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Abstract

In this report, we presenta new methal for the automatic static
analysis of programs. As with the standad intervals and linear
inequalities analysis, this analysis dismvers numeric invariants
in a program. More precisely, we disaover invariants of the form

X 'y ¢ (which we call a two-variabledi er enag or sum con-
straint), where x andy are valuesof variablesand c is a numerical
constant.

We usedi er ence bound matricesto representtwo-variabledi er-
ence and sum constraints. They havea O(n?) space costsin the
worst case, whee n is the numler of variablesin the program,
and the algorithms to manipulate them have a worst-case time
complexity of O(n%). The soundnesf this analysisis provel in
the abstiact interpretation frameworkby using Galois connections
betwe=n completelattices.

Di er ence bound matrices are widely useal in the madel-cheking
of automatabut we hadto designmany new operators (widening,
assignment,guard, ::: ) in order to adaptthemto abstact inter-

pretation. We alsoextendel di er ena bound matricesin order to

representsumsor di er enesof two variables x y casthey
wetre usal, until now, only to representdi er ence of two variables
X Yy C







Resune

Nouspresentonsdansce rapport, une nouvele methaled'analyse
statique de programmes. Cette analyse calcule de maniere au-
tomatique desinvariants sur les variablesnumeriquesd'un pro-
gramme,a l'instar desmethalesclassiquesi'analysed'intervalles
ou d'inegalites lineaires. Plus precissment, les invariants que
noustrouvonssontdela forme x y c(quenousappellerons
cortrainte de sommeou de di erencede deux variableg, ou x et
y sont desvaleursde variableset ¢ est une constante numerique.

Nous utilisons desdi erence bound matrices pour representerles
ensemblesle contraintes de sommeou dedi erene de deuxvari-
ables. Leur complexite en es@ace est, au pire, en O(n?), n etant le
nombre de variablesdansle programme, et les algorithmesqui les
manipulent ont une complexite, au pire, en O(n®). La sOrete de
cette analyseest prouvee dansle cadre formel de l'interpr etation
abstaite en utilisant descorrespndanes de Galois entre treillis
complets.

Bien quelesdi erence bound matricessoienttresutiliseespour le
model-dheking d'automatestemporises, il nousa fallu intr oduire
de nombreux operateurs (elargissement, a e ctation, garde,...)
pour les rendre utilisables dans le cadre de l'interpr etation ab-
straite. De plus, comme les di erence bound matrices nont ete
utilisees,jusqu'a present,que pour representerles contraintes de
la forme x vy ¢, nous avons dd les etende pour pouvoir
representer les contraintes de sommesaussi bien que les con-
traintes de di erenee de deuxvariables.
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Chapter 1

In tro duction

1.1 Motiv ation

Many critical systemsare today cortrolled by computers, so a software failure can causegreat damage.
Ensuring the correctnessof a program is often necessaryin order to prevent acciderts. This is why
rereading and testing takesan important part of the developmen of a program. But, even after theses
veri cations, a program can still have bugs.

Programming language semariics presens a formal framework where one can prove mathematically
that a program is correct. The problem is that the proofs are, most of the time, much too large to be
computed by hand. This is why we seekan automatic method for proving that a program is correct, or
exhibit bugsif it is not correct.

In order to be useful, a program analysis should be soundand automatic, that is to say, it should nd
all bugsin a program and be performed by a computer without any interaction with the programmer. It
cannot, in general,analyzethe exact behavior of all programs becausethis an non-decidableproblem, so
we will only try to nd a supersetof all bugs.

We presert here a static analyzer , that is to say a program that scansanother program's source
code and discovers automatically someinvariants in a nite amount of time. The analysis we presert
here discovers the bounds of the di erence or sum of any pair of variables in the program, that is to
s&, invariants of the form x y c¢. We call invariants of this form: two-variable di er ence or sum
constraint. Finding sudh invariants is useful, for example, to prove that an index of an array does not
exceedthe bounds of the array.

1.2 Related work

The idea of represening two-variable di erence constraint setsby graphs and adjacency matrices is very
old. Bellman in [Bel5€] describes the relationship between two-variable di erence constraint sets and
shortest-path closure,which leadsto algorithms described in SectionsZZ3d and 233

The matrix represenation of two-variable di erence constraint setsare widely usedfor model-cheking
under the name di er ena bound matrix. In order to model-ched timed automata, someoperators have
beenintroduced (see[Yaov9€]) but they are of little interest for the analysis of programming languages
(except for the intersection, equality test and emptinesstest).

There has been no previous work, to the author's knowledge, proposing a represeration for two-
variable sum constraint sets.

On the other hand, static analysis has developed approachesto automatically nd numeric invariants
in programs. Thesesanalysesare basedon numeric lattices represeriing the form of the invariants we
want to nd. Examples of such numeric lattices are the intervals lattice which can represert invariants
of the form x 2 [c1; ;] (see[[CCT7€)]), the polyhedra lattice which can represen invariants of the form

1X1+ i+ X, c(see[CHZE), :::.

1.2- Related work 9



Figure 1.1: A nite setof points and its interval, polyhedra and two-variable di erence or sum constraint
set approximations.

The intervals lattice allows for fast computations and e cien t storage (linear in the number n of
variables to be analyzed) but leadsto imprecise invariants whereasthe polyhedra lattice is very precise
but explodesin time and space(exponertial in n).

What we propose here is to introduce the new operators on di erence bound matrices neededto
perform static analysis (least upper bound, widening, assignmen, ::: ) and to nd a represenation for
both two-variable di erence and two-variable sum constraints basedon di erence bound matrices. Thus
we compute numeric invariants of the form  x; x;  cwith a polynomial O(n?®) time and O(n?) space
complexity. We also prove that, even when approximating unbound program behavior (such as loops,
our lattice givesalways more preciseresult than the interval lattice.

1.3 Overview of this report

In Chapter &, we provide a matrix and a graph represernation for two-variable di erence constraint sets
and someoperators to manipulate them.

In Chapter 3, we seehow to extend the represerations and the operators de ned in Chapter & to
represen two-variable di erence or sum constraint sets.

These rst two sectionsare very algorithmically oriented.

In Chapter @ we seehow to apply the algorithms described in Chapter@to nd numeric invariants in a
program. A simple programming languageexampleis described and a concreteand an abstract semartics
are constructed following the Abstract Interpretation framework.

Finally, in Chapter B we take a closerlook at an actual implementation and give someresults. We also
give someinsights for improvemert.

10 1.3- Overview of this rep ort



Chapter 2

Tw o-Variable Dierence Constrain t
Sets

2.1 De nitions

Let N = fx3;:::;Xkg bea nite setof variablesand | a numeric set (which canbe Z or R). We extend |
tol =1[ f+1g by addingthe +1 elemen. The standard operations (+,min,max, ::: ) are extended
to | asusual.

We focus, in this chapter, on the represenation of two-variable dierence constrain ts, that isto
s&, constraints of the following form: x;  x; ¢, with x;;x; 2 N andc?2 I.

A conjunction of such constraints will be called a two-variable dierence constrain t set. We
denote by C" (N ) the set of two-variable di erence constraint sets.

The subset of (N ! 1) verifying a two-variable di erence constraint set C = f (xi;  Xj,
c);iiii(Xie  Xje &) g will benoted D(C) and will be calledits N domain .
Remark that two di erent constraint setscan have the sameN domain (seeFigure ).

2.2 Two-Variable Dierence Constrain t Sets Representation

Setsare not easyto manipulate, this is why we presert in this sectiontwo new represenations for two-
variable di erence constraint sets. These two represenations use matrices and graphs which are very
common object in computer science.

All three represenations: the set represenation, the matrix represenation and the graph represera-
tion are isomorphic, as seenin gure Z2

8
X z 10 8 < 2 4 y
% £z X L % zZ X 1 T
y <2 3 y z 3 .
g .y L E zy 1 R
Xy 1 Ty 1 -
VIR 2 N~

Figure 2.1: Two Two-Variable di erence constraint setson N = fx;y;zg having the sameN domain.
The gray part is the intersection of the N domain with the planez = 0.

2.2- Two-Variable Dierence Constrain t Sets Represen tation 11



8

3% 1 _lx oy oz
z 3 x|[+1 +1 1

E)Z/y 1 y| 1 +1 1

. z| 4 3 +1

Xy 1

Figure 2.2: Equivalent constraint sets, matrix and graph represenation of the N domain of Figure Z71

2.2.1 Dierence Bound Matrix

For every i and j, there is at most one two-variable di erence constraint x; x;  cthat is relevant: the
one with the lower right member c. We will assumefrom now that every two-variable constraint set C is
sudhthat if (xi x; c¢2Cand(x; x; d)2C,thenc=d.

A dierence bound matrix overN isan n matrix the elemers of which arein | . Given a matrix
m, we denoteby m; , with 1 i;j n, the elemen at the i"" line and j™ column of m.

The matrix m assaiated with the two-variable constraint set C is de ned as follows:

me = C if (Xj Xi C) 2C
"7 +1 elsewhere
The N domainD(C) will bealsowritten D(m). WehaveD(m) = f (s1;:::;s¢)j8i;j; §§ Ssi my Q.

2.2.2 Potential Graph

A di erence bound matrix m can be seenas the adjacert matrix of a weighted directed graph: G(m) =
(N;A;w), whereA N N andw2 (Al ).

For ead couple of nodes(x;;x;) in N sud that m; 6 +1 , thereis an arc (x;;X;) 2 A the weight of
which is: w(xi;x;) = m; . If mj = +1 , there will be no arc from x; to Xx;: (Xi;x;) Z A and w(X;;X;) is
not de ned.

Such a graph is called a poten tial graph .

We will denoteby hx;,;:::;X; i a nite setof nodesrepreserting a path in G. In the matrix repre-
sertation, an alternativ e notation for the samepath ishiq;::: ;iki.

A cycle is a path sudc that iy = i.

A cycle or a path will be saidto be simple if no arc is present more than once.

2.3 Dierence Bound Matrices closure

We saw in Figure Z7 that di erent di erence bound matrices can represen the sameN domain.

In this section, we show that there exists a normal form for matrices (and so for the two other
represerations) if its N domain is not empty. We also presen an algorithm to nd it.

All what is described in this section is well-known (see Sections 25 and 26 of [CLR90] for a graph
approach and Section7 of [Yov9§] for a di erence bound matrix approacd); however we found it interesting
to describe preciselyall theoremsand proofs asthey are the basisof the much more complicated theorems
in Chapter @

1 SeeSection 25.5 of [CLRY0] for a de nition of potential graphs.

12 2.3- Dierence Bound Matrices closure



| X y z | X y z |x vy z
x|[+1 0 0 x|+1 0 0 x|0 0 0
y| 0 +1 0 y| 0 +1 0 y|0 0 0
z| 2 1 +1  z| 1 2 +1 z|1 10

Figure 2.3: Two matrices having the sameN domain but which are not comparablewith respectto P,
and their normal form.

2.3.1 Tigh tening order
We introduce a partial order on di erence bound matrices P which will be called the tigh tening order :
mPn () 8ij;, mj nj :
The re exivit y, transitivit y and anti-symmetry of P are obvious.
The corresponding equality is the intuitiv e di erence bound matrices equality =:

m=n () 8;j mj=n; () mPnandnPm

We have the obvious property on di erence bound matrices:
mPn) D(m) D(n):
A counter example of the other right-to-left implication can be found in Figure 3

If we have D(m) = D(n) with m P n, m will be saidto betigh ter than n. The normal form we seekis
the tightenest matrix that represens a given N domain (seeFigure Z3. We will nd usefulto analyze
every operator we apply on matrices with respect to this order.

2.3.2 Emptiness test
Let G= (N;A;w) be a potential graph. We have the following theorem:

Theorem 1.
D(G) is empty if and only if G has a cycle the total weight of which is strictly negative.

Proof.

Suppose that the N domain of G, D(G), is not empty and there exists a cycle

i, ;i X, 11X, = Xi,i sud that w(xi,;Xi,) + + w(Xi, ,;Xi,) = ¢ < 0. We choose
a point in D(G) and denoteby s;;:::;s¢ 1 the value taken by its x;,;:::;X;, , componerts.
We must have:
S2 S1 W(Xil;xiz)
Sk 1 Sk 2 W(Xi, 55 Xiy 1)
S1 Sk 1 W(Xik 1;Xi1)
and, by summation:
0 c<O0

which is absurd.

Supposethere is no strictly negative cyclein G.

We denote by G° the potential graph G with a new node x added and O-weight arcs from x
to all nodesx; in G. G° has no strictly negative cycle so, for all x;, the shortest path s; from
X to X is well de ned.

By de nition of the shortestpath, wehave8i; j; s; s+ w(x;;Xj), s08i;j; s Si  W(Xi;Xj).
Therefore, the point (s1;:::;sn) isin D(G) and the D(G) is not empty.

2.3- Dierence Bound Matrices closure 13



O

Remark that this cycle can be assumedto be simple, that is to say: every arc is presen at most once
in this cycle (from every strictly negative cycle in a potential graph G, we can easily extract a strictly
negative simple cycle).

The standard way to nd if a weighted graph G has a strictly negative cycleis to apply the Bellman-
Ford aIgorithmE to the graph G° constructed from G asin the proof, with respect to the node x . This
algorithm runs in O(n®) time for complete potential graphs. If the potential graph hasn nodesbut only
aarcs(0 a n?), the algorithm runs in O(a n) time.

2.3.3 Closure

Let G= (N;A;w) be apotential graph. We supposeherethat its N domain is not empty, that is to say:
G has no strictly negative cycle.

We can compute the shortest path closure G of G. If m if the di erence bound matrix corre-
sponding to G, the di erence bound matrix, m , corresponding to G is de ned by:

K 1
m;; ,Min Migi,, fi6]
hizigsiznin=ji K71

8
§mii:0
2

The corresponding constraint set will be written C if C is the constraint set corresponding to G.

The idea of cIosBre relies on the fact that, if i = i1;iz;:::;in = ji isapath from i to j, then the
constraint s; S k=1 mIklk+1 can be derived from m by adding the constraints s;,,,  Si,  Mi,i.., -
This is an implicit constraint asit doesnot appear directly in the constraint setC.

When computing the closure,we replaceead constraint in C by atighter one. If i = j,thens; s 0
istightenerthat s; s; mj becauseD(m) 6 ; impliesm; 0. If i 6 j, then wereplaces; s mj
by the most preciseimplicit constraint we can derive by adding constraints in C over paths of G(C) the
length N of which is smaller than n.

In fact, the restriction N n is not a real limitation and we e ectiv ely replaces; s; m; by the
most preciseimplicit constraint we can derive by adding constraints in C over all paths of G(C). This
assertionrelies on the following formula:

X 1 K 1
lrrglinn Mi i, = {‘m,@ My
hizigigpnin=ji K51 hi=igignsin=ji K1
proved by decomposingany path from i to j into a path from i to j the length of which is lessthan n and
somecycles,and remarking that the weight of a cycle is always positive asD(m) 6 ;

In the following theorem are someproperties of the closure. Particularly, the third point states that
m is the tightest matrix represeriing D(m). The secondpoint, saturation, will be crucial to analyzethe
accuracythe operators we will de ne in the next section.

Theorem 2.
1. D(m ) = D(m).
2. D(m) saturates m , that is to say, 8i; j; 9(s1;:::87) 2 D(m); s5j  si=m;.
3. If D(n) = D(m) thenm P n.

4. Closure is idempotent: (m )

5 m P m.

2 The Bellman-F ord algorithm is described in Section 25.3 of [[CLRY0]. Seealso Section BEXIlin this report.

14 2.3- Dierence Bound Matrices closure



6.

Proof.

1.

2.

m=m () 8i6jk m my + my; and 8i; m; = 0.

8i & j; my m; by denition. We alsohave 8i; m;  m;j, becausem; > m;j implies
mii < 0 and m has a strictly negative cycle which cortradicts the fact that D(m) 6 ;.
Wehavem P m,soD(m ) D(m).

Let (s1;:::;sn) bein D(m).

We have, of course,8i; s; s;= 0=m;.

For all indicesi 6 j andpaths 1 N n, H = iqip; i1 ;in = ji, we have 8i%j% sjo
Sio  Migo, 508k 2 f1;:::;N 1g; Si,,, Si, Mi.i,.,, and, by summation:
lj( 1
S S Miiy,
k=1
Therefore 8i;j; s;  si  my and(si;:::;sn) 2 D(m ) which completesthe proof of the
rst point.

Set a pair (io;jo).
If io = jo, any s2 D(m) 6 ; will besuch that sj, Si, =0=m

iojo"
Let us now considerthe more complex caseig 6 jo.

We denote by m° the matrix equalto m exceptfor m?; = m,; , and G’ the corresponding
potential graph. We rst provethat D(m% = D(m)\ f (S1;:::;Sn)j S, Sio = Migj, 9-

By the rst point, D(m ) = D(m) 6 ; so there is no strictly negative cycle in m .
Particularly , m; ; , + m; ;- Oand mjoOio = My M-
This meansthat 8i;j; m) m;,soD(m% D(m )= D(m).

If (s1;:::;80) 2 D(MY, then mP, s, s, mP; . This meansm,
Migjo-

We just provedthat D(m% D(m)\ f (S1;::::Sn)jSj, Sip = Mii, O-
If (s1;:::5sn) isin D(m)\ f (si;:i:5sn) j S, Sip = My, g then, by the rst point,
8iij; s; si my andsi, s, m

= 0 it o : 0
= mj;,. S08i;J; 5 si mj.

ojo S]O Si0

iojo
Now supposethat D(m9 is empty. Then there exists a strictly negative simple cycle in G°.

If the newarc from ig to jo is not in this cycle, then we concludethat this cycle also exists
in G and that D(m) is empty, which is false.

If this cycle contains the arc from jo to ig. Sincethe cycle is simple, the arc from jg to
ip cannot appear more than once and we can assumethe cycle has the following form:

hig;ig;:ii;in 1= jo;in = ioi. With this notation, we have:
K 2
m?kikﬂ mjooio < 0’
i=0
o)
K 2
mikik+1 < mioio
i=0
and hg;:::;in 1= jol isapath in G, which cortradicts the fact that G is closed.
We just provedthat D(m)\ f (s1;:::5sn)sSj, Si, = Mj,;, 96 ; which provesthe saturation.

2.3- Dierence Bound Matrices closure 15



3. Supposethat D(m) = D(n).

For all i and j, there exists, by the secondpoint, an elemert s = (S1;:::;Ss) in D(m) such that
Sj s = m;. Butwe alsohaves 2 D(n), sos; s nj and we have m; N .

4. By the rst point, we have: D(m) = D(m ) = D((m ) ). The third point appliedto n = (m )
gives m; (m ); . The third point applied to m®=m and n®= m gives(m )i m; , SO
(m) =m.

ij o

5. The fth point hasbeenprovedin the rst part of the proof of the rst point.

6. The sixth point can be seenas a local de nition of closure.
The way 8i;j; m; = mj =) 8i 6 j; ki mj  mi + my and 8i; mj = Oiseasy Forall i 8 j, we
usethe path h; k;ji in the de nition of closureto obtain m;; my + my;. For all i we have, by
de nition, mi = 0= m;.

For the other way, supposethat 8i 6 j; k; mj; my + my; and 8i; m; = 0.

Giveni and j, we prove that m; = m;; . If i =j,weknowthat mj = 0,som; =m;.Ifi6 |, we
already know that m; ~ mj; and we can usean induction on N to prove that:

l’( 1
8i;j; 8N 1; 8 =iq;:ir;in = ji; mj Mi iy

k=1
sothat 8i 6 j; mj  m;.
Here is a proof by induction of this statemert:

If N = 1, then the property is obvious.

If N 1 and the path is hi = iy;:::;in 1;in = ji, then we usethe fact that m;
mi, , + Mi, ,; andthe induction hypothesisto obtain:

l’( 2
Miiy Mi iy, -
k=1

O

The shortest-path closure of a matrix can be computed by the Floyd-Warshall aIgorithmE which runs
in O(n?) time.
Here is a simple description of the Floyd-Warshall algorithm:

8

< Mg=m
m¢=mf , 1 k n
m = m,

where the functions n: n* are de ned for all k by:

8
< nk=0

I’]!T min(nij yNik + nk,-) ifi 6 J

If we work on the potential graph represenation and there are few arcs (a), we can usethe much more
complex Johnsorfl algorithm which runsin O(n a logn) time.

3 The Floyd-W arshall algorithm is described in Section 26.2 of [CLR90].
4 The Johnson algorithm is described in Section 26.3 of [[CLRY0].

16 2.3- Dierence Bound Matrices closure



2.3.4 Inclusion and equalit y test

Let m and n be two di erence bound matrices.

We rst useemptinesstest to determine whether D(m) or D(n) are empty. In the casewhere one or
both N domain are empty, inclusion or equality is obvious. For the casewhere none is empty, we use
the following theorem:

Theorem 3.
1. 1f D(m) 6 ; andD(n) 6 ;, thenD(m) D(n) () m Pn.
2. 1fD(m)6 ; andD(n) 6 ;,thenD(M)=D(n) () m =n.
Proof.

1. 1f 8i;j; my  nj, then obviously D(m )  D(n) and we have (Theorem21) D(m)  D(n).

For the other way, supposethat D(m) D(n). We usethe saturation (Theorem[2): for all i and
j, there exists somes 2 D(m) such that s; sj = m; . But we haves 2 D(n), sos; si nj, and

2. If 8i;j; my = ny, then obviously D(m ) = D(n ) and we have (Theorem21) D(m) = D(n).

For the other way, supposethat D(m) = D(n). Then we have D(m) D(n ) so, by the rst point,
m P n . WealsohaveD(n) D(m ) so,by the rst point, n Pm andn=m.

O

Testing inclusion and equality requires emptinesstests and sometime closure. This meansthat tests
run in O(n?) in the worsecase.

2.4 Operators on Dierence Bound Matrices

In this section, we describe some algorithms to compute union, intersection, widening and some other
commonoperatorson N domains. As with the closureproblem, we will assumeherethat the N domain
of all argumerts are not empty. The result of theseoperators, when one of the argumert is empty, is always
obvious.

Apart from intersectiorf], which is widely usedin model cheding for timed automata, all operators are
new. Theseoperators are tied to the semaric of programming languagesand will be usedin Chapter @
However, many operators widely usedin model cheding (such asresetor time passe$ are not described
herebecausehey aretied to timed automata and do not correspond to any usefulinstruction in a standard
programming language.

We will usethe dierence bound matrices represenation to describe algorithms, but we will usethe
potential graph represenation in gures asit is much more compact.

2.4.1 Intersection

Let m and n be two di erence bound matrices the N domain of which are not empty, we de ne their
intersection m” n by:

(M~ n)j = min(mj ;nj ):

SIntersection of dierence bound matrices is described in Section 7.1 of [Yov9g].
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Figure 2.4: Intersection of di erence bound matrices.

We have the following properties:
Theorem 4.
1. D(m” n) = D(m)\ D(n).
2. (m~n) P(m ~n)P (m~"n) butthe equalities are not true in geneal.
(m~An) =(m ~n).
Proof.

1. The rst point is obvious.

2. We proved in Theorem[25 that 8o; o P o, so, 8i;j; m; mj ; n
have obviously 8i;j; (m ~n); (m” n).
By the rst point and Theorem21, we alsohave D(m ~n )= D(m )\ D(n )= D(m)\ D(n) =
D(m ” n). This means, by Theorem@32, that 8i;j; (m” n); = (m " n);. We also have, by
Theorem[5: 8i;j; (m ~n); (M ~n)j.

SeeFigure Z4 for an example where the inequalities are strict.

j N . By denition of *, we

O

TheoremHd2 says that the intersection is always exact and we do not needto compute the closure of
the argumerts before applying the operator; however the result is seldom closed(even if the argumerts
are closed,as seenin Figure Z4).

The intersection of di erence bound matrices algorithm runs in O(n?) time.

2.4.2 Least upper bound

Becausetwo-variable di erence constraint setsare not stable by union, we will only try to nd the most
accurate approximation of an union, that is to to say, the di erence bound matrix the N domain of which
cortains an union of N domains and the closure of which hasthe smallest coe cien ts.

Given two di erence bound matrices m and n the N domain of which are not empty, their least
upp er bound m _ nis de ned by:

(m _ n)ij = max(mij » Nij )Z
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We have the following properties:
Theorem 5.
1. D(m_n) D(m)[ D(n)
2.1f D(o) D(m)[ D(n),then(m _n)PoandD(0) D(m _n).
3.(m _n) P (m_n) andthe equality doesnot hold in geneal (see Figure Z5).
4. (m _n) =(m _n)
Proof.

1. The rst point is obvious.

2. The secondpoint is very important asit statesthat m _ n isreally the least upper bound, that is
to say, the best approximation for D(m) [ D(n).

The proof of this point is similar to the proof of Theorem[3 about matrix closure. All we needis
to proveis that D(m) [ D(n) saturatesm _ n , that is to say, that for every pair (i; j) there exists
anelemen s2 D(m)[ D(n) sudhthats; si=(m _n ).

Set two indicesig and jo. The saturation of closure (Theorem[A2) givestwo elemeris, s™ 2 D(m)
and s" 2 D(n), such that s} s = and s s = nj,;,. Thesetwo elemens are in
D(m)[ D(n) D(0). If (m _n )igj, = M;,;,, then the elemen s we seekis s™. If (m _n )i j, =
Niyj,» then we chooses = s".

We just provedthat (m _n ) P o. This impliesD(o) D(m _ n ) (SectionZ37).

iojo

3. Weknow that 8i;j; m
D(m _ n).

We conclude the proof of the third point by using TheoremB1: D(m _n) D(m_n) ()
8ij; (m _n)y (m_n) .

mij 5 Ny

j  Nij,soofcourse8i;j; (m _n)j (m_n)j andD(m _n)

i

4. The fourth point comesfrom the inequality (m _ n ); (m _n); and from the secondpoint
appliedto o= (m _n) (wehaveindeedD(m _n))=D(m _n) D(m)[ D(n) =
D(m) [ D(n)).

O

This meansthat, if the argumerts are not closed,then m _ n is not the best approximation of the
union of N domains (Figure Z5). Howevwer, if m and n are closed,sois m _ n (TheoremB4).

The least upper bound of di erence bound matrices algorithm runs in O(n?) time, not courting the
time neededto compute the closure of the two argumerts.

2.4.3 Widening

When computing the semartics of a program, oneoften encourter loopsleadingto in nite sequencesvhich
are not computable. In order to approximate in nite computation, widening operators wereintroduced
in Section4.1.2.0.40f [Cou7§. Widening is a sort of union for which every increasing chain is stationary
after a nite number of iterations.

The widening mOn of two di erence bound matricesm and n, the N domain of which are not empty,
is de ned by:

mj; if Njj mj;

(MON)j = .1 elsewhere
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Figure 2.5: Least upper bound of di erence bound matrices.

We have the following properties; they prove that O is a widening:
Theorem 6.
1. D(mOn) D(m)[ D(n).

2. Finite chain property:
8m° and 8(n');i2n, the chain de ned by

x%=mo
xi*l = xioni

is increasing for P and ultimately stationary.
The limit | is suchthat | Q m® and 8i; | Q n'.

3. (mOn ) P (mOn) but the equality does not hold in geneal.

4. We do not havein geneal (m On) P (mOn) .
Proof.

1. The rst point is obvious.

2. We have obviously m P mOn, so (x' )2 is increasing.

We can de ne the following partial well-founded order on potential graphs:
(N;Aw) 4 (NGA%WY) () A APandw = wj

The anti-symmetry, re exivit y and transitivit y of 4 are obvious. The well-foundednessof
4 is a consequencef the well-foundednessof  over nite set.

We have obviously mOn 4 m, so(x')i2n is decreasingfor this well-founded order and this
chain is stationary.

The fact that | Q m° and 8i; | Q n' is a consequencef m P mOn and n P mOn.
3. The third point followsfrom n P n.
4. SeeFigure Z8 for a counter-example.

O
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Figure 2.7: Example of in nite strictly increasingchain when iterating with the pre-widening O°.

Widening has somestrange interaction with closure. The result of a widening is seldomclosedand we
have (as with least upper bound) a better approximation of the union if the secondargumert is closed
(Theorem @3). But this is not the casefor the rst argumert: we can have sometimesD(mOn)
D(m On) (see,for example, Figure Z8) and sometimesD(m On) D(mOn).

~ In the iterating sequenge(xi)i_ZN, it is easyto ensureclosure of the secondargumert of O by changing
x'*t = x'on' into x'** = x'o((n') ).
If we wanted to ensurethe closure of the rst argument of O, we would have de ned the following
iteration sequence:
x% = (m9)
x*t = (x'On') :
However, evenwith strong hypothesesonn' (as, for example,eact n' is closed,and the n' areincreasing,
that is to say 8k; nk P nk*1), the nite chain condition is not veri ed asshowed in the Figure Z4 Thus,
the operator O° de ned by mO% = (m )On is not a real widening; it is called a pre-widening

The widening and pre-widening algorithms run in O(n?) time, not courting the time neededfor closing
any argumert.
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2.4.4 Narro wing

The useof a widening to compute the semartics of a loop often results in a lossof precision. A narro wing
operator was intro ducedin Section4.1.2.0.110f [Cou7d in order restore,in a nite amount of time, some
information after the application of a widening.

Let m and n be two di erence bound matricesthe N domain of which are not empty. We de ne the
narrowing operator 4 by:

Nij if mj = + 1

m4 n); =
( )i m;  elsewhere

We have the following properties which prove that 4 is a narrowing:

Theorem 7.
1. If D(n) D(m), thenD(n) D(m4n) D(m).

2. Finite decreasing chain property:
8m° and for any chain (n');,n decreasing for P, the chain de ned by
x0=m°
xi*l = xi4 ni

is decreasing and ultimately stationary.

3. (m4 n ) P (m4 n) but the equality does not hold in geneal.
Proof.

1. We always have 8i; j; (m4 n); m;,soD(m4 n) D(m) is always true.

Supposenow that D(n) D(m). By Theorem[3 8i; j; ny  mj. Giveni andj, if mj = +1 then
(m4n)j =nj ny,andif mj <+1 then(m4n)j = mj ny.Inall casesn; (M4 n)j, so
D(n) D(m4n).

k+1

2. We have obviously 8i; j; x; X, 50 (x*)k2n is decreasing.

One the other hand we also have 8i; j; (x{f < +1 =) 8k K; x}j = x{; ), sofor any i andj, the
chain (x}j )k2n cannot be strictly decreasing.

We concludethat (x*)yon is ultimately stationary.

3. The third point followsfrom n P n.

O

Remark: given a sequencen® sud that the chain (D(n¥))2n is decreasingfor the  partial order (but
not (n%)x2n for the P partial order), the bestway to ensurethe best accuracy as well asthe niteness of
the chain (x¥)x2n is to compute x**1 = x4 ((n%) ).

The narrowing algorithm runs in O(n?) time, not courting the time neededfor closing the right
argumert.
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2.4.5 Forget

Given a matrix m, the N domain of which is not empty, and a variable xx 2 N, the forget operator
computesa matrix my,, whereall informations about x, are lost. It is mainly usedin the semartics of
assignmeits: rst we forget about xx, then we put someguards (see SectionZZ:8 about guards) forcing
the new value of x.

We de ne the forget operator as follows:

8

< mj ifiékandj 6Kk
(M )j =, 0 ifi=j=k

" +1 elsewhere

We have the following properties:

Theorem 8.

1. If m is closal then sois myy, .

2. If m is closal then:
D(Mpx, ) = F (X1;::5Xn) 2 1" JOX 215 (X1;:10 5 Xk 1;% Xk+1 3505 5Xn) 2 D(M) g
Proof.

1. Supposethat m is closed.

We prove that myy, is also closed. To do this, it is sucient, by Theorem 26, to prove that
8i; (Mny, )i = 0and8i 6 j; I; (Mny )i (Muy )it + (Mny, )i -

We have easily: 8i; (myy, )i = 0.

The casei 6 k is settled by (myy, )i = m; which equalsO by closureof m.

The casei = k is a direct consequencef the de nition of myy, .

Setthree variablesi, j 6 i and|. We want to provethat: (mpy, )i  (Mnx )i + (M, )i -
If I = k, then we cannot havei = k andj = k (becausei & j), so(mpy, )i = +1 or
(Mnx, )i = +1 and (Mpy, )j +1 = (Mpe )i + (Mg, )y -

If 1 6 k but i =Kk orj = k, then the sameproof holds.

If neither i, nor j, nor | equalsk, then we use Theorem[26 on the closeddi erence bound
matrix mto get (Myy, )ij = My My + my = (Mpy, )i + (May, )i -

2. Supposethat m is closed.
Let ustakes = (s1;:::;sn) 2 D(mpy, ). Wewant to prove that there existsat sud that
$O0= (Sg;:01 Sk 13t Sker i1 Sn) 2 D(m).
Let us rst provethat maxigx(si M) minjsk(S; + Mjk).
Supposethat this is not the case,then there exist someindicesi 6 k andj 6 k suc that

Si Mg > s+ mjx. misclosed,som;; mji+ my; andweobtain s; s > mj,+ My;
m;;. But wealsohaves; s; mj;, som;; < m;; which is absurd.

Sothere exists a t such that:

max(s; Mgj t  min(s; + mjg):
i§k(| kl) jsk(] Jk)

We now prove that this t is a good choice, that is to say s°2 D(m):
Ifi6é k,andj 6 k,thens; si (mpy )i and (Mpy, )i = mMj .
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Ifi=kandj 6 k, wehavet maxjgx(s; mgj)so t min; ¢ ( s + my;),
t §j + My; and s U myj.

Ifj = kandi 6 k, wehavet minjgk(si+ mij) sot s+mjy andt s; mi.

Ifi=j=kthent t= 0= mg.

Let ustaket 2 | and s = (sg;:::;sp) 2 D(m). We want to prove that s° =
(S1;ii7iSk 13t Ske1;:i0:Sn) 2 D(Mp, ); that is to say, if we denote by s the k™ coor-
dinates of s 8i;j; 7 7 (M, )i -

First of all, 8i;j; mj  (Mps,), 08I 6 k;j 6 k; s’ sP=s s my (M) -

Ifi 6 kandj 6 k, thensP = s;, s = s; and (M, )j = Mj s0s? ) (Mpy,)j
is obvious.

If i = korj =k, but not both, (mp,, )j = +1,808i;j; s° s (Mny,)i-
Ifi=j=kthens) s2=0= (Mpy, )kk-

This forget algorithm runs in O(n) time.

The problem with this forget operator is that it is not accurateif m is not closed.

We can de ne the following forget operator which is more complex than the preceding but accurate
even if the matrix m is not closed(so it savesthe complexity of an extra closure):

8

< min(m; ;my + my;) ifi 6 kandj 6 k
(m)xk)ij:_ 0 IfI:j:k

T+l elsewhere

We have the following property:

Theorem 9.
D(my x, ) = D((M )nx, ))-
Proof.

By Theorem@d 2 about equality testing, we only have to prove: 8i; j; (M) x,)j = (M )nx,)jj -
Using Theoremi@ 1, we know that (m )ny, is already closed,sowe only needto prove: 8i; j; (M), ); =

(M Jnx i -

Let ustake a pair (i; ).
If i = j, then we have obviously (evenif i = j = k) (m) 4, )i = 0= (M )nx, i -

Let us now considerthe more complex casei 6 |.

Let beapathin G(my,,). If wereplaceeveryarc (ij;ij+1)in sudithat (my,, )i, = Mik+ Mg,
by the path h;K;ij+1i, we obtain a path %in G(m) with exactly the sameweight. This meansm;
(m) xk)i'

Let ! be a path in G(m). We canreplacein every sub-path of the form h;Kk;ij«1 i by the single
arc Hy;ijs1i. If i 8 k and j 6 k, we obtain a path © without the node k. But we have 8i 6 k;j 6
K; (myy, )i  mj, this meansthat Ois a path in G(my 4, ) the weight of which is lessthan the weight of

, s08i 6 k;j 6 k; (M) y,)j m; . We just proved that: 8i 6 k;j 6 k; (m)y,); = m; . By de nition

we also have: 8i & k;j 6 k; ((m )nx, )ij = My which settlesthe casei 6 k;j & k.

If i = k orj = k (but not both) we have ((m )., )ij = +1 . On the other hand, there is no arc from
k or to k in G(my 4, ), except for the arc from k to k; this meansthat there is no path from i to j in

G(my 4, ) and (m, Xk)ij =+1.
O

This new forget algorithm runs in O(n?) time.
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2.4.6 Guard

We call guard an arithmetic equation or inequality betweenvariablesin N .

Given a di erence bound matrix m and a guard g, we want to nd a di erence bound matrix the
N domain of which is the set of elemeris in the N domain of m which satisfy this guard g. Because
di erence bound matrices can only represern constraints of the form x y ¢, we cannot always nd
such a di erence bound matrix. So, in general, we will only try to nd a di erence bound matrix the
N domain of which contain the set of elemeris in the N domain of m which satisfy the guard g, and is
as small as possible.

Given a di erence bound matrix m, the N domain of which is not empty, and a guard g, we denote
by mg) this new matrix:

De nition 1.
1L1fg=(xj, X, ¢©)(io6jo,c2l), thenm is de ned by:

min(m; ;¢) ifi = igandj = jo

Mo 5 o=
(Mo xio o)) m; elsewhee:

2. If g= (Xj, Xi; =0¢) (io 6 jo, c21), thenm is de ned by:
Mixiy xi0=0) = (Mxiy xip oxig x1, O

3. In all other cases,we simply chaose:
Mg = M-
The following properties are obvious:

Theorem 10.

1. D(m) f s2 D(m)jssatises gg and we haveequality in all but the last case of De nition [Il

2. ((m))) = (M) .

3. (M ))) P (m ) butthe equality does not hold in geneal.

So we do not needto closea di erence bound matrix before applying the guard operator. However
the result is seldomclosed,evert if the argumert is closed.

There must be someway to improve the guard operator in the most general case (the last caseof
De nition [).

2.4.7 Assignment

An assignment is an arithmetic expressione over variablesin N together with a variable x; 2 N. We
will write it x; e.

Givenadi erence bound matrix m and an assignmen X; e(X1;:::;Xn), wewant to nd adierence
bound matrix the N domain of which is:

f(S15:005Si 1385815007 580) [ 9Sis (S15:005Si 1:Si:Si+13::1580) 2 D(M); s= e(sy;::: ;%) g
As with guards (Section[ZZ.8), a di erence bound matrix with such a N domain doesnot exists in

general,sowill try to nd a dierence bound matrix the N domain of which contains this setand is the
smallest possible.
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Givena di erence bound matrix m, the N domain of which is not empty, and an assignmen x;, e,
we denoteby m(y, ¢ this new matrix:

De nition 2.

1. If e= xj, + c(c2 1), then:
< mj c ifi=1ip] 6jo
(m(xi0 Xi0+C))ij =, mj+c ifi6igj=jo
©omj elsewhee:

2. If e= Xxj,+ c(io 6 jo, c2 I), then we usethe forget operator de ned in Section [2Z.4.5 and the guard
operator de ned in Section .46

Mxiy xjo+c) = ((m)xio)(xio Xjg C))(on Xig  ©)-
3. In all other cases,we simply forget atout X;,,:
Mxiy e = M) xi,-

We have the following easyproperties:

Theorem 11.

1L DMy, o) F(s1:iii3Si 1:8:Si+1:::0:8n) j 9si; (S15::::sp) 2 D(m); s = e(sy;:::;sn) g and
we have equality in all but the last case of De nition [

2. ((m )(xi e)) = (m(xi e)) .
3. (M) ¢) P M)y ) butthe equality doesnot hold in geneal.

As with guard, we do not needto closea di erence bound matrix before applying the assignmen
operator. However the result is seldomclosed,evert if the argumert is closed.

There also must be someway to improve the assignmem operator in the most general case(the last
caseof De nition ).

2.4.8 Adding and removing variables

In our analysis, we consideredthat N was determined in advance.

However, when analyzing real programs, variables generally have a limited lifetime. Instead of con-
sidering in N all variablesthat can be usedin the whole program when analyzing a single instruction, it
would be much more e cien t to consideronly the variablesthat are live at this instructions.

In order to do this, we need two operators on di erence bound matrices: one for adding a fresh
uninitialized variable, and onefor deleting avariable. Givenadi erence bound matrix m, the N domain
of which is not empty, m with a new variable will be written m* and m with a removed variable will be
written m

De nition 3.
1. Consider addingthe variable x,,+1 to the di er ence bound matrix m, de ned overN = fxq;:::;Xn0.
We simply add a new line and a new column | led with +1 except for the new diagonal element:
8 o .
< mi=my ifi nj n
m; =0 ifi=j=n+1
m: =+1 elsewhee

1]
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2. Consider removing the last variable x, from m, de ned over N = fxq;:::;Xn0.

We cannot simply removethe last line and the last column of m. Imagine there exists an implicit
constraint (Xn  Xi Min )+ (X; Xn Mp)=(X; Xi M+ Mg ) suchthat mj, + my < my ,
then we can have(m ); > m; whichis a loss of precision.

We solvethis problem by using the forget operator de ned in Section [Z:4.5 before removing the last
line and the last column from m:

m; = (m,); ifi n Lj n L

We have the following theorem:

Theorem 12.
1. D(m*)="f (S1;::::Sn;Sn+1) J(S1;::7;Sn) 2 D(M); spe1 2 1 @
2. If mis closel, sois m*.
3.D(m )="Ff(s1;:::;Sh 1)jJ9sn21; (S15:::;Snh 1;8n) 2 D(m) g.
4. If mis closel, sois m .

The proofs are not di cult becauseall the hard work was donein SectionlZZ3

2.5 Representing interv als

There exists a simple way to add one-v ariable constrain ts, that is to say, constraint of the form x ¢
andy d, to our represenation. We simply add to N a special variable, named 0, which is supposedto
be always equalto zero. Sox candy dwill berewritten x 0 cand0 vy d.

GivenN = f0;Xq;:::;Xng and a di erence bound matrix m over N, we will not be interestedin the

N domain D(m) of m, but in its N °-domain, written D°(m) and de ned by:
DOo(m) = f (Xx1:::::%Xn) 2 1" j(0;X1;::: ;Xn) 2 D(M) @

There is somework to do in order to prove that all the operators we de ned in this chapter alsowork
when replacing N domains by N °-domains.

This approad is widely usedin model-cheing of timed automata (in [Yav98] for example). However,
we do not prove the correctnessof this approach here. Instead, we presen, in the next chapter, a new
di erent generalization of two-variable di erence constraint setsthat encompassboth two-variable sum
constraints and one-\ariable constraints.
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Chapter 3

Tw o-Variable Dierence or Sum
Constrain t Sets

3.1 De nitions

Let V= fvi;:::;vag bea nite setof variablesand | a numeric set. | is de ned asin Chapter &

We want to represeri in this chapter constraints of the form v; ¢, with vi;v; 2 V and
¢ 2 |. Sudh constraints are called two-variable dierence or sum constrain ts and conjunctions of
two-variable di erence or sum constraints are called two-variable dierence or sum constrain t sets.
We denote by C' (V) the set two-variable di erence and sum constraint setsover the set of variables V.

3.1.1 Positiv e and negativ e form of variables

In order to represen sum constraints aswell asdi erence constraints over V, we considerthat ead variable
Vi in V comesin two distinct a vors: a positive form v; and a negative form v, .

Thus,weintroduceN = fvi;v; ;:::;V} v, gand considerthe setof two-variable di erence constraint
setsover N, asde ned in Chapter @A In a two-variable di erence constraint, a variable vy that appears
in its positive form v, will be interpreted as + vy and a variable that appearsin its negative form v, will

be interpreted as vk. This way, it is possibleto represert (vi +v;  c) by (v}’ Ui C).

When working with N domains, it is sometime conveniert to forget about the relationship between
V and N and consideread variable in N as being independert. This is why the 2n variablesvy ;::: ;v,
will alsobe denotedby x1;:::;Xon Wherexz 1=V, and xz = v; .

We shaw in the following two sectionsmore precisely how to represen C" (V) by C(N).

3.1.2 V domain

Givenatwo-variable di erence constraint setC 2 C(N) andits N domainD(C) (N ! 1), weintroduce
its V domain dened by ( D(C)) (V! 1I) where isdened by:

(D)=f(ty;::5tn)j(ta; to;iiiite; t)2Dg (V! 1)
and the special vector subspace * by:
T=f(syiiisn)j8i= 0N 1 Spie = Spivz O

(ti)i n refersto coordinatesin V 7! | whereas(s;); 2n refersto coordinatesin N 7! I.
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We have the following easyproperties:

Theorem 13.

1. commuteswith [ and\ .
2. WehaveA B =) (A) (B).

3.LetD (N! 1), dene abijection fromD\ * to ( D):
(ty; topiiisty; th)2DVN F 1 (tg;:ity) 2 ( D):
4. If D is convex,sois ( D).

Thanks to the last point and the fact that N domain of di erence bound matrices are corvex, we
concludethat V domain of di erence bound matrices are also corvex.

We alsode ne D*(C*) the V domain of C* 2 C" (V) which is the subsetof P(V 7! 1) satisfying all
the constraints in C*.

3.1.3 Coherence

We do not have a bijection betweenC(N ) and C* (V). The problem is that a constraint in C* (V) can be
represerted using di erent constraints in C(N ); for example(v w ¢ =(v" w"* ¢=(w v C).

We will say that a constraint setC 2 C(N ) is coherent (and, that the corresponding di erence bound
matrix and potential graph are coheren) if we have:

g 8v;w;2V; (vt wt ¢2C () (w % c2C
8viw;2 V; (Vi w 0g2C () (w" v 2C
8v;w;2 V; (v wt ¢2C () (w V- ¢2C:

Remark that one-variable constraints v candw d can be represerted in C(N) by vt v 2c
and w w* 2d, sowe do not needto add a special variable 0 in N aswe did in Z3

We have the following properties:

Theorem 14.

For each constraint set C* 2 C'(V), there is a correspnding coherent constraint set (C*) 2 C(N)
suchthat ( D( (C*))) = D*(C™*).

Proof.
Given C*, we can construct a coheren two-variable di erence constraint set (C*) asfollows:

if this constraint is in C* we add theseconstraints in  (C*)
VAR, [ (v6 w) vioowt cC ; W Vv C
v+ w c (v6 w) vt ow c ; w v c
vV ow c (v 6 w) w v c ; v w' C
v c vty 2c
v c v v 2c
The proof of (t1;:::;ty) 2 D (C*) () (t1; ty;:::;th; th) 2 D( (C*)) is obvious. O
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3.1.4 Representation and notation

From now, all two-variable di erence constraint sets, potential graphs and di erence bound matrices will
be consideredover the set N and will be coheren. A two-variable di erence or sum constraint set over
V will berepreserted by its corresponding coherert two-variable di erence constraint set, potential graph
or di erence bound matrix over N. Thus di erence bound matrices will be 2n  2n matrices.

As before, if the di erence bound matrix m correspondsto the set of two-variable di erence constraint
C,thenm; < +1 means(x; x; m;)2C.

Sometime, we will usethe short notation m, -
sy vy =2k landy, = 2.

, tomeanm; wherex; = v andx; = v, . That isto
|

We state another useful de nition: {isdened to bei lisiiseven,andi+ 1ifi isodd. If x;
correspondsto v , then x( will correspond to v, . If X; correspondsto v, , then x( will correspond to vy .

With this de nition, we can state a new equivalent de nition of coherencewhich is di erence bound
matrix oriented:

m is coherert () 8i;j; my = m g

3.2 Strong closure

As with N domain, di erent matrices can represen the sameV domain and we would liketo nd a
normal form. We want the normal form to be the tightest di erence bound matrix represering a certain
V domain, with respect to the tightening order P de ned in SectionZ371

3.2.1 Emptiness test revisited

Let G be a coherert potential graph. All we needis the following theorem:

Theorem 15.
( D(Q)) is empty if and only if G hasa (simple) cycle the total weight of which is strictly negative.

Pro\.;\]c/.e will provethat ( D(G)) =; () D(G) = ;. By Theorem[ this will prove the presen theorem.

D(G =; =) (D(Q)=; isobvious.

SupposeD(G) 6 ;.

Let s= (S1;S2;:::;S2n) 2 D(G).

By coherencewe haves®= ( Sp; Si1;:::; Son; Son 1) 2 D(G).

Now, D(G) is corvex, so(s+ s%=22 D(G). But obviously (s+ s)=22 *.

We now usethe bijection betweenD(G)\ * and ( D(G)) describedin Theorem[I33 to state

that the imageby of (s+ s9=2isin ( D(G)) which is thus not empty.

O

This meansthat the V' domain of a di erence bound matrix is empty if and only if its N domain is
empty.

3.2.2 Closure revisited

Let m be a coherert matrix the V. domain of which is not empty.

The standard de nition of closure m does not adapt nicely to our matrices. The set of implicit
constraints obtained by summation of constraints over paths of G(m) is not su cien t. The main problem
is that we would like to deducev® w (c+ d)=2 from v* v cand w* w d but the set
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of arcsf(v ;v*);(w ;w")g doesnot form a path. This is why we introduce here the notion of strong
coherence which is de ned by, besidecoherence:

8
< 8v;w2V;f(vt v o;(w" w dg C=) (v w e)2 Cwithe (c+d)=2
8viw2V; f(vt v o;w w' dg C=) (vt w" e2Cwithe (c+d)=2
8v;w2 V;f(v vt o;w w" dg C=) (v w" e2Cwithe (c+d=2
Recall that the de nition of coherenceof di erence bound matrices is:
8i;j; my = mp
The de nition of strong coherencefor di erence bound matrices will be, besidecoherence:
8i;j; my  (mig+ my)=2

We now givethe following de nition ofthe strong closure m? of m which is just a simple modi cation
of the Floyd-Warshall algorithm for computing closure:

8

< Mo =M
m =m?.' 1 i n
m’ = m,

where the functions n: mand n: nk are de ned by:
mj = min( nj ; (Nig+ nj;)=2)

Nik + Ngj;

Nig + Ny,

Nik + Mg + Ny

Nig + N + N ) ifi 6

% nk =0
nk min( nj ;

This algorithm runs of coursein O(n?) time, asthe Floyd-Warshall algorithm.

The function n: 7 ensuresthe strong coherence.

The function n: n? 1 ensuresthe local closure with respect to variables v; and v, (recall that,
when we speak about indices of matrices, we have the corvertion v; = 2k landv, = 2k = 2k 1);

that isto say: 8i;j; n2 ' n? 1+ n% land8ij; nk 1 n% 14k 1
1 iV Vi 1] iV v
Applying in turn n: n? forall kinf1,:::,ngwould ensureclosure,but not strong coherencethis

is why our algorithm interleaves n: n% ! with n: 7. There is no simple justi cation for the complexity
of the functions n: nX; all v e casesappear naturally when we try to prove that, when interleaving the
two functions, the current function application doesnot destroy what was gained by the last ones.

We have the following properties:

Theorem 16.
1. ( D(m?) = ( D(m)).
2. m? is closal, coherent and strongly coherent.
+ . — ?

,Sj Si=m;.

3. ( D(m)) saturatesm?, that is to say, 8i; j; 9(s1;:::;Son) 2 D(m)\ i

4. If ( D(n)) = ( D(m)) and n is coherent, then we havem? P n.
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5. Strong closure is idempotent: (m?)? = m?,
6. m° P m.

7. 8
E 8imj =0

8i 6 j; K; mij Mig + My;j
2 8ijj; my  (mijg+ my)=2
TO8ij; my = mpg

m=m’ ()

that is to say, (using Theorem[A6): m is strongly closa if and only if it is closel, coherent and
strongly coherent.

Proof.
1. We prove the rst point in the proof of the secondpoint.

2. We rst provethat ( D(m?)) = ( D(m)) and m? is coherert.
In order to do this, it is sucient to prove that, functions n: mand n: nk for all k

respect coherenceand V domain of coherent matrices. That is to say, if n is coheren,
then 1M and n* are cohereri, and ( D(m)) = ( D(n*)) = ( D(n)).
We have obviously 8i; j; nj , which meansD(m)  D(n), so ( D(m))
( D(n)).
The fact that 8i; j; n}} n; is alitte more complex. The casei 6 j is easy The
casei = j follows from n; 0 which is a consequencef ( D(n)) 6 ; (Theorem
5. This givesus D(n*) D(n) and ( D(nX)) ( D(n)).

If (s1;:::;s2n) 2 D(n), we want to provethat 8i;j; s; s n!J‘ .
Forallié6 j,
Sj Si Nij
Sk Si Nik
Sj Sk Nk;j
Sk Si Nik
S Sk Ny;
Sk Sk Nyk
so by summation,
S Si Nij
Sj Si Nik + N
Sj S N + nki
S; Si Nik + N + Ny
S S Nig + Ny + Nij

The casei = j is obvious, becausewe always haves; s = 0= nk.
SowehaveD(n) D(n¥) and ( D(n)) ( D(nk)).

Supposes = (s1;:::;s2n) 2 D(n)\  *. Wewant to provethat 8i;j; s; s 1.
Becauses 2 D(n), for all (i; j), we have:

S{ S Ni {
S S nyj
Sj Si Njj
But s2 * impliess;= sjands = s;. Sowe concludethat:
Si n;j {:2
S njj =2;

SOS; S min(ni,- ;(ni{ + N ):2) =Ny .
We just proved that ( D(n)) ( D(m)) which completes the proof that
( D(M) = ( D(n)).
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We now prove that 8i; j; m; = mjy.
We have, by coherenceof n:

TT|{ = m?n(nH;(n” + ni{):Z)
= min(ni ; (Ni¢ + njj)=2)
= TTij :

We now prove that 8i; j; nf = nf,.

If i = j, then by de nition n¥ = n¥, = 0.
If i 6 j, we use the symmetry of the denition of nX and the fact that
8a; b; niyj,b = Nj,{, by coherenceof n.

Now we prove that m? is closed.

In order to do this, we use Theorem[16, sowe only haveto provethat 8i; m? = 0 (which
is obvious) and 8i 6 j; k; mi  m{ + mg;.

Here are the three lemmaswe will use:

Lemma 1.
Supposethat n is a coherert matrix the V. domain of which is not empty, and k
is an index sudh that we have 8i; j; nj  ni + ny and 8i; j; nj Nig + Ny .

We prove that 8i; j;, my My + N .
Case 1: mik = nj and Nkj = Ny;j .
We have obviously:

;; Njj (by de nition of m)
nik + nK;  (by hypothesis)
= Ny + Nyj (casehypothesis)

Case 2: Mg = (nig+ n,)=2 and My; = ni; (or the symmetric case
Mk = ng and ny = (nkk + n|,-):2).

Using the hypothesistwotimes, wehaven);  njc+ny; e+ (Nige+ ;)
(1), sowe obtain:

;; ni(=2+ njj=2 (by de nition of m)
Ni(=2+ (N + Ny + N )=2  (by (1))
Ni (=2 + N =2+ Ny (by coherencen|, = ny;)
= Mk + Ni; (casehypothesis).

Case 3: Mk = (Ni{+ N )=2 and Nj = (N, + N )=2).
Now we usethe fact that ( D(n)) 6 ; sothat the cycle h; k; ki hasa
positive weight, so0  n, + ny, (1) and:

mjj (ni g+ njj)=2 (by de nition of m)
(i ¢+ (N + Nie) + N )=2 (by (1))
= Nk + ﬁkj .
Lemma 2.

Supposethat n is a coherert matrix n the V. domain of which is not empty, and
k is an index such that 8i 6 j; nj; Nk + nyj and 8i 6 j; nj Nk + Ny, We
provethat 8o;i 6 j; nj  ni + nyj.

There are v e dierent casesfor the value of nj and v e casesfor the value of

ng; :
1 nﬁ< = Nik | 1 n‘,gj = Ng;j
2 n% = Njp + Ngk | 2 NP = Nko + N
3 n% = Nio+ Nok | 3 nQj = Nko + Nng
4 nﬁ( = Njp + Ngo + Nok | 4 nﬁj = Nko + Noo + Ngj
5 nﬁ( = Njo + Ngo + Nok | 5 nﬁj = Nko * Noo + Ngj

34
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In the following, we will denoteby (a;b) the casewherethe value of n{, is de ned
by the a" caseand the value of nﬁj is de ned by the b" case. We then have 25
di erent casesto inspect.
To reducethe number of casesreally studied we usethe great symmetry of the
de nition of n° with respect to o and o together with the symmetry of the hy-
potheseswith respect to k and k and the fact that 8i; j; n; = n;; by coherence
of n.
We alsousethe fact that analysisof the case(a; b) for a 6 bis very similar to the
analysis of (b;a), sowe will supposea b.
We will alsooften usethe fact that 8i; j; nj + n;; 0, which is the consequence
of the fact that h; j; ii isacyclein n with ( D(n)) 6 ;.

Case 1: (1;1).

We have, by hypothesis,nj  ni + ng; (1), soobviously:

ne nj (by de nition of n°)
nik + nkj  (by (1))
=ng + n‘,gj (casehypothesis).

Case 2: (1;2) (and (1; 3) by (0;0) symmetry).
Sub-casel: i 6 o.
We have, by hypothesis,nij,  ni + nge (1), so:

ng Nio + N (by de nition of n°)
(Nik + Nko) + Noj  (by (1))
=np + nﬁj (casehypothesis).

Sub-case2: i = o.
We know that ny + nx, 0 (), so:

n; Noj (by de nition of n°)
(Nik + Nko) + Ng;  (by (1))
=np + nﬁj (casehypothesis)

Case 3: (1;4) (and (1;5) by (0;0) symmetry).
Sub-casel: i 6 o.
We have, by hypothesis,nj,  nj + nge (1), so:

ng Nio + Ngo *+ Ng; (by de nition of n°)
(Nik + Nko) + Ngo + Ng;  (by (1))
=ny + nﬁj (casehypothesis).

Sub-case2: i = o.
As in the secondcase,we have ny + ny, 0 (1), so:

n; Nio + Ngj (by de nition of n°)
(Nik + Nko) + Noo + Noj  (by (1))
=np + nﬁj (casehypothesis).

Case 4: (2;2) (and (3; 3) by (0;0) symmetry).
We know that nex + nke 0 (1), so:

n; Nio + Noj (by de nition of n°)
Nio + (Nok + Nko) + Noj  (by (1))
=np + nﬁj (casehypothesis).
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Case 5: (2;3).
We have, by hypothesis,nge  Nek + Nko (1), SO:

ng Nio + Ngo *+ Ng; (by de nition of n°)
Nio + (Nok + Nko) + Noj  (by (1))
=np + nﬁj (casehypothesis).

Case 6: (2;4) (and (3;5) by (0;0) symmetry).
We use,asin the fourth caseng + nxo 0 (1), so:

ng Nip + Ngo + Ng; (by de nition of n°)
Nio + (Nok *+ Nko) + Noo + Noj (DY (1))
=ny + nﬁj (casehypothesis).

Case 7: (2;5) (and (3;4) by (0;0) symmetry).
We use the fact that ng, + Neo 0 (1), together with the hypothesis
Noo  Nok + Nko (2), SO:

ng Nio + Ng; (by de nition of n°)
Nio + (Noo + Noo) + N (by (1))
Nio + ((Nok + Nko) + Noo) + Noj (DY (2))
=ny + ngj (casehypothesis).

Case 8: (4;4) (and (5;5) by (0;0) symmetry).
We use, asin the sewernth caseng, + Nge 0 (1), together with and the
hypothesisng, Nek + Nko (2), SO:

ng Nio + Noo + Ngj (by de nition of n°)
Nic + Ngo + (noo + noo) + Noj (by (1))
Nio + Noo + ((Nok + Nko) + Noo) + N (bY (2))
=ng +nY (casehypothesis).
Case 9: (4;5).

We use, asin the severth caseng, + Ngy 0 (1) and ngk + Nk, 0 (2),
S0:

ng Nip + Noj (by de nition of n°)
Nio + (Noo + Noo) + (Nok + Nko) + Ngj  (by (1) and (2))
= Njo + Noo + Nok + Nko + Ngo + Ny;
ng + ngj (casehypothesis)

Lemma 3.
Now we provethat, givenacoherert matrix nthe V. domain of which is not empty

and an index k, we have (without any other hypothesis)8i 6 j; ni  nf + nf;.

We have the same v e di erent casesfor the value of nk and the same v e cases
for the value of ntj asin the precedinglemma, so we have the same25 di erent
casesto inspect.
In order to reducethe number of casesreally studied let us remark that nyx, O
and n, + n,, 0 becausen hasno strictly negative cycle. This meansthat, in
fact, nk = min(ny ;n; + ny,). Cases2, 4 and 5 are not relevant for the value of
nii . The sameresult holds for n¥; and we get nf; = min(n; ; N, + ny;).
This meanswe only have four di erent casesto study:

Case 1: (1;1).

We have:
nk Nk + ngj (by de nition of nk)

= nk +nf; (by casehypothesis)
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Case 2: (1;3).

We have:
ni Nik + N + Ny (by de nition of n¥)
= nf + nf; (by casehypothesis)
Case 3: (3;1).
We have:
nf Nix + N + N (by de nition of nk)
= nf + nf; (by casehypothesis)
Case 4: (3;3).
We haven,, + n,,  0(1), so
i ik + Ny (by de nition of n)
Ni + (N + M) + Ny (by (1))
= njf + nEj (by casehypothesis).

Now we useall three lemmasto prove by induction on o the following property:

( .
81 k 0; 8i;j (My)j (mo)ivk* + (mo)\,;j

81 k 0; 8i;j (Mo)j (mO)ivk + (mo)vk i

The caseo = 0 is obvious.
Supposethe property is true foro 1 0.

Using the secondlemmawith all v; andv, , forallk o 1, we obtain:

( 8k o 1,86j) (m¥®,h; (m¥,? e ¥ (mZ 1

vy
8k o 1;8i6j (m®,Y; (m¥, 1, + (m2° !

Vs
Using the third lemmawith v; andv, (recall that, whenwe speak about indices

of matrices, there is the convertion vi =20 landv, = 20= (20 1)), and
the remark that 8m;i; m' = m{ we obtain:

8i 6], (m20 1)IJ (m20 1 e + (m20 1

8i 6] (m20 1)IJ (m20 1 W, + (m20 1

+
Vo |

Vo -

Now we remark that, by de nition, (m‘égl)ii = 0. The rst point stated that

( D(m‘g;l)) = ( D(m)) 6 ;, sofor all k, the cycle h; k;ii hasa positive weight
which meansthat:

8Kk; (Mg® )i = 0 (M2, M) + (M3 M

and we have:
8k o;8ij; (M, Yy (m¥,! vy b (mg®y* Vi
8k (o 8|,] (m20 1)IJ (m20 ' iV, + (m20 ! Vi i:
Now we usethe rst lemmato obtain:
8
< 8k 0; 8i; j; (mgoll)ij (mZO ! vy + (mZO ' Vi
8k o; 8|,] (mzo l)IJ (m20 ! v, + (m20 . Vi i:

The property for o= n is settlesthe proof of the closureof m?.
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We now prove the strong coherenceof m?.

Let n be mx; - Wehavem? = 1, s08i;j; m?  (ni{+ nj)=2. On the other hand, we
have obviously 8i; mi; = niy.
This meansthat 8i;j; m{  (m7 + m{)=2, som? is strongly coherert.

3. We prove here the saturation.
Seta pair (io;jo).

We have ( D(m)) 6 ;,soD(m)\ * 6 ; (by Theorem[L33). If ig = jo, any s2 D(m)\ * will
be suc that s;, si, = 0 and we know that 0= m?ojo becausem? is closed.

We now consider the much more complex caseof iop 6 jo. We denote by m°® matrix equalto m?
exceptfor mP, = m¢, = m?. and G’ the corresponding potential graph.

We would prove the sameway we did in the saturation proof of TheoremP that D(m® = D(m)\
f(S1;::0582n) [ Sy Sio = St S| = M7, G, SO

D(MY\  * =D(m)\ *\f(sy;:iiisomjs, Si, =M G0

To prove the saturation we need to prove that D(m% \ * is not empty or, by bijection, that
(D(M9) 6 ;.

Supposethat ( D(m9) is empty, then there exists a strictly negative simple cyclein G° by Theorem
[[3 and one of the following caseoccurs:

If none of the new arcs from jo to ig or from {p to |o are in this strictly negative cycle,
this cycle also existsin G” and ( D(G’)) is empty, and sois ( D(G)), which is false.

If the strictly negative cycle contains only one new arc, once, sa the arc from jo to
ip but not the one from |o to {o, we can assumethis cycle has the following form:
hojig;iiijin 1= josin = iol.
We thus have:

K 2

mi?kik+1 < mi?oio

k=0
We have discovered a path hig;ig;:::;in 1= joi fromigto jo in G’ the weight of which
is strictly lessthan mi?ojo. This contradicts the fact that G’ is closed.
If the strictly negative cycle contains the two new arcs, once,we can assumethe cycle has
the following form: hg;:::;im 1= {o;im = lo;:itiN 1= Jo;in = 1.
The paths Ho;:::;im 1= {oi andhym = |o;:::;in 1= joi arein G’ which is closed,so
their weight is greater than the weight of the arcsfrom ig to {p and the arcsfrom |o to jo
in G°. We concludethat the cycle hig; {0;|0;jo;ioi hasalsoa strictly negative weight and
ml'?oio + m’i0|o + mi?o{o + mrol'o < 0.
By coherenceof m?, we obtain m? +(m?, +mli)=2<0.
By strong coherenceof m?, we know that m?;~ (m7 , m/; )=2. Sowe just proved
that m?; +m?, < 0and m? hasastrictly negative cycle, which is in cortradiction with

( Gm)) 6 ;.

— m? 2 2
- m{olo’somioio i

4. As in the proof of Theorem[23, we will usethe saturation proved in the preceding point.

For every pair of indices (i; j) there exists an elemeri s = (sS1;:::;Szn) 2 D(m)\ * sud that
s; s = m]. Becauses 2 *,its imageby is an elemen s Becauses 2 D(m), we have
s°2 ( D(m)) = ( D(n)). This meanss 2 D(n), so m; =s; si nj which provesthe fourth
point.

5. By the rst point, we have: ( D(m)) = ( D(m?)) = ( D((m?)?)). Sowe can apply the fourth
point to n = (m?)? and we obtain 8i;j; m7  (m?)7. We can also apply the fourth point to

m%= m? and n°= m? which gives8i; j; (m?); m{, so(m?)?=m?’.
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6. The sixth point is a strait-forw ard application of the fourth point wheren = m.

7. The last point is a local de nition of closure.
The left-to-right way is a direct consequencef the secondpoint.

For the right-to-left way, the hypothesesimplies the closure,coherenceand strong coherenceof m.
The proof of the third point can then prove here that ( D(m)) saturates m instead of m?, as it
relies only on the closure, coherenceand strong coherenceof m?. The saturation of m then give us
8i;j; mj m;. Now we apply the sixth point to get 8i;j; m{ m;,som= m?.

O

Thanks to point sewen, any algorithm that leadsto a coherert, strongly coherert and closeddi erence
bound matrix will lead us to the strongly closedform.

We preserted here a O(n?®) algorithm derived from Floyd-Warshall algorithm. It may be possibleto
transform the faster but more complex Johnson algorithm to compute the strong closure instead of the
closure. This is not easy however it could improve performancewhen computing the strong closure of a
potential graphswith few arcs.

Imp ortan t Remark :

Evenif | = Z, the computation of the strong closuremay needto be carried in R or Q becauseof the
division by 2 occurring in the function n: .

More precisely when working with integers, Lemma 1 is false becausewe do not have a=2 + b=2 =
(a+ b)=2 and this results in the strong closurenot being closed.

There should be a way of addressingthis problem and designan integer-only adaptation of this strong
closure algorithm.

3.2.3 Inclusion and equalit y test revisited

As in SectionZ34, we distinguish two cases.If either V' domain ( D(m)) or ( D(m)) or both are empty,
then the test is obvious. If neither is empty, then we rely on the following theorem:

Theorem 17.

1. 1f ( D(m))6; and ( D(n)) 6 ;,then ( D(M)) (D) () m?’Pn.

? ?

2. If ( D(m)) 6 ; and ( D(n)) 6 ;, then ( D)(m)= ( D(n)) () m*=n".
Proof.

1. If 8i;j; m  nj, then we know that D(m®)  D(n), and so ( D(m?))  ( D(n)). Applying

i
Theorem[I81 to m, wethen have ( D(m)) ( D(n)).

For the other way, we usethe saturation provedin Theorem[I83: for all i and j, there exists some
s2D(m)\ * suhthats s =m;.

Supposethat ( D(m)) ( D(n)). By the bijection between ( D) and D\ * stated in Theorem
[[33 we then haveD(m)\ * D(n)\ *. This meanss2 D(n), sos; si n; and m; nj .

2. If 8i;j; m{ = n7, then we know that D(m?) = D(n?), and so ( D(m?)) = ( D(n")) Applying
Theorem[I81 to m, we then have ( D(m)) = ( D(n)).

For the other way, supposethat ( D(m)) = ( D(n)). Then we have ( D(m)) ( D(n?)) so, by
the rst point, m? P n?. Wealsohave ( D(n)) ( D(m?)) so, by the rst point, n” P m”?.

O

3.2- Strong closure 39



3.2.4 Pro jection

GivenasubsetD (V7! 1), we denoteby j,, (D) the pro jection of the subsetD over the variable vy.
Its formal de nition is:

v (D) =TFt21]j9(t1;:::;ty) 2 D such that t = t g

Given a coherent di erence bound matrix m, the V domain of which is not empty, and a variable
Vk 2 V, we can easily compute the projection ;,, (( D(m))) of the V. domain of m over vy thanks to the
following theorem:

Theorem 18.
If ( D(m)) 6 ;,
? ?
v (( D(mM))) = [ m\'/: v, =2; m\'lk v =2]
Proof.

By saturation of m? (Theorem[I8.3), there exist two elemerns s* ands in D(m)\ * suc

that 8 . . )
2 S ., S =m° .
Vi Vi Vie Vi
>
T s s, =m?,
Vi Vi Vie Vi
Becausest ands arein *,wehaves’, = s’ ands., = s ,so
Vi Vi Vi Vi
8
> s, =m? .=2
Vi Vie V¢
>
T s,= m? =2
V, VvV, V

k k

By the bijection of Theorem[I33 betweenD(m)\ * and ( D(m)), (S;;S3;:::;S,, ;) and
(S1:83:::1:8,, 1) arein ( D(m)), which means

fom, 2l =2g (D)

Vi Vi
Now we usethe fact that V domains of di erence bound matrices are convex (see Theorem
[[34) to get:

?

[ ml., =2 m] .=2] j, (( D(m)):

Vi Vi Vi Vi

Given (t1;:::;t,) 2 ( D(m)), we have (t1;:::;t,) 2 ( D(m?)) by Theorem [[A2, so
(ti; ty;ii;te; tn) 2 D(M?).

This means 8 ,
2 W ( t) m\',k v
IS ?
tk  tk mV: v
and we have

vk (( D(m))) [ m:; v, =2, m\’ik v =217

3.3 Operators revisited

In the following sections,we de ne new operators over coherent di erence bound matrices basedon the
operators we de ned in Chapter 2 Instead of analyzing the N domain of the resulting di erence bound
matrices, we will focuson their V. domain.
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3.3.1 Intersection revisited

Let m and n be two coherert matrices the V domain of which are not empty. The intersectionm” n is
de ned exactly asin SectionZZT
(m~ n)ij = min(mj ;nj ):

We have the following properties:

Theorem 19.

1. m” nis coherent.
2. (D(m~n))= (Dm)\ (D(n).
3.MAN)?’P(M?An?)P (m”"n).
(m A n)? = (m? A n?)?_
Proof.

1. The coherenceof m ~ n obvious.
2. Wehave ( D(m~n))= ( D(m)\ D(n)) = ( D(m))\ ( D(n)).

3. We prove the third and fourth point like in Theorem@

8i;j; (m?~n?); (m~n); isadirect consequencef 8o;i; j; o]  0; .

By the rst point and the properties of strong closure, we have ( D(m? ~ n?)) = ( D(m?)) \
( D(n?) = ( D(M)\ ( D(n)) = ( D(m”n)) andso8i;j; (M~ n)f = (M?~n’)7 (M?~n%);.

O

3.3.2 Least upper bound revisited

As in SectionlZZ3 the union of V domains of two coherent di erence bound matrices may not be the
V domain of a coherert di erence bound matrix, sowe will try to nd the best approximation for an
union, that is to say the tightenest coherert di erence bound matrix the V domain of which contains the
union of V domains of two coherert di erence bound matrices.

Let m and n be two coherert matrices the V. domain of which are not empty. The least upper bound
m _ n is de ned exactly asin SectionlZZZ2

(m _ n);j = max(m;j ;nj):
We have the following properties:
Theorem 20.

1. m_ nis cohemrent.

2. (D(m_n)) (D(m)[ (D).

3. For every coherent di er ence bound matrix o suchthat ( D(0)) ( D(M) [ ( D(n)), we have
(m?_n’)P o, so (D()) (D(mM?_n?).

. (m?_n??P (m_n)°.

A

5. (m?_n?%?= (m?_n?).
Proof.

1. The coherenceof m _ n is obvious.
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2.D(m_n) D(m)[ D(n),so ( D(m_n)) (D(m)[ (D(n)) = ( D(m))[ (( D(n)).

3. We prove the third point asin TheoremB2.

We usethe saturation of closure, proved in Theorem[I83: for all pairs of indices (i; j ), there exists
sm2D(m)\ * ands"2D(m)\ * suhthats" s"=m’ ands’ s =n7.

One of thesetwo elemerts (let us call it s) is such that s;  s; = (m? _ n?); .

We have s™ 2 D(m)\ *, soits imageby isin ( D(m)) ( D(0)). This means, using the
bijection of Theorem[[33 that s™ is alsoin D(0)\ *. Sois s".

We just proved that s 2 D(0), which meanso; s; s, s00; (m®_n?);.

4. The proof of the fourth point is similar to the proof of Theorem[33.
8i;j; (m?_n%);  (m_n); isanobvious consequencef 80;i; j; of
D(m_n)and ( D(m?_n?) ( D(m_n)).

We now apply Theorem[I41 to obtain 8i;j; (m”_n®)7 (m_n)7.

0j . Sowe haveD(m?_n?)

5. As with the proof of TheoremB.4, the fth point is a consequencef the inequality 8i; j; (m?_n?)?
(m? _ n?); and the third point applied to o = (m? _ n?)? (this is possible because ( D(0)) =

(D(m?_n%)) (D) [ (D(M?)= (Dm)[ (D).

O

3.3.3 Widening revisited

Let m and n be two coherert matrices the V domain of which are not empty.

We have the following properties which prove that O, de ned asin SectionlZZ3 is a widening over
C" (V):
mij if Nij mi;

(MON)j = L1 elsewhere

Theorem 21.

1. mOn is coherent.
2. (D(MOn))  ( D(m)[ ( D(n)).
3. The nite chain property is veried.

4. (mOn?) P (mOn) but the equality does not hold in geneal.
Proof.

1. The coherenceof mOn is obvious.

2. By property of O, we have D(m?’0On)  D(m?)[ D(n) so ( D(m?0On)) ( D(m?)[ D(n)) =
( D(M?) [ ( D(n)).

3. The nite chain property hasbeenprovedin TheoremB@2.

4. The fourth point follows from 8i; j; n;

njj .

O
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Becauseintervals can be exactly represerted in C* (V), it is very important to ched that O is asgood
asthe standard widening on the intervals latticef].
We denote by O the standard widening over interv als de ned by:

[a;b[O[c;d] = [e;f];

where:
oz a ifa c ;= b ifb d
- 1  elsewhere ~ 41 elsewhere
Theorem 22.
If we havethe following iterating seqguene:
X0 = (m%? y%; 2° = (( D(M%))))
xk+*l = Xko(nk)? yk+1 ;Zk+1 - yk; zk O i ( ( D(nk)))

then the x* seguene is more precise than the [y¥; z] sequene, that is to say:

8k; v, (( D(X¥))  [y*;z"]
Proof.
We prove by induction on k that either x* . = (m%? . =27% orxk . =2z=+1.
On one hand, we have x° = (m°)?, soobviously x0 . = (m%? ..
On the other hand, by Theorem[I8 wehave j,, (( D((m°)?)) = [ (m%)Z. ~=2;(m°)? .=2].
This meansthat z° = (m°)? . =2.

Now, supposethat the property is true fork 1 0.

. . K 1 _ 0\? _ k 1 k 1 — 5k 1-—
By hypothesis, either xvi v = (m )Vi v = 2z° t,orx, .=z =+1.

If the secondcaseoccurs we usethe obvious facts x\'j‘ v x\'j_ \% and z zX 1 to conclude
that xk . =z¢=+1.
Vi Vi
The proof is more complex if the rst caseoccurs. By Theorem I8y, (( D(n*))) =
[ (%2, =2:(n*)? . =2]. We have two casesdepending on x¥ . :
If (n%)? . x* 1 thenx® ., =xX 1 . But wealsohave (n)
V. V. V. V. Vi V V. V.

2 .=2 z¢1 so
i i vi Vi
Zk =2k 1,
This provesx® . = (m°? . = 2z

v 1 I
If (n)? ., >xX 1 thenxk ., = +1. But wealsohave (nk)? ,=2> z 1 so
Vi Vi Vi Vi Vi Vi Vi Vi
= +1.
We could prove the sameway that either x¥ . = (m%? . = 2y%orxk .= yk=+1.

Now we use Theorem[I8 to get
(DO [ K7, =2 - =2

By Theorem[IB6, we have (x*)? . x& . and (x¥)?, =2 xK ~=2,s0

m (CDOKN) [ X, =2xf - =2]

\

and so
v (CDORY)) IS 24

1seefor [[CC76] a description of interval analysis.
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We provedthat the O widening over coherent di erence bound matrices givesbetter results that when
computing the sameiterating sequencewith interval domainsand O widening. However, aswith O, O can
give coarserthan a simple sign analysis.

For intervals, the solution is to usea somewhatimproved wideningﬂ O de ned asfollows:

[a;b[O[c;d] = [e;f ];

where: 8 8
< a ifa c < b ifb d

e= 0 if0 c<a f=_ 0 if0 d>bDb
1 elsewhere T+ elsewhere

The sameway, we designa new widening O over coherert di erence bound matrices which givesalways
better result than sign analysis: B

< mj if Njj mj;
(mOn)ij = 0 if mij < Njj 0
B +1 elsewhere

We could prove that O is a widening over coherent di erence bound matrices and that computing an
iterating sequencewith O givesbetter results that O in the sameway than TheoremZ2
3.3.4 Narro wing revisited

Let m and n be two coherert matricesthe V domainsof which are not empty. We usethe samede nition
for narrowing asin SectionlZZ42

(m4 n); = mij Clontere.
We have the following properties which prove that 4 is a narrowing over C" (V):
Theorem 23.
1. m4 n is coherent.
2. 1f ( D(n)) ( D(m)), then ( D(n)) ( D(m4n)) ( D(m)).

3. Finite decreasing chain property.
8m° and for any decreasing chain n';i 2 N (in the sense8k; nk* P nk), the chain de ned by:

x0 = (mO)?
xi*l = xi4 ni

is ultimately stationary.
4. (m4n?);  (m4n); butthe equality dees not hold in geneal.
Proof.

1. The rst point is obvious.

2. We always have 8i; j; (m4 n); mj , soD(m4 n)  D(m) is always true, and ( D(m4 n))
( D(m)).
Suppose now that ( D(n)) ( D(m)). By Theorem[I41, 8i; j; n;’ m; . Giveni and j, if
mj = +1,then (m4n); =n; n7,andif my < +1,then (m4n); =m; n;. Inall cases

n; (m4n);,soD(n)=D(n’) D(m4n)and ( D(n) ( D(m4 n)).

2See[[CCI70] for more detail on improvemert of widening with respect to a nite lattice.
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3. The nite decreasingchain property has already beenprovedin Theorem[42.

4. The fourth point follows from na’ N .
O

Remark: asin SectionlZZ2 given a sequencen® such that ( D(n¥)) is decreasingfor  (but not nk
for P), the bestway to ensurethe best accuracyaswell asthe niteness of the sequencex® is to compute
k+l — yk ky?
X = x*%4 ((n*)?).
3.3.5 Forget revisited

Given a coherert matrix m the V domain of which is not empty and a variable xx 2 V, we adapt the
forget operators de ned in SectionlZZ3
We introduce a new operator, m ,, de ned by:

my = mnv: nv,

where my, is the forget operator of SectionlZZ3de ned by:
8
< my ifié kandj 6 k
(mnxk)ij = . 0 if i :j =k
" +1 elsewhere
We have the following properties:
Theorem 24.

1. If m is strongly closel thensois m , .

2. If m is strongly closal then:
(D(m ) =f(te;:n;tn) 217§ Ot 2 15 (tg;:ir 5tk 15t tker ;221 5t0) 2 ( D(M)) @
Proof.

1. Supposethat m is strongly closed.

Then m is closedby Theorem@2. By Theorem@1, m,. andthenm,,. , are closed.

The coherenceand strong coherenceof m
k
coherenceof m becausewe have:

. Iis aconsequencef the coherenceand the strong
k

8 e N
< 0 ifi=j]2fv,v.0
(M oy Ji = #1000 21V v, 018 ]
m;  elsewhere
My ny, IS closed,coherert and strongly coheren, soby Theorem[I87, m,,. ,, isstrongly closed.

2. Supposethat m is closed. We have, by Theorem@2:

D(mnvlz nv, ) =

f(s1iiiiisn) 212" j9s* ;s 215 (S15::0 Sk 2:S73S ;Sake1;ii1:San) 2 D(M) g
so
(D(mnv; nVk)) =f (tg;:instn) 217 (b taio:; tn)ZD(mnV; nVk)g
=f (ty;inty)21Mj9t 2105 (ty; tog::it t::i; ta)2D(m)g

f(ty;iinty) 21792105 (tg;::;t::t0) 2 ( D(m)) o
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As with my,, , the matrix m must be strongly closedif we want maximum accuracy

It is not easyto de ne a forget operator similar to my,, which would work even if m is not strongly
closed.
For example, the naive operator:

My v, = m)vk* ) Vi
doesnot work aswe get, by Theorem[d
D(m) V‘: ) Vi ) = D((m )nv: nv, )
S0
( D(my v, )) = (DM ) v))

which is weaker than:
( D(My ) = ( D((M?) )

3.3.6 Adding and removing variables revisited

Adding and removing variables in coherent di erence bound matrices is done asin SectionZZ8 There
are however two di erences. First, when removing or adding vk to m, we have to add or remove two rows
and columns in m instead of one: one for v; and one for v, . Last, we do not have a forget operator
working on non strongly closed matrices (equivalent to my, ), sowe have to perform a strong closure
before removing a variable if we do not want to loseinformation.

Given a coherent di erence bound matrix m, the V domain of which is not empty, m with a new
variable will be written m* and m with a removed variable will be written m

De nition 4.

1. Consider adding the variable v,.+1 to the coherent dier ene bound matrix m, de ned over V =

fvy;iii;vng.
We simply add two new lines and columns | led with +1 exept for the new diagonal elements:
8 - .
< mi‘j“ =my ifi nj n
m; =0 ifi=) n+1
m; =+1 elsewhee
2. Consider removingthe last variable v, from m, de ned overV = fvy;::: ;v 0.
We use the forget operator de ned in Section 3233 before removing the two last lines and columns
from m:

m; = (m?) )y ifi n 2j n 2
We have the following theorem:
Theorem 25.
L (D(M*)) =f (ty;:::tastner ) j(te;:isth) 2 ( D(M)); thes 21 Q.
2. m* is coherent; if m is strongly closed, sois m*.
3. (D(m ) ="f (ty;:i5th 1) j9th 215 (tg;:::th 15tn) 2 ( D(m)) @.

4. m is strongly closeal.
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3.3.7 Guard revisited

As in SectionZZ8, given a coherent di erence bound matrix m, the V. domain of which is not empty,
and a guard g over V, wewant to nd a coherert di erence bound matrix the V. domain of which cortains
the set of elemerts in the V domain of m satisfying g.

We will denote this new coherent di erence bound matrix by mg,.

As in SectionlZZ8 we will nd in generala coherert di erence bound matrix represerting an over-
approximation of this set. However we gain someprecision here becausewe can represert exactly a wider
range of constraints.

De nition 5.

LIfg=(v, Vii © (06 jo,c21), thenm is de ned by:

8
< min(m; ;c) ifi=ipandj = jo
(M, v, o)i =. min(mj;c) ifi=]oandj = {o
omy elsewhee:
2.1f g= (Vi, +Vvj, ©) (i06jo, c21), thenm is de ned by:
8
< min(m;;c) ifi= {pandj =jo
(m(\,iOJ,vjo 9)i = . min(mj;c) ifi=]pandj =io
Tomj elsewhee:
3.1fg=( vi, Vi, ©) (i06jo,c21l), thenm is de ned by:
8
< min(mj;c) ifi=ipgandj = |g
( M v, v, o)i =. min(mj;c) ifi=joandj= {o
Tomj elsewhee:

4. 1fg= (vi, ©)(c2l), thenm is de ned by:

min(m; ;2¢) ifi = {pandj = ig

(M, )i = mij elsewhee:

5 1fg=( vi ©)(c2l), thenm is de ned by:

min(m; ;2¢) if i = ipandj = {o

(M v, )i = m; elsewhee:

6. If g has one of the alove form, exept that the  sign is replaed by a =, we can always express
exactly g using two alove inequalities (as we did for De nition [2).

7. In all other cases,we simply chaose:
Mg = m:

The following properties are obvious:
Theorem 26.
1. m(g is coherent.

2. ( D(mg)) ft2 (D(m) jt satises g g and we have equality in all but the last case of
De nition

3. ((M?)(g))” = (M(g)”.
4. (M?)(g))? P (M?)(g but the equality does not hold in geneal.

As in SectionlZZ8 we do not needto strongly closea di erence bound matrix before applying the
guard operator; however the result is seldomstrongly closed,evert if the argumert is.
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3.3.8 Assignmen t revisited

As in SectionZZ], given a coherent di erence bound matrix m, the V. domain of which is not empty,
and an assignmer v; e(vy;:::;vn) over V, we want to nd a coherert di erence bound matrix the
V domain of which cortains the set:

f(te oot ottivn; i stn) J Ot (st otistiva ;i ty) 2 (D(m)); t=e(ty;::0;th) g
We will denote this new coherert di erence bound matrix by m¢, ).

As in SectionZZ 7 we will nd, in general,a coherent di erence bound matrix represering an over-
approximation of this set. However, we gain someprecision here becausewe can represen exactly a wider
range of constraints and by using the projection operator de ned in Section32Z2

De nition 6.
1. If e= xj, + c(c21), then:

< mj c ifi=ig;j6joorj= {0i6 o
(M, xip+0))i =. My +c ifi6ioj=joorj6 {o;i=]o
Tomj elsewhee:

2. If e= xj,+c(io & jo, €2 I), then we usethe forget operator de ned in Section 23 and the guard
operator de ned in Section B34

My x40 = (M) i )iy xi )xig xig O
3. Ife= Xxj,+c(io6jo, c21), weusethe forget operator and two guard operator:
Mxi,  xjp+0) = (((m?) xio)(xio+xjo o) Xio Xip ©)-
4. If e= c(c2 1), we usethe forget operator and two guard operator:
M, o= (M) %)y ) xig o

5. If eis linear, we usethe projection operator de ned in Section B2Z4to nd the maximum (e*) and
minimum value (e ) e can take, and repla@ x;, eby e Xi, €":

e =em’ ,=2;::0;m? ,=2)
v, vy Vp Vo
_ ? e e ? _
e = e(mvIvl =2;::: LUV =2)

M, o = ((M?) i, e))( xig e )
6. In all other cases,we simply forget atout X;,,:
Mixi, e = (m?) Xig -
We have the following property:
Theorem 27.
1. m ¢ is coherent.
2. (D(my, &) f (ta;:i:isti ot teasiisty) j Oti; (ty;iiith) 2 (D(M)); t = e(ty;:::;th) O
and we have equality in all but the two last casesof De nition
3. (M) )’ = (M, o)
4. (M%), ¢)? P (M?)x ¢ butthe equality does not hold in geneal.

In all but the rst caseof De nition [, we usethe forget operator (Section[3:33) or the projection
operator (Sectionl3Z2); so, in thesecaseswe must compute the strong closureof the argumert. However
the result is seldomstrongly closed,even if the argumert is.

There is certainly many ways to improve precisionin the two last casesof De nition Particularly ,
we could use the projection operator to handle simple arithmetic operations, such as , =, :::, with a
simple interval arithmetic, and then put the interval we computed badk in the di erence bound matrix as
in De nition B5.
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Chapter 4

Abstract Interpretation using
Dierence Bound Matrices

In this chapter, we describe how the algorithms preserted in Chapter 3 can be applied to automatic pro-
gram analysis. After somealgebraicconsiderationabout the setof di erence bound matrices, weintro duce
a small, yet Turing-equivalert, languageand give insights about approximate arithmetical analysis.

This program analysisis designedusing a very generalframework, called Abstract Interpretation
which was rst introducedin [CC74]: we designan accurate but non-decidablesemartics and an approxi-
mate computable semartics using least xp oints in complete lattices, then we prove that the approximate
semartics is sound with respect to the accurate sematrtics using a Galois connection.

We now forget about about two-variable di erence constraint sets(described in Chapter ) and focus
only on two-variable sum and di erence constraint sets (described in Chapter [3) becausethey are more
expressie.

4.1 Lattice structure

Given a set of variables V = fvy;:::;vy,g and a numeric set |, we denote by L the concrete complete
lattice L= (P(V71); ;5 V7HI[5\).

Now we want to create a lattice of di erence bound matrices represening two-variable di erence or
sum constraint sets. Using the function m: ( D(m)), we want then to assimilate this new lattice with a
sub-lattice of L.

There are two di erent basesetswe can consider,ead with its advantage and drawbadk.

If we take the whole set of coherent di erence bound matrices over N = fvj ;v ;::1;V, ;V; g, then
we lack uniquenessof V. domain represenation.

If we take only the set of strongly closed di erence bound matrices over N, then we indeed have
uniquenessof V domain represenation, exceptfor the ; V domain for which there is no represertation
at all.

Let us take the rst approach:

De nition 7.

1. M y (1) is the union of the set of coherent di er ence bound matrices over N = fvj ;:::;v, g with
coecients inl =1[ f+1g anda newelement,called ?.

2. v is the relation P, de ned in Section P23, extendel to ? :

m=?

mvn () mé ?;n6 ? and8i; j; m; N
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3. > is the di er ence bound matrix de ned by: 8i;j; >; = +1 .

4. t and u are two-variable operators de ned on M y (I) by:

gm if n=7?or ( D(n)) =;
mtn=_n if m=7?or ( D(m)) =;
(m?) _(n?) elsewhee:
and 8
< ? if m=7?or ( D(m)) =;
mun=_ ? if n=2?or ( D(n)) =;

m” n elsewhee:

The factthat M = (M y (I); v; ?; >; t; u) is a complete lattice is a consequenceof Theorems[Id
and 20 We do not sketch the proof here becausewe are more interested in the secondapproach.

Let us now take the secondapproach. Becausethere is no strongly closeddi erence bound matrix that
can represent the empty V domain, we add a new elemert which we call ? 7. Then, we have to extend
P, ,” and ?to work with this new elemer:

De nition 8.

1. M (1) is the union of the set of strongly closel di er ence bound matricesover N = fvy;:::;v, @
with coe cients in 1 = I[ f+1g and a new element, called ? *.

2. v?isdenedonM 7} (l) by:

2 m:??
mvin () 1 g2%ne27and (D(m) ( DY)

3. >7 is the di er ence bound matrix dened by: 8i 6 j; >7 = +1, 8i; >7 = 0.
4. The strong closure operator was de ned in Section B2 only over the set of coherent di er ence

bound matricesthe V domain of which is not empty. We extend the strong closure operator to an
operator from the set of coherent di er ence bound matricesto M 7, (1) the following way:

> m? if (D(m))6;
727 it (D)=

5. t? and u? are two-variable operators de ned on M 7, (1) by:
8

< m if n=2"7
? B ?
mt‘n=_n if m=7?"
" m_n elsewhee
and
27 ifm=2%orn= 2?7

?
mu’ns=
(m~ n)? elsewhee:

where _ and ” are operators de ned in Sections 20 and @
M?= (M7 (I);v? 2% >?% t? u?) isacomplete lattice thanks to the following theorem:
Theorem 28.
1. v? is re exive, transitive and anti-symmetric.

2.8m2M(1); ?2°vPmv?>?
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3.mnv’mt?n,andm;nv?o0=) mt’nv”?o.
4. mu’nv?m;n,andov’m;n=) ov’mu’n.

d
5. Given any set X M {, (1), there exists a greatest lower bound X, ttaat is to say an element of
M ? (1) suchthat 8x 2 X; °X v?xand(8x2X; mv?x)=) mv® °X.

Proof.
1. The re exivit y and transitivit y of v ? are obvious.

2. By de nition ofv?, 8m; 27 v’ m.
The fact that 8m; m v ? >7 is a consequencef ( D(>7)) = (V7! I).

3. The casewherem or n or both are equalto ? ? is obvious.

If m;n 6 27, then m and n are strongly closeddi erence bound matricesand mt ?>n=m_n. We
now use seweral points of TheoremPO By the fth point, mt ? n is also strongly closed. By the
secondpoint, m;n v’ mt ? n. By the third point, m;n;v?o=) mt?’nv~o.

4. The casewherem or n or both are equalto ? ? is obvious.
If m;n 6 ?7?, then m and n are strongly closeddi erence bound matricesand mu’?n = (m~ n)”.
Som u? n is strongly closed. By Theorem[d2, we have m u” n v? m;n. Now if ov? m;n, this

meansthat ( D(0)) ( D(m))\ ( D(n)) and using the same Theorem[I32, we get ( D(0))
( D(m~ n)), soov?’mu’n.

5. There are two di erent casesto inspect:

Supposethat there is a x in X which is equalto ? 7, or all x in X are strongly closed
dierent bound matrices but _,, ( D(x)) = ;.

Then obviously ? ? is a correct greatest lower bound for X . T
Supposethat all x in X are strongly closeddi erent bound matricesand ,,y ( D(x)) 6
- T HET . H HET
Let ustakes2 ,,yx ( D(x)). Then 8i;j;x; s; Si  X;. This means8i;j; s; s
infyo x Xij S0 8i; j; infyox Xjj = 1
The following de nition of a di erent bound matrix m doesmake sense:

mj = xiQI( Xij +

m is of coursecoherenr but we do not know whether it is not strongly closedor not.
However, we haves2 ,,, ( D(x)) () 8x2X;s2 (D(x)) () 8x2X;ij; s

s xj () 8ijs s infoxx; () s2 (D(m))

This means ( D(m)) = ,,x ( D(x)) 8 ;. Som? existsand is the greatestlower bound
of X..

Here are two interesting remarks:

The existenceof least upper boundsfor arbitrary subsetof M {, (1) is a consequencef the
existenceof greatestlower bounds for arbitrary subsetof M 7 (1) and we de ne the least
upper bound = X of X by:

F d
X = Tfy2MZ()j8x2X;xv?yg
Least upper bounds and greatest lower bounds for arbitrary subsetof M 7, (1) are com-
patible with the de nition of binary least upper bound and greatestlower bound, that is
to say:

?

F d
mt’n= “fming; mu’n=’fm;ng:

M ? will be called the abstract lattice .
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4.2 Galois connection
In order to state the relationship betweenour concretelattice L and our abstract lattice M ?, we construct
a pair of functions ( M () 7' P(V7I1); (P(V7I1) 7! M7 (1) sud that
8D2P(V7'I)ym2M[/(); (D)v’m () D (m):
Sudh a pairs is called a Galois connections . Galois connectionswere rst usedin [CC77] in order to
analyze approximation of semarics.
Let usdene hy:

?7) =
(m)= (D(m)) ifme6 2?7
and by:
©=""tm2MiMiD (Mg
We have the following theorem:
Theorem 29.

?

d T
1. is meet-preserving: 8X M (1); ( “X)= wox  (X).

2. (; ) is a Galois connection and (D) D.
3. is one-to-oneand (m)=m
4. (F’X) szx (x).
Proof.
1. TakeX & . q T
If~?X = ’P] , then we havg b by de nltlon of :?2l2Xor ,,, (D(X)=;. In either caseswe
have, by de n|t|on of : ( X) =5 = ox (X).

I]t ’X 621, then?] 2 X andall x 2 X are strongly closeddi erence bd'Jund matn{aes such that:
x2x ( D(x)) 6 ;. We proved |ndTheoren1-l5 that, in this case, ( D( "X)) = ,,x ( D(x))
which meansby de niton of @ ( "X)=  ,,x (X).

2. Given two complete lattices and a meet-preserving function, there exists a unique , de ned as
we did, such that the pair (; ) is a Galois connectionby Proposition 7 in [CC924 (page 15).

The fact that (; ) is a Galois connectionimplies (D) D.
3. Supposethat (m) = (m9).
If (m)= (m9 =; then, by de nition of , m=m%= 2?1,
If (m) 6 ;, then m and m° are strongly closed dierence bound matrices with ( D(m)) =
( D(M%). By Theorem[IZA2 we have m = m°.

So is one-to-one. This implies (m) = m by Proposition 8 in [CC92¢] (page 15).

F, F
4. We have, by de nition of 27X = ?fyj8x2X;xv?yg. We now usethe fact that isa

meet preservingto get:
)

d

(’x) ("7fyjsx2X;xv’yqg)
f (y)j8x2X;xv’yg
f(y)jidx2X;, x) (9
fYj8x2X; (x) Yg

f X)jx2X g

I
»w-=-4

O

A Galois connection such that  is one-to-one(and dually, is onto) is called Galois insertion and
written:
PV, 5 VTN 0 (MG v 2% >% 7 uf):
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4.3 Concrete semantics
Let us considera simple imperative programming language:

| = 0
I;1
X=X + y+c

} Ta=  TandT
j if(T)then | elsel

J

J

j TorT

while (T) do I A

| por |l

wherex and y are distinct variablesin a nite setV = fvy;:::;vosgand , andcareconstarts in the
setl = Z. We denote by por the non-deterministic internal choice: either the right or the left argumert
is executed(but not both).

We claim that | is Turing-equivalent, and so can embed the whole complexity of every programming
languagedesignedactually.

An environmen t is afunction in (V 7! Z) which describesthe value of all variables. Given a program
p 2 |, and an ervironment asinitial state, the execution of p on a computer can either stop after a nite
time in an nial state which is an ervironment, or loop forever.

Here we want to analyzewhat is computed by p, that is to say, the setof nal statesernvironment p can
reach in a nite time, given a set of environments as possibleinitial states. Thus, we de ne by induction
the concrete semantics JpKof a program p as a function from P(V 7! Z) to P(V 7! Z) by:

J)K= D :D

Ja; bK= JbK JaK

Ji=vi+ vi+cK=s Df (tyiint otistesiiiity) 2V 7 Zj
of; (ti;:::;ti Ltte;iith)2D5ti=t + t+cg

Jif (t) then aelse bK= D :JaKJXKD)) [ JoKKD nXKD))

Jwhile (t)do ak= D :(E :EnXKE))(Ifp (F:D [ JaKJKF))))
Japor bK= D :JaKD)[ JoKD)

Jaand bK= D :JaKD)\ JKD)

Jaor bK= D :JaKD)[ JoKD)

Jvi+ vi+c OK= D:f(ty;::isth)2Djti+ t;+c Og

We prove at the sametime that the least xp oint, Ifp, usedusedin Jwhile (t) do aKis well-de ned
and that D : JpK D) is monotonic by induction on p:

Proof.

J)KJvi = vi+ v;+cKandJv;+ v;+c OKareobviously monotonic.
Supposethat JaKand JoKare monotonic. Then soare Ja; bK Ja or bK Ja and bKand Ja por bK

To deal with if and while instructions, we needthe following property: D : D nJtKD) is
monotonic for all t 2 T.

This is proved by induction on t:

Letf = D:Jvi+ vj+c OKD).
fisa[ morphism, sothat if D D%

D%nf (DY

D°nf ((D°nD)[ D)
= DOn(f(D°nD)[ f (D))
= (D°nf(D°nD))\ (D°nf (D)):

f is also decreasing,so:
f(D°nD) D°nD:
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We then get:

Dnf (DY) (D°n(D°nD))\ (D°nf (D))
= D\ (D°nf(D)):

Supposethat x 2 D nf (D), thenx 2 D\ (D°nf (D)) and x 2 D°nf (DY).

We have:

D n(Jaor bKD)) D n(JaKD) [ JoKD))

(D nJakD)) \ (D nJbKD)):

By induction, we have D nJakD) D%nJaKD9 and D nJoKD) D%nJDY
which settlesthe caseor.

We have:

D n(Jaand bKD)) D n(JaKD)\ JoKD))

(D nJakD)) [ (D nJD)):

By induction, we have D nJaKD) D°nJaKD9 and D nJoKD) D°nJoKD9
which settlesthe caseand.

Given the monotony of JaK JoK and XK and the previous property, the monotony of
Jif (t) then a else bKis obvious.

Supposethat JaKand JKare monotonic.
Let f (D) = F:D[ JaKJXKF)))). If JaKand JtKare monotonic, sois f .
f (D) is a monotonic operator in a complete lattice so, by Tarski Theorem (Theorem 2.5.1.0.4,

in [Cou7]), there exists a least xp oint for f (D) which is 5 f°(D)(;) (where O is an
ordinal greater than the height of the lattice), and Jwhile (t) do aKis well-de ned.

We alsohave: D D°=) 8F; f(D)(F) f(D9Y(F). Particularly 802 O; f°(D)(;)
fo(DY(;) and Ifpf (D) Ifpf (D9. The third point settles the proof of the monotony of
Jwhile (t) do aK

4.4 Abstract interpretation

The concrete semartics we have designedis accurate but non-decidable becauseof the least xp oint
involved in Jwhile (t) do aK More theoretically, our concrete semartics can answer the non-decidable
problem\is there an entry environment for which the program p terminates in a nite amount of time ?"
by simply testing whether JpKV 7! Z) is empty or not.

We now designa computable approximation of this semartics using the abstract interpretation frame-
workfl. An abstract ervironment is an elemert of M % (2); we introducethe abstract semantics JpK of
a program p, which is the function from M {, (Z) to M [ (Z) de ned by induction by:

JOK=m: m

Ja; ok = JoK JaK

= v+ Vi + ck=m: (I”ﬂ(\,i v+ Vj+C))?

Jif (t) then aelse bk = m: JaK (JtK(m)) t 7 JoK (J: tK(m))

Jwhile (t)doak = m: X tR(m t? (Jak JK(fpn(n: nO (Jak JAKR(n?))?))
Japor bk = m: Jak(m)t ? Jok(m)

Jaand bk = m: Jak(m) u? Jok(m)

Jaor bK = m: Jak(m)t ? JoK(m)

Jvi+ vi+c OK= m: (Mg 4 e 0)

1See([Cou/s| for a theoretical background and [Cou99| for a full example of the methodology of abstract interpretation.
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with the following rewriting rules for : :

: (aandb) ! (:a)or(: b
:(aorb ! (:a)and(: b
(vit+t vi+c 0) ! ( wvi+( vy+(@ o O

Remark that in Jwhile (t) do aK, the least xp oint is computedin the setof coherert di erence bound
matrices, and not the set of strongly closeddi erence bound matrices (seeSectionlZZ3 for a discussionon
how the nite chain condition is broken when the result of the widening is closedafter eac iteration; the
sameresult hold if the result of the widening is strongly closed). To get badk in M 7, (Z), we needto use
the strong closure operator ? extendedto the empty V domain (seeDe nition B4). This extendedstrong
closureis also usedto ensurethat the results of guards m¢, ,+ v, +¢ o) (Section[337) and assignmerts
My, v+ v +o (SectionfE3T) are either ? ?, or a strongly closeddi erence bound matrix.

We also have to adapt the widening operator de ned in Section333to cope with ? ?, aswe did for the
_ and " operatorsto gett ? and u”?. This is why we de ne the following O operator, the left argument
and the result of which are coherent di erence bound matrices and the right argumernt of which is in
M (2):

< m if n=2?1
mo n=_ n if ( D(m)) = ;
m On elsewhere

Remark also that in Jwhile (t) do aK, the last iteration of the loop has been unrolled to increase
precision of the analysis. Theorem[Z13 states that when iterating n: n O (Jak JtK(n?)) from m, the
least xp oint is reached after a nite number of steps.

First we state a few properties:

Theorem 30.
1. The least x-p oint usa in Jwhile (t) do aK is well-de ned and JpK is monotonic and we have:

(Ifpm n: N O (Jak XK W’ Ifpm n: n t7 (Jak  XK(n)):

2. Forallt2T, JtKD) = D nJdKD).
Proof.

1. We proceedby induction on p:
Given the monotony of Jak, JK, X tK, and JK, the monotony of J)K, Ja;bK,
Jif (t) then aelse bk, Jaand bk, Ja or bk and Japor bk are obvious.

The monotony of vy = v+ v +ck andJvi+ v; +c OK are an easyconsequenceof the
de nition of the guard and assignmen operators over coherert di erence bound matrices (Sections
B3 and B39).

To prove that the least x-p oint in Jwhile (t) do aK is well-de ned, we use Theorem 4.1.1.0.1from
[Cou7§ in the complete lattice M, with the following hypotheses:

The function f = n: nJak JK(n?) is monotonic.

x O f(x) Qxt?f(x).

which statesthat for every m, lfjpy, n: n O (Jak JK(n?)) exists and is greater than Ifp,, n: nt?
(Jak JKn) with respectto the P partial order. This means,by de nition of v ? and the extended
strong closure (De nition B), and by Theorem[LA41 extendedto handle empty V domain:

(fom n: n O (Jak  JKR(n?))° W’ lfpm n: n t? (Jak  JK(n)):

The monotony of Jwhile (t) do aK is a consequenceof the monotony of, JaK, J tK, JK, and
m: Ifpm n: n O (Jak XK (n?)).
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2. We prove the secondpoint by induction on t:

J. (aand bhKD)

= J: a) or (: bh)KD) (by de nition of ;)

= (X aKD)) [ (& bKD)) (by de nition of JK

= (D nJaKD)) [ (D nJoKD)) (by induction hypothesis)
= D n(JaKD)\ JKD)) (by n disrtibutivit y)

= D n(Jaand b{D)) (by de nition of JK

J (aor b)KD)

= J: a) and (: b))KD) (by de nition of : )

= (J aKD))\ (J bKD)) (by de nition of JK

= (D nJaKD))\ (D nJuKD)) (by induction hypothesis)
= D n(JaKD)[ JoKD)) (by n disrtibutivit y)

= D n(Jaor bKD)) (by de nition of JK
(vi+ vi+c O)KD)

=J wvi+( )+ c© O0KD) (by de nition of :)
=f(v;iinsva)2Dj(C )vi+( )vi+ (1 o Og (by de nition of JK
=Dnf (vi;iiisve)2Djvi+ vi+c Og

=DnJvi+ vi+c OKD) (by de nition of JK

Now we can prove by induction of p the soundness of JoKwith respect to JoK, that is to say:

JpKD)  (IpK( (D))

or, equivalertly (because is monotonic and = id by Theorem[Z93):

(JoKD))  JpK( (D))

Proof.
J)K (D)
= (D) (by de nition of JK)
D (by Theorem[Z92)
= J)KD): (by de nition of JK
Ja, bk (D)
= JK Jak (D) (by de nition of JK)
= JK Jak (D) (by Theorem[Z93)
JoK JaKD) (by induction hypothesis)
= Ja;bKD): (by de nition of JK
Jif (t) then aelsebkd (D)
= ((Jak AR D)t Xtk (D)) (by de nition of JK)
( Jak XK OH[( K Jtk (D) (by TheoremZ24)
( JaK JK O)[ ( IR Jtk (D)) (by TheoremZ93)
(Jak XKD)) [ (JbK J tKD)) (by induction hypothesis)
(JaK JKD)) [ (JoK(D nXKD))) (by Theorem[302)
= Jif (t) then aelse bKD): (by de nition of JK
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Jaand bk (D)
= ((Jak (D) u? (K (D))
( Bk (O)\( MK (D)
(JaKD)) \ (JbKD))
= Jaand bD):

Jaor K (D)

= (Jak (D)) t? (K (D))
( Jlk O)[( K (D)
(JaKD)) [ (IKD))

= Jaor bD):

Japor K (D)

= (Jak (D)) t? (K (D))
( JaK O)[( K (D)
(JaKD)) [ (IKD))

= Japor bKD):

= v+ Vj+C|4 (D)
= (( D) v+ Vj+C))?)
f(s1;iii58n)j(Se;iii:Si 1;8::1580) 2
=Mi=vVvi+ vi+cK (D)
= v+ Vj+C|'(D)Z

Jvi+ vy+c OKR (D)
= (( (D)(vi+ Vj +¢) 0)?)

f(s1;::i;8n)2 (D)jsi+ s+c O0Og
==Vt Vj+CK (D)

i = vi+ v+ cKD):

Letf = F:D[ JaKJKF)) andf! = n: nt?(Jak JK(n)).
Supposethat D  F, we have by induction hypothesisf (F)

F: (f1( (F))?) is monotonic becausef!, and
Theorem 25 in [CC92¢] (page 26) to obtain Ifpf
(because is monotonic and = id by Theorem[Z93) so:

Jwhile (t)do ak (D)

= (XtR( (D) t? (Ja JK(fp p,(n: nO (Jark IK(n?))?))
(X tR( (D) t? (Jak JK(fp py(n: nt? (Jak JK(n?)))?)))

(ZtR( (D) t? Jak K (fp F:D [ JaK JKF)))
(Ifp F:D [ JaK JKF)))

JtK ((D)t? Jak XK
: Jak JK(fp F:D [ JaK JKF)))

((D)t?
J tK (D) [ JaK JKlfp F:D [ JaK JKF)))
JtKD [ JaK JKIfp F:D [ JaK JKF)))
= JtKlifp F:D [ JaK JKF))
= (E:EndKE))(Ifp (F:D [ JaKXKF))))
= Jwhile (t) do aKD):

((fp (oyf1)?), or equivalertly (Ifpf)

(by de nition of JK)

(by Theorem[Z91)

(by induction hypothesis)
(by de nition of JK

(by de nition of JK)

(by TheoremZ91)

(by induction hypothesis)
(by de nition of JK

(by de nition of JK)

(by Theorem[Z9.1)

(by induction hypothesis)
(by de nition of JK

(by de nition of JK)

(D); si= s + sp+cg (by TheoremZa2)

(by de nition of JK
(by monotony of JK

(by de nition of JK)
(by Theorem[Zd2)

(by de nition of JK
(by monotony of JK

(f1( (F))?). We also remark that
are monotonic. Now we can apply x-p oint transfer

|fp (D)f ])?

(by de nition of JK)

(by Theorem3d 1

and monotony of JK and )
(by xp oint transfert

and monotony of JK and )
(by induction hypothesis)
(by induction hypothesis
and monotony of JKand )
(by Theorem[Z9.4

and monotony of JK

(by Theorem[Z9.2)
(becausef (Ifpf) = Ifpf)
(by Theorem[302)

(by de nition of JK
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Thus, abstract interpretation of the program p givesus a superset of the nal environments p can
reach in a nite time, given a set of possibleinitial states. The abstract semartics is sound with respect
to the concrete sematriics.
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Chapter 5

Implemen tation and Results

An analyzer basedon di erence bound matrix abstract semartics for the simple language described in
Chapter @ has beenimplemerted in OCaml . Given a program p, the analyzer computes JoK (> ?).

In this section we discussthe actual implementation of this analyzer and give someresults. We also
give someinsights on how to improve the represenation of di erence bound matrices.

5.1 Algorithms

In this sectionwe presernt in pseudo-cale the algorithms that are usedto compute the abstract semariics.

An elemert of M { (Z) is either a strongly closed2n  2n di erence bound matrix, either the constart
value Empty which is the computer represertation for ? ?:

domain:== 2n 2n matrixinZ[ f+1g j Empty
Here are two very useful algorithms operating on coheren di erence bound matrices:

Empty test basedon the Bellman-Ford algorithm (see Section 25.3 in [[CLR90], SectionZ:32
and Theorem[I3 in this report):

is_.empty (m: 2n  2n matrix) : boolean
d=new_array(2n+1);
for i=1 to 2ndo d[il:=+1 ; done;
d[2n+1]:=0;
for i=1 to 2n+1 do
for x=1 to 2n do
for y=1 to 2ndo
dlyl:=min(d[y],d[x]+m[x][y]);
done;
done;
for y=1 to 2n do
dly]:=min(d[y],d[2n+1]);
done;
done;
for x=1 to 2ndo
for y=1 to 2ndo
if (d[y]>d[x]+m[x][y]) then return True;
done;
done;
for y=1 to 2ndo
if (d[y]>d[2n+1]) then return True;
done;return False;
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Strong closure (seeSection32Z2) extendedto managethe empty V' domain:

strong _closure (m: 2n  2n matrix) : domain

if is.empty(m) then return Empty;

tl:=new_matrix(2n,2n);

t2:=m;

for i=1 to ndo

for x=1 to 2ndo
for y=1 to 2ndo
tL[X]yl:=min(t2[x][y],

t2[x][2i-1]+t2[2i-1][y],
t2[x][2i]+t2[2i][y],
t2[x][2i]+t2[2i][2i-1]+t2[2i-1][y],
t2[x][2i-1]+t2[2i-1][2i]+t2[2i][y]);

done;
done;
for i=1 to 2n do t1[i][i]:=0; done;
for x=1 to ndo
for y=1 to n do
t2[2x-1][2y-1]:=min(t1[2x-1][2y-1], (t1[2x-1][2X]+t1[2y-1][2y])/2);
t2[2x][2y-1]:=min(t1[2x][2y-1], (t1[2X][2x-1]+t1[2y-1][2y])/2);
t2[2x-1][2y]:=min(t1[2x-1][2y], (t1[2x-1][2x]+t1[2y][2y-1])/2);
t2[2x][2y]:=min(t1[2X][2y], (t1[2X][2x-1]+t1[2y][2y-1])/2);
done;
done;
done;
return t2;

Equality test (seeSection323) extendedto managethe empty V. domain:

are_equal (d1,d2: domain): boolean
if (d1=Empty and d2=Empty) then return True;
if (d1=Empty or d2=Empty) then return False;
for x=1 to 2ndo

for y=1 to 2n do

if (d1[x][y]6é d2[x][y]) then return False;

done;
done;
return True;

Here are the main operations on M [, (Z):

Least upper bound t ? which is the _ operator (see Section[3:3.2) extended to manage the

empty V domain:

lub (d1,d2: domain): domain

if (d1=Empty) then return d2;

if (d2=Empty) then return d1;

d:=new_matrix(2n,2n);

for x=1 to 2ndo
for y=1 to 2ndo

dix]lyl:=max(d1[x]iy].d2[x][y]);

done;

done;

return d;

60

5.1- Algorithms



Greatest lower bound u? which is the ~ operator (seeSectionB-37)) extendedto managethe
empty V domain:

intersection (d1,d2: domain): domain
if (d1=Empty) then return Empty;
if (d2=Empty) then return Empty;
d:=new_matrix(2n,2n);
for x=1 to 2ndo
for y=1 to 2n do
d[x]ly]:=min(d1[x][y].d2[x][y]);
done;
done;
return strong closure(d);

Widening O (seeSectionZ4) which is the O operator (seeSection33:3) extendedto manage
the empty V. domain:

widening (m1: 2n  2x matrix, d2: domain): 2n  2n matrix
if (is_.empty(m1)) then return d2;
if (d2=Empty) then return m1;
m:=new_matrix(2n,2n);
for x=1 to 2ndo
for y=1 to 2ndo
it (m1[x][yP d2[x][t])
then m[x][y]:i=+1 ; elsem[x][y]:=d2[X][y];
done;
done;
return m;

We do not describe here the implementation for guard, assignmen and forget operators ex-
tended to managethe empty V domain becausethey are easy (see Sectionsi3.:3.4 3:3.8 and

E39.

We do not describe herethe procedurecomputing recursively the abstract semartic of all instructions
in 1 and T becausemost of them only call the operators on domain described above. The only complicated
casewe take careto describe in detail is the loop instruction Jwhile (t) do aK:

loop (d: domain,t,a; program): domain
new:=d;
repeat
last:=new;
new:=widening(last,JaK (JtK (strong closure(last))));
until (are_equal(strongclosure(new),strongclosure(last)));
new:=JaK (XK (strong_closure(last)));
return J: tK (lub(d,new));

5.2 Results

We had time only to test a few small examples. The syntax of the programming language described
in Chapter @ made it easyto implemert the analyzerin OCaml but did not allow us to test with real,
large-scaleprograms. This analyzertakesa program p asinput an outputs the abstract semartics JpK (> 7).
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The rst example:

x=0;
y = 100
while x < 40 do
if z= Othenx = x+ lelsex = x+ 2
done

givesus the following result:

2 [40,41]
2 [100 100]
y 2 [ 60, 59]
+y 2 [140141]

The secondexample:

x =12
y=0
whilez > 0 do
X=X+ 1,
y=y L
z=2z 1
done

givesus the following result:

< X X X N X

[1Z+1]
[1 :0]
[1 :0]
[12,+1 ]
[1212]
[12+1 ]
[1 ;0]

<
NNNDNNDNDDN

Here is a more complex example which provesthat the heap sort algorithm doesnot perform
any index out of bound error.

Here is the pseudo-cale of the core algorithm usedin heap sort, asdescribed in Section 7.2 of
[CLRY0:

heap (A: array [1,size],i: integer)

| = 2i;

r=2+ 1

if | sizeand A:[I]> A:[i]
then max= |
elsemax= i

if r sizeandA:[r] > A:[max
then max=r

if max6 i

then swap(A:[i],A:[max); heap@, max)
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Here is a the actual algorithm we analyze, written in our programming language:

i=1;

n=0;

erra= (;

while size 0 do done;
while n= 0 anderra= 0 do

=2 i
r=2 i+1;
if | sizethen
begin

if | < 1orl >sizethenerra= 1,
max= | por max= i

end

elsemax= i;

if r sizethen

begin
if r < 1orr >sizethen erra= 1;
max= r por ()

end;

if i 6 maxthen

begin
ifi < 1ori>sizethenerra= 1;
if max< 1 or max> sizethen erra= 1;

i =max
end
elsen=1

done

Remark that this translation perform no actual sort but only array bound ched and that it

usesa variable erra to detect index out of bound error. The while size 0 statemert ensures
that we analyze only caseswhen size is strictly positive. Remark also that, becausewe do
not keeptrace of array elemen values,the two tests using A have beenreplacedby the non-
deterministic internal choice por.

Our analysis discovers that, when the program stops after a nite number of steps, then the
variable erra always equalszero, which meansthat there was no index out of bound error.

Now we presert an unfruitful example: the bakery algorithm which is a synchronization algo-
rithm for parallel processeglescribed in [S200].

After the initialization of two global sharedvariablesyl and y2, two processegl and p2 are
spavned. They syndironize through the variables y1l and y2, represerting the priority of pl
and p2, sothat only one processat a time can enter its critic al section.
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pl O
yl=y2+ 1
whiley2 6 0 andyl > y2 do done;
- - - critical section - - -

yl=0;
P2 (
y2=yl+ 1,

whileyl 6 Oandy2 y1 dodone;
- - - critical section - - -
y2=0;

Hereis the translated program we actually analyze:

yl=0;
y2=0;
pl=1
p2=1;
erra= 0;
while erra= 0 do
begin
if p1= 1thenbeginpl= 2; yl=y2+ 1endelse
beginif pl = 2 thenbeginif y2= 0oryl y2thenpl= 3endelse
beginif p1 = 3 thenbeginpl= 1; yl= 0 endendend
end
por
begin
if p2= 1thenbeginp2= 2; y2=yl+ 1endelse
beginif p2= 2 thenbeginif y1 = 0 or y2< y1thenp2= 3 endelse
beginif p2 = 3 then beginp2 = 1; y2=0 endendend
end;
if p1= 3andp2 = 3thenerra= 1
done

The variables pl and p2 are the program courters for the two processes.The main while state-
ment simulates one step of either processusing the por non-deterministic choice instruction.
This program terminates if and only if the two processesare in their critical section at the
sametime.

The bakery algorithm is correct, that is to say: JpKV 7! N) = ;. However the abstract
semartics computed by our analyzeris not preciseenoughto proveit: we nd JpK (>?) A? 27
(errar = 1) which is a sound but too imprecise answer.

5.3 Avoiding closure operator

In Chapter @, we choseto represen abstract valuesby strongly closeddi erent bound matrices.

To make sure that all variables of type domain are either Empty, or strongly closed matrices, the
algorithms described in SectionB] often use the strongclosurefunction. As the strongclosurefunction
runs in O(n?®) time whereasall other run in O(n?) time at most, it is greatly rewarding to decreasethe
number of call to this function.

Our solution is very simple: we extend domainto represen either Empty, or a coherert di erence bound
matrix together with a closure ag that says whether the di erence bound matrix is strongly closedor
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not. Now we alter the algorithms to perform a strong.closurecall only when they needa di erence bound
matrix to be strongly closed,and to setthe closure ag whenthey return a di erence bound matrix which
is not strongly closed.

5.4 Adaptation to real-life programming languages

For sake of simplicity, we preserted an analysis for a languagewith a reduced number of operations and
ideal arithmetic over Z. This is su cien t to represen theoretically every programming languagewe could
imagine, however adaptation to real-life computers and languagesis not always easy

We presert in this section someinsight on how to adapt di erence bound matrices basedanalysisto
real-life programming languages:

First of all, computer can only represern a nite subsetof Z. This meansthat arithmetic
over ow can occur in all algorithms described in SectionB1l

On way to overcomethis problem is to catch over ow errors and return +1 asthe result of
the operation. This is sound but results in somelack of precision.

When dealing with a non-linear arithmetic instruction the sematrtics of which is complex, we
can simply usethe forget operator for every variable changedby this instruction.

A more preciseway to improve the guard (Section[B:37) and assignmen (Section 338 op-
erators in order to handle complex arithmetic operations is to usethe projection operator to
get the bound of all variables, and then to use simple interval arithmetic. The informations
computed can then be put back in the di erence bound matrix, asdonein De nition B5. of
the assignmen operator.

5.5 Space ecien t representation of dierence bound matrices

Using the di erence bound matrices, we sav how to represert V. domain using a xed spacein O(n?)
(wheren = Card(V)). Becausemost operators needto be performedon closedmatrices for better accuracy,
speedis limited to that of the Floyd-Warshall shortest-path algorithm and we consumeO(n?) time.

Experienceshowsthat, in static analysis, spaceis a much more sewere problem than time, sowe discuss
here two ways to improve spacee ciency .

First of all, let us remark that there canbe many +1 in the di erence bound matrices, sowe
could switch to a potential graph represenation which storesonly arcs with a nite weight.
This represenation is much more memory e cien t. If there are a nite elemers in m, then
G(m) usesa O(a) space.

Most algorithms are also asymptotically more e cien t on potential graphsthan on di erence
bound matrices (O(n?) is replacedby O(c)), but they are moredicult to implement and may
be slower in practice.

The Floyd-Warshall closure algorithm presened in SectionZ-3-3 can be replaced by the more
complexbut much moree cien t Johnsonalgorithm (O(n a log n) instead of O(n?3)). However
there is no adaptation of the Johnsonalgorithm for computing strong closure neededfor our
analysis. Sowe must usethe Floyd-Warshall variant described in Sectionl32Z3 which runs in
O(n?®) on matrices and O(a n) on potential graphs.

Now we remark that, in a dierence bound matrix, someelemeris can be replaced by +1
without changingthe N domain (and so,the V domain). For example,if mj = mj + my;
and if we denote by n the matrix equalto m exceptfor nj = +1 , then we have m? = n?,
More generally, in the potential graph represenation, we can simply remove arcs for which
there exists a path in the graph with the sameendingsand weight.
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There exists a minimal form for a potential graph, that is to say a graph with the same
N domain, but with the least possiblenumber of arcs. An algorithm to compute this form is
described in Section 3 of [LLPY].

Remark that computing the closure or the strong closure of the minimal form add many
redundant arcs. Thus, the minimal form is useful for memory-e cient storing, but not for
direct computing requiring closedor strongly closedforms.

5.6 Other applications and future work

We provided in Chapter @ only an example application of our numeric lattice to program analysis. There
are other types of semartics and other analysis techniques than can take advantage this new numeric
lattice. Here are someexamples:

Francois Bourdoncle described in [Bou93] a complete inter-procedural numeric analyzer of a
Pascal programming languagewith reference,using both forward and badkward semartics.
This analyzer, called Synto x%, was basedon the intervals lattice. Using our lattice would
improve accuracy of the analyze and would result in relational invariants being discovered.

David Monniaux proposesin [MonQ(] to lift any lattice to a corresponding probabilistic lattice.
The probabilistic lattice can then be usedto analyze probability for invariants in a program
using probabilistic random inputs. Experiments were carried to lift the intervals and the
polyhedra lattices. We are now working on plugging our new lattice into the experimental
probabilistic analyzer.

1Seethe following web page for more information about Synto x: http://www.cma.ensmp.f _r/Fr ancois. Bourdoncle /syn tox - di stri_ but i0
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Chapter 6

Conclusion

In this report, we preserted a new program analysisbasedon abstract interpretation and di erence bound
matrices. This analysis allows usto nd invariants of the form x y ¢ with O(n?) spacecost per
abstract state and O(n?) time cost per abstract operation.

Thanks to the abstract interpretation framework, the soundnessof the analysisis easyto prove: we
compute a super-setof the setof behavior a program cantake. It isvery di cult to analyzethe preciseness
of the analysis from a theoretical point of view. We lose precision when we apply operators for which
two-variable di erence or sum constraint setsare not stable (union, assignmen and guard) and when we
compute a least x-p oint upper-approximation using widening instead of least-upper bound. We were
only able to prove that this analysisis always more precisethan the widespreadintervals analysis. We
also gave someexampleswhere our analysis succeedsor fails in proving the correctness.

| would like to acknowledge Jerdme Feret, David Monniaux, Charles Hymans and Laurent Mauborgne
for their help during my researd and the writing and this report.
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