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Abstract

In this report, we presenta new method for the automatic static
analysis of programs. As with the standard intervals and linear
inequalities analysis, this analysis discovers numeric invariants
in a program. More precisely, we discover invariants of the form
� x � y � c (which we call a two-variabledi�er ence or sum con-
straint), where x andy are valuesof variablesandc is a numerical
constant.

We usedi�er ence boundmatricesto representtwo-variabledi�er-
ence and sum constraints. They havea O(n2) space costs in the
worst case, where n is the number of variables in the program,
and the algorithms to manipulate them have a worst-case time
complexity of O(n3). The soundnessof this analysis is proved in
the abstract interpretation frameworkby usingGalois connections
between completelattices.

Di�er ence bound matrices are widely used in the model-checking
of automatabut wehad to designmany newoperators (widening,
assignment,guard, : : : ) in order to adapt them to abstract inter-
pretation. We alsoextended di�er ence boundmatricesin order to
representsumsor di�er encesof two variables� x � y � c as they
were used, until now, only to representdi�er ence of two variables
x � y � c.
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R�esum�e

Nouspr�esentons,dansce rapport, unenouvelle m�ethoded'analyse
statique de programmes. Cette analysecalcule de mani�ere au-
tomatique des invariants sur les variablesnum�eriquesd'un pro-
gramme,�a l'instar desm�ethodesclassiquesd'analysed'interval les
ou d'in �egalit�es lin�eaires. Plus pr�ecis�ement, les invariants que
nous trouvonssont de la forme � x � y � c (que nousappellerons
contrain te de sommeou de di� �erencede deux variables), o�u x et
y sont desvaleursde variableset c est une constantenum�erique.

Nousutilisons desdi�erence bound matricespour repr�esenterles
ensemblesde contraintes desommeou dedi� �erence dedeuxvari-
ables.Leur complexit�e en espace est, au pire, en O(n2), n �etant le
nombre de variablesdansle programme,et lesalgorithmesqui les
manipulent ont une complexit�e, au pire, en O(n3). La ŝuret�e de
cette analyseest prouv�eedans le cadre formel de l'interpr �etation
abstraite en utilisant descorrespondancesde Galois entre treillis
complets.

Bien quelesdi�erence bound matricessoient tr �esutilis�eespour le
model-checking d'automatestemporis�es, il nousa fallu intr oduire
de nombreux op�erateurs (�elargissement, a�e ctation, garde,...)
pour les rendre utilisables dans le cadre de l'interpr �etation ab-
straite. De plus, comme les di�erence bound matrices n'ont �et�e
utilis�ees,jusqu'�a pr�esent,quepour repr�esenterles contraintes de
la forme x � y � c, nous avons dû les �etendre pour pouvoir
repr�esenter les contraintes de sommesaussi bien que les con-
traintes de di� �erence de deuxvariables.
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Chapter 1

In tro duction

1.1 Motiv ation

Many critical systemsare today controlled by computers, so a software failure can causegreat damage.
Ensuring the correctnessof a program is often necessaryin order to prevent accidents. This is why
rereading and testing takes an important part of the development of a program. But, even after theses
veri�cations, a program can still have bugs.

Programming languagesemantics presents a formal framework where one can prove mathematically
that a program is correct. The problem is that the proofs are, most of the time, much too large to be
computed by hand. This is why we seekan automatic method for proving that a program is correct, or
exhibit bugs if it is not correct.

In order to be useful, a program analysisshould be soundand automatic, that is to say, it should �nd
all bugs in a program and be performed by a computer without any interaction with the programmer. It
cannot, in general,analyze the exact behavior of all programs becausethis an non-decidableproblem, so
we will only try to �nd a superset of all bugs.

We present here a static analyzer , that is to say a program that scansanother program's source
code and discovers automatically some invariants in a �nite amount of time. The analysis we present
here discovers the bounds of the di�erence or sum of any pair of variables in the program, that is to
say, invariants of the form � x � y � c. We call invariants of this form: two-variable di�er ence or sum
constraint . Finding such invariants is useful, for example, to prove that an index of an array does not
exceedthe bounds of the array.

1.2 Related work

The idea of representing two-variable di�erence constraint setsby graphs and adjacencymatrices is very
old. Bellman in [Bel58] describes the relationship between two-variable di�erence constraint sets and
shortest-path closure,which leadsto algorithms described in Sections2.3.2 and 2.3.3.

The matrix representation of two-variable di�erence constraint setsare widely usedfor model-checking
under the name di�er ence bound matrix . In order to model-check timed automata, someoperators have
been intro duced (see [Yov98]) but they are of little interest for the analysis of programming languages
(except for the intersection, equality test and emptinesstest).

There has been no previous work, to the author's knowledge, proposing a representation for two-
variable sum constraint sets.

On the other hand, static analysis has developed approachesto automatically �nd numeric invariants
in programs. Thesesanalysesare basedon numeric lattices representing the form of the invariants we
want to �nd. Examples of such numeric lattices are the intervals lattice which can represent invariants
of the form x 2 [c1; c2] (see [CC76]), the polyhedra lattice which can represent invariants of the form
� 1x1 + : : : + � n xn � c (see[CH78]), : : : .

1.2- Related work 9
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Figure 1.1: A �nite set of points and its interval, polyhedra and two-variable di�erence or sum constraint
set approximations.

The intervals lattice allows for fast computations and e�cien t storage (linear in the number n of
variables to be analyzed) but leads to imprecise invariants whereasthe polyhedra lattice is very precise
but explodesin time and space(exponential in n).

What we propose here is to intro duce the new operators on di�erence bound matrices needed to
perform static analysis (least upper bound, widening, assignment, : : : ) and to �nd a representation for
both two-variable di�erence and two-variable sum constraints basedon di�erence bound matrices. Thus
we compute numeric invariants of the form � x i � x j � c with a polynomial O(n3) time and O(n2) space
complexity. We also prove that, even when approximating unbound program behavior (such as loops),
our lattice givesalways more preciseresult than the interval lattice.

1.3 Overview of this rep ort

In Chapter 2, we provide a matrix and a graph representation for two-variable di�erence constraint sets
and someoperators to manipulate them.

In Chapter 3, we seehow to extend the representations and the operators de�ned in Chapter 2 to
represent two-variable di�erence or sum constraint sets.

These�rst two sectionsare very algorithmically oriented.

In Chapter 4 we seehow to apply the algorithms described in Chapter 3 to �nd numeric invariants in a
program. A simple programming languageexampleis described and a concreteand an abstract semantics
are constructed following the Abstract Interpretation framework.

Finally, in Chapter 5 we take a closerlook at an actual implementation and give someresults. We also
give someinsights for improvement.

10 1.3- Ov erview of this rep ort
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Chapter 2

Tw o-Variable Di�erence Constrain t
Sets

2.1 De�nitions

Let N = f x1; : : : ; xk g be a �nite set of variables and I a numeric set (which can be Z or R). We extend I
to I � = I [ f + 1g by adding the + 1 element. The standard operations (+,min,max, : : : ) are extended
to I � as usual.

We focus, in this chapter, on the representation of two-variable di�erence constrain ts , that is to
say, constraints of the following form: x i � x j � c, with x i ; x j 2 N and c 2 I .

A conjunction of such constraints will be called a two-variable di�erence constrain t set. We
denote by C+ (N ) the set of two-variable di�erence constraint sets.

The subset of (N ! I ) verifying a two-variable di�erence constraint set C = f (x i 1 � x j 1 �
c1); : : : ; (x i k � x j k � ck ) g will be noted D(C) and will be called its N � domain .

Remark that two di�eren t constraint setscan have the sameN � domain (seeFigure 2.1).

2.2 Tw o-V ariable Di�erence Constrain t Sets Represen tation

Sets are not easyto manipulate, this is why we present in this section two new representations for two-
variable di�erence constraint sets. These two representations use matrices and graphs which are very
common object in computer science.

All three representations: the set representation, the matrix representation and the graph representa-
tion are isomorphic, as seenin �gure 2.2.

8
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Figure 2.1: Two Two-Variable di�erence constraint sets on N = f x; y; zg having the sameN � domain.
The gray part is the intersection of the N � domain with the plane z = 0.

2.2- Tw o-V ariable Di�erence Constrain t Sets Represen tation 11
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8
>>>><

>>>>:

x � z � 4
z � x � � 1
y � z � 3
z � y � � 1
x � y � 1

x y z
x + 1 + 1 � 1
y 1 + 1 � 1
z 4 3 + 1

z
4

3

x
� 1

y

� 1

1

Figure 2.2: Equivalent constraint sets,matrix and graph representation of the N � domain of Figure 2.1.

2.2.1 Di�erence Bound Matrix

For every i and j , there is at most one two-variable di�erence constraint x i � x j � c that is relevant: the
one with the lower right member c. We will assumefrom now that every two-variable constraint set C is
such that if (x i � x j � c) 2 C and (x i � x j � d) 2 C, then c = d.

A di�erence bound matrix over N is a n � n matrix the elements of which are in I � . Given a matrix
m, we denote by m ij , with 1 � i; j � n, the element at the i th line and j th column of m.

The matrix m associated with the two-variable constraint set C is de�ned as follows:

mij =
�

c if (x j � x i � c) 2 C
+ 1 elsewhere

The N � domain D(C) will bealsowritten D(m). WehaveD(m) = f (s1; : : : ; sk ) j 8i; j; sj � si � m ij g.

2.2.2 Poten tial Graph

A di�erence bound matrix m can be seenas the adjacent matrix of a weighted directed graph: G(m) =
(N ; A ; w), where A � N � N and w 2 (A ! I ).

For each couple of nodes(x i ; x j ) in N such that m ij 6= + 1 , there is an arc (x i ; x j ) 2 A the weight of
which is: w(x i ; x j ) = m ij . If m ij = + 1 , there will be no arc from x i to x j : (x i ; x j ) =2 A and w(x i ; x j ) is
not de�ned.

Such a graph is called a poten tial graph 1.

We will denote by hx i 1 ; : : : ; x i k i a �nite set of nodes representing a path in G. In the matrix repre-
sentation, an alternativ e notation for the samepath is hi 1; : : : ; i k i .

A cycle is a path such that i 1 = i k .
A cycle or a path will be said to be simple if no arc is present more than once.

2.3 Di�erence Bound Matrices closure

We saw in Figure 2.1 that di�eren t di�erence bound matrices can represent the sameN � domain.
In this section, we show that there exists a normal form for matrices (and so for the two other

representations) if its N � domain is not empty. We also present an algorithm to �nd it.

All what is described in this section is well-known (see Sections 25 and 26 of [CLR90] for a graph
approach and Section7 of [Yov98] for a di�erence bound matrix approach); however we found it interesting
to describe preciselyall theoremsand proofs as they are the basisof the much more complicated theorems
in Chapter 3.

1 SeeSection 25.5 of [CLR90 ] for a de�nition of potential graphs.

12 2.3- Di�erence Bound Matrices closure
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x y z
x + 1 0 0
y 0 + 1 0
z 2 1 + 1

x y z
x + 1 0 0
y 0 + 1 0
z 1 2 + 1

x y z
x 0 0 0
y 0 0 0
z 1 1 0

Figure 2.3: Two matrices having the sameN � domain but which are not comparablewith respect to P,
and their normal form.

2.3.1 Tigh tening order

We intro duce a partial order on di�erence bound matrices P which will be called the tigh tening order :

m P n ( ) 8i; j; m ij � n ij :

The re
exivit y, transitivit y and anti-symmetry of P are obvious.

The corresponding equality is the intuitiv e di�erence bound matrices equality =:

m = n ( ) 8i; j; m ij = n ij ( ) m P n and n P m

We have the obvious property on di�erence bound matrices:

m P n ) D(m) � D(n):

A counter exampleof the other right-to-left implication can be found in Figure 2.3.

If we have D(m) = D(n) with m P n, m will be said to be tigh ter than n. The normal form we seekis
the tightenest matrix that represents a given N � domain (seeFigure 2.3). We will �nd useful to analyze
every operator we apply on matrices with respect to this order.

2.3.2 Emptiness test

Let G = (N ; A ; w) be a potential graph. We have the following theorem:

Theorem 1.
D(G) is empty if and only if G has a cycle the total weight of which is strictly negative.

Proof.

� Suppose that the N � domain of G, D(G), is not empty and there exists a cycle
hx i 1 ; : : : ; x i k � 1 ; x i k = x i 1 i such that w(x i 1 ; x i 2 ) + � � � + w(x i k � 1 ; x i k ) = c < 0. We choose
a point in D(G) and denote by s1; : : : ; sk � 1 the value taken by its x i 1 ; : : : ; x i k � 1 components.
We must have:

s2 � s1 � w(x i 1 ; x i 2 )
...

sk � 1 � sk � 2 � w(x i k � 2 ; x i k � 1 )
s1 � sk � 1 � w(x i k � 1 ; x i 1 )

and, by summation:
0 � c < 0

which is absurd.

� Supposethere is no strictly negative cycle in G.

We denote by G0 the potential graph G with a new node x � added and 0-weight arcs from x �

to all nodesx i in G. G0 has no strictly negative cycle so, for all x i , the shortest path si from
x � to x i is well de�ned.

By de�nition of the shortest path, wehave8i; j; sj � si + w(x i ; x j ), so8i; j; sj � si � w(x i ; x j ).
Therefore, the point (s1; : : : ; sn ) is in D(G) and the D(G) is not empty.

2.3- Di�erence Bound Matrices closure 13
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Remark that this cycle can be assumedto be simple, that is to say: every arc is present at most once
in this cycle (from every strictly negative cycle in a potential graph G, we can easily extract a strictly
negative simple cycle).

The standard way to �nd if a weighted graph G has a strictly negative cycle is to apply the Bellman-
Ford algorithm 2 to the graph G0 constructed from G as in the proof, with respect to the node x � . This
algorithm runs in O(n3) time for complete potential graphs. If the potential graph has n nodesbut only
a arcs (0 � a � n2), the algorithm runs in O(a � n) time.

2.3.3 Closure

Let G = (N ; A ; w) be a potential graph. We supposehere that its N � domain is not empty, that is to say:
G has no strictly negative cycle.

We can compute the shortest path closure G� of G. If m if the di�erence bound matrix corre-
sponding to G, the di�erence bound matrix, m � , corresponding to G� is de�ned by:

8
>><

>>:

m�
ii = 0

m�
ij = min

1� N � n
hi = i 1 ;i 2 ;::: ;i N = j i

N � 1X

k=1

mi k i k +1 if i 6= j

The corresponding constraint set will be written C � if C is the constraint set corresponding to G.

The idea of closure relies on the fact that, if hi = i 1; i 2; : : : ; i N = j i is a path from i to j , then the
constraint sj � si �

P N � 1
k=1 mi k i k +1 can be derived from m by adding the constraints si k +1 � si k � m i k i k +1 .

This is an implicit constraint as it doesnot appear directly in the constraint set C.
When computing the closure,we replaceeach constraint in C by a tighter one. If i = j , then sj � si � 0

is tightener that sj � si � m ij becauseD(m) 6= ; implies m ii � 0. If i 6= j , then we replacesj � si � m ij

by the most preciseimplicit constraint we can derive by adding constraints in C over paths of G(C) the
length N of which is smaller than n.

In fact, the restriction N � n is not a real limitation and we e�ectiv ely replacesj � si � m ij by the
most precise implicit constraint we can derive by adding constraints in C over all paths of G(C). This
assertion relies on the following formula:

min
1� N � n

hi = i 1 ;i 2 ;::: ;i N = j i

N � 1X

k=1

mi k i k +1 = min
1� N

hi = i 1 ;i 2 ;::: ;i N = j i

N � 1X

k=1

mi k i k +1

proved by decomposingany path from i to j into a path from i to j the length of which is lessthan n and
somecycles,and remarking that the weight of a cycle is always positive as D(m) 6= ; .

In the following theorem are someproperties of the closure. Particularly , the third point states that
m� is the tightest matrix representing D(m). The secondpoint, saturation, will be crucial to analyze the
accuracy the operators we will de�ne in the next section.

Theorem 2.

1. D(m� ) = D(m).

2. D(m) saturates m � , that is to say, 8i; j; 9(s1; : : : sn ) 2 D(m); sj � si = m�
ij .

3. If D(n) = D(m) then m � P n.

4. Closure is idempotent: (m � )� = m� .

5. m� P m.
2 The Bellman-F ord algorithm is described in Section 25.3 of [CLR90 ]. Seealso Section 5.1 in this report.
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6. m = m� ( ) 8i 6= j; k; m ij � m ik + mk j and 8i; m ii = 0.

Proof.

1. � 8i 6= j; m�
ij � m ij by de�nition. We also have 8i; m �

ii � m ii , becausem�
ii > m ii implies

mii < 0 and m has a strictly negative cycle which contradicts the fact that D(m) 6= ; .
We have m� P m, so D(m� ) � D(m).

� Let (s1; : : : ; sn ) be in D(m).
We have, of course,8i; si � si = 0 = m�

ii .

For all indices i 6= j and paths 1 � N � n, hi = i 1; i 2; : : : ; i N = j i , we have 8i 0; j 0; sj 0 �
si 0 � m i 0j 0, so 8k 2 f 1; : : : ; N � 1g; si k +1 � si k � m i k i k +1 and, by summation:

sj � si �
N � 1X

k=1

mi k i k +1 :

Therefore 8i; j; sj � si � m�
ij and (s1; : : : ; sn ) 2 D(m� ) which completesthe proof of the

�rst point.

2. Set a pair (i 0; j 0).

If i 0 = j 0, any s 2 D(m) 6= ; will be such that sj 0 � si 0 = 0 = m�
i 0 j 0

.

Let us now consider the more complex casei 0 6= j 0.

We denote by m0 the matrix equal to m � except for m0
j 0 i 0

= � m�
i 0 j 0

, and G0 the corresponding
potential graph. We �rst prove that D(m0) = D(m) \ f (s1; : : : ; sn ) j sj 0 � si 0 = m�

i 0 j 0
g.

� By the �rst point, D(m � ) = D(m) 6= ; so there is no strictly negative cycle in m � .
Particularly , m�

i 0 j 0
+ m�

j 0 i 0
� 0 and m0

j 0 i 0
= � m�

i 0 j 0
� m�

j 0 i 0
.

This meansthat 8i; j; m0
ij � m�

ij , so D(m0) � D(m� ) = D(m).

� If (s1; : : : ; sn ) 2 D(m0), then � m0
j 0 i 0

� sj 0 � si 0 � m0
i 0 j 0

. This meansm�
i 0 j 0

� sj 0 � si 0 �
m�

i 0 j 0
.

We just proved that D(m0) � D(m) \ f (s1; : : : ; sn ) j sj 0 � si 0 = m�
i 0 j 0

g.

� If (s1; : : : ; sn ) is in D(m) \ f (s1; : : : ; sn ) j sj 0 � si 0 = m�
i 0 j 0

g then, by the �rst point,
8i; j; sj � si � m�

ij and si 0 � sj 0 � � m�
i 0 j 0

= m0
j 0 i 0

. So 8i; j; sj � si � m0
ij .

Now supposethat D(m0) is empty. Then there exists a strictly negative simple cycle in G0.

� If the new arc from i 0 to j 0 is not in this cycle, then we concludethat this cycle alsoexists
in G and that D(m) is empty, which is false.

� If this cycle contains the arc from j 0 to i 0. Since the cycle is simple, the arc from j 0 to
i 0 cannot appear more than once and we can assumethe cycle has the following form:
hi 0; i 1; : : : ; i N � 1 = j 0; i N = i 0i . With this notation, we have:

N � 2X

i =0

m0
i k i k +1

+ m0
j 0 i 0

< 0;

so
N � 2X

i =0

m�
i k i k +1

< m�
i 0 j 0

and hi 0; : : : ; i N � 1 = j 0i is a path in G� , which contradicts the fact that G� is closed.

We just proved that D(m) \ f (s1; : : : ; sn ) j sj 0 � si 0 = m�
i 0 j 0

g 6= ; which provesthe saturation.

2.3- Di�erence Bound Matrices closure 15
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3. Supposethat D(m) = D(n).

For all i and j , there exists, by the secondpoint, an element s = (s1; : : : ; sn ) in D(m) such that
sj � si = m�

ij . But we also have s 2 D(n), so sj � si � n ij and we have m�
ij � n ij .

4. By the �rst point, we have: D(m) = D(m � ) = D((m� )� ). The third point applied to n = (m � )�

gives m�
ij � (m� )�

ij . The third point applied to m0 = m� and n0 = m� gives (m� )�
ij � m�

ij , so
(m� )� = m� .

5. The �fth point has beenproved in the �rst part of the proof of the �rst point.

6. The sixth point can be seenas a local de�nition of closure.

The way 8i; j; m�
ij = m ij =) 8i 6= j; k; m ij � m ik + mk j and 8i; m ii = 0 is easy. For all i 6= j , we

use the path hi; k; j i in the de�nition of closure to obtain m �
ij � m ik + mk j . For all i we have, by

de�nition, m ii = 0 = m�
ii .

For the other way, supposethat 8i 6= j; k; m ij � m ik + mk j and 8i; m ii = 0.

Given i and j , we prove that m ij = m�
ij . If i = j , we know that m ii = 0, so m ii = m�

ii . If i 6= j , we
already know that m �

ij � m ij and we can usean induction on N to prove that:

8i; j; 8N � 1; 8hi = i 1; : : : ; i N = j i ; m ij �
N � 1X

k=1

mi k i k +1

so that 8i 6= j; m ij � m�
ij .

Here is a proof by induction of this statement:

� If N = 1, then the property is obvious.

� If N � 1 and the path is hi = i 1; : : : ; i N � 1; i N = j i , then we use the fact that m ij �
mii N � 1 + m i N � 1 j and the induction hypothesis to obtain:

mii N � 1 �
N � 2X

k=1

mi k i k +1 :

The shortest-path closureof a matrix can be computed by the Floyd-Warshall algorithm 3 which runs
in O(n3) time.

Here is a simple description of the Floyd-Warshall algorithm:
8
<

:

m0 = m
mk = mk

k � 1 1 � k � n
m� = mn

where the functions �n: nk are de�ned for all k by:
8
<

:

nk
ii = 0

nk
ij = min(n ij ; nik + nk j ) if i 6= j

If we work on the potential graph representation and there are few arcs(a), we can usethe much more
complex Johnson4 algorithm which runs in O(n � a � log n) time.

3 The Floyd-W arshall algorithm is described in Section 26.2 of [CLR90 ].
4 The Johnson algorithm is described in Section 26.3 of [CLR90 ].
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2.3.4 Inclusion and equalit y test

Let m and n be two di�erence bound matrices.
We �rst useemptinesstest to determine whether D(m) or D(n) are empty. In the casewhere one or

both N � domain are empty, inclusion or equality is obvious. For the casewhere none is empty, we use
the following theorem:

Theorem 3.

1. If D(m) 6= ; and D(n) 6= ; , then D(m) � D(n) ( ) m � P n.

2. If D(m) 6= ; and D(n) 6= ; , then D(m) = D(n) ( ) m � = n� .

Proof.

1. If 8i; j; m�
ij � n ij , then obviously D(m � ) � D(n) and we have (Theorem 2.1) D(m) � D(n).

For the other way, supposethat D(m) � D(n). We usethe saturation (Theorem 2.2): for all i and
j , there exists somes 2 D(m) such that sj � si = m�

ij . But we have s 2 D(n), so sj � si � n ij , and
m�

ij � n ij .

2. If 8i; j; m�
ij = n�

ij , then obviously D(m � ) = D(n� ) and we have (Theorem 2.1) D(m) = D(n).

For the other way, supposethat D(m) = D(n). Then we have D(m) � D(n � ) so, by the �rst point,
m� P n� . We also have D(n) � D(m � ) so, by the �rst point, n � P m� and n = m.

Testing inclusion and equality requires emptinesstests and sometime closure. This meansthat tests
run in O(n3) in the worsecase.

2.4 Op erators on Di�erence Bound Matrices

In this section, we describe some algorithms to compute union, intersection, widening and some other
commonoperators on N � domains. As with the closureproblem, we will assumeherethat the N � domain
of all arguments arenot empty. The result of theseoperators, whenoneof the argument is empty, is always
obvious.

Apart from intersection5, which is widely usedin model checking for timed automata, all operators are
new. Theseoperators are tied to the semantic of programming languagesand will be used in Chapter 4.
However, many operators widely used in model checking (such as resetor time passes) are not described
herebecausethey are tied to timed automata and do not correspond to any useful instruction in a standard
programming language.

We will use the di�erence bound matrices representation to describe algorithms, but we will use the
potential graph representation in �gures as it is much more compact.

2.4.1 In tersection

Let m and n be two di�erence bound matrices the N � domain of which are not empty, we de�ne their
in tersection m ^ n by:

(m ^ n) ij = min(m ij ; nij ):

5 Intersection of di�erence bound matrices is described in Section 7.1 of [Yov98].
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m =

y
2

x

3

6 z

n =

y
3

x

2

7 z

m� ^ n� =

y
2

x

2

5 z

(m ^ n) � =
(m� ^ n� )� =

y
2

x

2

4 z

Figure 2.4: Intersection of di�erence bound matrices.

We have the following properties:

Theorem 4.

1. D(m ^ n) = D(m) \ D(n).

2. (m ^ n) � P (m� ^ n� ) P (m ^ n) but the equalities are not true in general.

(m ^ n) � = (m� ^ n� )� .

Proof.

1. The �rst point is obvious.

2. We proved in Theorem 2.5 that 8o; o� P o, so, 8i; j; m�
ij � m ij ; n�

ij � n ij . By de�nition of ^ , we
have obviously 8i; j; (m � ^ n� ) ij � (m ^ n) ij .

By the �rst point and Theorem 2.1, we also have D(m � ^ n� ) = D(m� ) \ D(n� ) = D(m) \ D(n) =
D(m ^ n). This means, by Theorem 3.2, that 8i; j; (m ^ n) �

ij = (m� ^ n� )�
ij . We also have, by

Theorem 2.5: 8i; j; (m� ^ n� )�
ij � (m� ^ n� ) ij .

SeeFigure 2.4 for an examplewhere the inequalities are strict.

Theorem 4.2 says that the intersection is always exact and we do not needto compute the closureof
the arguments before applying the operator; however the result is seldom closed(even if the arguments
are closed,as seenin Figure 2.4).

The intersection of di�erence bound matrices algorithm runs in O(n2) time.

2.4.2 Least upp er bound

Becausetwo-variable di�erence constraint setsare not stable by union, we will only try to �nd the most
accurateapproximation of an union, that is to to say, the di�erence bound matrix the N � domain of which
contains an union of N � domains and the closureof which has the smallest coe�cien ts.

Given two di�erence bound matrices m and n the N � domain of which are not empty, their least
upp er bound m _ n is de�ned by:

(m _ n) ij = max(m ij ; nij ):

18 2.4- Op erators on Di�erence Bound Matrices
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We have the following properties:

Theorem 5.

1. D(m _ n) � D(m) [ D(n)

2. If D(o) � D(m) [ D(n), then (m � _ n� ) P o and D(o) � D(m � _ n� ).

3. (m� _ n� )� P (m _ n) � and the equality does not hold in general (see Figure 2.5).

4. (m� _ n� )� = (m� _ n� )

Proof.

1. The �rst point is obvious.

2. The secondpoint is very important as it states that m � _ n� is really the least upper bound, that is
to say, the best approximation for D(m) [ D(n).

The proof of this point is similar to the proof of Theorem 2.3 about matrix closure. All we needis
to prove is that D(m) [ D(n) saturates m � _ n� , that is to say, that for every pair (i; j ) there exists
an element s 2 D(m) [ D(n) such that sj � si = (m� _ n� ) ij .

Set two indices i 0 and j 0. The saturation of closure (Theorem 2.2) givestwo elements, sm 2 D(m)
and sn 2 D(n), such that sm

j 0
� sm

i 0
= m�

i 0 j 0
and sn

j 0
� sn

i 0
= n�

i 0 j 0
. These two elements are in

D(m) [ D(n) � D(o). If (m � _ n� ) i 0 j 0 = m�
i 0 j 0

, then the element s we seekis sm . If (m� _ n� ) i 0 j 0 =
n�

i 0 j 0
, then we chooses = sn .

We just proved that (m � _ n� ) P o. This implies D(o) � D(m � _ n� ) (Section 2.3.1).

3. Weknow that 8i; j; m �
ij � m ij ; n�

ij � n ij , soof course8i; j; (m � _n� ) ij � (m_n) ij and D(m� _n� ) �
D(m _ n).

We conclude the proof of the third point by using Theorem 3.1: D(m� _ n� ) � D(m _ n) ( )
8i; j; (m� _ n� )�

ij � (m _ n) �
ij .

4. The fourth point comesfrom the inequality (m � _ n� )�
ij � (m� _ n� ) ij and from the secondpoint

applied to o = (m� _ n� )� (we have indeed D((m � _ n� )� ) = D(m� _ n� ) � D(m� ) [ D(n� ) =
D(m) [ D(n)).

This means that, if the arguments are not closed, then m _ n is not the best approximation of the
union of N � domains (Figure 2.5). However, if m and n are closed,so is m _ n (Theorem 5.4).

The least upper bound of di�erence bound matrices algorithm runs in O(n2) time, not counting the
time neededto compute the closureof the two arguments.

2.4.3 Widening

When computing the semantics of a program, oneoften encounter loopsleading to in�nite sequenceswhich
are not computable. In order to approximate in�nite computation, widening operators were intro duced
in Section 4.1.2.0.4of [Cou78]. Widening is a sort of union for which every increasingchain is stationary
after a �nite number of iterations.

The widening mOn of two di�erence bound matrices m and n, the N � domain of which are not empty,
is de�ned by:

(mOn) ij =
�

mij if nij � m ij

+ 1 elsewhere:
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Figure 2.5: Least upper bound of di�erence bound matrices.

We have the following properties; they prove that O is a widening:

Theorem 6.

1. D(mOn) � D(m) [ D(n).

2. Finite chain property:

8m0 and 8(n i ) i 2 N, the chain de�ned by

�
x0 = m0

x i +1 = x i On i

is increasing for P and ultimately stationary.

The limit l is such that l Q m0 and 8i; l Q n i .

3. (mOn� ) P (mOn) but the equality does not hold in general.

4. We do not have in general (m � On) � P (mOn) � .

Proof.

1. The �rst point is obvious.

2. � We have obviously m P mOn, so (x i ) i 2 N is increasing.

� We can de�ne the following partial well-founded order on potential graphs:

(N ; A ; w) 4 (N ; A 0; w0) ( ) A � A 0 and w = w0
jA :

The anti-symmetry, re
exivit y and transitivit y of 4 are obvious. The well-foundednessof
4 is a consequenceof the well-foundednessof � over �nite set.

We have obviously mOn 4 m, so (x i ) i 2 N is decreasingfor this well-founded order and this
chain is stationary.

� The fact that l Q m0 and 8i; l Q n i is a consequenceof m P mOn and n P mOn.

3. The third point follows from n � P n.

4. SeeFigure 2.6 for a counter-example.
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Figure 2.6: Widening of di�erence bound matrices.
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z

1

x

1
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0
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z

i +1

i +1

x

i +1

1 y
i +1

1

x2i =

z

2i +1

2i +2

x

2i +1

1 y

2i +2

1

x2i +1 =

z

2i +3

2i +2

x

2i +3

1 y

2i +2

1

Figure 2.7: Example of in�nite strictly increasingchain when iterating with the pre-widening O0.

Widening has somestrange interaction with closure. The result of a widening is seldomclosedand we
have (as with least upper bound) a better approximation of the union if the secondargument is closed
(Theorem 6.3). But this is not the case for the �rst argument: we can have sometimes D(mOn) �
D(m� On) (see,for example,Figure 2.6) and sometimesD(m � On) � D(mOn).

In the iterating sequence(x i ) i 2 N, it is easyto ensureclosureof the secondargument of O by changing
x i +1 = x i On i into x i +1 = x i O((n i )� ).

If we wanted to ensure the closure of the �rst argument of O, we would have de�ned the following
iteration sequence: �

x0 = (m0)�

x i +1 = (x i On i )� :

However, evenwith strong hypotheseson n i (as, for example,each n i is closed,and the n i are increasing,
that is to say 8k; nk P nk+1 ), the �nite chain condition is not veri�ed as showed in the Figure 2.7. Thus,
the operator O0 de�ned by mO0n = (m� )On is not a real widening; it is called a pre-widening .

The widening and pre-widening algorithms run in O(n2) time, not counting the time neededfor closing
any argument.
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2.4.4 Narro wing

The useof a widening to compute the semantics of a loop often results in a lossof precision. A narro wing
operator was intro duced in Section 4.1.2.0.11of [Cou78] in order restore, in a �nite amount of time, some
information after the application of a widening.

Let m and n be two di�erence bound matrices the N � domain of which are not empty. We de�ne the
narrowing operator 4 by:

(m4 n) ij =
�

nij if mij = + 1
mij elsewhere:

We have the following properties which prove that 4 is a narrowing:

Theorem 7.

1. If D(n) � D(m), then D(n) � D(m4 n) � D(m).

2. Finite decreasing chain property:

8m0 and for any chain (n i ) i 2 N decreasing for P, the chain de�ned by

�
x0 = m0

x i +1 = x i 4 ni

is decreasing and ultimately stationary.

3. (m4 n� ) P (m4 n) but the equality does not hold in general.

Proof.

1. We always have 8i; j; (m4 n) ij � m ij , so D(m4 n) � D(m) is always true.

Supposenow that D(n) � D(m). By Theorem 3, 8i; j; n�
ij � m ij . Given i and j , if m ij = + 1 then

(m4 n) ij = n ij � n�
ij , and if m ij < + 1 then (m4 n) ij = m ij � n�

ij . In all casesn�
ij � (m4 n) ij , so

D(n) � D(m4 n).

2. We have obviously 8i; j; xk+1
ij � xk

ij , so (xk )k2 N is decreasing.

One the other hand we also have 8i; j; (xK
ij < + 1 =) 8k � K ; xk

ij = xK
ij ), so for any i and j , the

chain (xk
ij )k2 N cannot be strictly decreasing.

We concludethat (xk )k2 N is ultimately stationary.

3. The third point follows from n � P n.

Remark: given a sequencenk such that the chain (D(nk ))k2 N is decreasingfor the � partial order (but
not (nk )k2 N for the P partial order), the best way to ensurethe best accuracyas well as the �niteness of
the chain (xk )k2 N is to compute xk+1 = xk 4 ((nk )� ).

The narrowing algorithm runs in O(n2) time, not counting the time needed for closing the right
argument.
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2.4.5 Forget

Given a matrix m, the N � domain of which is not empty, and a variable xk 2 N , the forget operator
computes a matrix mnx k

where all informations about xk are lost. It is mainly used in the semantics of
assignments: �rst we forget about xk , then we put someguards (seeSection 2.4.6 about guards) forcing
the new value of xk .

We de�ne the forget operator as follows:

(mnx k
) ij =

8
<

:

mij if i 6= k and j 6= k
0 if i = j = k
+ 1 elsewhere:

We have the following properties:

Theorem 8.

1. If m is closed then so is mnx k
.

2. If m is closed then:

D(mnx k
) = f (x1; : : : ; xn ) 2 In j 9x 2 I ; (x1; : : : ; xk � 1; x; xk+1 ; : : : ; xn ) 2 D(m) g:

Proof.

1. Supposethat m is closed.

We prove that mnx k
is also closed. To do this, it is su�cien t, by Theorem 2.6, to prove that

8i; (mnx k
) ii = 0 and 8i 6= j; l ; (mnx k

) ij � (mnx k
) il + (mnx k

) lj .

� We have easily: 8i; (mnx k
) ii = 0.

The casei 6= k is settled by (mnx k
) ii = m ii which equals0 by closureof m.

The casei = k is a direct consequenceof the de�nition of mnx k
.

� Set three variables i , j 6= i and l . We want to prove that: (mnx k
) ij � (mnx k

) il + (mnx k
) lj .

If l = k, then we cannot have i = k and j = k (becausei 6= j ), so (mnx k
) il = + 1 or

(mnx k
) lj = + 1 and (mnx k

) ij � + 1 = (mnx k
) il + (mnx k

) lj .
If l 6= k but i = k or j = k, then the sameproof holds.
If neither i , nor j , nor l equalsk, then we useTheorem 2.6 on the closeddi�erence bound
matrix m to get (mnx k

) ij = m ij � m il + m lj = (mnx k
) il + (mnx k

) lj .

2. Supposethat m is closed.

� Let us take s = (s1; : : : ; sn ) 2 D(mnx k
). We want to prove that there exists a t such that

s0 = (s1; : : : ; sk � 1; t; sk+1 ; : : : ; sn ) 2 D(m).

Let us �rst prove that maxi 6= k (si � mk i ) � min j 6= k (sj + m j k ).
Supposethat this is not the case,then there exist someindices i 6= k and j 6= k such that
si � mk i > sj + m j k . m is closed,som j i � m j k + mk i and we obtain si � sj > m j k + mk i �
mj i . But we also have si � sj � m j i , so m j i < m j i which is absurd.

So there exists a t such that:

max
i 6= k

(si � mk i ) � t � min
j 6= k

(sj + m j k ):

We now prove that this t is a good choice, that is to say s0 2 D(m):

� If i 6= k, and j 6= k, then sj � si � (mnx k
) ij and (mnx k

) ij = m ij .
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� If i = k and j 6= k, we have t � maxj 6= k (sj � mk j ) so � t � min j � k (� sj + mk j ),
� t � � sj + mk j and sj � t � mk j .

� If j = k and i 6= k, we have t � min i 6= k (si + m ik ) so t � si + m ik and t � si � m ik .
� If i = j = k then t � t = 0 = mkk .

� Let us take t 2 I and s = (s1; : : : ; sn ) 2 D(m). We want to prove that s0 =
(s1; : : : ; sk � 1; t; sk+1 ; : : : ; sn ) 2 D(mnx k

); that is to say, if we denote by s0
k the kth coor-

dinates of s0: 8i; j; s0
j � s0

i � (mnx k
) ij .

First of all, 8i; j; m ij � (mnsk
), so 8i 6= k; j 6= k; s0

j � s0
i = sj � si � m ij � (mnx k

) ij .

� If i 6= k and j 6= k, then s0
i = si , s0

j = sj and (mnx k
) ij = m ij sos0

j � s0
i � (mnx k

) ij

is obvious.
� If i = k or j = k, but not both, (mnx k

) ij = + 1 , so 8i; j; s0
j � s0

i � (mnx k
) ij .

� If i = j = k then s0
k � s0

k = 0 = (mnx k
)kk .

This forget algorithm runs in O(n) time.
The problem with this forget operator is that it is not accurate if m is not closed.
We can de�ne the following forget operator which is more complex than the preceding but accurate

even if the matrix m is not closed(so it savesthe complexity of an extra closure):

(m) x k
) ij =

8
<

:

min(m ij ; mik + mk j ) if i 6= k and j 6= k
0 if i = j = k
+ 1 elsewhere

We have the following property:

Theorem 9.
D(m) x k

) = D((m� )nx k
)) .

Proof.
By Theorem 3.2 about equality testing, we only have to prove: 8i; j; (m) x k

)�
ij = ((m� )nx k

)�
ij .

Using Theorem 8.1, weknow that (m � )nx k
is already closed,soweonly needto prove: 8i; j; (m) x k

)�
ij =

((m� )nx k
) ij .

Let us take a pair (i; j ).
If i = j , then we have obviously (even if i = j = k) (m) x k

)�
ii = 0 = ((m� )nx k

) ii .

Let us now consider the more complex casei 6= j .
Let � be a path in G(m) x k

). If we replaceevery arc (i l ; i l +1 ) in � such that (m) x k
) i l i l +1 = m i l k + mk i l +1

by the path hi l ; k; i l +1 i , we obtain a path � 0 in G(m) with exactly the sameweight. This meansm �
ij �

(m) x k
)�
ij

Let � be a path in G(m). We can replace in � every sub-path of the form hi l ; k; i l +1 i by the single
arc hi l ; i l +1 i . If i 6= k and j 6= k, we obtain a path � 0 without the node k. But we have 8i 6= k; j 6=
k; (m) x k

) ij � m ij , this meansthat � 0 is a path in G(m) x k
) the weight of which is lessthan the weight of

� , so 8i 6= k; j 6= k; (m) x k
)�
ij � m�

ij . We just proved that: 8i 6= k; j 6= k; (m) x k
)�
ij = m�

ij . By de�nition
we also have: 8i 6= k; j 6= k; ((m � )nx k

) ij = m�
ij which settles the casei 6= k; j 6= k.

If i = k or j = k (but not both) we have ((m � )nx k
) ij = + 1 . On the other hand, there is no arc from

k or to k in G(m) x k
), except for the arc from k to k; this means that there is no path from i to j in

G(m) x k
) and (m) x k

)�
ij = + 1 .

This new forget algorithm runs in O(n2) time.

24 2.4- Op erators on Di�erence Bound Matrices



Represen tation of Tw o-V ariable Di�erence or Sum Constrain t Sets Antoine Min �e

2.4.6 Guard

We call guard an arithmetic equation or inequality betweenvariables in N .
Given a di�erence bound matrix m and a guard g, we want to �nd a di�erence bound matrix the

N � domain of which is the set of elements in the N � domain of m which satisfy this guard g. Because
di�erence bound matrices can only represent constraints of the form x � y � c, we cannot always �nd
such a di�erence bound matrix. So, in general, we will only try to �nd a di�erence bound matrix the
N � domain of which contain the set of elements in the N � domain of m which satisfy the guard g, and is
as small as possible.

Given a di�erence bound matrix m, the N � domain of which is not empty, and a guard g, we denote
by m(g) this new matrix:

De�nition 1.

1. If g = (x j 0 � x i 0 � c) (i 0 6= j 0, c 2 I ), then m(g) is de�ned by:

(m(x j 0 � x i 0 � c) ) ij =
�

min(m ij ; c) if i = i 0 and j = j 0

mij elsewhere:

2. If g = (x j 0 � x i 0 = c) (i 0 6= j 0, c 2 I ), then m(g) is de�ned by:

m(x j 0 � x i 0 = c) = (m(x j 0 � x i 0 � c) )(x i 0 � x j 0 �� c) :

3. In all other cases,we simply choose:
m(g) = m:

The following properties are obvious:

Theorem 10.

1. D(m(g) ) � f s 2 D(m) j s satis�es g g and we haveequality in all but the last caseof De�nition 1.

2. ((m� )(g) )� = (m(g) )� .

3. ((m� )(g) )� P (m� )(g) but the equality does not hold in general.

So we do not need to closea di�erence bound matrix before applying the guard operator. However
the result is seldomclosed,event if the argument is closed.

There must be some way to improve the guard operator in the most general case(the last caseof
De�nition 1).

2.4.7 Assignmen t

An assignmen t is an arithmetic expressione over variables in N together with a variable x i 2 N . We
will write it x i  e.

Given a di�erence bound matrix m and an assignment x i  e(x1; : : : ; xn ), we want to �nd a di�erence
bound matrix the N � domain of which is:

f (s1; : : : ; si � 1; s; si +1 ; : : : ; sn ) j 9si ; (s1; : : : ; si � 1; si ; si +1 ; : : : ; sn ) 2 D(m); s = e(s1; : : : ; sn ) g

As with guards (Section 2.4.6), a di�erence bound matrix with such a N � domain does not exists in
general,so will try to �nd a di�erence bound matrix the N � domain of which contains this set and is the
smallest possible.
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Given a di�erence bound matrix m, the N � domain of which is not empty, and an assignment x i 0  e,
we denote by m(x i 0  e) this new matrix:

De�nition 2.

1. If e = x i 0 + c (c 2 I), then:

(m(x i 0  x i 0 + c) ) ij =

8
<

:

mij � c if i = i 0; j 6= j 0

mij + c if i 6= i 0; j = j 0

mij elsewhere:

2. If e = x j 0 + c (i 0 6= j 0, c 2 I ), then we usethe forget operator de�ned in Section 2.4.5 and the guard
operator de�ned in Section 2.4.6:

m(x i 0  x j 0 + c) = ((m) x i 0
)(x i 0 � x j 0 � c) )(x j 0 � x i 0 �� c) :

3. In all other cases,we simply forget about x i 0 :

m(x i 0  e) = m) x i 0
:

We have the following easyproperties:

Theorem 11.

1. D(m(x i  e) ) � f (s1; : : : ; si � 1; s; si +1 ; : : : ; sn ) j 9si ; (s1; : : : ; sn ) 2 D(m); s = e(s1; : : : ; sn ) g and
we haveequality in all but the last caseof De�nition 2.

2. ((m� )(x i  e) )� = (m(x i  e) )� .

3. ((m� )(x i  e) )� P ((m� )(x i  e) ) but the equality does not hold in general.

As with guard, we do not need to close a di�erence bound matrix before applying the assignment
operator. However the result is seldomclosed,event if the argument is closed.

There also must be someway to improve the assignment operator in the most general case(the last
caseof De�nition 2).

2.4.8 Adding and remo ving variables

In our analysis, we consideredthat N was determined in advance.
However, when analyzing real programs, variables generally have a limited lifetime. Instead of con-

sidering in N all variables that can be used in the whole program when analyzing a single instruction, it
would be much more e�cien t to consideronly the variables that are live at this instructions.

In order to do this, we need two operators on di�erence bound matrices: one for adding a fresh
uninitialized variable, and onefor deleting a variable. Givena di�erence bound matrix m, the N � domain
of which is not empty, m with a new variable will be written m+ and m with a removed variable will be
written m� .

De�nition 3.

1. Consider adding the variable xn +1 to the di�er ence bound matrix m, de�ned over N = f x1; : : : ; xn g.

We simply add a new line and a new column �l led with + 1 except for the new diagonal element:

8
<

:

m+
ij = m ij if i � n; j � n

m+
ij = 0 if i = j = n + 1

m+
ij = + 1 elsewhere
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2. Consider removing the last variable xn from m, de�ned over N = f x1; : : : ; xn g.

We cannot simply removethe last line and the last column of m. Imagine there exists an implicit
constraint (xn � x i � m in ) + (x j � xn � mnj ) = (x j � x i � m in + mnj ) such that m in + mnj < m ij ,
then we can have(m � )�

ij > m�
ij which is a loss of precision.

We solve this problem by using the forget operator de�ned in Section 2.4.5 before removing the last
line and the last column from m:

m�
ij = (m) x n ) ij if i � n � 1; j � n � 1:

We have the following theorem:

Theorem 12.

1. D(m+ ) = f (s1; : : : ; sn ; sn +1 ) j (s1; : : : ; sn ) 2 D(m); sn +1 2 I g.

2. If m is closed, so is m+ .

3. D(m� ) = f (s1; : : : ; sn � 1) j 9 sn 2 I ; (s1; : : : ; sn � 1; sn ) 2 D(m) g.

4. If m is closed, so is m � .

The proofs are not di�cult becauseall the hard work was done in Section 2.4.5.

2.5 Represen ting in terv als

There exists a simple way to add one-v ariable constrain ts , that is to say, constraint of the form x � c
and y � d, to our representation. We simply add to N a special variable, named 0, which is supposedto
be always equal to zero. So x � c and y � d will be rewritten x � 0 � c and 0 � y � � d.

Given N = f 0; x1; : : : ; xn g and a di�erence bound matrix m over N , we will not be interested in the
N � domain D(m) of m, but in its N 0-domain, written D0(m) and de�ned by:

D0(m) = f (x1; : : : ; xn ) 2 In j (0; x1; : : : ; xn ) 2 D(m) g:

There is somework to do in order to prove that all the operators we de�ned in this chapter also work
when replacing N � domains by N 0-domains.

This approach is widely usedin model-checking of timed automata (in [Yov98] for example). However,
we do not prove the correctnessof this approach here. Instead, we present, in the next chapter, a new
di�eren t generalization of two-variable di�erence constraint sets that encompassboth two-variable sum
constraints and one-variable constraints.
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Chapter 3

Tw o-Variable Di�erence or Sum
Constrain t Sets

3.1 De�nitions

Let V = f v1; : : : ; vn g be a �nite set of variables and I a numeric set. I � is de�ned as in Chapter 2.

We want to represent in this chapter constraints of the form � vi � vj � c, with vi ; vj 2 V and
c 2 I . Such constraints are called two-variable di�erence or sum constrain ts and conjunctions of
two-variable di�erence or sum constraints are called two-variable di�erence or sum constrain t sets.
We denote by C+ (V) the set two-variable di�erence and sum constraint setsover the set of variables V.

3.1.1 Positiv e and negativ e form of variables

In order to represent sum constraints aswell asdi�erence constraints over V, weconsiderthat each variable
vk in V comesin two distinct 
a vors: a positive form v+

k and a negative form v�
k .

Thus, we intro duceN = f v+
1 ; v�

1 ; : : : ; v+
n ; v�

n g and considerthe set of two-variable di�erence constraint
sets over N , as de�ned in Chapter 2. In a two-variable di�erence constraint, a variable vk that appears
in its positive form v+

k will be interpreted as + vk and a variable that appearsin its negative form v�
k will

be interpreted as � vk . This way, it is possibleto represent (vi + vj � c) by (v+
i � v�

j � c).

When working with N � domains, it is sometime convenient to forget about the relationship between
V and N and considereach variable in N as being independent. This is why the 2n variables v+

1 ; : : : ; v�
n

will also be denoted by x1; : : : ; x2n where x2i � 1 = v+
i and x2i = v�

i .

We show in the following two sectionsmore precisely how to represent C+ (V) by C(N ).

3.1.2 V� domain

Givena two-variable di�erence constraint setC 2 C(N ) and its N � domain D(C) � (N ! I ), we intro duce
its V� domain de�ned by �( D(C)) � (V ! I ) where � is de�ned by:

�( D ) = f (t1; : : : ; tn ) j (t1; � t1; : : : ; tn ; � tn ) 2 D g � (V ! I )

and the special vector subspace� + by:

� + = f (s1; : : : ; s2n ) j 8i = 0; : : : n � 1; s2i +1 = � s2i +2 g

(t i ) i � n refers to coordinates in V 7! I whereas(si ) i � 2n refers to coordinates in N 7! I .
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We have the following easyproperties:

Theorem 13.

1. � commuteswith [ and \ .

2. We haveA � B =) �( A) � �( B ).

3. Let D � (N ! I ), � de�ne a bijection from D \ � + to �( D ):

(t1; � t1; : : : ; tn ; � tn ) 2 D \ � +  ! (t1; : : : ; tn ) 2 �( D ):

4. If D is convex, so is �( D ).

Thanks to the last point and the fact that N � domain of di�erence bound matrices are convex, we
concludethat V� domain of di�erence bound matrices are also convex.

We also de�ne D+ (C+ ) the V� domain of C+ 2 C+ (V) which is the subsetof P(V 7! I ) satisfying all
the constraints in C+ .

3.1.3 Coherence

We do not have a bijection betweenC(N ) and C+ (V). The problem is that a constraint in C+ (V) can be
represented using di�eren t constraints in C(N ); for example(v� w � c) = (v+ � w+ � c) = (w� � v� � c).

We will say that a constraint set C 2 C(N ) is coheren t (and, that the corresponding di�erence bound
matrix and potential graph are coherent) if we have:

8
<

:

8v; w; 2 V; (v+ � w+ � c) 2 C ( ) (w� � v� � c) 2 C
8v; w; 2 V; (v+ � w� � c) 2 C ( ) (w+ � v� � c) 2 C
8v; w; 2 V; (v� � w+ � c) 2 C ( ) (w� � v+ � c) 2 C:

Remark that one-variable constraints v � c and w � d can be represented in C(N ) by v+ � v� � 2c
and w� � w+ � � 2d, so we do not needto add a special variable 0 in N as we did in 2.5.

We have the following properties:

Theorem 14.
For each constraint set C+ 2 C+ (V), there is a corresponding coherent constraint set � (C+ ) 2 C(N )

such that �( D(� (C+ ))) = D+ (C+ ).

Proof.
Given C+ , we can construct a coherent two-variable di�erence constraint set � (C+ ) as follows:

if this constraint is in C+ we add theseconstraints in � (C+ )
v � w � c (v 6= w) v+ � w+ � c ; w� � v� � c
v + w � c (v 6= w) v+ � w� � c ; w+ � v� � c

� v � w � c (v 6= w) w� � v+ � c ; v� � w+ � c
v � c v+ � v� � 2c
v � c v� � v+ � � 2c

The proof of (t1; : : : ; tn ) 2 D+ (C+ ) ( ) (t1; � t1; : : : ; tn ; � tn ) 2 D(� (C+ )) is obvious.
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3.1.4 Represen tation and notation

From now, all two-variable di�erence constraint sets,potential graphs and di�erence bound matrices will
be consideredover the set N and will be coherent. A two-variable di�erence or sum constraint set over
V will be represented by its corresponding coherent two-variable di�erence constraint set, potential graph
or di�erence bound matrix over N . Thus di�erence bound matrices will be 2n � 2n matrices.

As before, if the di�erence bound matrix m correspondsto the set of two-variable di�erence constraint
C, then m ij < + 1 means(x j � x i � m ij ) 2 C.

Sometime,we will usethe short notation mv+
k v �

l
to mean m ij where x i = v+

k and x j = v�
l . That is to

say v+
k = 2k � 1 and v�

l = 2l .

We state another useful de�nition: �{ is de�ned to be i � 1 is i is even, and i + 1 if i is odd. If x i

corresponds to v+
k , then x �{ will correspond to v�

k . If x i correspondsto v�
k , then x �{ will correspond to v+

k .
With this de�nition, we can state a new equivalent de�nition of coherencewhich is di�erence bound

matrix oriented:
m is coherent ( ) 8i; j; m ij = m �| �{ :

3.2 Strong closure

As with N � domain, di�eren t matrices can represent the sameV� domain and we would like to �nd a
normal form. We want the normal form to be the tightest di�erence bound matrix representing a certain
V� domain, with respect to the tightening order P de�ned in Section 2.3.1.

3.2.1 Emptiness test revisited

Let G be a coherent potential graph. All we needis the following theorem:

Theorem 15.
�( D(G)) is empty if and only if G has a (simple) cycle the total weight of which is strictly negative.

Proof.
We will prove that �( D(G)) = ; ( ) D(G) = ; . By Theorem 1, this will prove the present theorem.

� D(G) = ; =) �( D(G)) = ; is obvious.
� SupposeD(G) 6= ; .

Let s = (s1; s2; : : : ; s2n ) 2 D(G).

By coherence,we have s0 = (� s2; � s1; : : : ; � s2n ; � s2n � 1) 2 D(G).

Now, D(G) is convex, so (s + s0)=2 2 D(G). But obviously (s + s0)=2 2 � + .

We now usethe bijection betweenD(G) \ � + and �( D(G)) described in Theorem 13.3 to state
that the image by � of (s + s0)=2 is in �( D(G)) which is thus not empty.

This meansthat the V� domain of a di�erence bound matrix is empty if and only if its N � domain is
empty.

3.2.2 Closure revisited

Let m be a coherent matrix the V� domain of which is not empty.
The standard de�nition of closure m � does not adapt nicely to our matrices. The set of implicit

constraints obtained by summation of constraints over paths of G(m) is not su�cien t. The main problem
is that we would like to deducev+ � w� � (c + d)=2 from v+ � v� � c and w+ � w� � d but the set
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of arcs f (v� ; v+ ); (w� ; w+ )g does not form a path. This is why we intro duce here the notion of strong
coherence which is de�ned by, besidecoherence:

8
<

:

8v; w 2 V; f (v+ � v� � c); (w+ � w� � d)g � C =) (v+ � w� � e) 2 C with e � (c + d)=2
8v; w 2 V; f (v+ � v� � c); (w� � w+ � d)g � C =) (v+ � w+ � e) 2 C with e � (c + d)=2
8v; w 2 V; f (v� � v+ � c); (w� � w+ � d)g � C =) (v� � w+ � e) 2 C with e � (c + d)=2:

Recall that the de�nition of coherenceof di�erence bound matrices is:

8i; j; m ij = m �| �{ :

The de�nition of strong coherencefor di�erence bound matrices will be, besidecoherence:

8i; j; m ij � (m i �{ + m �|j )=2:

We now give the following de�nition of the strong closure m? of m which is just a simple modi�cation
of the Floyd-Warshall algorithm for computing closure:

8
<

:

m0 = m

mi = m2i � 1
i � 1 1 � i � n

m? = mn

where the functions �n: n and �n: nk are de�ned by:
�

nij = min( n ij ; (n i �{ + n �| j )=2 )

8
>>>>>>>><

>>>>>>>>:

nk
ii = 0

nk
ij = min( n ij ;

nik + nk j ;
ni �k + n �k j ;
nik + nk �k + n �k j ;
ni �k + n �k k + nk j ) if i 6= j:

This algorithm runs of coursein O(n3) time, as the Floyd-Warshall algorithm.

The function �n: n ensuresthe strong coherence.

The function �n: n2k � 1 ensuresthe local closure with respect to variables v+
k and v�

k (recall that,
when we speak about indices of matrices, we have the convention v+

k = 2k � 1 and v�
k = 2k = 2k � 1);

that is to say: 8i; j; n2k � 1
ij � n2k � 1

iv +
k

+ n2k � 1
v+

k j
and 8i; j; n2k � 1

ij � n2k � 1
iv �

k

+ n2k � 1
v �

k j
.

Applying in turn �n: n2k � 1 for all k in f 1, : : : ,ng would ensureclosure,but not strong coherence;this
is why our algorithm interleaves�n: n2k � 1 with �n: n. There is no simple justi�cation for the complexity
of the functions �n: nk ; all �v e casesappear naturally when we try to prove that, when interleaving the
two functions, the current function application doesnot destroy what was gained by the last ones.

We have the following properties:

Theorem 16.

1. �( D(m?)) = �( D(m)) .

2. m? is closed, coherent and strongly coherent.

3. �( D(m)) saturates m?, that is to say, 8i; j; 9(s1; : : : ; s2n ) 2 D(m) \ � + ; sj � si = m?
ij .

4. If �( D(n)) = �( D(m)) and n is coherent, then we havem? P n.
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5. Strong closure is idempotent: (m?)? = m?.

6. m? P m.

7.

m = m? ( )

8
>><

>>:

8i; m ii = 0
8i 6= j; k; m ij � m ik + mk j

8i; j; m ij � (m i �{ + m �| j )=2
8i; j; m ij = m �| �{ :

that is to say, (using Theorem 2.6): m is strongly closed if and only if it is closed, coherent and
strongly coherent.

Proof.

1. We prove the �rst point in the proof of the secondpoint.

2. � We �rst prove that �( D(m?)) = �( D(m)) and m? is coherent.
In order to do this, it is su�cien t to prove that, functions �n: n and �n: nk for all k
respect coherenceand V� domain of coherent matrices. That is to say, if n is coherent,
then n and nk are coherent, and �( D(n)) = �( D(nk )) = �( D(n)).

� We have obviously 8i; j; n ij � n ij , which means D(n) � D(n), so �( D(n)) �
�( D(n)).

� The fact that 8i; j; nk
ij � n ij is a little more complex. The casei 6= j is easy. The

casei = j follows from n ii � 0 which is a consequenceof �( D(n)) 6= ; (Theorem
15). This givesus D(nk ) � D(n) and �( D(nk )) � �( D(n)).

� If (s1; : : : ; s2n) 2 D(n), we want to prove that 8i; j; sj � si � nk
ij .

For all i 6= j ,
sj � si � n ij

sk � si � n ik

sj � sk � nk j

s�k � si � n i �k
sj � s�k � n �k j

s�k � sk � nk �k

so by summation,
sj � si � n ij

sj � si � n ik + nk j

sj � si � n i �k + n �k j

sj � si � n ik + nk �k + n �k j

sj � si � n i �k + n �kk + nk j

The casei = j is obvious, becausewe always have si � si = 0 = nk
ii .

So we have D(n) � D(nk ) and �( D(n)) � �( D(nk )).
� Supposes = (s1; : : : ; s2n) 2 D(n)\ � + . Wewant to provethat 8i; j; sj � si � n ij .

Becauses 2 D(n), for all (i; j ), we have:

s �{ � si � n i �{

sj � s�| � n �| j

sj � si � n ij

But s 2 � + implies s �{ = � si and s�| = � sj . So we concludethat:

� si � n i �{=2
sj � n �|j =2;

so sj � si � min(n ij ; (n i �{ + n �|j )=2) = n ij .

We just proved that �( D(n)) � �( D(n)) which completes the proof that
�( D(n)) = �( D(n)).
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� We now prove that 8i; j; n ij = n �| �{ .
We have, by coherenceof n:

n �| �{ = min(n �| �{ ; (n �|j + n i �{)=2)
= min(n ij ; (n i �{ + n �| j )=2)
= n ij :

� We now prove that 8i; j; nk
ij = nk

�| �{ .
If i = j , then by de�nition nk

ii = nk
�{ �{ = 0.

If i 6= j , we use the symmetry of the de�nition of nk and the fact that
8a; b; n i 0 j 0 b = n �| 0 �{0 by coherenceof n.

� Now we prove that m? is closed.
In order to do this, we useTheorem 2.6, sowe only have to prove that 8i; m?

ii = 0 (which
is obvious) and 8i 6= j; k; m?

ij � m?
ik + m?

k j .
Here are the three lemmaswe will use:

� Lemma 1.
Supposethat n is a coherent matrix the V� domain of which is not empty, and k
is an index such that we have 8i; j; n ij � n ik + nk j and 8i; j; n ij � n i �k + n �k j .
We prove that 8i; j; n ij � n ik + nk j .

� Case 1: n ik = n ik and nk j = nk j .
We have obviously:

nij � n ij (by de�nition of n)
� n ik + nk j (by hypothesis)
= nik + nk j (casehypothesis):

� Case 2: n ik = (n i �{ + n �k k )=2 and nk j = nk j (or the symmetric case
nik = n ik and nk j = (nk �k + n �| j )=2).
Using the hypothesistwo times, wehaven �| j � n �| �k + n �k j � n �| �k + (n �kk + nk j )
(1), so we obtain:

nij � n i �{=2 + n �| j =2 (by de�nition of n)
� n i �{=2 + (n �| �k + n �kk + nk j )=2 (by (1))
� n i �{=2 + n �kk =2 + nk j (by coherencen �| �k = nk j )
= n ik + nk j (casehypothesis):

� Case 3: n ik = (n i �{ + n �k k )=2 and nk j = (nk �k + n �|j )=2).
Now we use the fact that �( D(n)) 6= ; so that the cycle hk; �k; ki has a
positive weight, so 0 � nk �k + n �kk (1) and:

nij � (n i �{ + n �| j )=2 (by de�nition of n)
� (n i �{ + (n �k k + nk �k ) + n �|j )=2 (by (1))
= n ik + nk j :

� Lemma 2.
Supposethat n is a coherent matrix n the V� domain of which is not empty, and
k is an index such that 8i 6= j; n ij � n ik + nk j and 8i 6= j; n ij � n i �k + n �k j We
prove that 8o;i 6= j; no

ij � no
ik + no

k j .
There are �v e di�eren t casesfor the value of no

ik and �v e casesfor the value of
no

k j :
1 no

ik = n ik 1 no
k j = nk j

2 no
ik = n io + nok 2 no

k j = nko + noj

3 no
ik = n i �o + n �ok 3 no

k j = nk �o + n �oj

4 no
ik = n io + no�o + n �ok 4 no

k j = nko + no�o + n �oj

5 no
ik = n i �o + n �oo + nok 5 no

k j = nk �o + n �oo + noj
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In the following, we will denoteby (a; b) the casewherethe value of no
ik is de�ned

by the ath caseand the value of no
k j is de�ned by the bth case. We then have 25

di�eren t casesto inspect.
To reduce the number of casesreally studied we use the great symmetry of the
de�nition of no with respect to o and �o together with the symmetry of the hy-
potheseswith respect to k and �k and the fact that 8i; j; n ij = n �| �{ by coherence
of n.
We alsousethe fact that analysisof the case(a; b) for a 6= b is very similar to the
analysis of (b;a), so we will supposea � b.
We will also often usethe fact that 8i; j; n ij + n j i � 0, which is the consequence
of the fact that hi; j; i i is a cycle in n with �( D(n)) 6= ; .

� Case 1: (1; 1).
We have, by hypothesis,n ij � n ik + nk j (1), so obviously:

no
ij � n ij (by de�nition of no )

� n ik + nk j (by (1))
= no

ik + no
k j (casehypothesis):

� Case 2: (1; 2) (and (1; 3) by (o; �o) symmetry).
Sub-case1: i 6= o.
We have, by hypothesis,n io � n ik + nko (1), so:

no
ij � n io + noj (by de�nition of no )

� (n ik + nko) + noj (by (1))
= no

ik + no
k j (casehypothesis):

Sub-case2: i = o.
We know that n ik + nko � 0 (1), so:

no
ij � noj (by de�nition of no )

� (n ik + nko) + noj (by (1))
= no

ik + no
k j (casehypothesis):

� Case 3: (1; 4) (and (1; 5) by (o; �o) symmetry).
Sub-case1: i 6= o.
We have, by hypothesis,n io � n ik + nko (1), so:

no
ij � n io + no�o + n �oj (by de�nition of no )

� (n ik + nko) + no�o + n �oj (by (1))
= no

ik + no
k j (casehypothesis):

Sub-case2: i = o.
As in the secondcase,we have n ik + nko � 0 (1), so:

no
ij � n i �o + n �oj (by de�nition of no )

� (n ik + nko) + no�o + n �oj (by (1))
= no

ik + no
k j (casehypothesis):

� Case 4: (2; 2) (and (3; 3) by (o; �o) symmetry).
We know that nok + nko � 0 (1), so:

no
ij � n io + noj (by de�nition of no )

� n io + (nok + nko) + noj (by (1))
= no

ik + no
k j (casehypothesis):
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� Case 5: (2; 3).
We have, by hypothesis,no�o � nok + nk �o (1), so:

no
ij � n io + no�o + n �oj (by de�nition of no )

� n io + (nok + nk �o) + n �oj (by (1))
= no

ik + no
k j (casehypothesis):

� Case 6: (2; 4) (and (3; 5) by (o; �o) symmetry).
We use,as in the fourth casenok + nko � 0 (1), so:

no
ij � n io + no�o + n �oj (by de�nition of no )

� n io + (nok + nko) + no�o + n �oj (by (1))
= no

ik + no
k j (casehypothesis):

� Case 7: (2; 5) (and (3; 4) by (o; �o) symmetry).
We use the fact that no�o + n �oo � 0 (1), together with the hypothesis
no�o � nok + nk �o (2), so:

no
ij � n io + noj (by de�nition of no )

� n io + (no�o + n �oo) + noj (by (1))
� n io + ((nok + nk �o) + n �oo) + noj (by (2))
= no

ik + no
k j (casehypothesis):

� Case 8: (4; 4) (and (5; 5) by (o; �o) symmetry).
We use, as in the seventh caseno�o + n �oo � 0 (1), together with and the
hypothesisn �oo � n �ok + nko (2), so:

no
ij � n io + no�o + n �oj (by de�nition of no )

� n io + no�o + (n �oo + no�o) + n �oj (by (1))
� n io + no�o + ((n �ok + nko) + no�o) + n �oj (by (2))
= no

ik + no
k j (casehypothesis):

� Case 9: (4; 5).
We use, as in the seventh caseno�o + n �oo � 0 (1) and n �ok + nk �o � 0 (2),
so:

no
ij � n io + noj (by de�nition of no )

� n io + (no�o + n �oo) + (n �ok + nk �o) + noj (by (1) and (2))
= n io + no�o + n �ok + nk �o + n �oo + noj

= no
ik + no

k j (casehypothesis):

� Lemma 3.
Now weprovethat, givena coherent matrix n the V� domain of which is not empty
and an index k, we have (without any other hypothesis) 8i 6= j; nk

ij � nk
ik + nk

k j .

We have the same�v e di�eren t casesfor the value of nk
ik and the same�v e cases

for the value of nk
k j as in the preceding lemma, so we have the same25 di�eren t

casesto inspect.
In order to reducethe number of casesreally studied let us remark that nkk � 0
and nk �k + n �kk � 0 becausen has no strictly negative cycle. This meansthat, in
fact, nk

ik = min(n ik ; ni �k + n �kk ). Cases2, 4 and 5 are not relevant for the value of
nk

ik . The sameresult holds for nk
k j and we get nk

k j = min(nk j ; nk �k + n �k j ).
This meanswe only have four di�eren t casesto study:

� Case 1: (1; 1).
We have:

nk
ij � n ik + nk j (by de�nition of nk )

= nk
ik + nk

k j (by casehypothesis):
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� Case 2: (1; 3).
We have:

nk
ij � n ik + nk �k + n �k j (by de�nition of nk )

= nk
ik + nk

k j (by casehypothesis):

� Case 3: (3; 1).
We have:

nk
ij � n i �k + n �k k + nk j (by de�nition of nk )

= nk
ik + nk

k j (by casehypothesis):

� Case 4: (3; 3).
We have nk �k + n �k k � 0 (1), so

nk
ij � n i �k + n �k j (by de�nition of nk )

� n i �k + (n �k k + nk �k ) + n �k j (by (1))
= nk

ik + nk
k j (by casehypothesis):

Now we useall three lemmasto prove by induction on o the following property:
(

81 � k � o; 8i; j (mo) ij � (mo) iv +
k

+ (mo)v+
k j

81 � k � o; 8i; j (mo) ij � (mo) iv �
k

+ (mo)v �
k j :

� The caseo = 0 is obvious.
� Supposethe property is true for o � 1 � 0.

Using the secondlemma with all v+
k and v�

k , for all k � o � 1, we obtain:
(

8k � o � 1; 8i 6= j; (m2o � 1
o� 1 ) ij � (m2o � 1

o� 1 ) iv +
k

+ (m2o � 1
o� 1 )v+

k j

8k � o � 1; 8i 6= j; (m2o � 1
o� 1 ) ij � (m2o � 1

o� 1 ) iv �
k

+ (m2o � 1
o� 1 )v �

k j :

Using the third lemma with v+
o and v�

o (recall that, when we speak about indices
of matrices, there is the convention v+

o = 2o � 1 and v�
o = 2o = (2o � 1)), and

the remark that 8m; i; m i = m �{ we obtain:
(

8i 6= j; (m2o � 1
o� 1 ) ij � (m2o � 1

o� 1 ) iv +
o

+ (m2o � 1
o� 1 )v+

o j

8i 6= j; (m2o � 1
o� 1 ) ij � (m2o � 1

o� 1 ) iv �
o

+ (m2o � 1
o� 1 )v �

o j :

Now we remark that, by de�nition, (mv +
o

o� 1) ii = 0. The �rst point stated that

�( D(mv +
o

o� 1)) = �( D(m)) 6= ; , so for all k, the cycle hi; k; i i has a positive weight
which meansthat:

8k; (mv +
o

o� 1) ii = 0 � (m2o � 1
o� 1 ) ik + (m2o � 1

o� 1 )k i

and we have:
(

8k � o; 8i; j; (m2o � 1
o� 1 ) ij � (m2o � 1

o� 1 ) iv +
k

+ (m2o � 1
o� 1 )v+

k j

8k � o; 8i; j; (m2o � 1
o� 1 ) ij � (m2o � 1

o� 1 ) iv �
k

+ (m2o � 1
o� 1 )v �

k j :

Now we usethe �rst lemma to obtain:
8
<

:

8k � o; 8i; j; (m2o � 1
o� 1 ) ij � (m2o � 1

o� 1 ) iv +
k

+ (m2o � 1
o� 1 )v+

k j

8k � o; 8i; j; (m2o � 1
o� 1 ) ij � (m2o � 1

o� 1 ) iv �
k

+ (m2o � 1
o� 1 )v �

k j :

The property for o = n is settles the proof of the closureof m?.
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� We now prove the strong coherenceof m?.

Let n be mv +
n

n � 1. We have m? = n, so 8i; j; m?
ij � (n i �{ + n �|j )=2. On the other hand, we

have obviously 8i; n i �{ = n i �{ .
This meansthat 8i; j; m?

ij � (m?
i �{ + m?

�|j )=2, so m? is strongly coherent.

3. We prove here the saturation.

Set a pair (i 0; j 0).

We have �( D(m)) 6= ; , so D(m) \ � + 6= ; (by Theorem 13.3). If i 0 = j 0, any s 2 D(m) \ � + will
be such that sj 0 � si 0 = 0 and we know that 0 = m?

i 0 j 0
becausem? is closed.

We now consider the much more complex caseof i 0 6= j 0. We denote by m0 matrix equal to m?

except for m0
j 0 i 0

= m0
�{0 �| 0

= � m?
i 0 j 0

and G0 the corresponding potential graph.

We would prove the sameway we did in the saturation proof of Theorem 2 that D(m0) = D(m) \
f (s1; : : : ; s2n ) j sj 0 � si 0 = s �{0 � s �| 0 = m?

i 0 j 0
g, so

D(m0) \ � + = D(m) \ � + \ f (s1; : : : ; s2n j sj 0 � si 0 = m?
i 0 j 0

g.

To prove the saturation we need to prove that D(m0) \ � + is not empty or, by bijection, that
�( D(m0)) 6= ; .

Supposethat �( D(m0)) is empty, then there exists a strictly negative simple cycle in G0 by Theorem
15 and one of the following caseoccurs:

� If none of the new arcs from j 0 to i 0 or from �{0 to �| 0 are in this strictly negative cycle,
this cycle also exists in G? and �( D(G?)) is empty, and so is �( D(G)), which is false.

� If the strictly negative cycle contains only one new arc, once, say the arc from j 0 to
i 0 but not the one from �| 0 to �{0, we can assumethis cycle has the following form:
hi 0; i 1; : : : ; i N � 1 = j 0; i N = i 0i .
We thus have:

N � 2X

k=0

m?
i k i k +1

< m?
i 0 j 0

We have discovered a path hi 0; i 1; : : : ; i N � 1 = j 0i from i 0 to j 0 in G? the weight of which
is strictly lessthan m?

i 0 j 0
. This contradicts the fact that G? is closed.

� If the strictly negative cycle contains the two new arcs, once,we can assumethe cycle has
the following form: hi 0; : : : ; i M � 1 = �{0; i M = �| 0; : : : i N � 1 = j 0; i N = i i .
The paths hi 0; : : : ; i M � 1 = �{0i and hi M = �| 0; : : : ; i N � 1 = j 0i are in G? which is closed,so
their weight is greater than the weight of the arcs from i 0 to �{0 and the arcs from �| 0 to j 0

in G?. We concludethat the cycle hi 0; �{0; �| 0; j 0; i 0i has also a strictly negative weight and
m?

j 0 i 0
+ m?

�{0 �| 0
+ m?

i 0 �{0
+ m?

�| 0 j 0
< 0.

By coherenceof m?, we obtain m?
j 0 i 0

= m?
�{0 �| 0

, so m?
j 0 i 0

+ (m?
i 0 �{0

+ m?
�| 0 j 0

)=2 < 0.
By strong coherenceof m?, we know that m?

i 0 j 0
� (m?

i 0 �{0
� m?

�| 0 j 0
)=2. So we just proved

that m?
j 0 i 0

+ m?
i 0 j 0

< 0 and m? hasa strictly negative cycle, which is in contradiction with
�( G(m)) 6= ; .

4. As in the proof of Theorem 2.3, we will use the saturation proved in the precedingpoint.

For every pair of indices (i; j ) there exists an element s = (s1; : : : ; s2n ) 2 D(m) \ � + such that
sj � si = m?

ij . Becauses 2 � + , its image by � is an element s0. Becauses 2 D(m), we have
s0 2 �( D(m)) = �( D(n)). This meanss 2 D(n), so m?

ij = sj � si � n ij which proves the fourth
point.

5. By the �rst point, we have: �( D(m)) = �( D(m?)) = �( D((m?)?)). So we can apply the fourth
point to n = (m?)? and we obtain 8i; j; m?

ij � (m?)?
ij . We can also apply the fourth point to

m0 = m? and n0 = m? which gives8i; j; (m?)?
ij � m?

ij , so (m?)? = m?.
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6. The sixth point is a strait-forw ard application of the fourth point where n = m.

7. The last point is a local de�nition of closure.

The left-to-righ t way is a direct consequenceof the secondpoint.

For the right-to-left way, the hypothesesimplies the closure, coherenceand strong coherenceof m.
The proof of the third point can then prove here that �( D(m)) saturates m instead of m?, as it
relies only on the closure,coherenceand strong coherenceof m?. The saturation of m then give us
8i; j; m ij � m?

ij . Now we apply the sixth point to get 8i; j; m?
ij � m ij , so m = m?.

Thanks to point seven, any algorithm that leadsto a coherent, strongly coherent and closeddi�erence
bound matrix will lead us to the strongly closedform.

We presented here a O(n3) algorithm derived from Floyd-Warshall algorithm. It may be possibleto
transform the faster but more complex Johnson algorithm to compute the strong closure instead of the
closure. This is not easy, however it could improve performancewhen computing the strong closureof a
potential graphs with few arcs.

Imp ortan t Remark :
Even if I = Z, the computation of the strong closuremay needto be carried in R or Q becauseof the

division by 2 occurring in the function �n: n.
More precisely, when working with integers, Lemma 1 is false becausewe do not have a=2 + b=2 =

(a + b)=2 and this results in the strong closurenot being closed.
There should be a way of addressingthis problem and designan integer-only adaptation of this strong

closurealgorithm.

3.2.3 Inclusion and equalit y test revisited

As in Section2.3.4, we distinguish two cases.If either V� domain �( D(m)) or �( D(m)) or both are empty,
then the test is obvious. If neither is empty, then we rely on the following theorem:

Theorem 17.

1. If �( D(m)) 6= ; and �( D(n)) 6= ; , then �( D(m)) � �( D(n)) ( ) m? P n.

2. If �( D(m)) 6= ; and �( D(n)) 6= ; , then �( D)(m) = �( D(n)) ( ) m? = n?.

Proof.

1. If 8i; j; m?
ij � n ij , then we know that D(m?) � D(n), and so �( D(m?)) � �( D(n)). Applying

Theorem 16.1 to m, we then have �( D(m)) � �( D(n)).

For the other way, we usethe saturation proved in Theorem 16.3: for all i and j , there exists some
s 2 D(m) \ � + such that sj � si = m?

ij .
Supposethat �( D(m)) � �( D(n)). By the bijection between�( D ) and D \ � + stated in Theorem
13.3 we then have D(m) \ � + � D(n) \ � + . This meanss 2 D(n), so sj � si � n ij and m?

ij � n ij .

2. If 8i; j; m?
ij = n?

ij , then we know that D(m?) = D(n?), and so �( D(m?)) = �( D(n?)) Applying
Theorem 16.1 to m, we then have �( D(m)) = �( D(n)).

For the other way, supposethat �( D(m)) = �( D(n)). Then we have �( D(m)) � �( D(n?)) so, by
the �rst point, m? P n?. We also have �( D(n)) � �( D(m?)) so, by the �rst point, n? P m?.
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3.2.4 Pro jection

Given a subsetD � (V 7! I ), we denote by � j vk
(D ) the pro jection of the subsetD over the variable vk .

Its formal de�nition is:

� j vk
(D ) = f t 2 I j 9(t1; : : : ; tn ) 2 D such that t = tk g:

Given a coherent di�erence bound matrix m, the V� domain of which is not empty, and a variable
vk 2 V, we can easily compute the projection � j vk

(�( D(m))) of the V� domain of m over vk thanks to the
following theorem:

Theorem 18.
If �( D(m)) 6= ; ,

� j vk
(�( D(m))) = [ � m?

v+
k v �

k
=2; m?

v �
k v+

k
=2 ]

Proof.

� By saturation of m? (Theorem 16.3), there exist two elements s+ and s� in D(m) \ � + such
that 8

><

>:

s+
v+

k

� s+
v �

k

= m?
v �

k v+
k

s�
v �

k

� s�
v+

k

= m?
v+

k v �
k

:

Becauses+ and s� are in � + , we have s+
v+

k

= � s+
v �

k

and s�
v+

k

= � s�
v �

k

, so

8
><

>:

s+
v+

k

= m?
v �

k v+
k

=2

s�
v+

k

= � m?
v+

k v �
k

=2:

By the bijection of Theorem 13.3 betweenD(m) \ � + and �( D(m)), (s+
1 ; s+

3 ; : : : ; s+
2n � 1) and

(s�
1 ; s�

3 ; : : : ; s�
2n � 1) are in �( D(m)), which means

f � m?
v+

k v �
k

=2; m?
v �

k v+
k

=2 g � � j vk
(�( D(m))) :

Now we use the fact that V� domains of di�erence bound matrices are convex (seeTheorem
13.4) to get:

[ � m?
v+

k v �
k

=2; m?
v �

k v+
k

=2 ] � � j vk
(�( D(m))) :

� Given (t1; : : : ; tn ) 2 �( D(m)), we have (t1; : : : ; tn ) 2 �( D(m?)) by Theorem 16.2, so
(t1; � t1; : : : ; tn ; � tn ) 2 D(m?).

This means 8
><

>:

tk � (� tk ) � m?
v �

k v+
k

� tk � tk � m?
v+

k v �
k

:

and we have
� j vk

(�( D(m))) � [ � m?
v+

k v �
k

=2; m?
v �

k v+
k

=2 ]:

3.3 Op erators revisited

In the following sections,we de�ne new operators over coherent di�erence bound matrices basedon the
operators we de�ned in Chapter 2. Instead of analyzing the N � domain of the resulting di�erence bound
matrices, we will focus on their V� domain.
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3.3.1 In tersection revisited

Let m and n be two coherent matrices the V� domain of which are not empty. The intersection m ^ n is
de�ned exactly as in Section 2.4.1:

(m ^ n) ij = min(m ij ; nij ):

We have the following properties:

Theorem 19.

1. m ^ n is coherent.

2. �( D(m ^ n)) = �( D(m)) \ �( D(n)) .

3. (m ^ n)? P (m? ^ n?) P (m ^ n).

(m ^ n)? = (m? ^ n?)?.

Proof.

1. The coherenceof m ^ n obvious.

2. We have �( D(m ^ n)) = �( D(m) \ D(n)) = �( D(m)) \ �( D(n)).

3. We prove the third and fourth point like in Theorem 4.

8i; j; (m? ^ n?) ij � (m ^ n) ij is a direct consequenceof 8o;i; j; o?
ij � oij .

By the �rst point and the properties of strong closure, we have �( D(m? ^ n?)) = �( D(m?)) \
�( D(n?)) = �( D(m)) \ �( D(n)) = �( D(m ^ n)) and so8i; j; (m ^ n)?

ij = (m? ^ n?)?
ij � (m? ^ n?) ij .

3.3.2 Least upp er bound revisited

As in Section 2.4.2, the union of V� domains of two coherent di�erence bound matrices may not be the
V� domain of a coherent di�erence bound matrix, so we will try to �nd the best approximation for an
union, that is to say the tightenest coherent di�erence bound matrix the V� domain of which contains the
union of V� domains of two coherent di�erence bound matrices.

Let m and n be two coherent matrices the V� domain of which are not empty. The least upper bound
m _ n is de�ned exactly as in Section 2.4.2:

(m _ n) ij = max(m ij ; nij ):

We have the following properties:

Theorem 20.

1. m _ n is coherent.

2. �( D(m _ n)) � �( D(m)) [ �( D(n)) .

3. For every coherent di�er ence bound matrix o such that �( D(o)) � �( D(m)) [ �( D(n)) , we have
(m? _ n?) P o, so �( D(o)) � �( D(m? _ n?)) .

4. (m? _ n?)? P (m _ n)?.

5. (m? _ n?)? = (m? _ n?).

Proof.

1. The coherenceof m _ n is obvious.
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2. D(m _ n) � D(m) [ D(n), so �( D(m _ n)) � �( D(m) [ (D(n)) = �( D(m)) [ �(( D(n)).

3. We prove the third point as in Theorem 5.2.

We usethe saturation of closure,proved in Theorem 16.3: for all pairs of indices (i; j ), there exists
sm 2 D(m) \ � + and sn 2 D(m) \ � + such that sm

j � sm
i = m?

ij and sn
j � sn

i = n?
ij .

One of thesetwo elements (let us call it s) is such that sj � si = (m? _ n?) ij .

We have sm 2 D(m) \ � + , so its image by � is in �( D(m)) � �( D(o)). This means, using the
bijection of Theorem 13.3 that sm is also in D(o) \ � + . So is sn .

We just proved that s 2 D(o), which meansoij � sj � si , so oij � (m? _ n?) ij .

4. The proof of the fourth point is similar to the proof of Theorem 5.3.

8i; j; (m? _ n?) ij � (m_ n) ij is an obvious consequenceof 8o;i; j; o?
ij � oij . Sowe haveD(m? _ n?) �

D(m _ n) and �( D(m? _ n?)) � �( D(m _ n)).

We now apply Theorem 17.1 to obtain 8i; j; (m? _ n?)?
ij � (m _ n)?

ij .

5. As with the proof of Theorem5.4, the �fth point is a consequenceof the inequality 8i; j; (m?_n?)?
ij �

(m? _ n?) ij and the third point applied to o = (m? _ n?)? (this is possible because�( D(o)) =
�( D(m? _ n?)) � �( D(m?)) [ �( D(n?)) = �( D(m)) [ �( D(n))).

3.3.3 Widening revisited

Let m and n be two coherent matrices the V� domain of which are not empty.
We have the following properties which prove that O, de�ned as in Section 2.4.3, is a widening over

C+ (V):

(mOn) ij =
�

mij if nij � m ij

+ 1 elsewhere:

Theorem 21.

1. mOn is coherent.

2. �( D(mOn)) � �( D(m)) [ �( D(n)) .

3. The �nite chain property is veri�e d.

4. (mOn?) P (mOn) but the equality does not hold in general.

Proof.

1. The coherenceof mOn is obvious.

2. By property of O, we have D(m?On) � D(m?) [ D(n) so �( D(m?On)) � �( D(m?) [ D(n)) =
�( D(m?)) [ �( D(n)).

3. The �nite chain property has beenproved in Theorem 6.2.

4. The fourth point follows from 8i; j; n?
ij � n ij .
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Becauseintervals can be exactly represented in C+ (V), it is very important to check that O is as good
as the standard widening on the intervals lattice 1.

We denote by O the standard widening over in terv als de�ned by:

[a; b]O[c;d] = [e;f ];

where:

e =
�

a if a � c
�1 elsewhere

f =
�

b if b � d
+ 1 elsewhere:

Theorem 22.
If we have the following iterating sequence:

�
x0 = (m0)?

xk+1 = xk O(nk )?

� �
y0; z0

�
= � j v i (�( D(m0))))�

yk+1 ; zk+1
�

=
�
yk ; zk

�
O� j v i (�( D(nk )))

then the xk sequence is more precise than the [yk ; zk ] sequence, that is to say:

8k; � j v i (�( D(xk ))) � [yk ; zk ]

Proof.
We prove by induction on k that either xk

v �
i v+

i
= (m0)?

v �
i v+

i
= 2zk , or xk

v �
i v+

i
= zk = + 1 .

� On one hand, we have x0 = (m0)?, so obviously x0
v �

i v+
i

= (m0)?
v �

i v+
i

.

On the other hand, by Theorem 18, we have � j v i (�( D((m0)?))) = [� (m0)?
v+

i v �
i

=2; (m0)?
v �

i v+
i

=2].

This meansthat z0 = (m0)?
v �

i v+
i

=2.

� Now, supposethat the property is true for k � 1 � 0.

By hypothesis,either xk � 1
v �

i v+
i

= (m0)?
v �

i v+
i

= 2zk � 1, or xk � 1
v �

i v+
i

= zk � 1 = + 1 .

If the secondcaseoccurs we usethe obvious facts xk
v �

i v+
i

� xk � 1
v �

i v+
i

and zk � zk � 1 to conclude

that xk
v �

i v+
i

= zk = + 1 .

The proof is more complex if the �rst case occurs. By Theorem 18, � j v i (�( D(nk ))) =
[� (nk )?

v+
i v �

i
=2; (nk )?

v �
i v+

i
=2]. We have two casesdepending on xk

v �
i v+

i
:

� If (nk )?
v �

i v+
i

� xk � 1
v �

i v+
i

, then xk
v �

i v+
i

= xk � 1
v �

i v+
i

. But we also have (nk )?
v �

i v+
i

=2 � zk � 1, so

zk = zk � 1.
This provesxk

v �
i v+

i
= (m0)?

v �
i v+

i
= 2zk .

� If (nk )?
v �

i v+
i

> xk � 1
v �

i v+
i

, then xk
v �

i v+
i

= + 1 . But we also have (nk )?
v �

i v+
i

=2 > zk � 1, so

zk = + 1 .

We could prove the sameway that either xk
v �

i v+
i

= (m0)?
v �

i v+
i

= � 2yk , or xk
v �

i v+
i

= � yk = + 1 .

Now we useTheorem 18 to get

� j v i (�( D(xk ))) � [� (xk )?
v+

i v �
i

=2; (xk )?
v �

i v+
i

=2]:

By Theorem 16.6, we have (xk )?
v �

i v+
i

� xk
v �

i v+
i

and (xk )?
v+

i v �
i

=2 � xk
v+

i v �
i

=2, so

� j v i (�( D(xk ))) � [� xk
v+

i v �
i

=2; xk
v �

i v+
i

=2]

and so
� j v i (�( D(xk ))) � [yk ; zk ]:

1Seefor [CC76] a description of interval analysis.
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We proved that the O widening over coherent di�erence bound matrices givesbetter results that when
computing the sameiterating sequencewith interval domainsand O widening. However, aswith O, O can
give coarserthan a simple sign analysis.

For intervals, the solution is to usea somewhat improved widening2 O_ de�ned as follows:

[a; b]O_[c;d] = [e;f ];

where:

e =

8
<

:

a if a � c
0 if 0 � c < a

�1 elsewhere
f =

8
<

:

b if b � d
0 if 0 � d > b

+ 1 elsewhere:

The sameway, we designa new widening O_ over coherent di�erence bound matrices which givesalways
better result than sign analysis:

(mO_n) ij =

8
<

:

mij if nij � m ij

0 if m ij < n ij � 0
+ 1 elsewhere:

We could prove that O_ is a widening over coherent di�erence bound matrices and that computing an
iterating sequencewith O_ givesbetter results that O_ in the sameway than Theorem 22.

3.3.4 Narro wing revisited

Let m and n be two coherent matrices the V� domainsof which are not empty. We usethe samede�nition
for narrowing as in Section 2.4.4:

(m4 n) ij =
�

nij if mij = + 1
mij elsewhere:

We have the following properties which prove that 4 is a narrowing over C+ (V):

Theorem 23.

1. m4 n is coherent.

2. If �( D(n)) � �( D(m)) , then �( D(n)) � �( D(m4 n)) � �( D(m)) .

3. Finite decreasing chain property.

8m0 and for any decreasing chain n i ; i 2 N (in the sense8k; nk+1 P nk ), the chain de�ned by:
�

x0 = (m0)?

x i +1 = x i 4 ni

is ultimately stationary.

4. (m4 n?) ij � (m4 n) ij but the equality does not hold in general.

Proof.

1. The �rst point is obvious.

2. We always have 8i; j; (m4 n) ij � m ij , so D(m4 n) � D(m) is always true, and �( D(m4 n)) �
�( D(m)).

Suppose now that �( D(n)) � �( D(m)). By Theorem 17.1, 8i; j; n?
ij � m ij . Given i and j , if

mij = + 1 , then (m4 n) ij = n ij � n?
ij , and if m ij < + 1 , then (m4 n) ij = m ij � n?

ij . In all cases
n?

ij � (m4 n) ij , so D(n) = D(n?) � D(m4 n) and �( D(n)) � �( D(m4 n)).

2See[CC92b] for more detail on impro vement of widening with respect to a �nite lattice.
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3. The �nite decreasingchain property has already beenproved in Theorem 7.2.

4. The fourth point follows from n?
ij � n ij .

Remark: as in Section 2.4.4, given a sequencenk such that �( D(nk )) is decreasingfor � (but not nk

for P), the best way to ensurethe best accuracyas well as the �niteness of the sequencexk is to compute
xk+1 = xk 4 ((nk )?).

3.3.5 Forget revisited

Given a coherent matrix m the V� domain of which is not empty and a variable xk 2 V, we adapt the
forget operators de�ned in Section 2.4.5.

We intro duce a new operator, m 
 vk
de�ned by:

m
 vk
= mnv+

k nv �
k

where mnx k
is the forget operator of Section 2.4.5 de�ned by:

(mnx k
) ij =

8
<

:

mij if i 6= k and j 6= k
0 if i = j = k
+ 1 elsewhere:

We have the following properties:

Theorem 24.

1. If m is strongly closed then so is m 
 vk
.

2. If m is strongly closed then:

�( D(m
 vk
)) = f (t1; : : : ; tn ) 2 In j 9t 2 I ; (t1; : : : ; tk � 1; t; tk+1 ; : : : ; tn ) 2 �( D(m)) g:

Proof.

1. Supposethat m is strongly closed.

Then m is closedby Theorem 16.2. By Theorem 8.1, mnv+
k

and then mnv+
k nv �

k
are closed.

The coherenceand strong coherenceof mnv+
k nv �

k
is a consequenceof the coherenceand the strong

coherenceof m becausewe have:

(mnv+
k nv �

k
) ij =

8
<

:

0 if i = j 2 f v+
k ; v�

k g
+ 1 if i; j 2 f v+

k ; v�
k g; i 6= j

mij elsewhere

mnv+
k nv �

k
is closed,coherent and strongly coherent, soby Theorem 16.7, mnv+

k nv �
k

is strongly closed.

2. Supposethat m is closed. We have, by Theorem 8.2:

D(mnv+
k nv �

k
) =

f (s1; : : : ; s2n ) 2 I2n j 9s+ ; s� 2 I ; (s1; : : : ; s2k � 2; s+ ; s� ; s2k+1 ; : : : ; s2n ) 2 D(m) g

so

�( D(mnv+
k nv �

k
)) = f (t1; : : : ; tn ) 2 In j (t1; � t1; : : : ; � tn ) 2 D(mnv+

k nv �
k

) g

= f (t1; : : : ; tn ) 2 In j 9t 2 I ; (t1; � t1; : : : ; t; � t; : : : ; � tn ) 2 D(m) g
= f (t1; : : : ; tn ) 2 In j 9t 2 I ; (t1; : : : ; t; : : : ; tn ) 2 �( D(m)) g:
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As with mnvk
, the matrix m must be strongly closedif we want maximum accuracy.

It is not easyto de�ne a forget operator similar to m) vk
which would work even if m is not strongly

closed.
For example, the naive operator:

mn) vk
= m) v+

k ) v �
k

doesnot work as we get, by Theorem 9

D(m) v+
k ) v �

k
) = D((m� )nv+

k nv �
k

)

so
�( D(mn) vk

)) = �( D((m� )
 vk
))

which is weaker than:
�( D(mn) vk

)) = �( D((m?)
 vk
)) :

3.3.6 Adding and remo ving variables revisited

Adding and removing variables in coherent di�erence bound matrices is done as in Section 2.4.8. There
are however two di�erences. First, when removing or adding vk to m, we have to add or remove two rows
and columns in m instead of one: one for v+

k and one for v�
k . Last, we do not have a forget operator

working on non strongly closed matrices (equivalent to m) vk
), so we have to perform a strong closure

before removing a variable if we do not want to lose information.

Given a coherent di�erence bound matrix m, the V� domain of which is not empty, m with a new
variable will be written m+ and m with a removed variable will be written m � .

De�nition 4.

1. Consider adding the variable vn +1 to the coherent di�er ence bound matrix m, de�ned over V =
f v1; : : : ; vn g.

We simply add two new lines and columns �l led with + 1 except for the new diagonal elements:

8
<

:

m+
ij = m ij if i � n; j � n

m+
ij = 0 if i = j � n + 1

m+
ij = + 1 elsewhere

2. Consider removing the last variable vn from m, de�ned over V = f v1; : : : ; vn g.

We use the forget operator de�ned in Section 3.3.5 before removing the two last lines and columns
from m:

m�
ij = ((m?)
 vn ) ij if i � n � 2; j � n � 2:

We have the following theorem:

Theorem 25.

1. �( D(m+ )) = f (t1; : : : ; tn ; tn +1 ) j (t1; : : : ; tn ) 2 �( D(m)) ; tn +1 2 I g.

2. m+ is coherent; if m is strongly closed, so is m+ .

3. �( D(m� )) = f (t1; : : : ; tn � 1) j 9 tn 2 I ; (t1; : : : ; tn � 1; tn ) 2 �( D(m)) g.

4. m� is strongly closed.
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3.3.7 Guard revisited

As in Section 2.4.6, given a coherent di�erence bound matrix m, the V� domain of which is not empty,
and a guard g over V, we want to �nd a coherent di�erence bound matrix the V� domain of which contains
the set of elements in the V� domain of m satisfying g.

We will denote this new coherent di�erence bound matrix by m(g) .

As in Section 2.4.6, we will �nd in general a coherent di�erence bound matrix representing an over-
approximation of this set. However we gain someprecision here becausewe can represent exactly a wider
range of constraints.

De�nition 5.

1. If g = (vj 0 � vi 0 � c) (i 0 6= j 0, c 2 I ), then m(g) is de�ned by:

(m(v j 0 � v i 0 � c) ) ij =

8
<

:

min(m ij ; c) if i = i 0 and j = j 0

min(m ij ; c) if i = �| 0 and j = �{0

mij elsewhere:

2. If g = (vi 0 + vj 0 � c) (i 0 6= j 0, c 2 I ), then m(g) is de�ned by:

(m(v i 0 + v j 0 � c) ) ij =

8
<

:

min(m ij ; c) if i = �{0 and j = j 0

min(m ij ; c) if i = �| 0 and j = i 0

mij elsewhere:

3. If g = (� vi 0 � vj 0 � c) (i 0 6= j 0, c 2 I ), then m(g) is de�ned by:

(� m( � v i 0 � v j 0 � c) ) ij =

8
<

:

min(m ij ; c) if i = i 0 and j = �| 0

min(m ij ; c) if i = j 0 and j = �{0

mij elsewhere:

4. If g = (vi 0 � c) (c 2 I), then m(g) is de�ned by:

(m(v i 0 � c) ) ij =
�

min(m ij ; 2c) if i = �{0 and j = i 0

mij elsewhere:

5. If g = (� vi 0 � c) (c 2 I), then m(g) is de�ned by:

(m( � v i 0 � c) ) ij =
�

min(m ij ; 2c) if i = i 0 and j = �{0

mij elsewhere:

6. If g has one of the above form, except that the � sign is replaced by a = , we can always express
exactly g using two above inequalities (as we did for De�nition 1.2).

7. In all other cases,we simply choose:
m(g) = m:

The following properties are obvious:

Theorem 26.

1. m(g) is coherent.

2. �( D(m(g) )) � f t 2 �( D(m)) j t satis�es g g and we have equality in all but the last case of
De�nition 5.

3. ((m?)(g) )? = (m(g) )?.

4. ((m?)(g) )? P (m?)(g) but the equality does not hold in general.

As in Section 2.4.6, we do not need to strongly closea di�erence bound matrix before applying the
guard operator; however the result is seldomstrongly closed,event if the argument is.
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3.3.8 Assignmen t revisited

As in Section 2.4.7, given a coherent di�erence bound matrix m, the V� domain of which is not empty,
and an assignment vi  e(v1; : : : ; vn ) over V, we want to �nd a coherent di�erence bound matrix the
V� domain of which contains the set:

f (t1; : : : ; t i � 1; t; t i +1 ; : : : ; tn ) j 9t i ; (t1; : : : ; t i � 1; t i ; t i +1 ; : : : ; tn ) 2 �( D(m)) ; t = e(t1; : : : ; tn ) g

We will denote this new coherent di�erence bound matrix by m(v i  e) .

As in Section 2.4.7 we will �nd, in general, a coherent di�erence bound matrix representing an over-
approximation of this set. However, we gain someprecisionherebecausewe can represent exactly a wider
range of constraints and by using the projection operator de�ned in Section 3.2.4:

De�nition 6.

1. If e = x i 0 + c (c 2 I), then:

(m(x i 0  x i 0 + c) ) ij =

8
<

:

mij � c if i = i 0; j 6= j 0 or j = �{0; i 6= �| 0

mij + c if i 6= i 0; j = j 0 or j 6= �{0; i = �| 0

mij elsewhere:

2. If e = x j 0 + c (i 0 6= j 0, c 2 I ), then we usethe forget operator de�ned in Section 3.3.5 and the guard
operator de�ned in Section 3.3.7:

m(x i 0  x j 0 + c) = ((( m?)
 x i 0
)(x i 0 � x j 0 � c) )(x j 0 � x i 0 �� c) :

3. If e = � x j 0 + c (i 0 6= j 0, c 2 I ), we use the forget operator and two guard operator:

m(x i 0  � x j 0 + c) = ((( m?)
 x i 0
)(x i 0 + x j 0 � c) )( � x j 0 � x i 0 �� c) :

4. If e = c (c 2 I), we use the forget operator and two guard operator:

m(x i 0  c) = ((( m?)
 x i 0
)(x i 0 � c) )( � x i 0 �� c) :

5. If e is linear, we use the projection operator de�ned in Section 3.2.4 to �nd the maximum (e+ ) and
minimum value (e� ) e can take, and replace x i 0  e by � e� � x i 0 � e+ :

e+ = e(m?
v �

1 v+
1

=2; : : : ; m?
v �

n v+
n

=2)

e� = e(m?
v+

1 v �
1

=2; : : : ; m?
v+

n v �
n

=2)

m(x i 0  e) = ((( m?)
 x i 0
)(x i 0 � e+ ) )( � x i 0 � e� ) :

6. In all other cases,we simply forget about x i 0 :

m(x i 0  e) = (m?)
 x i 0
:

We have the following property:

Theorem 27.

1. m(x  e) is coherent.

2. �( D(mx i  e)) � f (t1; : : : ; t i � 1; t; t i +1 ; : : : ; tn ) j 9t i ; (t1; : : : ; tn ) 2 �( D(m)) ; t = e(t1; : : : ; tn ) g
and we haveequality in all but the two last casesof De�nition 6.

3. ((m?)(x i  e) )? = (m(x i  e) )?.

4. ((m?)(x i  e) )? P (m?)(x i  e) but the equality does not hold in general.

In all but the �rst caseof De�nition 6, we usethe forget operator 
 (Section 3.3.5) or the projection
operator (Section 3.2.4); so, in thesecases,we must compute the strong closureof the argument. However
the result is seldomstrongly closed,even if the argument is.

There is certainly many ways to improve precision in the two last casesof De�nition 6. Particularly ,
we could use the projection operator to handle simple arithmetic operations, such as � , =, : : : , with a
simple interval arithmetic, and then put the interval we computed back in the di�erence bound matrix as
in De�nition 6.5.
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Chapter 4

Abstract In terpretation using
Di�erence Bound Matrices

In this chapter, we describe how the algorithms presented in Chapter 3 can be applied to automatic pro-
gram analysis. After somealgebraicconsiderationabout the set of di�erence bound matrices, we intro duce
a small, yet Turing-equivalent, languageand give insights about approximate arithmetical analysis.

This program analysis is designedusing a very general framework, called Abstract In terpretation ,
which was �rst intro duced in [CC77]: we designan accuratebut non-decidablesemantics and an approxi-
mate computable semantics using least �xp oints in complete lattices, then we prove that the approximate
semantics is sound with respect to the accurate semantics using a Galois connection.

We now forget about about two-variable di�erence constraint sets(described in Chapter 2) and focus
only on two-variable sum and di�erence constraint sets (described in Chapter 3) becausethey are more
expressive.

4.1 Lattice structure

Given a set of variables V = f v1; : : : ; vn g and a numeric set I , we denote by L the concrete complete
lattice L = (P(V 7! I ); � ; ; ; V 7! I ; [ ; \ ).

Now we want to create a lattice of di�erence bound matrices representing two-variable di�erence or
sum constraint sets. Using the function �m: �( D(m)), we want then to assimilate this new lattice with a
sub-lattice of L .

There are two di�eren t basesetswe can consider,each with its advantage and drawback.
If we take the whole set of coherent di�erence bound matrices over N = f v+

1 ; v�
1 ; : : : ; v�

n ; v+
n g, then

we lack uniquenessof V� domain representation.
If we take only the set of strongly closed di�erence bound matrices over N , then we indeed have

uniquenessof V� domain representation, except for the ; V� domain for which there is no representation
at all.

Let us take the �rst approach:

De�nition 7.

1. M N (I ) is the union of the set of coherent di�er ence bound matrices over N = f v+
1 ; : : : ; v�

n g with
coe�cients in I � = I [ f + 1g and a new element, called ? .

2. v is the relation P, de�ned in Section 2.3.1, extended to ? :

m v n ( )
�

m = ?
m 6= ? ; n 6= ? and 8i; j; m ij � n ij
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3. > is the di�er ence bound matrix de�ned by: 8i; j; > ij = + 1 .

4. t and u are two-variable operators de�ned on M N (I ) by:

m t n =

8
<

:

m if n = ? or �( D(n)) = ;
n if m = ? or �( D(m)) = ;
(m?) _ (n?) elsewhere:

and

m u n =

8
<

:

? if m = ? or �( D(m)) = ;
? if n = ? or �( D(n)) = ;
m ^ n elsewhere:

The fact that M = (M N (I ); v ; ? ; > ; t ; u) is a complete lattice is a consequenceof Theorems 19
and 20. We do not sketch the proof here becausewe are more interested in the secondapproach.

Let us now take the secondapproach. Becausethere is no strongly closeddi�erence bound matrix that
can represent the empty V� domain, we add a new element which we call ? ?. Then, we have to extend
P, _, ^ and ? to work with this new element:

De�nition 8.

1. M ?
N (I ) is the union of the set of strongly closed di�er ence bound matrices over N = f v+

1 ; : : : ; v�
n g

with coe�cients in I � = I [ f + 1g and a new element, called ? ?.

2. v ? is de�ned on M ?
N (I ) by:

m v ? n ( )
�

m = ? ?

m 6= ? ?; n 6= ? ? and �( D(m)) � �( D(n))

3. > ? is the di�er ence bound matrix de�ned by: 8i 6= j; > ?
ij = + 1 , 8i; > ?

ii = 0.

4. The strong closure operator was de�ned in Section 3.2.2 only over the set of coherent di�er ence
bound matrices the V� domain of which is not empty. We extend the strong closure operator to an
operator from the set of coherent di�er ence bound matrices to M ?

N (I ) the following way:

m? =
�

m? if �( D(m)) 6= ;
? ? if �( D(m)) = ;

5. t ? and u? are two-variable operators de�ned on M ?
N (I ) by:

m t ? n =

8
<

:

m if n = ? ?

n if m = ? ?

m _ n elsewhere

and

m u? n =
�

? ? if m = ? ? or n = ? ?

(m ^ n)? elsewhere:

where _ and ^ are operators de�ned in Sections 20 and 19.

M ? = (M ?
N (I ); v ?; ? ?; > ?; t ?; u?) is a complete lattice thanks to the following theorem:

Theorem 28.

1. v ? is re
exive, transitive and anti-symmetric.

2. 8m 2 M ?
N (I ); ? ? v ? m v ? > ?.
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3. m; n v ? m t ? n, and m; n v ? o =) m t ? n v ? o.

4. m u? n v ? m; n, and o v ? m; n =) o v ? m u? n.

5. Given any set X � M ?
N (I ), there exists a greatest lower bound

d ? X , that is to say an element of
M ?

N (I ) such that 8x 2 X ;
d ? X v ? x and (8x 2 X ; m v ? x) =) m v ? d ? X .

Proof.

1. The re
exivit y and transitivit y of v ? are obvious.

2. By de�nition of v ?, 8m; ? ? v ? m.

The fact that 8m; m v ? > ? is a consequenceof �( D(> ?)) = (V 7! I ).

3. The casewhere m or n or both are equal to ? ? is obvious.

If m; n 6= ? ?, then m and n are strongly closeddi�erence bound matrices and m t ? n = m _ n. We
now use several points of Theorem 20. By the �fth point, m t ? n is also strongly closed. By the
secondpoint, m; n v ? m t ? n. By the third point, m; n; v ? o =) m t ? n v ? o.

4. The casewhere m or n or both are equal to ? ? is obvious.

If m; n 6= ? ?, then m and n are strongly closeddi�erence bound matrices and m u ? n = (m ^ n)?.
So m u? n is strongly closed. By Theorem 19.2, we have m u? n v ? m; n. Now if o v ? m; n, this
meansthat �( D(o)) � �( D(m)) \ �( D(n)) and using the sameTheorem 19.2, we get �( D(o)) �
�( D(m ^ n)), so o v ? m u? n.

5. There are two di�eren t casesto inspect:

� Suppose that there is a x in X which is equal to ? ?, or all x in X are strongly closed
di�eren t bound matrices but

T
x 2 X �( D(x)) = ; .

Then obviously ? ? is a correct greatest lower bound for X .
� Supposethat all x in X are strongly closeddi�eren t bound matrices and

T
x 2 X �( D(x)) 6=

; .

Let us take s 2
T

x 2 X �( D(x)). Then 8i; j; x; sj � si � x ij . This means8i; j; sj � si �
inf x 2 X x ij , so 8i; j; inf x 2 X x ij > �1 .

The following de�nition of a di�eren t bound matrix m doesmake sense:

mij = inf
x 2 X

x ij :

m is of coursecoherent, but we do not know whether it is not strongly closedor not.
However, we have s 2

T
x 2 X �( D(x)) ( ) 8x 2 X ; s 2 �( D(x)) ( ) 8x 2 X ; i; j; sj �

si � x ij ( ) 8i; j; sj � si � inf x 2 X x ij ( ) s 2 �( D(m)).
This means�( D(m)) =

T
x 2 X �( D(x)) 6= ; . Som? exists and is the greatest lower bound

of X .

Here are two interesting remarks:

� The existenceof least upper boundsfor arbitrary subsetof M ?
N (I ) is a consequenceof the

existenceof greatest lower bounds for arbitrary subsetof M ?
N (I ) and we de�ne the least

upper bound
F ? X of X by:

F ? X =
d ? f y 2 M ?

N (I ) j 8x 2 X ; x v ? y g:
� Least upper bounds and greatest lower bounds for arbitrary subset of M ?

N (I ) are com-
patible with the de�nition of binary least upper bound and greatest lower bound, that is
to say:

m t ? n =
F ? f m; ng; m u? n =

d ? f m; ng:

M ? will be called the abstract lattice .
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4.2 Galois connection

In order to state the relationship betweenour concretelattice L and our abstract lattice M ?, we construct
a pair of functions (� : M ?

N (I ) 7! P(V 7! I ); 
 : P(V 7! I ) 7! M ?
N (I )) such that

8D 2 P(V 7! I ); m 2 M ?
N (I ); � (D ) v ? m ( ) D � 
 (m):

Such a pairs is called a Galois connections . Galois connectionswere �rst usedin [CC77] in order to
analyze approximation of semantics.

Let us de�ne 
 by: �

 (? ?) = ;

 (m) = �( D(m)) if m 6= ? ?:

and � by:

� (D ) =
d ? f m 2 M ?

N (I ) j D � 
 (m) g:

We have the following theorem:

Theorem 29.

1. 
 is meet-preserving: 8X � M ?
N (I ); 
 (

d ? X ) =
T

x 2 X 
 (x).

2. (�; 
 ) is a Galois connection and 
 � � (D ) � D .

3. 
 is one-to-oneand � � 
 (m) = m.

4. 
 (
F ? X ) �

S
x 2 X 
 (x).

Proof.

1. Take X � M ?
N (I ).

If
d ? X = ? ] , then we have by de�nition of

d ?: ? ] 2 X or
T

x 2 X �( D(x)) = ; . In either caseswe
have, by de�nition of 
 : 
 (

d ? X ) = ; =
T

x 2 X 
 (x).

If
d ? X 6= ? ] , then ? ] =2 X and all x 2 X are strongly closeddi�erence bound matrices such that:T
x 2 X �( D(x)) 6= ; . We proved in Theorem 8.5 that, in this case,�( D(

d ? X )) =
T

x 2 X �( D(x))
which meansby de�nition of 
 : 
 (

d ? X ) =
T

x 2 X 
 (x).

2. Given two complete lattices and a meet-preserving
 function, there exists a unique � , de�ned as
we did, such that the pair (�; 
 ) is a Galois connection by Proposition 7 in [CC92a] (page 15).

The fact that (�; 
 ) is a Galois connection implies 
 � � (D ) � D .

3. Supposethat 
 (m) = 
 (m0).

If 
 (m) = 
 (m0) = ; then, by de�nition of 
 , m = m0 = ? ] .

If 
 (m) 6= ; , then m and m0 are strongly closed di�erence bound matrices with �( D(m)) =
�( D(m0)). By Theorem 17.2 we have m = m0.

So 
 is one-to-one. This implies � � 
 (m) = m by Proposition 8 in [CC92a] (page 15).

4. We have, by de�nition of
F ?:

F ? X =
d ? f y j 8x 2 X ; x v ? y g. We now usethe fact that 
 is a

meet preserving to get:


 (
F ? X ) = 
 (

d ? f y j 8x 2 X ; x v ? y g )
=

T
f 
 (y) j 8x 2 X ; x v ? y g

=
T

f 
 (y) j 8x 2 X ; 
 (x) � 
 (y) g
�

T
f Y j 8x 2 X ; 
 (x) � Y g

=
S

f 
 (x) j x 2 X g:

A Galois connection such that 
 is one-to-one(and dually, � is onto) is called Galois insertion and
written:

(P(V 7! I ); � ; ; ; V 7! I ; [ ; \ ) � � � !� ! � � � �
�



(M ?

N (I ); v ?; ? ?; > ?; t ?; u?):
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4.3 Concrete semantics

Let us considera simple imperative programming language:

I ::= ()
j I ; I
j x = �x + � y + c
j if (T ) then I else I
j while (T ) do I
j I por I

T ::= T and T
j T or T
j �x + � y + c � 0

wherex and y are distinct variables in a �nite set V = f v1; : : : ; vn g and � , � and c are constants in the
set I = Z. We denote by por the non-deterministic internal choice: either the right or the left argument
is executed(but not both).

We claim that I is Turing-equivalent, and so can embed the whole complexity of every programming
languagedesignedactually.

An environmen t is a function in (V 7! Z) which describesthe value of all variables. Given a program
p 2 I , and an environment as initial state, the execution of p on a computer can either stop after a �nite
time in an �nial state which is an environment, or loop forever.

Herewe want to analyzewhat is computed by p, that is to say, the set of �nal statesenvironment p can
reach in a �nite time, given a set of environments as possibleinitial states. Thus, we de�ne by induction
the concrete semantics JpKof a program p as a function from P(V 7! Z) to P(V 7! Z) by:

� J()K= �D : D
� Ja; bK= JbK� JaK
� Jvi = �v i + � vj + cK= �D : f (t1; : : : ; t i � 1; t i ; t i +1 ; : : : ; tn ) 2 V 7! Z j

9t; (t1; : : : ; t i � 1; t; t i +1 ; : : : ; tn ) 2 D ; t i = �t + � t j + c g
� Jif (t) then a else bK= �D : JaK(JtK(D)) [ JbK(D n JtK(D))
� Jwhile (t) do aK= �D : (�E : E n JtK(E))(lfp (�F : D [ JaK(JtK(F ))))
� Ja por bK= �D : JaK(D) [ JbK(D)
� Ja and bK= �D : JaK(D) \ JbK(D)
� Ja or bK= �D : JaK(D) [ JbK(D)
� J�v i + � vj + c � 0K= �D : f (t1; : : : ; tn ) 2 D j �t i + � t j + c � 0 g

We prove at the sametime that the least �xp oint, lfp , used used in Jwhile (t) do aKis well-de�ned
and that �D : JpK(D) is monotonic by induction on p:

Proof.

� J()K, Jvi = �v i + � vj + cKand J�v i + � vj + c � 0Kare obviously monotonic.

� Supposethat JaKand JbKare monotonic. Then soare Ja; bK, Ja or bK, Ja and bKand Ja por bK.

� To deal with if and while instructions, we need the following property: �D : D n JtK(D) is
monotonic for all t 2 T .

This is proved by induction on t:

� Let f = �D : J�v i + � vj + c � 0K(D).
f is a [ morphism, so that if D � D 0:

D 0n f (D 0) = D 0n f ((D 0n D) [ D )
= D 0n (f (D 0n D) [ f (D ))
= (D 0n f (D 0n D)) \ (D 0n f (D )) :

f is also decreasing,so:
f (D 0n D) � D 0n D:
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We then get:

D 0n f (D 0) � (D 0n (D 0n D)) \ (D 0n f (D ))
= D \ (D 0n f (D )) :

Supposethat x 2 D n f (D ), then x 2 D \ (D 0n f (D )) and x 2 D 0n f (D 0).

� We have:
D n (Ja or bK(D)) = D n (JaK(D) [ JbK(D))

= (D n JaK(D)) \ (D n JbK(D)) :

By induction, we have D n JaK(D) � D 0 n JaK(D 0) and D n JbK(D) � D 0 n JbK(D 0)
which settles the caseor .

� We have:

D n (Ja and bK(D)) = D n (JaK(D) \ JbK(D))
= (D n JaK(D)) [ (D n JbK(D)) :

By induction, we have D n JaK(D) � D 0 n JaK(D 0) and D n JbK(D) � D 0 n JbK(D 0)
which settles the caseand .

� Given the monotony of JaK, JbK and JtK, and the previous property, the monotony of
Jif (t) then a else bKis obvious.

� Supposethat JaKand JtKare monotonic.

Let f (D ) = �F : D [ JaK(JtK(F )))). If JaKand JtKare monotonic, so is f .

f (D ) is a monotonic operator in a complete lattice so,by Tarski Theorem (Theorem 2.5.1.0.4,
in [Cou78]), there exists a least �xp oint for f (D ) which is

S
o2O f o(D )( ; ) (where O is an

ordinal greater than the height of the lattice), and Jwhile (t) do aKis well-de�ned.

We also have: D � D 0 =) 8F; f (D )(F ) � f (D 0)(F ). Particularly 8o 2 O; f o(D )( ; ) �
f o(D 0)( ; ) and lfpf (D ) � lfpf (D 0). The third point settles the proof of the monotony of
Jwhile (t) do aK.

4.4 Abstract in terpretation

The concrete semantics we have designed is accurate but non-decidable becauseof the least �xp oint
involved in Jwhile (t) do aK. More theoretically, our concrete semantics can answer the non-decidable
problem \is there an entry environment for which the program p terminates in a �nite amount of time ?"
by simply testing whether JpK(V 7! Z) is empty or not.

We now designa computable approximation of this semantics using the abstract interpretation frame-
work1. An abstract environment is an element of M ?

N (Z); we intro duce the abstract semantics JpK] of
a program p, which is the function from M ?

N (Z) to M ?
N (Z) de�ned by induction by:

� J()K] = �m: m
� Ja; bK] = JbK] � JaK]

� Jvi = �v i + � vj + cK] = �m: (m(v i  �v i + � v j + c) )?

� Jif (t) then a else bK] = �m: JaK] (JtK] (m)) t ? JbK] (J: tK] (m))
� Jwhile (t) do aK] = �m: J: tK] ( m t ? (JaK] � JtK] (lfp m (�n: n O] (JaK] � JtK] (n?)))) ?) )
� Ja por bK] = �m: JaK] (m) t ? JbK] (m)
� Ja and bK] = �m: JaK] (m) u? JbK] (m)
� Ja or bK] = �m: JaK] (m) t ? JbK] (m)
� J�v i + � vj + c � 0K] = �m: (m( �v i + � v j + c� 0) )?

1See[Cou78] for a theoretical background and [Cou99] for a full example of the methodology of abstract interpretation.
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with the following rewriting rules for : :

: (a and b) ! (: a) or (: b)
: (a or b) ! (: a) and (: b)
: (�v i + � vj + c � 0) ! (� � )vi + (� � )vj + (1 � c) � 0

Remark that in Jwhile (t) do aK] , the least �xp oint is computed in the set of coherent di�erence bound
matrices, and not the set of strongly closeddi�erence bound matrices (seeSection2.4.3for a discussionon
how the �nite chain condition is broken when the result of the widening is closedafter each iteration; the
sameresult hold if the result of the widening is strongly closed). To get back in M ?

N (Z), we needto use
the strong closureoperator ? extendedto the empty V� domain (seeDe�nition 8.4). This extendedstrong
closure is also used to ensurethat the results of guards m( �v i + � v j + c� 0) (Section 3.3.7) and assignments
m(v i  �v i + � v j + c) (Section 3.3.8) are either ? ?, or a strongly closeddi�erence bound matrix.

We alsohave to adapt the widening operator de�ned in Section3.3.3to cope with ? ?, aswe did for the
_ and ^ operators to get t ? and u?. This is why we de�ne the following O] operator, the left argument
and the result of which are coherent di�erence bound matrices and the right argument of which is in
M ?

N (Z):

m O] n =

8
<

:

m if n = ? ]

n if �( D(m)) = ;
m O n elsewhere

Remark also that in Jwhile (t) do aK] , the last iteration of the loop has been unrolled to increase
precision of the analysis. Theorem 21.3 states that when iterating �n: n O] (JaK] � JtK] (n?)) from m, the
least �xp oint is reached after a �nite number of steps.

First we state a few properties:

Theorem 30.

1. The least �x-p oint used in Jwhile (t) do aK] is well-de�ned and JpK] is monotonic and we have:

(lfpm �n: n O] (JaK] � JtK] (n?))) ? w? lfpm �n: n t ? (JaK] � JtK] (n)) :

2. For all t 2 T , J: tK(D) = D n JtK(D).

Proof.

1. We proceedby induction on p:

Given the monotony of JaK] , JbK] , J: tK] , and JtK] , the monotony of J()K] , Ja; bK] ,
Jif (t) then a else bK] , Ja and bK] , Ja or bK] and Ja por bK] are obvious.

The monotony of Jvi = �v i + � vj + cK] and J�v i + � vj + c � 0K] are an easy consequenceof the
de�nition of the guard and assignment operators over coherent di�erence bound matrices (Sections
3.3.7 and 3.3.8).

To prove that the least �x-p oint in Jwhile (t) do aK] is well-de�ned, we useTheorem 4.1.1.0.1from
[Cou78] in the complete lattice M , with the following hypotheses:

� The function f = �n: nJaK] � JtK] (n?) is monotonic.
� x O] f (x) Q x t ? f (x).

which states that for every m, lfpm �n: n O] (JaK] � JtK] (n?)) exists and is greater than lfpm �n: n t ?

(JaK] � JtK] n) with respect to the P partial order. This means,by de�nition of v ? and the extended
strong closure(De�nition 8), and by Theorem 17.1 extended to handle empty V� domain:

(lfp m �n: n O] (JaK] � JtK] (n?))) ? w? lfpm �n: n t ? (JaK] � JtK] (n)) :

The monotony of Jwhile (t) do aK] is a consequenceof the monotony of, JaK] , J: tK] , JtK] , and
�m: lfpm �n: n O] (JaK] � JtK] (n?)).
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2. We prove the secondpoint by induction on t:

J: (a and b)K(D)
= J(: a) or (: b))K(D) (by de�nition of : )
= (J: aK(D)) [ (J: bK(D)) (by de�nition of J�K)
= (D n JaK(D)) [ (D n JbK(D)) (by induction hypothesis)
= D n (JaK(D) \ JbK(D)) (by n disrtibutivit y)
= D n (Ja and bK(D)) (by de�nition of J�K)

J: (a or b)K(D)
= J(: a) and (: b))K(D) (by de�nition of : )
= (J: aK(D)) \ (J: bK(D)) (by de�nition of J�K)
= (D n JaK(D)) \ (D n JbK(D)) (by induction hypothesis)
= D n (JaK(D) [ JbK(D)) (by n disrtibutivit y)
= D n (Ja or bK(D)) (by de�nition of J�K)

J: (�v i + � vj + c � 0)K(D)
= J(� � )vi + (� � )vj + (1 � c) � 0K(D) (by de�nition of : )
= f (v1; : : : ; vn ) 2 D j (� � )vi + (� � )vj + (1 � c) � 0g (by de�nition of J�K)
= D n f (v1; : : : ; vn ) 2 D j �v i + � vj + c � 0 g
= D n J�v i + � vj + c � 0K(D) (by de�nition of J�K)

Now we can prove by induction of p the soundness of JpKwith respect to JpK] , that is to say:

JpK(D) � 
 (JpK] (� (D )))

or, equivalently (because� is monotonic and � � 
 = id by Theorem 29.3):

� (JpK(D)) � JpK] (� (D ))

Proof.


 � J()K] � � (D )
= 
 � � (D ) (by de�nition of J�K] )
� D (by Theorem 29.2)
= J()K(D): (by de�nition of J�K)


 � Ja; bK] � � (D )
= 
 � JbK] � JaK] � � (D ) (by de�nition of J�K] )
= 
 � JbK] � � � 
 � JaK] � � (D ) (by Theorem 29.3)
� JbK� JaK(D) (by induction hypothesis)
= Ja; bK(D): (by de�nition of J�K)


 � Jif (t) then a else bK] � � (D )
= 
 ((JaK] � JtK] � � (D )) t ? (JbK] � J: tK] � � (D ))) (by de�nition of J�K] )
� (
 � JaK] � JtK] � � (D )) [ (
 � JbK] � J: tK] � � (D )) (by Theorem 29.4)
� (
 � JaK] � � � 
 � JtK] � � (D )) [ (
 � JbK] � � � 
 � J: tK] � � (D )) (by Theorem 29.3)
� (JaK� JtK(D)) [ (JbK] � J: tK(D)) (by induction hypothesis)
� (JaK� JtK(D)) [ (JbK] (D n JtK(D))) (by Theorem 30.2)
= Jif (t) then a else bK(D): (by de�nition of J�K)
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 � Ja and bK] � � (D )
= 
 ((JaK] � � (D )) u? (JbK] � � (D ))) (by de�nition of J�K] )
� (
 � JaK] � � (D )) \ (
 � JbK] � � (D )) (by Theorem 29.1)
� (JaK(D)) \ (JbK(D)) (by induction hypothesis)
= Ja and bK(D): (by de�nition of J�K)


 � Ja or bK] � � (D )
= 
 ((JaK] � � (D )) t ? (JbK] � � (D ))) (by de�nition of J�K] )
� (
 � JaK] � � (D )) [ (
 � JbK] � � (D )) (by Theorem 29.1)
� (JaK(D)) [ (JbK(D)) (by induction hypothesis)
= Ja or bK(D): (by de�nition of J�K)


 � Ja por bK] � � (D )
= 
 ((JaK] � � (D )) t ? (JbK] � � (D ))) (by de�nition of J�K] )
� (
 � JaK] � � (D )) [ (
 � JbK] � � (D )) (by Theorem 29.1)
� (JaK(D)) [ (JbK(D)) (by induction hypothesis)
= Ja por bK(D): (by de�nition of J�K)


 � Jvi = �v i + � vj + cK] � � (D )
= 
 (( � (D )(v i  �v i + � v j + c) )?) (by de�nition of J�K] )
� f (s1; : : : ; sn ) j (s1; : : : ; si � 1; s; : : : ; sn ) 2 
 � � (D ); si = �s + � sj + c g (by Theorem 27.2)
= Jvi = �v i + � vj + cK� 
 � � (D ) (by de�nition of J�K)
� Jvi = �v i + � vj + cK(D): (by monotony of J�K)


 � J�v i + � vj + c � 0K] � � (D )
= 
 (( � (D )(v i + � v j + c) � 0)?) (by de�nition of J�K] )
� f (s1; : : : ; sn ) 2 
 � � (D ) j �s i + � sj + c � 0 g (by Theorem 26.2)
= Jvi = �v i + � vj + cK� 
 � � (D ) (by de�nition of J�K)
� Jvi = �v i + � vj + cK(D): (by monotony of J�K)

Let f = �F : D [ JaK(JtK(F )) and f ] = �n: n t ? (JaK] � JtK] (n)).
Supposethat D � F , we have by induction hypothesis f (F ) � 
 (f ] (� (F ))?). We also remark that

�F : 
 (f ] (� (F ))?) is monotonic becausef ] , � and 
 are monotonic. Now we can apply �x-p oint transfer
Theorem 25 in [CC92a] (page 26) to obtain lfpf � 
 ((lfp � (D ) f ] )?), or equivalently � (lfp f ) � lfp � (D ) f ] )?

(because� is monotonic and � � 
 = id by Theorem 29.3) so:


 � Jwhile (t) do aK] � � (D )
= 
 (J: tK] (� (D ) t ? (JaK] � JtK] (lfp � (D ) (�n: n O] (JaK] � JtK] (n?)))) ?))) (by de�nition of J�K] )
� 
 (J: tK] (� (D ) t ? (JaK] � JtK] (lfp � (D ) (�n: n t ? (JaK] � JtK] (n?)))) ?))) (by Theorem 30.1

and monotony of J�K] and 
 )
� 
 (J: tK] (� (D ) t ? JaK] � JtK] � � (lfp �F : D [ JaK� JtK(F )))) (by �xp oint transfert

and monotony of J�K] and 
 )
� J: tK� 
 (� (D ) t ? JaK] � JtK] � � (lfp �F : D [ JaK� JtK(F ))) (by induction hypothesis)
� J: tK� 
 (� (D ) t ? � � JaK] � JtK] (lfp �F : D [ JaK� JtK(F ))) (by induction hypothesis

and monotony of J�Kand 
 )
� J: tK(
 � � (D ) [ 
 � � � JaK� JtK(lfp �F : D [ JaK� JtK(F ))) (by Theorem 29.4

and monotony of J�K)
� J: tK(D [ JaK� JtK(lfp �F : D [ JaK� JtK(F ))) (by Theorem 29.2)
= J: tK(lfp �F : D [ JaK� JtK(F )) (becausef (lfp f ) = lfpf )
= (�E : E n JtK(E))(lfp (�F : D [ JaK(JtK(F )))) (by Theorem 30.2)
= Jwhile (t) do aK(D): (by de�nition of J�K)
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Thus, abstract interpretation of the program p gives us a sup erset of the �nal environments p can
reach in a �nite time, given a set of possibleinitial states. The abstract semantics is sound with respect
to the concretesemantics.
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Chapter 5

Implemen tation and Results

An analyzer basedon di�erence bound matrix abstract semantics for the simple languagedescribed in
Chapter 4 has beenimplemented in OCaml . Given a program p, the analyzer computesJpK] (> ?).

In this section we discussthe actual implementation of this analyzer and give someresults. We also
give someinsights on how to improve the representation of di�erence bound matrices.

5.1 Algorithms

In this sectionwe present in pseudo-code the algorithms that are usedto compute the abstract semantics.

An element of M ?
N (Z) is either a strongly closed2n � 2n di�erence bound matrix, either the constant

value Empty which is the computer representation for ? ?:

domain:== 2n � 2n matrix in Z [ f + 1g j Empty

Here are two very useful algorithms operating on coherent di�erence bound matrices:

� Empty test basedon the Bellman-Ford algorithm (seeSection 25.3 in [CLR90], Section 2.3.2
and Theorem 15 in this report):

is empt y (m: 2n � 2n matrix) : boolean
d=new array(2n+1);
for i=1 to 2n do d[i]:= + 1 ; done;
d[2n+1]:=0;
for i=1 to 2n+1 do

for x=1 to 2n do
for y=1 to 2n do

d[y]:=min(d[y],d[x]+m[x][y]);
done;

done;
for y=1 to 2n do

d[y]:=min(d[y],d[2n+1]);
done;

done;
for x=1 to 2n do

for y=1 to 2n do
if (d[y]> d[x]+m[x][y]) then return True;

done;
done;
for y=1 to 2n do

if (d[y]> d[2n+1]) then return True;
done;return False;

5.1- Algorithms 59



Repr �esentation de contrain tes de somme et de di� �erence de deux variables Antoine Min �e

� Strong closure(seeSection 3.2.2) extended to managethe empty V� domain:

strong closure (m: 2n � 2n matrix) : domain
if is empty(m) then return Empty;
t1:=new matrix(2n,2n);
t2:=m;
for i=1 to n do

for x=1 to 2n do
for y=1 to 2n do

t1[x][y]:=min(t2[x][y],
t2[x][2i-1]+t2[2i-1][y],
t2[x][2i]+t2[2i][y],
t2[x][2i]+t2[2i][2i-1]+t2[2i-1][y],
t2[x][2i-1]+t2[2i-1][2i]+t2[2i][y]);

done;
done;
for i=1 to 2n do t1[i][i]:=0; done;
for x=1 to n do

for y=1 to n do
t2[2x-1][2y-1]:=min(t1[2x-1][2y-1],(t1[2x-1][2x]+t1[2y-1][2y])/2);
t2[2x][2y-1]:=min(t1[2x][2y-1], (t1[2x][2x-1]+t1[2y-1][2y])/2);
t2[2x-1][2y]:=min(t1[2x-1][2y], (t1[2x-1][2x]+t1[2y][2y-1])/2);
t2[2x][2y]:=min(t1[2x][2y], (t1[2x][2x-1]+t1[2y][2y-1])/2);

done;
done;

done;
return t2;

� Equalit y test (seeSection 3.2.3) extended to managethe empty V� domain:

are equal (d1,d2: domain) : boolean
if (d1=Empty and d2=Empty) then return True;
if (d1=Empty or d2=Empty) then return False;
for x=1 to 2n do

for y=1 to 2n do
if (d1[x][y]6= d2[x][y]) then return False;

done;
done;
return True;

Here are the main operations on M ?
N (Z):

� Least upper bound t ? which is the _ operator (seeSection 3.3.2) extended to manage the
empty V� domain:

lub (d1,d2: domain) : domain
if (d1=Empty) then return d2;
if (d2=Empty) then return d1;
d:=new matrix(2n,2n);
for x=1 to 2n do

for y=1 to 2n do
d[x][y]:=max(d1[x][y],d2[x][y]);

done;
done;
return d;
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� Greatest lower bound u? which is the ^ operator (seeSection 3.3.1) extended to managethe
empty V� domain:

in tersection (d1,d2: domain) : domain
if (d1=Empty) then return Empty;
if (d2=Empty) then return Empty;
d:=new matrix(2n,2n);
for x=1 to 2n do

for y=1 to 2n do
d[x][y]:=min(d1[x][y],d2[x][y]);

done;
done;
return strong closure(d);

� Widening O] (seeSection4.4) which is the O operator (seeSection 3.3.3) extendedto manage
the empty V� domain:

widening (m1: 2n � 2x matrix, d2: domain) : 2n � 2n matrix
if (is empty(m1)) then return d2;
if (d2=Empty) then return m1;
m:=new matrix(2n,2n);
for x=1 to 2n do

for y=1 to 2n do
if (m1[x][y]> d2[x][t])
then m[x][y]:=+ 1 ; elsem[x][y]:=d2[x][y];

done;
done;
return m;

� We do not describe here the implementation for guard, assignment and forget operators ex-
tended to managethe empty V� domain becausethey are easy(seeSections3.3.7, 3.3.8 and
3.3.5).

We do not describe here the procedurecomputing recursively the abstract semantic of all instructions
in I and T becausemost of them only call the operators on domain described above. The only complicated
casewe take care to describe in detail is the loop instruction Jwhile (t) do aK] :

lo op (d: domain, t,a: program) : domain
new:=d;
repeat

last:=new;
new:=widening(last,JaK] (JtK] (strong closure(last))));

until (are equal(strongclosure(new),strongclosure(last)));
new:=JaK] (JtK] (strong closure(last)));
return J: tK] (lub(d,new));

5.2 Results

We had time only to test a few small examples. The syntax of the programming language described
in Chapter 4 made it easy to implement the analyzer in OCaml but did not allow us to test with real,
large-scaleprograms. This analyzer takesa program p asinput an outputs the abstract semantics JpK] (> ?).
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� The �rst example:

x = 0;
y = 100;
while x < 40 do

if z = 0 then x = x + 1 elsex = x + 2
done

givesus the following result:

x 2 [40; 41]
y 2 [100; 100]
x � y 2 [� 60; � 59]
x + y 2 [140; 141]

� The secondexample:

x = 12;
y = 0;
while z > 0 do

x = x + 1;
y = y � 1;
z = z � 1

done

givesus the following result:

x 2 [12; + 1 ]
y 2 [�1 ; 0]
z 2 [�1 ; 0]
x � y 2 [12; + 1 ]
x + y 2 [12; 12]
x � z 2 [12; + 1 ]
y + z 2 [�1 ; 0]

� Here is a more complex examplewhich provesthat the heap sort algorithm doesnot perform
any index out of bound error.

Here is the pseudo-code of the core algorithm usedin heap sort, as described in Section 7.2 of
[CLR90]:

heap (A: array [1,size],i : integer)
l = 2i ;
r = 2i + 1;
if l � sizeand A:[l ] > A:[i ]

then max= l
elsemax= i

if r � sizeand A:[r ] > A:[max]
then max= r

if max6= i
then swap(A:[i ],A:[max]); heap(A, max)
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Here is a the actual algorithm we analyze,written in our programming language:

i = 1;
�n = 0;
error= 0;
while size� 0 do done;
while �n = 0 and error= 0 do

l = 2 � i ;
r = 2 � i + 1;
if l � sizethen
begin

if l < 1 or l > sizethen error= 1;
max= l por max= i

end
elsemax= i ;
if r � sizethen
begin

if r < 1 or r > sizethen error= 1;
max= r por ()

end;
if i 6= max then
begin

if i < 1 or i > sizethen error= 1;
if max< 1 or max> sizethen error= 1;
i = max

end
else�n = 1

done

Remark that this translation perform no actual sort but only array bound check and that it
usesa variable error to detect index out of bound error. The while size� 0 statement ensures
that we analyze only caseswhen size is strictly positive. Remark also that, becausewe do
not keeptrace of array element values, the two tests using A have been replacedby the non-
deterministic internal choice por.

Our analysis discovers that, when the program stops after a �nite number of steps, then the
variable error always equalszero, which meansthat there was no index out of bound error.

� Now we present an unfruitful example: the bakery algorithm which is a synchronization algo-
rithm for parallel processesdescribed in [Sa•�00].

After the initialization of two global sharedvariables y1 and y2, two processesp1 and p2 are
spawned. They synchronize through the variables y1 and y2, representing the priorit y of p1
and p2, so that only one processat a time can enter its critic al section.
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y1 = 0;
y2 = 0;

p1 ()
y1 = y2 + 1;
while y2 6= 0 and y1 > y2 do done;
- - - critic al section - - -
y1 = 0;

p2 ()
y2 = y1 + 1;
while y1 6= 0 and y2 � y1 do done;
- - - critic al section - - -
y2 = 0;

Here is the translated program we actually analyze:

y1 = 0;
y2 = 0;
p1 = 1;
p2 = 1;
error= 0;
while error= 0 do

begin
if p1 = 1 then begin p1 = 2; y1 = y2 + 1 end else
begin if p1 = 2 then begin if y2 = 0 or y1 � y2 then p1 = 3 endelse
begin if p1 = 3 then begin p1 = 1; y1 = 0 endend end

end
por
begin

if p2 = 1 then begin p2 = 2; y2 = y1 + 1 end else
begin if p2 = 2 then begin if y1 = 0 or y2 < y1 then p2 = 3 endelse
begin if p2 = 3 then begin p2 = 1; y2=0 end endend

end;
if p1 = 3 and p2 = 3 then error= 1

done

The variablesp1 and p2 are the program counters for the two processes.The main while state-
ment simulates one step of either processusing the por non-deterministic choice instruction.
This program terminates if and only if the two processesare in their critical section at the
sametime.

The bakery algorithm is correct, that is to say: JpK(V 7! N ) = ; . However the abstract
semantics computed by our analyzer is not preciseenoughto prove it: we �nd JpK] (> ?) A? ? ?

(error = 1) which is a sound but too impreciseanswer.

5.3 Av oiding closure operator

In Chapter 4, we choseto represent abstract valuesby strongly closeddi�eren t bound matrices.
To make sure that all variables of type domain are either Empty, or strongly closed matrices, the

algorithms described in Section 5.1 often use the strong closurefunction. As the strong closurefunction
runs in O(n3) time whereasall other run in O(n2) time at most, it is greatly rewarding to decreasethe
number of call to this function.

Our solution is very simple: weextend domainto represent either Empty, or a coherent di�erence bound
matrix together with a closure 
ag that says whether the di�erence bound matrix is strongly closedor
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not. Now we alter the algorithms to perform a strong closurecall only when they needa di�erence bound
matrix to be strongly closed,and to set the closure
ag when they return a di�erence bound matrix which
is not strongly closed.

5.4 Adaptation to real-life programming languages

For sake of simplicit y, we presented an analysis for a languagewith a reducednumber of operations and
ideal arithmetic over Z. This is su�cien t to represent theoretically every programming languagewe could
imagine, however adaptation to real-life computers and languagesis not always easy.

We present in this section someinsight on how to adapt di�erence bound matrices basedanalysis to
real-life programming languages:

� First of all, computer can only represent a �nite subset of Z. This means that arithmetic
over
o w can occur in all algorithms described in Section 5.1.

On way to overcomethis problem is to catch over
o w errors and return + 1 as the result of
the operation. This is sound but results in somelack of precision.

� When dealing with a non-linear arithmetic instruction the semantics of which is complex, we
can simply usethe forget operator for every variable changedby this instruction.

A more preciseway to improve the guard (Section 3.3.7) and assignment (Section 3.3.8) op-
erators in order to handle complex arithmetic operations is to use the projection operator to
get the bound of all variables, and then to use simple interval arithmetic. The informations
computed can then be put back in the di�erence bound matrix, as done in De�nition 6.5. of
the assignment operator.

5.5 Space e�cien t represen tation of di�erence bound matrices

Using the di�erence bound matrices, we saw how to represent V� domain using a �xed spacein O(n2)
(wheren = Card(V)). Becausemost operatorsneedto beperformedon closedmatrices for better accuracy,
speedis limited to that of the Floyd-Warshall shortest-path algorithm and we consumeO(n3) time.

Experienceshows that, in static analysis,spaceis a much more severeproblem than time, sowe discuss
here two ways to improve spacee�ciency .

� First of all, let us remark that there can be many + 1 in the di�erence bound matrices, so we
could switch to a potential graph representation which stores only arcs with a �nite weight.
This representation is much more memory e�cien t. If there are a �nite elements in m, then
G(m) usesa O(a) space.

Most algorithms are also asymptotically more e�cien t on potential graphs than on di�erence
bound matrices (O(n2) is replacedby O(c)), but they are more di�cult to implement and may
be slower in practice.

The Floyd-Warshall closurealgorithm presented in Section 2.3.3 can be replacedby the more
complexbut much more e�cien t Johnsonalgorithm (O(n �a� log n) instead of O(n3)). However
there is no adaptation of the Johnson algorithm for computing strong closureneededfor our
analysis. So we must usethe Floyd-Warshall variant described in Section 3.2.2, which runs in
O(n3) on matrices and O(a � n) on potential graphs.

� Now we remark that, in a di�erence bound matrix, someelements can be replaced by + 1
without changing the N � domain (and so, the V� domain). For example, if m ij = m ik + mk j

and if we denote by n the matrix equal to m except for n ij = + 1 , then we have m? = n?.
More generally, in the potential graph representation, we can simply remove arcs for which
there exists a path in the graph with the sameendingsand weight.
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There exists a minimal form for a potential graph, that is to say a graph with the same
N � domain, but with the least possiblenumber of arcs. An algorithm to compute this form is
described in Section 3 of [LLPY ].

Remark that computing the closure or the strong closure of the minimal form add many
redundant arcs. Thus, the minimal form is useful for memory-e�cien t storing, but not for
direct computing requiring closedor strongly closedforms.

5.6 Other applications and future work

We provided in Chapter 4 only an exampleapplication of our numeric lattice to program analysis. There
are other types of semantics and other analysis techniques than can take advantage this new numeric
lattice. Here are someexamples:

� Fran�cois Bourdoncle described in [Bou93] a complete inter-procedural numeric analyzer of a
Pascal programming languagewith reference,using both forward and backward semantics.
This analyzer, called Synto x 1, was based on the intervals lattice. Using our lattice would
improve accuracyof the analyzeand would result in relational invariants being discovered.

� David Monniaux proposesin [Mon00] to lift any lattice to a corresponding probabilistic lattice.
The probabilistic lattice can then be used to analyze probabilit y for invariants in a program
using probabilistic random inputs. Experiments were carried to lift the intervals and the
polyhedra lattices. We are now working on plugging our new lattice into the experimental
probabilistic analyzer.

1Seethe following web page for more information about Synto x : http://www.cma.ensmp.f r/Fr ancois. Bourdoncle /syn tox - di stri but ion. html .
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Chapter 6

Conclusion

In this report, we presented a new program analysisbasedon abstract interpretation and di�erence bound
matrices. This analysis allows us to �nd invariants of the form � x � y � c with O(n2) spacecost per
abstract state and O(n3) time cost per abstract operation.

Thanks to the abstract interpretation framework, the soundnessof the analysis is easy to prove: we
compute a super-setof the set of behavior a program can take. It is very di�cult to analyzethe preciseness
of the analysis from a theoretical point of view. We lose precision when we apply operators for which
two-variable di�erence or sum constraint setsare not stable (union, assignment and guard) and when we
compute a least �x-p oint upper-approximation using widening instead of least-upper bound. We were
only able to prove that this analysis is always more precise than the widespreadintervals analysis. We
also gave someexampleswhere our analysis succeedsor fails in proving the correctness.

I would like to acknowledgeJ�erômeFeret, David Monniaux, Charles Hymans and Laurent Mauborgne
for their help during my research and the writing and this report.
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