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ABSTRACT

Recent work in signal processing and statistics have facosedefining new regularization functions, which not only
induce sparsity of the solution, but also take into accobatstructure of the probleft/ We present in this paper a
class of convex penalties introduced in the machine legroommunity, which take the form of a sum &f and /-
norms over groups of variables. They extend the classicalmsparsity regularizatiénl®in the sense that the groups
possibly overlap, allowing more flexibility in the group dgps We review efficient optimization methods to deal with
the corresponding inverse problefis® and their application to the problem of learning dictiorardf natural image
patches?*-18 On the one hand, dictionary learning has indeed proventaféefor various signal processing tasks!® On
the other hand, structured sparsity provides a naturaldweork for modeling dependencies between dictionary elésnen
We thus consider a structured sparse regularization to ldiationaries embedded in a particular structure, foransg

a treé! or a two-dimensional grid% In the latter case, the results we obtain are similar to tbeaiaries produced by
topographic independent component analgis.

Keywords: Sparse coding, structured sparsity, dictionary learning

1. INTRODUCTION

Sparse representations have recently drawn much intarggtial, image, and video processing. Under the assuntpibn
natural images admit a sparse decomposition in some redtibdsis (or so-calledictionary), several such models have
been proposed, e.g., curveldtsyedgelets® bandletd* and more generally various sorts of wavef®d.earned sparse
image models were first introduced in the neuroscience caritynby Olshausen and Fielti ° for modeling the spatial
receptive fields of simple cells in the mammalian visual@ariThe linear decomposition of a signal using a few atoms of
alearneddictionary instead of predefined ones, has recently ledatie-sif-the-art results for numerous low-level image
processing tasks such as denoising, inpainfiid 2or texture synthesi&, showing that sparse models are well adapted
to natural images. Unlike decompositions based on prihcipaponent analysis, these models can rely on overcomplete
dictionaries, with a number of atoms greater than the agigiimension of the signals, allowing more flexibility to ata

the representation to the data.

In addition to this recent interest from the signal and impigeessing communities for sparse modelling, statisticia
have developed similar tools from a different point of vidw.signal processing, one often represents a data vgaibr
fixed dimensiorm as a linear combination gf dictionary element® = [d?,...,dP] in R™P, In other words, one looks
for a vectora in RP such thaty ~ Da. When we assume to be sparse—that is has a lot of zero coefficients, we obtain a
sparse linear model and need appropriate regularizatizetins. WherD is fixed, the columnsl' can be interpreted as
the elements of a redundant basis, for instance wavélets.

Let us now consider a different problem occurring in statssbr machine learning. Given a training ggtxhHm
where they''s are scalars, and thé’s are vectors ifRP, the task is to predict a value fgrfrom an observatiox in RP.
This is usually achieved bigarninga model from the training data, and the simplest one is tomasghat there exists a
linear relationshipy ~ x"w, wherew is a vector inRP. Learning the model amounts to adapto the training set and
denoting byy the vector inR" whose entries are thé's, andX the matrix inR™P the matrix whose rows are thé&s, we
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end up looking for a vectar such thaty =~ Xw. When one knows in advance that the veetas sparse, a similar problem
as in signal processing is raised, whetean be interpreted as a “dictionary” but is often called acdefeatures” or
“predictors”. This is therefore not surprising that botmsounities have developed similar tools, the Lasso forronigf
L2-boosting algorithn?? forward selection techniqu&in statistics are respectively equivalent (up to minor iigtto the
basis pursuit problerft matching and variants of orthogonal matching pursuit algors 32

Formally, the sparse decomposition problem of a signesing a dictionaryp amounts to finding a vector minimizing
the following cost function

1 )
min >l — Dallz +Aw(a), (1)

wherey is a sparsity-inducing function, arida regularization parameter. A natural choice is to use/ghguasi-norm,
which counts the number of non-zero elements in a vectodjingshowever to an NP-hard problefhwhich is usually
tackled with greedy algorithm®. Another approach consists of using a convex relaxation asdhe/;-norm. Indeed,
it is well known that the/; penalty yields a sparse solution, but there is no analytic lietween the value of and the
effective sparsity|x||o that it yields.

We consider in this paper recent sparsity-inducing pessattapable of encoding the structure of a signal decomgositi
on a redundant basis. Thenorm primarily encourages sparse solutions, regardfgbe @otential structural relationships
(e.g., spatial, temporal or hierarchical) existing betwte variables. To cope with that issue, some effort hasitydeeen
devoted to designing sparsity-inducing regularizaticayzable of encoding higher-order information about thegpast of
non-zero coefficients, some of these works coming from thehina learning/statistics literaturé others from signal
processing. We use here the approach of Jenatton étwho consider sums of norms of appropriate subsetgrarps
of variables, in order to control the sparsity patterns efdblutions. The underlying optimization is usually difficin
part because it involves nonsmooth components. We reviategtes to address these problems, first when the groups are
embedded in a trek!! second in a general settifg.

Whereas these penalties have been shown to be useful fangebiiious problems in computer vision, bio-informatics,
or neurosciencé;* we address here the problem of learning dictionaries ofrabitmage patches which exhibit particular
relationships among their elements. Such a constructiomoisvated a priori by two distinct but related goals: first to
potentially improve the performance of denoising, inpaiptor other signal processing tasks that can be tackleddbase
on the learned dictionaries, and second to uncover or reagaé of the natural structures present in images. In previou
work,'* we have for instance embedded dictionary elements intealigeusing a hierarchical noriThis model encodes
a rule saying that a dictionary element can be used in thendleasition of a signal only if its ancestors in the tree are
used as well, similarly as in the zerotree wavelet mdfiéh the related context of independent component analySis)(l
Hyvarinen et af! have arranged independent components (correspondingtiordiry elements) on a two-dimensional
grid, and have modelled spatial dependencies between iw@n learned on whitened natural image patches, this model
exhibits “Gabor-like” functions which are smoothly orga@dl on the grid, which the authors call a topographic map. As
shown in Ref. 20, such a result can be reproduced with a datjolearning formulation using structured regularizatio

We use the following notation in the paper: Vectors are deshbly bold lower case letters and matrices by upper case
ones. We define fog > 1 the/q-norm of a vectox in R™ as||x||q = (34 [xi|9)¥/9, wherex; denotes thé-th coordinate
of X, and||X||e £ MaX_1__m|Xi| = liMge||X||q. We also define théy-pseudo-norm as the number of nonzero elements
in a vector: |[x|lo £ #{i s.t. Xj # 0} =limg_ o+ (3™ |xi|9). We consider the Frobenius norm of a mafdxn R™":
X[l £ (zm4 301 X5)Y/2, whereXi;j denotes the entry of at rowi and columnyj.

This paper is structured as follows: Section 2 reviews tldiatiary learning and structured sparsity frameworks,

Section 3 is devoted to optimization techniques, and Seeito experiments with structured dictionary learning. éNot
that the material of this paper relies upon two of our papatdighed in the Journal of Machine Learning Reseatch’

2. RELATED WORK

We present in this section the dictionary learning framéveord structured sparsity-inducing regularization fuoicsi.

*Note that it would be more proper to Wri\qezug instead of|x||o to be consistent with the traditional notatifxi|. However, for the
sake of simplicity, we will keep this notation unchanged in the rest of therpape



2.1 Dictionary Learning

Consider a signay in R™. We say thaly admits a sparse approximation over a diction@rin R™P, composed op
elements (atoms), when we can find a linear combination aha™&toms fronD that is “close” to the original signal. A
number of practical algorithms have been developed fonlagrsuch dictionaries like the K-SVD algorithththe method

of optimal directions (MOD}8 stochastic gradient descent algoritifhsr other online learning techniqué&yhich will

be briefly reviewed in Section 3. This approach has led toraévestoration algorithms, with state of the art results in
image and video denoising, inpainting, demosaiéihg’ and texture synthesfs.

Given a training set of signa = [y1,...,y"] in R™", such as natural image patches, dictionary learning aredant
finding a dictionary which is adapted to every sigglain other words it can be cast as the following optimizatiooigtem

n
. 1. . )
min — —Da! 2 AU(a! ,
DEC,AERPXﬂi;ZHy 124+Ag(a’), @)

whereA = [a,...,a"] are decomposition coefficienty,is a sparsity-inducing penalty, artiis a constraint set, typically
the set of matrices whose columns have less thar/phmorm:

CE{DEeR™P:Vj=1,..p |d|2<1}. 3)

To preventD from being arbitrarily large (which would lead to arbitigrsmall values ofa), it is indeed necessary to
constrain the dictionary with such a st We also remark that dictionary learning is an instance dfiméactorization
problem, which can be equivalently rewritten

. 1

min
DeC,AcRPxN 2

IY — DAJ2+ AW/ (A), @)

with an appropriate functiog’. Noticing this interpretation of dictionary learning as atnix factorization has a number

of practical consequences. With adequate constraingésamdD, one can indeed recast several classical problems as regu-
larized matrix factorization problems, for instance pifrad component analysis (PCA), non-negative matrix faztdion
(NMF),%6 hard and soft vector quantization (VQ). As a first consegegait of these approaches can be addressed with
similar algorithms, as shown in Ref. 18 natural approach to approximately solve this non-comprelem is for instance

to alternate between the optimization@fandA in Eqg. (4), minimizing over one while keeping the other oned¥ a
technique also used in the K-means algorithm for vector tigetion.

Another approach consists of using stochastic approximatand use online learning algorithms. Wheis large,
finding the sparse coefficiens with a fixed dictionaryD requires solvingh sparse decomposition problems (1), which
can be cumbersome. To cope with this issue, online leareicigniques adopt a different iterative algorithmic scheme:
At iterationt, they randomly draw one signgl from the training set (or a mini-batch), and try to “improv@”given
this observation. Assume indeed timeis large and that the image patchésre i.i.d. samples drawn from an unknown
distributionp(y), then Eq. (2) is asymptotically equivalent to

. 1 )
DNy | in 31y~ Datl3 + Ap(a) . ©

In order to optimize a cost function which includes an exateh, it is natural to use stochastic approximatidhgvheny
is the/1-norm, this problem is also under mild assumptions difféatre (see Mairal et &P for more details), and a first
order stochastic gradient descent st&p8given a signay! can can be written:

D« Me[D+&(y ~Data'T)], 6)

whered; is the gradient stef] - is the orthogonal projector ont@. The vector! carries the sparse coefficients obtained
from the decomposition oft with the current dictionaryd. Wheny is the £o-norm, this iteration is heuristic but gives
good results in practice, whap is the £1-norm, and assuming the solution of the sparse decompogitiablem to be
unique, this iteration exactly corresponds to a stochgstidient descent algorithAf.Note that the vectorg' are assumed
to be i.i.d. samples of the (unknown) distributipfy). Even though it is often difficult to obtain such i.i.d. saemlthe



vectorsy' are in practice obtained by cycling on a randomly permutahimg set. The main difficulty in this approach
is to take a good learning rafe. Other dedicated online learning algorithms have beengseg- which can be shown
to provide a stationary point of the optimization problen (&ll of these online learning techniques have shown todyiel
significantly speed-ups over classical alternative miration approach, whemis large enough.

Examples of dictionaries learned using the approach ofallatral® are represented in Figure 1, and exhibit intriguing
visual results. Some of the dictionary elements look likdb@avavelets, whereas other elements are more difficult-to in
terpret. As for the color image patches, we observe that ofdke dictionary elements are gray, with a few low-frequenc
colored elements exhibiting complementary colors, a phretmn already observed in image processing applicatfons.

Figure 1. Examples of dictionary with= 256 elements, learned on a database of 10 million naturalli2image patches whahis
the/;1-norm, for grayscale patches on the left, and color patches in the afibt (emoving the mean color of each patch). Image taken
from Ref. 38.

2.2 Structured Sparsity

We consider again the sparse decomposition problem pessémtEq. (1), but we allowp to be different than thég

or ¢1-regularization, and we are interested in problems whegestiution is beforehand not only assumed to be sparse
—that s, the solution has only a few non-zero coefficientsalgo to form non-zero patterns with a specific structuris It
indeed possible to encode additional knowledge in the eggaition other than just sparsity. For instance, one mayt wa
the non-zero patterns to be structured in the form of nomtapping group$;1%in a tree 1 or in overlapping group$:’

As for classical non-structured sparse models, there aiedily two lines of research, that either (a) deal with remex

and combinatorial formulations that are in general comparally intractable and addressed with greedy algoritbn(®)
concentrate on convex relaxations solved with convex jamogning methods. We focus in this paper on the latter.

When the sparse coefficients are organized in groups, a pemalobding explicitly this prior knowledge can improve
the prediction performance and/or interpretability of tearned model&.2° Denoting by G a set of groups of indices,
such a penalty takes the form:

Y(a) £ 5 ngllaglla, ()

geg

wherea; is the j-th entry ofa for j in [1;p] £ {1,..., p}, the vectorg in RI9 records the coefficients af indexed by
gin G, and the scalamg are positive weights||.||q denotes here either tHfe or /.,-norms. Note that wheg is the set

of singletons of/1; p|], we get back thé;-norm. Inside a group, th&- or £,-norm does not induce sparsity, whereas the
sum over the groups can be interpreted agamorm'’ and indeed, whei is apartition of [1; p], variables are selected in

TThe sum of positive values is equal to thenorm of a vector carrying these values.



groups rather than individually. When the groups overlajs still a norm and sets groups of variables to zero together.
The latter setting has first been considered for hierardhaesl then extended to general group structéfeSolving Eq. (1)

in this context becomes challenging and is the topic of the section. Before that, in order to better illustrate howtsu
norms should be used and how to design a group structureiirglaalesired sparsifying effect, we proceed by giving a
few examples of group structures.

2.2.1 One-dimensional Sequence.

Givenp variables organized in a sequence, suppose we want to salgaontiguous nonzero patterns. A set of grogps
exactly producing such patterns is represent on Figureifiritleed easy to show that by selecting a family of grougs in
represented in this figure, and setting the correspondirighlas to zero, exactly leads to contiguous patterns ofzesn
coefficients. The penalty (7) with this group structure proes therefore exactly the desired sparsity patterns.

Figure 2. (Left) The set of blue groups to penalize in order to seledtqrmus patterns in a sequence. (Right) In red, an example of
such a nonzero pattern with its corresponding zero pattern (hatched lnage taken from Ref. 2.

2.2.2 Hierarchical Norms

Another example of interest originally comes from the wavditerature. It consists of modelling hierarchical redat
between wavelet coefficients, which are naturally orgahirea tree, due to the multiscale properties of wavelet decom
positions?® The zero-tree wavelet modélindeed assumes that if a wavelet coefficient is set to zeem ithshould be
the case for all its descendants in the tree. This effect wdaci be exactly achieved with the convex regularization of
Eq. (7), with an appropriate group structure presentedguiiéi 3. This penalty was originally introduced in the statss
community by Zhao et al,and found different applications, notably in topic modelstext corpora!

.

-
L

.

Figure 3. Left: example of a tree-structured set of grogp&ashed contours in red), corresponding to a tfewith p = 6 nodes
represented by black circles. Right: example of a sparsity pattern iddwycthe tree-structured norm correspondingjtothe groups
{2,4},{4} and {6} are set to zero, so that the corresponding nodes (in gray) that fdstrees ofZ are removed. The remaining
nonzero variable$l,3,5} form a rooted and connected subtreeZofThis sparsity pattern obeys the following equivalent rules: (i) if a
node is selected, so are all of its ancestors. (ii) if a node is not selectedisidescendant are not selected. Image taken from Ref. 11.

*Note that other sparsity inducing norms have been introd@eetich are different and not equivalent to the one we consider in this
paper. One should be careful when referring to “structured spamsitglty with overlapping groups”, since different generalizations of
the selection of variable in groups have been proposed.



2.2.3 Neighborhoods on a 2D-Grid

Another group structure we are going to consider correspaodhe assumption that the dictionary elements can be
organized on a 2D-grid, for example we might hgve- 20 x 20 dictionary elements. To obtain a spatial regularization
effect on the grid, it is possible to use as groups alléhee neighborhoods on the grid, for examplex3. The main
effect of such a regularization is to encourage variablasdte in a same neighborhood to be set to zero all togethein. Su
dictionary structure has been used for instance in Ref. 18 i@ckground subtraction task (segmenting foregrounettdj
from the background in a video).

3. OPTIMIZATION FOR STRUCTURED SPARSITY

We now present optimization techniques to solve Eq. (1) whés a structured norm (7). This is the main difficulty to
overcome to learn structured dictionaries. We review heegdchniques introduced in Refs. 11, 13. More details can be
found in these two papers. Other technique for dealing wittrsty-inducing penalties can also be found in Ref. 39.

3.1 Proximal Gradient Methods

In a nutshell, proximal methods can be seen as a naturalstateaf gradient-based techniques, and they are well suited
to minimizing the sumf + Ay of two convex terms, a smooth functidn—continuously differentiable with Lipschitz-
continuous gradient— and a potentially non-smooth fumcki¢ (see Refs. 39, 40 and references therein). In our context,
the functionf takes the fornf (a) = ||y — Da||3. At each iteration, the functiof is linearized at the current estimatg

and the so-calledroximalproblem has to be solved:

. L
min f (0o) + (o — 0to) "I f (0t0) + AW (@) + - [|o — atol[3.
acRP 2
The quadratic term keeps the solution in a neighborhood evtier current linear approximation holds, dng 0 is an
upper bound on the Lipschitz constantof. This problem can be rewritten as

min = 1B — a3+ N'y(a) ®)
acRP 2 2 ’
with = A/L, andB = ap — %D f(0p). We callproximal operatorassociated with the regularizatidhp the function that
maps a vectoB in RP onto the (unique, by strong convexity) solutiar of Eq. (8). Simple proximal methods use&
as the next iterate, but accelerated varintd are also based on the proximal operator and require to soblegm (8)
efficiently to enjoy their fast convergence rates.

This has been shown to be possible in many cases:

e Wheny is the/1-norm—thatisp(a) = ||a||1— the proximal operator is the well-known elementwise $bfesholding
operator,

0 i [B;] <A

sign(B;)(|B;|—A) otherwise

e Wheny is a group-Lasso penalty with-norms—that isjp(B) = y ge s HBgHZa with G being a partition of1; p], the

proximal problem isseparablein every group, and the solution is a generalization of tHethoesholding operator
to groups of variables:

€ [Lipl, By sign(B)([Bjl —A)+ = {

0 if |[Bgll2 <A

v il = -
9€ G By By— T ,<alByl { mi%‘l:“z)‘ﬁg otherwise

wherell| ,<) denotes the orthogonal projection onto the ball ofélr@orm of radiush.



o Wheny is a group-Lasso penalty with,-norms—that isy(B) = ¥ gc 6 [|By |, With G being a partition of1; p], the
solution is a different group-thresholding operator:

Vg € G> Bg = Bg - I_I||-H1§)\[Bg]a

whererll ;<) denotes the orthogonal projection onto theball of radiusA, which can be solved i@(p) opera-
tions*3 44 Note that when|By|1 < A, we have a group-thresholding effect, with— M), <z[B4] = 0.

e Wheny is a tree-structured sum @3- or /»-norms as introduced by Ref. 1—meaning that two groups ahereit
disjoint or one is included in the other, the solution adraitdosed form. Let< be a total order oy such that for
01,02 in G, 01 < g2 if and only if eitherg; C gz org1NQg2 = 0.8 Then, ifgr <... =< 9g|s and if we define Prdkas
(a) the proximal operatds, — ProX, || (Bg) on the subspace corresponding to grguand (b) the identity on the
orthogonal, it is shown in Ref. 11 that:

Prox,, = ProX¥mo... o Prox, 9)

which can be computed i@(p) operations. It also includes the sparse group Lasso (sumoopg.asso penalty and
£1-norm) of Refs. 45 and 46.

e When the groups overlap but do not have a tree structure, dimgpthe proximal operator is more difficult, but it
can still be done efficiently wheg = . Indeed, as shown by Mairal et &% there exists a dual relation between
such an operator and a quadratic min-cost flow problem ontaplar graph, which can be tackled using network
flow optimization techniques. Moreover, it may be extendedhbre general situations where structured sparsity is
expressed through submodular functiéhs.

Mainly using the tools of Refs. 11,12, we are therefore ablefficiently solve Eq. (1), either in the case of hierarchica
norms with/¢2- or ¢»-norms, or with general group structures with-norms. This is one of the main requirements to
be able to learn structured dictionary. The next sectiosqts a different optimization technigue, adapted to anymr
structure withés- or £e,-norms.

3.2 Augmenting L agrangian Techniques

We consider a class of algorithms which leverage the corafegiriable splitting*® 48-9The key is to introduce additional
variables3? in R!9, one for every groug in G, and equivalently reformulate Eq. (1) as
min (o) +A Y ngllB%lq st Vge G, BI=nay, (10)

acRP
BYcRIY for geg 9<g

The issue of overlapping groups is removed, but new com$srand variables are added.

To solve this problem, it is possible to use the so-callegraétting direction method of multipliers (ADMMY. 48-50T
It introduces dual variables? in R!9 for all gin G, and defines the augmented Lagrangian:

L(a,(B)geg: (V)geg) = (o) + zg [Ang|IB|| +VOT (B% —ag) + %HBQ —ag|3],
ge

wherey > 0 is a parameter. It is easy to show that solving Eg. (10) atsaionfinding a saddle-point of the augmented
Lagrangianl. The ADMM algorithm finds such a saddle-point by iteratingviezn the minimization of with respect

to each primal variable, keeping the other ones fixed, andigmaascent steps with respect to the dual variables. More
precisely, it can be summarized as:

8For a tree-structured s€t, such an order exists.

TThis method is used in Ref. 46 for computing the proximal operator &geddo hierarchical norms, and in the same context as
ours in Refs. 50 and 51.

IThe augmented Lagrangian is in fact the classical Lagraf@ianthe following optimization problem which is equivalent to
Eq. (10):

. v ,
min fla)+A 9|+ 2 |IB% —agl|5 st. Vge G, BY=aqy.
GERP, (BRI )geg (a) gezgrlgHB I+ 511 —agll2 ge g, BP=ag



1. Minimize £ with respect tax, keeping the other variables fixed.

2. Minimize £ with respect to th@?’s, keeping the other variables fixed. The solution can bainbtl in closed form:

forallgin G, B9 « ProXang | [ag— gvl.
gy

3. Take a gradient ascent step.onvith respect to the9's: v9 « v9+y(B? — ag).

4. Go back to step 1.

Such a procedure is guaranteed to converge to the desingtibadior all value ofy > 0 (however, tuning/ can greatly
influence the convergence speed), but solving efficiently &tcan be difficult. To cope with this issues, several sifese
have been proposed in Ref. 13. For simplicity, we do not gi®\ll the details here and refer the reader to Ref. 13 for
more details.

4. EXPERIMENTSWITH STRUCTURED DICTIONARIES

We present here two experiments from Refs. 11 and 13 on fepstiuctured dictionaries, one with a hierarchical streest
one where the dictionary elements are organized on a 2D9AtIn both experiments, we consider the dictionary learning
formulation of Eq. (2), with a structured sparsity-indugiregularization for the functiogp.

4.1 Hierarchical Case

We extracted patches from the Berkeley segmentation dsgtatianatural image® which contains a high diversity of
scenes. All the patches are centered (we remove the DC canf)@and normalized to have udt-norm.

We present visual results on Figures 3 and 5, for differefttpaizes and different group structures. For simplicity,
the weights9 in Eq. (7) are chosen equal to one, and we choose a papaltyich is a sum of.-norms. We solve the
sparse decomposition problems (1) using the proximal gragnethod of Section 3.1, and use an alternate minimization
scheme to learn the dictionary, as explained in SectionThé.regularization parametkris chosen manually. Dictionary
elements naturally organize in groups of patches, ofteh @i frequencies near the root of the tree, and high fregesnc
near the leaves. We also observe clear correlations betamparent node and their children in the tree, where emldr
often look like their parent, but sharper and with small aaoins.

This is of course a simple visual interpretation, which igiguing, but which does not show that such a hierarchical
dictionary can be useful for solving real problems. Somentjtative results can however be found in Ref. 11, with
an inpainting experiment of natural image patctieS-he conclusion of this experiment is that to reconstrucividdal
patches, hierarchical structures are helpful when theaesignificant amount of noise.

4.2 Topographic Dictionary Learning

In this experiment, we consider a database f100000 natural image patches of sime- 12 x 12 pixels, for dictionaries

of sizep = 400. As done in the context of independent component asalh@A)?! the dictionary elements are arranged
on a two-dimensional grid, and we consider spatial depasidetetween them. When learned on whitened natural image
patches, this model called topographic ICA exhibits “Galida” functions smoothly organized on the grid, which the
authors call atopographic map. As shown in Ref. 20, suchudtieen be reproduced with a dictionary learning formulatio
using a structured norm fap. Following their formulation, we organize thgdictionary elements on g/p x ,/p grid,

and considep overlapping groups that are3 or 4x 4 spatial neighborhoods on the grid (to avoid boundary effece
assume the grid to be cyclic). We defipeas a sum of,-norms over these groups, since fhenorm has proven to be less
adapted for this task. Another formulation achieving a Eimeffect was also proposed in Ref. 54 in the context of gpars
coding with a probabilistic model.

As presented in Section 2.1, we consider a projected stochlgradient descent algorithm for learnil3—that is,
at iterationt, we randomly draw one signgt from the databas¥, compute a sparse co@é which is a solution of
Eqg. (1), and use the update rule of Eq. (6). In practice, tth&rimprove the performance, we use a mini-batch, drawing

**In this experiment, the patches do not overlap. Thus, this experimestrdu study the reconstruction of a full images, where the
patches usually overl&p 26



Figure 4. Learned dictionary with a tree structure of depth 4. The raihtedtree is in the middle of the figure. The branching factors at
depths 12,3 are respectively 10, 2, 2. The dictionary is learned o860 patches of size 616 pixels. Image taken from Ref. 11.

500 signals at each iteration instead of 8hélhis approach mainly differs from Ref. 20 in the way the sparsdesx!

are obtained. Whereas Ref. 20 uses a subgradient descerithatgto solve them, we use the augmenting Lagrangian
techniques presented in Section 3.2. The natural imag&emtge use are also preprocessed: They are first centered by
removing their mean value, called DC component in the imagegssing literature, and whitened, as often done in the
literature®®-5* The parametek is chosen such that in averafjg — Xa'||» ~ 0.4||y'|| for every new patch considered by
the algorithm, which yields visually interesting dictioies. Examples of obtained results are shown on Figure 6 and 7
and exhibit similarities with the maps of topographic I€A.

5. CONCLUSION

We have presented in this paper different convex penattidhscing both sparsity and a particular structure in thetgwoiu

of an inverse problem. Whereas their most natural applicasi®o model the structure of non-zero patterns of parameter
vectors of a problem, associated for instance to physigatcaints in bio-informatics, neuroscience, they alscstiute

a natural framework for learning structured dictionari&¥e for instance observe that given an arbitrary structure, t
dictionary elements can self-organize to adapt to the strec The results obtained when applying these methods to
natural image patches are intriguing, similarly as the gmeduced by topographic ICAL
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