obvious compatibility condition

for any shift transformation 6 of R? for which the tessellation © is stationary.
It is clear that if the cells of © have no nuclei, we may always assign them
by some rule: for example, let x; be the gravity center of C;. Hence, in what
follows we will index the cells of tessellations by the points of their nuclei
sets.

The operation of aggregation combines two tessellations into one. Let
00 = {CY%(z))} and O = {C'(z}])} be two independent stationary tessella-
tions equipped with nuclei sets. Define the aggregate cells of 6)(1) =0 0!

Cia) = |J ')

'E m%ECO(x?)

In words, C{(zY) is the union of 